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Chapter 1

Introduction

This thesis could have been organized in two very different parts. That is
because for the first part of my research year I have looked at a completely
different topic than this thesis is about (frustrated spin chains was the other
topic). Instead of having a rather lengthy thesis about two such different
subjects, I have decided to write just about the fascinating spin-Hall effect.

Much like graphene (which was also in my list of subjects on which I wanted
to do my Master project on), the quantum spin-Hall effect is a “hot topic”
which has attracted a great deal of interest from the scientific community.
This is mainly because of promising spintronics applications, but also because
it poses fundamental questions about a new phase of matter. It all started
with the spin-Hall effect, without ”quantum” attached to it. In this case the
spin-resistivity is not quantized, but it has an universal value.

In this thesis the chronological order of these topics will be preserved. In the
introductory chapter a brief review of the classical and quantum Hall effect
is given. The first chapter deals with the spin-Hall effect in two-dimensional
electron gases. Chapter 3 is about the same effect, but in three-dimensional
p-doped semiconductors. Although the mathematical approach is different,
the physical origin of the spin-Hall effect is similar to the one discussed in
chapter 2. The last chapter of the thesis aims to give a brief overview of the
quantum spin-Hall effect and its physical origin.

1.1 Motivation

The possibility to manipulate the spin degree of freedom of electron (spin-
tronics) has raised a lot of interest in the scientific world for the past 20

5



years. Apart from many potential applications in information technology it
also posses many interesting and challenging fundamental questions.

In the electronic circuits, on which our present technology is based, dissipa-
tion of the charge currents induces an intrinsic limitation. On the other hand,
in two-dimensional semiconductors showing quantum Hall effect (QHE), the
electrical current is flowing without dissipation. Unfortunately, the exper-
imental conditions necessary to reach the quantum Hall effect (magnetic
fields of order of 10 T and extremely low temperatures) make these systems
impractical. Similarly, the dissipationless transport of charge in supercon-
ductors only becomes possible at rather low temperatures.

The (quantum) spin Hall effect may help to overcome these limitations. It is
the generalization of the quantum Hall effect for spin systems. The spin Hall
effect occurs in paramagnets with strong spin-orbit coupling. A spin current
perpendicular to a charge current is generated in the absence of magnetic
field. This leads to a spin accumulation on the edges of the sample. While
the charge current necessary to separate spins is dissipative, the spin current
is dissipationless and has a universal (quantized) conductance.

There are several theoretical models used to calculate the spin currents and
the corresponding resistivity. The main difference between them is the phe-
nomenological form of the spin-orbit coupling. Murakami et al. [1] predicted
the effect in p-doped semiconductors with Luttinger type of spin-orbit, while
Sinova et al.[2] used Rashba spin-orbit coupling in n-doped semiconductors.

Remarkably, recent experiments provide a strong evidence for the existence
of the quantum spin Hall effect [3]. The spin-Hall effect is a non-trivial con-
sequence of first-principles physics. The quantum spin-Hall effect represents
a topologically distinct new state of matter.

1.2 Classical Hall effect

The Hall effect is named after Edwin H. Hall who discovered this novel phe-
nomenon in 1879. If an electric current flows through a conductor in a
magnetic field, the magnetic field exerts a transverse force on the moving
charge carriers which tends to push them to one side of the conductor. This
is most evident in a thin flat conductor as pictured in Fig. 1.2. A buildup
of charge at the sides of the conductors will balance this magnetic influence,
producing a measurable voltage between the two sides of the conductor. The
presence of this measurable transverse voltage is called the Hall effect.
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Figure 1.1: By applying an electric field and a perpendicular magnetic field,
a potential difference (Hall voltage) appears between the sample edges. The
Hall voltage arises because the electrons and holes are deflected by the mag-
netic field.

The Hall coefficient is defined as RH = VH/I, the Hall voltage over the
current in the direction of the electric field. For a simple metal where there
is only one type of charge carrier (electrons) the Hall voltage is given by

VH =
−IB/d
ne

, (1.1)

where I is the current across the plate length, B is the magnetic flux density,
d is the thickness of the plate, e is the electron charge, and n is the charge
carrier density of the carrier electrons. Then the Hall coefficient is expressed
as

RH =
Ey
jxB

=
VH
IB/d

= − 1

ne
. (1.2)

As a result, the Hall effect is very useful as a mean to measure both the carrier
density and the magnetic field, as well as the sign of the charge carriers.

One very important feature of the Hall effect is that it differentiates between
positive charges moving in one direction and negative charges moving in the
opposite. The Hall effect offered the first real proof that electric currents in
metals are carried by moving electrons, not by protons.
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1.3 Quantum Hall effect

The quantum Hall effect is one of the most remarkable condensed-matter
phenomena discovered in the second half of the 20th century. It rivals super-
conductivity in its fundamental significance as a manifestation of quantum
mechanics on macroscopic scales. It occurs in the same geometry as the
classical Hall effect, but in very thin samples (two-dimensional electron gas)
subject to a strong magnetic field. The basic experimental observation is the
nearly vanishing dissipation

σxx → 0 (1.3)

and the quantization of the Hall resistance

RH =
1

ν

h

e2
(1.4)

of a real (as opposed to some theorists fantasy) transistor-like device (similar
in some cases to the transistors in computer chips). In sufficiently pure
samples, this quantization is universal and independent of all microscopic
details such as the type of semiconductor material, the precise value of the
magnetic field, and so forth. As a result, the effect is now used to maintain the
standard of electrical resistance by metrology laboratories around the world.
In addition, since the speed of light is now defined, a measurement of e2/h
is equivalent to a measurement of the fine structure constant of fundamental
importance in quantum electrodynamics.

The quantum Hall effect is a topic by itself, which can be discussed exten-
sively. There are books just about it. A complete treatment implies broken
symmetries, novel states of matter, Skyrmions, as well as fractional quantum
Hall effect, anomalous Hall effect. In this section we limit ourselves to the
integer quantum Hall effect.

The integer quantum Hall effect can be understood in both classical and
semiclassical pictures as well as in a full-quantum mechanical approach. In
this section we will mention the quantum mechanical justification of the
effect. The edge states mechanism will also be addressed, because of its
importance for the quantum spin-Hall effect.

In the so-called integer quantum Hall effect discovered by von Klitzing in
1980 [4], the quantum number ν is a simple integer with a precision of about
10−10 and an absolute accuracy of about 10−8 (both being limited by our
ability to do resistance metrology).
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Figure 1.2: Integer and fractional quantum Hall transport data showing the
plateau regions in the Hall resistance RH and associated dips in the dissi-
pative resistance R. The numbers indicate the Landau level filling factors at
which various features occur.

In 1982, Tsui, Störmer and Gossard [5] discovered that in certain devices
with reduced (but still non-zero) disorder, the quantum number could take
on rational fractional values. This so-called fractional quantum Hall effect
is the result of quite different underlying physics involving strong Coulomb
interactions and correlations among the electrons. The particles condense
into special quantum states whose excitations have the bizarre property of
being described by fractional quantum numbers, including fractional charge
and fractional statistics that are intermediate between ordinary Bose and
Fermi statistics. The fractional quantum Hall effect has proven to be a
rich and surprising arena for the testing of our understanding of strongly
correlated quantum systems.

Now we move on to see what happens when electrons are confined to a two-
dimensional space in high magnetic field. We will of course get a certain
discrete set of allowed energy levels (the so-called Landau levels), like ones
for the hydrogen atom. We begin by writing the Hamiltonian of the system:

H0 =
1

2m?

∑
j

[
pj + eA(rj)

]2

(1.5)
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Here, A(rj) is the vector potential at the position rj of the jth electron, pj
its momentum and m? its effective (band) mass. In the absence of potentials
that break the translational invariance along the x axis, and using the Landau
gauge,

A(r) = xBŷ, with 5×A = Bẑ, (1.6)

we can write the single particle states as:

Ψkn(x, y) = Φkn(y)eikx, (1.7)

where the indices k and n are used to number the state, and k is the momen-
tum along the x axis. Then we can use periodic boundary conditions along
the x direction and get the allowed values for k, namely 2πm, with m integer
and Lx the length along the x axis.

By applying the Hamiltonian (1.5) to the above wavefunction, we obtain a
single-particle Schrödinger equation that we can write, for each allowed value
of k, as the equation for a harmonic oscillator centered at

yk = −l2Bk, (1.8)

with lB =
√

~
eB

the magnetic length.

