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The rise of the fractal industry

We can expect 
26000 papers on 
fractals relating to 
physics by 2030.

Remark:
This graph takes no 
account of the use of 
fractals in Medicine, 
Biology, Ecology, 
Engineering etc. 
which are not 
included in the ADS 
database.
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The goal of this lecture

 in the past decades Multiscale Fractal Analysis has become a key 
tool in the analysis of complex spatial and temporal data.

From J. Feldbrugge, R. van de Weygaert, 
J. Hidding and J. Feldbrugge. (2018)

To be published

From Sengar et al. (2014)
in  Wavelets and Fractals in Earth System Sciences
ed. E. Chandrasekhar et al. (CRC Press)

From Vasiljevic et al.
in Biomed.Microdevices
(2012) 14, 541-548

Identifying primary 
cancer in metastatic 
bone disease.

Finding the caustic skeleton of 
the cosmic web

Analysis of electro-
cardiograms
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Why is this interesting to physics?

●In the 19th century it was recognised that a symmetry indicated 
by the presence of an “ignorable coordinate” in a Hamiltonian 
is associated with a conservation law. 

●Fractal behaviour is a scaling symmetry that is indicative of the 
action of a single physical phenomenon.  The breaking of that 
scaling symmetry indicates a change in the underlying physics.

●Recognizing the existence of an underlying symmetry, and 
quantifying it, provides a test of theories that purport to explain 
the phenomenon.

●It’s always good to have a set of numbers that characterise 
observations of a phenomenon!

●Most data objects are not fractals, but they are nonetheless 
amenable to fractal analysis – which is useful.
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Fractal web sites and books

 Nice low-brow introduction with pictures ...
http://fractalfoundation.org/fractivities/FractalPacks-EducatorsGuide.pdf

 Some help with the more tricky parts on generalised dimension …
http://paulbourke.net/fractals/fracdim/ 

 K. Falconer
Fractal Geometry: mathematical Foundations and Applications (Wiley 
1990, 3rd edition 2014)

 H.-O. Peitgen & P.H. Richter
The Beauty of fractals (Springer-Verlag 1986)

 G. West
Scale:The Universal Laws of Life and Death in Organisms, Cities and 
Companies.
 

http://fractalfoundation.org/fractivities/FractalPacks-EducatorsGuide.pdf
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The program

 Some pretty pictures of fractals

 Characterising random processes

 Scaling in random processes and data

 Mathematics of dimension

 Fractals and multifractals

 Determining dimension(s) of a set

 Fractals and Wavelets – 1d treatment

 Applications of fractals



Bernard Jones               Fractals & Multifractals            QU8 Groningen March 2018
7

Part I: What is a fractal?

The defnition of a `fractal’ should be regarded in the same 
way as the biologist regards the defnition of `life’.

Falconer, “Fractal Geometry” p.xx (Introduction).

Images of fractals
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So what defnes being a fractal?

Falconer (Introduction p.xx) makes the following remarks

F is a fractal when it has/is

1: structure and detail on arbitrarily small scales

2: too irregular to be described by classic geometry

3: some some of self-similarity (even statistical)

4: simply defned, even recursive (as per Mandelbrot_

5: When its “fractal dimension” is greater than the topological 
dimension of the space .               

We will build on the last one of these later.
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Von Koch’s Curve (1919)

A crisis for geometry?
A curve of fnite area and 
infnite circumference.

The simple 
building process

The perimeter is continuous 
yet nowhere diferentiable!
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The Sierpinski Gasket

This is one of the simplest fractals.  
It illustrates the basic notion of the 
repetition of pattern on all scales 
without limit.

In this case it is the same
pattern being repeated.

Late 11th century: San Clemente, Rome
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1-Dimensional Brownian Motion

1-d Brownian motion is a continuous 
process in which the infnitesimal 
steps are chosen independently 
from a zero mean Gaussian 
distribution having constant 
variance.

Because it is continuous we can 
zoom in by any arbitrary amount.

