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Chapter 1

Introduction

“When an axon of cell A is near enough to excite a cell B and repeatedly
or persistently takes part in firing it, some growth process or metabolic

change takes place on one or both cells such that A’s efficiency as one of
the cells firing B, is increased.”

Donald Hebb, 1949

A little more than a half a century ago D. Hebb proposed in “The Organization of
Behavior ” a hypothetical mechanism of cell assemblies, which are a group of nerve
cells that can act like a form of short-term memory and sustainable reflect activity
using the input itself. Hebb postulated a principle, how correlated features in stimuli
should affect a change in neural connectivities such that coherent neural activity
becomes more likely. This process characterizes biological neural learning and is the
basis of artificial neural networks (ANN) and perceptron networks [111]. In ANNs
the excitation of a neuron is determined by the Euclidean inner product between
weights of neurons and the input vector. Later on, this so called Hebbian learning
was adapted by neural network models such as neural maps [71] and others. These
ANN approaches belong to the class of Hebbian like learning algorithms, in short
Hebbian learning. Nowadays, many more machine learning algorithms belong to this
class. Their neural network roots or their relation to them is no longer obvious at
first glance.

Learning paradigms of machine learning algorithms can be mainly categorized into
unsupervised, supervised, and reinforcement learning. Reinforcement learning is in-
spired by behaviorist psychology and is concerned with finding of suitable actions to
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2 Chapter 1. Introduction

maximize some notion of reward [134]. Supervised methods involve external supervi-
sion, which provides correct responses to the given inputs. One objective of supervised
learning is to learn the discrimination of classes and to maximize the generalization
ability of the model. By contrast, unsupervised learning works without supervision
and aims to discover hidden structures, regularities, features and correlations within
the data [17]. For both, unsupervised and supervised learning, Hebbian approaches
are known.

The machine learning methods, which follow the Hebbian principle, are widely ap-
plied in modern data analysis. For this purpose, highest neural excitation of ANNs
corresponds to minimal Euclidean distance under normalization conditions for those
models. However, data processing in non-Euclidean spaces is a currently challenging
topic in machine learning data analysis [137]. For instance, it has been recognized
that processing functional data with Sobolev distances is appropriate because the
functional character of the data is taken into account [139].

The objective of this thesis is a unified and generalized scheme for Hebbian approaches
in non-Euclidean spaces for unsupervised and supervised learning. This can be re-
alized in different ways. One possibility is the replacement of the inner product by
a semi-inner product (SIP). A SIP relaxes the strict properties of an inner product
but preserves the linear aspect in the first argument. Thus, these SIPs are natural
equivalents of inner products generating Banach spaces instead of Hilbert spaces for
inner products. SIPs for Banach spaces are considered for applications with Heb-
bian like learning approaches. Famous examples of Banach spaces are lp-spaces and
Sobolev-spaces WK,p for p �= 2.

Since kernels correspond to inner products in a reproducing kernel Hilbert space
(RKHS) the application of the kernel approach represents another possibility for Heb-
bian learning in non-Euclidean spaces. Here the data are implicitly mapped into a
reproducing kernel Hilbert spaces (RKHS). Its inner product can be calculated from
the original data using the kernel function. Thus, the kernel realizes an inner product
in the Hilbert space and, hence, offers a new interpretation of Hebbian approaches
that is based on it. In this thesis, the replacement of RKHS by reproducing kernel
Banach space (RKBS) in Hebbian kernel methods, where the kernel is only a SIP, is
considered [35, 88].

Most of the Hebbian learning schemes investigated in this work belong to unsupervised
learning. However, the learning scheme of the supervised Learning Vector Quantiza-
tion (LVQ) network, which is originally designed for applications in Euclidean data
space, can be interpreted under specific circumstances as a Hebbian like learning, too.
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Non-Euclidean metrics applied in LVQ can improve the performance of classification
learning compared to standard approaches (Euclidean variants). Non-Euclidean LVQ
variants can be obtained e. g. by means of lp-norms, which represent another concern
of this thesis.

The previously addressed Hebbian learning methods are vectorial approaches. How-
ever, if the data space is a vector space of matrices equipped with a respective matrix
norm, then matrix approaches becomes of interest. Extensions of the Hebbian like
learning methods in non-Euclidean spaces of matrices to process matrix data are the
last main point of this thesis.

Outline

The following chapter 2 starts with Hebb’s postulate of learning and its biological
foundations in order to obtain a roughly mathematical model of the real biological
model. This mathematical model forms the basis of all considered learning rules in this
work. Its extension with a constrained Hebbian term yields the Oja algorithm, which
determines iteratively the first principal component. Different variants and extensions
of the Oja procedure are explained, i. e. several cost function based learning rules for
PCA. Other simple Hebbian or anti-Hebbian learning rules, which can extract less
dominant eigenvectors (minor components) or separate out independent components,
are also which presented as a topic of chapter 2. Subsequently, LVQ along with
several extended variants like Generalized LVQ (GLVQ) forms the last part of this
fundamental chapter. Commonly all these methods are introduced in the Euclidean
space.

Chapter 3 is based on the publications:

M. Lange and M. Biehl and T. Villmann, "Non-Euclidean Principal Component Anal-
ysis by Hebbian Learning", Neurocomputing 147 (2015).[83]

M. Biehl, M. Kästner, M. Lange and T. Villmann, "Non-Euclidean Principal Com-
ponent Analysis and Oja’s Learning Rule - Theoretical Aspects", in P.A. Estevez and
J.C. Principe and P. Zegers, ed., Advances in Self-Organizing Maps: 9th International
Workshop WSOM 2012 Santiage de Chile vol. 198, (2013).[14]

T. Villmann and M. Lange, "A comment on the functional LTS
p -Measure Regarding

the norm properties", TechReport, 2015.[140]

K. Domaschke, M. Kaden, M. Lange, T. Villmann, "Learning Matrix Quantization
and Variants of Relevance Learning", in M. Verleysen, ed., Proc. of European Sympo-
sium on Artificial Neural Networks, Computational Intelligence and Machine Learning
(2015). [32]
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A. Bohnsack, K. Domaschke, M. Kaden, M. Lange and T. Villmann, "Learning Ma-
trix Quantization and Relevance Learning Based on Schatten-p-norms", Neurocomput-
ing 192 (2016).[19]

A. Bohnsack, K. Domaschke, M. Kaden, M. Lange and T. Villmann, "Mathematical
Characterization of Sophisticated Variants for Relevance Learning in Learning Ma-
trix Quantization Based on Schatten-p-norms", Lecture Notes in Artificial Intelligence
(Subseries of Lecture Notes in Computer Science) 1 (2015).[18]

A. Villmann, M. Lange-Geisler, T. Villmann, "About Semi-Inner Products for p −
QR-Matrix Norms", TechReport (2018).[136]

In order to generate a uniform and general scheme for the Hebbian approaches in
non-Euclidean spaces chapter 3 introduces the mathematical fundamentals of semi-
inner products (SIPs) in Banach spaces and generalized SIPs, whose most important
characteristics are presented in this context and conclusions are drawn. Known ex-
amples like the lp-spaces, the Sobolev spaces and general kernel spaces equipped with
their SIPs are considered more closely. For the Sobolev space, which is related to the
lp-space, a SIP is defined.

To create a matrix variant of the (vectorial) Hebbian approaches the last part of
chapter 3 deals with vector spaces of matrices, i. e. matrix norms and their (semi)-
inner products are addressed. Therefore, Schatten-p-norms are introduced and a
respective SIP is defined. Further the QR-norm, which can be seen as generalization
of Schatten-p-norms, is considered more closely.

The next chapters 4 and 5 comprise unsupervised and supervised Hebbian learning
algorithms in non Euclidean spaces. Numerical simulations and selected applications
are always given at the end of the chapters.

Chapter 4 is based on the publications:

M. Lange, M. Biehl, T. Villmann, "Non-Euclidean Principal Component Analysis by
Hebbian Learning", Neurocomputing, 2015.[83]

M. Biehl, M. Kästner, M. Lange, T. Villmann, "Non-Euclidean Principal Compo-
nent Analysis and Oja’s Learning Rule - Theoretical Aspects", in P.A. Estevez, J.C.
Principe, P. Zegers, ed., Advances in Self-Organizing Maps: 9th International Work-
shop WSOM 2012 Santiago de Chile vol. 198, 2013.[14]

M. Lange, M. Biehl, T. Villmann, "Non-Euclidean Independent Component Analysis
and Oja’s Learning", in M. Verleysen, ed., Proc. of European Symposium on Artificial
Neural Networks, Computational Intelligence and Machine Learning (2013) .[80]

M. Lange, D. Nebel and T. Villmann, "Non-Euclidean Principal Component Analysis
for Matrices by Hebbian Learning", in L. Rutkowski, M. Korytkowski, R. Scherer,
R. Tadeusiewicz, L.A. Zadeh and J.M. Zurada, ed., Artificial Intelligence and Soft
Computing - Proc. the International Conference ICAISC vol. 8467, (2014).[81]
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More detailed, in chapter 4 Hebbian PCA learning for general finite dimensional
Hilbert-spaces, which are isomorphic to the Euclidean space, are introduced, i. e.
Hebbian PCA Learning is defined by means of an inner product of the Hilbert space.
Furthermore it is shown that for Banach spaces the Hebbian PCA learning can be
carried out using the underlying SIP. Moreover, it is also possible to extend the
Hebbian PCA approach to RKHS and RKBS. These theoretical considerations of
non-Euclidean PCA can be transferred to ICA. The focus in this work is on nonlinear
ICA in general Reproducing Kernel spaces. The last theoretical part of the chapter
4 provides a matrix approach for Hebbian PCA learning based on Schatten-p-norms
in the respective Banach space of matrices.

Chapter 5 is based on the publications:

M. Lange, T. Villmann, "Derivatives of lp−norms and their Approximations", Machine
Learning Reports 7, MLR-04-2013 (2013). [79]

M. Lange, D. Zühlke, O. Holz, T. Villmann, "Applications of lp−norms and their
Smooth Approximations for Gradient Based Learning Vector Quantization", in M.
Verleysen, ed., Proc. of European Symposium on Artificial Neural Networks, Compu-
tational Intelligence and Machine Learning (2014). [82]

M. Kaden, M. Lange, D. Nebel, M. Riedel and T. Geweniger and T. Villmann,
"Aspects in Classification Learning - Review of Recent Developments in Learning Vec-
tor Quantization", Foundations of Computing and Decision Sciences 39 (2014).[64]

A. Bohnsack, K. Domaschke, M. Kaden, M. Lange, T. Villmann, "Learning Matrix
Quantization and Relevance Learning Based on Schatten-p-norms", Neurocomputing
192 (2016).[19]

K. Domaschke, M. Kaden, M. Lange, T. Villmann, "Learning Matrix Quantization
and Variants of Relevance Learning", in M. Verleysen, ed., Proc. of European Sympo-
sium on Artificial Neural Networks, Computational Intelligence and Machine Learning
(2015). [32]

Chapter 5 includes non-Euclidean variants of GLVQ with lp-norms and their deriva-
tives. Due to the inherent absolute value function in lp-norms smooth approxima-
tions are required. Two different smooth approximations of the maximum function
and their derivatives are discussed and smooth approximations of the absolute value
function based on the maximum function and their derivatives are investigated. The
last main point of this chapter is to provide a matrix approach of LVQ using the
Schatten-p-norm or the QR-norm. The use of matrix norms leads to a greater struc-
tural flexibility of relevance learning and results in some new methods. Finally, a
brief summary, concluding remarks and an outline for future work of the presented
research are given in chapter 6.
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Chapter 2

Hebbian Learning based on the
Euclidean Inner Product

One of the most popular unsupervised algorithm using Hebbs paradigm is the learning
rule proposed by E. Oja in [96], which is realizing an iterative Principal Component
Analysis (PCA). PCA generates a basis of a multi-dimensional feature space, which
reproduce the variability observed in given data. It determines the linear projection
of the given data with respect to the largest variance as well as orthogonal directions,
called principal components, ordered by decreasing variance [52]. Conventional alge-
braic approaches to PCA in which the eigenvectors of the empirical covariance matrix
are directly calculated, are sensitive to outliers.

Hebbian PCA learning offers a more robust alternative. Other Hebbian-like methods,
including Anti-Hebbian learning, perform Minor Component Analysis (MCA) and
Independent Component Analysis (ICA). Whereas MCA is just the counterpart of
PCA, i. e. the linear projection of the given data with respect to the smallest variance
as well as orthogonal directions ordered by increasing variance, ICA constitutes a
method to extract statistically independent sources from a sequence of mixtures,
i.e. in general it is a tool for linear demixing of signals to detect the underlying
independent sources [63].