The energy eigenvalues will be:

εnk = ~ωc
(
n+

1

2

)
, n = 0, 1, 2, ... (1.9)

where ωc = eB
m? is the cyclotron frequency. They do not depend on k. For

each n, this gives us a Landau level and there is a huge number of k states
that have the same energy εnk . Its easy to show that each Landau level
contains a number of states d, given by:

d =
LxLy
2πl2B

, (1.10)

which is called the degeneracy of a level. D = d
LxLy

is therefore the degeneracy

per unit area. It should not be surprising thatD is proportional to B, because
from the classical perspective, higher magnetic field means smaller radius
of the electrons orbits and so, more orbits can fit in a given area without
overlapping (hence higher degeneracy). Dividing N by D defines the filling
factor ν. This tells us how many Landau levels are occupied. At very high
magnetic field, D is way larger than N and all the electrons lie in the lowest
Landau level (ν < 1). On reducing B, the spacing between the levels, ωc ,
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Figure 1.3: The Landau bands as a function of magnetic field. The values of
resistivity depend of where the Fermi level (red online) lies, as explained in
the text.

as well as their degeneracy, decreases. We will at some point reach a critical
value of the magnetic field (lets call it B1), for which D = N and the first
Landau level is fully occupied. Further reduction forces the electrons up into
the second Landau level and then we will reach a field B2 , for which ν = 2
and so on (see Fig.(1.3)).

Now we can express the Hall resistance RH as h
e2ν

. At the critical values
of the magnetic field that we discussed above, ν will be an integer. This
explains the integer plateaux.

One would expect the plateaus to be infinitely narrow. The reason why this is
not the case is disorder. In the presence of impurities, the many independent
quantum states that make up a given Landau level are no longer precisely
equal in energy. Thus the Landau levels split and turn into energy bands
made up of many distinct levels. Upon changing the magnetic field when the
Fermi level lies in one of these Landau bands, the resistivity doesn’t change.
This explains the finite width of the plateaux.

1.3.1 Edge states

Let us now consider the case of a uniform electric field pointing in the y
direction and giving rise to the potential energy

V (r) = +eEy. (1.11)
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Figure 1.4: Illustration of electron Landau energy levels (n + 1/2)~ωc vs.
position yk = kl2B. (a) For zero electric field (a) and (b) for nonzero electric
field in the +y direction.

This potential still has translation symmetry in the x direction and so the
Landau gauge choice is still the most convenient. Again separating variables
we see that the solution of the Schrödinger equation is nearly the same as
before, except that the displacement of the harmonic oscillator is slightly dif-
ferent. The new Hamiltonian is just the old one, Eq.(1.5), with the addition
of ∑

j

eEyj (1.12)

Completing the square we see that the oscillator is now centered at the new
position

Yk = −l2Bk −
eE

mω2
c

, (1.13)

and the energy eigenvalue is now linearly dependent on Yk (and therefore
linear in the k momentum)

εk =
1

2
~ωc + eEYk +

1

2
mv̄2, (1.14)

where v̄ ≡ E
B

. It should be noted that the applied electric field tilts the
Landau levels in the sense that their energy is now linear in position as
illustrated in Fig.(1.3.1). This means that there are degeneracies between
different Landau level states because different kinetic energy can compensate
different potential energy in the electric field. Nevertheless, we have found
the exact eigenstates (i.e., the stationary states). It is not possible for an
electron to decay into one of the other degenerate states because they have
different canonical momenta.

Now we can consider the problem of electrons confined in a Hall bar of finite
width by a non-uniform electric field. For simplicity, we will consider the
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Figure 1.5: Semi-classical view of skipping orbits at the Fermi level at the
two edges of the sample where the confining electric field causes E×B drift.
The circular orbit illustrated in the center of the sample carries no net drift
current if the local electric field is zero.

situation where the potential V (y) is smooth on the scale of the magnetic
length, but this is not central to the discussion. If we assume that the
system still has translation symmetry in the x direction, the solution to the
Schrödinger equation must still be of the form

Ψkn(x, y) = Φkn(y)eikx. (1.15)

The function Φkn(y) will no longer be a simple wave function of harmonic
oscillator as we found in the case of the uniform electric field. However we can
anticipate that Φkn(y) will still be peaked near (but in general not precisely
at) the point Ykkl

2
B. The eigenvalues εk will no longer be precisely linear in k

but will still reflect the kinetic energy of the cyclotron motion plus the local
potential energy V (Yk). We see that the group velocity

vk =
1

~
∂εk
∂k

x̂ (1.16)

has the opposite sign on the two edges of the sample. This means that in the
ground state there are edge currents of opposite sign flowing in the sample.
The semi-classical interpretation of these currents is that they represent skip-
ping orbits in which the circular cyclotron motion is interrupted by collisions
with the walls at the edges, as illustrated in Fig.(1.3.1).

One way to analyze the Hall effect in this system is quite analogous to the
Landauer picture of transport in narrow wires [6]. The edge states play the
role of the left and right moving states at the two Fermi points. Because
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(as we saw earlier) momentum in a magnetic field corresponds to position,
the edge states are essentially real space realizations of the Fermi surface.
A Hall voltage drop across the sample in the x direction corresponds to a
difference in electrochemical potential between the two edges. Borrowing
from the Landauer formulation of transport, we will choose to apply this
in the form of a chemical potential difference and ignore any changes in
electrostatic potential. What this does is increase the number of electrons
in skipping orbits on one edge of the sample and/or decrease the number on
the other edge. Previously the net current due to the two edges was zero,
but now there is a net Hall current. To calculate this current we have to add
up the group velocities of all the occupied states

I = − e

Ly

∫ +∞

−∞
dk
Ly
2π

1

~
∂εk
∂k

nk, (1.17)

where for the moment we assume that in the bulk, only a single Landau
level is occupied and nk is the probability that state k in that Landau level
is occupied. Assuming zero temperature and noting that the integrand is a
perfect derivative, we have

I = − e
h

∫ µL

µR

dε = − e
h

[µL − µR] (1.18)

(To understand the order of limits of integration, recall that as k increases,
Yk decreases.) The definition of the Hall voltage drop is

(+e)VH ≡ (+e)[VR − VL] = [µR − µL] (1.19)

Hence

I = ν
e2

h
VH , (1.20)

where we have now allowed for the possibility that ν different Landau levels
are occupied in the bulk and hence there are separate edge channels con-
tributing to the current. This is the analog of having ν open channels in the
Landauer transport picture. In the Landauer picture for an ordinary wire,
we are considering the longitudinal voltage drop (and computing σxx), while
here we have the Hall voltage drop (and are computing σxy). The analogy
is quite precise however because we view the right and left movers as having
distributions controlled by separate chemical potentials. It just happens in
the quantum Hall effect case that the right and left movers are physically
separated in such a way that the voltage drop is transverse to the current.
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Using the above result and the fact that the current flows at right angles to
the voltage drop we have the desired results

σxx = 0 (1.21)

σxy = −ν e2
h
, (1.22)

with the quantum number ν being an integer. This is because no other states
of the same energy are available. If the disorder causes Landau level mixing
at the edges to occur (because the confining potential is relatively steep) then
it is possible for an electron in one edge channel to scatter into another, but
the current is still going in the same direction so that there is no reduction
in overall transmission probability. It is this chiral (unidirectional) nature of
the edge states which is responsible for the fact that the Hall conductance is
correctly quantized independent of the disorder.

In Chapter (4), dealing with quantum spin-Hall effect, we will see that
inverted-gap semiconductor heterostructures in electric field exhibit chiral
edge channels, similar to the ones discussed above for the quantum Hall ef-
fect. For the quantum spin-Hall effect these edge channels carry spin current
instead of charge current, are responsible for the quantization of the spin
current as well as being resistant against disorder.
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Chapter 2

Intrinsic spin-Hall effect in 2D
electron gases

2.1 Introduction

The spin Hall effect is the generation in a paramagnetic system of a spin
current perpendicular to an applied charge current leading to spin accumula-
tions with opposite magnetization at the edges. This effect was first predicted
more than three decades ago by invoking the phenomenology of the earlier
theories of the anomalous Hall effect in ferromagnets, which associated its
origin with asymmetric Mott-skew and side-jump scattering from impurities
due to spin-orbit coupling [7, 8].

Recently, the possibility of an intrinsic (dependent only on the electronic
structure) spin-Hall effect has been put forward [2] and [1] predicting the
presence of a spin current generated perpendicular to an applied electric
field in semiconducting systems with strong spin-orbit coupling, and impurity
scattering playing a minor role. This proposal has generated an extensive
theoretical debate in a very short time motivated by its novel physical concept
and potential as a spin injection tool. The interest has also been dramatically
enhanced by experiments by two groups reporting the first observations of
the spin-Hall effect in n-doped semiconductors [9] and [10] and in 2D hole
gases [11].

These experiments measure directly the spin accumulation induced at the
edges of the examples through different optical techniques. On the other
hand, most of the early theory has focused on the spin-current generated
by an electric field, which would drive such spin-accumulation. In most
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studies this spin current and its associated conductivity has been defined as
jzy = {vy, Sz}/2 = σSHEEx. This choice is natural but not unique, since in
the presence of spin-orbit coupling there is no continuity equation for spin
density as is the case for charge density. The actual connection between the
spin-accumulation and the induced spin-current is not straightforward in the
situations where spin-orbit coupling is strong and this relation is the focus
of current research and one of the key challenges ahead.