This contrasts with the 1-d random 
walk in which the steps take place 
at discrete points and the value of 
the steps is ±1.
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2D Random Walk & Brownian Motion

2D Brownian Motion 
with 2,000,000 steps

There are three kinds of 
process like this:

Ito process
Brownian Motion
Random Walk
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The most famous of fractals

The Mandelbrot set
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Mandelbrot – zoom A

This and the following two 
images are from the beautiful 
and informative book of 
Peitgen and Richter: 
“The Beauty of Fractals”
(See References slide)

The colouring of the following 
slides is what transforms a 
mathematical picture into art. 
 The author discuss this in 
detail.
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Mandelbrot – zoom B

Peitgen & Richter loc.cit.
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Mandelbrot – zoom C

Peitgen & Richter loc.cit.
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Barnsley’s 3d Ferns
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2d random walks on Pi

Using Pi expressed in 
base 4 digits, 0,1,2,3, 
a point moves from the 
origin in a direction 
according to the digit.  
As the point moves it 
changes colour from 
red, through the 
rainbow to indigo.
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Mathematical Terrains
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Fractal Island
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The Island of Sark (Guernsey)
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Fractal Art – the Cat
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Digital Fractal Art



Bernard Jones               Fractals & Multifractals            QU8 Groningen March 2018
24

Gaudi Parc Guell - I
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Gaudi Parc Guell - II
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Gaudi Sagrada Familia



Bernard Jones               Fractals & Multifractals            QU8 Groningen March 2018
27

The Brain – dendritic structures
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The challenge

Question:

Given the diversity of things that we can call fractals, what is 
there to say that embraces all such objects?

Answer:

The quantitative concepts of 

“Scaling” and “Dimension”
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Part II: Getting more formal

A short look at 
the making of a famous fractal 
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What is a fractal?

 A fractal can be thought of as a set of points that are 
irregularly distributed in a space.

 The point of mathematical interest is in describing the way 
in which the points are distributed in that space.

 The basic concept is “dimension”, a number assigned to 
the point set telling how the points fll the underlying 
space.

 It often turns out that more than one such dimension 
number may be required.
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The most famous of Fractals

The most famous fractal set:

The Mandelbrot set

This is generated from studying the 
behaviour of the simple iteration of 
complex numbers                      :

for specifc values of  

H.-O. Peitgen & P.H. Richter
The Beauty of fractals
(Springer-Verlag) 
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Making Julia and Mandelbrot sets

 Choose a    and a       

 Iterate to get see if the sequence                      converges 
or diverges.  

 If the sequence diverges, reject     
Otherwise the point      is taken as a member of the 
Julia Set defned by     and our recursion relation.

 e.g.

 The Mandelbrot set is the set of all    for which the 
sequence defned by             converges.
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Mandelbrot and fractals

 Mandelbrot gave us the name:
fractus (Latin) = “irregular” or “broken”

 Mandelbrot’s defnition of a fractal was that it was a point set 
whose Hausdorf dimension was strictly greater than the 
topological dimension of the underlying space ☹ . 

 Not a very illuminating defnition and, as it turns out, not 
particularly satisfactory since it excludes some cases which 
would manifestly be regarded as fractals.
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Part III: Grappling with dimension

The mathematical 
notion of dimension
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Dimensionality: diverse defnitions

 Intuitive dimension

 Topological dimension

 Hausdorf (Besicovitch) dimension

 Similarity dimension

 Minkowski (Box counting) dimension

 Capacity dimension

 Correlation dimension

 Information dimension

 etc etc etc ...
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Topological & Euclidean dimension

Consider the dimension,   , of the space in which the objects are 
embedded.     is a positive integer.

Topological dimension:
Consider point, line, plane, volume, and defne the dimension of 
the point to be 0.  Note that a point divides a line into two 
separate parts, a line divides a plane into two separate parts 
and a plane divides a volume into two separate parts.  
The topological dimension of a space is one greater than the 
smallest dimension of any object that divides it into two 
separate parts.  

Euclidean dimension:
The value of     is the number of coordinates it takes to specify 
the location of any point in the space.  
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Hausdorf dimension

More precisely: “Hausdorf    -dimensional outer measure”.