At the beginning of this introductory chapter biological foundations of the structure
and the functionality of special nerve of the nervous system are presented in order
to obtain an abstract mathematical model of the real biological system. After that,
several Hebbian approaches for PCA, MCA and ICA in the Euclidean space are

7



8 Chapter 2. Hebbian Learning based on the Euclidean Inner Product

introduced. The last section deals with learning vector quantization (LVQ) and some
extensions.

2.1 From Biological System to Hebbian Learning

Nerve cells or neurons are the functional units of the nervous system. A neuron is
roughly structured into dendrites, cell soma, axon and synapse, see Figure 2.1(a). The
dendrites, realizing the input of the neuron, receive information (stimuli) through the
fine outgrowths from the environment and neighboring neurons and feed them to the
soma containing the nucleus where the information is processed. After processing,
the generated output is send over the axion hillock trough the axon to the synapse,
which is the contact point to the dendrites of other adjacent neurons. [106]

Neurons exist in a variety of shapes and sizes, but all share more or less the same
structure. Depending on their shape in the cerebral cortex two main classes of neurons
can be distinguished: pyramidal cells and stellate cells. According to a widespread
opinion, the essential information processing takes place in the pyramidal cells, which
are named after the triangular shaped soma. The main structural features of pyrami-
dal cells are the already mentioned triangular shaped soma, a single axon, and many
dendrites, depicted in Figure 2.1(c). Rosenblatt studied in [111] this pyramidal cell
to propose a highly simplified model of the nervous system. [110]

The mathematical model of such a pyramidal cell is denoted as (simple) perceptron
(see Figure 2.1(b)). The information reaching the dendrites of pyramidal cells is
modeled mathematically as an input vector (stimulus) v ∈ Rm. The information
processing of the nucleus is assumed to be the weighted sum of the inputs

∑
i wivi =

w�v, where wi are called the weights reflecting the dendritic connection strengths.
All weights are collected in the weight vector w ∈ Rm. The output O (v) of the
perceptron is the modulated cell soma response

O (v) = f
(
w�v −Θ

)
(2.1)

where f is called the transfer or activation function, which is the mathematical model
of the axion hillock. This model of a pyramidal cell uses the Heaviside function

H (x) =

{
1, x ≥ 0

0, else
(2.2)
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Figure 2.1: The illustration shows in Figure (a) the general schematic structure of a
nerve cell. The mathematically model of a perceptron is depicted in Figure (b), which
is derived from the biological model, the pyramidal cell to be seen in Figure (c).

as the activation function f in the cell soma, i. e. f (x) = H (x) here. The threshold
(bias) Θ ∈ R models the activation level of the pyramidal cell and is responsible for the
current state of a neuron. The output of a neuron causes an excitation in the neuron,
if the sum w�v exceeds the threshold Θ. The threshold Θ can also be formulated
by an additional vector element wm+1 and constant input vn+1. Therefore, in the
description of neurons and their variants Θ will be omitted in future.

Depending on the transfer function several kinds of perceptrons can be distinguished.
The linear perceptron, for instance, has a linear transfer function. In the following,
a neuron corresponds always to a linear perceptron, i. e. f (x) = x, unless specified
otherwise. The linear perceptron is pictured in Figure 2.2.

Learning in the nervous system takes place by adaptation of the dendritic connection
strength w according to given stimuli. D. O. Hebb postulated in [47], that this
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adaptation is proportional to the response O (v), such that afterwards the cell is
more adjusted to this stimulus. In the following this adaptation process is referred to
as Hebbian learning and can be mathematically formulated by adapting the weight
vector w for a given stimulus v in a perceptron

w (t+ 1) = w (t) + η ·∆w

= w (t) + η ·O · v (t) , (2.3)

where η ∈ R with 0 < η � 1 is called learning parameter. The excitation

O = w�v (2.4)

of a neuron is merely the the Euclidean inner product 〈w,v〉. For a linear perceptron
it is also the neuron output. Often, in this context the output O is referred to as Hebb-
output or Hebb-response. Further, in the context of this work, the rule in (2.3) is also
referred to as Hebb rule. The convergence of the Hebb rule to the global optima are
secured by satisfying the condition

∑
ι η

2 (ι) < ∞ (adiabatic decrease of the learning
rates) and

∑
ι η (ι) = ∞ (infinite accumulated learning rate) [77], see Appendix A on

page 131 for a more detailed explanation.

2.2 Hebbian Learning for Principal Component
Analysis

Hebb’s postulate of learning is the base of many online unsupervised learning algo-
rithm like Oja’s learning rule suggested by Oja (1982), which performs a Principal
Component Analysis (PCA) and extracts only the first principal component. A gen-
eralization is Sanger’s learning rule, which provides the possibility to determine all
principal components. Further, these methods can be seen as a gradient descent of
a cost function. However, both learning rules were originally proposed motivated
heuristically. Modifications of Oja’s learning rule and related cost functions are also
introduced in this subsection, but first PCA is briefly introduced.
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2.2.1 Principal Component Analysis (PCA)

Let V ⊂ Rm be a data set of data vectors vk ∈ Rn with the mean vector µ ∈ Rm.
The data vectors v are orthogonally projected to

ṽ = Q (v − µ) (2.5)

where Q ∈ Rm×n (m ≤ n) contains the PCA projection vectors qk as its rows. These
projection vectors are the eigenvectors of the sample covariance matrix C = V�V for
centralized data, i. e. µ = 0. It is assumed, that qk is sorted in a descending order
according to the eigenvalues λk. The eigenvalues can be interpreted as the variance
of the data along the eigen directions. The computation of the eigenvectors qk takes
place by solving the set of eigenvalue equations

Cqk = λkqk, k = 1, 2, ..., n. (2.6)

Note that, C is a positive-semidefinite symmetric matrix with non-negative eigenval-
ues. The vectors qk are known to be orthogonal. First, they are made orthonormal,
i. e. the eigenvalues λk are proportional to the variance in the eigenvector direc-
tions. The proportion of variance retained by the PCA projection to k dimensions is
described by the following normalized sum of these n eigenvalues:

∑k
i=1 λi∑n
j=1 λj

≥ α (2.7)

This condition indicates the number of the required dimensions to retain at least a
proportion α of the variance in the PCA projection. Note that, two things of PCA:

• A PCA is the resulting uncorrelated representation ṽ of the data vectors v and
Ṽ the set of the linearly uncorrelated vectors called principal components.

• The PCA projection minimizes the squared reconstruction error

∑
v∈V

∥∥(vi − µi)−Q�Q (vi − µi)
∥∥2
l2
, Q ∈ Rn×n. (2.8)

The second statement becomes evident, if the projected vector is projected back
into the original space with Q−Q (v − µ), where Q− denotes the pseudo-inverse
of Q. It is Q− = Q�, since Q is an orthogonal matrix and Q�Q = I. Hence
the squared reconstruction error in (2.8) is minimal and a PCA projection is an



12 Chapter 2. Hebbian Learning based on the Euclidean Inner Product

optimal linear projection in the least squares reconstruction sense [48, 52].

Finding principal components reduces to finding the eigenvalues and eigenvectors of
the covariance matrix C. The eigenvalues are the roots of the characteristic polyno-
mial of a square matrix. The algebraic calculation of the eigenvalues and eigenvectors
of C by means of the characteristic polynomial is only possible for small matrices.
Precisely, the eigenvalues and eigenvectors of an n × n matrix where n > 4 must be
found numerically, because there are no analytical expressions for roots of polynomials
with degree higher than 4.

One numerical algorithm for computing eigenvalues and eigenvectors was introduced
in 1929, when Von Mises published the power method also called the Von Mises
iteration. But this iterative method finds only the eigenvector corresponding to the
largest absolute eigenvalue. Another method discovered by Jacobi in 1846 computes
iteratively all eigenvalues und eigenvectors of real symmetric matrices and therefore
also all principal components [76]. These iterative methods explicitly require the
knowledge of the data covariance matrix C to determine the eigenvalues. In case
of very high dimensional data the covariance matrix C becomes huge and the just
mentioned iterative methods become inapplicable. As mentioned above, the learning
algorithm as suggest by Oja (1982) offers an alternative to perform a PCA without
the use of the covariance matrix C of given data. After convergence, w represents
the first principal component [96].

2.2.2 Oja’s Learning Rule for PCA

Let the inputs of the simple perceptron be n-dimensional column vectors v ∈ V , which
are centered as well as independently and identically distributed. In accordance with
Hebb’s postulate of learning, an adjustment of w takes place according to (2.3). This
learning rule may lead to an unlimited growth of the synaptic weight vector w for
example for constant inputs. This is unacceptable on biological grounds, because a
synaptic connection cannot be of unlimited magnitude in the brain. This behavior
can be avoided by constraining the growth of w by means of a normalization in the
learning rule (2.3) as follows:

w (t+ 1) =
w (t) + ηOv

‖w (t) + ηOv‖
. (2.9)
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Figure 2.2: (a) structure of the perceptron model for Oja’s algorithm, (b) extention
for Sanger’s algorithm.

A subsequent Taylor series expansion of (2.9) at η = 0 with the constraint ‖w‖ = 1

yields the learning rule suggested by Oja in [96]

w (t+ 1) = w (t) + η
(
Ov (t)−O2w (t)

)
(2.10)

= w (t) + η
(
v (t)v� (t)w (t)−

(
w� (t)

(
v (t)v� (t)

)
w (t)

)
w (t)

)
,

known as Oja’s learning rule. The term Ov in (2.10) represents the usual Hebbian
adaption step and −O2w (t), resulted by normalization of (2.3), is responsible for
stabilization. Further, the update scheme (2.10) represents a nonlinear difference
equation, which makes it difficult to analyze convergence. The application of Kush-
ner’s direct-averaging method of this difference equation simplifies the convergence
analysis [45]. This method assumes that w changes substantially slower in terms of
magnitudes with respect to randomly selected inputs (data vectors) v by means of
0 < η � 1. Hence, the averaged changes of w are considered instead of each step.
Averaging the outer product v (t)v� (t) yields the correlation matrix C = E

[
vv�]

defined by the expectation operator E [·]. Thus, Oja’s averaged learning rule (2.10)
becomes

w (t+ 1) = w (t) + η (Cw (t)− 〈w (t) ,Cw (t)〉w (t)) . (2.11)

supposing slowly changing w. The stationary state �w = 0 of averaged Oja’s rule
corresponds to the eigenvalue equation

Cw = 〈w,Cw〉w. (2.12)
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Moreover, the stability analysis by E. Oja in [96] shows that w converges in the
stochastic update (2.10) to the eigenvector corresponding to the largest (absolute)
eigenvalue of the correlation matrix C. However, there are more than one fix point
of the Oja algorithm, but they are not asymptotically stable and becomes the zero
vector, i. e.w = 0. [46].

As mentioned above, the learning scheme by Hebb and Oja can be seen as a gradient
descent of a cost function. The existence of a cost function is a considerable advantage,
because it simplifies the analysis of stable extrema by evaluating the Hessian matrix.
Sompolinsky discovered that Hebb’s rule in (2.3) is related to the cost function

E (w) = −1

2
w�Cw (2.13)

with the gradient
∇E (w) = −Cw (2.14)

[124]. Hebb’s approach (2.3) is conform with a dampened Newton’s method with
learning rate η as damping rate. The cost function of the averaged version of Oja’s
learning rule (2.11) was an open problem until 1995. Zhang & Leung proposed
[148] an appropriate cost function

E (w) = −w�w − ln
(
w�Cw

)
.

The respective minima are the same as the averaged version of Oja’s learning rule
(2.11).

2.2.3 Generalized Hebbian Algorithm

As previously emphasized, the Oja algorithm extracts only the first principal com-
ponent. An extension of the linear perceptron model with several output nodes Oi,
suggested by Sanger (1989) in [115], provides the possibility to determine more than
one principal component by means of a generalized form of Hebb’s paradigm, see Fig-
ure (2.2). This model yields the eigenvectors of C with respect to the corresponding
eigenvalues in decreasing order by the adaption rule

�wi = η
(
w�

i v
)

v −

i∑
j=1

(
w�

j v
)
wj


 , (2.15)
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which here is called Sanger’s learning rule. Note that, by using only one output node,
i.e. i = 1, Sanger’s learning rule (2.15) is simplified to Oja’s learning rule. The stable
fix points of Sanger’s algorithm are all eigenvectors of the covariance matrix C. A
corresponding cost function of Sanger’s learning rule is not known so far.

2.2.4 Further Learning Rules

Alternative learning rules for PCA are proposed by Yuille in [145] and Hassoun
in [44], which are modifications of Oja’s learning rule. A Hebbian-type adaption rule
for w minimizes a cost function and results also the first principal component. Both
learning rules are briefly stated in following.

