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Modeling Innovation Diffusion Patterns 

 
 
 
 
 
 
Chapter 2 

Diffusion of innovations: Theoretical considerations   
 

 

In this chapter we first discuss the origins of research into diffusion models and 
emphasize the value of these models in marketing. We then present the mathematical 
structure of a diffusion model and, finally, we discuss the assumptions of traditional 
diffusion models. Most of this chapter is dedicated to evaluating the body of research 
on diffusion modeling and discussing models that relax the limitations of the classical 
diffusion models (i.e. extended models or advanced models). Although there are 
studies that review diffusion models of innovations in marketing, such as those by 
Mahajan and Muller (1979), Mahajan, Muller and Bass (1990, 1993), Parker (1994) 
and Mahajan, Muller and Wind (2000), our review provides additional useful 
information and new research. We consider relevant research on the relaxation of the 
assumption of traditional diffusion models and we show the main contributions and 
the contexts in which the authors apply the proposed models. We specifically:  
- indicate how authors introduce the extensions in the models specifying whether 

they extend the external, the internal or the mixed influence formulation;  
- show the mathematical specification that the authors use to extend the classical 

diffusion models; and 
- specify the number of assumptions relaxed by each of the reviewed studies and 

present them in a summary table (see Appendix 2B, Table 2B). This shows the 
level of relaxation applied by each study.  
Furthermore, the terminology used by other authors is adapted to that used in this 

thesis, in order to facilitate comparison among the models (summary tables are 
provided). 

We pay special attention to the assumptions addressed in the following chapters, 
although all the assumptions of the classical diffusion models are reviewed and 
discussed in the thesis. 

In our study we focus on solving some of the restrictive assumptions behind the 
classical diffusion models and show, through empirical analyses, how relaxing these 
assumptions offers opportunities to better understand the diffusion process of 
innovations.    
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2.1. Origins of research on diffusion models    
 
Despite the fact that diffusion is essentially a form of communication based on 

the spread of new ideas, research on the diffusion of innovations does not directly 
emerge from communication research. As Rogers1 (1976) points out, there are 
multiple diffusion origins. One origin is the British and German-Austrian schools 
of diffusion in anthropology. The members of these schools held that most changes 
in a society are the result of the introductions of innovations by other societies. 
Another source is the French sociologist Tarde (1903). He proposed the S-shaped 
diffusion curve and emphasized the role of opinion leaders in the “imitation” 
process.  

Research on diffusion reaches a decisive moment in the early 60’s, when the 
diffusion field starts to emerge as an individual body of knowledge with its own 
concepts and generalizations (Rogers, 1971)2. 

In the early 60’s, the diffusion concept also receives special attention in 
marketing. The interest from the business world stimulates research into diffusion 
by the academic world. Firms competing in the marketplace are aware of the huge 
failure indexes in the launch of a new product3. This motivates them to find a tool 
to help them face one of the most risky decisions; that of developing and 
introducing new products into the marketplace.  

The amount of work developed in recent decades emphasizes the considerable 
attention that researchers have paid to the diffusion of innovations4. Insofar as 
diffusion is a process that cuts across the changes that a social system experiences 
(Sharif and Ramanathan, 1982) and, in particular, individual behavior, it is logical 
that the diffusion process is considered a key element of study in many disciplines. 
Hence, research on diffusion has its theoretical and empirical roots in a great 
number of disciplines such as anthropology (Linton, 1936; Childe, 1937; Barnett, 
1953; Steward, 1963), sociology (Tarde, 1903; Bowers, 1937; Rogers, 1962; Katz, 
Levin and Hamilton, 1963), medical sociology (Coleman, Katz and Menzel, 1957, 
1966), education (Mort, 1964; Carlson, 1968), geography (Hägerstrand, 1967; 
Brown, 1968), politics (Walker, 1969; Gray, 1972), industrial economy (Mansfield, 

                                                 
1 Rogers (1976) refers to Katz (1960) and Rogers (1967) in an in-depth study into the convergence 
between research on diffusion and research on communication.  
2 Rogers (1976) points out that this does not necessarily mean that every researcher in diffusion 
agrees completely on the most appropriate definitions or research methods, but at least they recognize 
that they are researching the same form of human behavior. 
3 Conner (1964) estimates that only 8% of approximately 6000 new consumer products introduced in 
the market each year have a life expectancy of at least one year. Crawford (1977) and Mahajan, 
Muller and Wind (2000) points out that the failure rates of new products are between 40 and 90%. 
Rasmussen, (1998) finds a failure percentage of new products of 80%. 
4 The diffusion process is perhaps the most researched and best documented social phenomenon 
(Rogers, 1983).  
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1961), communication (Lazarsfeld, Berelson and Gaudet, 1948; Rogers and 
Shoemaker, 1971) and marketing (King, 1966; Bass, 1969; Robertson, 1971). 

Although these interests are diverse, each area of research has contributed, in 
some way, to diffusion theory. Sociologists and geographers have paid attention to 
the spatial5 issues of the diffusion processes and to the socioeconomic factors that 
affect such processes. Researchers in marketing, industry and technology have 
focused on the temporal pattern of an innovation when this penetrates a population. 
Haynes, Mahajan and White (1977) and Mahajan and Peterson (1979) have used 
both points of view. 

 
 
 

2.2. Value of diffusion models 
 
Diffusion models in marketing describe the diffusion process of an innovation 

in a society over time (Rogers, 1983). Diffusion models concern the spread of an 
innovation, from its launch to the innovation being adopted by successive 
individuals within a social system. Thus, diffusion models focus on the 
development of the product life cycle (Kotler, 1971; Wind, 1974). It is true that 
diffusion models, like any other model, are simplifications of reality. However, 
they constitute a wide range of useful tools, in both the academic and business 
context.  

“To use the theory of diffusion as an aid in planning new product introductions, 
the marketing manager must have a model that represents the process of diffusion for 
the adoption of his new product” (Bernhardt and Mackenzie, 1972, p. 193). The value 
of diffusion models lies in a simplified generalization of the evolution of new products 
in a market and they can, if used correctly, help managers plan product introductions. 
Diffusion models also have relevance for the macroeconomy. For example, if we 
know the specific characteristics of the diffusion process of a certain innovation in a 
specific sector, this information can be very useful for managers when they have to 
prepare the introduction of another innovation of similar characteristics in the same 
sector. This can reduce the uncertainty regarding innovations and contribute to 
improving results for the sector and for the economy of the country in general. 

 
New product diffusion models have a long history in marketing especially with 

the seminal paper by Bass (1969). Several studies in management and marketing 
science have contributed to the development of diffusion theory by suggesting 
analytical models for describing, forecasting and developing normative guidelines 

                                                 
5 See Bronnenberg, Mahajan and Vanhonacher (2000), Bronnenberg and Mahajan (2001) and 
Bronnenberg and Sismeiro (2002) for spatial modeling in marketing. 
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for the diffusion of an innovation. To identify the models in this area we first 
introduce some classifications. 

 
Leeflang, Wittink, Wedel and Naert (2000) classify models according to their 

primary purpose or intended use6. They distinguish: 
- Descriptive models. These models intend to describe decision processes of 
managers or customers. 
- Predictive models. These models forecast or predict future events or outcomes. 
- Normative models. These models are used to obtain recommended or optimal 
courses of action. 

They note that a given model can be intended to be descriptive, predictive and 
normative. Indeed, one can argue that for a model to have valid normative 
implications, it must have predictive value and at least some descriptive power. 
However, a descriptive model need not have normative implications and a 
predictive model may not be useful for normative considerations. They also point 
out that it is often logical to proceed from a descriptive to a predictive and then to a 
normative model. In other situations, a descriptive model may be sufficient. 

Many demand models belong to the subset of predictive models. In a demand 
model, the performance variable is a measure of demand. This performance variable 
may depend on a number of other variables, such as marketing decision variables 
employed by the firm and its competitors. We distinguish individual demand models 
and aggregate demand models. Aggregate demand may refer to: 

1. The total number of units of a product category purchased by the population of 
all spending units. The corresponding demand model is called a model of 
industry sales, or a model of product class.  

2. The total number of units of a particular brand purchased by the population of 
all spending units. The demand model is then a brand sales model. 

3. The number of units of a particular brand purchased by the total population 
relative to the total number of units purchased of the product class, in which 
case the demand models is a market share model. 

 
Gatignon and Robertson (1986) identify three types of models, which differ in 

their objectives and implications: 
- Theoretical models. These models offer a mathematical description of a 

process in which some constructs are systematically joined to others. The 
objective is to generate theoretical propositions that appropriately describe the 
possible influence of variables on the diffusion pattern and diffusion rate. 
These descriptions are the raison d’être of theoretical models and should 
provide suggestions to managers. 

                                                 
6 See also Leeflang et al. (2000, Chapters 4 and 8). 
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- Normative models. These models also start with a description and assume 
functional relationships among the variables that affect the diffusion process. 
The behavioral assumptions may be less complex than those of theoretical 
models, given that the objective is not to make descriptive propositions but to 
develop optimal marketing strategies. An objective function for the firm is 
determined and the model implications are expressed with respect to variables 
incorporated into the model. Optimal decisions are the raison d’être of 
normative models. 

- Empirical models. The objective of these models is to fit data and test a 
specific theoretical proposition or a complete model.  

Marketing has focused more on empirical and normative than on theoretical 
models.  

 
Roberts and Lattin (2000) describe a continuum where one extreme is defined 

by market-level diffusion models (aggregate-level diffusion models) and the other 
by individual-level diffusion models (disaggregate-level diffusion models). In 
between these two extremes, it is possible to have a number of intermediate-level 
models. They define the three categories of models as: 
- Aggregate-level diffusion models are those whose objective is to describe 

market-level behavior without a direct microeconomic derivation of the 
individual’s adoption decision. These models focus on the understanding of 
the total market development and its response to managerial and 
environmental variables. The most common approach is to specify the 
diffusion model at the aggregate level from the outset.  

- Individual-level diffusion models are those concerned with the individual 
adoption process and make little or sometimes no attempt to generalize across 
the population. These models focus on the process at the level of individual 
consumers and consider that different members of the population adopt at 
different times. At the individual level the assumption may be that every 
potential adopter’s hazard rate is different given the idiosyncratic probability 
of adoption of each member of the population. This disaggregated level 
approach, relatively recent in the diffusion literature (Chatterjee, Eliashberg 
and Rao, 2000), begins by considering individual behavior before aggregating 
across the population, and thus permits explicit consideration of consumer 
heterogeneity7. 

                                                 
7 Disaggregate-level diffusion models are often referred to as adoption models, given that they have 
the objective to gain insight in the determinants of the individual adoption decision instead of gaining 
understanding of diffusion process as a whole. In other words, diffusion models describe the adoption 
of new products from a macro point of view, as an aggregate of individual behavior, whereas 
adoption models describe the adoption of new products from a micro point of view and describe 
individual behavior. 
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- Intermediate-level models allow for restricted differences between individuals 
in the population. We can restrict the sources of heterogeneity in two ways: 
one way is to divide the population into discrete homogeneous behavioral 
groups and look at flows between groups. Another way is to impose other 
forms of structure on the nature of heterogeneity in the model.  

 
Mahajan, Muller and Bass (1990, 1993) identify three different types of 

applications for diffusion models. The primary application is sales forecasting. For 
example, predicting the demand of a certain innovation in the market and hence to 
gaining insights into its future success or failure. The second is hypothesis testing. 
For example, diffusion parameters can be used to test hypotheses about differences 
in the diffusion process of an innovation in several industries. The third type of 
application concerns normative guidelines. The testing of hypotheses can be 
realized by the development of a descriptive model. In marketing, the normative 
use of diffusion models has focused mostly on developing optimal strategies for 
two marketing variables: price and advertising, and for the timing of product 
introductions. 

 
The classical diffusion models are aggregate demand models, especially product 

class sales models. The extensions include brand sales models and others that 
present a lower aggregation level. This thesis focuses on empirical models (at the 
aggregate level) that can be used for forecasting and for the evaluation of 
hypotheses about the dynamics of the diffusion of an innovation (descriptive 
purpose). Although we are not concerned with normative purposes, the fact that the 
proposed models are designed to capture the product life cycle of an innovation 
means that they may also be used to formulate normative guidelines for how an 
innovation should be marketed. 

 
 
 

2.3. Structure of a diffusion model  
 
In this section we provide a general structure of diffusion models. They all have in 

common the fact that the total market is divided into segments and that the modeling 
focuses on moving from one segment to the next. 

 
 

2.3.1. Segments in diffusion models  
 
An “adopter” or an adopting unit is an individual, a family or a group of 

individuals in the case of consumer products and a company or organization in the 
case of industrial products. Adoption refers to commitment to and continued use of 
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the new product over time. For durable products, the adoption takes place after the 
first purchase. For non-durable products, it is necessary for the consumer to make 
several purchases. Hence, the exact meaning of the term “adopter” depends on the 
type of product that we consider. 

The general structure of a diffusion model considers a situation in which each 
purchase refers to the sale of one unit of a durable product. As we can see in Figure 
2.1, the market is divided into three segments (Mahajan and Muller, 1979): 

First Segment: Untapped Market. In this segment, we find consumers who do 
not know that the innovation exists or who, for whatever reason, are not considered 
as possible consumers of that innovation in the time period t.   

Second Segment: Effective Potential Market. In this segment we find consumers 
from segment one who are now potential consumers of the innovation in the time 
period t. 

Third Segment: Current Market. In this segment we find consumers who have 
already bought the innovation in the time period t: the adopters of the innovation. 

 
 
 
 
 
 
 
 
 

 

 

 

 

 

 

 

 

 

 

Figure 2.1.  
Consumer flows across the market segment within the diffusion process.  
Durable products context.  

Segment 1: Untapped Market 

 

Segment 2: Effective Potential Market 

 

Segment 3: Current Market 

 

Source: Adapted from Mahajan and Muller (1979) 

TM(t): total number of  individuals in 
the market in time period t, 
 

M(t): number of potential adopters of 
the innovation in time period t,  
 

N(t): number of adopters of the 
innovation (current adopters) in time 
period t, and  
 

m(t):  number of individuals transferred 
from the untapped market segment to 
the effective potential market segment 
between time period t and t+1. 
 

n(t): number of individuals transferred 
from the effective potential market 
segment to the current market segment 
between time period t and t+1. 

← n(t) 

← m(t) 

S1(t) = TM(t) - M(t) 

S2(t) = M(t) - N(t) 

N(t) 
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A large body of research on diffusion considers flows between consumer 
segments. The three consumer segments (mentioned above) are represented in 
Figure 2.1 as:  

-Untapped Market-                  1( ) ( ) ( )S t TM t M t= −  (2.1) 
-Effective Potential Market-     2 ( ) ( ) ( )S t M t N t= −  (2.2) 
-Current Market-                    ( )N t  (2.3) 
where M(t) is the number of potential adopters of the innovation in the time 

period t, N(t) the number of adopters of the innovation (current adopters) in the 
time period t, and the total number of individuals in the market in the time period t 
is: 

1 2( ) ( ) ( ) ( ).TM t S t S t N t= + +  (2.4) 
The number of individuals in each segment in the time period t+1 is given by 

the following equations: 
1 1( 1) ( ) ( ) ( )S t S t tm t m t+ = + −  (2.5) 

2 2( 1) ( ) ( ) ( )S t S t m t n t+ = + −  (2.6) 
( 1) ( ) ( )N t N t n t+ = +  (2.7) 

where m(t) is the number of individuals transferred from the untapped market 
segment to the effective potential market segment between time period t and t+1, 
n(t) is the number of individuals transferred from the effective market potential 
segment to the current market segment between time period t and t+1, and  

( ) ( 1) ( )tm t TM t TM t= + −  the increase of the total number of individuals in the 
market. Hence, we also can obtain 1 2( ) ( ) ( ) ( )tm t s t s t n t= + +  where  

1( ) ( ) ( )s t tm t m t= −  (2.8) 

2 ( ) ( ) ( )s t m t n t= −  (2.9) 
where 1 1 1( ) ( 1) ( )s t S t S t= + − and 2 2 2( ) ( 1) ( )s t S t S t= + − . 
Previous equations characterize flows among consumer segments in the 

diffusion process of innovations and constitute the basis of the classical diffusion 
models and some extensions of these models (Mahajan and Muller, 1979). In most 
models the flow of consumers from the second segment to the third segment is 
studied: the number of adopters at time t -n(t)-. Although we have shown the 
general structure of the diffusion process proposed by Mahajan and Muller (1979), 
it can be modified according to the individual researcher’s focus. Although we do 
not review every possible scenario, we show the proposal of Hahn, Park, 
Krishnamurthi and Zoltners (1994) for non-durable products (see Figure 2.2). The 
authors divide the market into four consumer segments:  

First Segment: Non-triers. In this segment we find potential consumers who 
have not tried the innovation at time t.  

Second Segment: Triers. In this segment we find consumers who had not tried 
the innovation by the time period t-1 but try the innovation at time t. 
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Third Segment: Non-repeaters. In this segment we find consumers who have 
tried the innovation at some time before time t, but are not repurchasing the 
product at time t. 

Fourth Segment: Repeaters. In this segment we find consumers who have tried 
the innovation at sometime before time t, and are repurchasing it at time t. 

 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

The following system of equations describes the trial-repeat framework in 
Figure 2.2:  

1 2 3 4( ) ( ) ( ) ( )N N t N t N t N t= + + +  (2.10) 

2( ) ( ) ( )i i iY t N t N t+= +  for i = 1,2     (2.11) 
where N represents the total number of potential consumers of the product, and 

Yi(t) divides consumers into non-triers and non-repeaters (i=1), and buyers (i=2) in 
the time period t. The dynamic relationships that govern the trial structure are:  

Figure 2.2.  
Consumer flows across the market segment within the diffusion process.  
Non-durable products context. 

Source: Adapted from Hahn, Park, Krishnamurthi and Zoltners (1994) 

1-γ2(t) 

γ2(t) 

Segment 1: Non-triers 

)(1 tN  

Segment 3: Non-repeaters 

)(3 tN  

α(t) 

Segment 2: Triers 

)(2 tN  

Segment 4: Repeaters 

)(4 tN  

1-γ1(t) γ1(t) 

γ3(t) 

1-γ3(t) 

1-α(t) 

Ni(t): number of consumers in segment i in the time period t, i = 1,2, 3 and 4, 
α(t): fraction of non-triers in the time period t-1 who try the innovation in t,  
γ1(t): fraction of triers in the time period t-1 who repurchase the innovation in t,  
γ2(t): fraction of repeaters in the time period t-1 who repurchase the innovation in t, and 
γ3(t): fraction of non-repeaters in the time period t-1 who repurchase the innovation in t,  
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[ ]1 1( ) 1 ( ) ( 1)N t t N tα= − −  (2.12) 

2 1( ) ( ) ( 1)N t t N tα= −  (2.13) 
where α(t) is the fraction of non-triers in the time period t-1 who try the 

innovation in t. The dynamic flows through the innovation trial segment and the 
two post-trial segments are described by 

[ ] [ ] [ ]3 1 2 2 4 3 3( ) 1 ( ) ( 1) 1 ( ) ( 1) 1 ( ) ( 1)N t t N t t N t t N tγ γ γ= − − + − − + − −    (2.14) 

4 1 2 2 4 3 3( ) ( ) ( 1) ( ) ( 1) ( ) ( 1)N t t N t t N t t N tγ γ γ= − + − + −                    (2.15) 
where γ1(t), γ2(t) and γ3(t) are the fractions of triers, repeaters and non-repeaters 

in the time period t-1 who repurchase the innovation in t, respectively. This context 
also allows for switching between the last two segments (the post-trial segments). 
Hahn et al. (1994) use this framework to propose an extension of the classical 
diffusion model (designed for durable innovations) to analyze non-durable 
innovations when repeat purchases are allowed.  

If we understand the movement of individuals from one segment to another, it is 
easier to understand the mathematical development of classical diffusion models 
and their extensions. This is our focus for the rest of this chapter. 
 
 
2.3.2. Modeling diffusion 

  
A diffusion function is usually defined as the solution y = y(t) of a differential 

equation: dy/dt = f(y,t) where the function f determines the shape of the diffusion 
curve, which usually comes from the assumptions made regarding the nature of the 
diffusion process of an innovation within the market, the function y describes how 
the diffusion process evolves over time and t time.  

Using the terminology commonly used in the context of the diffusion of 
innovations (Mahajan and Schoeman 1977; Kalish and Sen, 1986; Mahajan, Muller 
and Bass, 1990, 1993) we arrive at a mathematical expression for a basic or 
fundamental diffusion model. We assume that the rate of diffusion or the number 
of adopters at any time is directly proportional to the number of potential adopters 
at that moment. Mathematically, this can be represented as8: 

[ ]( )( ) ( ) ( )dN tn t g t M N t
dt

= = −  (2.16) 

                                                 
8 The diffusion process is evidently stochastic in nature; however, we follow the usual approach in 
marketing literature in restricting our attention to the derivation of the deterministic version. See 
Bartholomew (1973) for the standard technical arguments for proceeding from the stochastic version 
to the analogous deterministic version. The literature of diffusion assumes that: i) N(t) and n(t) are 
continuous functions and their derivatives exist at all points, and ii) n(t) is an unimodal function. 
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where  
0

 
 ( ) ( )t
tN t n t dt∫=  (2.17) 

and n(t) is the number of adopters at time t, N(t) is the cumulative number of 
adopters at time t, M is the potential market (total number of potential adopters in 
the social system or, in other words, the upper limit of the total number of 
adoptions that are possible), the difference [M-N(t)] indicates the potential adopters 
that are available at that moment of time (the effective potential market). When 
N(t), the cumulative number of adopters at time t, approaches M, the total number 
of possible adopters in the social system, the diffusion rate decreases.  

The parameter of diffusion g(t), also known as the rate of adoption or individual 
probability of adoption, indicates the probability that a random potential adopter 
adopts the innovation at time t. The parameter g(t) can be interpreted as a 
conversion parameter or a transfer mechanism of a potential adopter to an effective 
adopter: the rate at which the adoption of the innovation takes place and, therefore, 
the response rate of the non-adopters.  

Traditionally, the literature of diffusion of innovations has represented9 g(t) as a 
linear function of N(t):   

( ) ( )g t a bN t= + . (2.18) 
Substituting (2.18) in (2.16) we have an expression for a fundamental diffusion 

model (Mahajan and Peterson, 1985): 
( )[ ]( ) ( ) ( )n t a bN t M N t= + −  (2.19) 

where the parameters a and b show the degree of intensity of the source of 
external and internal influence, respectively. The parameter of external influence, 
a, is determined by two components: i) the intrinsic tendency of the individual 
(person or firm) to innovate, and ii) external communication. The parameter of 
internal influence, b, shows the impact on the adoption of the innovation of 
personal contact with previous adopters (word-of-mouth communication). The 
term a[M-N(t)] represents adoptions resulting from external influence, and the term 
bN(t)[M-N(t)] represents adoptions resulting from interactions between adopters, 
N(t), and non-adopters, [M-N(t)]. 

 
In general, communication channels are (along with time, the innovation, the 

social system and marketing) a vital element in the diffusion process of any 

                                                 
9 It is possible to represent g(t) either as a function of time (Souden and Quaddus, 1982) and as a 
function of the number of previous adopters. Due to the fact that diffusion models describe the rate of 
adoption by focusing the adoption process, it seems logical that they model the number of adopters 
through time. As Mahajan and Peterson (1985) point out, although g(t) can be expressed as a function 
of N(t), g(t) = a + bN(t)  + cN(t)2 + … but reasons of analytical parsimony and the facility to interpret 
and estimate the parameters, take g(t) to be formulated considering only the two first addends on the 
right side of the equation. 
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innovation. Communication channels constitute the means through which the 
innovation expands among the members of a social system. We make a distinction 
between external communication (for instance, through advertising or explanations 
from sales representatives), which is very effective in the first steps of the adoption 
process and internal communication (interpersonal communication, interaction 
among members of a social system), which is more suited to influencing behavior 
when the adoption process has already started. Both forms of communication are 
complementary and they can play different roles during the adoption process. The 
importance or intensity of the influence that both forms of communication have on 
the members of the social system not only differs according to the characteristics of 
the innovation but also the characteristics of the agents within the social system.  

The influence that previous adopters of an innovation exercise on potential 
adopters by persuading them to imitate them in their decision to adopt the 
innovation (interaction effect, imitation effect), helps to explain the acceleration of 
the diffusion process as a logical process. If the decision to adopt is subjected to 
social influence, contact between both adopter types (effective and potential) leads 
to a situation in which the probability of a potential adopter adopting the 
innovation at a certain moment of time depends on the number of previous 
adopters. Depending on the importance of one or the other source of influence, 
different versions can be derived from the fundamental diffusion model (Mahajan 
and Peterson, 1985) represented by Equation (2.19):  

 
Diffusion model of external influence when b=0 

[ ]( )( ) ( )dN tn t a M N t
dt

= = −  (2.20) 

Diffusion model of internal influence when a=0 

[ ]( )( ) ( ) ( )dN tn t bN t M N t
dt

= = −  (2.21) 

Mixed influence diffusion model when a≠0 and b≠0 

( )[ ]( )( ) ( ) ( ) .dN tn t a bN t M N t
dt

= = + −  (2.22) 
 

Appendix 2A provides detailed explanations of the three specifications of the 
fundamental diffusion model. In the above specifications, the implicit importance 
of uncertainty stands out as an explaining element of the diffusion process. 
Knowledge of the existence of an innovation is not enough for an individual to 
become a potential adopter and finally adopt the innovation. The influence of 
external sources and/or the experience of previous adopters are basic elements in 
the reduction of uncertainty and, therefore, in the risk perceived by individuals. 
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In order to determine the form of g(t) in the mixed influence diffusion model, its 
equivalence in the Bass (1969) model is taken. The Bass model is the most 
parsimonious aggregated diffusion model suggested in marketing literature (Parker, 
1994) and it has large acceptance in the field of innovation diffusion (Mahajan, 
Muller and Wind, 2000). Since its publication, several hundred articles have been 
written on the applications and extensions of the model (Mahajan, Muller and Bass, 
1990, 1993; Sultan, Farley and Lehmann, 1990). The Bass model constitutes a 
model that is used to the formulation of empirical generalizations in marketing 
(Bass, 1993, 1995). Mathematically, the central idea of the Bass model is that the 
conditioned probability of an individual adopting at time t, given that this 
individual has not already adopted, is a linear function of the number of previous 
adopters: 

[ ]
( ) ( )

1 ( )
f t p qF t
F t

= +
−

 (2.23) 

where the random variable t denotes the moment of adoption of a new product 
by an individual (adopter), f(t) is the probability of adoption at time t, F(t) the 
cumulative distribution function and, p and q are the parameter of innovation and 
imitation respectively. If we define M as the potential market of adopters, n(t) as 
the number of adopters at time t, with n(t)=Mf(t), and N(t) the cumulative number 
of adopters at time t, without including t (N(t)=MF(t)), we can express the Bass 
model as:  

[ ]( )( ) ( ) .N tn t p q M N t
M

 = + − 
 

 (2.24) 

Hence the parameter of proportionality g(t) in (2.16) is equal to ( )N tp q
M

+ . 

It is easy to see that the Bass model is the general fundamental mixed influence 
diffusion model (Equation (2.22)) with a little modification10.  

In order to avoid misinterpretations11 in the three specifications of the 
fundamental diffusion model that will be used in this study and to facilitate the 
understanding of the extensions of this model when more parameters are included, 
g(t)  is finally represented in the following terms: 

 
 
 

                                                 
10 This can be seen as follows. We multiply Equation (2.23) by M, replace F(t) with N(t)/M,  f(t) with 

n(t)/M and rearrange the terms to obtain: [ ]( )( ) ( ) .N tn t p q M N t
M

 = + − 
 

  
11 Bhargava, Bhargava and Jain (1991) emphasize the necessity of interpretational consistency in 
model equations. 
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• 1 2
( )( ) N tg t

M
β β= +  in the mixed influence diffusion model 

• 1( )g t β=  in the diffusion model of external influence  

• 2
( )( ) N tg t

M
β=  in the diffusion model of internal influence. 

where β1 is the parameter of external influence and β2 the parameter of internal 
influence12. 
 
 
 
2.4. Assumptions behind traditional diffusion models  
 
 
2.4.1. Criticism of innovation diffusion research  

 
There is much criticism of research on the diffusion of innovations13. Most of 

them refer to the applied estimation procedure, the type of product analyzed or the 
vast use of aggregate data.  

 
Estimation procedures 
 

Sultan, Farley and Lehmann (1990), in their meta-analysis of applications of 
diffusion models, find that the parameters of external and internal influence are 
slightly affected by estimation methods. They, together with other researchers, 
suggest the need for a systematic study of estimation methods because the selected 
estimation method14 depends on the specification of the diffusion model and the 
available data. Mahajan, Muller and Bass (1990, 1993) classify diffusion model 
estimation procedures into two groups:  
1) time-invariant estimation procedures, such as OLS (ordinary least squares), 

MLE (maximum-likelihood estimation), NLLS (nonlinear least squares) and 
AE (algebraic estimation); and  

2) time-varying estimation procedures, which can be characterized into three 
groups (Putsis and Srinivasan, 2000):  
2.1) systematic (non-stochastic) variation models,  

                                                 
12 Some authors prefer referring to β1 and β2 as parameters of external and internal influence, 
respectively, following Lekvall and Wahlbin (1973); others prefer referring to them as parameters of 
innovation and imitation influence, respectively, following Bass (1969). 
13 See also Bernhardt and Mackenzie (1972), Heeler and Hustad (1980), Mahajan, Muller and Bass 
(1990, 1993), Van den Bulte and Lilien (1997) and Bemmaor and Lee (2002). 
14 See Putsis and Srinivasan (2000) for an exhaustive revision of estimation procedures for macro 
diffusion models. 
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2.2) stochastic stationary processes -such as Feedback filters, Bayesian 
approaches, Kalman filters, AKF(C-D) (augmented Kalman filter with 
continuous state and discrete observations)-, and  

2.3) stochastic non-stationary processes -such as the Cooley-Prescott 
procedure-. 

Most researchers have chosen NLLS as diffusion model estimation procedures. 
Putsis and Srinivasan (2000, p. 285) point out that “NLLS applied to non-
cumulative sales has become the de facto standard in diffusion research and should 
be preferred in single-equation time-invariant setting since (1) empirical evidence 
suggests that NLLS provides for a better fit and lower forecast errors for durable 
product categories and (2) the existence of a downward bias in MLE standard 
error estimates”. Also, they suggest that, as it is unlikely that the parameters in a 
diffusion model will be constant over time, “varying parameter estimation should 
be used more frequently” (we address this issue in Chapter 6).  