Consider a set    and look at all its coverings           having 
domains of diameter           for some given         .  

Defne

The Hausdorf dimension of     is the            such that

Not very useful: we cannot take the      over all possible coverings 
and for discrete point set we cannot take the limit          .

Remark:
The “inf” ensures 
the minimum disk 
or sphere overlap
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Covering a 2d point set: disks

The coastline of (Great) Britain covered with sets of disks of 
equal size:

For comparison, the coastline of Norway has               (lots of fjords) 
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Pseudo-Hausdorf: Box counting

Getting practical:
Can use a hierarchy of nested 
rectangular grids and simply 
count the number of occupied 
cells as a function of their size.

Commonly used.
Often referred to as the
Minkowski–Bouligand dimension

This is very simple to program 
and efcient, but it is not 
particularly accurate, especially 
for random point sets.
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Minkowski-Bouligand dimension

aka the Box Counting dimension.

Consider a unit box divided into    sub-boxes of size 

Suppose number of occupied cells of size         grows as 

 If a log plot of         against     is a straight line, then the 
slope is the estimator of the box counting dimension.   
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Rough Maths: Hölder exponent

How “spikey” is a random function 
        about some point    ?

“Spikeyness” at a point    is 
measured by a number    such that 
for all    in a neighbourhood of    
there exist    and     such that

The greatest such    is called the 
Hölder exponent of         at   .

Denote it by        or simply    .

From A. Ouahabi (Wiley 2012)
Signal and Image Multiresolution Analysis
Ch 2. Fig 2.9
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Part VII: Scaling properties

Self-similarity is easy
except when it comes to fractals.
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Self-similarity

Construction using smaller copies of itself
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Scale invariance – a group

 Consider the heat equation in one dimension:

 If            is a solution, then so is                  for any          .

 We can view this as a transformation

 The transformations                   form a group under the 
operation                     .  The group is associative and 
distributive with unit element     .  Every element has an 
inverse.   

G.W. Bluman & S. Kumei Symmetries and Diferential Equations  (Springer 1989)
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The Sedov-Taylor blast wave

One of the most famous examples of scaling a physical problem is the 
similarity solution for a spherical blast wave created by suddenly 
releasing an energy    in a medium of density    .  
The distance travelled by the blast is

                                    which tells us the blast energy   

    

                      describes the physics of the gas.

In 1950 Taylor published the calculation and estimated the strength of 
the frst 1945 atomic explosion at around 20 kilotons of TNT.  
This was a highly classifed number and some people were not 
pleased that this was published.  
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Scaling: the Hurst exponent

 A function         is said to be self-similar with 
scaling exponent     if 

                               for Brownian motion (random walk)

 This applies also when         is a stationary stochastic 
process.  In that case the      sign is interpreted to mean 
“having identical statistical properties”, and then     is 
referred to as the “Hurst exponent”.

 Such a stochastic process is said to be self-similar.

      refects the correlation between diferent points, and in 
that sense     is a nonlocal quantity.
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Hurst exponent

The Hurst exponent and fractal dimension are in principle 
independent.  Fractal dimension     is local to a point 
whereas Hurst exponent     is a global measure.

Some fractals are self afne and for those we have 
Mandelbrot’s famous relationship that, in a space of 
topological dimension    : 

This does not hold for general fractals, but there are 
nonetheless some interesting and useful relationships. 
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Statistical self-similarity

From 
https://www.physionet.org/tutorials/fmnc/node3.html

The plot shows a samples (a) and 
(b) of Brownian motion of lengths    
         .  

(c) shows and the statistical 
distribution of the deviations.  
These are zero-mean Gaussians  of 
variance           respectively.

(d) shows the calculation of the 
Hurst exponent

Take more samples of course!
If fuctuations are Gaussian then 
Just comparing variances is OK. 
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Comparing Hurst exponents

Brownian motion with diferent Hurst exponents.
The curves use the same random number generator.