Yuille defines the cost function

E (w) = −1

2
w�Cw +

1

4
‖w‖4 (2.16)

to include inhibitory connections between neighboring units in the same layer realized
by the second term 1

4 ‖w‖4 [145]. The gradient of this cost function yields the Yuille
learning rule

w (t+ 1) = w (t) + η
(
Cw (t)− ‖w (t)‖2 w (t)

)

= w (t) + η
(
w (t)

�
vv − ‖w (t)‖2 w (t)

)
. (2.17)

Let λmax be the maximal absolute eigenvalue of C. The weight vector w is constrained
to ‖w‖ =

√
λmax by the term ‖w (t)‖2 w (t) in learning rule (2.17). The extrema of the

cost function (2.16) are either eigenvectors or a zero vector. Therefore, in (2.17) the
weight vector w converges to the same maximal eigenvector direction as the learning
rule by Oja. [48]

Another algorithm proposed by Hassoun in [44] will be derived as gradient descent
algorithm minimizing the following (Lagrangian) cost function

E (w) = −1

2
w�Cw +

λ

2
(‖w‖ − 1)

2
, (2.18)

where λ > 0. These cost function incorporates the constraint ‖w‖ = 1 to prevent the
unlimited growth of w by the second term (‖w‖ − 1)

2. The minimization of (2.18)
corresponds to a convex optimization problem. The gradient of cost function (2.18)
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is referred to as Hassoun’s learning rule

w (t+ 1) = w (t) + η

(
Cw (t)− λ

(
1− 1

‖w (t)‖

)
w (t)

)

= w (t) + η

(
w (t)

�
vv − λ

(
1− 1

‖w (t)‖

)
w (t)

)
. (2.19)

There are numerous variations of Oja’s learning rule for different applications, such
as Minor Component Analysis (MCA) and Independent Component Analysis (ICA),
which are considered in the following sections.

2.3 Hebbian Learning for Minor Component Analy-
sis

Further variants of Oja’s learning rule can also perform other kinds of projection tech-
niques such as Minor Component Analysis (MCA), which differs in only one point from
PCA. Instead of principal components, the MCA extracts minor components. Minor
components are defined as the eigenvectors corresponding to the smallest eigenvalues
of the covariance matrix C of given data V. Here, it is assumed that the eigenvec-
tors are ordered according to an ascending variance. Hence, minor components are
the counterparts of principal components. To solve the MCA problem, many neural
learning algorithms have been proposed without calculating the covariance matrix in
advance. In following an overview of the well-known algorithms for extracting the
first minor component is given.

2.3.1 Oja’s Learning Rule for MCA

Consider again a simple perceptron with input v and output O = w�v, where w

is the weight vector w. Oja proposed in [144] a learning algorithm, called Oja–Xu
algorithm, to extract minor components from input data. The Oja–Xu algorithm is
based on Oja’s learning rule for PCA and results by changing the PCA learning rule
into a constrained anti-Hebbian rule by reversing the sign and reads as follows:

w (t+ 1) = w (t)− η
(
Ov −O2w (t)

)
, (2.20)

where η is a positive learning rate. However, this Oja MCA algorithm tends rapidly
to infinite magnitudes of w and is not convergent. To guarantee the convergence, it
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is necessary to use self-stabilizing algorithms. Thus, several variants of the Oja–Xu
algorithm are proposed. One modified variant is the Ojan algorithm, which includes
a normalized anti-Hebbian rule:

w (t+ 1) = w (t)− ηO ·
(
v − Ow (t)

w� (t)w (t)

)
(2.21)

Often this leads to better convergence, but it may still be happen that w has infinite
magnitudes. In [85], the stabilized version of Oja–Xu MCA learning algorithm, called
Oja+ algorithm, is given by

w (t+ 1) = w (t)− η
(
Ov −

(
O2 + 1− ‖w(t)‖2

)
w (t)

)
. (2.22)

In order to guarantee the convergence, a further variant of the Oja–Xu algorithm
results by adding a normalization step

w∗ (t+ 1) =
w (t+ 1)

‖w (t+ 1)‖
(2.23)

to the learning rule (2.20) and is called modified Oja–Xu MCA algorithm. Accord-
ing to [101], the modified Oja–Xu MCA algorithm has a bit higher computational
complexity compared to Oja+ algorithm but a faster convergence speed.

2.4 Hebbian Learning for Independent Component
Analysis

Independent Component Analysis (ICA) represents a technique to extract statistical
independent sources from a sequence of mixtures [28]. A “source” means here an
original data vector, i.e. independent component. Because of ICA can be seen as
generalization of PCA a modified form of Oja’s learning rule can also be applied
here. This subsections starts with describing the problem of separating out statistical
independent data vectors from noise and interferences. After that Oja’s learning for
ICA is stated.

2.4.1 Independent Component Analysis (ICA)

Let s (t) ∈ V ⊆ Rn be n-dimensional independent vectors, i. e. si (t) and sj (t)

are independent ∀i �= j, which are mixed using an unknown mixing matrix A to get
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n-dimensional mixture vectors v (t) ∈ V ⊆ Rn:

v (t) = As (t) . (2.24)

The goal of ICA is to estimate both the mixing matrix A and sources s (t), when
only v (t) is known. Since both s and A are unknown the usual inverse of A cannot
accomplish the purpose of the ICA. For reasons of simplicity, it is assumed that the
number of independent components si is equal to the number of variables vj . Hence
the unknown mixing matrix A is square. Unlike sorted principal components obtained
by PCA, the order of the independent sources remains unknown [133]. These sources
are denoted as independent components.

As is well known, independence implies (nonlinear) uncorrelatedness, but not vice
versa. Thus, independence is a much stronger property than uncorrelatedness, so
that correlated solution possibilities can be rejected immediately. The decorrelation
of v represents a reasonable preprocessing step after centralization of v. Therefore,
the majority of ICA algorithms requires a preliminary sphering, also referred to as
pre whitening.

pre whitening A prominent approach for whitening, suggested by A. Hyvärien
in [53], is based on eigenvalue decomposition of the data covariance matrix C with
C = EDE�. Here, E is an orthogonal matrix consisting of eigenvectors of C , which
defines a rotation (change of coordinate axes) in Rn preserving norms and distances,
and D is a diagonal matrix containing the respective eigenvalues of C. The whitened
variables ṽ results from

ṽ = ED− 1
2E�v. (2.25)

such that the expectation becomes E
(
ṽṽ�) = I. This whitening process generates

an orthogonal mixing matrix Ã by

ṽ = ED− 1
2E�As

= Ãs.

(2.26)

The column vectors of Ã are denoted as ãi and referred to as ICA basis vectors.
Whitening can be performed by PCA and is frequently used. Therefore ICA is gen-
erally seen as an extension of PCA. Further, the previously performed whitening has
the advantage that , firstly, the convergence of the ICA algorithm is speeded up con-
siderably, secondly, noise may be decreased at the same time by the PCA sphering,
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and thirdly, and the ICA algorithm will become somewhat stable [54].

After whitening, the goal remains to find a linear transformation for statistical inde-
pendence of whitened vectors ṽ. This may happen in a variety of ways. In general,
ICA algorithms can be grouped into two broadly defined principles.

ICA estimation principle 1 (nonlinear decorrelation) “Find the matrix Ã so
that for any i �= j, the components si and sj are uncorrelated, and the transformed
components χ1 (si) and χ2 (sj) are uncorrelated, where χ1 and χ2 are some suitable
nonlinear functions.”[53]
Using this principle, ICA is performed by a stronger form of decorrelation. The
nonlinearities χ1 and χ2 can be found by applying principles from estimation the-
ory, such as the maximum-likelihood estimation [103], or from information theory
via minimization mutual information by the Kullback-Leibler divergence [5] or the
maximum-entropy-principle [10], where the last approach is known as Infomax algo-
rithm.

ICA estimation principle 2 (maximum ’non-Gaussianity’) “Find the local
maxima of ’non-Gaussianity’ of a linear combination si =

∑n
j=1 ãij · ṽj under the

constraint that the variance of si is constant. Each local maximum gives one inde-
pendent component .”[53].
This second principle maximizes the ’non-Gaussianity’ using either the negentropy,
which is based on the differential entropy [16], or kurtosis [54]. The Hebbian like
learning algorithm for ICA, proposed by Hyvärinen & Oja in [54], uses implicitly
the kurtosis.

2.4.2 Oja’s Learning Rule for ICA

ICA estimation by Oja learning maximizes the ’non-Gaussianity’, as just mentioned.
The underlying idea is that according to the central limit theorem (CLT), sums of
non gaussian random variables are closer to gaussian that the original ones [26, 56].
Precisely, let

si =
〈
ã�i , ṽ

〉
=

n∑
j=1

ãij · ṽj (2.27)

be the ith source. Here ṽj are stochastic quantities such that the central limit theorem
(CLT) is valid, i.e. the quantity si is more Gaussian than the individual summands.
Thus, as indicated above, ICA can be performed by taking the absolute value of the



20 Chapter 2. Hebbian Learning based on the Euclidean Inner Product

Figure 2.3: Probability density functions with mean 0, variance 1 and different kur-
tosis

kurtosis as a measure of the ’non-Gaussianity’. The kurtosis is defined as

kurt (x) = E
(
x4

)
− 3

(
E
(
x2

))2
, (2.28)

where the fourth moment E
(
x4

)
and the second moment E

(
x2

)
is used. The sign of

the kurtosis depends on the probability density functions (pdfs) of s. More precisely,
the kurtosis of super-Gaussian pdfs is positive and for sub-Gaussian pdfs it is negative
[? ]. Super-Gaussian und sub-Gaussian pdfs are pictured in Figure 2.3. Frequently,
there is no pre knowledge about the distribution of s. Thus the ICA learning rule
presented below uses as input whitened data and estimates the independent compo-
nents without knowing whether the kurtosis has a positive or negative sign, i.e. the
sign of the kurtosis is also estimated by introducing a second unit.

A General Two-Unit-Learning-Rule (TURL) for Whitened Data Hyväri-
nen & Oja proposed in [54] a learning rule based on a two unit system to separate
out one source signal for whitened data. The vector w = ãi from (2.26) is interpreted
again as a weight vector of a linear perceptron with the output O (t) = w (t)

�
v (t),

which is trained by a sequence of input vectors v (t) with the learning rate µ. In [54]
was shown, that ICA can be performed by the learning rule

w (t+ 1) = w (t) + µ (t)
[
σv (t) g (O (t))−

(
‖w (t)‖4 − 1

)
w (t)

]
, (2.29)
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where g (x) is a nonlinear function in x such as the hyperbolic tangent tanh (x), which
implicitly introduce the kurtosis. This can be seen by expanding tanh (x) into their
Taylor series

tanh (x) = x− 1

3
x3 +

2

15
x5 + . . . .

In general g (x) = ax − bx3 with a ≥ 0 and b > 0 is used in (2.29) as nonlinear
function. Practically, any nonlinear function can be used for g (x) to find independent
components due to the derivation of (2.28) [53].
The term v (t) g (O (t)) in (2.29) reflects the enhanced idea with the perceptron output
learning function g (O (t)). Whereas the term −‖w‖4 w prevents w from infinite
growing and +w prevents it from reaching the zero vector. For simplicity, it was
specified that g (x) = −x3 and thus the ICA learning rule reads as

w (t+ 1) = w (t) + µ (t)

[
σv (t) (O (t))

3 −
((

w (t)
�
w (t)

)2

− 1

)
w (t)

]
. (2.30)

The parameter σ = ±1 is a sign that determines whether the kurtosis is maximized
(σ = +1) or minimized (σ = −1). The simultaneous determination of an appropriate
σ requires a second unit m̂4 (t), which estimates the kurtosis of the output O (t)

belonging to the first unit. Thus, σ is replaced by the sign of the estimated kurtosis.
This yields a general two unit learning rule for whitened data

w (t+ 1) = w (t) + µ (t)
[
sign

(
k̂urt (t)

)
v (t) (O (t))

3 −
(
‖w (t)‖4 − 1

)
w (t)

]
,

(2.31)
with the estimated kurtosis

k̂urt (t) = m̂4 (t)− 3 ‖w‖4 (2.32)

= m̂4 (t)− 3
(
w�w

)2

using a separate estimation of the fourth moment by

m̂4 (t+ 1) = (1− ν) m̂4 (t) + ν (O (t))
4
, (2.33)

with 0 < ν � 1. After convergence, w represents one column of the mixing matrix.
The general two unit learning rule (2.31) performs a stochastic gradient descent of
the cost function

E (w) = σ
[
1
4E

{(
w�v

)4}]− 1
3 ‖w‖6 + 1

2 ‖w‖2 . (2.34)
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The normalization of ‖w‖ in (2.34) takes place by − 1
3 ‖w‖6 + 1

2 ‖w‖2. Hyvärinen
& Oja shows in [54] that w converge up to a constant to one of the columns of the
transformed mixing matrix Ã from (2.26).
There are numerous variations and extensions of the introduced ICA learning rule:
Corresponding learning rules for non-sphered data can be obtained with a simple mod-
ification of the constraint term. Separating one independent component with positive
(or negative) kurtosis represents just a special case of (2.31), where the second unit
m̂4 (t) is dropped. The estimation of all independent components can be determined
by an extension of the learning rule (2.29) with several units. For further details see
[54].