 
Type of product analyzed 
 

Diffusion models mainly focus on consumer durables, especially at the category 
level. A diffusion model gives the time path of growth for the number of adopters 
of a new product. When we analyze a new durable at the category level, we can 
translate this into a corresponding time path for sales. However, this translation is 
not easy at the brand level when there are close substitutes, given that “an adopter 
may switch from one of these substitutes to another without settling on any, or he 
may decide to buy one more than another” (Bernhardt and Mackenzie, 1972, p. 
198). This is also a common situation for frequently purchased products. Hence, 
more research on diffusion models at the brand level focusing on frequently 
purchased products is required (Sultan, Farley and Lehmann, 1990; Parker, 1994; 
Krishnan, Bass and Kumar, 2000). More specifically, Krishnan, Bass and Kumar 
(2000, p. 269) point out three possible reasons for the dearth in research on brand-
level diffusion:   

“(1) the belief that the theory underlying the diffusion process (i.e., the 
sociocontagion theory) is most applicable to a category, not to its brands; 

 (2)  the fact that the sales of a brand in a new category are affected by multiple 
factors (such as category-level diffusion, marketing-mix variables such as 
price and advertising of each brand in the market, and different entry times 
of the various brands); 

  (3) the nonavailability of appropriate data to test the models” 
 
Aggregate data 
 

The large number of studies that have emerged since the pioneer aggregate-
level diffusion model by Bass (1969) has demonstrated the ability of aggregate-
level models to fit macrolevel data and to provide an understanding of the drivers 
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of sales over time. Aggregate-level data are more available for companies and 
researchers, while market-research data (disaggregate-level data) about preferences 
and behavioral intentions collected from respondents are not. Data availability is an 
important factor in limiting the application of individual-level models. Roberts and 
Lattin (2000, p. 220-221) point out that “individual-level dynamic-diffusion models 
provide a useful theoretical perspective from which to attempt to generalize across 
consumers and also a flexible way of incorporating as rich a degree of consumer 
heterogeneity as is required. Marketing-mix variables are incorporated in a 
rigorous way, and segmentation can be performed on any basis. This comes at a 
cost of lack of parsimony and also the market-level application of these individual 
models are not as obvious”, and they suggest that more work on the intermediate-
level models is interesting, given that these models have “the richness, rigor of 
prelaunch calibration, and theoretical grounding of individual-level models, while 
maintaining some of the parsimony and market-level interpretation of the 
aggregate-diffusion modeling approach” (Roberts and Lattin, 2000, p. 223). 

 
Other assumptions behind the classical diffusion models are also criticized. In 

the remainder of this chapter we will pay attention to this issue. Our empirical 
analyses focus on relaxing some of the assumptions behind the diffusion models 
and widening the application field of diffusion models to products other than the 
traditional consumer durables.  

 
The original diffusion paradigm from behavioral theory (Rogers, 1962) assumes 

that an innovation emanates from a source and diffuses unchanged over time 
among potential adopters. This implies that much of the process innovations go 
through during diffusion is ignored, which affects the way the diffusion process is 
modeled. Diffusion models of new products are based on several simplifying 
behavioral assumptions (Mate, 1981). This section reviews the well-known 
assumptions (Table 2.1) behind the classical diffusion models and the studies that 
attempt to relax these assumptions15. 

The fundamental diffusion model (in its three versions) is based on several 
assumptions (see Table 2.1) that, although reducing the realistic nature of the 
innovation diffusion process, provide model analytical solutions. We discuss each 
of these assumptions in more detail in Section 2.4.2. 

Many researchers performed studies that relax one or more of the restrictive 
assumptions. Appendix 2B shows some tables (Table 2B) that summarize the most 
relevant works, indicating which assumption is relaxed by each work. 

 

                                                 
15 Mahajan and Peterson (1985), Mahajan, Muller and Bass (1990, 1993), Mahajan, Muller and Wind 
(2000), and Fildes and Kumar (2002) provide excellent the state-of-art reviews of diffusion models. 
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Table 2.1.  
Basic conceptual assumptions on which the fundamental or basic diffusion model is based  
 

During the diffusion process ………. 
1. which is a binary process, population is homogeneous  
2. the size of the adopter population does not change, 
3. the parameters of external and internal influence remain constant, 
4. only one adoption per adopter is allowed, 
5. geographical frontiers do not vary, 
6. the innovation is diffused in isolation, 
7. the characteristics of an innovation and its perception do not alter, 
8. there are no supply restrictions, 
9. the impact of the marketing variables used to diffuse an innovation is implicitly  
     captured by the model parameters. 

 
 

 
We pay attention to the following issues: 

1. The enlargement of the number of segments in order to better understand the 
dynamics behind the diffusion process. 

2. The dynamics of the potential market, which changes with the environment 
within which the diffusion process develops. 

3. The dynamics of the diffusion parameters (external and/or internal influence), 
which allows for analyzing and comparing several strategies in different 
situations.  

4. The relevance of incorporating repeat purchases. 
5. The possibility of a non-static geographical context during the diffusion 

process.  
6. The relaxation of the assumption that states that innovation is introduced by 

only one firm in a market where there is no competition.  
7. The importance of considering the innovation characteristics and its perception 

by the social system members. 
8. The possible supply restrictions that can condition the diffusion of an 

innovation in the market. 
9. The explicit incorporation of marketing variables in the model. 

 
We review each of the assumptions behind the fundamental diffusion model. 

Although we highlight the importance of relaxing each assumption and discuss 
studies in which one or more assumptions are relaxed, we discuss the assumptions 
relaxed in our empirical analyses (Chapters 4, 5 and 6) in more detail.  
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2.4.2. Discussion on assumptions 
 

We discuss each of the basic assumptions on which the fundamental or basic 
diffusion model is based.  

 
 
2.4.2.1. Assumption 1. The diffusion process is a binary process and population is 
homogeneous 

 
According to this assumption, consumers who enter the potential market have 

two options: to adopt or reject the innovation. As a consequence, adoption is 
treated as discrete as opposed to continuous behavior. The basic diffusion model 
considers that the diffusion process is binary (two-stage or binary population) and 
disregards the different stages16 of an adoption process i.e. from lack of awareness 
of the innovation to adoption. Although an adoption model better captures 
individual behavior, a diffusion model wins on simplicity and parsimony (Mahajan, 
Muller and Kerin, 1984). However, since the mid 70s, various authors have worked 
on bringing these two kinds of models closer together. Examples are the studies of 
Midgley (1976), Dodson and Muller (1978), Mahajan and Muller (1982), Sharif 
and Ramanathan (1982), Mahajan, Muller and Kerin (1984), Kalish (1985), Bayus 
(1987), Jain, Mahajan and Muller (1991) and Ho, Savin and Terwiesch (2002), 
who extend the basic diffusion model by increasing the number of stages17 in the 
adoption process and creating polynomial, multinomial, multi-state or multi-stage 
diffusion models.  

 
By increasing the number of stages, these models relax the homogeneity of the 

population. In this way, it becomes possible account for situations in which there 
are individuals who present active, passive or neutral attitudes when assessing the 
innovation (Midgley, 1976)18, those who reject it due to disappointment after 
having formed expectations of it or even those who reject it before trying (Sharif 
and Ramanathan, 1982). 

Although these models offer a more realistic representation than the models that 
consider only two stages19, they are complicated to work with. They require very 
detailed information on consumer movements through the various adoption process 

                                                 
16 See Rogers (1983) for an extensive review of the evidence for various stages in the adoption 
process of an innovation. 
17 See also Nijkamp (1993) for an extensive review and discussion of new product macroflow models. 
18 Silver (1984) develops a comprehensive discussion of Midgley’s (1976) paper given the 
significance of Midgley’s diffusion research.  
19 This does not mean that binomial models are not correctly applied in certain situations; for 
example, in a situation in which there is so much information on the innovation that all individuals 
know about its existence and only have to decide whether to adopt it or not.  
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stages, and they can have estimation problems20. Dodson and Muller (1978), for 
example, develop a theoretical model with no empirical application because they 
have mathematical treatment problems. Whereas Dodson and Muller assume 
implicitly that individual experience of an innovation is positively communicated 
through social interaction, other multi-stage models include the possibility of 
positive or negative communication (Mahajan, Muller and Kerin, 1984) or even 
neutral (Midgley, 1976; Mahajan and Muller, 1982).  

Kalish (1985) divides the diffusion process into awareness and adoption, and 
provides a model for each process. In this way he is able to account for a 
population that is heterogeneous with respect to the valuation of the new product. 
Awareness is modeled with a mixed influence diffusion model where advertising is 
explicitly considered to affect external influence. To model adoption, Kalish 
proposes an awareness conditional model in which the perceived risk adjusted 
value of the product is taken into account.  

Bayus (1987), focusing on new contingent21 product sales, considers that market 
segments with different buying behaviors are expected to exist within the potential 
market. Within these segments, some fractions will be aware of the innovation, and 
a smaller proportion will have positive purchase intentions.   

Jain, Mahajan and Muller (1991) and Ho, Savin and Terwiesch (2002), consider 
the presence of supply restrictions. They extend the mixed influence diffusion 
model from a two to a three stages model, given that customers flow from potential 
adopters to waiting applicants and then from applicants to adopters.  

 
Midgley (1976) applies his model to non-durable consumer products such as 

toothpaste, detergents and biscuits. Mahajan and Muller (1982) do not present any 
empirical application. Sharif and Ramanathan (1982) provide an application on 
televisions. Mahajan, Muller and Kerin (1984) present an application for a movie. 
Kalish (1985) illustrates an application of his model to a durable good (without 
specifying it). Bayus (1987) presents a study of the compact disc prerecorded audio 
market. Jain, Mahajan and Muller (1991) test their model on telephone adoption 
data, and Ho, Savin and Terwiesch (2002) present the results of a numerical study.  

 
The fundamental diffusion model implicitly assumes that the population of 

potential adopters is homogenous; i.e. that all individuals behave equally when 
deciding whether or not to adopt an innovation. One way to relax this restriction is 
though multi-stage diffusion models. Another possibility is to specify a model that 

                                                 
20 “For the multistage or polynomial diffusion models to be useful, it is necessary that proper data 
gathering and estimation procedures be developed and established” (Mahajan and Wind, 1986. p. 15). 
21 “contingent: sales of one product are conditional upon those of other products” (Peterson and 
Mahajan, 1978, p.208). 
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includes a parameter that permits heterogeneity of individuals with regard to their 
susceptibility to an innovation. The incorporation of this new parameter into the 
model not only allows for heterogeneity among adopters, but also introduces 
flexibility into the model allowing it to adapt to different diffusion patterns.  

Examples of studies that take into account heterogeneity of the population are 
Jeuland (1981), Gore and Lavaraj (1987), Tanny and Derzko (1988), Parker (1992, 
1993) and Bemmaor and Lee (2002).   

Jeuland (1981) proposes a model in which he aggregates different homogeneous 
segments of adopters, and where adoption rates vary from segment to segment. 
Specifically, Jeuland (1981) extends the mixed influence model by adding a 
parameter to the effective potential market which allows for differences among 
adopters in their propensities to adopt an innovation (this model is discussed in 
more detail in Chapter 5). Gore and Lavaraj (1987) base their study on the 
diffusion of an “innovation” (crossbred goats) in a spatially stratified community 
with asymmetric communication. Tanny and Derzko (1988) propose a model 
where the adoption process for innovators and imitators (the two subgroups on the 
population) are individually modeled. Parker (1992), following Jeuland (1981), 
introduces the parameter of heterogeneity into his mixed influence diffusion model 
in a study of the diffusion patterns of sixteen consumer durables. However, only 
with two of these products (irons and black and white televisions), the parameter of 
heterogeneity is significant. Parker (1993), in his analysis of nineteen durable 
goods, finds that the parameters of external and internal influence are difficult to 
estimate when the model contains a heterogeneity parameter, and as a general rule, 
the elimination of this parameter from the model yields plausible parameter 
estimates. Bemmaor and Lee (2002) extend the Bass model introducing a 
parameter that represents the level of consumer heterogeneity. They test their 
model on simulated data and on twelve real adoption data sets (consumer products 
and services). Their results show that their flexible model provides a better fit to 
the data and better one-step ahead forecasts than the Bass model.  

 
Other studies that relax the assumption of a homogeneous population are 

discussed when we elaborate on assumption 7. 
 
In summary, researchers have found various adopter behavior patterns that 

result in different buying behavior. This means that individuals can be grouped into 
more classes than simply adopters and non-adopters. Hence, among adopters, 
different diffusion patterns can be drawn, as opposed to the single pattern 
suggested by the basic diffusion models. This encourages researchers to continue 
addressing assumption 1 by increasing the number of stages through which an 
adopter passes from lack of awareness of a new product to its adoption or by 
including an additional parameter into the model that controls heterogeneity of 
adopters regarding innovations.  
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2.4.2.2. Assumption 2. The population of adopters does not vary  
 
The basic diffusion model assumes that the size of the social system is fixed, 

finite and known or can be estimated. It seems illogical to imagine a diffusion 
process in which the size of the social system remains stable through time, as there 
are many exogenous factors (such as economic, social or technological conditions) 
and endogenous factors (such as product improvements, advertising campaigns or 
changes to distribution channels) that could affect it.  

Sharif and Ramanathan (1981) present good reasons for considering the case in 
which the size of the potential market changes over time. They point out that if the 
demand for the output generated by innovations grows over time, the number of 
potential adopters will also grow. They demonstrate that technological innovations 
are a particularly strong motivation for the entry of new companies. Moreover, they 
show that improvements on innovations widen their practical applications and 
increase the number of potential users over time22. 

The precision of a dynamic diffusion model depends, to a large extent, on 
identifying the variable(s) that affect M(t) and on determining the way in which 
they affect: M(t)=f(V(t)); where V(t) is a vector of all the potentially relevant 
exogenous and endogenous variables (both controllable and uncontrollable) that 
affect M(t), and f(.) is the functional shape of this influence. A sensible selection of 
these variables can help explain and clarify the reasons why the diffusion process 
of one innovation is much faster or slower than that of another. The decision on 
which and how many variables need to be incorporated into V(t) depends on 
various aspects, both conceptual (for example, the characteristics of the innovation 
or market) and pragmatic (for example, the availability of relevant data).  

Figure 2.3 shows the diffusion curve of an innovation when M(t) grows over 
time. As can be seen, when we consider a dynamic mixed influence diffusion 
model the ceiling of the cumulative number of adoptions, M(t), is dynamic and 
grows over time; and the difference between the cumulative number of adoptions 
and the product growth curve decreases over time until the two curves finally meet.  

 
 
 
 
 
 
 
 
 
 

                                                 
22 See also Brown (1981). 
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Source: Mahajan, Peterson, Jain and Malhotra (1979) 

Figure 2.3.  
Diffusion process with a dynamic potential market. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Various authors have worked on relaxing this assumption. Table 2.2 

summarizes these studies, specifying the influence type considered (external, 
internal or mixed), the innovation type and the way the dynamic potential market is 
specified. 

 
Dodson and Muller (1978) develop two models that extend the mixed influence 

model. The first is a dynamic mixed influence model with advertising and social 
interaction (word-of-mouth) while the second extends the first by incorporating 
repeat sales and brand switching. The movement from unawareness of the product 
to awareness is considered to be a function of a firm’s advertising expenditure. 
However, they do not provide details on the estimation procedure, data sources, 
estimation or specification of initial awareness and advertising response function. 

Mahajan and Peterson (1978, 1982) consider the mixed influence diffusion 
model and assume a potential market that varies with certain variables. They 
propose the following model: 
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( )[ ]( ) ( ) ( ( )) ( ) ,dN t a bN t f V t N t
dt

= + −  (2.25) 

where 0 0( )N t t N= = , 0 0( ( ))f V t f= . A solution for (2.25) is  
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∫

 (2.26) 

where 
0

( ) ( ( )) ,t
tM t f V x dx= ∫   

and N(t) is the cumulative number of adopters at time t, f (V(t)) is a function of 
relevant variables affecting the potential market at time t and a and b are the 
parameters of external and internal influence, respectively. Mahajan and Peterson 
(1978) analyze the diffusion of membership of the United Nations and the diffusion 
of washing machines in the United States. Only one factor is considered to affect 
the potential market: 

1 2( ) ( ( )) ( )M t f HH t HH tδ δ= = +  (2.27) 
where HH(t) is the number of housing starts in the United States at time t for 

washing machines or the number of countries in the world at time t for United 
Nations membership, δ1 and δ2 are constants. Their model performs quite well for 
both examples.  

Mahajan, Peterson, Jain and Malhotra (1979) apply the dynamic diffusion 
model of Mahajan and Peterson (1978) (with a parameter of external influence 
a=0) to represent the growth of three consumer durables (gas cookers, washing 
machines and gas water heaters) during the period 1948-1973. They consider that 
the ceiling of the cumulative adoptions (the potential market) changes over time as 
a result of the increase in the number of housing starts in the United States. They 
employ the same function as Mahajan and Peterson (1978) to account for the 
dynamics of a potential market. The dynamic model performs rather well in all 
three product applications. 

Sharif and Ramanathan (1981) specify three models (one for each influence 
type: external, internal and mixed) with various specifications for M(t): 

1
0( ) tM t M eδ=  (2.28) 

0 2( ) (1 )M t M tδ= +  (2.29) 

5

3

4

( )
1 tM t

e δ
δ
δ −=

+
 (2.30) 

8
6 7( ) tM t e δδ δ −= −  (2.31) 

where M0 >0 (size of the potential market at the time of product introduction), 
δ1, δ2, δ3, δ4, δ5, δ6, δ7 and δ8 are positive constants. They suggest that Equations 
(2.28) and (2.29) would be useful for short and medium-term forecasting since in 
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the long term an unlimited increase of potential adopters is not compatible with the 
diffusion situation. They suggest that Equations (2.30) and (2.31) can be used for 
long-term forecasting as well because they show that the population of potential 
adopters is itself a monotonically increasing function of time with an upper limit. 
The authors provide three applications: one for a community innovation 
(fluorinated water), another for a firm innovation (credit-card banking) and a third 
for a consumer innovation (oral contraceptive). Their results show the superiority 
of the proposed models, in comparison with existing models, in terms of 
forecasting accuracy. 

Feichtinger (1982) extends the mixed influence model by assuming that 
potential market is a function of price. Feichtinger shows the applicability of his 
model through a phase portrait analysis. 

Jorgensen (1983) assumes that potential market is a linear-decreasing function 
of price. Neither empirical nor numerical results are provided. 

De Palma, Droesbeke and Lefevre (1984) develop a generalization of the mixed 
influence diffusion model in which the size of the potential market depends on the 
selling price. In their analysis they consider two specifications for the dynamic 
potential market. In the first case, they assume that: 

 ( ) ( ( ))M t f P t=                                    (2.32) 
where P(t) is price at time t and f(.) the functional form of the influence of price 

on the potential market. They do not specify any functional form. In the second 
case they assume that: 

2
1( )
( )

M t M
P t

δ
δ 

= +  
 

      (2.33) 

where M represents those who are not influenced by the price (called the 
“systematic” potential market), P(t) the price at time t, δ1 the “non-systematic” 
potential market expressed in monetary units and δ2≥0 the price effect “power”. 
The authors do not present any empirical application.  

Kalish (1985) proposes a two-stage diffusion model where potential market 
depends on current price (P(t)) and uncertainty (U(t)). He proposes the following 
specification for potential market: 

0
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, M0 is the size of the 

potential market at the time of product introduction and δ1 and δ2 are a constant. 
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Kalish (1985) tests his model on an unspecified consumer durable and 
demonstrates that his model provides a good fit.  

Olson and Choi (1985) extend the model of mixed influence diffusion by 
incorporating replacement and a dynamic potential market. They use one of the 
specifications proposed by Sharif and Ramanathan (1981) (Equation (2.28)) for the 
dynamic potential market (they assume that the population grows at a constant 
rate). Their model is tested on four durable products (black and white televisions, 
color televisions, clothes dryers and dishwashers). They compare their model with 
the logistic model. Their results show that only for dishwashers, the proposed 
model performs worse than the logistic model. 

Kalish and Lilien (1986a, 1986b) also extend the mixed influence model. They 
assume that the potential market is dynamic in the following way: 

( )
0( ) P tM t M e δ−=  (2.35) 

where P(t) is the price at time t, and M0 and δ are parameters to be estimated. 
The authors test their model on a new durable product (a photovoltaic system) and 
the results show that the fit is good and the parameters have correct signs, good 
significance levels (two of the three parameters are significant) and proper 
magnitudes. 

Bayus (1987), following Lawrence and Lawton (1981), extend the mixed 
influence diffusion model by modeling the potential market as a function of several 
variables:  

1
( ) ( ) ( ) ( ) ( )

J

j j j
j

M t HH t SEG t AWARE t INTENT t
=

= ∑   (2.36) 

where HH(t) is the total number of households at time t, SEGj(t) the proportion 
of HH(t) that is in segment j at time t, AWAREj(t) the proportion of segment j that is 
aware of the product at time t, INTENTj(t) the proportion of segment j that is aware 
of the product and has positive purchase intentions at time t, and J the number of 
market segments. A study of the compact disc prerecorded audio market is used in 
a practical application of this model.  

Kamakura and Balasubramanian (1987) extend the mixed influence diffusion 
model. They incorporate price in the model affecting potential market: 

2
1( ) ( ) ( )M t HH t P t δδ=  (2.37) 

where HH(t) is the number of electrified homes at time t, P(t) is the price index 
at time t (therefore P(1)=1), δ1 is the final penetration (or the proportion of the total 
number of homes expected to adopt the product) if price were kept at its original 
level and δ2 represents the impact of price. They test their model on four consumer 
durables (refrigerators, vacuum cleaners, toasters and electric blankets). Their 
results show that although the price parameter has the expected negative sign, the 
estimates are generally insignificant. 
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Kamakura and Balasubramanian (1988) extend the models of external, internal 
and mixed influence diffusion by considering a dynamic potential market and 
incorporating price explicitly in the model. Kamakura and Balasubramanian (1987) 
decompose total sales data into adoption and replacement sales, using only the 
adoption sales to analyze the diffusion of new durables. They assume two 
specifications for the dynamic potential market. One specification is the same as 
they use in their previous study and the other assumes that 

1( ) ( )M t HH tδ=       (2.38) 
where HH(t) is the number of electrified homes at time t and δ1 is a constant. 

They test their models on six consumer durables and the results show that price 
does not affect the potential market.  

Horsky (1990) extends the mixed influence model by considering a dynamic 
potential market. He proposes the following expression for the dynamic potential 
market:  

[ ]2 31 ( ) ( ) / ( )

1( ) ( )
1 I t P t ID t

M t HH t
e δ δ

δ
− + −

=
+

  (2.39) 

where HH(t) is the number of households at time t, I(t) the average income at 
time t, ID(t) the income dispersion at time t, P(t) the average price at time t and δ1, 
δ2 and δ3 are constants to be estimated. Data from four consumer durables (black 
and white televisions, color televisions, dishwashers and clothes dryers) are used 
for the empirical application. The results confirm that income and price are needed 
to explain sales for the analyzed durables. 

Jain and Rao (1990) extend the Bass model to find the best way of 
incorporating price into a diffusion model. In one of their three specifications, the 
potential market is a function of price:  

( ) ( )M t MP t δ−=       (2.40) 
where P(t) is the price at time t, δ the price elasticity of the potential market and 

M is a constant. Jain and Rao test their models with four consumer durables: room 
air conditioners, clothes dryers, color televisions and can openers. Their results 
show that price has no significant effect on can openers but affects the adoption 
rate of the other durables. (We address this model again in Chapter 5). 

Bhargava, Bhargava and Jain (1991) extend the Bass model by incorporating 
price. They present four models incorporating price. Two of these models consider 
a dynamic potential market in the following way: 

Model 1           
1( )( )

(0)
P tM t M
P

δ
 

=  
 

                                                       (2.41) 

Model 2           2
( )( ) exp 1
(0)

P tM t M
P

δ
  

= −  
  

  (2.42) 
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where P(t) is the inflation-adjusted price at time t, P(0) the initial price at time 
t=0, and M, δ1 and δ2 are parameters. Bhargava, Bhargava and Jain (1991) do not 
find conclusive results regarding price when they analyze the diffusion of color 
televisions in India.  

Jones and Ritz (1991) propose a system of diffusion models where the size of 
the potential market is affected by distribution (i.e. retailers that have adopted the 
new product). They represent the intermediary diffusion process with a modified Bass 
model and the consumer diffusion process with a constant transfer rate. They assume 
the following dynamic potential market: 

( ) ( )M t D tδ=  (2.43) 
where D(t) is the number of retailers at time t and δ is a constant. Their model is 

tested on movies and shows a good level of fit.  
Parker (1992, 1993) extends the mixed influence diffusion model by 

considering a dynamic potential market. He uses one of the functions proposed by 
Kamakura and Balasubramanian (1988) (Equation (2.38)) for the dynamic potential 
market. He analyzes sixteen and nineteen durable product categories in his first and 
second paper, respectively. His results show that there is no single dominant 
specification in modeling the diffusion process for all the products. 

Martins and Nascimento (1993) extend the diffusion model of external 
influence by allowing potential market to vary as a function of the market price. 
They do not specify any functional form. The authors do not present an empirical 
application, although they develop a graphical analysis using phase diagrams. 

Bass, Krishnan and Jain (1994) propose the Generalized Bass Model. They 
consider fixed and dynamic potential markets. They specify the dynamic potential 
market as: 

( ) ( )M t MP t δ−=  (2.44) 
where P(t) is price at time t, and δ and M are constants to be estimated. They 

test their model with three consumer durables (room air conditioners, clothes 
dryers and color televisions). Their results show that, in almost every instance, the 
estimates of δ are not significant or have the wrong sign. (We address this model 
again in Chapter 4). 

Mesak and Berg (1995) extend the mixed influence model by assuming a 
dynamic potential market. They use the function proposed by Kalish and Lilien 
(1986a, 1986b) for the dynamic potential market (Equation (2.35)). Nine consumer 
durables are considered in the empirical application and their results confirm that 
price affects the potential market. 

Mesak (1996) extends the mixed influence diffusion model by proposing that 
marketing variables (price, advertising and distribution) can affect external 
influence, internal influence and/or the potential market. He tests some alternatives 
for the dynamic potential market (see Table 2.2). Mesak finds that distribution, but 
neither price nor advertising, affects the potential market. 
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Bottomley and Fildes (1998) extend the diffusion models of external, internal 
and mixed influence by incorporating price and by assuming a dynamic potential 
market. They use the same two options for the dynamic potential market as 
Kamakura and Balasubramanian (1988), given that they analyze the same kind of 
durables. They provide an empirical study on twelve consumer durable categories, 
six from the United Kingdom and six from the United States of America. Their 
results show that the model in which price affects the adoption rate is more 
accurate than that in which price affects the potential market.  

 
  

      Table 2.2.  
      Models assuming a dynamic potential market 

    

Reference Extended 
model Innovation context M(t) 

    

Dodson and 
Muller (1978) 

Mixed 
influence 

Durable consumer and non-
durable consumer products 
(no empirical application) 

M(t)=f(advertising) 

Mahajan and 
Peterson (1978) 

Mixed 
influence 

Durable consumer products 
(washing machines) 

and 
other “innovation” 

(United Nations membership) 

1 2( ) ( )M t HH tδ δ= +  
HH(t): the number of housing starts 
in the United States at time t –for 
washing machines- (or number of 
countries in the world at time t –for 
United Nations membership-),  
δ1 and δ2  (rate of increase in the 
potential market) are constants 

Mahajan, 
Peterson, Jain 
and Malhotra 
(1979) 

Mixed 
influence 

Durable consumer products 
(gas rangers, washing machines 

and gas water heaters) 

 1 2( ) ( )M t HH tδ δ= +  
HH(t): number of housing starts in 
the United States at time t for 
washing machines, 
δ1 and δ2  (rate of increase in the 
potential market) are constants 

Sharif and 
Ramanathan 
(1981) 

 Frequently purchased consumer 
products 

(oral contraceptive) 
Community innovation 

(fluoridated water usage) 
Firm innovation 

(credit-card banking) 
 

Alternatives for M(t): 
1

0( ) e  tM t M δ=  

0 2( ) (1 ) M t M tδ= +  

3
5

4
( )  

1 tM t
e δ

δ
δ −=

+
 

- 8
3 7( ) -  tM t e δδ δ=  

M0: potential market at the time of 
product introduction (M0>0), 
δ1, δ2, δ3, δ4, δ5, δ6, δ7 and δ8 are 
positive constants 

Feichtinger 
(1982) 

Mixed 
influence 

New product (unspecified 
product) 

(Phase diagram) 

M(t)=f(price) 
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      Table 2.2.  
      Models assuming a dynamic potential market (continued) 

    

Reference Extended 
model Innovation context M(t) 

    
Jorgensen 
(1983) 

Mixed 
influence 

Durable consumer products 
(no empirical application) 

1 2( ) ( )M t P tδ δ= +  
P(t): price at time t, 
δ1>0 and δ2<0  are constants 

De Palma, 
Droesbeke and 
Lefevre (1984) 

Mixed 
influence 

Durable consumer products 
(no empirical application) 

Alternatives for M(t): 
( ) ( ( ))M t f P t=  

2
1( )
( )

M t M
P t

δ
δ 

= +  
 

 
   
P(t): price at time t,  
M: potential market,  
δ1 and δ2  (price effect “power”) are 
constants 

Kalish (1985) Mixed 
influence 

Durable products 
(unspecified) 

0

( )( )
( ( ) / )

P tM t f
U N t M
 

=   
 

where 

( )1
0( ( )) P tf P t M e δ−=  and 

2

2
0

0 2

( )
( )

1

N t
MN tU

M

δ

δ

 
+      =   + 

 

P(t): price at time t,  
U(t): uncertainty at time t, 
M0: potential market at zero price or 
at time t=0, 
δ1 and δ2 are constants 

Olson and Choi 
(1985) 
 

Mixed 
influence 

Durable consumer products 
 (black and white televisions, 

color televisions, clothes dryers 
and dishwashers) 

0( ) e  tM t M δ=  
M0: potential market at the time of 
product introduction (M0>0), 
δ: growth rate of potential market (it 
is exogenously determined and 
known) 

Kalish and 
Lilien (1986a, 
1986b) 

Mixed 
influence 

Durable consumer products  
(photovoltaic system) 

( )
0( ) e  P tM t M δ−=  

P(t): price at time t 
M0: potential market at the time of 
product introduction (M0>0), 
δ is a constant 
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      Table 2.2.  
      Models assuming a dynamic potential market (continued) 

    

Reference Extended 
model Innovation context M(t) 

    
Bayus (1987) Mixed 

Influence 
Durable consumer products  

(compact disc) 
1

( ) ( ) ( ) ( )
J

j j
j

M t HH t SEG t AWARE t I
=

= ∑

HH(t): total number of households at 
time t, 
SEGj(t): proportion of HH(t) that is 
segment j at time t, 
AWAREj(t): proportion of segment j 
that is aware of the product at time t, 
INTENTj(t): proportion of segment j 
that is aware of the product and has 
appositive purchase intentions at 
time t, 
J: number of segments 

Kamakura and 
Balasubramania
n (1987) 
 
 

Mixed 
influence 

Durable consumer products  
(refrigerators, vacuum cleaners, 
toasters and electric blankets) 

2
1( ) ( ) ( )M t HH t P t δδ=  

HH(t): number of electrified homes 
at time t. 
P(t): price index at time t, 
δ1 (final penetration or proportion of 
the total number of homes expected 
to adopt the product, if price was 
kept at its original level) and δ2 are 
constants 

Kamakura and 
Balasubramania
n (1988) 
 

External, 
Internal and 

Mixed 
influence 

Durable consumer products  
(air conditioners, refrigerators, 

vacuum cleaners, toasters, 
blenders and mixers) 

Alternatives for M(t): 
2

1( ) ( ) ( )M t HH t P t δδ=  
1( ) ( )M t HH tδ=  

HH(t): number of electrified homes 
at time t, 
P(t): price index at time t, 
δ1 (or the final penetration level) and 
δ2 are constants 

Horsky (1990) Mixed 
influence 

Durable consumer products 
(black and white TVs, color 

TVs, dishwashers and clothes 
dryers) 

1

2 3

( )( )
( ( ) ( ))1 exp

( )

HH tM t
I t P t
ID t

δ
δ δ

=
 − + −

+  
 

 
HH(t): number of households at time 
t, 
I(t): average wage at time t, 
ID(t): wage dispersion at time t, 
P(t): average price at time t, 
δ1, δ2 and δ3  are constants 

Jain and Rao 
(1990) 

Mixed 
influence 

Durable consumer products 
(black and white TVs, color 

TVs, dishwashers and clothes 
dryers) 

( ) ( )M t MP t δ−=  
P(t): price at time t, 
M and δ (price elasticity of potential 
market) are constants  
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      Table 2.2.  
      Models assuming a dynamic potential market (continued) 

    

Reference Extended 
model Innovation context M(t) 

    
Bhargava, 
Bhargava and 
Jain (1991) 

Mixed 
influence 

Durable consumer products 
(color TVs) 

1( )( )
(0)

P tM t M
P

δ
 

=  
   

2
( )( ) exp 1
(0)

P tM t M
P

δ
  

= −  
   

 

P(t): inflation-adjusted price at time 
t, 
P(0): initial price at time t=0, 
M, δ1 and δ2  are parameters. 