In this chapter (based on the seminal paper of Sinova et.al [2]) we will present
in detail the calculation of the spin current and spin resistivity. The structure
is as follows : we start from an intuitive derivation of the Rashba spin-
orbit coupling Hamiltonian, and then we derive the spin-dynamics equation
(Landau-Lifshitz equation) in the presence of an electric field, and finally the
details of the derivation of the spin current are presented.

In the process of re-deriving all the equations in this paper, we have found a
slightly different approach to solving the coupled set of differential equations
Eq. 2.10 and explaining some of the details.

2.2 Rashba Hamiltonian

Rashba Hamiltonian can be accurately derived from Dirac equation by ex-
panding it in powers of v/c. The second-order correction is providing us with
the spin-orbit coupling term of form

HSO = −λ
~
σ · (ẑ× p) (2.1)

In order to understand the physical origin of this Hamiltonian we derive it
from intuitive arguments. Given a coordinate system S in which there is an
electric field E and no magnetic field, let us make a Lorentz transformation
to a system S̄ that is moving with constant velocity v with respect to S.

Ē = γE ; B̄ = − γ
c2

(v × E), (2.2)

where γ = (1 − v2/c2)−1 is the Lorentz factor. For v ¡¡ c, γ is approxi-
mately 1.. Therefore, even if in the system S there is no magnetic field, upon
Lorentz boost there is an effective magnetic field in the system S̄ which is
perpendicular to both the velocity and the electric field.
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Figure 2.1: By performing a Lorentz boost from the laboratory frame to the
frame which moves together with the electron, there is an effective magnetic
field B acting on the electron in the latter reference system.

Let us now consider an electron moving with velocity v in an electric field
in the ẑ direction. Therefore in its own reference frame it experiences an
effective magnetic field in the form of Eq. (2.2).

We can now find the spin-orbit Hamiltonian. Starting from the Hamiltonian
of a magnetic moment interacting with a magnetic field

H = −µS · B̄, (2.3)

and taking into account that the electron’s magnetic moment is proportional
to the spin of the electron S = ~σ/2 we get

HSO = −λ
~
σ · (ẑ× p). (2.4)

We absorb all the coefficients in the spin-orbit coupling constant λ, including
the magnitude of the electric field. From now on, we denote the effective
magnetic field by ∆ = λ

~ (ẑ× p).

2.3 A two-dimensional electron gas in a per-

pendicular electric field

We now consider a 2DEG in a perpendicular electric field E = Eẑ. The
Hamiltonian for one electron is written as

H =
p2

2m
− λ

~
σ · (ẑ× p). (2.5)
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Figure 2.2: Cut trough the plot of dispersion relations Eq.(2.6) [color online].
The outer band (purple) represents the E− band, while the inner one (orange)
is the E+ band.

The dispersion relation is a 3D body of rotation originating from a shifted
parabola.

E± =
p2

2m
± λ

~
p (2.6)

with the corresponding eigenspinors

Ψ± =
1√
2

(
±ie−iφ

1

)
,

with φ the polar angle in the two-dimensional momentum space.

2.4 Landau-Lifshitz equation

Let us now apply to our 2DEG system another stationary electric field in the
x̂ direction, E = Exx̂. This induces a time-dependence of the momentum,
and consequently of the effective magnetic field.

Let us obtain the dynamics of a spin 1/2 particle in a magnetic field. Equiv-
alent to the spinor wavefunctions and Schrödinger equation for Hamiltonian
(2.5) is the density matrix formalism. The density matrix in the general case
is defined as

ρ =
∑
j

pj|ψj〉〈ψj|, (2.7)

where the coefficients pj are non-negative and add up to one. For our par-
ticular case, the density operator is a represented by a 2× 2 matrix. We can
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Figure 2.3: The equation (2.10) represents the spin precession about the
magnetic field ∆.

write the density matrix in the form

ρ =
1

2
(I2 + n · σ), (2.8)

where I2 is the 2× 2 unit matrix.

The factor 1/2 comes from the normalization condition Tr(ρ) = 1. Solving
the Schrödinger equation for our Hamiltonian in the spinor basis is equivalent
to solving

i~
dρ

dt
= [H, ρ] (2.9)

in the density matrix formalism. From Eq. (2.8) it is straightforward to see
that the time-derivative of the density matrix is easily expressed in terms of
Pauli matrices ρ̇ = 1

2
ṅ · σ. Now the advantage of using the density matrix

formalism becomes clear. Using Eq.(2.9) as well as the commutation relations
of the Pauli matrices, one gets the Landau-Lifshitz equation:

~
dn̂

dt
= n̂×∆(t). (2.10)

In this formalism the average value of the spin operator reads

Tr(σρ) = 〈σ〉 = n. (2.11)

This shows the meaning of the vector n: it represents the average spin pro-
jection in the density matrix formalism.
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Figure 2.4: A cut through the dispersion relation Fig.(2.3) at the Fermi level.
The green arrows represent the direction of momenta and the red ones are
the orientation of the spins.

Figure 2.5: The spin displacement on the z component. The spin is per-
pendicular to the plane of the drawing. As in Fig.(2.4), the green arrows
represent the momenta. The red arrows are the z components of the spins
calculated in Eq.(2.13).

We therefore conclude that Eq.(2.10) describes the precession of the electron
spin direction n̂ around the magnetic field.

We project the Eq.(2.10) on some basis (x̂1, x̂2, x̂3), where at the initial mo-
ment the magnetic field ∆ points along x̂1. The axis x3 is along the z
direction. In order to solve the system of equations, we employ the following
approximations. In the adiabatic limit, the spin rotates much faster than
the momentum varies(and hence, the effective magnetic field). We are solv-
ing equations for spins in the linear response limit. From this follows that
n1(t)/n2(t) = ∆1(t)/∆2(t), where ∆1 = ∆(t) · x̂1 and ∆2 = ∆(t) · x̂2 are
the projections of the magnetic field on the axes. The meaning of this last
relation is that the average spin direction n̂ follows the magnetic field as it
changes in time in the plane (x̂1, x̂2).

Using these considerations, the solutions for the differential system of equa-
tions read

n3 =
~

∆3
1

(∆× ∆̇)3; n2 =
∆2

∆1

. (2.12)

We identify the (x̂1, x̂2, x̂3) system with an instant coordinate system in the
momentum space such that x̂3 ‖ ẑ and x̂2 ‖ p. Since our approximations
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imply that ∆1 ' ∆, the ẑth component of the spin direction is

nz = − ~2

2λ
eEx

py
p3
. (2.13)

Due to the varying magnetic field, the spin is acquiring an out-of-plane com-
ponent in the form of Eq.(2.13), which has a sign dependent on the y com-
ponent of the momentum (see Fig. (2.4)).

2.5 Calculation of the spin current and spin

resistivity

The i, j components of the spin current tensor is defined as

jji =
1

2
{Si, vj} =

~
4
{σi, vj}. (2.14)

It is straightforward to read the meaning: the current in the i, j direction is
the anticommutator of the ith component of the spin with the jth component
of the velocity. Its structure is similar to that of the charge current j = qv
(with q = ne the charge density). The expression has to be antisymmetrized
because the velocity depends on the spin.

A remarkable feature of the spin current Eq.(2.14) is the time reversal sym-
metry. Since both the spin and the velocity change sign upon time reversal,
the spin current remains time-even. On the other hand, the charge current,
which is proportional to the total charge and the velocity, changes sign upon
time-reversal. The Ohm’s law,

j = σE (2.15)

holds for both charge and spin current. The electric field is time-even. Then,
the charge conductivity has to be time-odd, which means that it has to be
proportional to a relaxation time . But the spin-conductivity is time even,
since both sides of Eq.(2.15) for spin currents are time-even. We can conclude
that the spin-resistivity is allowed to be dissipationless. By calculating the
spin current we will prove that this is indeed the case.

We are interested in calculating the spin current in the j = y, i = z direction.
The vy component of the velocity is calculated from Hamilton’s equation

vy =
∂H

∂py
=
py
m

+
λ

~
σx. (2.16)
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Figure 2.6: The spin current pictured as two counter-propagating spin-
polarized charge currents.

Thus the current density is obtained

jyz =
~

2m
σzpy. (2.17)

Using the z-th component of the average spin direction obtained in the pre-
vious section (Eq. (2.13)), we get the spin current density to be

jyz = − ~3

2mλ
eEx

p2
y

p3
. (2.18)

To get the total current we have to integrate over the whole Fermi sea. The
integral is to be performed in momentum space. Let us consider both energy
bands to be filled up, thus the Fermi level lies above the band-crossing point.