2.5 Hebbian Learning for Prototype based Super-
vised Vector Quantization

At the beginning of this chapter Hebb’s postulate of learning was presented, which is
now addressed again in connection with Learning Vector Quantization (LVQ). LVQ
is one of the methods for supervised prototype based Vector Quantization (VQ). VQ
can be distinguished between unsupervised and supervised approaches. Unsupervised
VQ is an approved method for clustering and compressing very large datasets. The
term ’prototype based’ implies that a data set is represented by an essentially smaller
number of prototypes. Some well-known methods are c-means [9], self-organizing
maps (SOM) [73], and neural gas (NG) [89]. One characteristic common to all these
methods is that a data point is uniquely assigned to its closest prototype in terms of
the Euclidean distance.

Methods for supervised prototype based VQ deal generally with classification of la-
beled data, i. e. each data is assigned to a prototype. There exists a large variety
of classification methods ranging from statistical models like Linear and Quadratic
Discriminant Analysis (LDA/QDA) [114] to adaptive algorithms like the k -Nearest
Neighbor (kNN) [30], Support Vector Machines (SVMs) [121], or LVQ [74], as indi-
cated above. LVQ has the attractive feature of being very intuitive and plausible, in
contrast to many other learning systems. The prototypes are defined in the same space
as the input data and can be seen as typical representatives of their classes. This facil-
itates a straightforward interpretation of the classifier. In LVQ the similarity between
prototypes and data points are calculated with an appropriate distance measure. A
common choice is the Euclidean distance, as already mentioned. For normalized data,
LVQ, along with its several variants, can also be interpreted as Hebbian-like-learning
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scheme due to the relation between the Euclidean inner product v�w and the squared
Euclidean distance dE (v,w) = (v −w)

2, i. e.

v�w is maximized ⇐⇒ v�v − 2v�w +w�w is minimized

⇐⇒ (v −w)
�
(v −w) is minimized (2.35)

⇐⇒ |v −w| is minimized.

Thus, maximum excitation (see on page 10 eq. (2.4)) of a neuron corresponds to a
distance minimization with LVQ, where now the weights w are referred to as proto-
types. A more detailed description of LVQ and different variants is given after a short
introduction of prototype based classification.

2.5.1 Prototype based Classification

Let vt ∈ Rn, t = 1, . . . ,m be data vectors of the input space V ⊂ Rn and W =

{wk ∈ Rn, k = 1, . . . , l} the set of prototypes wk ∈ Rn, i. e. wk are in the same
space as the data vectors. Furthermore, for all prototypes exists a predefined class
membership y (w) ∈ C , named labeling, such that each class is represented by at least
one appropriately chosen prototype, assuming C classes.

The nearest prototype classification (NPC) is a very simple classifier, where an unla-
beled data vector is assigned to the class of its nearest prototype. A nearest prototype
classifier is parameterized by a set of labeled prototypes and a dissimilarity measure
d (v,w), which is frequently the squared Euclidean distance. The classifier decision
of the NPC performs a winner-takes-all decision by using

w∗ = argmin
k

d (v,wk) . (2.36)

This closest prototype w∗ is also referred as winning prototype or best matching pro-
totype. Its label y (w∗) determines the predicted class of the respective data vector
v. Thus, a tessellation of the input space, called receptive fields, is obtained

Rj = {v ∈ V | wj = w∗} .

Hence, exactly one prototype wj belongs to a receptive field Rj representing a sub-
set of the input space, see Figure (2.4). Classification by NPC takes place by an
assignment only. Learning of prototypes can be performed for example with LVQ.
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Figure 2.4: Class borders of a three-class problem, where each class is represented by
a number of prototypes.

2.5.2 Basic Principles of LVQ and Variants

LVQ algorithms, introduced by T. Kohonen [71], are some of the most successful
classifiers. There are numerous variants of LVQ with many extensions realizing differ-
ent learning schemes. The basic approaches are the algorithms LVQ1 ... LVQ3 [74].
Recently developed extensions and modifications are explained in [64, 95].

LVQ algorithms require a set of prototypes W = {wk ∈ Rn, k = 1, . . . , l} with class
labels y (w) ∈ C such that each class is represented by at least one prototype. The
training data vt ∈ Rn, t = 1, . . . ,m of the input space V ⊂ Rn are labeled by x (v) ∈ C
such that each vector v belongs to a class. The task of all LVQ models is to find a
model that assigns a data point to a predicted label x̂ (v) ∈ C from the point of view
of correctness, i.e. good classification performance. This can be measured by the
classification accuracy

acc (V,W ) =
1

m

∑
vεV

Φx(v),x̂(v) (2.37)

or its equivalent the classification error err (V,W ) = 1− acc (V,W ), where Φx(v),x̂(v)

with

Φx(v),x̂(v) =

{
1, if x (v) = x̂ (v)

0, else
(2.38)

is the Kronecker delta function.
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LVQ1

The first version of LVQ, introduced by Kohonen, is a heuristic learning scheme
designed to approximate a Bayes classification scheme in an intuitive way [71]. In
each iteration of the learning process a randomly presented input vector v ∈ V causes
an update of the best matching prototype w∗. Depending on the class label evaluation,
the prototype is moved towards to v by

w∗ ← w∗ + ηw · (v −w∗) , if x (v) = y (w∗) (2.39)

if they belong to the same class or the prototype is pushed away from v by

w∗ ← w∗ − ηw · (v −w∗) , if x (v) �= y (w∗) , (2.40)

in case of different classes, where 0 < ηw � 1 denotes a learning rate for the proto-
types. These updates can be interpreted as Hebbian learning due to the relation in
(2.35). Further, the update rules (2.39) and (2.40) can be written in a more general
way taking into account that the squared Euclidean distance dE (v,wj) = ‖v −wj‖2l2
is applied for winner determination:

w∗ ← w∗ − ηw · 1
2
· ∂dE (v,w∗)

∂w∗ , if x (v) = y (w∗)

w∗ ← w∗ + ηw · 1
2
· ∂dE (v,w∗)

∂w∗ , if x (v) �= y (w∗) , (2.41)

where ∂dE(v,w∗)
∂w∗ = −2 (v −w∗). After training a new data vector v ∈ Rn is assigned

to a class using winner takes all rule (2.36).
In LVQ1 only the closest prototype is updated at each step. Further modifications of
LVQ1 were made by Kohonen aiming at better convergence or favorable generaliza-
tion behavior. In LVQ2.1 the two closest prototypes to v are updated simultaneously
subject to some window-rule controlling the drift of the prototypes to avoid diver-
gence. One of the two closest prototypes belongs to the correct class and the other to
a wrong class, respectively. LVQ3 is identical to LVQ2.1, but include an additional
learning rule to intercept that the two closest prototypes belong to the same class. In
general terms, the original LVQ variants (LVQ1 ... LVQ3) differ in their particular
training schemes, however, all realize after learning an approximated Bayes-classifier
[72]. One major issue of these models is that the underlying learning rules are only
heuristically motivated.
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Generalized LVQ

The Generalized Learning Vector Quantization (GLVQ), proposed by Sato & Ya-
mada in [116], is a modification of the intuitive LVQ algorithm and overcomes the
problem of the non-existing cost function. The cost function can be perceived as a
function that approximates the classification error with the objective to be minimized
or as a function that approximates classification accuracy with the objective to be
maximized. Howsoever, the advantage of a cost function based approach is that the
optimization can be executed by gradient based methods and is no longer a heuristic.
Sato & Yamada introduced the classifier function

µ (v) =
d+ (v)− d− (v)

d+ (v) + d− (v)
∈ [−1, 1] , (2.42)

where d+ (v) = d (v,w+) denotes the dissimilarity between the data vector v and
the closest prototype w+ with coinciding class labels y (w+) = x (v) and d− (v) =

d (v,w−) is the dissimilarity value for the best matching prototype with a class label
y (w−) different from x (v). Hence, µ (v) < 0 iff a data sample v is correctly classified.
The classifier function µ (v) is in the range [−1, 1] due to the normalization term
d+ (v) + d− (v) in (2.42).
The GLVQ cost function is defined by

EGLVQ =
1

2 ·NV

∑
v∈V

f (µ (v)) , (2.43)

where NV denotes the cardinality of V and f is a monotonically increasing transfer
or squashing function. Frequently, f is chosen as the identity function f (x) = x or
as differentiable sigmoid function

fΘ (x) =
1

1 + exp
(
− x

2Θ2

) . (2.44)

The parameter Θ in (2.44) refers to the slope, i.e. the smaller Θ the steeper the slope,
see Figure (2.5).It can also be seen in this Figure that, the summands in (2.43) are
in the range [0, 1]. Hence, the cost function with the sigmoid function is a smooth
approximation of the classification error for Θ ↘ 0 [65].
Learning in GLVQ is performed by stochastic gradient descent (SGD) for the cost
function EGLVQ (2.43). The SGD is explained in Appendix A. In each learning
step of GLVQ, the winning prototypes w+ and w− are adapted concurrently for a
randomly chosen training datapoint v ∈ V, see Figure 2.6. The stochastic derivatives
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Figure 2.5: Representation of different shapes of the sigmoid function depending on
Θ

Figure 2.6: Nearest prototype determination w+ (coincide class labels) and w− (dif-
ferent class labels) together with their distances d+ (v) and d− (v), respectively. The
data set realizes a three-class problem, where each class is represented by one proto-
type.
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of EGLVQ with respect to w+ and w− yield the updates for the prototypes

w± ← w± − ηw · �w±, (2.45)

where

�w± ∼ ∂f (µ (v))

∂w± (2.46)

=
∂f

∂µ
· ∂µ

∂d±E (v)
·
∂d±E (v)

∂w± (2.47)

=
∂f

∂µ
· ∓2 ·

d∓E (v)(
d+E (v) + d−E (v)

)2 ·
∂d±E (v)

∂w± , (2.48)

where squared Euclidean distance dE (v,w) is applied as dissimilarity measure. In-
stead of Euclidean distance any dissimilarity measures differentiable with respect to
the prototypes can be applied such as lp-norms or kernels, see chapter 5. Up to now,
only the adaptation of the prototypes has been addressed. However, the possibility of
distance adaptation, i.e. additional learning of the distance parameters by SGD, can
improve the classification performance, which is realized by the following procedures.

Relevance Learning in Generalized LVQ

A successful extension of GLVQ is the Generalized Relevance Learning Vector Quan-
tization (GRLVQ) proposed by Hammer & Villmann in [40]. The idea of relevance
learning is that all data dimension are weighted according to their relevance for a
better classification performance of GLVQ. Thus, the extended variant inherits the
same cost function (2.43) replacing the squared Euclidean distance by the weighted
variant

dE,λ (v,w) = (λ ◦ (v −w))
2
=

n∑
i=1

λ2
i · (vi − wi)

2
. (2.49)

In (2.49) the symbol ◦ is the Hadamard product and λ is the relevance vector con-
sisting of relevance weights λi. Frequently the relevances are normalized such that∑n

t=1 λ
2
i = 1 is valid to prevent the learning algorithm from degeneration. The asso-

ciated cost function reads as:

EGRLVQ =
1

2 ·NV

∑
v∈V

f (µλ (v)) , (2.50)
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with µλ (v) =
d+
E,λ(v)−d−

E,λ(v)

d+
E,λ(v)+d−

E,λ(v)
. For minimizing the cost function the parameters to be

optimized are the prototypes as well as the relevance vector, which is realized again
by SGD. The prototypes as well as the relevance vector are updated simultaneously,
i. e. for a randomly selected training data point v with label x (v) the prototype
adaption is according to

�w± ∼ ∂f

∂µλ
· ∂µλ

∂d±E,λ (v)
·
∂d±E,λ (v)

∂w± (2.51)

with
∂d±E,λ (v)

∂w± = −2λ2 ◦
(
v −w±)

and the relevance vector λ is updated by

λ ← λ− ηλ · �λ (2.52)

with

�λ ∼ − ∂f

∂µλ
·

(
∂µλ

∂d+E,λ (v)
·
∂d+E,λ (v)

∂λ
+

∂µλ

∂d−E,λ (v)
·
∂d−E,λ (v)

∂λ

)
, (2.53)

and
∂dE,λ (v)

∂λ
= 2λ ◦ (v −w)

2
.