Jones and Ritz 
(1991) 

Mixed 
influence 
(equation 
system) 

“Durable” consumer products 
(movies) 

( ) ( )M t D tδ=  
D(t): number of retailers at time t, 
δ is a constant 

Parker (1992) Mixed 
influence 

Consumer durable technological 
products 

(bed covers, blenders, 
calculators, clothes dryers, 

dishwashers, disposers, freezers, 
irons, microwave ovens, ranges, 

built-in ranges, refrigerators, 
room air conditioners, steam 
irons, color TVs, black and 

white TVs, and water pulsators) 

( ) ( )M t HH tδ=  
HH(t): number of households wired 
with electricity at time t, 
δ: measures the final household 
penetration level of (0<δ ≤1) 
 

Martins and 
Nascimento 
(1993) 

External, 
influence 

Non-durable products 
(no empirical application) 

( ) ( ( ))M t f P t=  
P(t): price at time t 

Parker (1993) Mixed 
influence 

Consumer durable technological 
products 

(bed covers, blenders, 
calculators, clothes dryers, 

dishwashers, disposers, freezers, 
irons, microwave ovens, ranges, 

built-in ranges, refrigerators, 
room air conditioners, steam 
irons, color TVs, black and 
white TVs, water pulsators, 

washers and vacuums) 

( ) ( )M t HH tδ=  
HH(t): number of households wired 
with electricity at time t, 
δ: measures the final household 
penetration level of (0<δ ≤1) 
 

Bass, Krishnan 
and Jain (1994)  
 

Mixed 
influence 

Durable consumer goods 
(room air conditioners, color 

TVs and clothes dryers) 

( ) ( )M t MP t δ−=  
P(t): price at time t, 
M and δ are constants 

Mesak and Berg 
(1995) 

External, 
Internal and 

Mixed 
influence 

Consumer durable technological 
products 

(dishwashers, electric dryers, 
disposers, color TVs, 

refrigerators,  freezers, ranges, 
black and white TVs, air 

conditioners) 

( )( ) P tM t Me δ−=  
P(t): real (deflated) price index for 
the product at time t, 
M and δ are constants 
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      Table 2.2.  
      Models assuming a dynamic potential market (continued) 

    

Reference Extended 
model Innovation context M(t) 

    
Mesak (1996) Mixed 

influence 
Durable consumer products 

(Cable TV) 
 

 Alternatives for M(t):  
3

2 3

1 3

1 2 3

2 1 3

1 2 3

1 3 2 4 3

( )
( )
( )
( )
( ) ( )
( ) ( )
( ) ( )

M t Mf
M t Mf f
M t Mf f
M t Mf f f
M t M f f
M t M f f
M t M f f f

δ
δ
δ δ

=

=

=

=

= +

= +

= + +

 

where  

1

2

3

( ( )) ( ) ,   >1

( ( )) ( )
( ( )) ( )

f P t P t

f A t A t
f D t D t

δ δ−=

=

=

 

P(t): real (deflated) price index for 
the average monthly basic rate at 
time t, 
A(t): real (deflated) index of 
advertising expenditures at time t, 
D(t): distribution index at time t, 
δ1, δ2 and δ3  are constants 

Bottomley and 
Fildes (1998) 

External, 
Internal and 

Mixed 
influence 

Consumer durable technological 
products  

(color TVs, video cassette 
recorders, microwave ovens, 

video-cameras (inc. 
camcorders), compact disc 

players – in UK-) 
(air conditioners, refrigerators, 

vacuum cleaners, blenders, 
mixers and toasters – in the 

USA-) 

Alternatives for M(t): 
2

1( ) ( ) ( )M t HH t P t δδ=  
1( ) ( )M t HH tδ=  

HH(t): number of electrified homes 
at time t, 
P(t): price index at time t, 
δ1 (or the final penetration level, 
0<δ1≤1) and δ2  are constants  

 
 
The extensions of the basic diffusion model showed in this section reveal the 

importance of assuming a dynamic potential market. Price and/or the number of 
households are the variables mostly used to influence the potential market. Price has 
received the most attention due to its critical role in influencing the demand for a 
product (Kalish and Sen, 1986). The choice of the number of households (electrified 
homes) as a relevant variable is appropriate given that the majority of studies address 
the diffusion of electrical durables. The choice of the appropriate variable(s) is crucial 
in modeling the dynamic potential market accurately. However, this choice is not 
always easy. Bass, Krishnan and Jain (1994, p. 218) point out that “it is probably best 
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to treat M as fixed because guesses about a fixed M are probably intuitively more 
feasible than guesses about the influence of decision variables on M”. 

 
 

2.4.2.3. Assumption 3. The parameters of external and internal influence do not 
change  

 
The external influence diffusion model assumes that the diffusion process of an 

innovation is due exclusively to sources other than interpersonal communication 
and that the effect of these sources (denoted by β1) is the same for any potential 
adopter, regardless of their characteristics and the time of adoption. 

The internal influence model, which only considers the existence of personal 
communication between members of the social system -(N(t)/M)[M-N(t)]-, also 
establishes that the effect of interaction between previous and potential adopters 
(denoted by β2) is fixed or constant over time23. 

The mixed influence model also assumes stability in their parameters during the 
diffusion process. 
 

Some authors consider the case where the parameters of external and internal 
influence change over time and represent them as functions of factors that affect 
the diffusion process of the innovation: β1(t)=f(V(t)) and β2(t)=f(V(t)), where V(t) 
is a vector of potentially important factors in the diffusion process, f(.) is the 
functional shape of this influence (the functional shape can be equal or different for 
β1(t) and β1(t)), β1(t) is a function that expresses external influence (time-varying 
external influence parameter) and β2(t) is a function that expresses internal 
influence (time-varying internal influence parameter). The authors introduce the 
time-varying diffusion parameters into the diffusion model in different ways. Putsis 
(1998), quoting Sarris (1973) and Judge, Griffiths, Hill, Lütkepohl and Lee (1985), 
points out that aggregation, proxy variables, non-linearity, and omitted variables 
can result in varying parameters.  

 
 
 
 
 
 

                                                 
23 Given that [ ] [ ]

1
( ) ( ) ( ) ( ) ,

t

j
N t M N t n j M N t

=
− = −∑  it is easy to see that it is implicitly assumed that the 

effect of interaction between previous and potential adopters is identical, regardless of time of 
adoption or interaction. Therefore, internal influence represented by n(1)[M-N(t)] is equivalent to that 
represented by n(t)[M-N(t)] (Mahajan and Peterson, 1985).  
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Table 2.3. 
Time-varying diffusion parameters in diffusion models 
 
Diffusion model of external influence  

[ ]1
( )( ) ( ) ( )dN tn t t M N t

dt
β= = −  

 
Diffusion model of internal influence(*)  

[ ]2
( ) ( )( ) ( ) ( )dN t N tn t t M N t

dt M
β= = −  

 
Mixed influence diffusion model(*) 

… using a non-separable function of the diffusion process  

[ ]1 2
( ) ( )( ) ( ) ( )dN t N tn t t M N t

dt M
β β = = + − 
      

[ ]1 2
( ) ( )( ) ( ) ( )dN t N tn t t M N t

dt M
β β = = + − 
     

or
     

[ ]1 2
( ) ( )( ) ( ) ( ) ( )dN t N tn t t t M N t

dt M
β β = = + − 
       

 

 
… using a separable function of the diffusion process 

[ ]1 2
( ) ( )( ) ( ( )) ( )dN t N tn t f V t M N t

dt M
β β = = + − 
       

 

 

where 
n(t)=dN(t)/dt: non-cumulative number of adopters at time t or the rate of diffusion at  time t 
N(t): cumulative number of adopters at time t 
M: potential market or population of potential adopters 
β1(t): time-varying parameter of external influence 
β2(t): time-varying parameter of internal influence 
β1: parameter of external influence 
β2: parameter of internal influence 
V(t): key factors at time t 
f(.): functional shape of the influence of key factors (V(t)) 

(*): Internal influence is represented by bN(t) instead of β2(N(t)/M) if the Mahajan and Peterson (1985) 
specification is used. 

 
 

Easingwood, Mahajan and Muller (1981) develop the Non-Symmetric 
Responding Logistic model (NSRL). Their model assumes that the word-of-mouth 
effect on potential adopters is flexible and may increase, decrease or remain 
constant over time:  
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2 2
( )( ) N tt

M

δ

β β  =  
 

 (2.45)  

     where N(t) is the non-cumulative number of adopters at time t, M the potential 
market and δ is the parameter of non-uniform influence. Hence, their diffusion 
model with varying internal influence is: 

[ ]
1

2
( )( ) ( ) .N tn t M N t

M

δ

β
+

 = − 
 

 (2.46) 

The authors illustrate their model using data from four medical innovations. The 
results show that their model fits the data very well. (This model is discussed in 
more detail in Chapter 5).  

Lilien, Rao and Kalish (1981), extending the mixed influence diffusion model, 
propose a trial-repeat diffusion model with promotional efforts. They propose the 
following diffusion model: 

[ ]
[ ][ ]

[ ]

2
11 12

2

3

( ) ( 1) ( 1) ( 1)

           ( 1) ( 2) ( 1)

          1 ( 1) ( 1)c

S t X t X t M S t

S t S t M S t

X t S t

δ δ

δ

δ

 = − + − − − + 
− − − − − +

− − −

    (2.47) 

where S(t) is sales of the product in the time period t, M is total market sales, 
X(t) is detailing effort associated with the product in the time period t, Xc(t) is 
detailing effort associated with competitor products in the time period t, and δ11, 
δ12, δ2, and δ3 are parameters to be estimated. They consider that the parameter of 
external influence depends on promotional efforts -detailing-. Their model is 
validated on two prescription drugs. The authors get significant, although small, 
estimates for detailing effectiveness. (This model is discussed in more detail in 
Chapter 6).  

Easingwood, Mahajan and Muller (1983) develop the Non-Uniform Influence 
Innovation Diffusion model (NUI). This is a mixed influence model in which the 
parameter of internal influence systematically varies over time as a function of 
penetration level, as with their previous model (NSRL). The authors illustrate their 
model using data from five consumer durables. Their results show that their model 
fits the data very well. (This model is discussed in more detail in Chapter 5). 

Horsky and Simon (1983) extend the mixed influence model by incorporating 
advertising. In their model, advertising affects external but not internal influence. 
Their model is tested with telephone banking. Their results show that advertising 
affects the diffusion process in the five cities where the new system was 
introduced. 

Teng and Thompson (1983) and Thompson and Teng (1984), working on policy 
questions involving introductions of new products, extend the mixed influence 
diffusion model by introducing advertising. Advertising is incorporated following 
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the Nerlove-Arrow (1962) and Ozga (1960) advertising models. Their models 
allow the parameters of external and internal influence to be linear functions of 
advertising. Specifically, they propose: 

( ) [ ]1 2( ) ( ) ( ) ( ) ( )n t a A t b A t N t M N tδ δ=  + + +  −   (2.48) 
where a and b are similar to the terms in the Mahajan and Peterson (1985) 

specification, δ1A(t)(M-N(t)), which represents the effect of advertising on 
innovators, is similar to the corresponding term in the Vidale-Wolfe (1957) model, 
and δ2A(t)(N(t))(M-N(t)), which represents the effect of advertising on imitators, is 
similar to the corresponding term in Ozga’s (1960) advertising model. The 
analytical complexity makes numerical experiments a useful way to show how 
their models work.  

Kalish (1985) proposes a model divided into two stages based on how a new 
product is perceived. The first is awareness, which depends on cumulative sales of 
the product, initial potential market, advertising and the information that potential 
adopters have about the new product. The second is adoption, which depends on 
cumulative sales of the product, initial potential market, information that potential 
adopters have about the new product and price. Kalish tests his model on an 
unspecified durable good, but he only uses the adoption part of this model since 
awareness data is not available. His results show that his model provides good fit to 
the data.  

Srivastava, Mahajan, Ramaswami and Cherian (1985) develop a multi-attribute 
diffusion model for forecasting the acceptance of potential investment alternatives 
for consumers. They extend the mixed influence diffusion model by considering 
that external and internal influences are functions of relevant innovation attributes. 
Although they consider five attributes, only two (perceived likelihood of negative 
return and perceived information cost) of them are considered in their empirical 
analysis. Their multi-attribute diffusion model considers the following time-
varying parameters of external and internal influence: 

1 2
3( ) ( ) ( )a t IC t LLP tδ δ δ =        (2.49) 

1 2
4 5( ) ( ) ( )b t IC t LLP tδ δ δ δ = +       (2.50) 

where IC(t) are the information costs at time t, LLP(t) the likelihood of negative 
return at time t, and δ1, δ2, δ3, δ4 and δ5 are constants. The results show that in 
twelve out of fourteen investment alternatives their model is better than the naïve 
model (i.e. a model without information about the innovation attributes) at 
predicting the diffusion patterns. 

Eliashberg and Jeuland (1986) extend the external influence model by 
incorporating price. They propose two functions for external influence: 
monopoly period  ( )1 1 2 1( ) 1 ( )a t P tδ δ= −    0 ≤ t ≤ T1    (2.51) 
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duopoly period     ( ) ( )2 3( ) 1 ( ) ( ) ( )i i i j ia t P t P t P tδ δ δ= − + −  i,j=1,2, j≠i, T1≤ t ≤T2 (2.52) 

where Pi(t) is the price of product i at time t, T1 is the time of second entry, T2 is 
the time horizon, δ1 can be interpreted as overall marketing advantage, δ2 reflects 
price sensitivity and δ3 is the effect of the price differential between the two 
products. Several numerical simulations are provided by the authors. 

Kalish and Lilien (1986a, 1986b) extend the mixed influence model by 
considering a dynamic potential market and incorporating internal influence as a 
perceived product-quality feedback term. They propose the following specification 
for word-of-mouth: 

1

1( ) ( ( )) ( ) ( )
1

t j
t

j
bN t f Q t b PQ j S j

δ

−

=
∑

 = =  + 
 (2.53) 

where Q(t) is the perceived product quality or reputation at time t, PQ(t) the 
expected response of adopters to the performance of products adopted in period t, 
S(t) the new adopters in the tth period (current sales level), b and δ (forgetting 
factor) are constants. Kalish and Lilien test their model on a new durable product 
(photovoltaic system). Kalish and Lilien compare their results with those of the 
Bass model for fit and predictive ability. Their model gives a higher corrected R2 
and smaller root mean squared error of prediction than the Bass model.  

Simon and Sebastian (1987), extend the Bass model by considering that 
advertising can affect either external or internal influence. They extend the work of 
Horsky and Simon (1983). They propose several specifications to incorporate 
advertising into the diffusion model. They test their model with one product: 
telephones. They reject the idea that sales depend only on advertising efforts in a 
single period, which is consistent with the theoretical expectations. The Nerlove-
Arrow (1962) advertising model shows the best results for choosing lags in 
advertising efforts. Their results show that, although advertising efforts affect both 
external and internal influence, the model that considers that advertising only 
affects internal influence is slightly superior.  

Dockner and Jorgensen (1988a) propose a mixed influence diffusion model in 
which external and/or internal influence are affected by advertising. They 
incorporate advertising as a linear function into the diffusion model (using non-
separable functions). They do not show any empirical application or numerical 
results. 

Horsky and Mate (1988) extend the mixed influence diffusion model by 
incorporating advertising. They focus on optimal advertising policies. As in Horsky 
and Simon (1983), the authors specify the effectiveness of advertising as a 
logarithmic function of advertising expenditure. Managerial implications are 
shown through numerical evaluations. 

Rao and Yamada (1988) provide support for the Lilien, Rao and Kalish (1981) 
model -Equation (2.47)- by analyzing twenty prescription drugs. Their results show 
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that promotional activities affect the diffusion process, given that the detailing 
estimates generally present the expected signs and are significant.  

Dockner and Jorgensen (1992) extend the mixed influence model by assuming 
that advertising affects external influence (following Horsky and Simon, 1983). 
The authors provide some analytical results.  

Parker (1992) extends the mixed influence diffusion model by incorporating 
price as both a separable and non-separable function of the diffusion process. He 
considers the following specification for price: f(P(t))=P(t)δ(t), where P(t) is price 
and δ(t) represents price elasticity. Parker proposes several time-varying parameter 
formulations of δ(t). Furthermore, he considers the parameter of non-uniform 
influence introduced by Easingwood, Mahajan and Muller (1981, 1983). He 
analyzes sixteen durable product categories. His results show that there is no single 
dominant specification in modeling the diffusion process for all products.  

Parker (1993) extends the mixed influence diffusion model (in fact the Bass 
model) by considering a heterogeneous adopter population, non-uniform internal 
influence and a dynamic potential market. He follows Jeuland (1981) by 
introducing a heterogeneous adopter population, and Easingwood, Mahajan and 
Muller (1981, 1983) in introducing non-uniform internal influence. He analyzes 
sixteen durable product categories. His results shows that diffusion processes are 
best captured by the mixed influence diffusion model with non-uniform internal 
influence and a dynamic potential market. (We address this model again in Chapter 
5). 

Hahn et al. (1994) extend the model of mixed influence diffusion by allowing 
for non-durable products and incorporating promotional efforts into the model. 
They consider that promotional efforts by the firm and its competitors affect 
external influence. They propose the following two specifications for external 
influence: 

form 1       1 1
( )( ) ln

( ) ( )c

X tt
X t X t

β β δ
 

= +  + 
 (2.54) 

form 2       [ ]1 1( ) ln ( )t X tβ β δ= +  (2.55) 
where X(t) is detailing and journal advertising efforts associated with the 

product in t, Xc(t) is detailing and advertising journal efforts associated with 
competitor products in t, and β1 and δ are parameters to be estimated. Their model 
is validated on twenty-one prescription drugs in seven different product classes. 
Their results confirm that, in general terms, promotional efforts affect external 
influence. (This model is discussed in more detail in Chapter 6)  

Parker and Gatignon (1994) address the impact of marketing variables (price 
and advertising) on the diffusion process of competing brands. The authors propose 
alternative specifications for brand–level first purchase diffusion models. Some of 
these specifications assume separable marketing effects (affecting the adoption 
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rate) and others assume non-separable effects (affecting the parameter of external 
or internal influence). They propose the following response functions for marketing 
variables (price and advertising): 

form 1     3 41 2 ( )( )
1( ( ), ( )) ( ) ( ) B tB tf P t A t P t A t δ δδ δ ++=    (2.56) 

form 2      3 41 2 ( )( )
2 ( ( ), ( )) ( ) ( ) B tB tf P t A t PM t AM t δ δδ δ ++=    (2.57) 

where 
( ) ( )

1

( )( )
1 ( )( )

B t

j
j

P tPM t
P tB t =

∑
= and ( )

1

( )( )
( )

B t

j
j

A tAM t
A t

=
∑

= , and where P(t) is 

price at time t, A(t) advertising at time t, B(t) the number of competing brands in 
the product category at time t, and δ1, δ2, δ3 and δ4 are constants. These response 
functions can affect external or internal influence. They consider nine different 
brands in the hair styling mousses product category. Their results show that each 
brand is characterized by a different diffusion model. Although marketing variables 
are critical in the diffusion of brands, their impact is not identical across brands. 
Their results also show that the sensitivity of trials to price remains constant or 
increases over time, but advertising sensitivity can be insignificant, increase or 
decrease over time, depending on the order of entry. 

Jain, Mahajan and Muller (1995) extend the Bass model by assuming that the 
number of samples available in the marketplace before introducing a new product 
affects its diffusion process. During this time, the new product is in a monopolistic 
situation. They postulate that product sampling creates an important number of 
initial adopters who enhance the rate of adoption of the new product. They 
incorporate sampling’s effect on the parameter of external influence following 
Horsky and Simon (1983) when they incorporate advertising into a diffusion 
model:  

( )1 1 0( ) log 1t PSβ β δ= + +  (2.58) 
where PS0 is the product sampling level, δ measures the impact of sampling on 

the parameter of external influence, and β1 is another parameter that equals the 
parameter of external influence of the basic mixed influence diffusion model when 
the product sampling level is zero. The authors study durable and non-durable 
products through a numerical analysis. They find that, whereas a high sampling 
level is appropriate for products with a high parameter of internal influence, it is 
not for those products with a high parameter of external influence. 

Mesak and Berg (1995) propose alternative diffusion models that incorporate 
price and replacement purchases. Some of their models incorporate price as a non-
separable function affecting external influence, internal influence (see Table 2.3) or 
the potential market. Nine durable consumer products are considered in the 
empirical application. Their results show that, for the first purchase model and for 
high-priced consumer durables, price is likely to affect the potential market.  
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Mesak (1996) proposes a general mixed influence diffusion model that 
incorporates marketing variables (price, advertising and distribution). Mesak 
considers that price and advertising can affect external and/or internal influence 
using both separable and non-separable functions. He proposes alternatives for 
time-varying external and internal influence parameters (see Table 2.3). Mesak 
finds that price affects external influence, and advertising affects diffusion rate. 

Putsis (1998) extends the mixed influence model. He proposes a flexible 
diffusion model with varying parameters that includes marketing variables (i.e. 
price) and replacement sales. His model is validated using data for two consumer 
durables (color televisions and videocassette recorders). His results suggest that the 
price parameter varies over time, and stochastic parameter specifications produce a 
substantially better fit.  

Swami and Khairnar (2003) extend the Bass model to situations of limited 
availability and expiration date. In their model the previous situations are proposed 
to affect the consumers’ innovation and imitation rates, and consequently, their 
propensity to purchase the product at any time. Hence, innovation and imitation 
parameters are both time-dependent. Swami and Khairnar use data for eight 
concerts of the Vancouver Symphony Orchestra in Vancouver, British Columbia, 
Canada. Their results show that their model can provide significant improvement in 
prediction of products characterized by the scarcity effects.   

Table 2.4 summarizes previous studies that assume time-varying parameters of 
external and/or internal influence. 
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   Table 2.4.  
   Models assuming dynamic parameters of external and/or internal influence. 

     

Reference Extended 
model 

Innovation 
context β1(t) / a(t) (*) β2(t) / b(t) (*) 

     

Easingwood
, Mahajan 
and Muller 
(1981)  

Internal 
influence 

 

Medical 
innovations 
(Ultrasound, 

CT head 
scanner, CT 
body scanner 

and 
mammograp

hy) 

 
2 2

( )( ) N tt
M

δ

β β  =  
 

 

N(t): non-cumulative number of 
adopters at time t, 
M: potential market, 
β2 and δ  are constants 

Lilien, Rao 
and Kalish 
(1981)  

Mixed 
influence 

Frequently 
purchased 
consumer 
products 

 
(prescription 

drugs) 

11
2

12

( ) ( 1)

          ( 1)

a t X t

X t

δ

δ

= − +

−
 

X(t): detailing at time t, 
δ11 and δ 12 are constants 

 

Easingwood
, Mahajan 
and Muller 
(1983)  

Mixed 
influence 

 

Durable 
consumer 
products 

(black and 
white TVs, 
color TVs, 

clothes 
dryers, room 

air 
conditioners 

and 
dishwashers)

 
2 2

( )( ) N tt
M

δ

β β  =  
 

 

N(t): non-cumulative number of 
adopters at time t, 
M: potential market, 
β2 and δ  are constants 

Horsky and 
Simon 
(1983) 

Mixed 
influence 

“Durable” 
products 

(telephone 
banking as a 
new system) 

( ) ln( ( ))a t a A tδ= +  
A(t): advertising at time t, 
a and δ  are constants 

 

Teng and 
Thompson 
(1983) 

Mixed 
influence 

Durable 
products 

(numerical 
solutions of 
a number of 
examples) 

( ) ln( ( ))a t a A tδ= +  
A(t): advertising at time t, 
a and δ  are constants 

( ) ln( ( ))b t b A tδ= +  
A(t): advertising at time t, 
b and δ  are constants 

Thompson 
and Teng 
(1984) 

Mixed 
influence 

Durable 
products 

(numerical 
solutions of 
a number of 
examples) 

( ) ln( ( ))a t a A tδ= +  
A(t): advertising at time t, 
a and δ  are constants 

( ) ln( ( ))b t b A tδ= +  
A(t): advertising at time t, 
b and δ  are constants 

Kalish 
(1985) 

Mixed 
influence 

Durable 
products 

(unspecified)

( ) ( ( ))a t f A t=       
A(t): advertising at time t 
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   Table 2.4.  
   Models assuming dynamic parameters of external and/or internal influence (continued). 

     

Reference Extended 
model 

Innovation 
context β1(t) / a(t) (*) β2(t) / b(t) (*) 

     

Srivastava, 
Mahajan, 
Ranaswami 
and Cherian 
(1985) 

Mixed 
influence 

Investment 
alternatives 

for 
consumers 

1 2
3( ) ( ) ( )a t IC t LLP tδ δ δ =    

IC(t): information costs at 
time t, 
LLP(t): likelihood of negative 
return at time t, 
δ1, δ2 and δ3 are constants. 

1 2
4 5( ) ( ) ( )b t IC t LLP tδ δ δ δ = +   

IC(t): information costs at 
time t, 
LLP(t): likelihood of negative 
return at time t, 
δ1, δ2, δ4  and δ5 are constants.  

Eliashberg 
and Jeuland 
(1986) 

External 
influence 

Durable 
products 

(numerical 
simulations) 

monopoly period: 
( )1 1 2 1( ) 1 ( )a t P tδ δ= −  

0≤ t ≤T1   
duopoly period:  

( )
( )

2

3

( ) 1 ( )

           ( ) ( )

i i i

j i

a t P t

P t P t

δ δ

δ

= − +

−
 

I,j=1,2, j≠I, T1≤  t ≤ T2  
 

Pi(t): price of product I at  
time t,  
T1: time of second entry,  
T2: time horizon,  
δ1, δ2 and δ3 are constants  

 

Kalish and 
Lilien 
(1986a, 
1986b) 

Mixed 
influence 

Durable 
consumer 
product 

(photovoltaic 
system) 

 

1

1( ) ( ) ( )
1

t jt

j
bN t b PQ j S j

δ

−

=

 =  + 
∑

Q(t): perceived product quality or 
reputation at time t,  
PQ(t): expected response of 
adopters to the performance of 
products adopted in period t,  
S(t): current sales level at time t, 
b and δ  are constants 

Simon and 
Sebastian 
(1987) 

Mixed 
influence 

Durable 

technological 

products 
(telephones) 

1 1 1( ) ( ( ))t f A tβ β δ= −  
where  f(A(t)) can be: 

2( ( )) ln( ( ))f A t A tδ τ= −  

2
0

( ( )) ln( ( ))
T

f A t A tτ
τ

δ τ
=

= −∑  

2( ( )) ln( ( ))f A t G tδ=  

where   3
0

( ) ( )
T

G t A tτ
τ

δ τ
=

= −∑  

A(t): advertising at time t, 
β1,δ1, δ2 and δ3 are constants 

2 2 1( ) ( ( ))t f A tβ β δ= −  
where  f(A(t)) can be: 

2( ( )) ln( ( ))f A t A tδ τ= −  

2
0

( ( )) ln( ( ))
T

f A t A tτ
τ

δ τ
=

= −∑  

2( ( )) ln( ( ))f A t G tδ=  

where   3
0

( ) ( )
T

G t A tτ
τ

δ τ
=

= −∑  

A(t): advertising at time t, 
β1,δ1, δ2 and δ3 are constants 
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   Table 2.4.  
   Models assuming dynamic parameters of external and/or internal influence (continued). 