Jyz =

∫
dp

(2π~)2
jyzf(E − EF ), (2.19)

where f(E−EF ) is the Fermi-Dirac distribution function. We substitute the
momentum components and element of volume in the p-space as

p = (p cosφ, p sinφ) , dp = pdpdφ (2.20)

where φ = (p, x̂) is the angle of the momentum vector with the x-axis.
Since we are at T = 0K, the Fermi-Dirac distribution function becomes a
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step function, so that the upper limit of the integration over p is the Fermi
momentum pF . With these considerations the current becomes

Jyz = −
∫ 2π

0

dφ

∫ pF

0

dp

(2π~)2

~3

2mλ
eEx sin2 φ. (2.21)

Integration over the angle φ is trivial and gives a factor of π. We will be
left with a integral over all the momentum values, from 0 up to the Fermi
momentum corresponding to the E− band. But in the region between 0
and p+

F , we have to sum contributions from both E+ and E− band, which
cancel each other because nz for the two bands have equal magnitude and
opposite sign. Therefore, the integral can be performed only over the annulus
contained between the p+

F and p−F , pictured in Fig.(2.4).

Thus the total current is

Jyz = − π~3eEx
4(2π~)2mλ

(pF+ − pF−). (2.22)

The difference between the Fermi momenta for the two branches is obtained
from the condition E+(pF+) = E−(pF−) and equals −2mλ/~. The final
expression for the spin current reads

Jyz =
e

8π
Ex. (2.23)

Remarkably, the spin current depends only on the transverse electric field
and has an universal resistivity of

σSyz =
e

8π
, (2.24)

dependent only on fundamental constants and independent of electron den-
sity or spin-orbit coupling.

2.6 Further remarks and conclusions

In calculating the spin current Eq.(2.23) we have made an assumption that
both Rashba bands are filled. But if the Fermi level lies at or below the
band-crossing point the spin-resistivity will not be universal anymore. That
is because the contributions from the E+ and E− bands on the momentum
range (0, p+

F ) will not cancel anymore (there will be no contribution from the
E+ band).
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Figure 2.7: The spin current produced by the varying magnetic field produces
a charge accumulation at the sample edges, similar to the Hall effect for
charge currents.

In this chapter we have shown that in a two-dimensional electron gas with
Rashba spin-orbit coupling, an electric field produces a spin-current which
is perpendicular to the charge current. This is an intrinsic effect, similar to
the intrinsic character of the anomalous Hall effect in some ferromagnets and
strongly polarized paramagnets [12, 13]. The spin current Eq.(2.23) leads to
spin accumulation at the sample edges. However, the spin relaxation limits
the amount of spin accumulated at the boundaries.

In such systems, in a clean sample, where the transport scattering rate τ−1 is
small compared to the spin-orbit splitting λkF/~, one finds an intrinsic value
e/8π for the spin Hall conductivity, which is valid at finite frequencies in the
range τ−1 < ω < λkF/~, independent of details of the impurity scattering, in
the usual case where both spin-orbit split bands are occupied. The prediction
for the dc spin Hall effect in this model has been examined and debated
extensively. It was first noticed that contributions to the spin-current from
impurity scattering, even in the limit of weak disorder, seemed to cancel
exactly the intrinsic contribution [14, 15]. This led to speculation that this
cancellation destroys the effect in other models as well. Recent studies showed
that such cancellation only occurs for this very particular model, due to
the linearity of the spin-orbit coupling and the parabolic band dispersion
[16, 17, 18, 19].
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Chapter 3

Spin-Hall effect in hole-doped
semiconductors

3.1 Introduction

The quantum Hall effect is a manifestation of quantum mechanics at a macro-
scopic scale. In contrast to usual transport coefficients in solid-state systems
which are determined by scattering rates, the Hall conductance is quantized
and completely independent of any scattering rates in the system. The trans-
port equation is given by jα = σHεαβEβ, where εαβ is the fully antisymmetric
tensor in two dimensions. While the dissipative transport coefficients depend
on the states near the Fermi level, the non-dissipative transport coefficients
are expressed in terms of the equilibrium response of all the states below
the Fermi level. Murakami et al. [1] have found a similar relation for a
dissipationless spin current,

jij = σSε
ijkEk. (3.1)

This fundamental response equation shows that it is possible to introduce a
purely topological and dissipationless spin current by an electric field. The
zero-frequency spin resistivity included in Eq. (3.1) does not depend on time
since both parts of the equation are time-even. By this consideration, the
resistivity can be independent of time, hence, dissipationless. On the other
hand, in the Ohm’s law the charge current is time-odd, while the electric field
is time-even, which is why the conductivity must be inversely proportional
to the relaxation time. From the above analysis, we see that there is a
fundamental difference between the ordinary irreversible electronics based
on Ohm’s law and reversible spintronics computation based on Eq.(3.1).
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In the next section we consider a realization of this electric field-induced spin
current in conventional hole-doped semiconductors.

3.2 k · p approximation and Luttinger model

The k · p approximation is the standard model for semiconductors. The
Luttinger model is based on the k · p method, where using symmetry con-
siderations one determines the allowed terms in the Hamiltonian. We will
briefly summarize the basic aspects of the Luttinger Hamiltonian for semi-
conductors. For a more comprehensive discussion of the model see Appendix
A.

In isolated atoms spin-orbit coupling leads to a splitting the p-orbitals into
four-fold degenerate P3/2 and two-fold degenerate P1/2 levels. In most semi-
conductors like Si, Ge and GaAs, the P3/2 form the top of valence bands,
which are separated by the band gap from S-like conduction bands. There-
fore, at the Γ point the valence bands are four-fold degenerate and the con-
duction bands are two-fold degenerate (see Fig. (3.2)). The form of the ef-
fective Hamiltonian can be determined from symmetry considerations alone.
In crystals with inversion symmetry band energies depend quadratically on
the momentum away from the Γ point. Therefore, a rotationally invariant
Hamiltonian can only contain two possible terms: k2 and (k · S)2, where S is
the 2× 2 Pauli matrix for the two-fold conduction band and respectively the
4×4 spin matrix for the four-fold valence band. To the lowest order, there is
no spin-orbit coupling in the conduction band, as each Pauli matrix squared
is the unity matrix. As the square of the spin 3/2 matrices is non-trivial,
these two terms combine to form an effective Luttinger Hamiltonian for holes
[20]:

H0 =
~2

2m

[(
γ1 +

5

2
γ2

)
k2 − 2γ2(k · S)2

]
(3.2)

This is equivalent to the more common used form

H0 =
~2

2m

[(
γ1 +

5

2
γ2

)
k2 − 2γ2(k2

xS
2
x + k2

yS
2
y + k2

zS
2
z )

−4γ3

(
kxky{Sx, Sy}+ kxkz{Sx, Sz}+ kykz{Sy, Sz}

)]
,
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Figure 3.1: Approximative band structure of GaAs.

where γ3 = 2γ2. The Si are the spin 3/2 matrices with the expressions

Sx =


0

√
3

2
0 0√

3
2

0 1 0

0 1 0
√

3
2

0 0
√

3
2

0

 ,

Sy =


0 −

√
3

2
i 0 0√

3
2
i 0 −i 0

0 i 0 −
√

3
2
i

0 0
√

3
2
i 0

 , (3.3)

Sz =


3
2

0 0 0
0 1

2
0 0

0 0 −1
2

0
0 0 0 −3

2

 .

Good quantum numbers for this Hamiltonian are the helicity λ = ~−1k ·S/k
and the total angular momentum J = l + S = ~x× k + S.
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This kinetic Hamiltonian is diagonalized in the basis where the helicity op-
erator λ is diagonal and the eigenvalue is given by

ελ(k) =
~2k2

2m

(
γ1 +

(5

2
− 2λ2

)
γ2

)
≡ ~2k2

2mλ

(3.4)

This can formally be obtained by substituting the operator k ·S by ~kλ using
the definition of helicity.

For a given wavevector the Hamiltonian (Eq. 3.2) has two eigenvalues,

εH(k) = ελ=±3/2(k) =
γ1 − 2γ2

2m
~2k2 ≡ ~2k2

2mH

(3.5)

and

εL(k) = ελ=±1/2(k) =
γ1 + 2γ2

2m
~2k2 ≡ ~2k2

2mL

. (3.6)

Equations (3.5) and (3.6) define the effective mass for the heavy and light
holes respectively: mH = m/(γ1 − 2γ2) and mL = m/(γ1 + 2γ2).

3.3 Introducing an electric field in the Lut-

tinger Hamiltonian

Let us consider the effect of a uniform electric field E. The full Hamiltonian
is

H = H0 + V (x), (3.7)

where V (x) = eE · x with −e the electron’s charge and H0 given by Eq.
(3.2).