The parameter ηλ in (2.52) is the learning rate for relevance vector. For this leaning
rate the same conditions are valid as for ηw, i. e. 0 < ηλ � 1 and ηλ has to be
decreased during learning, see Appendix A. The learning rates ηλ and ηw can be
initialized independently of each other.
After training the squared relevance weights λ2

i reflect the importance of the different
dimensions for classification. This means irrelevant dimensions get small weight values
but not vice versa. If single features are be dependent of each other and a feature
with high λ2

i is dropped, other features may be able to compensate the omission [40].
Note that, in GRLVQ the relevances λi weight each data dimension independently of
each other. If the relevance vector λ2 is considered as diagonal matrix, i. e.

λ2 =




λ2
1 . . . 0
...

. . .
...

0 · · · λ2
n


 ,
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the relevance profile can be interpreted as linear mapping, which only causes a scaling
of the axes. A further extension of this learning algorithm, subsequently explained,
treats the data dimensions no longer independently and, hence, is able to recognize
alternative directions in feature space realizing a more discriminative power to classify
the data [119].

Matrix Learning in Generalized LVQ

Generalized Matrix Learning Vector Quantization (GMLVQ), proposed by Schnei-
der et al., takes into account pairwise correlations between data dimensions, which
is realized by the full matrix Λ in distance measure instead of the relevance vector
λ2, i. e. the quadratic form

dE,Λ (v,w) = (v −w)
�
Λ (v −w) , (2.54)

with Λ ∈ Rn×n as distance is applied [119]. The dissimilarity measure dE,Λ (v,w)

defines a generalized squared Euclidean distance in the correspondingly transformed
space only if Λ is positive semi-definite and symmetric. In order to satisfy this a
parameterization

Λ = Ω�Ω,

is applied, where Ω ∈ Rm×n is an arbitrary matrix. This yields

(v −w)
�
Λ (v −w) = (v −w)

�
Ω�Ω (v −w) =

(
Ω� (v −w)

)2

≥ 0.

Ω defines a linear mapping of data and prototypes to a new feature space of dimen-
sionality in which, hence, the standard squared Euclidean distance is valid:

dE,Ω (v,w) = (Ω · (v −w))
2
=

m∑
i=1




n∑
j=1

Ωi,j (vj − wj)




2

. (2.55)

The GMLVQ cost function is defined as:

EGMLVQ =
1

2 ·NV

∑
v∈V

f (µΩ (v)) , (2.56)

with µΩ (v) =
d+
E,Ω(v)−d−

E,Ω(v)

d+
E,Ω(v)+d−

E,Ω(v)
. Analogously to GRLVQ, the prototypes w± and

the matrix Ω are optimized in parallel by the stochastic derivatives ∂SEGMLV Q

∂w± and



2.5. Hebbian Learning for Prototype based Supervised Vector Quantization 31

∂SEGMLV Q

∂Ωi,j
. Then, the adaptation for the prototypes is according to

�w± ∼ ∂f

∂µΩ
· ∂µΩ

∂d±E,Ω (v)
·
∂d±E,Ω (v)

∂w± (2.57)

with
∂d±E,Ω (v)

∂w± = −2
(
Ω ·

(
v −w±)) .

The matrix entries Ωi,j are adapted by

Ω ← Ω− ηΩ · �Ω (2.58)

with

�Ω = − ∂f

∂µΩ
·

(
∂µΩ

∂d+E,Ω (v)
·
∂d+E,Ω (v)

∂Ωi,j
+

∂µΩ

∂d−E,Ω (v)
·
∂d−E,Ω (v)

∂Ωi,j

)
, (2.59)

and the derivative
∂dE,Ω (v)

�Ω
= −2

(
Ω
(
v −w±)) , (2.60)

where ηΩ is the learning rate for the matrix entries Ωi,j for which the same condi-
tions are valid as for ηλ. After every update step, Ω has to be normalized to prevent
the learning algorithm from degeneration [120]. The possibilities are to set trace (Λ)

or det (Λ) to a fixed value, hence, either the sum of eigenvalues or the product of
eigenvalues is constant. After learning, those data dimensions in Λ are combined,
which supports the class separabilities. Thus, Λ can be interpreted as a classification
correlation matrix [64], i. e. Λij describes the correlation between data features sup-
porting the classification. Further, the diagonal elements Λii can be seen as relevance
weights comparable to the entries λi of the relevance vector λ in GRLVQ.
Further, the choice of m < n in Ω implies that the classifier is restricted to a reduced
number of features compared to the original input dimensionality of the data. In the
course of these, the linear mapping can be used to obtain low-dimensional represen-
tations of high-dimensional data independence of the classification task, which are
different from principal component projection [21]. An interesting aspect of matrix
relevance learning is that the resulting matrices Λ is dominated by one or very few
eigenvectors of data covariance matrix corresponding to the largest eigenvalues. This
is due to the matrix update (2.60), which corresponds to a specific Von Mises iteration
neglecting the normalization as outlined in [15].
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Chapter 3

General Inner Products,
Distance and Dissimilarity
Measures for Non-Euclidean
Spaces

This chapter introduces the mathematical fundamentals to consider Hebbian Learning
and Learning Vector Quantization in non-Euclidean spaces. First, this chapter pro-
vides the foundations of semi-inner products (SIPs) in Banach spaces and generalized
SIPs. As a widely known example the Minkowski norms and their SIPs are intro-
duced. Additional functional norms and their respective SIPs are also considered.
In particular, a SIP for Sobolev spaces is proposed. Further a functional measure
the LTS

p -Measure by Lee & Verleysen is investigated. Another alternative for
the Euclidean inner product are kernels. Hence, inner products and SIPs for general
kernel spaces are introduced.
Considering vector spaces of matrices, which are more general vector spaces, the fo-
cus has to shift to matrix norms. In particular, the Schatten-p-norm as well as the
QR-norm, which are both matrix norms will be investigated and an SIP for these
vector spaces is developed, which generates the respective norms. In this chapter the
theoretical results, which were developed in the context of this work, are highlighted
in boxes. The chapter can be skipped if the mathematical details are not of particular

33
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interest to the reader.

The section is based on

M. Lange and M. Biehl and T. Villmann, "Non-Euclidean Principal Component Anal-
ysis by Hebbian Learning", Neurocomputing 147 (2015), pp. 107-119[83]
M. Biehl, M. Kästner, M. Lange and T. Villmann, "Non-Euclidean Principal Com-
ponent Analysis and Oja’s Learning Rule - Theoretical Aspects", in P.A. Estevez and
J.C. Principe and P. Zegers, ed., Advances in Self-Organizing Maps: 9th Interna-
tional Workshop WSOM 2012 Santiage de Chile vol. 198, (Berlin: Springer, 2013),
pp. 23-34.[14]

3.1 Semi-Inner Products on Banach Spaces

Semi-inner product spaces as introduced by Lumer in [88] can be seen as a general-
ization of inner-product spaces. According to Lumer a semi-inner product is defined
as follows:

Definition 3.1. Let V be a vector space. A semi-inner product (SIP) [•, •] of V is a
map [•, •] : V × V → C and the following properties ∀x,y, z ∈ V hold:

1. [x,x] > 0 and [x,x] = 0 for x = 0 (positive definite)

2. τ ·[x, z]+[y, z] = [τ · x+ y, z] for τ ∈ C (linear with respect to the first argument)

3. |[x,y]|2 ≤ [x,x] [y,y] (Cauchy-Schwarz inequality)

A vector space V with a SIP is called a semi-inner product space.

Immediately, it can be observed from this definition that SIPs are not neces-
sarily symmetric, i. e. [x,y] �= [y,x]. The imposition of a homogeneity property adds
convenient structure without causing any essential restriction of the SIP [35]. A SIP
space V has the homogeneity property when the SIP satisfies

[x, τ · y] = τ̄ · [x,y] , ∀x,y ∈ V, τ ∈ C (3.1)

with τ̄ being the conjugate complex of τ [35]. All normed vector spaces can be
represented as SIP spaces with the homogeneity property [35, 88]. Thus, definition
3.1 implies homogeneity property [35]. In the following, it will be assumed that all
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SIP spaces possess the homogeneity property.
Note that, SIPs always find x,y, z ∈ V such that

[x,y + z] �= [x,y] + [x,z]

is valid, which is equivalent to the symmetry condition: [x,y] �= [y,x]. Further, a
SIP space has considerable structure when it possesses a continuity property on the
right-hand member of the SIP. An SIP space is called continuous if for τ ∈ R and for
every x,y ∈ V the real part R of the SIP fulfills

lim
τ→0

R ([y,x+ τ · y]) = R ([y,x]) . (3.2)

The space is a uniform continuous SIP space, if the limit (3.2) is approached uniformly
on V × V . Obviously, the following remark is valid:

Remark 3.2. A real SIP with [•, •] : V × V → R is immediately continuous due
to the Cauchy-Schwarz inequality. In particular, the real SIP is also linear in the
second argument. Hence, in that case

Fx [y] = [x,y] · x (3.3)

defines a linear operator.

According to G. Lumer [88] for every normed space and, hence, for each Banach
space B, one can construct at least one SIP [•, •]B consistent with the norm such that

‖x‖B =
√
[x,x]B (3.4)

is valid. Thus, the SIPs for Banach spaces are generalizations of inner products for
Hilbert spaces [102]. In general SIPs are not unique in contrast to inner products.
However, for real SIPs the uniqueness is satisfied, see the following explanations,
which require the Fréchet- and Gâteaux- differentiability :

The norm ‖•‖B is called Gâteaux-differentiable if the limit

DB (x) = lim
τ→0

‖x+ τy‖B + ‖x‖B
τ

exists. If the limit converges uniformly, ‖•‖B is denoted as uniformly Fréchet-
differentiable. J.R. Giles has shown that in case of existence the relation
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DB (x) =
R ([y,x]B)

‖x‖B
is valid [35]. Hence the following remark can be indicated explicitly [146]:

Remark 3.3. If the norm ‖x‖B =
√
[x,x]B is Gâteaux-differentiable then the respective

SIP is unique.
The continuity of the SIP can be related to the differentiability of the respective norm
[35]:

Lemma 3.4. The SIP [•, •]B is continuous (uniformly continuous) iff the respective
norm ‖x‖B =

√
[x,x]B is Gâteaux-differentiable (uniformly Fréchet-differentiable).

Therefore it can be concluded for real SIPs, as mentioned above:

Corollary 3.5. If the SIP [•, •]B is continuous or uniformly continuous then it is
also unique.

According to Corollary 3.5, real SIPs are unique.

Further, like for Hilbert spaces, a representer theorem for continuous linear functionals
on uniform convex Banach spaces can be formulated, which requires the definition of
a uniform convex Banach space [35]:

Definition 3.6. A Banach space with norm ‖•‖B is uniform convex if for each ε > 0

there is a δ > 0 such that ‖x+ y‖B ≤ 2− δ holds if ‖x− y‖B ≥ ε is valid.

The representer theorem for continuous linear functionals on a uniform convex Banach
space reads now as [35]:

Proposition 3.7. Let B be a uniform convex and uniform Fréchet-differentiable Ba-
nach space. Let f be a linear function, i.e. f ∈ B∗. Then there exists a unique y ∈ B
such that f (x) = [x,y]B.