     

Reference Extended 
model 

Innovation 
context β1(t) / a(t) (*) β2(t) / b(t) (*) 

     

Dockner 
and 
Jorgensen 
(1988a) 

Mixed 
influence 

Durable 
products 

(no 
empirical 

application) 

( ) ln( ( ))a t a A tδ= +  
A(t): advertising at time t, 
a and δ  are constants 

( ) ln( ( ))b t b A tδ= +  
A(t): advertising at time t, 
a and δ  are constants 

Horsky and 
Mate (1988) 

Mixed 
influence 

Durable 
products 

(numerical 
results) 

( ) ln( ( ))a t a A tδ= +  
A(t): advertising at time t, 
a and δ  are constants 

 

Rao and 
Yamada 
(1988) 

Mixed 
influence 

Frequently 
purchased 
consumer 
products 

 
(prescription 

drugs) 

2
11 12( ) ( 1) ( 1)a t X t X tδ δ= − + −

 
X(t): detailing at time t, 
δ11 and δ 12 are constants 

 

Dockner 
and 
Jorgensen 
(1992) 

Mixed 
influence 

Durable 
products 

(analytical 
results) 

( ) ln( ( ))a t a A tδ= +  
A(t): advertising at time t, 
a and δ  are constants 

 

Parker 
(1992) 

Mixed 
influence 

Consumer 
durable 

technological 
products 

(bed covers, 
blenders, 

calculators, 
clothes 
dryers, 

dishwashers, 
disposers, 
freezers, 

irons, 
microwave 

ovens, 
ranges, built-

in ranges, 
refrigerators, 

room air 
conditioners, 
steam irons, 
color TVs, 
black and 

white TVs, 
and water 
pulsators) 

( )
1 1( ) ( ) tt P t δβ β=  

P(t): price at time t, 
δ (t): price elasticity function 
dependent on the age of the 
product category -t-, 
β1 is a constant 

2
( )1

2 2
( )( ) ( ) t N tt P t

M

δ
δβ β  =   

 

N(t): non-cumulative number of 
adopters at time t, 
M: potential market, 
P(t): price at time t, 
δ1 (t): price elasticity function 
dependent on the age of the 
product category -t-, 
β1 and δ2 are constants 
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   Table 2.4.  
   Models assuming dynamic parameters of external and/or internal influence (continued). 

     

Reference Extended 
model 

Innovation 
context β1(t) / a(t) (*) β2(t) / b(t) (*) 

     

Parker 
(1993) 

Mixed 
influence 

Consumer 
durable 

technological 
products 

(bed covers, 
blenders, 

calculators, 
clothes 
dryers, 

dishwashers, 
disposers, 
freezers, 

irons, 
microwave 

ovens, 
ranges, built-

in ranges, 
refrigerators, 

room air 
conditioners, 
steam irons, 
color TVs, 
black and 

white TVs, 
water 

pulsators, 
washers and 

vacuums) 

 
2 2

( )( ) N tt
M

δ

β β  =  
 

 

N(t): non-cumulative number of 
adopters at time t, 
M: potential market, 
β2 and δ  are constants 

Hahn, Park, 
Krishnamurt
hi and 
Zoltners 
(1994) 

Mixed 
influence 

Frequently 
purchased 
consumer 
products 

 
(prescription 

drugs) 

form 1: 

1 1
( )( ) ln

( ) ( )c

X tt
X t X t

β β δ
 

= +  + 
form 2: 

( )1 1( ) ln ( )t X tβ β δ= +  

X(t): detailing and journal 
advertising efforts associated 
with the product at time t,  
Xc(t): detailing and journal 
advertising efforts associated 
with competing products at 
time t,  
β1 and δ  are constants 
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   Table 2.4.  
   Models assuming dynamic parameters of external and/or internal influence (continued). 

     

Reference Extended 
model 

Innovation 
context β1(t) / a(t) (*) β2(t) / b(t) (*) 

     

Parker and 
Gatignon 
(1994) 

Mixed 
influence 

Frequently 
purchased 
consumer 
products 

 (hair styling 
mousses) 

form 1:  
( )1 2

1 1
( )3 4

( ) [ ( ) *

            ( ) ]

B t

B t

t P t

A t

δ δ

δ δ

β β +

+

=  

form 2: 
1 2

3 4

( )
1 1

( )

( ) [ ( ) *

            ( ) ]

B t

B t

t PM t

AM t

δ δ

δ δ

β β +

+

=
      

( )
( )

1

( )( )
1 ( )( )

B t

j
j

P tPM t
P tB t

=

=

∑
      

            ( )

1

( )( )
( )

B t

j
j

A tAM t
A t

=

=

∑
 

P(t): price at time t,  
A(t): advertising at time t,  
B(t): the number of competing 
brands in the product category 
at time t,  
β1, δ1, δ2, δ3 and δ4  are 
constants 

form 1:  
( )1 2

2 2
( )3 4

( ) [ ( ) *

             ( ) ]

B t

B t

t P t

A t

δ δ

δ δ

β β +

+

=
 

form 2: 
1 2

3 4

( )
2 2

( )

( ) [ ( ) *

             ( ) ]

B t

B t

t PM t

AM t

δ δ

δ δ

β β +

+

=
            

( )
( )

1

( )( )
1 ( )( )

B t

j
j

P tPM t
P tB t

=

=

∑
        

            ( )

1

( )( )
( )

B t

j
j

A tAM t
A t

=

=

∑
 

P(t): price at time t,  
A(t): advertising at time t,  
B(t): the number of competing 
brands in the product category at 
time t,  
β1, δ1, δ2, δ3 and δ4  are constants 

Jain, 
Mahajan 
and Muller 
(1995) 

Mixed 
influence 

durable and 
non-durable 

products  
(numerical 

results) 

( )1 1 0( ) log 1t PSβ β δ= + +  

PS0: the product sampling 
level,  
β2 and δ  are constants 

 

Mesak and 
Berg (1995) 

External, 
Internal 

and Mixed 
influence 

Consumer 
durable 

technological 
products  

(dishwashers
, electric 
dryers, 

disposers, 
color TVs, 

refrigerators,  
freezers, 

ranges, black 
and white 
TVs, air 

conditioners)

( )( ) P ta t ae δ−=  
P(t): price at time t, 
a and δ  are constants  

( )( ) P tb t be δ−=  
P(t): price at time t, 
b and δ  are constants 
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   Table 2.4.  
   Models assuming dynamic parameters of external and/or internal influence (continued). 

     

Reference Extended 
model 

Innovation 
context β1(t) / a(t) (*) β2(t) / b(t) (*) 

     

Mesak 
(1996) 

Mixed 
influence 

Consumer 
durable 

technological 
products  

(cable TV) 

Alternatives for a(t):  
1 1

2 2

1 1 2 2

( )
( )
( )

a t f
a t f
a t f f

δ
δ
δ δ

=
=
= +

 

where  

1

2

( ( )) ( ) ,   >1

( ( )) ( )

f P t P t

f A t A t

δ δ−=

=
 

P(t): real (deflated) price 
index for the average monthly 
basic rate at time t, 
A(t): real (deflated) index of 
advertising expenditures at 
time t, 
δ1 and δ2  are constants 

Alternatives for b(t):  
1 1

2 2

1 1 2 2

( )
( )
( )

b t f
b t f
b t f f

δ
δ
δ δ

=
=
= +

 

where  

1

2

( ( )) ( ) ,   >1

( ( )) ( )

f P t P t

f A t A t

δ δ−=

=
 

P(t): real (deflated) price index for 
the average monthly basic rate at 
time t, 
A(t): real (deflated) index of 
advertising expenditures at time t, 
δ1 and δ2  are constants 

Putsis 
(1998) 

Mixed 
influence 

Consumer 
durable 

technological 
products  

(color TVs, 
video 

cassette 
recorders) 

a(t)= f(t, price, income) 
 
 

b(t)= f(time, price, income) 

Swami and 
Khairnar 
(2003) 

Mixed 
influence 

 “Durable” 
consumer 
products 

(arts 
companies) 

1 1 2

3 4

1( )

( ) ( )            

t
T

N t t N t
K T K

β δ δ

δ δ

= + +

+  

1( )N t K Mε≤ − < and 

2t T ε≤ −  
N(t): cumulative sale till date,  
t/T: fraction of time to event 
deadline, 
N(t)/K: proportion of seats 
sold to capacity 
δ1, δ2, δ3, δ4 and K are 
constants 

2 1 2

3 4

1( )

( ) ( )            

t
T

N t t N t
K T K

β δ δ

δ δ

= + +

+  

1( )N t K Mε≤ − < and 

 2t T ε≤ −  
N(t): cumulative sale till date,  
t/T: fraction of time to event 
deadline, 
N(t)/K: proportion of seats sold to 
capacity 
δ1, δ2, δ3, δ4 and K are constants 

(*): β1(t) = a(t) and β2(t)(N(t)/M) is represented by b(t)N(t) if the Mahajan and Peterson (1985) specification is 
used.

  
 
Furthermore, we have to add to this group (Table 2.4) those studies that 

consider that relevant variables, such price or advertising, affect both the diffusion 
rate and the effective potential market. In these studies, these variables are 
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introduced into the mixed influence diffusion model as a separable function of the 
diffusion process (see Table 2.3). In this case, they consider that external and 
internal influences are equally affected. These authors, who we will refer to in 
Section 2.4.2.9 in detail, are Robinson and Lakhani (1975), Bass (1980), Dolan and 
Jeuland (1981), Bass and Bultez (1982), Jeuland and Dolan (1982), Kalish (1983), 
De Palma, Droesbeke, Lefevre (1984), Rao and Bass (1985), Dockner and 
Jorgensen (1988b), Kamakura and Balasubramanian (1988), Jain and Rao (1990), 
Bhargava, Bhargava and Jain (1991), Bass, Krishnan and Jain (1994), Bottomley 
and Fildes (1998) and Krishnan, Bass and Jain (1999).    

 
The extensions of the basic diffusion models in this section reveal the importance 

to researchers of assuming dynamic diffusion parameters, which is key to a better 
understanding of the diffusion patterns of innovations. Marketing variables, 
specifically price and advertising, are the variables mainly chosen by researchers to 
introduce dynamics in the diffusion parameters -external and internal influence 
parameters-. Researchers include the effect of the relevant variables using a number of 
functional shapes. The results show that, for the majority, the extended models 
provide better fit to the data and better predictive ability. The results also show that a 
specific relevant variable does not always follow the same pattern; i.e. a specific 
variable may affect external but not internal influence in some situations and may 
affect both in others. 

 
 

2.4.2.4. Assumption 4. Only one adoption per adopter is permitted  
 
The fundamental diffusion model does not allow repeat purchases, replacement 

or multiple adoptions.  
The assumption of only one adoption per adopter can be valid for some 

consumer durables. However, a large number of innovations are of a non-durable 
nature, meaning that an increase in the number of adopters during the diffusion 
process is a result of both first and repeat purchases. Furthermore, for a large 
number of durables replacement and multiple-units represent significant 
components of total sales. 

Although the use of short term data is justified when there is both a need to 
predict the evolution of a product in a market with a short sales record available 
and a desire to avoid first sales (adoption data) being contaminated by subsequent 
sales (replacement data), there are reasons to support a long term analysis of the 
diffusion process (Kamakura and Balasubramanian, 1988):  

i. a critical evaluation of the long term sales record of a product can reveal the 
influence of significant variables when they have an effect in the long run;  

ii. the use of a small number of observations to estimate the parameters of the 
model produces instability in the diffusion parameters; and  
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iii. it avoids the criticism that suggests that most successful applications may be 
the result of  “a judicious choice of …… time frame for analyzing the data” 
(Bernhardt and Mackenzie (1972, pp.187). 

 
Several researchers have relaxed this assumption by allowing more than one 

adoption per adopting unit (repeated purchases, replacement and multiple-unit 
purchases). We divide their studies into two groups. The first group has focused on 
diffusion models for frequently purchased products and a second group on 
diffusion models for durable products. Both groups of authors have avoided the 
contamination of adoption data by incorporating repeat purchases, replacement or 
multiple-unit purchases in the diffusion model. This incorporation implies 
modeling both adoption types (first purchases from non-users, trials) and repeat 
purchases, replacement and multiple-unit purchases, taking into account the fact 
that the structural drivers of each kind of sales are different. Whereas replacement24 
can be due to either a unit failure or a discretionary replacement dependent on the 
perceived condition and obsolescence of a working unit (Bayus and Gupta, 1992), 
multiple-unit acquisition of a durable may be the result of a new usage situation25 
and not be correlated with the age of the product.   

However, there are authors who prefer to use first purchase data (short series) to 
avoid the contamination of adoption data; in this case, assumption 4 is not relaxed. 

One of the main problems that researchers have to solve, when they want to 
integrate first and subsequent purchases into diffusion models, is how to divide 
total sales. This is a big problem for researchers because separate information is not 
usually available (Ratchford, Balasubramanian and Kamakura, 2000).  

We will now briefly discuss some of the studies that relax assumption 4. Table 
2.5 shows these studies, specifying the durable or non-durable nature of the 
innovation, the extended diffusion model and the applications provided. 
 
 
 
 
 
 
 
 
 
 
 

                                                 
24 See Antonides (1990) and Bayus (1991) for consumer replacement behavior. 
25 “For example, consumers may require a smaller television for a bedroom, a four-wheel-drive car 
for weekend fun, or a smaller refrigerator for the beer” (Steffens, 2003, p.902). 
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Table 2.5.  
Models assuming multiple adoptions 
   
 Extended model Innovation context 
Frequently purchased products 

(repeat purchases)   

Dodson and Muller (1978) Mixed influence No empirical application 

Dolan and Jeuland (1981) Mixed influence No empirical application 
(simulation) 

Lilien, Rao and Kalish (1981) Mixed influence Prescription drugs 

Jeuland and Dolan (1982) Mixed influence No empirical application 
(simulation) 

Mahajan and Muller (1982) Mixed influence No empirical application 
Mahajan, Wind and Sharma (1983) Mixed influence Prescription drugs 
Rao and Yamada (1988) Mixed influence Prescription drugs 

Martins and Nascimento (1993) External Influence No empirical application 
(phase diagrams) 

Hahn, Park, Krishnamurthi and 
Zolters (1994) Mixed influence Prescription drugs 

Durable products  
(replacement)   

Dodson and Muller (1978) Mixed influence No empirical application 

Lawrence and Lawton (1981) Mixed influence Durable consumer product  
(an example) 

Olson and Choi (1985) 
 Mixed influence 

Durable consumer products 
 (black and white televisions, color 

televisions, clothes dryers and 
dishwashers) 

Bayus (1987) Mixed influence Durable consumer products 
(compact disc) 

Kamakura and Balasubramanian 
(1987) Mixed influence 

Durable consumer products 
(refrigerators, vacuum cleaners, 
toasters and electric blankets) 

Mesak and Berg (1995) External, Internal and  
Mixed influence 

Durable consumer products 
(dishwashers, electric dryers, 

disposers, color TVs, refrigerators,  
freezers, ranges, black and white 

TVs, air conditioners) 

Putsis (1998) Mixed influence 
Durable consumer products  
(color TV and video cassette 

recorders) 
(multiple-unit ownership)   

Steffens (2003) Mixed influence Durable consumer products  
(color TV and automobiles) 

 
 
Studies on frequently purchased products: repeat purchases  
 

While trial is the key to success for a durable innovation, the success of a non-
durable good also depends on repeat sales in a competitive or multibrand market 
environment. Some attempts have been made to capture repeat purchase patterns. 
Below, we show some authors concerned with this subject. Although some authors 
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such as Midgley (1976) and Parker and Gatignon (1994) present empirical 
applications on non-durable products, they are not considered here given that they 
focus on first purchase data and do not consider repeat purchases in their models. 
Others, such as Kalish (1983, 1985), although taking into account the possibility of 
frequently purchased products, do not specify how to incorporate repeat purchases 
into the diffusion model. Finally, although some authors consider repeat purchases 
in their multi-state diffusion model, they do not show an empirical application (e.g. 
Dodson and Muller, (1978)). 

 
Dolan and Jeuland (1981) focus on optimal pricing policies and consider two 

demand situations: one for non-durable goods and another for durable goods. 
Although they consider repeat purchases for non-durables, they do not consider 
replacement for durables. Regarding non-durable goods, they consider that 

2 ( )1
1 1

( )( ) ( ) P tdS tdS t S t e
dt dt

δδ = +                                (2.59) 

where dS(t)/dt represents sales rate, dS1(t)/dt refers to initial purchases, 
2 ( )

1 1( ) P tS t eδδ    refers to repeat purchases, P(t) is price at time t, δ1 reflects the 

frequency of repeat purchases and δ2 reflects price sensitivity. The authors use 
simulations to validate their model. 

Lilien, Rao and Kalish (1981), extending the mixed influence diffusion model, 
propose a trial-repeat diffusion model with promotional efforts (i.e. detailing). 
Their model (see assumption 3, Equation (2.47)) shows three terms. The first term 
on the right of the equation represents triers due to company promotional efforts, 
the second term represents triers due to the word-of-mouth effect and the third term 
represents repeaters as an expression that accounts for competitors’ promotional 
efforts. Their model is validated on two prescription drugs. The authors, analyzing 
detailing expenditures, get significant although small estimates for detailing 
effectiveness. (This model is discussed in more detail in Chapter 6).  

Jeuland and Dolan (1982), investigating the optimal strategic pricing of 
innovations, extend the mixed influence model by incorporating price as a 
separable function of the diffusion process and allowing for repeat buying: 

( )( ) 22
1 1 1 1

( ) ( ) ( ) ( ) ( )dN t a bN t M N t N t P t
dt

δδ −=  + − +                     (2.60) 

where N1(t) is the cumulative number of triers at time t, N2(t) is cumulative sales 
at time t (including both trial and repeat), M is the potential market, P(t) is price at 
time t, and a, b, δ1 and δ2 are parameters to be estimated. Parameter δ1 signifies the 
extent of repeat purchase activity. The authors use simulations to validate their 
model. 

Mahajan and Muller (1982) propose a general multi-stage diffusion model. 
They assume that total population consists of four major groups representing “non-
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users”, “unawares”, “awares” and “adopters”. Furthermore, they divide adopters 
into triers and second, third…jth repeaters. Although, the authors show a flow 
diagram for their model, they do not show the complex set of mathematical 
specifications of the flows of consumers from one group to another nor an 
empirical application. 

Mahajan, Wind and Sharma (1983) extend the mixed influence diffusion model 
by allowing for non-durable products. Specifically, they extend the first-purchase 
non-uniform influence model proposed by Easingwood, Mahajan and Muller 
(1983) by allowing repeat purchases. They focus on the non-uniform nature of the 
word-of-mouth effect:  

[ ] [ ]
1

1 2 2
( 1)( ) ( 1) ( 1) ( 1)S tS t M S t M S t S t
M

δ

β β δ− = − − + − − + − 
 

 (2.61) 

where S(t) is sales of the product in the time period t, M is total market sales, 
and β1, β2, δ1 and δ2 are parameters to be estimated. The first term on the right of 
the equation represents triers due to external influence (company promotional 
efforts among others), the second term represents triers due to the word-of-mouth 
effect (this term captures the influence of word-of-mouth over time) and the third 
term represents repeaters. The authors validate their model on one prescription 
drug. (This model is discussed in more detail in Chapter 6). 

Rao and Yamada (1988) provide support for the Lilien, Rao and Kalish (1981) 
model -Equation (2.47)- by analyzing twenty prescription drugs. Their results show 
that promotional activities affect the diffusion process.  

Martins and Nascimento (1993) propose a diffusion model that captures the 
essence of non-durables in a competitive environment. Their model is an extension 
of the external influence diffusion model that allows adopters not to buy in the 
following period. However, no explicit distinction is made between trial and repeat 
purchases. Their model can be expressed as: 

[ ]( ) ( ) ( ) ( )n t a M t N t N tδ= − −      (2.62) 
where the first term on the right side of the previous equation corresponds to the 

diffusion model of external influence with dynamic potential market and the 
second reflects a fraction, δ, of last period buyers who do not purchase the product 
again. Martins and Nascimento do not present an empirical application, they 
develop a graphic analysis using phase diagrams. 

Hahn et al. (1994) extend the model of mixed influence diffusion by allowing 
for non-durable products and incorporating promotional efforts into the diffusion 
model. They consider that promotional efforts by the firm and its competitors 
affect external influence. They propose two specifications for their model: 
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Specification 1  
[ ]

[ ]

1 1

2 2

( )( ) ln ( 1)
( ) ( )

( 1)           ( 1) ( 1)

c

X tS t M Q t
X t X t

S t M Q t Q t
M

β δ

β δ

  
= + − − +   +  

−
− − + −

    (2.63) 

Specification 2        
( )( )[ ]

[ ]

1 1

2 2

( ) ln ( ) ( 1)

( 1)          ( 1) ( 1)

S t X t M Q t

S t M Q t Q t
M

β δ

β δ

= + − − +

−
− − + −

           (2.64) 

              2( ) ( 1) ( ) ( 1)Q t Q t S t Q tδ− − = + −                          (2.65) 
where S(t) is sales of the product in period t, M is total market sales, X(t) is 

detailing and journal advertising efforts associated with the product in period t, 
Xc(t) is detailing and journal advertising efforts associated with competing products 
in period t, and β1, δ1, β2 and δ2 are parameters to be estimated. The first term on 
the right side of both equations represents triers due to external influence; in 
specification 1 both company and competitor promotional efforts affect external 
influence whereas in specification 2 only company promotional efforts are 
considered. The second term represents triers due to the word-of-mouth effect and 
the third term represents repeaters. Their model is validated on twenty-one 
prescription drugs in seven different product classes. Their results show that, in 
general terms, promotional efforts affect external influence. (This model is 
discussed in more detail in Chapter 6). 

 
Studies on durable products: replacement 
 

We examine the literature that investigates both components of sales: first 
purchases and replacement. Hence, studies like that of Steffens (2001)26, where 
first purchases are not analyzed, are not considered below27. The essential 
assumption behind most replacement models is that time for replacement 
(replacement age) can be represented by a “probability distribution over the 
population of units in an analogous way to product failure” (Steffens, 2003, 
p.903). 

 
Dodson and Muller (1978) develop a multi-state diffusion model to forecast the 

sales of a durable good. They extend their initial model by allowing for the 

                                                 
26 “The first purchase component of sales is not considered since the current model makes no 
contribution in this area” (Steffens, 2001, p.65) 
27 Neither do we consider studies like that of Bayus, Hong and Labe (1989), where the authors do not 
extend the fundamental diffusion model, because they follow a different approach. 
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replacement of durable products and for repeat purchases of frequently purchased 
products. However, the authors do not show an empirical application. 

Lawrence and Lawton (1981), starting from the mixed influence diffusion 
model, discuss the simplest method of approximating the repurchases phenomenon. 
They simply assume that each piece of equipment has to be replaced in a certain 
number of years (the average life), and this produces a repeat of the original 
purchase curve shifted that number of years. So, adding both sales types (the 
original and the shifted curve), it is possible to produce the overall market sales 
forecast. This model assumes that the service life of the product is constant and 
known a priori. The authors provide a numerical example. 

Olson and Choi (1985) extend the model of mixed influence diffusion by 
incorporating replacement and, as we discussed earlier, by considering a dynamic 
potential market. They introduce replacement into the model by adding 
replacement demand to the number of first-purchase buyers. Hence, the observed 
sales of the product in period t are: 

S(t)= n(t)+r(t)+e(t)                      (2.66) 
 ( )*( ) , ( 1)r t f S tµ= −                      (2.67) 

where ( )[ ]( ) ( ) ( ) ( )n t a bN t M t N t= + −  is the number of first-purchase buyers at 
time t, r(t) the replacement demand at time t, µ the mean of the product life, 

*( 1) ( 1) ( 1)S t n t r t− = − + −  a vector of observed sales from period 1 to period t-1, 
and e(t) the error term of both components of sales. Olson and Choi (1985) employ 
the Rayleigh distribution to model replacement and recognize that product life is 
not constant but stochastic. Hence, this removes the restrictive assumption of the 
model developed by Lawrence and Lawton (1981). Their model is tested on four 
durable products (black and white televisions, color televisions, clothes dryers and 
dishwashers) and they compare their model with the logistic model. The results 
show that the logistic model betters their model with only one product 
(dishwashers). 

Bayus (1987) studies contingent products; specifically captive products. Such 
products are unique in that the secondary product (e.g. software component) must 
be purchased for use with the primary product (e.g. hardware component). Bayus 
assumes that purchases of the primary product have long interpurchase times while 
those of the secondary product are of a repeat nature. Hence, software sales are 
obtained as a multiplicative function of hardware sales: 

1 1
( ) ( ) ( 1)

J t
j j

j i
SWARE t HWARE i S t i

= =
∑ ∑= − +  (2.68) 

where SWARE(t) is the software sales at time t, HWAREj(k) the hardware sales 
to segment j at time k, and Sj(k) segment j’s software purchase rate k time periods 
after the hardware was purchased. Bayus presents an application of his model in 
the compact disc prerecorded audio market. He points out that his results suggest 
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that his model structure is a promising option for forecasting sales of new 
contingent products.  

Kamakura and Balasubramanian (1987) extend the mixed influence diffusion 
model by incorporating price effects on the potential market and by allowing 
replacement. They incorporate replacement into the model in the following way:    

S(t)= n(t)+r(t)+e(t)                      (2.69) 

[ ]
1

( ) ( 1) ( ) ( )
t

i
r t U i U i S t i

=
= − − −∑      (2.70) 

where S(t) are sales of the product at year t, ( )[ ]( ) ( ) ( ) ( )n t a bN t M t N t= + −  the 
non-cumulative number of owners at year t, r(t) the number of units that need to be 
replaced at year t, U(i) the percentage of units that are expected to “survive” until i-
years after purchase, and e(t) is the random disturbance. Kamakura and 
Balasubramanian (1987) find that the Rayleigh distribution chosen by Olson and 
Choi (1985) does not capture replacement appropriately. Another difference among 
these authors is that the diffusion model developed by Kamakura and 
Balasubramanian (1987) assumes that the potential market depends on the number 
of electrified homes. The model is tested on four consumer durables. The results 
show that although the goodness of fit obtained with their model is not 
substantially better than with the simple diffusion model, its forecasting 
performance is clearly superior. 

Mesak and Berg (1995) propose alternative diffusion models that incorporate 
price and replacement purchases. They assume that sales, S(t), are given by: 

( ) ( ) ( )S t n t r t= +       (2.71) 
where n(t) is the non-cumulative number of adopters at time t (first purchases 

from non-users) and r(t) are replacement sales at time t (from users). The authors 
consider the three specifications of the fundamental diffusion model (external, 
internal and mixed influence) for n(t), and combinations of these specifications and 
price. They propose two specifications for r(t): 

Specification 1     ( ) ( )r t N tδ=                      (2.72) 

Specification 2      2 ( )
1( ) ( ) P tr t N t e δδ −=     (2.73) 

where P(t) is price at time t, and δ, δ1 and δ2 are constants. Nine consumer 
durables are considered in the empirical application. Regarding replacement, their 
results show that: i) although first purchases can be price sensitive, replacement 
purchases may be either price sensitive or insensitive, and ii) pricing response 
functions are similar when first and repeat purchases are price sensitive. 

Putsis (1998) extends the mixed influence model by proposing a flexible model 
with varying parameters and including marketing mix variables (i.e. price) and 
replacement sales. In contrast to other authors, like Olson and Choi (1985) or 
Kamakura and Balasubramanian (1987), Putsis proposes a formulation in which 
replacement purchases are not explicitly modeled; the parameters are already 
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influenced by the age distribution of the existing stock. The model is validated 
using data for two consumer durables and the results suggest that the price 
parameter does in fact vary over time and that stochastic parameter specifications 
produce substantially better fits. 

 
Within this group of authors concerned with incorporating replacement into 

diffusion models, we have to consider another group focused on the diffusion of 
successive generations (technological substitution). Fisher and Pry (1971) were 
pioneers in studying the demand relationship between one generation of a product 
and its successor; specifically they studied technological substitution. Other 
researchers have subsequently studied the diffusion of successive generations of 
products (e.g., Blackman, 1971; Peterka, 1977; Norton and Bass, 1987, 1992; 
Bayus, 1992; Bass, Krishnan and Jain, 1994; Speece and MacLachlan, 1995; 
Mahajan and Muller, 1996; Bass and Bass, 2001; Danaher, Hardie and Putsis, 
2001). However, although it is important to recognize its existence, we are not 
going to enter into more detail due to the size of this area of research28.  

 
Studies on durable products: multiple-unit ownership 
 

Very little attention has been given to multiple-unit ownership in diffusion 
modeling literature. Only two models have been detected, one developed by Bayus, 
Hong and Labe (1989) focuses on an age-based formulation and another developed 
by Steffens (2003) based on the Bass model. Given that the former treats the 
multiple units adoption process as an age-based process where the propensity to 
adopt an additional unit increases with the age of adopter’s existing unit instead of 
following a diffusion-based approach29, we do not consider this work here.  

 
Steffens (2003) develops the following multiple-unit ownership diffusion 

model: 

( )[ ]1
1 1 1 1 1

( ) ( ) ( ) ( )dNN t a b NN t N t NN t
dt

δ= + −                    (2.74)  

where NN1(t) represent multiple-unit adopters, δ1N(t) the population of potential 
adopters of multiple units (specified as a proportion of those previously adopting a 
first unit δ1), a1 external influence on first multiple-unit adoptions and b1 internal 
influence on first multiple-unit adoptions. Steffens assumes that the upper potential 

                                                 
28 For a comprehensive review of technological substitution and successive product generations see 
Norton and Bass (1987), Kumar and Kumar (1992), Jiménez (1996) and Bayus, Kim and Shocker 
(2000). 
29 Within an aged-based process the variable influencing the hazard rate is the age of the existing unit 
whereas within a diffusion-based process two components are considered: a constant -product usage 
and external influence- and the number of earlier adoptions -internal influence- (Steffens, 2003). 
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of such adoptions is a fixed proportion δ2 of multiple-unit adopters NN(t). This 
leads to the following model for subsequent (two or more) multiple-unit adoptions 
NN2(t): 

( )[ ]2
2 2 1 2 1 2

( ) ( ) ( ) ( )dNN t a b NN t NN t NN t
dt

δ= + −    (2.75) 

where a2 represents external influence on subsequent multiple-unit adoptions 
and b2 internal influence on subsequent multiple-unit adoptions. Steffens tests his 
model using color television and automotive industry data. The empirical results 
for both applications provide clear support for his model.  

 
The studies in this section reveal the little attention devoted to the relaxation of 

assumption 4, which is probably due to the difficulties in accessing the required 
data. We have divided the studies into three groups. Firstly, in “studies on 
frequently purchased products: repeat purchases” we can differentiate one group of 
research that does not provide empirical applications and another group that does 
and is focused exclusively on prescription drugs. The latest study on diffusion of 
prescription drugs, developed by Hahn et al. (1994) (we address this study in detail 
in Chapter 6), represents an important improvement to the previous studies as the 
extended model shows superior parameter face validity, fit to the data and forecast 
ability. Although the prescription drugs group has opened a promising line of 
research that should be further addressed, there is a clear need to investigate other 
innovation types. Secondly, in “studies on durable products: replacement” there is 
no consensus on the best way to model replacement. At the moment, they are 
focused on consumer products. Thirdly, “studies on durable products: multiple-unit 
ownership” is an emerging group. 