We make an unitary transformation U(k) which is k-dependent and orients
locally the z axis along k, by rotation with θ around Sy and respectively
rotation by φ around Sz. The expression for the unitary transformation is
U = eiθSyeiφSz . Under this transformation the new Hamiltonian

H̃ ≡ U(k)HU †(k) (3.8)

becomes

H̃ =
~2k2

2m

(
γ1 +

5

2
γ2 − 2γ2S

2
z

)
+ U(k)V (x)U †(k). (3.9)
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Let’s check that the matrix elements of the Hamiltonian stay the same. Using
the definition of the transformed fields we get

〈Ψ̃ | H̃ | Ψ̃〉 =

〈Ψ̃|︷ ︸︸ ︷
〈Ψ | U †

H̃︷ ︸︸ ︷
UHU †

|Ψ̃〉︷ ︸︸ ︷
U | Ψ〉 = 〈Ψ | H | Ψ〉,

where we used unitarity of the rotation matrix U †U = 1.

In the momentum space x becomes i∂/∂k ≡ i∂k, because they do not com-
mute. Therefore the electric potential in momentum space includes the
derivative with respect to momentum, as follows

V (x) = eE · x = eEi
∂

∂k

.

Upon the unitary transformation U(k) the potential term is rewritten as

U(k)V (x)U †(k) = U(k)
(
eE · x

)
U †(k) = eE

(
U(k)i

∂

∂k
U †(k)

)
.

This is still an operator, so the expansion follows

eE

(
i
∂

∂k
+ iUk

∂U †k
∂k

)
.

We define the covariant derivative by D̃ = i∂k−Ã and Ã = −iU(k)∂kU
†(k).

The potential term has now the form

V (D̃) = eE · D̃.

The field Ã is a pure gauge potential, so there is no curvature associated with
it. This is not a pure gauge in sense of Maxwell electrodynamics, because the
generators do not commute. In non-Abelian theory the gauge transformation
is an operator in itself.

The unitary operator that expresses the gauge transformation is U = eiθSyeiφSz ,
as we have mentioned above. This is now a 4 × 4 matrix, and it has three
generators Sx, Sy and Sz which form a Lie algebra. Therefore, the vector
potential is a linear superposition of the generators of the group.

In the Maxwell form (Abelian theory), the electromagnetic field strength
tensor is

Fµν = ∂µAν − ∂νAµ.
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The 0i-th component of the tensor and the component ij is proportional to
the εijk times magnetic field.

For non-Abelian theory Fµν is an operator (in our case a spin operator), and
the definition of the strength field tensor is accordingly

Fµν = D̃µÃν − D̃νÃµ.

The long derivatives Dµ are of the form ∂µ − AaµSa. In Abelian theories the
generators are 1. For a non-Abelian theory, this is not the case anymore,
so we decompose the vector potential over the generators of the Lie group:
Aµ = AaµS

a.

Recalling the expression for the long derivative D̃ = i∂µ − Aµ, we have

Fµν = i(∂µAν − ∂νAµ) +AνAµ −AµAν ≡ i(∂µAν − ∂νAµ)− [Aµ, Aν ] (3.10)

In the Abelian theories the commutator [Aµ, Aν ] is zero.

In order to prove that Fµν is zero let us replace the definition Aµ = −iU∂µU †
in Eq. (3.10):

Fµν =
[
∂µ

(
U∂νU

†
)
− ∂ν

(
U∂µU

†
)]
−
[
− iU∂µU †,−iU∂νU †

]
=
(
∂µU∂νU

† + U∂µ∂νU
† − ∂νU∂µU † − U∂ν∂µU †

)
−
(
− U(∂µU

†)U∂νU
† + U(∂νU

†)U∂µU
†
)
.

The second and the third term are equal and of opposite sign and the terms
coming from the commutator can be simplified using the unitarity of U .
Using UU † = 1 one gets the product of U -s as follows

(∂µU)U † + U∂µU
† = 0 ⇒ (∂µU)U † = −U(∂µU

†). (3.11)

Henceforth, the field strength tensor acquires the expression

Fµν =
(
∂µU∂νU

† − ∂νU∂µU †
)

+
(
− (∂µU)U †U∂νU

† + (∂νU)U †U∂µU
†
)

= ∂µU∂νU
† − ∂νU∂µU † − ∂µU∂νU † + ∂νU∂µU

†

= 0.

We have thus proven that the field Aµ has no curvature associated with it
and hence is a pure gauge potential for our non-Abelian theory.
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Up to this point the transformation is exact. We now make an approximation
by considering adiabatic transport. As usual done in transport theory, we
neglect the interband transitions, i.e., the off-block-diagonal elements of Ã
connecting the light-hole and heavy-hole bands. For U(k) = eiθSyeiφSz , the
gauge field Ã is

Ã = −iU∂kU
†

= −ieiθSyeiφSz

[
− i(∂kφ)Sze

−iφSze−iθSy − ie−iφSzSy(∂kθ)e
−iθSy

]
= (−Sz cos θ + Sx sin θ)∂kφ− Sy∂kθ,

where in the last step we’ve used the commutation relations of the spin
matrices [Sy, Sz] = iSx. By employing the explicit form of the spin matrices
(see Eq. (3.3)), the gauge connection is written explicitly as

Ã·dk =


−3

2
cos θdφ

√
3

2
(sin θdφ+ idθ) 0 0√

3
2

(sin θdφ− idθ) −1
2

cos θdφ sin θdφ+ idθ 0

0 sin θdφ− idθ −1
2

cos θdφ
√

3
2

(sin θdφ+ idθ)

0 0
√

3
2

(sin θdφ− idθ) 3
2

cos θdφ

 ,

where the first and fourth columns correspond th the heavy-hole (HH) band,
while the second and the third ones correspond to the light-hole (LH) band.
In considering adiabatic transport, we neglect the interband transitions, i.e.
the off-block-diagonal matrix elements of Ã between the LH and HH bands.
We then arrive at a non-trivial adiabatic gauge connection

A′ · dk =


−3

2
cos θdφ 0 0 0
0 −1

2
cos θdφ sin θdφ+ idθ 0

0 sin θdφ− idθ −1
2

cos θdφ 0
0 0 0 3

2
cos θdφ

 , (3.12)

which takes a block-diagonal form in the LH and HH subspace. As the
states in each subspace are two-fold degenerate, the gauge connection is in
general non-Abelian. However, the non-Abelian structure is only present in
the LH band. Namely, in the LH subspace the matrix A′ has off-diagonal
components, while in the HH subspace A′ is diagonal. This is because the
gauge field Ã connects states with helicity difference ∆λ = 0,±1, and does
not connect λ = ±3/2 states in the HH band.

In the next section we take a step back and consider the Abelian approxi-
mation. Later on, we will compute the physical quantities also in the full
non-Abelian treatment.
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3.4 Abelian approximation

For simplicity of presentation, we shall first make the Abelian approximation.
By employing this approximation, we neglect the non-diagonal elements of
A′ and Eq. (3.12) becomes

A′Abelian = −Sz cos θ∇φ, (3.13)

which is diagonal in the basis where Sz is diagonal. As has been recognized
in [21] the band-touching point acts as the source of the monopole field in
momentum space. Thus each diagonal component of A′ is given by that of
a Dirac monopole at k = 0 with the monopole strength eg given by Sz, in
accordance with [21]. The associated magnetic field strength is given by

Fij ≡ i[Di, Dj] = εijlλ
kl
k3
. (3.14)

An effective Hamiltonian has the form

Heff =
~2k2

2mλ

+ V (x). (3.15)

Henceforth, xi denotes the covariant derivative in momentum space: xi =
Di ≡ i∂/∂ki − Ai(k). The definition of xi has changed by projecting the
original Hamiltonian H onto the HH or LH band. Whereas Heff seems
to be trivial, its non-trivial dynamics are revealed through the nontrivial
commutation relations

[ki, kj] = 0 , [xi, kj] = iδij , [xi, xj] = −Fij. (3.16)

These relations resemble the nontrivial commutation relations between the
position operators of a two-dimensional electron gas projected onto the lowest
Landau level.[22], where Fij = Bεij, and B is the external magnetic field.
This algebraic structure, called “non-commutative geometry” arises in this
case from the magnetic monopole in momentum space, and is a natural
generalization of the quantum-Hall effect in three dimensions.

Equations of motion can easily be derived by replacing the Hamiltonian (3.15)
in Heisenberg equations: i~k̇ = [k, H], i~ẋ = [x, H] and by using the com-
mutation relations (3.16). Equations of motion for holes thus read

~k̇i = eEi, ẋi =
~ki
mλ

+ Fij k̇j (3.17)
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The last term, proportional to Fij, is a topological term, describing the effect
of the magnetic monopole on the orbital motion. It represents a “Lorentz
force” in momentum space, making the hole velocity noncollinear with its
momentum. In fact, if we interchange the roles of x and k in this equation,
this term becomes the Lorentz force for a charged particle, moving in the
presence of a magnetic monopole in real space.