3.1.1 Generalized Semi-Inner Products

The generalizations of a SIP spaces suggested by Nath in [92, 93] are given by slight
modifications of the definition (3.1) for SIP spaces. More precisely, the Cauchy-
Schwarz inequality is replaced by the more general Hölder inequality:

|[x,y]| ≤ [x,x]
1
p [y,y]

1
q ,
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Figure 3.1: Inclusion relations between some kinds of generalized semi-inner product
spaces.

where p, q ∈ [1,∞) are a pair of conjugated numbers, i. e. 1
p + 1

q = 1 is valid. The
respective SIP is denoted as generalized SIP of type p (gSIP(p)). For p = 2, a gSIP(p)
space is reduced to a SIP space. It turns out that also the gSIP(p) space is a normed
linear space with ‖x‖ = [x,x]

1
p . This result was further extended by Zhang in [146]:

More general is the generalized SIP (gSIP), which can be defined by a function [•, •]ϕ :

V × V → C on a vector space V satisfying the following three conditions:

1. [x,x]ϕ > 0 for all x ∈ V \ {0} (Positivity)

2. τ · [x, z] + β [y, z] = [τ · x+ βy, z] for all τ, β ∈ C and x,y, z ∈ V (linear with
respect to the first argument)

3. For some ϕ, ψ : R+ → R+ holds
∣∣∣[x,y]ϕ

∣∣∣ ≤ ϕ
(
[x,x]ϕ

)
ψ
(
[y,y]ϕ

)
for all x,y ∈

V and the equality holds when x = y. (generalized Cauchy-Schwarz inequality)

The gSIP reduces to gSIP(p) if ϕ (t) = tp and ψ (t) = tq is taken, where p, q ∈ (1,∞)

with 1
p + 1

q = 1. Obviously, if [•, •]ϕ is a gSIP on a vector space V then ‖x‖ϕ =

ϕ
(
[x,x]ϕ

)
defines a norm on V . Conversely, for any normed vector space V exists a

gSIP if the map is surjective on R+ [146]. The relations between the generalized SIP
spaces are illustrated in Figure (3.1).
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The section is based on

M. Lange, M. Biehl and T. Villmann, "Non-Euclidean Principal Component Analysis
by Hebbian Learning", Neurocomputing 147 (2015), pp. 107-119.[83]

3.2 Minkowski Norms and their Semi-Inner Prod-
ucts

The prominent metric in lp-spaces is the Minkowski-metric with the lp-norm

‖x‖lp = p

√√√√
n∑

i=1

|xi|p (3.5)

for p ∈ [1,∞] and x,y ∈ Cn. The respective distance

dlp (x,y) = ‖x− y‖lp (3.6)

is known as Minkowski distance. Depending on the selected p-value the Minkowski
distance (3.6) displays different behaviors. Great variations in a single dimension
become important for large p-values. For p < 1 small variations are emphasized and
the corresponding unit circle becomes concave, see Figure 3.2.
The norm of the lp-space (Banach space) is Gâteaux-differentiable.1 The respective
unique and continuous SIPs is

[x,y]lp =
1(

‖y‖lp
)p−2

n∑
i=1

xiȳi |yi|p−2
. (3.7)

which reduces to

[x,y]lp =
1(

‖y‖lp
)p−2

n∑
i=1

xi |yi|p−1 sign (yi) (3.8)

for x,y ∈ Rn. In (3.8) the term sign (·) denotes the already introduced signum
function. The most familiar examples are l1-norm, l2-norm and l∞-norm equipped
wither (semi)-inner products and respective distance are summarized in Table 3.1.

1Note that, the norm of the l̂p-spaces looks identical to lp-spaces because of the definition of the
absolute value of complex numbers.
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p-values norm (semi-) inner product distance

p = 1 ‖x‖l1 =
∑n

i=1 |xi| [x,y]l1 = ‖y‖l1
∑n

i=1 xi · yi
|yi|

Manhatten distance
dl1 (x,y) =

∑n
i=1 |xi − yi|

p = 2 ‖x‖l2 =
√∑n

i=1 x
2
i [x,y]l2 =

∑n
i=1 xiyi

Euclidean distance

dl2 (x,y) = 2
√∑n

i=1 |xi − yi|2

p =∞ ‖x‖l∞ = supi |xi| not known maximum distance
d∞ (x,y) = maxi |xi − yi|

Table 3.1: The lp-norms for p ∈ {1, 2,∞} with their (semi-) inner products and the
respective distance are listed.

Closely related to the lp-spaces are the Banach spaces Lp of complex Lebesgue-
integratable functions. For the complex functions g and f the Lp -spaces are equipped
with the SIP

[f, g]Lp
=

1(
‖g‖Lp

)p−2

ˆ
f · ḡ |g|p−2

dt. (3.9)

Their real counterparts are the spaces Lp of real Lebesgue-integratable functions. The
SIP (3.9) reduces to

[f, g]Lp
=

1(
‖g‖Lp

)p−2

ˆ
f · |g|p−1 sign (g) dt, (3.10)

where g and f are real functions, generates the functional Lp-norm

‖x (t)‖Lp
=

ˆ
|x (t)|p dt.

It is well known, that lp-spaces and Lp-spaces are uniform convex for p ∈ (1,∞), see
definition (3.6).

General Notes on lp-norms

The expression in (3.5) is still well-defined for 0 < p < 1. However, it is no longer a
norm and reduces to be a quasi-norm [100]. For a general quasi-norm ‖̂·‖ a relaxed
triangle inequality

‖̂v‖+ ‖̂w‖ ≤ C ̂‖v +w‖

holds with a quasi-norm constant C ≥ 1. The other norm axioms are still fulfilled. For
the quasi-norms ‖·‖lp with p ∈ (0, 1), this constant is obtained as C = max

{
1, 2

p
1−p

}
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Figure 3.2: Unit circles for several lp-norms (from left to right): p = 1
2 , p = 1 (called

Manhatten distance), p = 2 (called Euclidean distance) and p = 10.

and the respective vector space is a complete Quasi-Banach space [31]. Additionally,
the Minkowski inequality

‖|v|+ |w|‖lp ≤ ‖v‖lp + ‖w‖lp

holds for those lp-quasi-norms with |x| = (|x1| , . . . , |xn|)�. Further, the p-triangle
inequality

‖v‖plp + ‖w‖plp ≤ ‖v +w‖plp
is valid. It turns out that

dlp (v,w) =
(
‖v −w‖lp

)p

is a translation invariant metric also for the quasi-norm case [58]. Note that here,
the lp-space with dlp (v,w) is a so called Fréchet-space (F -space) and not a Banach
space. F -spaces are generalizations of Banach spaces. Thus each Banach space is
also an F -space. F -spaces are complete with respect to the metric, the metric is
translation invariant and continuous. Yet, F -spaces are not locally convex whereas
Banach spaces fulfill this property [41].
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The sections are based on

M. Lange, M. Biehl and T. Villmann, "Non-Euclidean Principal Component Analysis
by Hebbian Learning", Neurocomputing 147 (2015), pp. 107-119. [83]
T. Villmann and M. Lange, "A comment on the functional LTS

p -Measure Regarding
the norm properties", TechReport, 2015.[140]

3.3 Functional Norms and their Semi-Inner Products
Based on Minkowski-Norms

Although L̂p and Lp are function spaces, the respective norms and SIP’s do not
involve the functional character explicitly. More precise, the values are invariant
under transformation of the function such that the function values for two arbitrary
arguments t1 and t2 is switched. The same property is observed for discrete versions
if vector dimensions are switched. For this reasons so called functional norms will
be introduced [105]. Especially the Sobolev spaces are of great interest in functional
data analysis. Of particular interest in the context of this work is the SIP of the
Sobolev space, which can be applied for Hebbian approaches in non-Euclidean spaces.
Subsequently, an alternative discrete functional norm, the Functional LTS

p -Measure
introduced by Lee and Verleysen, will be considered. Here, it will be shown,
that the LTS

p -Measure defines only a quasi-norm, because the triangle inequality is
violated [140].

3.3.1 The Sobolev Spaces

Closely related to the real Lp-space is the Sobolev-space
WK,p = {f | Dαf ∈ Lp, |α| ≤ K, K ∈ N} of real differentiable functions up to order
K with Dα = ∂|α|

∂α1...∂α|α|
being the differential operator of order |α|. The norm of

WK,p is defined by

‖f‖WK,p
:=


 ∑

|α|≤K

‖Dαf‖pLp




1
p

(3.11)

=


 ∑

|α|≤K

ˆ
|Dαf |p dt




1
p

,
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which is based on the Lp-norm. It is well known, that WK,p and Lp are Hilbert spaces
only for p = 2 [1]. Similar to the SIP (3.10) of the Lp-space the unique SIP of WK,p

can be defined as:

Lemma 3.8. (Definition of SIP in WK,p) The unique SIP of WK,p is given as

[f, g]WK,p
:=

1

‖g‖p−2
WK,p

∑
|α|≤K

ˆ
Dαf |Dαg|p−1 sgn (Dαg) dt. (3.12)

The proof of the SIP properties and uniqueness can be found in Appendix (B.1)
based on [83]. The differentiability of the functions g and f is obviously required in
(3.11) and (3.12). If the differentiability property cannot be ensured, this might be
a disadvantage. However, in most cases in data mining only discrete approximations
of functions are considered. That means, x ∈ Rn are discrete representations of
functions and their vector entries xk and xk+j are functionally related depending on
the index difference j. Consequently, this functional aspect of the vector entries is
lost if only the lp-norm (3.5) is used. Otherwise, machine learning algorithms in data
mining may benefit from those functional data properties [112, 113, 143].

3.3.2 The Functional LTS
p -Measure

An alternative discrete functional dissimilarity was introduced by Lee & Verleysen
in [84] as a generalization of lp-norms incorporating functional data properties. The
functional structure of data vectors is taken into account by involving the previous
and next values of xi of a vector x = (x0, . . . , xD+1) ∈ Rn with n = D + 2. In
the calculation of the dissimilarity value, as explained in the following, the notation
x0 = x (0) , x1 = x (1) , x2 = x (2) , . . . is used. Assuming that the sampling period τ

is constant and x0 = xD+1 = 0 is valid. The proposed dissimilarity measure is defined
as

δp (x,y) = LTS
p (x− y, τ) (3.13)

with

LTS
p (x, τ) =

(
D∑
i=1

(Ai (x, τ) +Bi (x, τ))
p

) 1
p

, (3.14)

where

Ai (x, τ) =




τ
2 |xi| 0 ≤ xixi−1

τ
2

x2
i

|xi|+|xi−1| 0 > xixi−1

(3.15)
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Figure 3.3: Illustration of the quasi-norm LTS
p taken from [84]. The quasi-norm

involves the areas of the triangles located on the left Ai and right Bi side of each
coordinate.

and

Bi (x, τ) =




τ
2 |xi| 0 ≤ xixi+1

τ
2

x2
i

|xi|+|xi+1| 0 > xixi+1

. (3.16)

are the respective areas of triangles on the left and right sides of xi, as depicted
in Figure 3.3. Lee and Verleysen proposed in [84] that the quantity LTS

p (x, τ)

defined in (3.14) is a norm and, therefore, δp (x,y) is assumed to be a distance.

Note 3.9. However, it can be verified that the triangle inequality may be violated,
see Appendix B.2. Therefore, LTS

p (x, τ) is only a quasi-norm and thus also the
dissimilarity measure δp (x,y) from (3.13) is only a quasi-metric.

In the following, the approximation properties of the quasi-norm LTS
p (x, τ) with

respect to the functional Lp-norm

‖x (t)‖Lp
=

ˆ
|x (t)|p dt

are briefly investigated (as in publication [140]). For that, the vector x is supposed to
be a discrete representation of a continuous function x (t), as suggested in [84]. Then
the difference between two consecutive points corresponds to a small interval ∆t

scaled by a sampling period τ . The functional counterparts of Ai (x, τ) and Bi (x, τ)

are defined as

α (x (t) , t, τ,∆t) =
τ

2
|x (t)| ·


H (x (t) · x (t−∆t)) +

1−H (x (t) · x (t−∆t))

1 +
|x(t−∆t)|

|x(t)|


 , (3.17)
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and

β (x (t) , t, τ,∆t) =
τ

2
|x (t)| ·


H (x (t) · x (t+∆t)) +

1−H (x (t) · x (t+∆t))

1 +
|x(t+∆t)|

|x(t)|


 , (3.18)

respectively, where H (x) is the already known Heaviside function. Ai (x, τ) and
Bi (x, τ) are summed up in LTS

p (x, τ). The respective summation in the functional
case yields

α (x (t) , t, τ,∆t) + β (x (t) , t, τ,∆t) (3.19)

as a τ ·∆t-dependent counterpart. The term

ϑx (t, τ,∆t) = H (x (t) · x (t−∆t)) +H (x (t) · x (t+∆t))

+ 1−H(x(t)·x(t−∆t))

1+
|x(t−∆t)|

|x(t)|
+ 1−H(x(t)·x(t+∆t))

1+
|x(t+∆t)|

|x(t)|

can be interpreted as a multiplicative deviation of x (t). Thus, the summation in
(3.19) can be rewritten as

τ

2
|x (t) · ϑx (t, τ,∆t)| (3.20)

by applying the observation ϑx (t, τ,∆t) ≥ 0. Although it is assumed that x (t) is a
continuous function, the deviation function ϑx (t, τ,∆t) is not requisitely continuous
everywhere regarding to the difference ∆t. This can be illustrated by considering a
continuous time-dependent function x (t) on the interval [a, b] with x (a) · x (b) < 0.
Without loss of generality assuming that x (a) < 0. Then exists at least one t0 with
x (t0) = 0 together with an ε > 0 determining the interval Iε (t0) = [t0 − ε, t0 + ε]

such that it fulfills the following statements:

1. Iε (t0) ⊆ [a, b]

2. x (t0 − ε) · x (t0 + ε) < 0

3. x (t) is monotonically increasing in Iε (t0)

4. x (t) < 0 for t ∈ [t0 − ε, t0) and x (t) > 0 for t ∈ (t0, t0 + ε] .