Increments are negatively 
correlated

Increments are independent

Increments are positively 
correlated: long-term memory.
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Fractal dimension & correlation

Consider an    -dimensional, stationary, Gaussian Random Field      
         having correlation function

If         is normalised so that at small separations

then the fractal dimension      is 

See Chapter 8 of R.J. Adler The Geometry of Random Fields
This is one of the fnest texts on Random Fields.  
Ch.8 is about “Sample Function Erraticism and Hausdorf Dimension”.

Remember:
Fractal dimension is 
a local quantity
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Hurst exponent & correlation

Look at the large scale behaviour of the previous Gaussian 
Random Process and suppose we have power law scaling

    Then the Hurst exponent is

    

And the power spectrum is

Note that both these limiting cases, large scales and small scales, for the correlation 
function can be combined into the simple model

See Gneiting & Schlather: arXiv:physics/0109031 [physics.data-an] 

Remember:
The Hurst exponent 
is a global quantity

Note:

”White noise”
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Hurst exponent: GRB’s

The gamma-rays emitted during a Gamma ray bursts can be 
models as a fractional Brownian process

Uses wavelets to analyse light curves.
See later discussion.

MacLachlan et al.
The Hurst exponent of Fermi gamma-ray bursts.
MNRAS 436 2907-2914 (2013)

Scaling of the wavelet amplitudes
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Finance: Market closing prices

http://www.bearcave.com/misl/misl_tech/wavelets/hurst/
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Part IV: Generalising dimension

Many distributions will not yield simple 
straight line fts to counts in cells.
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Random functions: fractal scaling 

When looking at the Hurst exponent we used the simple  scaling 
model

If     is a stochastic variable then we can only describe it by giving 
the probability              for values the function would take if the 
function values are binned in bins of size    .

The simplest model for scaling of this probability density is 

where        is the underlying (one-point) probability density for 
the random process.  The long-range correlations are taken care 
of by the variable bin size.   The structure is a simple fractal.
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Generalised scaling & dimension

Consider distributions in which the variation of `mass’ about a 
point varies as               , where    is allowed to vary from point 
to point.

Suppose further that there is a probability             of measuring a 
value of some quantity    when the data has been binned on 
scale    .

In multifractal scaling we have the scaling law

We have power law scaling with cell size, but the power law is an 
arbitrary function of     and   .   

Kadanoff et al. Scaling and universality in avalanches 1989, Phys. Rev. A, 39, 6524.
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Multifractal scaling: τ(q)

Consider a set on which we have defned a function        which has 
local singularities of the form

The new aspect is that the exponent         depends on position.  

If the set on which                     is a fractal of dimension         then 
we say that the function         exhibits multifractal scaling.

As usual that is not practical!

Consider a volume with    points, the     of which has        
neighbours within a radius    .  If there is a function        such 
that

    then the set of points exhibits multifractal scaling.  
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τ(q) and Dq: the Renyi dimension 

When           the sum in             is just the number of particles and 
so is independent of   .  So        must have the form

So our expression for computing the Renyi dimension      is

Some of the       have names

Fractal dimension

Information dimension

Correlation dimension
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f(α) curves for diferent models

V. Martinez, B.J.T. Jones, R. Dominguez-Tenreiro, R. Van de Weygaert.
Clustering Paradigms and Multifractal Measures
1990, Astrophys. J., 357, 50-61.

The distribution are from a multiplicative 
random process having diferent  generators. 
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Relating τ(q) and f(α) 

The representations of a multifractal by        and        are two 
views of the same thing.  One describes the singularity 
structure and the other the sets supporting that structure.

By considering the partition function it can be shown that

This tells us(!) that         is convex and has its maximum where       
 

Moreover, the values of    lie in the range 

For proofs and more exciting results see
V. Martinez, et al. Clustering Paradigms and Multifractal Measures 1990, Astrophys. J., 357, 50-61.
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Explained in pictures

Legendre transform Important points on the         curve 

From B.J.T. Jones, P. Coles and V. Martinez, et al. 
Heterotopic Clustering  Mon. Not. r.  Astron. Soc. 1992, 256, 146
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Part V: Calculating dimensions

There is a huge gap between what the 
mathematicians say and what the 

computer scientists and physicist do.
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Generalising Hausdorf: motivation

When defning the Hausdorf dimension we started with

This was interpreted as the limit of a sum over all coverings of the 
set with disks of diameters     , and was fnite and non-zero for 
only one value of the index β. �

Consider instead the function

Apart from the weighting factor      this is the same as the 
previous equation with                 and             .