In the Abelian approximation the set of coupled equations (3.17) can be
integrated analytically. The first equation is straightforwardly integrated to
give

ki(t) = ki(0) +
eEi
~
t. (3.18)

The details of integrating the second equation are given in Appendix B. When
E is parallel to +z direction, the solutions are

kx(t) = kx0, ky(t) = ky0, kz(t) = kz0 + eEzt/~, (3.19)

z(t) = z0 +
~kz0
mλ

+
eEz
2mλ

t2, (3.20)

x(t) = x0 +
~kx0

mλ

t− λky0

k2
x0 + k2

y0

eEzt/~ + kz0√
k2
x0 + k2

y0 + (eEzt/~ + kz0)2
(3.21)

y(t) = y0 +
~ky0

mλ

t+
λkx0

k2
x0 + k2

y0

eEzt/~ + kz0√
k2
x0 + k2

y0 + (eEzt/~ + kz0)2
. (3.22)

The last terms in x(t) and y(t) represent a shift of the particle position, in
a direction perpendicular to k, as presented in Fig.(3.4). As the direction of
the spin is parallel(antiparallel) to k for λ > 0 (λ < 0), the hole motion in
real space obtains a shift perpendicular to S. This shift is analogous to the
deflection of a charged article by a magnetic field monopole in a direction
perpendicular to the plane spanned by its position and velocity vectors [23].
It causes a spin current perpendicular to both E and S, which we will briefly
discuss in the next paragraph.

The motion along the z-direction in the equation (3.17) is free acceleration
by the electric field. In reality, because this acceleration is suppressed by ran-
dom scattering we should take into account the charge relaxation by random
scattering.

The spin current in the y-direction with spin parallel to the x-axis for each

34



Figure 3.2: Real space trajectory of the hole obtained by solving Eq. (3.17).

band at zero temperature is given by

jxHy =
~
3

∑
λ=± 3

2
,k

ẏ
λkx
k
nλ(k) =

3e

2
Ez
∑
k

nH(k)k2
x

k4
=
eEzk

H
F

4π2
, (3.23)

jxLy =
~
3

∑
λ=± 1

2
,k

ẏ
λkx
k
nλ(k) =

e

6
Ez
∑
k

nL(k)k2
x

k4
=
eEzk

H
L

36π2
, (3.24)

where nλ(k) is a filling of holes in the band with helicity λ, n±3/2(k) = nH(k)
and λ, n±1/2(k) = nL(k) are fillings for the HH and LH bands, respectively.
Charge relaxation is already included in this result by putting the Fermi
surface as in their equilibrium position |k| = kF . We have taken into account
that the expectation value of the electron spin is s = 1

3
S. This is because

the spin-3/2 matrix S is a sum of the spin angular momentum s with spin
one-half and the atomic orbital angular momentum l with spin one [20].
By summing up the contributions to the spin currents from the two bands,
namely Eq. (3.23) and Eq.(3.24), the spin current at zero temperature, with
spin parallel to the x axis, flowing to the y direction reads

jxy =
eEz
36π2

(9kHF + kLF ). (3.25)

We have thus obtained an expression for the spin current which has the same
form as Eq.(3.1). The spin resistivity is dissipationless and for a given band-
structure is completely determined by the Fermi momenta corresponding to
the HH and LH bands.

Here we have assumed that equilibrium momentum distribution is attained
by random impurity scattering that causes the charge relaxation. These
extrinsic effects are small [1]. The formula Eq.(3.25) is valid for zero temper-
ature; for finite temperature, it is modified only thorough the Fermi distribu-
tion function nλ(k). For example, at room temperature and n = 1019cm−3,
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the nominal value of the energy difference between the LH and HH bands
at the same wavenumber is 0.1eV, and it is much larger than both the
temperature (∼ 0.025eV) and the energy scale for momentum relaxation
~/τp ∼ 0.006eV, where we estimated the momentum relaxation time τp to be
of the same order as the spin relaxation for holes τs ∼ 100fsec. Thus the value
of the spin current remains of the same order of magnitude as in the zero
temperature case. Furthermore, these small effects scale with a higher power
of kF ∼ n1/3 and extrapolating to the limit of n→ 0, the constant intercept
would uniquely determine the predicted dissipationless spin conductivity.

It is worth noting that this Abelian approximation becomes exact in zero-
gap semiconductors, e.g., α-Sn. In this class of materials the bottom of the
conduction band and the top of the valence band correspond to the LH and
HH bands in other semiconductors such as GaAs. These two bands touch at
k = 0. In this case, p-doping introduces holes only in the HH band, and the
Abelian approximation becomes exact. This is of great importance for the
quantum spin-Hall effect (which is analogous to the effect discussed in this
thesis, but where the spin conductivity is quantized). It has been predicted
to arise in zero-gap semiconductor heterojunctions [24].

3.5 Non-Abelian spin current

We now discuss the correction due to the non-Abelian nature of the gauge
connection of the LH band. Remarkably, even though the gauge connection
is non-Abelian, the associated field strength is Abelian, and is given by [25]

Fij = εijlλ
(

2λ2 − 7

2

) kl
k3
. (3.26)

As the spin current depends only on the field strength in momentum space,
the spin current acquires an extra factor of (-3) only for the LH band, com-
pared with the Abelian approximation. Equations of motion for the non-
Abelian theory can be solved numerically. Using Eq.(3.26) we obtain the
following expression for the spin current:

jxy =
~
3

tr
∑
k

ẏn(k)Sxn
λ(k) =

eEz
3

tr
∑
k

Fyz(k)Sxn
λ(k)

=
eEz

3
tr
∑
k

kxSx
k3

λ
(

2λ2 − 7

2

)
nλ(k) =

eEz
9

tr
∑
k,λ

1

k2
λ2
(

2λ2 − 7

2

)
nλ(k)

=
eEz
12π2

(3kHF − kLF ).
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The same discussion about the temperature and scattering dependence holds
here as well. By defining the spin conductivity to have the same dimension
as the electrical conductivity, this last result can be written as

jxy =
eEz
12π2

(3kHF − kLF ) =
~
2e
σsEz. (3.27)

The xy component of the spin current tensor is rotationally invariant, with
the covariant form given in (3.1). It results in a spin accumulation at the
edges of the sample. This accumulation is limited by the spin relaxation. In
the bulk, our spin current is free from rapid relaxations of the spin holes,
because it is a purely quantum mechanical effect with equilibrium spin-
momentum distribution. Nevertheless, at the sample boundaries the spin-
momentum distribution deviates from equilibrium and the rapid relaxation
of hole spins becomes effective.

3.6 Spin current obtained from conservation

of the total angular momentum

The spin current introduced by the electric field can also be understood in
terms of the conservation of the total angular momentum J = ~x× k + S.
As remarked earlier, J commutes with H0. When E is parallel to the z
direction, Jz also commutes with the potential. Therefore, subsituting S =
λ~k̂ = λ~k/k, we obtain

J̇z = ~(ẋ× k)z + ~(x× k̇)z + λ~ ˙̂kz = 0. (3.28)

The second term, representing the torque, vanishes in our case because k̇
points along the z direction. The first term ~(ẋ× k)z vanishes in usual
problems; however, not in our case, due to non-collinearity of the velocity and
the momentum. Furthemore, the first term, describing the time derivative
of the orbital angular momentum L = ~x× k is proportional to the spin

current. The third term λ~ ˙̂kz, describing the time derivative of the spin
angular momentum S, can easily be evaluated from the acceleration equation
in Eq. (3.17). Therefore we see that the conservation of the total angular
momentum in Eq. (3.28) directly implies the spin current in Eq.(3.25). The
spin current flows in such a way that the change of L exactly cancels the
change of S.
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3.7 Further remarks and conclusions

In the Luttinger model for p-doped semiconductors such as Si, GaAs and Ge
an external electric field induces a spin current.

In contrast to similar effects [7], this spin current has a topological character.
The spin conductivity in Eq.(3.1) is independent of the mean free path and
relaxation rates, and all states below the Fermi energy contribute to the spin
current, where each contribution is determined purely by the gauge curva-
ture in momentum space, similar to the quantum-Hall effect [26]. At finite
temperature the equations for spin current Eq. (3.25),(3.27) are modified
only through the Fermi distribution function nλ(k). Because the typical en-
ergy difference between the light hole(LH) and heavy hole(HH) bands at the
same wavenumber is about 0.1 eV, which largely exceeds the energy scale of
the room temperature ∼ 0.025 eV, this predicted effect remains of the same
order of magnitude even at room temperature.