Let t∗ ∈ (t0 − ε, t0) be arbitrarily but fixed and ∆t = t − t∗ < ε
2 . Thus, the strong

inequality x (t0) > x (t∗) holds. The limit t∗ → t of the function α (x (t) , t, τ,∆t)
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from (3.17) yields

lim
∆t→0

α (x (t0) , t0, τ,∆t) = lim
∆t→0

τ

2
· |x (t0)|
1 + |x(t0−∆t)|

|x(t0)|

(3.21)

=
τ

4
· |x (t0)]

�= α (x (t0) , t0, τ, 0)

because of α (x (t0) , t0, τ, 0) =
τ
2 · |x (t0)] by taking the Heaviside function H (x) into

consideration. The limit value observation of β (x (t) , t, τ,∆t) can be performed in
the same way.

Note 3.10. Therefore, the deviation ϑx (t, τ,∆t) in (3.20) is not requisitely continu-
ous and a continuous approximation of the functional Lp-norm cannot be obtained.

The section is based on

M. Lange, M. Biehl and T. Villmann, "Non-Euclidean Principal Component Analysis
by Hebbian Learning", Neurocomputing 147 (2015), pp. 107-119.[83]

3.4 Further General Notes on Banach Spaces

In the following some additional notes on Banach spaces lp and WK,p are presented,
which are fundamental for algorithms introduced in the next chapters.

Remark 3.11. In a Banach space B two vectors v and w are considered. The vector v
is normal to the vector w and the vector w is transversal to the vector v iff [v,w]B = 0,
i. e. the orthogonality relation is not symmetric.

In the following some properties regarding the separability of Banach spaces are col-
lected: Note that, the separability property is not sufficient for a countable basis of
an infinite dimensional Banach space B. However, the following statement is valid:

Remark 3.12. If a countable set of elements Bs = {bk ∈ B | k ∈ N} exists and Bs is
dense in B then it is called a Schauder basis, implying the separability of B and a
respective unique vector representation v =

∑∞
k=1 vkbk for all infinite dimensional

vectors v ∈ B [58].

The basis is called unconditional, if the representation v =
∑∞

k=1 vkbk converges
unconditionally. Further, the Banach spaces lp for p ∈ [1,∞) with SIP (3.7) and
Lp (K) over a compact set K ∈ Rn with SIP (3.7) have a Schauder basis. The same
applies to the real counterparts with the SIPs (3.8) and (3.10), respectively.
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The latter remark also implies a Schauder basis for the Sobolev space WK,p (K) with
SIP (3.12).

Let B∗ be the dual space of linear functionals over B with Schauder basis Bs =

{bk ∈ B | k ∈ N} and an arbitrary subspace Bn ⊂ B spanned by b1, . . . , bn with B∗
n.

Consider a function f ∈ B∗ and its restriction f |Bn∈ B∗ . The basis Bs is called
shrinking if limn→∞ ‖f |Bn

‖ = 0 is valid.

Remark 3.13. According to a theorem provided by R.C. James, a Banach space is
reflexive iff it has an unconditional shrinking Schauder basis [62]. Hence, a Schauder
basis for reflexive Banach spaces can always be supposed.

Note that, these mathematical considerations for SIPs remain also valid for general-
ized SIPs. This concerns in particular the uniqueness, existence, and approximation
capability based on the Schauder basis theory for Banach spaces. More detailed
mathematical analysis can be found in [146] and [51].

The section is based on

M. Lange, M. Biehl and T. Villmann, "Non-Euclidean Principal Component Analysis
by Hebbian Learning", Neurocomputing 147 (2015), pp. 107-119.[83]

3.5 Inner Products and Semi-Inner Products for
General Kernel Spaces

Kernel methods have become popular in machine learning [100]. Roughly speaking,
kernels are (conditionally) positive definite (cpd) functions of two variables, which
can be thought to encode proximity between pairs of vectors. They are originally
defined in vector spaces, e. g. based on a feature representation of vectors. Note
that, kernels can be interpreted as generalized inner products in a reproducing kernel
Hilbert space (RKHS) [100].

In the following, let (V, dV ) be a compact metric space with the vector space V being
equipped with an arbitrary metric dV . A kernel is a function κ on V

κφ : V × V → C, (3.22)

if there exists an associated Hilbert space H and a feature map

Φ : V � v → Φ (v) ∈ H (3.23)
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with
κφ (v,w) = 〈Φ (v) ,Φ (w)〉H (3.24)

for all v,w ∈ V . 〈·, ·〉H is the inner product in H. H is also denoted as the feature
space of κφ. Without further restrictions on the kernel κφ, neither H nor Φ are
unique [132]. Positive definite kernels are of great importance because they uniquely
correspond to reproducing kernel Hilbert spaces (RKHS) H in a canonical manner
according to the Mercer-theorem [6, 91, 131]. The kernel κφ is called positive definite
if for all finite subsets Vm ⊆ V with cardinality |Vm| = m the Gram-Matrix

Gm = [κφ (vi,vj) : i, j = 1 . . .m] (3.25)

is positive semi-definite [6]. The norm ‖Φ (v)‖H =
√

κφ (Φ (v) ,Φ (v)) of this RKHS
induces a kernel semi-metric

dκφ
(v,w) =

√
κφ (v,v)− 2κφ (v,w) + κφ (w,w) (3.26)

defined by the kernel κφ [121]. If the feature map Φ is injective the kernel semi-metric
becomes a general metric such that

dκφ
(v,w) = ‖Φ (v)− Φ (w)‖H (3.27)

is valid [130]. Regarding this, dκφ
is also denoted as kernel induced metric. A function

fh : V → C is induced by κφ if there exists an element h in the associated Hilbert
space H with fh (v) = 〈h,Φ (v)〉H. A continuous kernel κφ on a compact metric space
(V, dV ) is called universal, if the space F of all functions induced by κφ is dense in
the space C (V ) of continuous functions over V equipped with the maximum norm
3.1 [130]. Steinwart proved that continuous, universal kernels induce the continuity
and separability of the corresponding feature map Φ and the image Iκφ

= Φ(V ) is
a subspace of H [130, 131]. Further Steinwart shows in [130] that (continuous)
universal kernels also imply the continuity and injectivity of the map

Ψ : (V, dV ) →
(
V, dκφ

)
(3.28)

with dκφ
(v,w) = dH (Φ (v) ,Φ (w)), where

(
V, dκφ

)
is the compact vector space V

with kernel induced metric dκφ
. In [138] was shown that

(
V, dκφ

)
is isometric and

isomorphic to Iκφ
. This correspondence is visualized in Figure (3.4). For a feature

mapping space with weaker assumptions an analogous theory can be derived. Zhang
et al. consider in [147] reflexive Banach spaces as mapping spaces. In this work, the



48 Chapter 3. General Inner Products, Distance and Dissimilarity Measures

Figure 3.4: Visualization of the statement: For universal kernels κφ the metric spaces
(V, dV ) and

(
Iκφ

, dV
)
, are topologically equivalent and isometric by means of the

continuous bijective mapping Φ ◦Ψ−1 [138].

Banach space is also assumed to be a function space as above for the Hilbert space
H. Now, such a reflexive function Banach space B over the compact metric space
(V, dV ) with the SIP [h, g]B is considered with a reproducing property for Banach
spaces, called Reproducing Kernel Banach space (RKBS). If the RKBS is Fréchet-
differentiable, it is named a semi-inner product Reproducing Kernel Banach space
(SIP-RKBS). The feature map Φ : V → B is considered again with a so-called SIP-
kernel

γφ (v,w) = [Φ (v) ,Φ (w)]B (3.29)

in B. For a SIP-RKBS B a unique correspondence exists between a SIP-kernel γφ
and the map Φ based on the Banach space representation theorem [147]. If the map
Φ is continuous then also γφ is. In addition, it can be proved that (weakly) universal
SIP-kernels correspond to bijective mappings Φ [138]. Moreover, it follows that the
identity map

Ψ : (V, dV ) → (V, dB) (3.30)

is also continuous and, therefore, bijective iff the SIP-kernel is (weakly) universal and
continuous. Therefore, (V, dB) and the subspace Iγφ

= Φ(V ) ⊆ B are isomorphic
and also isometric. These relations are visualized in Figure 3.5 and proven in [138].
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Figure 3.5: Visualization of the statement: For SIP universal kernels γφ the metric
spaces (V, dB) and

(
Iγφ

, dB
)
, are topologically equivalent and isometric by means of

the continuous bijective mapping Φ ◦Ψ−1 [138].

The section is based on

K. Domaschke, M. Kaden, M. Lange, T. Villmann, "Learning Matrix Quantization
and Variants of Relevance Learning", in M. Verleysen, ed., Proc. of European Sympo-
sium on Artificial Neural Networks, Computational Intelligence and Machine Learning
(ESANN’2015), pp. 13-18, Louvain-La-Neuve, Belgium (2015). [32]
A. Bohnsack, K. Domaschke, M. Kaden, M. Lange and T. Villmann, "Learning Ma-
trix Quantization and Relevance Learning Based on Schatten-p-norms", Neurocomput-
ing 192 (2016), pp. 104-114.[19]
A. Bohnsack, K. Domaschke, M. Kaden, M. Lange and T. Villmann, "Mathematical
Characterization of Sophisticated Variants for Relevance Learning in Learning Ma-
trix Quantization Based on Schatten-p-norms", Lecture Notes in Artificial Intelligence
(Subseries of Lecture Notes in Computer Science) 1 (2015), pp. 403-414.[18]
A. Villmann, M. Lange-Geisler, T. Villmann, "About Semi-Inner Products for
p−QR-Matrix Norms", TechReport (2018).[136]

3.6 Matrix Norms and their Semi-Inner Products

As mentioned in the beginning of this chapter, in this section the Schatten-p-norm
and the QR-norm as matrix norms will be investigated and the respective generated
SIPs will be presented.

3.6.1 Preliminaries

Let L (Vm, Vn) be the vector space of linear functions between the vector spaces
Vm and Vn with dimensionalities n and m, respectively. Hence L (Vm, Vn) consists
of all matrices A,B ∈ Cm×n. If the vector space L (Vm, Vn) is equipped with an
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appropriate norm ‖•‖L , it becomes a Banach space Bm,n. A norm on matrices that
satisfy the usual norm axioms is a vector norm on matrices, also called generalized
matrix norm. However, ‖•‖L is termed simply as matrix norm, if the property
of submultiplicativity is fulfilled additionally, i. e. the Cauchy-Schwarz-inequality
‖A ·B‖L ≤ ‖A‖L · ‖B‖L is valid. Sometimes, a matrix norm is called a ring norm.
The notions matrix seminorm and generalized matrix seminorm may be defined via
omission of positivity, i. e. ‖A‖ = 0 if and only if A = 0. If a vector norm ‖•‖V
exists such that

‖A‖M = max
‖v‖V =1

‖Av‖V

is valid then ‖•‖M is a matrix norm and said to be the natural norm induced by the
vector norm ‖•‖V .

3.6.2 Schatten-p-norms

The definition of Schatten-p-norms ‖A‖Sp
for matrices A ∈ Cm×n uses the trace

operator tr (·) and reads as

‖A‖Sp
= p

√
tr (|A|p), (3.31)

where |A| denotes the absolute value of A with |A| =
√
A∗A =

√
AA∗.2 Note that

the trace operator is linear and cyclic. Hence, ‖λ ·A+ γ ·B‖Sp
= |λ| · ‖A‖Sp

+ |γ| ·
‖B‖Sp

is valid and
‖ABC‖Sp

= ‖CAB‖Sp
(3.32)

holds. This implicates that ‖A‖Sp
is invariant with respect to any basis transfor-

mation, i. e. ‖A‖Sp
=

∥∥BAB−1
∥∥
Sp

for regular B. Further, Schatten-p-norms are
by definition also self-adjoint such that ‖A‖Sp

= ‖A∗‖Sp
is valid. Equivalently the

Schatten-p-norms can be calculated as

‖A‖Sp
= p

√√√√
n∑

k=1

(σk (A))
p

utilizing the singular values of A denoted as σk (A). This observation establishes a
relationship to lp-norms, i. e. ‖A‖Sp

= ‖σ (A)‖lp [117]. The following lemma can be
stated:

2A∗ is the conjugate complex of A.
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Lemma 3.14. The Schatten-p-norm is unitarily invariant, i. e ‖A ·U‖Sp
= ‖A‖Sp

with U being an unitary matrix.

The proof of this theorem is given in Appendix B.4. Because of this invariance
property and following theorem in [50, p. 469], Schatten-p-norms belong to matrix
norms and thus the Cauchy-Schwarz-inequality

‖A ·B‖Sp
≤ ‖A‖Sp

· ‖B‖Sp
(3.33)

is fulfilled.