So we might expect this to be fnite for a special value of    .  
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Generalised box counting

We need to put this into a more practical form.  �

Consider a volume that contains     points.  Divide the volume into 
equal size boxes of size     and let there be          occupied cells 
each having occupancy         .  This provides an empirical 
probability         for the occupancy of the      cell,  a partition 
function    and a box-counting Hausdorf-like measure        : 

 In the limit            we expect this to go to zero or diverge except 
for particular values of     and    :
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Minimum spanning tree dimension

For discrete point sets there is an optimal covering joining 
pairs of points of minimal total length: the Minimum 
Spanning Tree (MST).

Consider a set of     points.  The MST is the unique set of            
         edges each joining two points allowing communication 
between any two points while minimizing the sum of the 
lengths of the edges.

The edges defne the diameters of a set of disks that are a 
direct refection of the defnition of the generalised 
Hausdorf dimension.

R. van de Weygaert,  Jones, B.J.T. and Martinez, V. (1992) 169 145-150
“The minimal spanning tree as an estimator for generalized dimensions.”
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Calculating dimensions from MST 

In order to reveal the scaling properties we take subsamples 
of       points which have                    edges, and look at 
the scaling with     of the MST partition function 

          depends only on   .  This gives    as a function of   .

For small subsamples it is necessary to combine and 
average the results from a number of subsamples having 
the same size.  This increases the the signal to noise for 
determining       .
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MST analysis of Henon attractor

R. van de Weygaert,  Jones, B.J.T. and Martinez, V. (1992) 169 145-150
“The minimal spanning tree as an estimator for generalized dimensions.”

Simple fractal

behaviour
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Minimum spanning tree in 3D
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Part VI: Brownian Motion

In physics: the random movement of 
microscopic particles suspended in liquids or 
gases resulting from the impact of molecules 

of the surrounding medium
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Rough Maths: defnitions

● Random Walk 
A discrete time process with independent increments.
First used by French broker Jules Regnault who published a 
book in 1863.

●Brownian Motion
A continuous time process in which the increments are taken 
independently from a zero-mean Gaussian of constant variance. 
 It is special case of the Itô Process.

●Itô Process
A continuous time process in which the increments are not 
independent and the underlying distribution need not have zero 
mean.  
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Mathematics: Brownian Motion

Brownian motion in 1-dimension is a homogeneous (stationary) 
Gaussian Random Process        with zero mean                 and 
second order moment (correlation function)  that scales as

The power spectrum of the process is then 
Often    and     are instants of time and this describes difusion.

“Classical” Brownian Motion (Bm) has          .

Such motion arises from a particle being displaced by 
independent increments selected from a zero mean Gaussian 
distribution.

If the increments are not independent it is called “Fractional” 
Brownian motion (fBm).
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Holder exponent: diferent processes

Figs. 1 & 2 of K. Falconer & C. Fernandez (2007) Biometrika 94, 313-334.
”Inference on Fractal Processes Using Multiresolution Approximation” 

Fractional 
Brownian 
motion
(fBm)

Fractional 
Gaussian 

noise
(fGn)
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Fractional Brownian Motion

It can be shown the the increments                        have a 
probability distribution that is independent of    : the Brownian 
Motion process is stationary. 

When          the increments are not independent of        and it is 
easy to show that

So for          :  
when               the value of         tends to increase with   , and 
when               the value of         tends to decrease.

And conversely for          . 

See Falconer loc. cit. Chapter 16. for mathematical discussion of Brownian Motion.
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Part VIII: Multiplicative Multifractals

A model for generating hierarchical 
multifractal distributions
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Multiplicative Random Processes
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Part IX: Wavelet analysis

Two trendy subjects come together:
Fractals and Wavelets
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Wavelet: mathematical microscope

 In the zoomed-in image of a 1d function          is 

where            is the scale factor and     is the point where the 
microscope is looking.

           describes the optics of the microscope and is referred to 
as the analyzing wavelet, also known as the mother wavelet. 

           may be a complex-valued function.