This spin current is also useful for spin injection into semiconductors. Usage
of ferromagnetic metals is not practical because most of the spin polarizations
are lost at the interface due to conductivity mismatch between the metal and
semiconductor [27, 28]. The electric-field induced spin current serves as a spin
injector, because it creates a spin current inside the semiconductor.
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Chapter 4

Quantum spin Hall effect in
semiconductor quantum wells

4.1 Introduction

In the search for topologically non-trivial states of matter, a new class of
topological insulators has been proposed. These topological insulators have
an insulating gap in the bulk, but have topologically protected edge states
due to the time reversal symmetry. In two dimensions the helical edge states
give rise to the quantum spin Hall (QSH) effect in the absence of any external
magnetic field. In this chapter we review a recent theory which predicts that
the QSH state can be realized in HgTe/CdTe semiconductor quantum wells.
By varying the thickness of the quantum well, the band structure changes
from a normal to an inverted type at a critical thickness dc . We present an
analytical solution for the helical edge states and explicitly demonstrate their
topological stability. We also review the recent experimental observation of
the QSH state in HgTe/(Hg,Cd)Te quantum wells.

Beyond the potential technological applications, the intrinsic spin Hall ef-
fect has guided the scientists in the search for new topologically non-trivial
states of matter. The quantum Hall state gives the first, and so far the
only example of a topologically non-trivial state of matter, where the quan-
tization of the Hall conductance is protected by a topological invariant [26].
Given the fundamental importance of topological quantization in physics, it
is highly desirable to search for quantum states of matter characterized by
non-trivial topological properties similar to, but distinct from the quantum
Hall state. Soon after the theoretical prediction of the intrinsic spin Hall
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Figure 4.1: Schematic of the spin-polarized edge channels in a quantum spin
Hall insulator. (from [3])

effect in doped semiconductors, a rather dramatic prediction was made that
the intrinsic spin Hall effect could also be realized in insulators [29]. Subse-
quently, the QSH state was independently proposed in graphene [30] and in
strained semiconductors [31]. The quantum spin-Hall insulator state is in-
variant under time reversal, has a charge excitation gap in the 2D bulk, but
has topologically protected gapless edge states that lie inside the bulk insu-
lating gap. The edge states have a distinct helical property: two states with
opposite spin-polarization counter-propagate at a given edge [30, 32, 33](see
Fig. 4.1). For this reason they are also called helical edge states. The edge
states come in Kramers doublets, and time reversal symmetry ensures the
crossing of their energy levels at special points in the Brillouin zone. Because
of this energy level crossing, the spectrum of a quantum spin-Hall insulator
cannot be adiabatically deformed into that of a topologically trivial insula-
tor without helical edge states; therefore, in this precise sense, the quantum
spin-Hall insulators represent a topologically distinct new state of matter.

Recently the possibility of an intrinsic spin Hall effect has been put forward,
which originates from the modification of the band structure of semiconduc-
tors due to spin-orbit coupling rather than from scattering from impurities
[8]. Furthermore, the interest in the intrinsic spin-Hall effect has been en-
hanced by the possibility that such a spin current is quantized.
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Figure 4.2: (A) Bulk energy bands of HgTe and CdTe near the Γ point. (B)
The CdTe-HgTe-CdTe quantum well in the normal regime E1 > H1 with
d < dc and in the inverted regime H1 > E1 with d > dc. In this and
other figures, Γ8/H1 symmetry is indicated in red and Γ6/E1 symmetry is
indicated in blue.(from [24])

4.2 Effective model for the quantum spin-Hall

state in HgTe/CdTe quantum wells

The quantum spin-Hall is the cousin of quantum anomalous Hall effect, which
is the charge Hall effect produced by internal magnetization rather than by
external magnetic field. Consequently, extension of the model for the anoma-
lous quantum Hall effect provided good grounds for the study of quantum
spin-Hall effect [30, 34].

Inverted band-gap semiconductors are most likely realizations of a system
showing the quantum spin-Hall effect and therefore a great deal of theoretical
work has been focused on materials like graphene and HgTe. It turned out
that graphene is not a good candidate, since the gap opened by spin-orbit
coupling is too small. There is still a challenge to find more suitable materials
in which quantum spin-Hall effect can be realized.

For zero-gap semiconductors, such as HgTe and CdTe, the important bands
near the Fermi level are close to the Γ point in the Brillouin zone, and they
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are s-type band (with Γ6 symmetry) and p-type band which is split into a
J = 3/2-band (Γ8) and a J = 1/2-band by spin-orbit coupling. HgTe as a
bulk material has a negative energy gap, which indicates that the Γ8 band,
which usually forms the the valence band, is above the Γ6 band (see Fig.
4.2). The light-hole bulk subband of the Γ8 band becomes the conduction
band, the heavy-hole bulk subband becomes the first valence band, and the
s-type band (Γ6) is pushed below the Fermi level. Based on this unusual
sequence of states, such a band structure is called inverted.

Quantum wells of the type III semiconductors provide a natural realization
of the band-inversion [24]: the barrier material (e.g., CdTe) has a normal
band progression, with the s-type band that has Γ6 symmetry lying above
the p-type band that has Γ8 symmetry, and the well material (e.g., HgTe)
having an inverted gap progression, as explained above. By tuning the quan-
tum well thickness we can continuously pass from a normal band progression
to a inverted band progression regime in the well material. In this “inverted”
regime, which happens above a certain thickness dc, it has been shown that
the quantum spin-Hall state can be realized [24]. The level crossing which
takes place at dc is similar to the case of graphene, and furthermore, the elec-
tronic states near the Γ point are described by a relativistic Dirac equation
in 2+1 dimensions.

In the models involving Luttinger-type of spin-orbit coupling there are topo-
logically protected gapless bands of states localized at the edges of a semicon-
ductor sample, as their energies lie in the gap of the bulk insulator. Once the
spin-Hall effect is realized in the ground state, it is protected against thermal
fluctuations by the bulk energy gap. These edge states have a distinct helical
property: two states with opposite spin polarization counterpropagate at a
given edge. [30, 24] (see picture 4.1). The origin of these chiral states is the
Berry phase acquired by the holes moving in the momentum space, as we
will briefly discuss in the next paragraph.

The starting point of the model is the two-band Luttinger effective Hamilto-
nian [20], in two spatial dimensions.

Heff (kx, ky) =

(
H(k) 0

0 H∗(−k)

)
, H = ε(k) + di(k)σi, (4.1)

where σi are the Pauli matrices and di(k) are functions of the in-plane mo-
menta and some material-specific constants. They represent the spin-orbit
coupling as a function of momentum.

The Hamiltonian Eq.(4.1) can be easily diagonalized to obtain the two-band
energy spectrum as E±(k) = ε(k) ± V d(k), in which d(k) is the norm of
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Figure 4.3: (A) Energy dispersion relations E(kx, ky) of the E1 and H1 sub-
bands at d = 40, 63.5, and 70 (from left to right). Colored shading indicates
the symmetry type of the band at that k point. Places where the cones
are more red indicate that the dominant state is H1 at that point; places
where they are more blue indicate that the dominant state is E1. Purple
shading is a region where the states are more evenly mixed. At 40 , the
lower band is dominantly H1 and the upper band is dominantly E1. At 63.5
, the bands are evenly mixed near the band crossing and retain their d ¡ dc
behavior moving farther out in k-space. At 70 , the regions near k|| = 0 have
flipped their character but eventually revert back to the d < dc farther out
in k-space. Only this dispersion shows the meron structure (red and blue in
the same band). (B) Schematic meron configurations representing the di(k)
vector near the Γ point. The shading of the merons has the same meaning
as the dispersion relations above. The change in meron number across the
transition is exactly equal to 1, leading to a quantum jump of the spin Hall
conductance σsxy = 2e2/h. (from [3])
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the three-vector dα(k). The Hall conductivity can be calculated using the
standard Kubo formula to be

σxy = lim
ω→0

i

ω
Qxy(ω + iδ), (4.2)

Qxy(iνm) =
1

Ωβ

∑
k,n

tr[Jx(k)G(k, i(ωn + νm))Jy(k)G(k, iωn)], (4.3)

with the current operator (i, j) = (x, y)

Ji(k) =
∂H(k)

∂ki
=
∂ε(k)

∂ki
+ V

∂α(k)

∂ki
σα (4.4)

and G(k, iωn) the Matsubara Green function. From Eqs. (4.2) and (4.4), the
Hall conductivity can be calculated straightforwardly, with the resulting σxy
given by

σxy =
1

2Ω

∑
k

∂d̂α(k)

∂kx

∂d̂β(k)

∂ky
d̂γε

αβγ(n+ − n−)(k), (4.5)

where d̂α(k) = dα(k)/d(k) is the unit vector along the direction of dα(k).
d̂α(k) is singular if d(k) =

√
dα(k)dα(k) vanishes for some k. However, here

and below we are always interested in the insulating models, in which a full
gap opens between the two bands E+(k) and E(k); thus E+(k) − E−(k) =
2V d(k), for all k. The gap opening condition is written explicitly as

min
k∈BZ

E+(k) > max
k∈BZ

E−(k). (4.6)

In this case, the system becomes a bulk insulator when the chemical potential
lies inside the gap, which implies n(k) ≡ 1 and n+(k) ≡ 0 for all k at zero
temperature. Under such condition and taking the thermodynamic limit, the
Hall conductivity (4.5) can be simplified to

σyx = − 1

4π2

∫ ∫
FBZ

dkxdkyd̂ · ∂xd̂× ∂yd̂, (4.7)

which is a topological invariant defined on the first Brillouin zone, indepen-
dent of the details of the band structure parameters. Considering d̂ : T 2 →
S2 as a mapping from the Brillouin zone to the unit sphere, the integrand
is the Jacobian of this mapping. Thus the integration over it gives the total
area of the image of the Brillouin zone on S2, which is a topological winding
number that is quantized. A schematic picture of a typical d̂ configuration (a
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half of Skyrmion, called also a meron) is shown in Fig. 4.2. Henceforth, the
quantization of the conductivity in this system can be understood as a Berry
phase in k space, similar to the quantum Hall effect, with the Skyrmion
winding number related to the quantization of the current. The universal
spin conductivity obtained in this system is 2e2/h.