 
 

2.4.2.5. Assumption 5. Geographical frontiers do not alter 
 
The fundamental diffusion model does not explicitly consider the spatial 

diffusion30 of an innovation, as it assumes that an innovation is confined to a 
geographical area or a certain marketing sector.  

Spatial diffusion research focuses on understanding, describing and/or modeling 
the processes by which spatially defined markets change structure and how 
individuals adjust their spatial behavior in response to new stimuli (Allaway, 
Berkowitz and D’Souza, 2003). Earlier models of the innovation diffusion process 
emphasize the time dependence of diffusion phenomena at the expense of their 
spatial character (Haynes, Mahajan and White, 1977). However, Casetti and 
Semple (1969), Haynes, Mahajan and White (1977) and Mahajan and Peterson 

                                                 
30 The interest in spatial diffusion comes, mainly, from geographers (Brown, 1981). 
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(1979) extend the diffusion model of mixed influence by integrating space and time 
dimensions of the diffusion of an innovation.   

Geographers like Hägerstrand (1967) introduce an alternative view of the 
diffusion of innovations by considering it as a question of level of spatial 
aggregation31. Diffusion is considered to be a process of transformation through 
which a population with few adopters becomes a population with a great number 
thanks to social interaction and sources of one-directional communication (such as 
the mass media). Hägerstrand describes the diffusion of an innovation as a three-
stage process: 
- Stage 1. The first stage develops local concentrations of initial acceptations of 

an innovation, which the author refers to as “initial agglomerations”. 
- Stage 2. The second stage reveals the radial dissemination of the innovation. 

Beginning with the initial agglomerations there is a growth of secondary 
agglomerations accompanied by a simultaneous condensing of the original 
centers. 

- Stage 3. In the third stage, growth ceases as the process enters a phase of 
saturation. 

Hägerstrand’s study identifies three empirical regularities (Mahajan and 
Peterson, 1979; Mahajan and Wind, 1986). Firstly, an S-shaped diffusion curve (as 
found by other authors in studies of innovation diffusion); secondly, a hierarchic 
effect with which we expect diffusion to spread from large to smaller centers (Gore 
and Lavaraj, 1987) and thirdly, a neighborhood effect (Mahajan and Peterson, 
1979), which involves diffusion in a wavelike fashion from an urban centre 
towards outlying areas and later other, more remote areas. 

 
Although most diffusion models focus on a single market (one geographical 

region), there are some authors studying multi-market diffusion32. These authors 
are interested in discovering how a single innovation is diffused in different 
geographical areas or in how the diffusion of an innovation in a certain area affects 
its diffusion in nearby areas (e.g. neighboring countries). It is interesting and 
challenging to analyze what would happen if an innovation diffuses in parallel in 
two neighboring but culturally different geographical areas. Researchers are also 
looking for similar behavioral patterns in adopters from different geographical 
areas (near or far). We should bear in mind that, from a business point of view, it is 
very important for management to understand how a given innovation is diffused in 
different geographical areas, as this information allows them to compare diffusion 

                                                 
31 A significant body of spatial diffusion theory exists in geography and sociology as a result of the 
work of authors like Hägerstrand (1967), Morrill (1970), Brown (1968, 1969, 1981), Morrill, Gaile 
and Thrall (1988) and Wojan (1998). 
32 See Dekimpe, Parker and Sarvary (2000 a) for a comprehensive review of multi-market diffusion. 
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rates and to implement more effective marketing strategies when introducing their 
products into these and other similar areas. 

 
There has been a logical increase in interest in multi-market diffusion given 

that, as Dekimpe, Parker and Sarvary (2000a, p.50) point out “... recent economic 
trends (such as the removal of political and trade barriers and saturated home 
markets) and the rapid globalization of world markets, more firms are interested in 
launching products in multiple countries or even on a global basis”. Researchers 
view multi-market diffusion (a multi-regional or an international context) from two 
different perspectives. On the one hand, authors select a diffusion model (of 
external, internal or mixed influence) and use it to analyze the diffusion process of 
innovations in different markets or geographical areas. On the other hand, authors 
extend the classical diffusion models by allowing some interactions among 
different geographical areas or by taking into account the specific characteristics of 
each geographical area. Some of these authors extend the classical models by 
introducing a “learning parameter”33 into the model to capture the learning effect 
that takes place between the different social systems (i.e. geographical areas), and 
hence to examine the relationship between lead and lag countries. Within the first 
perspective, we find authors like Heeler and Hustad (1980), Horsky and Simon 
(1983), Kobrin (1985), Takada and Jain (1991), Helsen, Jedidi and DeSarbo 
(1993), Redmond (1994) and Kim, Chang and Shocker (2000). Within the second 
perspective, we find authors like Eliashberg and Helsen (1996), Gore and Lavaraj 
(1987), Gatignon, Eliashberg and Robertson (1989), Mahajan and Muller (1994), 
Jain and Maesincee (1995), Kalish, Mahajan and Muller (1995), Ganesh and 
Kumar (1996), Ganesh, Kumar and Subramaniam (1997), Putsis, Balasubramanian, 
Kaplan and Sen (1997), Dekimpe, Parker and Sarvary (1998), Kumar, Ganesh and 
Echambadi (1998), Dekimpe, Parker and Sarvary (2000b, 2000c), Kumar and 
Krishnan (2002), Talukdar, Sudhir and Ainslie (2002) and Allaway, Berkowitz and 
D’Souza (2003). 

 
Although we are not going to cover this work in detail, we will summarize the 

four empirical generalizations detected by Dekimpe, Parker and Sarvary (2000a) 
on this topic: 
i. The studies show that the wealth of a country has a positive effect on the 

diffusion process. This means that the greater the wealth of a country, the 
quicker it tries an innovation and the quicker the diffusion speed within the 
country. 

                                                 
33 Ganesh and Kumar (1996, p.332) explain that the learning parameter “represents the influence of 
the adopters in the lead country on the potential adopters in the lag countries”.  
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ii. There are consistent findings of cross-national learning effects, implying that 
later adopters benefit from the experiences of other countries with an 
innovation. 

iii. Some studies have found that the size of this cross-regional experience is not 
homogeneous. 

iv. It is found that heterogeneity in the social system has a negative effect on 
diffusion. 

 
 

2.4.2.6. Assumption 6. The innovation is diffused in isolation 
 
This assumption implies that the diffusion of an innovation is independent of all 

other innovations; thus, product interactions and competition among firms do not 
affect the diffusion processes of innovations.  

 
Multi-product interactions  
 

The fundamental diffusion model does not consider relationships between 
different product categories; thus it holds that the adoption of an innovation does 
not complement, substitute, eliminate or enhance the adoption of another product 
(or vice versa). If we accept the fact that an innovation introduced into a market 
cannot remain isolated, we have to accept the possibility that another innovation or 
existing product can both positively or negatively influence its diffusion process. 
The market success of a given innovation may even be aided by another product 
(multi-product interactions) or product generation (successive generations)34.  

Bayus, Kim and Shocker (2000)35 point out the relatively little attention that 
multi-product growth models have received compared to other topics dealing with 
the diffusion of new products. Table 2.6 shows the existing research on modeling 
the interactions among multiple products within the diffusion framework of new 
products.  

 
 

                                                 
34 In fact successive product generations can be regarded as a particular case of multiproduct 
interactions. As we are not going to focus on technological substitution between successive 
generations, for a comprehensive review of that extensive literature see Norton and Bass (1987), 
Kumar and Kumar (1992), Jiménez (1996) and Bayus, Kim and Shocker (2000). 
35 Bayus, Kim and Shocker (2000) develop an expanded conceptual framework for multi-product 
interactions (Figure 7.3, p.155). 
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Table 2.6.  
Models assuming multi-product interactions. 

     

Reference Extended 
model Innovation context Purpose Kind of 

interaction 
     

Peterson and 
Mahajan (1978) 

Mixed 
influence 

Durable consumer products 
(black and white TVs and 

color TVs) 
Firm services 

(insurance policies) 

Impact of 
relationships among 

products 

Independent, 
complementary, 
contingent and 

substitute 
innovations 

Bayus (1987) 
Mixed 

influence 
Durable consumer products 

(compact disc player and 
discs) 

Impact of 
relationships among 

products 

Contingent 
innovations 

Mahajan and 
Muller (1991) 

Mixed 
influence 

Durable and non-durable 
products 

(simulation) 

Normative purposes 
(optimal pricing 

strategies) 

Contingent 
innovations 

Bucklin and 
Sengupta (1993)

Mixed 
influence 

Durable products 
(supermarket laser scanners 
and Universal Product Code 

(UPC) symbols)  

Impact of 
relationships among 

products 

Complementary 
innovations 

Givon, Mahajan 
and Muller 
(1995) 

Mixed 
influence 

Durable products 
(spreadsheets and word 

processors) 

Impact of piracy  
 

Legal versus illegal 
users 

Givon, Mahajan 
and Muller 
(1997) 

Mixed 
influence 

Durable products 
(spreadsheets and word 

processors) 

Impact of piracy and 
brand switching 

Legal versus illegal 
users 

Kim, Chang and 
Shocker (2000) 

Mixed 
influence 

Durable products 
(pager, cellular phone 

(analog and digital) and 
CT2 (cordless telephone 2)) 

Incorporation of 
interproduct category 

and technological 
substitution effects 

simultaneously 

Substitute 
innovations 

 
 
Peterson and Mahajan (1978) are the first to consider interproduct interactions 

in the diffusion processes of innovations in marketing literature. They suggest that 
before analyzing the growth of a product category, it is important to examine its 
possible relationship with other categories. The authors extend the mixed influence 
diffusion model by developing four classes of multi-product growth models 
(independent products, complementary products, contingent products, and 
substitute products)36. They provide two applications to empirically demonstrate 
two of their models: substitute and independent products. Black-and-white and 
color televisions are used in the case of substitute products, and two insurance 
policies adopted by firms in the case of independent products. The results show 

                                                 
36 “Independent: sales of one product have no influence upon sales of other products; 
complementary: increased sales of one product result in increased sales of other products; 
contingent: sales of one product are conditional upon those of other products; substitute: increased 
sales of one product produce decreased sales of other products” (Peterson and Mahajan, 1978, p.208) 
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that the growth in sales of color television sets had a substitution effect on the sales 
growth of black-and-white televisions sets, but not the reverse. For the independent 
case, the results show that there is a substantial improvement when going from a 
single to a two-product growth model.   

Bayus (1987) builds a model to predict the sales of technologies contingent 
upon the adoption of others. He extends the mixed influence diffusion model by 
presenting a model that focuses on generating estimates for the primary (i.e. 
hardware) and the secondary (i.e. software) product at the product category level. 
To illustrate a practical application of his model, Bayus examines the compact disc 
player and the acquisition of the associated discs. The results show that his 
approach provides good forecasts for the compact disc prerecorded audio market. 

Mahajan and Muller (1991) study contingent product relationships and develop 
propositions to specify pricing strategy for primary and contingent products. Some 
normative results emerge from a simulation study.  

Bucklin and Sengupta (1993) explore the co-diffusion37 of complementary 
innovations. They extend the mixed influence diffusion model through to the 
complementary products models developed by Peterson and Mahajan (1978). They 
empirically study the co-diffusion of laser scanners in supermarkets and the use of 
the Universal Product Code (UPC) symbols, read by such scanners. The results 
indicate that a faster rate of adoption of the UPC symbols would have accelerated 
the diffusion of laser scanners among retailers.  They demonstrate the managerial 
importance of extending marketing strategies to encompass the co-diffusion of 
related technologies.    

Givon, Mahajan and Muller (1995, 1997) extend the Bass model and 
demonstrate how shadow diffusion of a software may influence its legal diffusion. 
Their diffusion modeling approach captures the growth of a software over time 
taking into consideration the influence of pirates on the software diffusion. They 
analyze the dominant role that pirates play in converting potential users in users of 
the software. Adoption data from spreadsheets and word processors in the United 
Kingdom are used to illustrate the application of their model. The results show that 
the intensity of the word-of-mouth communication of buyers and pirates on 
potential software users is almost the same. Furthermore, the results indicate that 
pirates contribute to generating more than 80 percent of the unit sales for these two 
types of software. 

Kim, Chang and Shocker (2000) develop a market growth model for the 
information technology industry that captures both interproduct dynamics and 
technological substitution between the successive generations of a single category. 
They develop a Bass-type diffusion model by extending the Norton and Bass 

                                                 
37 By co-diffusion they mean “the positive interaction between the demands for complementary 
innovations that have separate adoption tracks. This interaction arises because the adoption of one 
innovation enhances the value of the other to the end-user.”(Bucklin and Sengupta, 1993, p. 149) 
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(1987) model for successive generations. Kim, Chang and Shocker are pioneers in 
integrating interproduct category dynamics into a market growth model. The 
results from Hong Kong and Korea data reveal intercategory effects and the 
importance of using first generation experience as a good analogy in forecasting 
second generation sales. 

 
Competition  
 

As it is assumed that an innovation is diffused in isolation, the fundamental 
diffusion model does not consider possible competition38 between companies or 
brands. However, sales of a new product are conditioned by both the number of 
companies and the competition type that arises between them during the diffusion 
process. 

As Mahajan and Wind (1986) (see Table 2.7) point out, the basic diffusion 
models are, by definition, designed to represent the growth of a product category; 
i.e. the growth of n(t) or N(t).  

 
Table 2.7.  
An industry with K competitors. 
    Time   
Firm or Brand 1 2 … t … T 

1 n11 n12 … n1t … n1T 
2 n21 n22 … n2t … n2T 
. 
. 
. 

. 

. 

. 

. 

. 

. 

 . 
. 
. 

 . 
. 
. 

k nk1 nk2 … nkt … n1T 
. 
. 
. 

. 

. 

. 

. 

. 

. 

 . 
. 
. 

 . 
. 
. 

K 
 

nK1 nK2 … nKt … nKT 

Period sales N(1) n(2) … n(t) … n(T) 
Cumulative sales N(1) N(2) … N(t) … N(T) 

Source: Mahajan and Wind (1986, p.17) 
 
 
If we consider an industry with k competitors, k = 1, 2...,K, in which each one 

produces a single durable product brand, and we denote n(t) as the total number of 
adopters of a product category at time t, N(t) the cumulative number of adopters at 
time t and nit the number of adopters of brand i at time t, we find that: 

                                                 
38 See Dolan, Jeuland and Muller (1986) and Chatterjee, Eliashberg and Rao (2000) for a critical 
review of diffusion models incorporating competition. 
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1( ) ( )T
tN T n t== ∑  where 1( ) k

itin t n== ∑ . Consequently, unless there is only one 
company in an industry (a monopoly), the basic diffusion models are not 
appropriate for modeling brand growth or for examining the impact of marketing 
strategies on brand growth.  

The amount of research on dynamic diffusion models incorporating the effects 
of competition (see Table 2.8) reflects the recognition of competition as a key 
factor influencing marketing decisions in a new product environment (Dolan, 
Jeuland and Muller, 1986; Chatterjee, Eliashberg and Rao, 2000).  

 
 
Table 2.8.  
Models assuming competition.  

     

Reference Extended 
model Innovation context Purpose Number of 

competitors 
     

Dodson and Muller 
(1978) 

Mixed 
influence 

Durable consumer and 
non-durable consumer 

products 
(no empirical analysis) 

Impact of marketing 
variables  

 

Different brands 
(without specifying 

how many) 

Lilien, Rao and 
Kalish (1981)  

Mixed 
influence 

Non-durable consumer 
products 

 (prescription drugs) 

Impact of marketing 
variables  

Two brands 

Teng and 
Thompson (1983) 

Mixed 
influence 

Durable products 
(numerical solutions) 

Normative purposes 
(optimal advertising 

strategies) 

Oligopoly 
(n players) 

Thompson and 
Teng (1984) 

Mixed 
influence 

Durable products 
(numerical solutions) 

Normative purposes 
(optimal pricing and 

advertising strategies) 

Oligopoly 
(n players) 

Rao and Bass 
(1985) 
 

Mixed 
influence 

semi-conductor 
components industry 

(results on eight 
products and numerical 

experiments) 

Normative purposes 
(optimal pricing 

strategies) 

Oligopoly 
(n players) 

Eliashberg and 
Jeuland (1986) 

External 
influence 

Durable products 
(numerical solutions) 

Normative purposes 
(optimal pricing 

strategies) 

Oligopoly 
(duopoly) 

Dockner and 
Jorgensen (1988b) 

Mixed 
influence 

Durable products 
(analytical results) 

Normative purposes 
(optimal pricing 

strategies) 

Oligopoly 
(n players) 

Horsky and Mate 
(1988) 

Mixed 
influence 

Durable products 
(numerical solutions) 

Normative purposes 
(optimal advertising 

strategies) 

Oligopoly 
(duopoly) 

Rao and Yamada 
(1988) 

Mixed 
influence 

Non-durable consumer 
products 

(prescription drugs) 

Impact of marketing 
variables 

Twenty brands 

Dockner and 
Jorgensen (1992) 

Mixed 
influence 

Durable products 
(analytical results) 

Normative purposes 
(optimal advertising 

strategies) 

Oligopoly 
(n players) 

Mahajan, Sharma 
and Buzzell (1993) 

Mixed 
influence 

Durable products 
 (instant cameras) 

Impact of new entrants Three brands  
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Table 2.8.  
Models assuming competition (continued).  

     

Reference Extended 
model Innovation context Purpose Number of 

competitors 
     
Martins and 
Nascimento (1993) 

External 
influence 

Non-durable products 
(no empirical analysis; 

phase diagrams) 

Normative purposes 
(optimal pricing 

strategies) 

Different brands 
 

Hahn, Park, 
Krishnamurthi and 
Zoltners (1994) 

Mixed 
influence 

Non-durable consumer 
products 

(prescription drugs) 

Impact of marketing 
variables  

Twenty-one brands 

Parker and 
Gatignon (1994) 

Mixed 
influence 

Non-durable consumer 
products 

(hair styling mousses) 

Impact of marketing 
variables  

Nine brands 

Kalish, Mahajan 
and Muller (1995) 

Mixed 
influence 

Durable products 
(numerical solutions) 

Normative purposes 
(optimal entry 

strategies) 

Oligopoly 
(duopoly) 

Givon, Mahajan and 
Muller (1997) 

Mixed 
influence 

Durable products 
(spreadsheets and word 

processors) 

Impact of piracy and 
brand switching 

Legal versus illegal 
users 

Krishnan, Bass and 
Kumar (2000)  

Mixed 
influence 

Services 
(cellular telephones 

subscribers) 

Impact of new entrants Three brands  

 
 
Table 2.8 shows analytical models providing normative insights and descriptive 

models for empirical analysis focused on competition among firms. Within the first 
group of models we find those of Teng and Thompson (1983), Horsky and Mate 
(1988) and Dockner and Jorgensen (1992), which focus on optimal advertising 
strategies; the studies of Rao and Bass (1985), Eliashberg and Jeuland (1986), 
Dockner and Jorgensen (1988b) and Martins and Nascimento (1993), which focus 
on optimal pricing strategies; the study of Thompson and Teng (1984), which 
focuses on both optimal advertising and pricing strategies; and that of Kalish, 
Mahajan and Muller (1995), which focuses on optimal entry strategies. We do not, 
however, discuss normative purposes, but we deal with the second group of 
models.  

 
Dodson and Muller (1978) incorporate the possibility of brand switching into 

their diffusion models. However, these authors do not provide any empirical 
application.  

Lilien, Rao and Kalish (1981) by extending the mixed influence diffusion 
model, propose a trial-repeat diffusion model where promotional efforts by the firm 
and competitors are taken into account. Their model is validated on two 
prescription drugs. The authors, analyzing detailing expenditures, get significant 
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although small estimates for own and competitor detailing effectiveness. (This 
model is discussed in more detail in Chapter 6).  

Rao and Yamada (1988) provide support to the Lilien, Rao and Kalish (1981) 
model by analyzing twenty prescription drugs. Their results confirm that 
promotional activities by the firm and competitors affect the diffusion process. 

Mahajan, Sharma and Buzzell (1993) extend the mixed influence model to 
assess the impact of competitive entry on market size and the sales of incumbent 
firms. In their context a new competitor enters into the market previously served by 
a single firm that sells an old and a new brand. They provide an empirical 
application based on data from the United States instant camera market (Polaroid 
against Kodak). The results reveal that the growth of the two brands of the 
incumbent firm (Polaroid) is mainly driven by external influence. However, the 
growth of the new entrant (Kodak) is driven by both the external influence and, 
possibly, by the internal influence (word-of-mouth communication). 

Hahn et al. (1994) extend the mixed influence diffusion model by considering 
that promotional efforts by the firm and its competitors affect external influence. 
Their model is validated on twenty-one prescription drugs in seven different 
product classes. Their results show that, in general terms, promotional efforts 
(detailing and journal advertising) by the firm and competitors affect the external 
influence parameter. (This model is discussed in more detail in Chapter 6). 

Parker and Gatignon (1994) address the impact of competitive marketing 
variables (price and advertising) on the diffusion process of brands in competition. 
They consider nine different brands in the hair styling mousse product category. 
The results show that each brand is characterized by a different diffusion process 
specification, revealing that in this context it is not possible to find a unique 
diffusion model that best characterizes the diffusion process of all the brands in the 
same category. 

Givon, Mahajan and Muller (1997) extend their previous model (Givon, 
Mahajan and Muller, 1995) to explicitly consider brand switching as well as both 
legal and illegal use of competitive software brands. As in their previous study, the 
authors examine the diffusion of major software brands for two software product 
categories (spreadsheets and word processors) in the United Kingdom. The results 
show that a firm must develop market share estimates based on users rather than 
unit sales in the presence of differential piracy and brand switching. 

Krishnan, Bass and Kumar (2000) extend the mixed influence diffusion model -
in fact the Bass model- to analyze the impact of a later entrant on the sales growth 
of the category and the existing brands. To test their model, the authors use cellular 
telephone adoption data in multiple markets. The results reveal good performance 
for the proposed model. 

 
The studies in this section reveal product interactions and competition among 

brands or firms as relevant factors that can condition the diffusion process of the 
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majority of innovations. Models assuming multi-product interactions are validated 
on durables and only the model developed by Peterson and Mahajan (1978) is 
tested on a different innovation: a service (insurance policies). The researchers 
address all kinds of interaction: complementary, contingent and substitute 
interactions. Also, legal versus illegal relationships, a critical interaction that 
concerns managers, has been studied through diffusion models. The results show 
that the diffusion process of an innovation can be partly influenced by the diffusion 
of a related product. Hence, the knowledge of this kind of influence can help 
managers to develop appropriate marketing strategies to favor the diffusion 
processes of innovations. However, the multi-product growth models still receive 
relatively little attention from researchers. The studies that develop models 
assuming competition have received more attention. One group of researchers (that 
we do not address in detail) has focused on normative purposes and another on 
analyzing the impact of marketing variables or a specific event (such as new 
entrances or piracy). The last group has studied different kinds of innovations: 
services, durable and non-durable products. Their results show how the diffusion 
process of an innovation is conditioned by competitors in different ways, such as 
marketing activity or moment of entry. This may result in different diffusion 
processes for different brands in the same category and, hence, they are better 
characterized by different diffusion models.        

 
 

2.4.2.7. Assumption 7. The characteristics of an innovation or its perception do not 
change 

 
The assumption that the characteristics of an innovation or its perception do not 

change in its life time is not adequate for many products, especially for those which 
are subject to continuous modifications and improvements. An example is the case 
of new technology such as personal computers39. Neither do the basic diffusion 
models explicitly consider the impact of an innovation’s characteristics or its 
perception among potential adopters; they tend to consider that all innovations are 
equal. By ignoring the effect of an innovation’s perceived attributes on its adoption 
rate, these models are disregarding the fact that empirical studies such as those of 
Tornatzky and Klein (1982), Rogers (1983), Winer (1985) or Holak, Lehmann and 
Sultan (1987) find sufficient evidence to confirm that adopter perception of an 
innovation’s attributes conditions the rate of adoption40.  
                                                 
39 Diffusion of successive generations of products should also be included here. As we have stated in 
assumption 4, given the amplitude of this research area, we are not going to enter into more detail. Of 
course, it is important to know that this area exists. 
40 Tornatzky and Klein (1982), in a meta-analysis of seventy-five studies, detect that there is stronger 
empirical support for the relationship of relative advantage, compatibility and complexity with 
adoption rate, than for those for trialability and observability. Rogers (1983) after an exhaustive 



Diffusion of innovations: Theoretical considerations   •    
 
 

Modeling Innovation Diffusion Patterns 

71 

The mathematical formulation of diffusion models, e.g. the Bass model, 
implicitly assumes that the potential adopter population is homogeneous (Tanny 
and Derzko, 1988; Chatterjee and Eliashberg, 1990); that is, all individuals who are 
yet to adopt, have, at any point within the diffusion process, the same probability of 
adopting in a given time period, and “differences in individual adoption times are 
purely stochastic” (Chatterjee and Eliashberg, 1990, p.1058).  

 
Authors such as De Palma, Droesbeke and Lefevre (1984), Kalish (1985), 

Srivastava et al. (1985), Kalish and Lilien (1986a, 1986b) and El Ouardighi and 
Tapiero (1998) relax the seventh assumption, which underlies the fundamental 
diffusion model. 

De Palma, Droesbeke and Lefevre (1984) extend the mixed influence model by 
considering that the rate of diffusion can depend on the price of the product and its 
characteristics (such as quality or usefulness); these are measured by a utility 
function. The authors do not present any empirical application. 

Kalish (1985) assumes a heterogeneous population with regard to the valuation 
of the product. The adoption of a new product is divided into awareness and 
adoption. To model adoption, Kalish proposes a model that is conditional on 
awareness and the perceived risk adjusted value of the product. He presents an 
application of his model on an unspecified durable product. His model provides 
good fit to the data.  

Srivastava et al. (1985) extend the mixed influence diffusion model by 
considering that external and internal influences are functions of relevant 
innovation attributes. They develop a multi-attribute diffusion model to forecast the 
acceptance of potential investment alternatives for consumers. Although they 
propose a variety of attributes, only the perceived likelihood of negative return and 
the perceived information cost are considered in their analysis. Their results 
confirm that the incorporation of information on the innovation attributes improves 
the capacity of the model to predict diffusion patterns. 

Kalish and Lilien (1986a, 1986b) extend the mixed influence model by 
considering a dynamic potential market and by assuming internal influence as a 
perceived product-quality feedback term. The authors provide an empirical 
application based on data on a new photovoltaic system and the results show that 
the fit is good and the parameters have correct signs, good significance levels and 
proper magnitudes. 
                                                                                                                            
analysis of a large number of studies, indicates that between 49% and 87% of variation in adoption 
rates is generally explained by adopter perceptions of the five innovation attributes (relative 
advantage, compatibility, complexity, trialability and observability). Winer (1985) and Holak, 
Lehmann and Sultan (1987) investigate the role that consumer expectations play in the adoption of 
consumer durables. 
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El Ouardighi and Tapiero (1998) introduce a general diffusion model where the 
quality of the product is the only control variable. They show that price acts as a 
signal of quality in the context of diffusion. The analytical results suggest that 
when the speed of diffusion is insufficient to fill unit profit margin erosion induced 
by product cycle aging, quality must increase to stimulate it more.   

 
In addition to the aggregate-level diffusion perspective, Roberts and Urban 

(1988) are pioneers in the transfer of the individual behavioral framework from 
economics to marketing41. Authors, such as Chatterjee and Eliashberg (1990), 
develop models that consider potential adopter perception of the relevant 
innovation attributes from a disaggregate-level model approach. Although we do 
not focus on the disaggregate-level diffusion models, it is interesting to know that 
Chatterjee and Eliashberg (1990) develop a flexible diffusion model that 
incorporates heterogeneity in the population along with other dimensions -such as 
initial perceptions of the performance of the innovation, key determinants of 
preference (risk attitude and price sensitivity) and responsiveness to information on 
the innovation- that affect the individual adoption decision. They present an 
aggregate diffusion model that, based on individual-level behavior, describes the 
diffusion process of an innovation (a high involvement durable or service) in a 
heterogeneous population.  

 
 

2.4.2.8. Assumption 8. There are no supply restrictions  
 
Looking at the nature of the fundamental diffusion models, we see that they are 

demand models.  
The inability to capture supply restrictions is another shortcoming attributed to 

diffusion models42. The scarcity of a new product in the market (for example, due 
to constraints in productive capacity or deficiencies in the distribution process) 
could increase the number of potential adopters (Simon and Sebastian, 1987). If the 
demand for a new product exceeds its supply, the distribution of adopters 
corresponds with the supply distribution and not with the distribution of the 
demand for the product (Mahajan, Muller and Bass, 1993).  

 
Jain, Mahajan and Muller (1991) are the first authors who address this 

shortcoming of diffusion models by explicitly modeling supply-side constraints. 
                                                 
41 See Hiebert (1974), Stoneman (1981), Feder and O’Mara (1982) and Jensen (1982) for pioneering 
models of adoption of innovations using micro-modeling approaches (disaggregate-level perspective) 
in economics literature.  
42 Urban, Hauser and Roberts (1990) consider the influence of supply restrictions on consumer 
preferences and on the demand for new products. 
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They point out that supply restrictions can lead to a queue of potential consumers. 
They distinguish three kinds of adopters: potential adopters, waiting applicants and 
current adopters. The application of their model is illustrated using data from new 
telephones in Israel.  

Other authors modeling the diffusion process of innovations in an environment 
with supply restrictions are Ho, Savin and Terwiesch (2002), Kumar and 
Swaminathan (2003) and Swami and Khairnar (2003). Ho, Savin and Terwiesch 
(2002) model a constrained new product diffusion situation from a supply chain 
management perspective, and they present a numerical study. Kumar and 
Swaminathan (2003) consider a more general setting than that considered by Ho, 
Savin and Terwiesch (2002). Their model is capable of handling a variety of 
scenarios for backlogging unmet demand, ranging from complete backlogging to 
lost sales.  Like the previous authors, they present a numerical study. Swami and 
Khairnar (2003) model a situation in which a limited quantity product ceases to 
remain available after a certain point in time. They apply their model to the case of 
a performing arts company selling seats before a concert. 