 If the integral is to converge and be invertible, then    
         must satisfy some mathematical constraints.
eg: it must have zero mean. 
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The analyzing wavelet

We frequently use a shorter notation:

If the Fourier transform of      is

then we need the admissibility condition 

in order that the wavelet transform be invertible.
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Wavelet: Mexican Hat

This is also referred to as 
the Marr Wavelet after 
David Marr who introduced 
this as the basis for an 
important model of visual 
perception.

We notice that this wavelet is well localised, but does not have fnite support.
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Wavelets: the moment condition

The wavelet function          must satisfy the condition that

for some          .

This tells us that it

●  oscillates: the bigger    the more it oscillates

●  has zero mean for

●  kills polynomials of order 

The wavelet transform kills regular behaviour and so is the 
perfect tool for detecting singularities in the source       .
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Wavelet: inverse transform

Given that the wavelet function satisfes the requisite mathematical 
conditions, the wavelet transformation is invertible:

As might be expected we have a Parseval Theorem:

This is generally interpreted as a statement of energy conservation.

Remark: since we assume             the double integrals are taken 
over the half-plane                                   .  
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Wavelets: multiscale analysis

Up to this point there has been no mention of orthogonality nor of 
basis functions required for doing analysis.

Nonetheless we can invert the wavelet transform. 
(Which should occasion no surprise – we do that with Fourier).

Following the lead from Fourier we need to construct a discrete 
set of functions that are orthogonal from our analysis wavelet 
and aim at getting some notion of frequency.

The set of functions

generated from the mother wavelet        does the job.
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Multi-resolution representations

Wavelets only ft singularities, so we need another function to describe 
the rest of the data. This is the scaling function, ϕ, which is not itself a 
wavelet but can be made orthogonal to the wavelet function ψ.

Action of the scaling 
function in 2D 
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Scaling and Wavelet functions
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Mallat’s decomposition

Generated following precepts of
S. Mallat 1989, IEEE Trans. Pattern Recog. & Machine Intell. 11, 674-693.  
A theory for multiresolution signal decomposition: the wavelet representation.

> 25000 citations
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Multiscale analysis: what it produces

Calatrava’s Science City, Valencia 
(courtesy Rien van de Weygaert)

Two steps of the 2d wavelet transform. 

With the Mallat decomposition:
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Part X: Tracking singularities

Fractal dimension is refects the 
singularities – wavelets fnd them
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Multiresolution signal analysis

From A. Ouahabi: Signal and Image Multiresolution Analysis (Ch 1. Fig 1.8)

The white lines 
superposed on the 
wavelet transform map 
mark the maxima and 
minima of the wavelet 
amplitudes.

The signal amplitude as 
a function of time. The 
character of the signal 
is determined by the 
singularities.
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Wavelets and self-similar processes

 If we focus the microscope on a particular point      we can 
write the wavelet transform of        as

and deduce that for a self-similar stochastic process

 This provides an important method for determining the Hurst 
exponent of a stationary self-similar stochastic process. 

This is due(with diferent normalisation)  to  
M. Vergassola and U. Frisch Wavelet transforms of Self-Similar Processes
Physica D54 (1991) 58-64
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Wavelet transform modulus maxima

Signal

Wavelet transform

Wavelet skeleton 
defned by maxima 
of modulus of 
wavelet amplitude.

From arneodo et al. Wavelet-based multifractal analysis
http://www.scholarpedia.org/article/Wavelet-based_multifractal_analysis
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WTMM Partition function

The wavelet skeleton formed from the maxima of the modulus of 
the wavelet amplitudes provides us with another partition 
function from which we can calculate the fractal spectra of a 
random function:

This looks bad, but saw this when we calculated        from the 
minimal spanning tree.  Likewise this is easily generalised to 3D 
random felds.
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