4.3 Conclusions

Either adding the spin degree of freedom to conventional charge-based elec-
tronic devices or using the spin alone has the potential advantages of non-
volatility, increased data processing speed, decreased electric power consump-
tion, and increased integration densities compared with conventional semi-
conductor devices. To successfully incorporate spins into existing semicon-
ductor technology, one has to resolve technical issues such as efficient injec-
tion, transport, control and manipulation, and detection of spin polarization
as well as spin-polarized currents [35]. There are numerous experimental
challenges to overcome, as well as theoretical insight to be provided. But a
spin-based electronics seems possible in the near future.

Future devices based on quantum spin-Hall effect will have the advantage
that there is no magnetic field required. The spin current can flow with-
out dissipation in quantum spin-Hall systems, which will increases a lot the
efficiency of the data storage and of the computational time in the spintronic-
based computers.

Cheap, easy to produce and feasible new materials which can host the quan-
tum spin-Hall effect are requirements in order to have a large-scale industry
based on spintronics.

Interesting enough, a topic with numerous possible applications, also poses
insightful fundamental questions. The quantum spin Hall state is a novel
topological state of matter, in the same way as the quantum Hall effect is. A
lot of work still needs to be done before we can completely understand the
properties of these systems.
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Appendix A

k · p approximation for
semiconductors

Semiconductors band structure can be described using the k · p method (also
named effective mass approximation). This is a perturbative method to cal-
culate the eigenfunctions (and the corresponding eigenenergies) at a certain
momentum by knowing the eigenfunctions and eigenenergies at zero value of
momentum.

The electrons in a periodic crystal are described by the Bloch wavefunctions

Ψnk(x) = unk(x)eikx, (A.1)

where n labels the bands and unk(x+ai) = unk(x) is a function with periodic-
ity of the crystal. The atomic-like wavefunctions are um0(x) and therefore the
wavefunctions at momentum k are exactly expressed as linear combinations

unk(x) =
∑
n′

Ann′kun′0(x). (A.2)

We replace the Eq.(A.1) in Schrodinger equation[ p̂2

2m
+ V (x)

]
Ψnk(x) = εnkΨnk(x). (A.3)

The action of the momentum operator on wavefunction (A.1) results in

eikx
(
− ~2

2m
∆ +

~k

m
· ~
i
5+

~2k2

2m

)
un′0(x), (A.4)
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and we also know the solutions for eigenvalue problem for the k = 0 :
[

p̂2

2m
+

V (x)
]
un′0(x) = εn′0un′0(x). Thus we obtain a Schrödinger-like equation for

the coefficients Ann′k(
εn′0 +

~2k2

2m

)
Ann′k +

~k

m
·
∑
l

Pn′lAnlk = εnkAnn′k, (A.5)

where Pn′l =
∫
unitcell

d3x u?n′0(x)~
i
5 ul0(x) is the effective momentum

operator. The atomic wavefunctions are orthonormal.

The approximation consists in considering the ~
m

k · p term in equation A.5
as a perturbation. This assumption holds for small momenta k � |G|, with
G the reciprocal lattice vector. In materials with inversion symmetry, the
diagonal components of the momentum operator are zero which implies that
the first correction to the energy is also zero. To see this we use the definition
of P

Pnn =
~
i

∫
d3xu?n0(x)

∂un0

∂x
(x), (A.6)

which upon spatial inversion x→ −x becomes

− ~
i

∫
d3xu?n0(−x)

∂un0

∂x
(−x). (A.7)

We use that the Wannier wavefunctions are inversion symmetric, namely that
un0(−x) = ±un0(x), to find that Eq.(A.6) becomes

− ~
i

∫
d3xu?n0(x)

∂un0

∂x
(x) = −Pnn = 0, (A.8)

which concludes the proof.

The first order correction to the wavefunction is

A
(1)
nn′k =

~k

m
· Pnn′

εn0 − εn′0
. (A.9)

The second order correction to the energy is non-zero and the total energy
up to the second order correction reads

εnk ' εn0 +
~2k2

2m
+

~2kαkβ

m2

∑
n′ 6=n

Pα
nn′P

β
nn′

εn0 − εn′0
(A.10)

≡ εn0 +Dαβ
nnk

αkβ, (A.11)
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where

Dαβ
ln = ~2

(δαβδln
2m

+
1

m2

∑
n′ 6=n

Pα
nn′P

β
nn′

εn0 − εn′0

)
(A.12)

is the inverse effective mass tensor. Above we have assumed that bands are
not degenerate at the Γ-point. Therefore only the diagonal matrix elements
of the tensor were sufficient. But often the bands are degenerate at the k = 0
point due to symmetry reasons. Then the full tensor is needed. The second
order correction to energy is now an operator, playing the role of effective
Hamiltonian

(εk)ln = εn0δln +Dαβ
ln k

αkβ. (A.13)

To find the energies for k 6= 0 one has to diagonalize the matrix. Away from
the Γ-point the degeneracy is partially lifted. The usual difficulty resides
in finding the matrix elements Pα

nn′ in expression (A.12). Using symmetry
reasons is the common way to deal with it, providing satisfactory approx-
imations. For example, in a cubic environment, these matrix elements are
linear combinations of the spherical harmonics.
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Appendix B

Integrating the equation of
motions for holes in the
Abelian approximation

The set of coupled equations of motion (3.17) can be analytically integrated.
Since the equations for the momenta ki are trivial, we only focus here on
finding the solutions for xi.

The equations to solve are

dxi
dt

=
~ki
mλ

+ Fij
dkj
dt
. (B.1)

We know the solutions for k-s to be

ki(t) = ki(0) +
eEi
~
t, (B.2)

and the field strength tensor Fij = εijlλ
kl

k3 . Hence the equations (B.1) read

dxi
dt

=
~ki
mλ

+ λ
e

~
εijl

kl
k3
Ej. (B.3)

We chose the electric to be parallel to the z axis. Thus the x and y compo-
nents of momenta will be constant and given by the initial conditions, and
the third one will be time-dependent:

k1(t) ≡ k1(t = 0) = k10 (B.4)

k2(t) ≡ k2(t = 0) = k20 (B.5)

k3(t) = k30 +
e

~
Ez · t. (B.6)
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Thus the total momenta cubed is k3 = [k2
10 + k2

20 + (k30 + eEzt/~)2]3/2. The
equations for the positions become

dxi =
~
mλ

ki0dt+
e

~
Eitdt+ λ

e

~
Ejεijl

kl + e
~Ei

[k2
10 + k2

20 + (k30 + eEzt/~)2]3/2
dt

We integrate the latter equation between 0 to t to get

xi(t)−xi(0) =
~
mλ

ki0t+
e

2~
Eit

2+λ
e

~
Ejεijl

∫ t

0

dt′
kl0 + eEit

′/~
[k2

10 + k2
20 + (k30 + eEzt′/~)2]3/2

The last step now is to perform the integral in the last term. To make the
procedure simpler we replace the only non-zero component of the electric
field, E1 = E2 = 0, E3 ≡ Ez 6= 0 and identifying the Cartesian components
1 ≡ x, 2 ≡ y and 3 ≡ z. E.g.,the first component is

x1 ≡ x(t) = x0 +
~k10

2mλ

t+ λ
e

~
ε132Ez

∫ t

0

dt′
k20

[k2
10 + k2

20 + (k30 + eEzt′/~)2]3/2

(B.7)

In consequence the integral becomes trivial and the results read

x(t) = x0 +
~kx0

mλ

t− λky0

k2
x0 + k2

y0

eEzt/~ + kz0√
k2
x0 + k2

y0 + (eEzt/~ + kz0)2
,

y(t) = y0 +
~ky0

mλ

t+
λkx0

k2
x0 + k2

y0

eEzt/~ + kz0√
k2
x0 + k2

y0 + (eEzt/~ + kz0)2
,

z(t) = z0 +
~kz0
mλ

+
eEz
2mλ

t2.
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