 
 

2.4.2.9. Assumption 9. The impact of marketing strategies is implicitly captured by 
the model parameters 

 
The classical diffusion models are parsimonious models that quantify the 

diffusion phenomenon and capture its essence with the help of only a few 
parameters. Although these parameters have clear theoretical interpretation and 
implicitly capture the impact of marketing variables on the diffusion process of an 
innovation, the classical diffusion models do not provide an understanding of the 
specific effect of these variables. This has led certain economists, such as Russell 
(1980), to describe innovation diffusion models as incomplete. The explicit 
incorporation of marketing variables not only gives the model greater realism but 
also contributes to better business management by considering the possibility of 
altering the diffusion process through marketing control. In fact, the importance of 
marketing mix variables in diffusion models has been pointed out by diffusion 
scholars (Mahajan and Muller, 1979; Kalish and Sen, 1986; Mahajan and Wind, 
1986, 1988; Mahajan, Muller and Bass, 1990; Bass, Jain and Krishnan, 2000). As 
these authors point out, the incorporation of marketing mix variables into diffusion 
models is important because, in this way, the effect of marketing on diffusion can 
be measured and marketing strategies for new products can be improved. Jorgensen 
(1983, p. 269) points out “In a marketing context, the purpose of the model is to 
describe and predict the increase over time in the number of adopters of a new 
product. However, from a product manager’s point of view, many diffusion models 
may not be very useful since they fail to incorporate the firm’s marketing decision 
variables such as price and advertising”.  
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The importance of explicitly considering marketing variables in diffusion 
models obliges us to dedicate special attention to this topic. Some relevant 
questions arise: 
- Which parameters are influenced by marketing mix variables? 
- Which functional form is appropriate for incorporating marketing mix 

variables into diffusion models? 
Although a lot of studies concerning marketing variables in the diffusion 

process have been developed, there are no conclusive answers to these questions. 
Theoretically, marketing variables can affect external influence43, internal 
influence44 and/or potential market. Table 2.9 shows how to include marketing 
variables in diffusion models. More options can be obtained by combining those 
shown in the table. Nevertheless, although some combinations can be theoretically 
appealing, we have to remember that econometrical problems can rise when 
parameters are estimated (Simon and Sebastian, 1987). Examples of these 
problems are multicollinearity problems.   

 
 

 Table 2.9. 
 Marketing variables in diffusion models 
 

Marketing variables affect(*) ... 
 

… external influence (with a non-separable function of the diffusion process) 

1 2

1

( ) ( )( ) ( ) ( )
( )

where  ( ) (marketing variables( ))

dN t N tn t t M N t
d t M

t f t

β β

β

 = = + −   
 

=
 

 

… internal influence (with a non-separable function of the diffusion process) 

1 2

2

( ) ( )( ) ( ) ( )
( )

where  ( ) (marketing variables( ))

dN t N tn t t M N t
d t M

t f t

β β

β

 = = + −   
 

=
 

 

… both external and internal influence (with a non-separable function of the diffusion process) 

1 2

1 1 2 2

( ) ( )( ) ( ) ( ) ( )
( )

where  ( ) (marketing variables( ))  and  ( ) (marketing variables( ))

dN t N tn t t t M N t
d t M

t f t t f t

β β

β β

 = = + −   
 

= =
 

 

… both external and internal influence (with a separable function of the diffusion process) 

1 2
( ) ( )( ) (marketing variables( )) ( )

( )
dN t N tn t f t M N t
d t M

β β = = + −    
 

 

 

 
                                                 
43 In this case, marketing variables affect the adoption decision of a potential adopter without being 
influenced by information  from an early adopter.   
44 In this case, marketing variables stimulate interpersonal communication.  
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Table 2.9. 
 Marketing variables in diffusion models (continued) 

… potential market (with a non-separable function of the diffusion process) 

1 2
( ) ( )( ) ( ) ( )

( ) ( )
where  ( ) (marketing variables( ))

dN t N tn t M t N t
d t M t
M t f t

β β
 

= = + −   
 

=

 

 
 

where 
n(t)=dN(t)/dt: non-cumulative number of adopters at time t or the rate of diffusion at time t 
N(t): cumulative number of adopters at time t 
M: potential market 
β1: parameter of external influence 
β2: parameter of internal influence 
marketing variables(t): marketing variables at time t 
f(.): functional shape of the influence of marketing variables 
β1(t): time-varying parameter of external influence 
β2 (t): time-varying parameter of internal influence 
M(t): dynamic potential market 
 

(*): Internal influence is represented by bN(t) instead of β2(N(t)/M) if the Mahajan and Peterson (1985) 
specification is used. 

 
 
Many authors have worked on relaxing this assumption (i.e. implicit 

consideration of marketing variables) to improve the realism of diffusion models. 
We briefly discuss some of the studies that explicitly incorporate marketing 
variables into diffusion models. Although some of these studies have already been 
mentioned in the context of other assumptions, we refer to them again here because 
their models are also examples of models which explicitly consider marketing 
efforts. In this case, we only point out parts of the models related to marketing 
variables (i.e. assumption 9). Table 2.10 shows these studies according to four 
dimensions: the kind of influence (external, internal or mixed) considered in the 
diffusion model, the type of innovation analyzed, the study’s purpose and the 
marketing variables incorporated. 

 
The model developed by Chatterjee and Eliashberg (1990) is not included 

because they develop an individual-level diffusion model. We also do not consider 
models within the proportional-hazard framework (Cox, 1972) introduced into 
marketing by Jain and Vilcassim (1991), Jain (1992) and Helsen and Schmittlein 
(1993); these models also incorporate differences in terms of the underlying 
consumer characteristics. This research is beyond the scope of our study.  
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Table 2.10. 
Models considering marketing mix variables. 

     

Reference Extended 
model Innovation context Purpose 

Marketing 
mix 

variables 
     

Robinson and 
Lakhani (1975) 

Mixed 
influence 

Consumer durable 
technological products 

(semiconductor device; an 
illustrative example)  

Normative purposes 
(optimal pricing strategy) 

 
monopoly 

Price 

Dodson and 
Muller (1978) 

Mixed 
influence 

Durable consumer and non-
durable consumer products 

(no empirical analysis) 

Impact of marketing 
variables  

 
competition 

Advertising 

Bass (1980) 

Mixed 
influence 

Consumer durable 
technological products 

(electric refrigerators, room air 
conditioners, automatic 

dishwashers, black and white 
TVs, electric clothes dryers, 

color TVs 

Normative purposes 
(optimal pricing strategy) 

 
monopoly 

Price 

Dolan and 

Jeuland (1981) 

Mixed 
influence 

Durable consumer and non-
durable consumer products 
(simulation, no analytical 

results) 

Normative purposes 
(optimal pricing strategy) 

 
monopoly 

Price 

Lilien, Rao and 
Kalish (1981)  

Mixed 
influence 

Non-durable consumer 
products 

(prescription drugs) 

Impact of marketing 
variables  

 
competition 

Detailing 

Bass and 
Bultez (1982) 

Mixed 
influence 

Durable products 
(simulation, no analytical 

results) 

Normative purposes 
(optimal pricing strategy) 

 
monopoly 

Price 

Feichtinger 
(1982) 

Mixed 
influence 

New product (unspecified) 
(phase diagram) 

Normative purposes 
(optimal pricing strategy) 

 
monopoly 

Price 

Jeuland and 
Dolan (1982) 

Mixed 
influence 

Non-durable products 
(simulation, no analytical 

results) 

Normative purposes 
(optimal pricing strategy) 

 
monopoly 

Price 

Horsky and 
Simon (1983) 

Mixed 
influence 

Durable products 
(telephonic banking as a new 

system) 

Normative purposes 
(optimal advertising 

strategy) 
 

monopoly 

Advertising 

Jorgensen 
(1983)   

Mixed 
influence 

Durable products 
(no empirical application) 

Normative purposes 
(optimal pricing strategy) 

 
monopoly 

Price 

Kalish (1983) 

Mixed 
influence 

Durable and non-durable 
products  

(no empirical application) 

Normative purposes 
(optimal pricing strategies) 

 
monopoly 

Price 
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Table 2.10. 
Models considering marketing mix variables (continued). 

     

Reference Extended 
model Innovation context Purpose 

Marketing 
mix 

variables 
     

Teng and 
Thompson 
(1983) 

Mixed 
influence 

Durable products 
(numerical solutions) 

Normative purposes 
(optimal advertising 

strategies) 
 

competition 

Advertising 

De Palma, 
Droesbeke, 
Lefevre and 
Rosinski 
(1984) 

Mixed 
influence 

Durable products 
(no empirical application) 

Impact of marketing 
variables 

 
no competition 

Price 
 

Thompson and 
Teng (1984) 

Mixed 
influence 

Durable products 
(numerical solutions) 

Normative purposes 
(optimal pricing and 

advertising strategies) 
 

competition 

Price 
Advertising 

Kalish (1985) 

Mixed 
influence 

Durable consumer and non-
durable consumer products 

 (unspecified) 

Normative purposes 
(optimal pricing and 

advertising strategies) 
 

monopoly 

Price 
Advertising 

Rao and Bass 
(1985) 
 

Mixed 
influence 

 

semi-conductor components 
industry  

(results on eight products and 
numerical experiments) 

Normative purposes 
(optimal pricing strategies) 

 
competition 

Price 

Eliashberg and 
Jeuland (1986) 

External 
influence 

Durable products 
(numerical simulations) 

Normative purposes 
(optimal pricing strategies) 

 
competition 

Price 

Kalish and 
Lilien (1986a, 
1986b) 

Mixed 
influence 

Durable consumer product 
(photovoltaic system) 

Impact of marketing 
variables 

 
no competition 

Price 

Kamakura and 
Balasubramani
an (1987) 

Mixed 
influence 

Consumer durable 
technological products 
(refrigerators, vacuum  

cleaners, toasters, electric 
blankets) 

Impact of marketing 
variables  

 
no competition 

Price 

Simon and 
Sebastian 
(1987) 

Mixed 
influence 

Durable technological products 
(telephones) 

Impact of marketing 
variables  

 
no competition 

Advertising 

Dockner and 
Jorgensen 
(1988a) 

Mixed 
influence 

Durable products 
(no empirical application) 

Normative purposes 
(optimal advertising 

strategies) 
 

monopoly 

Advertising 
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Table 2.10. 
Models considering marketing mix variables (continued). 

     

Reference Extended 
model Innovation context Purpose 

Marketing 
mix 

variables 
     

Dockner and 
Jorgensen 
(1988b) 

Mixed 
influence 

Durable products 
(analytical results) 

Normative purposes 
(optimal pricing strategies) 

 
competition 

Price 

Horsky and 
Mate (1988) 

Mixed 
influence 

Durable products 
(numerical solutions) 

Normative purposes 
(optimal advertising 

strategies) 
 

competition 

Advertising 

Kamakura and 
Balasubramani
an (1988) 

External, 
Internal 

and Mixed 
influence 

Consumer durable 
technological products 

(air conditioners, refrigerators, 
vacuum  cleaners, toasters, 

blenders, mixers) 

Impact of marketing 
variables  

 
no competition 

Price 

Rao and 
Yamada (1988) 

Mixed 
influence 

Non-durable consumer 
products 

(prescription drugs) 

Impact of marketing 
variables 

 
competition 

Detailing 

Horsky (1990) 

Mixed 
influence 

Consumer durable 
technological products 

(black and white TVs, color 
TVs, dishwashers, clothes 

dryers) 

Normative purposes 
(optimal pricing strategy) 

 
monopoly 

Price 

Jain and Rao 
(1990) 

Mixed 
influence 

Consumer durable 
technological products 
(room air conditioners,   

clothes dryers, color TVs, can 
openers) 

Impact of marketing 
variables 

 
no competition  

Price 

Bhargava, 
Bhargava and 
Jain (1991) 

Mixed 
influence 

Durable consumer products 
(color TVs) 

Impact of marketing 
variables 

 
no competition 

Price 

Jones and Ritz 
(1991) 

Mixed 
influence 
(equation 
system) 

Durable consumer products 
(movies) 

Impact of marketing 
variables 

 
no competition 

Distribution 

Mahajan and 
Muller (1991) 

Mixed 
influence 

Durable products 
(simulation) 

Normative purposes 
(optimal pricing strategy) 

 
monopoly 

Price 

Dockner and 
Jorgensen 
(1992) 

Mixed 
influence 

Durable products 
(analytical results) 

Normative purposes 
(optimal advertising 

strategies) 
 

competition 

Advertising 
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Table 2.10. 
Models considering marketing mix variables (continued). 

     

Reference Extended 
model Innovation context Purpose 

Marketing 
mix 

variables 
     

Parker (1992) 

Mixed 
influence 

Consumer durable 
technological products 
(bed covers, blenders, 

calculators, clothes dryers, 
dishwashers, disposers, 

freezers, ironers, microwave 
ovens, ranges, built-in rangers, 

refrigerators, room air 
conditioners, steam irons, color 
TVs, black and white TVs, and 

water pulsators) 

Impact of marketing 
variables 

 
 
 
 

no competition 

Price 

Martins and 
Nascimento 
(1993) 

External 
influence 

Non-durable products 
(no empirical application) 

Normative purposes 
(optimal pricing strategy) 

 
competition 

Price 

Bass, Krishnan 
and Jain (1994) 

Mixed 
influence 

Consumer durable 
technological products 

(room air conditioners, clothes 
dryers, color TVs) 

Impact of marketing 
variables 

 
no competition 

Price 
Advertising 

Hahn, Park, 
Krishnamurthi 
and Zoltners 
(1994) 

Mixed 
influence 

Consumer non-durable 
products 

(prescription drugs) 

Impact of marketing 
variables  

 
 
 

competition 

Detailing 
together with 

medical 
journal 

advertising 

Parker and 
Gatignon 
(1994) 

Mixed 
influence 

Non-durable consumer 
products 

(hair styling mousses) 

Impact of marketing 
variables  

 
competition 

Price 
Advertising 

Jain, Mahajan 
and Muller 
(1995) 

Mixed 
influence 

Durable and non-durable 
products  

(numerical solutions) 

Normative purposes 
 

monopoly 

Sampling 

Mesak and 
Berg (1995) 

External, 
Internal 

and Mixed 
influence 

Consumer durable 
technological products  

(dishwashers, electric dryers, 
disposers, color TVs, 

refrigerators,  freezers, ranges, 
black and white TVs, air 

conditioners) 

Normative purposes 
(monopoly) 

and 
impact of marketing 

variables  
(no competition) 

Price 

Mesak (1996) 

Mixed 
influence 

Consumer durable 
technological products  

(cable TV) 

Normative purposes 
(monopoly) 

and 
impact of marketing 

variables  
(no competition) 

Price 
Advertising 
Distribution 
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Table 2.10. 
Models considering marketing mix variables (continued). 

     

Reference Extended 
model Innovation context Purpose 

Marketing 
mix 

variables 
     

Bottomley and 
Fildes (1998) 

External, 
Internal 

and Mixed 
influence 

Consumer durable 
technological products  

(color TVs, videocassette 
recorders, microwave ovens, 

video-cameras (inc. 
camcorders), compact disc 

players -in UK-) 
(air conditioners, refrigerators, 

vacuum cleaners, blenders, 
mixers and toasters -in the 

USA-) 

Impact of marketing 
variables 

 
 
 
 

no competition 

Price 

Putsis (1998) 

Mixed 
influence 

Consumer durable 
technological products  

(color TVs, video cassette 
recorders) 

Impact of marketing 
variables 

 
no competition 

Price 

Krishnan, Bass 
and Jain (1999) 

Mixed 
influence 

Durable products 
(numerical solutions) 

Normative purposes 
(optimal pricing strategy) 

 
monopoly  

Price 
 

 
 
Robinson and Lakhani (1975) were pioneers in incorporating decision variables 

into diffusion models. Robinson and Lakhani (1975), Dolan and Jeuland (1981), 
Bass and Bultez (1982) and Jeuland and Dolan (1982) investigating the optimal 
strategic pricing of technological innovations, extend the mixed influence model by 
incorporating price (as a separable function of the diffusion process). Robinson and 
Lakhani (1975) and Dolan and Jeuland (1981) introduce price into the model using 
the function: 

1 ( )( ( )) P tf P t e δ−=                 (2.76) 
where P(t) is price at time t and δ1 is a constant. Bass and Bultez (1982) and 

Jeuland and Dolan (1982) introduce price into the model using the function: 
1( ( )) ( )f P t P t δ−=                       (2.77) 

where P(t) is price at time t and δ1 is the price elasticity parameter. All the 
previous authors use simulations to validate their models.  

Dodson and Muller (1978) develop two models that extend the mixed influence 
diffusion model. The first model is a dynamic mixed influence diffusion model 
with advertising and social interaction (word-of-mouth); the second model extends 
the first by incorporating repeat purchases and brand switching. The movement 
from unawareness of the existence of the product to awareness is considered to be a 
function of the firm’s advertising expenditure. However, these authors do not 
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provide details regarding the estimation procedure, data sources, estimation or 
specification of initial awareness and the advertising response function. 

Bass (1980) proposes a demand model, based on the Bass (1969) model, for 
consumer durable technological innovations that incorporates price as a separable 
function of the diffusion process. Bass (1980) uses Equation (2.77) to introduce 
price into the model. He estimates the model using data on six consumer durable 
innovations.  

Lilien, Rao and Kalish (1981) propose a trial-repeat diffusion model with 
promotional efforts (specifically detailing) that represents an extension to the 
mixed influence model. They test their model using data on two prescription drugs 
and get significant although small estimates for detailing effectiveness. The results 
show that detailing affects the diffusion process of the analyzed prescription drugs. 
(This model is discussed in more detail in Chapter 6). 

Feichtinger (1982) focuses on optimal pricing. He extends the mixed influence 
model by assuming that price affects the diffusion process of the innovation 
through the potential market. Feichtinger uses a phase portrait analysis to show the 
applicability of his model. 

Horsky and Simon (1983) extend the mixed influence diffusion model by 
considering that advertising affects external influence but not internal influence. 
They provide an empirical application based on data from telephone banking. The 
results show that advertising affects the diffusion process in the five cities where 
the new system was introduced.  

Jorgensen (1983) focuses on optimal pricing policy. He extends the mixed 
influence diffusion model by assuming that potential market is a linear-decreasing 
function of price. Neither empirical nor numerical results are provided. 

Kalish (1983) deals with pricing of a new product (durable and non-durable 
goods) over time. Considering the mixed influence diffusion model, Kalish 
incorporates price in his model in the same way as Dolan and Jeuland (1981). 
There is no empirical application. 

Teng and Thompson (1983) study competitive encounters among firms and are 
especially interested in policy questions involving introductions of new products. 
The control variable available for each firm is advertising. Their monopolistic 
demand model, which is extended to an oligopoly model, is based on the mixed 
influence diffusion model. The authors extend the mixed influence diffusion model 
by allowing the parameters of external and internal influence to be linear functions 
of advertising (see assumption 3, Equation (2.48)). As with other authors, in the 
study by Teng and Thompson, analytical complexity makes numerical experiments 
a useful way to show how their model works. 

De Palma, Droesbeke and Lefevre (1984) extend the mixed influence model by 
considering that price can affect the rate of diffusion (following Robinson and 
Lakhani (1975) -Equation (2.76)-) and/or the potential market (see assumption 2, 
Equations (2.32) and (2.33)). The authors do not present any empirical application. 
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Thompson and Teng (1984) extend their advertising model (Teng and 
Thompson, 1983) to incorporate the impact of price in the demand specification, 
via a multiplicative term (following Robinson and Lakhani, 1975) that is a 
decreasing function of price. The authors show numerical solutions of a number of 
examples. 

Kalish (1985) proposes a model divided into two stages. Advertising is included 
in the first stage (awareness) and price in the second (adoption). This first stage 
also depends on cumulative sales of the product, initial potential market and the 
information that potential adopters have on the new product. The second stage also 
depends on cumulative sales of the product, initial potential market and the 
information that potential adopters have on the new product. Although Kalish 
considers both durable and non-durable goods, he tests his model on an unspecified 
durable product and the results show that his model provides good fit to the data.  

Rao and Bass (1985) propose a pricing model with both dynamic and 
competitive effects. The authors consider several cases where price can affect the 
potential market or the adoption rate as a separable function. They use the price 
function -Equation (2.77)- used by Bass and Bultez (1982) and Jeuland and Dolan 
(1982). The authors examine price dynamics in the semi-conductor components 
industry for eight products. 

Eliashberg and Jeuland (1986), interested in dynamic pricing strategies for new 
durable goods in a competitive context, extend the external influence model by 
incorporating price into the model. They propose two functions for external 
influence (see assumption 3, Equations (2.51) and (2.52), respectively). The 
authors provide several numerical simulations. 

Kalish and Lilien (1986a, 1986b) introduce price into the mixed influence 
model by affecting the potential market. The results from data on a new durable 
product (photovoltaic system) confirm the influence of price on the potential 
market.  

Kamakura and Balasubramanian (1987) extend the mixed influence model by 
allowing replacement and explicitly incorporating price into the model affecting 
the potential market. They test their model on four consumer durables. The results 
show that although the estimates of price show the expected negative sign, they are 
generally insignificant.  

Simon and Sebastian (1987) propose several ways of incorporating advertising 
into the diffusion model, affecting external or internal influence. Their results show 
that, although advertising efforts affect both external and internal influence, the 
model which considers that advertising affects only internal influence is slightly 
superior.  

Dockner and Jorgensen (1988a) investigating optimal advertising strategies for 
new products in a monopolistic market, propose a mixed influence diffusion model 
in which external and/or internal influence are dependent on advertising. They 
incorporate a linear function of advertising into the diffusion model (as non-
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separable functions) and assume decreasing returns from advertising. Although 
they propose their model with the introduction of consumer durables in mind, they 
do not show any empirical application or numerical results. 

Dockner and Jorgensen (1988b) extend the mixed influence diffusion model by 
dealing with optimal pricing policies in a competition context. Specifically, they 
develop an oligopolistic extension to the Kalish (1983) monopoly pricing model. 
Following Robinson and Lakhani (1975), they assume that the interaction between 
adoption rate and price is multiplicative. A linear price specification is considered. 
The authors derive analytical results for special cases of a general model that 
includes diffusion and pricing effects. The authors point out that in all cases it 
seems to be the rule that optimal oligopolistic prices should increase (decrease) 
whenever there are positive (negative) adoption effects, i.e. past sales stimulate 
(discourage) current sales.  

Horsky and Mate (1988), investigating optimal advertising policies, extend the 
mixed influence diffusion model by incorporating advertising effects for two firms 
introducing new durable products. They specify the effectiveness of advertising to 
be a logarithmic function of advertising expenditure. The authors provide 
numerical evaluations. 

Kamakura and Balasubramanian (1988) extend the diffusion models of external, 
internal and mixed influence by considering a dynamic potential market and by 
explicitly incorporating price. They present a nested family of models in which 
they consider different ways of incorporating price:  

-  Price only affects the potential market 
2

1( ) ( ) ( ) ( ) ( )n t g t HH t P t N tδδ = −               (2.78) 

- Price only affects adoption probability  
[ ]3

1( ) ( ) ( ) ( ) ( )n t g t P t HH t N tδ δ= −     (2.79) 
- Price affects both adoption probability and the potential market 

3 2
1( ) ( ) ( ) ( ) ( ) ( )n t g t P t HH t P t N tδ δδ = −     (2.80) 

where HH(t) is the number of electrified households at time t, P(t) an index 
price at time t (deflated by the Consumer Price Index), δ1 the final penetration 
level, δ2 the impact of price on the potential market and δ3 the impact of price on 
the probability of adoption. The form of g(t) will depend on the kind of influence 
considered, it will be g(t) = a for external influence, g(t) = bN(t) for internal 
influence and g(t) = a + bN(t) for mixed influence. The authors test their 
specifications on six durable consumer products. Their results show that price does 
not impact on the lower-priced durables, while it impacts on adoption probability 
for the relatively higher-priced durables. Hence, when price does impact on the 
diffusion process, it is achieved through an effect on adoption probability, not 
through the potential market. Another interesting result is that the mixed influence 
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diffusion model is not always the most parsimonious representation of the diffusion 
process. It depends on the product category.   

Rao and Yamada (1988) provide support for the Lilien, Rao Rao and Kalish 
(1981) model by analyzing twenty prescription drugs. Their results show that 
promotional activities affect the diffusion process, given that detailing estimates 
generally present the expected signs and are significant.  

Horsky (1990) develops a model describing a durable purchase decision made 
by a utility maximizing household. His model extends the mixed influence 
diffusion model by considering a dynamic potential market. Price, income and the 
number of households are the variables used to introduce dynamism into the 
potential market. Data from black and white televisions, color televisions, 
dishwashers and clothes dryers are used for the empirical application. However, 
Horsky assumes that a certain percentage of the demand in later years was made up 
of replacement purchases. As there is no empirical support for this assumption, his 
results can be questioned (Bass, Jain and Krishnan, 2000).  

Jain and Rao (1990), in line with Kamakura and Balasubramanian (1988), 
extend the mixed influence diffusion model by incorporating price. They use the 
following functions for price: 

1
1( ( )) ( )f P t P t δ=       (2.81) 

( )3
2

2

1( ( ))
1 ( )

f P t
P t δδ −

=
+

               (2.82) 

where P(t) is price at time t, and δ1, δ2 and δ3 are constants. The difference 
between these two studies is that Kamakura and Balasubramanian (1988) use a 
discrete-time formulation for estimating a continuous model, and Jain and Rao 
(1990) use the continuous-time formulation. Although using discrete time 
formulations introduces the possibility of time interval bias, previous research has 
suggested that parameters do not differ widely according to the estimation method 
used (Mahajan, Mason and Srinivasan, 1986). Jain and Rao test their models with 
four durable consumer products: room air conditioners, clothes dryers, color 
televisions and can openers. Their results show that price has no significant effect 
on can openers but does affect the adoption rates of the other products. (We 
address this model again in Chapter 5). 

Bhargava, Bhargava and Jain (1991) extend the Bass model by incorporating 
price. They present four models incorporating price: two models where price 
affects the potential market (see assumption 2, Equations (2.41) and (2.42)) and 
two models where price affects the rate of diffusion (using separable functions). 
The authors use the following functions for price: 

- 
1( )( ( ))

(0)
P tf P t
P

δ
 

=  
 

      (2.83) 
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- 2
( )( ( )) exp 1
(0)

P tf P t
P

δ
  

= −  
  

 (2.84) 

where P(t) is the inflation-adjusted price at time t, P(0) the initial price at time 
t=0 and δ1 and δ2 are parameters. The authors analyze the diffusion of color 
televisions in India. They do not find conclusive results regarding price.  

Jones and Ritz (1991) propose an equation system in which two different diffusion 
processes interact: the retailers’ diffusion process (producers to retailers), which is 
represented by a modified Bass model, and the consumers’ diffusion process (retailers 
to consumers), which is represented by a diffusion model of external influence. The 
data used in this study comes from the movie industry; movies are considered durable 
products. Although these authors conclude that their model achieves a lower degree of 
fit than other models –Bass model and NUI model (Easingwood, Mahajan and 
Muller, 1983)- which only reflect a single consumer process (producer to consumers), 
its fit is still exceptional and has the benefit of incorporating the effect of 
distribution.  

Mahajan and Muller (1991), focused on pricing strategies for primary and 
contingent products, assume that price produces a multiplicative effect on the rate 
of diffusion (separable functions are considered). They analyze two types of 
contingent relationships. In type one they assume that the primary product can be 
used without adopting the contingent product and price is introduced into the 
model following Robinson and Lakhani (1975). In type two, they assumed that the 
primary product cannot be used without the contingent product and, therefore, the 
price of the contingent product is important for the decision to adopt the primary 
product. Thus, for the primary product, the response function for price at time t is 
given by: 

1 1 12 2( ) ( )( ( )) P t P tf P t e δ δ− −=       (2.85) 
where Pi (i = 1 or 2) is the price of each product at time t, δ1 the parameter that 

measures the price sensitivity of product 1 and δ12 the parameter that measures the 
price cross sensitivity. The term 12 2 ( )P te δ−

 reflects the contingent nature of the 
products. This term measures the effect on the diffusion of the primary product due 
to changes in the price of the contingent product. Some normative results emerge 
from a simulation study.  

Dockner and Jorgensen (1992) extend their previous work (Dockner and 
Jorgensen, 1988a) to oligopolistic competition. They assume that advertising and 
price are the major sources of influence on sales rate, but due to the complexity 
involved in considering the two together, they agree to concentrate on advertising 
effects and to consider exogenously determined price paths. The authors derive 
analytical results for special cases of a general model that includes advertising 
effects. In one of the special cases, they consider a generalization of the Horsky 
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and Simon (1983) dynamics to include advertising. Some analytical results are 
derived.  

Parker (1992) focuses on price elasticity dynamics. He extends the mixed 
influence diffusion model by incorporating price as both a separable and a non-
separable function of the diffusion process (we discussed these functions in 
assumption 3). He analyzes sixteen durable product categories. The results show 
that for some low and high priced categories, price does not play a major role in the 
diffusion process. For some low priced categories price impacts on the diffusion 
process. This is in contrast to Kamakura and Balasubramanian (1988), who find 
that only for high priced categories does price impact on the diffusion process. 

Martins and Nascimento (1993) focus on the diffusion of non-durables in a 
competitive environment. However, competitive action/reaction is not modeled 
explicitly even though the dynamics of the model allow for switching in and out of 
the product and, hence, competitive dynamics are inherently recognized. They 
extend the external influence diffusion model by allowing adopters not to buy in 
the following period and by considering dynamic potential market. Price is 
introduced into their model by affecting the potential market (see assumption 2). 
Although Martins and Nascimento do not present an empirical application, they 
derive optimal trajectories using phase diagrams. 

Bass, Krishnan and Jain (1994) propose the Generalized Bass Model (GBM)45. 
Their model extends the Bass model by incorporating marketing variables. They 
assume that price and advertising affect adoption rate and use a separable function 
of the diffusion process to incorporate these variables into the diffusion model: 

[ ]1 2( ( ), ( )) 1 ( ( )) ( ( ))f P t A t f P t f A t= + +     (2.86) 
where  

1 1
( )( ( ))

( 1)
P tf P t

P t
δ ∆

=
−

   and      (2.87)  

2 2
( )( ( ))

( 1)
A tf A t

A t
δ ∆

=
−

      (2.88) 

where P(t) is price at time t, ∆P(t) the change in price at time t, A(t) advertising 
at time t, ∆A(t) the change in advertising at time t, and δ1 and δ2 are parameters. δ1 
and δ2 are the diffusion price and advertising parameters, respectively, since they 
control the effect of price and advertising on the diffusion process. They test the 
model with room air conditioners, clothes dryers and color televisions. The results 
show that price and advertising have significant effects for room air conditioners 
and clothes dryers, and price has a significant effect for color televisions. (We 
address this model again in Chapter 4). 

                                                 
45 Also see Bass, Jain and Krishnan (2000) for a detailed review of the Generalized Bass model. 
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Hahn et al. (1994) consider that promotional efforts (detailing and medical 
journal advertising) affect external influence. Their model is validated on twenty-
one prescription drugs in seven different product classes. Their results show that, in 
general terms, promotional efforts affect external influence. (This model is 
discussed in more detail in Chapter 6).   

Parker and Gatignon (1994) propose alternative specifications of brand–level 
first purchase diffusion models. They suggest a typology of brand-diffusion 
processes depending on the nature of interpersonal influences and brand-level 
competition. They consider nine different brands in the hair styling mousse product 
category. Although they analyze frequently purchased products, they do not 
consider repeat purchases in their models. The results show that each brand is 
characterized by a different diffusion process specification. Although marketing 
mix variables are critical to the diffusion of brands, their impact is not identical 
across brands. The results show that the sensitivity of trials to price remains 
constant or increases over time, but advertising sensitivity can be insignificant, 
increase or decrease over time, depending on the order of entry. 

Jain, Mahajan and Muller (1995) extend the Bass model in order to determine 
the optimal number of samples that must be available in the marketplace before 
introducing a new product. Jain, Mahajan and Muller (1995, p. 127) point out that 
the “objective of the product sample is to initiate the diffusion process and to 
influence the adoption curve”. They are pioneers in the study of the effect of this 
marketing variable on the diffusion of a new product. The authors incorporate 
sampling effects on the parameter of innovation (see assumption 3, Equation 
(2.58)). The authors present a numerical analysis for durable and nondurable 
products. They observe that whereas a high sampling level is appropriate for a 
product with a high parameter of imitation, it is not for a product with a high 
parameter of innovation. 

Mesak and Berg (1995) extend the diffusion models of external, internal and 
mixed influence by including price and replacement purchases. Price can affect 
first purchases and/or repeat purchases. When price affects first purchases, it can be 
as a separable function affecting adoption rate or as a non-separable function 
affecting external influence, internal influence or the potential market. Their results 
on nine durable consumer products show that: i) not all high-priced consumer 
durables are price sensitive; ii) although first purchases can be price sensitive, 
replacement purchases may be price sensitive or insensitive, but not vice versa; iii) 
for the first purchase model and for high-priced consumer durables, price is likely 
to affect potential market, iv) pricing response functions are similar when first and 
repeat purchases are price sensitive; v) high-priced consumer durables basically 
show an imitative diffusion process. 

Mesak (1996) starts his work by proposing a general diffusion model that 
incorporates marketing variables (price, advertising and distribution) and later 
discusses some specific cases. Mesak extends the mixed influence diffusion model 
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by proposing alternative marketing variables that can affect external influence, 
internal influence and the potential market. They incorporate the marketing 
variables through separable and/or non-separable functions. They propose the 
following functions for price, advertising and distribution: 

i) 1( ( )) ( )f P t P t δ−=       (2.89) 
where P(t) is the real (deflated) price index for the average monthly basic rate 
and δ>1 is a constant,  
ii) 2 ( ( )) ( )f A t A t=       (2.90)
where A(t) is the real (deflated) index of advertising expenditure, and  
iii) 3 ( ( )) ( )f D t D t=       (2.91) 
where D(t) is the distribution index. Mesak finds that price affects external 
influence, advertising affects diffusion rate, and distribution affects the potential 
market. 
Bottomley and Fildes (1998) examine the role of price in diffusion models 

through the family of nested diffusion models proposed by Kamakura and 
Balasubramanian (1988). They consider three sets of diffusion models with a 
dynamic potential market: a set of external influence, a set of internal influence, 
and a set of mixed influence. They provide an empirical study on twelve consumer 
durable categories, six from the United Kingdom and six from the United States of 
America. They compare models using their fit and their forecasting performance. 
The results show that, for eight categories out of twelve, the diffusion models that 
do not incorporate price better explain the diffusion processes. Also, the mixed 
influence diffusion model is only rarely required to represent the underlying 
diffusion process. Moreover, there is no single specification to incorporate price 
into the diffusion models. In the minority of cases, where price affects diffusion 
process, it impacts on adoption rate rather than on the size of the potential market; 
although only for high priced durables, a result supported by Kamakura and 
Balasubramanian (1988) and Jain and Rao (1990). When authors analyze the 
predictive validity of the models, comparing two models incorporating price (one 
affecting adoption rate and another affecting the potential market) together with 
some well-known diffusion models with no price variable, such as the Bass model, 
the NSRL model (Easingwood, Mahajan and Muller, 1981) and the NUI model 
(Easingwood, Mahajan and Muller, 1983), the results show that the well-known 
diffusion models supply more accurate forecasts than the others. Among these 
other models, it is found that the model in which price affects the adoption rate is 
more accurate than that in which price affects the potential market. In general, 
results find no evidence that the best-fitting model produces the most accurate 
forecast. Bottomley and Fildes (1998, p. 552) conclude by pointing out that “While 
including prices may not improve the model’s forecasting performance, such 
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models may provide a useful decision-support tool with which to analyze 
alternative pricing scenarios”. 

Putsis (1998) extends the mixed influence model. He proposes a flexible 
diffusion model with varying parameters, price and replacement sales. Putsis 
validates his model by using data on two consumer durables and the results 
confirm that the price parameter varies over time. 

Krishnan, Bass and Jain (1999) propose a variation of the Generalized Bass 
model developed by Bass, Krishnan and Jain (1994). Specifically, they assume that 
the current marketing effort is given by 

1 2
( )( ( ))

( 1)
P tf P t

P t
δ δ
 ∆

= + − 
     (2.92) 

where P(t) is price at time t, ∆P(t) the change in price at time t, δ1 a positive 
constant that reflects the impact of the absolute price level and δ2 the diffusion 
price parameter. The authors explore whether the modified Generalized Bass 
model yields optimal policies that are more insightful and consistent with observed 
pricing patterns. They provide some numerical results. 

 
Table 2.10 shows, among the diffusion studies incorporating marketing mix 

variables, some normative studies used to derive optimal marketing mix strategies. 
Although these studies (optimal control models of product diffusion) are 
analytically elegant, most of them do not provide empirical validation. Hence, we 
omit them and concentrate on those which show results from empirical studies in 
order to find the impact of marketing variables on the diffusion process of 
innovations; in fact, to show the role of marketing mix variables in understanding 
diffusion dynamics Table 2.11 summarizes the results obtained in these studies. In 
order to find common patterns within these results, we have divided Table 2.11 
into studies that consider one, two or more marketing variables; and then into 
durable and frequently purchased products. The authors have considered different 
ways of incorporating marketing variables into the diffusion models, including 
separable and non-separable functions. The results obtained by the authors suggest 
that the validity of the alternative diffusion models can not be generalized; it 
depends on the type of products and even the type of brand. 

Unfortunately, existing knowledge on the influence of marketing mix variables 
on diffusion is still “uncertain and speculative”, as Simon and Sebastian (1987, 
p.455) pointed out almost two decades ago. Although there are plausible arguments 
that suggest that advertising and, especially, price (the marketing variables that 
have been most analyzed by researchers) may affect either the rate of adoption (the 
parameter of external and/or the parameter of internal influence), the size of the 
potential market, or both simultaneously, the empirical evidence is not conclusive. 
There is no unified framework to provide guidelines on which marketing variables 
to include or where and how to specify marketing variables within diffusion 
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models (Dockner and Jorgensen, 1988a; Bottomley and Fildes, 1998; Bass, Jain 
and Krishnan, 2000).  

 
To further emphasize the importance of incorporating marketing variables into the 

diffusion models we conclude this section with Bass (1980, p. 51) “Although the 
model (Bass, 1969) has certain nice properties for forecasting purposes and is 
adequate for these purposes, it is incomplete in that the premises on which it is based 
deal only the social and behavioral influences on the timing of adoption. Economic 
forces such as price are ignored. From a forecasting viewpoint models with omitted 
variables are often superior to complete models in the sense that a forecast need not 
be required of exogenous variables in developing a forecast of an endogenous 
variable. Nevertheless, if the purpose of modeling is to enhance understanding of the 
relationship between social and economic forces, a model which integrates these 
elements is required.”  
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Table 2.11. 
Results from studies on the impact of marketing variables on diffusion process. 

 
Function to incorporate 
the marketing variable 

into the model 
Innovations Adoption 

rate 
Potential 
market(1)  

Results(2):  
The appropriate 

representation of the 
diffusion process is... 

Price affects…     
Durables products     
Kalish and 
Lilien 
(1986a, 
1986b) 

( )( ( )) P tf P t e δ−=  
 
P(t): price at time t, 
δ: a constant 
 
non-separable form is 
considered 
 

Photovoltaic 
system 

Not 
considered 

Yes 
Price: -/s 
 
 

MIM with a dynamic 
potential market and 
price. 
Price impacts the 
potential market. 
 
 

Kamakura 
and 
Balasubram
anian 
(1987) 

( ( )) ( )f P t P t δ=  
 
P(t): price at time t, 
δ: a constant 
 
 
non-separable forms are 
considered 
 

Refrigerators 
 
 
 
 
 
 
Vacuum 
Cleaners 
 
 
Toasters 
 
 
 
Electric 
blankets 

Not 
considered 
 
 
 
 
 
Not 
considered 
 
 
Not 
considered 
 
 
Not 
considered 
 

Yes 
Price: -/ns 
 
 
 
 
 
Yes 
Price: -/ns 
 
 
Yes 
Price: -/ns 
 
 
Yes 
Price: -/ns 

Only one specification 
of the proposed model 
is used: MIM with a 
dynamic potential 
market, price and 
replacement. 
 
Price has no impact. 
 
 

Kamakura 
and 
Balasubram
anian 
(1988) 

( ( )) ( )f P t P t δ=  
 
P(t): price at time t, 
δ: a constant 
 
 
separable forms are 
considered 
 
 
 
 
 
 
 

Toasters 
 
 
Mixers 
 
 
Blenders 
 
 
Air 
conditioners 
 
 
Refrigerators 
 
 
 
Vacuum 
cleaners 

No 
 
 
No 
 
 
No 
 
 
Yes 
Price: -/s 
 
 
Yes 
Price: -/s 
 
 
Yes 
Price: -/s 

No 
 
 
No 
 
 
No 
 
 
No 
 
 
 
No 
 
 
 
No 

EIM with a dynamic 
potential market 
 
IIM with a dynamic 
potential market 
  
IIM with a dynamic 
potential market 
 
EIM with a dynamic 
potential market and 
price 
 
MIM with a dynamic 
potential market and 
price 
 
MIM with a dynamic 
potential market and 
price 
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Table 2.11. 
Results from studies on the impact of marketing variables on diffusion process 
(continued). 

 
Function to incorporate 
the marketing variable 

into the model 
Innovations Adoption 

rate 
Potential 
market(1)  

Results(2):  
The appropriate 

representation of the 
diffusion process is... 

Price affects…     
Durables products     

Kamakura 
and 
Balasubram
anian 
(1988) 
(continued) 

    There is no dominant 
specification in 
modeling the diffusion 
process for all the 
products; it depends on 
the product. 
 
General conclusions: 
Low priced products 
(Toasters, Mixers and 
Blenders) => 
Price has no impact. 
High priced products 
(Air conditioners, 
Refrigerators and 
Vacuum cleaners) => 
Price has impact. 
 

Jain and 
Rao (1990) 

Alternatives for f(P(t)): 

1( ( )) ( )f P t P t δ=  

( )2
2

1

1( ( ))
1 ( )

f P t
P t δδ

=
+

 

 
P(t): price at time t, 
δ1 andδ2: constants 
 
 
separable and non 
separable forms are 
considered 

Room air 
conditioners 
   
 
 
Clothes 
dryers 
 
 
 
Color TVs 
 
 
 
 
Can openers 

Yes  
Price: -/s 
 
 
 
Yes 
Price: -/s 
 
 
 
Yes 
Price: -/s 
 
 
 
No 
 

No 
 
 
 
 
No 
 
 
 
 
No 
 
 
 
 
No 

MIM with a fixed 
potential market and 
price (f1(t) and 
separable form) 
 
MIM with a fixed 
potential market and 
price (f1(t) and 
separable form) 
 
MIM with a fixed 
potential market and 
price (f1(t) and 
separable form) 
 
MIM with a fixed 
potential market and 
price (f2(t) and non 
separable form) 
 

These results are 
consistent wit the 
empirical findings of 
Kamakura and 
Balasubramanian 
(1988) 
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Table 2.11. 
Results from studies on the impact of marketing variables on diffusion process 
(continued). 

 
Function to incorporate 
the marketing variable 

into the model 
Innovations Adoption 

rate 
Potential 
market(1)  

Results(2):  
The appropriate 

representation of the 
diffusion process is... 

Price affects…     
Durables products     

Bhargava, 
Bhargava 
and Jain 
(1991) 

Alternatives for f(P(t)): 
1

1
( )( ( ))
(0)

P tf P t
P

δ
 

=  
 

 

2 2
( )( ( )) exp 1
(0)

P tf P t
P

δ
  

= −      
 
P(t): inflation-adjusted 
price at time t, 
P(0): price at time t=0, 
δ1 andδ2: constants 
 
 
separable and non 
separable forms are 
considered 

Color TVs 
 

No 
 
 
 
 
No 
 
 
 
 
Yes 
Price: +/s 
 
 
 
Yes 
Price: -/s 
 

Yes 
Price: +/s 
 
 
 
Yes 
Price: -/s  
 
 
 
No 
 
 
 
 
No 
 
 
 

MIM with a dynamic 
potential market and 
price (f1(t) and non 
separable form) 
 
MIM with a dynamic 
potential market and 
price (f2(t) and non 
separable form) 
 
MIM with a fixed 
potential market and 
price (f1(t) and 
separable form) 
 
MIM with a fixed 
potential market and 
price (f2(t) and 
separable form) 
 

Price impacts the 
potential market and 
the adoption rate. 
These results are 
inconclusive. 
 

Parker 
(1992) 
 
 
 
 
 
 

( )
1( ( )) ( ) tf P t P t δ=  

    
 
P(t): price at time t 
δ(t): price elasticity 
function (constant, linear 
or quadratic) 
 
 
 
separable and non-
separable forms are 
considered 

Blenders 
 
 
 
 
 
Dishwashers 
 
 
 
Microwave 
ovens 
 
Steam irons 
 
 
 
Color TVs 
 
 

No 
 
 
 
 
 
No 
 
 
 
No 
 
 
No 
 
 
 
No 
 
 

No 
considered 
in the 
analysis 
given the 
results 
from 
Kamakura 
and 
Balasubra
manian 
(1988) and 
Jain and 
Rao 
(1990) 
 
 

IIM with a dynamic 
potential market, non-
uniform influence and 
heterogeneous 
adoption. 
 
IIM with a dynamic 
potential market and 
non-uniform influence.  
 
IIM with a fixed 
potential market.  
 
IIM with a dynamic 
potential market and 
non-uniform influence. 
 
IIM with a dynamic 
potential market and 
non-uniform influence. 
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Table 2.11. 
Results from studies on the impact of marketing variables on diffusion process 
(continued). 

 
Function to incorporate 
the marketing variable 

into the model 
Innovations Adoption 

rate 
Potential 
market(1)  

Results(2):  
The appropriate 

representation of the 
diffusion process is... 

Price affects…     
Durables products     

Parker 
(1992) 
(continued) 

 Bed covers 
 

Yes 
 
Price: 
constant  
-/s 
 
 
Price:  
constant 
-/s 
 
Price:  
constant 
-/s 

 Three models are 
retained: 
-IIM with a fixed 
potential market and 
non-uniform influence. 
Price affects adoption 
rate (separable form). 
-MIM with a fixed 
potential market. 
Price affects adoption 
rate (separable form). 
-MIM with a fixed 
potential market. 
Price affects external 
influence (non-
separable form). 
 

 

 Calculators 
 
 
 
 
 
 
Clothes 
dryers 
 
 
 
 
 
Disposers 
 
 
 
 
 
 
Freezers 
 
 
 
 
 
 
 

Yes 
Price: 
quadratic 
/s 
 
 
 
Yes 
Price: 
quadratic 
/ns 
 
 
 
Yes 
Price: 
quadratic 
/s 
 
 
 
Yes 
Price: 
quadratic 
/s 
 
 
 
 

 
 

MIM with a dynamic 
potential market and 
non-uniform influence. 
Price affects internal 
influence (non-
separable form). 
 
MIM with a dynamic 
potential market and 
non-uniform influence. 
Price affects internal 
influence (non-
separable form). 
 
MIM with a dynamic 
potential market and 
non-uniform influence. 
Price affects external 
influence (non-
separable form). 
 
MIM with a dynamic 
potential market, non-
uniform influence and 
heterogeneous 
adoption. 
Price affects internal 
influence (non-
separable form). 
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Table 2.11. 
Results from studies on the impact of marketing variables on diffusion process 
(continued). 

 
Function to incorporate 
the marketing variable 

into the model 
Innovations Adoption 

rate 
Potential 
market(1)  

Results(2):  
The appropriate 

representation of the 
diffusion process is... 

Price affects…     
Durables products     

Parker 
(1992) 
(continued) 

 Ironers 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Rangers  
 
 
 
 
 
 
Built-in 
rangers 
 
 
 
 

Yes 
 
Price: 
quadratic 
/ns 
 
 
 
 
 
Price: 
quadratic 
/s 
 
 
 
 
 
 
Yes 
Price:  
linear 
/s 
 
 
 
Yes 
Price: 
quadratic 
/s 
 
 

 Tow models are 
retained: 
-MIM with a dynamic 
potential market, non-
uniform influence and 
heterogeneous 
adoption. 
Price affects external 
influence (non-
separable form). 
-MIM with a dynamic 
potential market, non-
uniform influence and 
heterogeneous 
adoption. 
Price affects internal 
influence (non-
separable form). 
 
MIM with a dynamic 
potential market, and 
non-uniform influence. 
Price affects external 
influence (non-
separable form). 
 
IIM with a dynamic 
potential market, and 
non-uniform influence. 
Price affects adoption 
rate (separable form). 
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Table 2.11. 
Results from studies on the impact of marketing variables on diffusion process 
(continued). 

 
Function to incorporate 
the marketing variable 

into the model 
Innovations Adoption 

rate 
Potential 
market(1)  

Results(2):  
The appropriate 

representation of the 
diffusion process is... 

Price affects…     
Durables products     

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Parker 
(1992) 
(continued) 

 Refrigerators 
 
 
 
 

Yes 
Price: 
quadratic 
/s 
 
Yes 
 
Price:  
linear 
/s 
 
 
Price: 
constant 
-/s 
 
 
 
Price: 
quadratic 
/s 

 IIM with a dynamic 
potential market. 
Price affects adoption 
rate (separable form). 
 
Three models are 
retained: 
-MIM with a dynamic 
potential market and 
non-uniform influence. 
Price affects adoption 
rate (separable form). 
-MIM with a dynamic 
potential market and 
non-uniform influence. 
Price affects external 
influence (non-
separable form). 
-MIM with a dynamic 
potential market and 
non-uniform influence. 
Price affects internal 
influence (non-
separable form). 
 

 

 Black and 
white TVs 
 
 
 
 
 
 

Water 
pulsators 

Yes 
Price:  
linear 
/s 
 
 
 
 

Yes 
Price: 
quadratic 
/s 
 
 
 

 IIM with a dynamic 
potential market, non-
uniform influence and 
heterogeneous 
adoption. 
Price affects adoption 
rate (separable form). 
 

IIM with a dynamic 
potential market and 
non-uniform influence. 
Price affects adoption 
rate (separable form). 
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Table 2.11. 
Results from studies on the impact of marketing variables on diffusion process 
(continued). 

 
Function to incorporate 
the marketing variable 

into the model 
Innovations Adoption 

rate 
Potential 
market(1)  

Results(2):  
The appropriate 

representation of the 
diffusion process is... 

Price affects…     
Durables products     

Parker 
(1992) 
(continued) 

     

There is no a dominant 
specification in 
modeling the diffusion 
process for all the 
products; it depends on 
the product. 
 

In contrast to 
Kamakura and 
Balasubramanian 
(1988) and Jain and 
Rao (1990), price plays 
a role in the diffusion 
of some low priced 
products. 
 

Mesak and 
Berg (1995) 

( )( ( )) P tf P t e δ−=  
 

P(t): price at time t 
δ: a constant 
 
 
separable and non-
separable forms are 
considered 

Dishwashers 
 
 
 
 
 
 
 
 
 
 
Electric 
dryers 
 
 
 
 
 
 
 
 
 
Disposers 
 
 
 
 
 
 
 

No 
 
 
 
 
Yes 
Price: -/s 
 
 
 
 
No 
 
 
 
 
Yes 
Price: -/s 
 
 
 
 
No 
 
 
 
 
No 
 
 

Yes 
Price: -/s 
 
 
 
Not 
considered 
 
 
 
 
Yes 
Price: -/s 
 
 
 
Not 
considered 
 
 
 
 
Yes 
Price: -/s 
 
 
 
Not 
considered 
 

-First purchases model: 
MIM with a dynamic 
potential market. 
Price affects potential 
market. 
-Repeat purchases 
model: 
Price affects internal 
influence (non-
separable form). 
 
-First purchases model: 
MIM with a dynamic 
potential market. 
Price affects potential 
market. 
-Repeat purchases 
model: 
Price affects internal 
influence (non-
separable form). 
 
-First purchases model: 
MIM with a dynamic 
potential market. 
Price affects potential 
market. 
-Repeat purchases 
model: 
Price has no effect.  
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Table 2.11. 
Results from studies on the impact of marketing variables on diffusion process 
(continued). 

 
Function to incorporate 
the marketing variable 

into the model 
Innovations Adoption 

rate 
Potential 
market(1)  

Results(2):  
The appropriate 

representation of the 
diffusion process is... 

Price affects…     
Durables products      

Mesak and 
Berg (1995) 
(continued) 

 Color TVs 
 
 
 
 
 
 
 
 
Refrigerators 
 
 
 
 
 
 
 
 
Freezers 
 
 
 
 
 
 
Rangers 
 
 
 
 
 
 
Black and 
white TVs 
 
 
 
 
 
Air 
conditioners 

No 
 
 
 
 
No 
 
 
 
No 
 
 
 
 
No 
 
 
 
No 
 
 
No 
 
 
 
No 
 
 
No 
 
 
 
No 
 
 
No 
 
 
 
No 
 
 
No 

Yes 
Price: -/s 
 
 
 
Not 
considered 
 
 
Yes 
Price: -/s 
 
 
 
Not 
considered 
 
 
No 
 
 
Not 
considered 
 
 
No 
 
 
Not 
considered 
 
 
No 
 
 
Not 
considered 
 
 
No 
 
 
Not 
considered 

-First purchases model: 
IIM with a dynamic 
potential market. 
Price affects potential 
market. 
-Repeat purchases 
model: 
Price has no effect. 
 
-First purchases model: 
IIM with a dynamic 
potential market. 
Price affects potential 
market. 
-Repeat purchases 
model: 
Price has no effect. 
 
-First purchases model: 
MIM with a fixed 
potential market. 
-Repeat purchases 
model: 
Price has not effects. 
 
-First purchases model: 
MIM with a fixed 
potential market. 
-Repeat purchases 
model: 
Price has no effect. 
 
-First purchases model: 
MIM with fixed 
potential market. 
-Repeat purchases 
model: 
Price has no effect. 
 
-First purchases model: 
MIM with a fixed 
potential market. 
-Repeat purchases 
model: 
Price has no effect. 
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Table 2.11. 
Results from studies on the impact of marketing variables on diffusion process 
(continued). 

 
Function to incorporate 
the marketing variable 

into the model 
Innovations Adoption 

rate 
Potential 
market(1)  

Results(2):  
The appropriate 

representation of the 
diffusion process is... 

Price affects…     
Durables products     

Mesak and 
Berg (1995) 
(continued) 
 
 
 
 
 
 
 
 

    There is no dominant 
specification in 
modeling the diffusion 
process for all the 
products; it depends on 
the product. 
 

In contrast to 
Kamakura and 
Balasubramanian 
(1988) and Jain and 
Rao (1990), price does 
not play a role in the 
diffusion of all high 
priced products. Also, 
in contrast to those 
authors, price is likely 
to affect potential 
market for some high 
priced products. 

Bottomley 
and Fildes 
(1998) 

( ( )) ( )f P t P t δ=  
 
P(t): price at time t 
δ: a constant 
 
 
 
separable and non-
separable forms are 
considered 

-in the UK- 
 
Color TVs 
 
 
 
 
 
 
Video 
cassette 
recorders 
 
 
 
 
 
Microwave 
ovens 
 
 
Video-
cameras (inc. 
camcorders) 
 
Compact 
disc players  

 
 
Yes 
Price: -/s 
 
 
 
 
 
Yes 
Price: -/s 
 
 
 
 
 
 
No 
 
 
 
No 
 
 
 
No 
 

 
 
No 
 
 
 
 
 
 
Yes 
Price: -/s 
 
 
 
 
 
 
No 
 
 
 
No 
 
 
 
No 
 

 
 
EIM with a dynamic 
potential market and 
price. 
Price affects external 
influence (separable 
form). 
 
EIM with a dynamic 
potential market and 
price. 
Price affects external 
influence (separable 
form) and potential 
market. 
 
IIM with a dynamic 
potential market. 
 
 
IIM with a dynamic 
potential market. 
 
 
IIM with a dynamic 
potential market. 
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Table 2.11. 
Results from studies on the impact of marketing variables on diffusion process 
(continued). 

 
Function to incorporate 
the marketing variable 

into the model 
Innovations Adoption 

rate 
Potential 
market(1)  

Results(2):  
The appropriate 

representation of the 
diffusion process is... 

Price affects…     
Durables products     

 
Bottomley 
and Fildes 
(1998) 
(continued) 
 
 

 -in the USA- 
 
Air 
conditioners 
 
Refrigerators 
 
 
Vacuum 
cleaners 
 
Blenders 
 
 
Mixers  
 
 
 
 
 
 
Toasters 

 
 
No 
 
 
No 
 
 
No 
 
 
No 
 
 
Yes 
Price: -/s 
 
 
 
 
 
No 

 
 
No 
 
 
No 
 
 
No 
 
 
No 
 
 
No 
 
 
 
 
 
 
No 

 
 
IIM with a dynamic 
potential market. 
 
IIM with a dynamic 
potential market. 
 
EIM with a dynamic 
potential market. 
 
MIM with a dynamic 
potential market. 
 
EIM with a dynamic 
potential market and 
price. 
Price affects external 
influence (separable 
form) 
 
MIM with a dynamic 
potential market. 
 

There is no dominant 
specification in 
modeling the diffusion 
process for all the 
products; it depends on 
the product. 
 

Putsis 
(1998) 

( ( )) ( ) ( )f P t t P tδ=  
 

P(t): price at time t, 
δ(t): time-varying 
parameter 
 

non-separable forms are 
considered 

Color TVs 
 
Video 
cassette 
recorders 

Yes 
Price: 
(average) -/s 

No Putsis proposes a 
model different from 
classical diffusion 
model specifications 
and consider time 
varying parameters. 
Mixed influence and a 
dynamic potential 
market are considered. 
 
 

Frequently purchased products     
None       
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Table 2.11. 
Results from studies on the impact of marketing variables on diffusion process 
(continued). 

 
Function to incorporate 
the marketing variable 

into the model 
Innovations Adoption 

rate 
Potential 
market(1)  

Results(2):  
The appropriate 

representation of the 
diffusion process is... 

Advertising(3) affects…     
Durables products     
Horsky and 
Simon 
(1983) 

( ( )) ln( ( ))f A t A tδ=  
 

A(t): advertising at time t, 
δ: a constant 
 

non-separable form is 
considered 
 

Banking 
telephoning 

Yes 
Advertising: 
+/s 

Not 
considered 

MIM with a fixed 
potential market. 
Advertising affects 
internal influence (non-
separable form). 

Simon and 
Sebastian 
(1987) 

Alternatives for f(A(t)): 
1 1( ( )) ln( ( ))  

0
f A t A tδ τ
τ

= −
≥

2 2
0

( ( )) ln( ( ))
T

f A t A tτ
τ

δ τ
=

= −∑  

3 3( ( )) ln( ( ))f A t G tδ=  
    where   

3
0

( ) ( )
T

G t A tτ
τ

δ τ
=

= −∑  

 

A(t): advertising at time t, 
δ1, δ2 and δ3: constants 
 

non-separable forms are 
considered 
 

telephones Yes 
Advertising: 
+/s 

Not 
considered 

MIM with a fixed 
potential market. 
Advertising affects 
internal influence (f3(t) 
and non-separable 
form). 

Frequently purchased products     

Lilien, Rao 
and Kalish 
(1981)  

2
1 11 12( ( )) ( ) ( )f X t X t X tδ δ= +  

and    
2 2( ( )) ( )cf X t X tδ= −  

     

X(t): promotional efforts 
(detailing) at time t 
XC(t): promotional efforts 
(detailing) of competing 
brands at time t, 
δ11, δ12 and δ2: constants 
 

non-separable forms are 
considered 
 

2 
prescription 
drugs 

Yes 
Promotional 
efforts  
 
 
 
Drug nº1  
δ11:  +/s 
δ12:  +/s 
δ3:   +/s 
 
 

Not 
considered 

MIM with a fixed 
potential market, 
promotional efforts 
(detailing) and repeat 
purchases. 
Promotional efforts 
(detailing) affect 
external and internal 
influence (f1(t) and 
f2(t), together, in a non-
separable form). 
 
(Lilien, Rao and Kalish 
use results from Drug 
nº1 to analyze Drug 
nº2; so only results 
from Drug nº1 are 
shown) 
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Table 2.11. 
Results from studies on the impact of marketing variables on diffusion process 
(continued). 

 
Function to incorporate 
the marketing variable 

into the model 
Innovations Adoption 

rate 
Potential 
market(1)  

Results(2):  
The appropriate 

representation of the 
diffusion process is... 

Advertising(3) affects…     
Frequently purchased products     

Rao and 
Yamada 
(1988) 

Same model as Lilien, 
Rao and Kalish (1981). 
 
 
non-separable forms are  
considered 

21 
prescription 
drugs 
(results for 2 
drugs are not 
shown) 

Yes 
Promotional 
efforts  
 

δ11:  
-14 out of 19 
show:  +/s 
-2 out of 19 
show:  +/ns 
-3 out of 19 
show:  -/s 
δ12 :   
-11 out of 19 
show:  +/s 
-5 out of 19 
show:  +/ns 
-3 out of 19 
show:  -/s 
δ2:  
-11 out of 19 
show:  -/s 
-4 out of 19 
show:  -/ns 
-4 out of 19 
show:  -/s 
 

Not 
considered 

MIM with a fixed 
potential market, 
promotional efforts 
(detailing) and repeat 
purchases. 
Promotional efforts 
(detailing) affect 
external and internal 
influence (f1(t) and 
f2(t), together, in a non-
separable form). 
 
 
 
 

Hahn, Park, 
Krishnamur
thi and 
Zoltners 
(1994) 

Alternatives for f(A(t)): 

1 1
( )( ( )) ln

( ) ( )c

X tf X t
X t X t

δ
 

=  + 

( )2 2( ( )) ln ( )f X t X tδ=  

X(t): promotional efforts 
(detailing and medical 
journal advertising) at 
time t 
Xc(t): promotional efforts 
(detailing and medical 
journal advertising) of 
competing brands at time 
t 
δ1 and δ2: constants  
(one lag is considered in 
promotional efforts) 
 

non-separable forms are 
considered 
 

21 
prescription 
drugs 

Yes 
Advertising 
 
 
-15 out of 21 
show:  +/s 
-6 out of 21 
show:  +/ns 
 
 
 
 
 
-16 out of 21 
show:  +/s 
-5 out of 21 
show:  +/ns 

Not 
considered 

Two specifications of 
the proposed model are 
used:  
 
-MIM with a fixed 
potential market, 
promotional efforts and 
repeat purchases. 
Promotional efforts 
affects external 
influence (f1(t), non-
separable form). 
 
-MIM with a fixed 
potential market, 
promotional efforts and 
repeat purchases. 
Promotional efforts 
affects external 
influence (f2(t), non-
separable form). 
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Table 2.11. 
Results from studies on the impact of marketing variables on diffusion process 
(continued). 

 
Function to incorporate 
the marketing variable 

into the model 
Innovations Adoption 

rate 
Potential 
market(1)  

Results(2):  
The appropriate 

representation of the 
diffusion process is... 

Advertising(3) affects…     
Frequently purchased products     
Hahn, Park, 
Krishnamur
thi and 
Zoltners 
(1994) 
(continued) 

     

Promotional efforts are 
not considered to affect 
the repeat rate. 

Distribution affects…     
Durable products     

Jones and 
Ritz (1991) 

They use a system of 
equations to incorporate 
distribution 

movies Yes Yes Although Jones and 
Ritz  propose a model 
that has the benefit of 
incorporating the effect 
of distribution into the 
diffusion process, their 
model does not provide 
better fit than the Bass 
model or the NUI 
model (Easingwood, 
Mahajan and Muller, 
1983) 

Frequently purchased products     
None      
Price and Advertising affects…     
Durable products     

Bass, 
Krishnan 
and Jain 
(1994) 

1

2

'( )( ( ), ( )) 1
( )

'( )                      
( )

P tf P t A t
P t

A t
A t

δ

δ

= + +
 

P(t): price at time t 
P’(t): change in price at 
time t 
A(t): advertising at time t 
A’(t): change in 
advertising at time t 
δ1 and δ2: constants  
 
separable forms are 
considered 
 

Room air 
conditioners 
 
 
 

Clothes 
dryers 
 
 
 
 

Color TVs 

Yes 
Price: -/s 
Advertising:
+/s 
 

Yes 
Price: -/s 
Advertising: 
Not 
showed/ns 
 

Yes 
Price: -/s 
Advertising:
+/s 

Not 
considered 
 
 
 

Not 
considered 
 
 
 
 

Not 
considered 

It is used only one 
specification of the 
proposed model: MIM 
with a fixed potential 
market, price and 
advertising. 
Price and advertising 
affect adoption rate 
(non-separable form). 
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Table 2.11. 
Results from studies on the impact of marketing variables on diffusion process 
(continued). 

 
Function to incorporate 
the marketing variable 

into the model 
Innovations Adoption 

rate 
Potential 
market(1)  

Results(2):  
The appropriate 

representation of the 
diffusion process is... 

Price and Advertising affects…     
Frequently purchased products     

Parker and 
Gatignon 
(1994) 
 

Alternatives for 
f(P(t),A(t)): 

1 2

3 4

( )
1

( )

( ) ( ) *

            ( )

B t

B t

f t P t

A t

δ δ

δ δ

+

+

=
 

1 2

3 4

( )
2

( )

( ) ( ) *

          ( )

B t

B t

f t PM t

AM t

δ δ

δ δ

+

+

=  

where                      

( )
( )

1

( )( )
1 ( )( )

B t

j
j

P tPM t

P tB t
=

=

∑
 

     ( )

1

( )( )

( )
B t

j
j

A tAM t

A t
=

=

∑
 

P(t): price at time t,  
A(t): advertising at time t, 
B(t): the number of 
competing brands in the 
product category at time t, 
δ1, δ2, δ3 and δ4  are 
constants 
 
separable and non-
separable forms are 
considered 
 

5 brands of 
hair mousses 
 

Brand nº1 
 
 
 

 

 
 
 
 
Brand nº2 
 
 
 
 

 
 
Brand nº3 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
Brand nº4 
 
 
 
 

 
 
Brand nº5 

 
 
 

 
Yes 
Price: -/s 
Advertising:
+/ns 
 

 
 
 
Yes 
Price: -/s 
Advertising:
+/s 
 

 
 
Yes 
Price: -/s 
Advertising:
+/s 
Price: -/ns 
Advertising:
+/ns 
 
 

 
 
 
 
 
 
Yes 
Price: -/s 
Advertising:
+/s 
 

 
 
Yes 
Price: +/s 
 

Not 
consider 

 
 
 

 
MIM with a fixed 
potential market. 
Price and advertising 
affect external 
influence (f1(t), B(t)=0 
and non-separable 
form). 
 

MIM with a fixed 
potential market. 
Price and advertising 
affect external 
influence (f1(t) and 
non-separable form). 
 

Two models are 
retained: 
-MIM with a fixed 
potential market. 
Price and advertising 
affect adoption rate 
(f2(t) and separable 
form). 
-MIM with a fixed 
potential market. 
Price and advertising 
affect internal 
influence (f2(t) and 
non-separable form). 
 

MIM with a fixed 
potential market. 
Price and advertising 
affect internal 
influence (f1(t) and 
non-separable form). 
 

MIM with a fixed 
potential market. 
Price affect external 
influence (f2(t), B(t)=0 
and non-separable 
form). 
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Table 2.11. 
Results from studies on the impact of marketing variables on diffusion process 
(continued). 

 
Function to incorporate 
the marketing variable 

into the model 
Innovations Adoption 

rate 
Potential 
market(1)  

Results(2):  
The appropriate 

representation of the 
diffusion process is... 

Price and Advertising affects…     
Frequently purchased products     

Parker and 
Gatignon 
(1994) 
(continued) 

     

There is no common 
functional form to 
characterize all new 
brands entering into a 
new category. 

Price, Advertising and Distribution affects…    
Durable products     

Mesak 
(1996) 

1

2

3

( ( )) ( ) ,   >1

( ( )) ( )
( ( ) ( )

f P t P t

f A t A t
f D t D t

δ δ−=

=

=

 

 
P(t): real (deflated) price 
index for the average 
monthly basic rate at time 
t, 
A(t): real (deflated) index 
of advertising 
expenditures at time t, 
D(t): distribution at time t 
δ: a constant  
 
separable and non-
separable forms are 
considered 
 

Cable TV Yes 
Price: -/s 
Advertising: 
no parameter 
Distribution: 
no parameter 

 MIM with a dynamic 
potential market. 
Price affects internal 
influence (non-
separable form), 
advertising affects 
adoption rate 
(separable form) and 
distribution affects 
potential market. 

Frequently purchased products     
None      
(1)  +:  positive effect 
       -:  negative effect 
       s:  significant 
     ns:  not significant 
(2) MIM:  Mixed influence diffusion model 
       EIM:  External influence diffusion model 
        IIM:  Internal influence diffusion model 
(3) In this group we also consider other kinds of promotional activities such as detailing. 

 
 
The extensions of the basic diffusion model shown in Section 2.4.2 help to better 

understand the diffusion pattern of innovations. The studies in this section reveal that 
there are a number of key issues that have a greater influence in some situations than 
in others and, hence, the basic diffusion models have to be adapted to include these 
issues. In this way, we improve their ability to describe or predict the diffusion 
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processes of innovations. None of the extended models relaxes all nine discussed 
assumptions (see Appendix 2B, Table 2B). However, the studies reveal how, by 
relaxing one, two or three assumptions, the authors provide valuable improvements to 
the basic diffusion models. The results of these studies create a pool of knowledge on 
the diffusion processes of innovations, which is valuable to both researchers and 
managers. In the case of researchers, it motivates them to continue investigating. For 
example, they can apply the existing extended diffusion models to new situations and 
innovations in order to generalize their applicability and results; and they can also try 
to improve the existing models by overcoming their limitations and make them closer 
to real managerial problems. In the case of managers, this pool of knowledge is also 
interesting because it provides useful tools for marketing new products in different 
contexts and also provides useful information on the diffusion patterns of similar new 
products launched in the market in similar and/or different contexts. Although, there 
has been modeling research in marketing for several decades, much remains to be 
done as can be seen from this chapter. For instance, for management to benefit from 
the inclusion of marketing variables, more research on which variables to include and 
the form in which they should be included is needed. More research is also needed on 
diffusion at brand level since most diffusion models only focus on diffusion at the 
category level. In industries characterized by severe competition, “brand managers 
are likely to pay equal, if not more, attention to understanding the sales growth at 
brand level” (Krishnan, Bass and Kumar (2000, p. 269).  
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Appendix 2A. Specifications of the fundamental diffusion model: Analytical 
development 

 
In this appendix, we present the analytical development of the three specifications 

of the fundamental diffusion model and provide the theoretical explanations of the 
dynamics of the diffusion process in terms of several general characteristics. Although 
other distribution functions may generate similar curves (for instance, cumulative 
normal generates an S-shape curve), the fundamental diffusion model and its 
specifications are based on the theory of the adoption and diffusion of innovations 
(Rogers, 1962, 1983, 1995; Robertson, 1971).  

 
 

2A.1. The fundamental diffusion model: the external influence specification 
 
The diffusion model of external influence (see Section 2.3.2, Equation (2.20)) is 

based on the assumption that the rate of diffusion depends solely on the distance 
remaining from the market saturation level; in other words, it depends on the 
number of potential adopters at time t.  

External influence directly affects the innovative behavior of members of the 
social system. This kind of influence comes from both the intrinsic tendency of an 
individual (person or company) to innovate -also called innate innovativeness- and 
the promotional strategies found in the market1. Insofar as the model of external 
influence considers that the diffusion of an innovation is due exclusively to 
information coming from external sources, it does not accept any diffusion 
resulting from interaction between previous and potential adopters. The main 
limitation of this model is precisely that. Because of this, the use of this kind of 
diffusion model requires the assurance that the elements that influence the 
diffusion process are consistent with the formulation of the model. For example, 
this model can be appropriate for innovations that are neither socially remarkable 
nor complex, as they will not be influenced by personal communication between 
members of the social system and we can consider the social system to be isolated. 

 
The main assumptions (Coleman, Katz and Menzel, 1957; Sharif and 

Ramanathan, 1981) that underlie this model are: 
- the population of potential adopters is limited and remains constant through 

time; 
- all members of the population eventually adopt the innovation; 

                                                 
1 From a conceptual point of view, Mahajan and Peterson (1985) show that external influence 
represents the effect of one or more centralized, vertical, structured or formal channels of 
communication. 
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- the diffusion process arises from a source of constant influence, independent of 
the number of adopters; 

- the impact of this constant and impersonal source is equal for all non-adopters.  
Based on the above assumptions, the diffusion model takes the form shown by 

Equation (2.20) (Section 2.3.2): 

    [ ]( ) ( ) .dN t a M N t
dt

= −                     

This equation shows that a constant exogenous source of influence reaches a 
fixed proportion of the population at any given moment in time. The constant a, 
which is defined as a parameter of external influence, expresses the probability of a 
randomly chosen individual being reached by this source of influence. Therefore, 
in every instant t, of the aM individuals reached, N(t)/M are adopters: 

( ) ( )1 .dN t N taM
dt M

 = −  
                                   (2A.1) 

Integrating this first order linear differential equation and using the condition 
limit N(t=t0)=N0, we obtain the cumulative distribution of adopters, N(t):  

( ) 1 atN t M e− = −        or     1ln ( )1
atN t

M

 
 

= 
 −
 

                   (2A.2) 

Figure 2A.1 shows how the model of external influence is a modified 
exponential function or decreasing exponential function where M denotes the level 
of saturation and N(t) grows at a constant diminishing rate. 

 
 
 
 

 
 
 
 
 
 

 
 
 
 
 
 
 

Figure 2A.1.  
Modified exponential function: Cumulative adoptions 
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Pioneering works in the use of the diffusion model of external influence are 
those of Fourt and Woodlock (1960), Coleman, Katz and Menzel (1966) and 
Hamblin, Jacobsen and Miller (1973). Fourt and Woodlock (1960) demonstrate 
that sales predictions for certain consumer products require the application of a 
modified exponential curve. Coleman, Katz and Menzel (1966) investigate the 
diffusion of a new medicine among a group of doctors. Hamblin, Jacobsen and 
Miller (1973) base their study on the analyses of diffusion patterns of labor strikes 
and political assassinations in various countries.  
 
 
2A.2. The fundamental diffusion model: the internal influence specification 

 
In the diffusion model of internal influence (see Section 2.3.2, Equation (2.21)), 

the rate of diffusion at a given point in time t is proportional to both the distance 
remaining from a predetermined market saturation level, [M-N(t)], and the level of 
diffusion reached, N(t). The internal influence model does not consider the intrinsic 
tendency of an individual to adopt or impersonal sources of information to be 
relevant at the moment of deciding to adopt and, therefore, considers that they do 
not significantly affect the diffusion process. The model is based on the existence 
of communication between members of the social system (social interaction, 
represented in the model by the product of previous and potential adopters, N(t)[M-
N(t)]). It has its origins in the contagionist paradigm2, in that diffusion only comes 
about through personal contact between previous and potential adopters. In this 
type of epidemiological model we can clearly observe how the probability of 
adoption increases in line with increases in the number of adopters in the social 
system; this is a logical process as the greater the number of previous adopters, the 
more information there will be in the market on the characteristics, advantages and 
previous adopters’ experience of the innovation, which would reduce the risk 
aversion of potential adopters and favor the decision to adopt3.  
 

 
This model is based on the following assumptions (Dodds, 1973; Sharif and 

Ramanathan, 1981): 
- the population of potential adopters is limited and remains constant throughout 

time; 
- all members of the population eventually adopt the innovation; 
- the population mixes homogenously; 
                                                 
2 This is analogous with the models of epidemics (Bailey, 1957), biology (Pearl, 1925; Lotka, 1956) 
or ecology (Pielou, 1969).  
3 Although there is also the possibility of a negative interaction, the majority of authors lean towards 
sole consideration of the positive component of interpersonal communication. 
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- all adopters are imitators and only adopt after having seen others use the 
innovation; 

- the rate of adoption does not only depend on the number of previous adopters 
but also on the maximum number of potential adopters that still have not 
adopted; 

- the probability of two individuals making contact is equal for any two 
individuals.  

 
Based on the above assumptions, the diffusion model takes the form shown by 

Equation (2.21) (Section 2.3.2): 

[ ]( ) ( ) ( ) .dN t bN t M N t
dt

= −      

This equation represents a diffusion model of pure imitation and parameter b is 
defined as a parameter of internal influence or an index of potential adopters’ 
imitation of previous adopters4. 

Integrating this first order linear differential equation (Bernouilli type) and 
using condition limit N(t=t0)=N0≥1, we obtain the cumulative distribution of 
adopters, N(t): 

0( )0

0

( ) ( )1 bM t t

MN t M N e
N

− −
=

−
+  

or 0
0

0

( )ln ln ( )
( )

NN t bM t t
M N t M N

  
= + −  − −   

(2A.3) 

Equation (2A.3) is a logistic function where M denotes the level of saturation; 
see Figure 2A.2. The concept of logistic function implies that the cumulative 
growth of a product in a market over a period of time presents a characteristic 
sigmoidal or S-shaped curve, which is symmetrical with respect to the point of 
inflexion (0.5M).  

 
 
 
 
 
 
 
 
 
 
 

                                                 
4 Gray (1973) denominates b as the parameter of diffusion through interaction. Mahajan and Peterson 
(1985), from a conceptual point of view, consider parameter b as a representative of the effect of one 
or more decentralized, horizontal, destructured or informal communication channels. 
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Pioneering and best known works on the application of the diffusion model of 
internal influence are those of Griliches (1957) and Mansfield (1961). Griliches 
(1957) explains differences in the use of hybrid corn among farmers from various 
geographical regions of the United States of America. Mansfield (1961), working 
with data from various industries and innovations, studies the process through 
which new technology substitutes established technology and analyses the factors 
that affect the speed with which an innovation spreads to different companies.  
 
     The model of internal influence is related to models of technological 
substitution5, such as those proposed by Fisher and Pry (1971) and Blackman 
(1972). Considering the spread of a given technology at moment t, h(t)=N(t)/M, 
and complete market saturation, H =M/M=1, and H(t=t0)=H0=1/2, the internal 
influence diffusion model takes the form:  

( ) ' ( ) ( ) ( ) .dH t b H t H t H t
dt

 = −                                                  (2A.4) 

Integrating the above equation and substituting ' 2b δ=  we obtain the model 
suggested by Fisher and Pry (1971): 

                                                 
5 For a comprehensive review of technological substitution and successive product generations see 
Norton and Bass (1987), Kumar and Kumar (1992), Jiménez (1996) and Bayus, Kim and Shocker 
(2000). 
 

Figure 2A.2.  
Logistic function: Cumulative adoptions 
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02 ( )
1( )

1 t tH t
e δ− −=

+
  or   02 ( )( )

1 ( )
t tH t e

H t
δ −=

−
                  (2A.5) 

 

0
0

0

( )ln ln ' ( ).
( ) ( )

HH t b H t t
H t H t H H

  
= + −  − −   

                     (2A.6) 

Calling 0
1 0

0
ln 'Hc b Ht

H H
 

= − − 
 and 2 'c b H= , we arrive at the model of 

technological substitution of Blackman (1972): 

1 2
( )ln .

( ) ( )
H t c c t

H t H t
 

= + − 
                   (2A.7) 

The main difference between the previous two models is that Fisher and Pry 
specify the values of parameter ' 2b δ=  and 1H = . 

The well-known Gompertz diffusion model is also directly related to the 
internal influence model; although this model maintains the elongated S-shape 
characteristic of diffusion processes, the point of inflexion is reached before 
reaching the half saturation point as happens with the logistic function. The 
Gompertz reaches its peak rate earlier at 37 percent (N(t)=e-1M=0.368M). The 
Gompertz function is expressed: 

[ ]( ( )) ( ) ln ln ( )d N t bN t M N t
dt

= −                                  (2A.8) 

where N(t=t0)=N0 and integrating the above function we obtain the cumulative 
distribution of adopters of the Gompertz function: 

 

[ ]0
0

( ) exp ln exp ( )MN t M b t t
N

  
= − − −  

   
or 0

0

ln ln ( )ln ( ).
ln ln

M N t b t t
M N

 −
= − − − 

 (2A.9) 

 
 
 

2A.3. The fundamental diffusion model: the mixed influence specification 
 
The diffusion model of mixed influence (see Section 2.3.2, Equation (2.22)) 

considers that both types of influence are present in the decision to adopt an 
innovation, i.e. both the influence of the intrinsic tendency of an individual to adopt 
and the impersonal communication -Model of external influence-, and the influence 
of previous adopters on potential adopters -Model of internal influence-. This is the 
most widely used model and the most general specification of the fundamental 
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diffusion model6. Although the model of mixed influence incorporates both 
external and internal influence, it does not imply that it is always the best model to 
represent the diffusion process of any innovation7. Logically, in some situations the 
dominant influence could come from sources other than adopters of the innovation, 
whereas in other situations the dominant force comes from interaction between 
members of the social system8.  
 

Insofar as this model groups together the external and internal specifications, 
the main assumptions established for them are valid in the mixed or generalized 
context9. The following first-order differential equation (Section 2.3.2, Equation 
(2.22)) captures the diffusion dynamics of the diffusion model of mixed influence: 

( )[ ]( ) ( ) ( ) .dN t a bN t M N t
dt

= + −    

Integrating this equation we obtain the following cumulative distribution of 
adopters: 

( )

( )

0
0

0

0
0

0

( ) exp ( )
( )( ) ( )1 exp ( )

( )

a M NM a bM t t
a bNN t b M N a bM t t

a bN

−
− − + −  +

=
−

+ − + −  +

                            (2A.10) 

where N(t=t0)=N0. The cumulative distribution of adopters gives us a 
generalized logistic curve whose shape is determined by parameters a and b.  
 
 

Bass (1969) pioneered the introduction of diffusion models into the marketing 
literature. He suggests that the adoption process of a new durable consumer 
product is similar to the spread of an epidemic, in which people who have not 
adopted the innovation are “infected” by those who have (previous adopters) and 
are influenced by external sources like advertising. Bass uses his model to analyze 

                                                 
6 The communication process in a social system is based on the communication hypotheses 
formulated by Lazarsfeld, Berelson and Gaudet (1948). According to these authors a message from 
the mass media does not affect the majority of intended receivers, but first reaches a group who then 
influence the other individuals within the social system. 
7 Authors like Kamakura and Balasubramanian (1988), Parker (1993), and Bottomley and Fildes 
(1998) in the context of consumer durable products, and Parker and Gatignon (1994) in the context of 
common consumer products examine the importance of external and internal influence in the 
diffusion process of some products. Their results show that the mixed influence diffusion model is not 
necessarily the most appropriate for every product.  
8 Lekvall and Wahlbin (1973) affirm that both theoretical and empirical considerations indicate that 
the nature of the innovation is a crucial factor when explaining the greater or lesser importance of the 
two influence types on the diffusion process. 
9 This model is also known as the generalized diffusion model (Mahajan and Schoeman, 1977; Sharif 
and Ramanathan, 1981). 
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the diffusion of consumer durables (electric refrigerators, home freezers, black and 
white televisions, water softeners, room air conditioners, clothes dryers, power 
lawnmowers, electric bed coverings, automatic coffee makers, steam irons and 
recorder players) and obtains very good results on sales predictions for these 
products. There are many authors who have subsequently applied the Bass model 
of mixed influence diffusion, widening the field of application to other innovations 
in various countries and always obtaining good results. In fact, a considerable 
number of articles and models stems from the work of Bass10. 

 
 

2A.3.1.The analogous discrete  
 
Researchers use observed data on cumulative adoptions, N(t), to compute the 

empirical number of adopters in the time interval (t, t-1):  
( ) ( ) ( 1).x t N t N t= − −                                (2A.11) 

Given that F(t)=N(t)/M, the fraction of the potential adopters who adopt the 
product by time t, expression (2A.11) can be expressed as: 

[ ]( ) ( ) ( 1)x t M F t F t= − −                                 (2A.12) 
where M is the potential market and F(t) the cumulative distribution function (or 

the fraction of potential adopters that has adopted the product by time t). Given the 
expression of the Bass model  

( )[ ]1 2
( )( ) ( ) 1 ( )dF tf t F t F t

dt
β β= = + −                 (2A.13) 

where f(t) is the density function of time to adoption and β1 and β2 are 
parameters, and integrating (2A.13) with F(t=0)=0, we have  

  
( )

( )

1 2

1 22

1

1( ) .
1

t

t

eF t
e

β β

β ββ
β

− +

− +

−
=

+
                                 (2A.14) 

Following the Srinivasan and Mason’s (1986) estimation procedure11, the 
estimation equation for the mixed influence diffusion model is given by  

                                                 
10 See Sultan, Farley and Lehmann (1990) for empirical applications of the Bass model. 
11 Jain and Rao (1990) suggest another approach, however Van den Bulte and Lilien (1997) point out 
that as the Srinivasan and Mason’s approach is less complex, the tendency of the estimates to vary is 
smaller as one extends the data set. Bemmaor and Lee (2002, p.218) also show that “more complex 
models can result in large changes in the parameter estimates as the number of data points 
increases”. 
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                           (2A.15) 

where M, β1, and β2 are parameters and µ(t) is an additive i.i.d. random term. 
Schmittlein and Mahajan (1982) point out that the estimation of a model from 

the discreet form introduces a temporal interval bias, but Mahajan, Muller and Bass 
(1993) point out that the estimations of the parameters do not differ in a significant 
way among the methods of estimation that control or ignore such bias. 

The advantage the fundamental diffusion model of external, internal or mixed 
influence has over some of its extensions is that its cumulative distribution function 
(F(t)) takes a closed-form expression. This means that the number of adopters 
(N(t)=MF(t)) can be expressed as a function of time alone. Diffusion models in 
which this is not possible are estimated directly from their original expressions. 
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Appendix 2B. Assumptions behind the diffusion modeling: Summary tables  
 

Table 2B 
Assumptions relaxed by authors   

  Assumption(1) 
Authors Year 1 2 3 4 5 6 7 8 9 
Cassetti and Semple 1969     X     
Robinson and Lakhani 1975   X      X 
Midgley 1976 X         
Haynes, Mahajan and White 1977     X     
Dodson and Muller 1978 X X  X  X   X 
Mahajan and Peterson 1978  X        
Peterson and Mahajan 1978      X    
Mahajan and Peterson 1979     X     
Mahajan, Peterson, Jain and Malhotra 1979  X        
Bass 1980   X      X 
Dolan and Jeuland 1981   X X     X 
Easingwood, Mahajan and Muller  1981   X       
Jeuland    1981a X         
Lawrence and Lawton 1981    X      
Lilien, Rao and Kalish 1981   X X  X   X 
Sharif and Ramanathan 1981  X        
Bass and Bultez 1982   X      X 
Feichtinger 1982  X       X 
Jeuland and Dolan 1982   X X     X 
Mahajan and Muller 1982 X   X      
Sharif and Ramanathan 1982 X         
Easingwood, Mahajan and Muller  1983   X       
Horsky and Simon     1983   X      X 
Jorgensen 1983  X       X 
Kalish 1983   X      X 
Mahajan, Wind and Sharma 1983    X      
Teng and Thompson 1983   X   X   X 
De Palma, Droesbeke and Lefevre  1984  X X    X  X 
Mahajan, Muller and Kerin 1984 X         
Thompson and Teng 1984   X   X   X 
Kalish 1985 X X X    X  X 
Olson and Choi 1985  X  X      
Rao and Bass 1985   X   X   X 
Srivastava, Mahajan, Ranaswami and Cherian 1985   X    X   
Eliashberg and Jeuland 1986   X   X   X 
Kalish and Lilien  1986a,b  X X    X  X 
Bayus 1987 X X  X  X    
Gore and Lavaraj 1987 X    X     
Kamakura and Balasubramanian 1987  X  X     X 
Simon and Sebastian 1987   X      X 
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Table 2B 
Assumptions relaxed by authors (continued) 

 

  Assumption(1) 
Authors Year 1 2 3 4 5 6 7 8 9 
Dockner and Jorgensen   1988a   X      X 
Dockner and Jorgensen    1988b   X   X   X 
Horsky and Mate 1988   X   X   X 
Kamakura and Balasubramanian 1988  X X      X 
Rao and Yamada 1988   X X  X   X 
Tanny and Derzko 1988 X         
Gatignon, Eliashberg and Robertson 1989     X     
Horsky 1990  X       X 
Jain and Rao 1990  X X      X 
Bhargava, Bhargava and Jain  1991  X X      X 
Jain, Mahajan and Muller 1991 X       X  
Jones and Ritz 1991  X       X 
Mahajan and Muller  1991      X   X 
Dockner and Jorgensen  1992   X   X   X 
Parker 1992 X X X      X 
Bucklin and Sengupta  1993      X    
Mahajan, Sharma and Buzzell  1993      X    
Martins and Nascimento 1993  X  X  X   X 
Parker 1993 X X X       
Bass, Krishnan and Jain 1994  X X      X 
Hahn, Park, Krishnamurthi and Zoltners  1994   X X  X   X 
Mahajan and Muller 1994     X     
Parker and Gatignon 1994   X   X   X 
Givon, Mahajan and Muller 1995      X    
Jain and Maesincee 1995     X     
Jain, Mahajan and Muller 1995   X      X 
Kalish, Mahajan and Muller  1995     X X    
Mesak and Berg 1995  X X X     X 
Eliashberg and Helsen  1996     X     
Ganesh and Kumar 1996     X     
Mesak 1996  X X      X 
Ganesh, Kumar and Subramanian 1997     X     
Givon, Mahajan and Muller 1997      X    
Putsis, Balasubramanian, Kaplan and Sen 1997     X     
Bottomley and Fildes 1998  X X      X 
Dekimpe, Parker and Echambadi 1998     X     
El Ouardighi and Tapiero 1998       X   
Kumar, Ganesh and Echambadi 1998     X     
Putsis 1998   X X     X 
Krishnan, Bass and Jain  1999   X      X 
Dekimpe, Parker and Sarvary      2000b,c     X     
Kim, Chang and Shocker     2000      X    
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Table 2B 
Assumptions relaxed by authors (continued) 

 

  Assumption(1) 
Authors Year 1 2 3 4 5 6 7 8 9 
Krishnan, Bass and Kumar 2000      X    
Bemmaor and Lee  2002 X         
Ho, Savin and Terwiesch 2002 X       X  
Kumar and Krishnan 2002     X     
Talukdar, Sudhir and Ainslie 2002     X     
Allaway, Berkowitz and D’Souza  2003     X     
Kumar and Swaminathan 2003        X  
Steffens 2003    X      
Swami and Khairnar 2003   X     X  
           
Chapter 4 2004  X X      X 
Chapter 5 2004 X X X       
Chapter 6 2004   X X  X   X 

 
(1) Assumptions: 

1: The diffusion process is a binary process and population is homogeneous.  
2: The size of the adopter population does not change. 
3: The parameters of external and internal influence remain constant. 
4: Only one adoption per adopter is allowed. 
5: Geographical frontiers do not vary. 
6: The innovation is diffused in isolation. 
7: The characteristics of an innovation and its perception do not alter. 
8: There are no supply restrictions. 
9: The impact of the marketing variables used to diffuse an innovation is implicitly captured by  
     the model parameters. 

 
 

 
 