Special Cases of Schatten-p-norms

The most familiar examples of Schatten-p-norms are p = 1, 2, ∞. For p = 1 the
Schatten-p-norm reduces to the matrix norm

‖A‖S1
=

n∑
i,j=1

|aij | , (3.34)

with A ∈ Cn×n and is known as nuclear or trace norm. The Frobenius-norm, also
named Schur norm or Hilbert-Schmidt norm, results for p = 2

‖A‖S2
= |tr (AA∗)|

1
2 =




n∑
i,j=1

|aij |2



1
2

, (3.35)

which is also a matrix norm. Note that that the Frobenius norm is an absolute norm3.
The Frobenius norm is the natural norm induced by the Euclidean vector norm. For
p = ∞ the Schatten-p-norm defines the spectral norm and reads as

‖A‖S∞
= max

1≤i,j≤n
|aij | . (3.36)

It is a non-submultiplicative norm induced by a vector norm on the vector space Cn×n

but not a matrix norm. Further, the dual of ‖A‖Sp
is the norm ‖A‖Sq

with 1
p+

1
q = 1.

3If x = [xi] ∈ Cn, let |x| = [|x1| . . . |xn|] denote the entry wise absolute value of x. It is |x| ≤ |y|
if |xi| ≤ |yi| ∀i = 1 . . . n. A norm ‖·‖ on Cn is absolute if ‖x‖ = ‖|x|‖ ∀x ∈ Cn holds.
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Semi-inner Products for Schatten-p-norms

Commonly known, the Frobenius norm results from the Frobenius inner product

[A,B]S2
= tr (A∗B) (3.37)

and, hence, the space of matrices becomes a Hilbert space [50]. Thus the Frobenius
inner product satisfy the Cauchy-Schwarz inequality, i. e.

∣∣〈A,B〉S2

∣∣2 ≤
∣∣〈A,A〉S2

∣∣ ·∣∣〈B,B〉S2

∣∣, and also the Hermitian symmetry. By means of these properties and
keeping in mind that Schatten-p-norms correspond to Banach spaces the following
proposition can be stated:

Proposition 3.15. The Banach space Bm,n of matrices A,B ∈ Cm×n equipped
with the Schatten-p-norm ‖A‖Sp

= p
√

tr (|A|p) corresponds to the SIP [A,B]Sp
:

Bm,n × Bm,n → C defined as

[A,B]Sp
=

1(
‖B‖Sp

)p−2 tr
(
A·B∗ (|B|m)

p−2
)

(3.38)

with |B|m =
√
BB∗ or, equivalently,

[A,B]Sp
=

1(
‖B‖Sp

)p−2 tr
(
A·B∗ (|B|n)

p−2
)

(3.39)

is valid with |B|n =
√
B∗B. Thus it fulfills the respective Cauchy-Schwarz-inequality

∣∣∣[A,B]Sp

∣∣∣
2

≤ [A,A]Sp
[B,B]Sp

(3.40)

as required for a SIP.

The proof of this theorem is given in Appendix (B.3).

Note 3.16. Further, it turns out that the real SIP [A,B]
∗
Sp

: B∗
m,n × B∗

m,n → R for
Banach spaces B∗

m,n = Rm×n is also linear in the second argument and, hence, it
generates a linear operator

FA [B] = [A,B]
∗
Sp

·A (3.41)

in B∗
m,n according to [83].
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3.6.3 QR-Norms

G. Allen introduced in [4] the QR-norm

‖A‖Q,R =
√
tr (QARA∗) (3.42)

with positive (semi-)definite matrices Q and R without any proof for this proposition.
‖A‖Q,R can be seen as an extension of Schatten-p-norms, because for Q = I and
R = I the QR-norm reduces to the Schatten-p-norm. The corresponding distance
dQ,R (A,B) = ‖A−B‖Q,R has been used by G. Allen to identify fMRI-voxel-
time-series for appropriately chosen positive (semi-) definite matrices Q and R to
scale adequately the spatial and the time resolution of the fMRI-series.

Lemma 3.17. The norm ‖A‖Q,R from (3.42) constitutes a vector norm for matri-
ces for positive definite symmetric matrices Q and R.

The proof is given in Appendix B.5. Note that, ‖QAR‖S2
is not necessarily a matrix

norm although the Frobenius ‖A‖S2
is a matrix norm [50, p. 371, remark after

example 1].

Remark 3.18. The proof implies that Q and R both have to be symmetric matrices
for a valid norm ‖A‖Q,R. Thus, the used decomposition Q = Q̃∗Q̃ and R = R̃R̃∗,
see Appendix B.5 equation (B.12), is the Cholesky decomposition of the positive
symmetric matrices Q and R.

Further, the norm ‖A‖Q,R is in general not unitarily invariant. More precisely, the
following lemma is valid:

Lemma 3.19. The norm ‖A‖Q,R is unitarily invariant iff either R = I or Q = I

is valid.
The proof is stated in Appendix B.6. The question arises, whether the norm is
generated by an inner product or by a semi-inner product. It is answered by the next
lemma:

Lemma 3.20. The norm ‖A‖Q,R is generated by an inner product defined by

〈A,B〉Q,R = tr (QARB∗) (3.43)

for positive definite symmetric matrices Q and R, i. e. also the Hermitian symme-
tries Q = Q∗ and R = R∗ are valid.

The proof is given in Appendix B.7. Note that, 〈A,B〉Q,R is sesquilinear due to the
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Hermitian symmetry and the linearity in the first argument, i. e. 〈A,B〉Q,R is a
sesquilinear form [136].



Chapter 4

Hebbian Learning Based on
General Inner and Semi-inner
Products

Principal Component Analysis (PCA) and Independent Component Analysis (ICA)
based on Hebbian learning were originally developed for data processing in Euclidean
spaces, as mentioned in the introduction. A variety of nonlinear extensions of PCA
and ICA were suggested in the literature. In detail, Kernel Hebbian learning was pro-
posed by Kim et al. in [70, 69]. This approach is based on the general idea of kernel
PCA using reproducing kernel Hilbert spaces (RKHS) [49, 122], which offer the pos-
sibility to capture non-linear data structures while applying PCA. An improvement
of this approach was suggested by S. Günther et al. in [39], where an accelerating
gain parameter was introduced. Hebbian PCA learning for functional data by using
a special case of the Sobolev inner product was proposed in [139].
Further, nonlinear Hebbian approaches of ICA are generalizations of the linear ap-
proaches, see [55, 63]. Several kernel methods for ICA are suggested in [8, 42, 90],
which can separate nonlinear mixed sources. But these procedures are no type of
Hebbian-like learning.

This chapter will address unified and generalized Hebbian approaches for PCA and
ICA in non-Euclidean spaces. It is shown that Hebbian learning for PCA can be
performed in Banach spaces using the underlying semi-inner product (SIP). In detail
lp-spaces for p �= 2, Sobolev- and kernel spaces are considered. For kernel spaces

55
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the Hebbian approach can be formulated as an online learning scheme based on dif-
ferentiable kernels. However, explicit handling of data in this non-Euclidean kernel
mapping space is not possible. Therefore, an isomorphic mapping space, as intro-
duced in subsection 3.5 on page 46, is employed and provides an alternative. The
same problem is valid by considering Hebbian learning for nonlinear ICA by means of
kernels. In that case it can proceed as before. Hence, PCA and ICA can be performed
in the concerning data spaces but are equipped with a non-Euclidean metric.

The previously mentioned Hebbian PCA approaches process vectorial data, however,
analysis of image data is frequently necessary. If the analysis of image data is based on
matrix norms or distance measures the calculation of them is usually expensive due to
the matrix size. Therefore, a low-dimensional feature representation becomes desir-
able. Mostly, an explicit feature extraction based on image processing tools is used or
the data matrices treated as vectors equipped with lp-norms and a subsequent PCA
for both approaches [83, 14, 125]. However, both methods are associated with an in-
formation loss [17]. For this reason, Hebbian PCA learning for matrices is considered
by using Schatten-p-norms as an alternative. The mathematical theory of eigenmatri-
ces defined for Banach spaces of matrices and respective principal components will be
introduced. This requires the SIP (semi-inner product) of Schatten-p-norms, which
is a result of chapter 3. The presented algorithm of Hebbian PCA Learning for ma-
trices determines the principal components of a given matrix dataset, which can be
used for complexity reduction. Further, in the next chapter the properties of matrix
approaches are investigated in deeper detail in applications like image classification.

This chapter is structured as follows: First Euclidean Hebbian PCA Learning is
extended to general finite dimensional Hilbert-spaces, which are isomorphic to the
Euclidean space (the original Oja learning rule). Thereafter, this idea is transferred to
Hebbian PCA learning in Banach spaces including the concept of semi-inner products.
Next, this method is further extended to kernel spaces. After that, the Hebbian-like
algorithm for nonlinear ICA in general Reproducing Kernel spaces is presented to
show that the theoretical considerations of Non-Euclidean PCA can be transferred to
ICA. Further, vectorial Hebbian PCA learning is generalized to process matrix data.
At the end of this chapter, example applications and different data sets are used to
illustrated the new proposed Hebbian approaches and to demonstrate their usefulness.
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The following subsections are based on

M. Lange, M. Biehl, T. Villmann, "Non-Euclidean Principal Component Analysis by
Hebbian Learning", Neurocomputing, 2015.[83]

M. Biehl, M. Kästner, M. Lange, T. Villmann, "Non-Euclidean Principal Compo-
nent Analysis and Oja’s Learning Rule - Theoretical Aspects", in P.A. Estevez, J.C.
Principe, P. Zegers, ed., Advances in Self-Organizing Maps: 9th International Work-
shop WSOM 2012 Santiago de Chile vol. 198, (Berlin: Springer, 2013), pp. 23-34.[14]

4.1 Hebbian Learning of PCA in Finite-dimensional
Vector Spaces

This section deals with Hebbian learning for PCA in finite-dimensional Euclidean
Hilbert and Banach spaces. In general, it is known that any kind of normalization
influences PCA in Euclidean spaces. The same applies also for general Hilbert and
Banach spaces. This should be merely recognized.

4.1.1 Hebbian PCA Learning in General Hilbert Space and
Oja Learning

Let v = (v1, ..., vn)
� be centered data in an n-dimensional Hilbert space Hn with the

inner product 〈·, ·〉Hn generating the norm ‖·‖Hn . There is always an isomorphism
Υ : Rn → Hn because each n-dimensional Hilbert space Hn is isomorphic to the
Euclidean space Rn. Further, each linear operator constitutes a matrix A and the
application of such an operator to a vector is defined by

A [v] = (〈a1,v〉Hn , . . . , 〈an,v〉Hn)
� (4.1)

where the ai are the row vectors of A. With regard to Oja’s learning rule

w (t+ 1) = w (t) + η
(
Ov (t)−O2w (t)

)

the Euclidean inner product in the Hebb response O = 〈v,w〉E can be replaced by
the inner product OHn = 〈v,w〉Hn of the Hilbert space yielding the learning rule

w (t+ 1) = w (t) + η
(
Fv [w]− (OHn)

2
w (t)

)
(4.2)
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where Fv [w] with
Fv [w] = OHn · v. (4.3)

is a linear operator in the Hilbert space Hn due to the linearity of inner products.

In the next step the stationary state of (4.2) is investigated analogously to the Eu-
clidean case. Under the assumption of a slowly changing w the eigenvalue equation

CHn [w] = E
[
(OHn)

2
]
·w (4.4)

is obtained, where CHn is the expectation of Fv [w] for all v. More detailed, CHn

is the covariance operator (matrix) in Hn according to the basis representation of
vectors in Hn, i. e.

E [Fv [w]] = E [v · 〈v,w〉Hn ] (4.5)

= E
[
v · v�] [w] (4.6)

= CHn [w] , (4.7)

where the linearity of the inner product with respect to the first argument is used
in the second step. The stability analysis of (4.4) shows that w converges to the
eigenvector corresponding to the maximum eigenvalue of the covariance matrix CHn .
This ensues immediately from the isomorphism Υ : Rn → Hn. The extension to
Sanger’s learning rule is straightforward.

Hebbian PCA Learning in Infinite but Separable Hilbert Spaces1 The con-
cept can be slightly adapted for infinite but separable Hilbert spaces H. According
to Zorn’s-Lemma in [58] there is always a countable basis H = hk ∈ H|k ∈ N with a
respective unique representation v =

∑∞
k=1 vkhk for all infinite-dimensional vectors

v ∈ H. The covariance operator CH becomes infinite-dimensional but remains a
linear operator. It is formally defined by the expectation CH = E

[
v · v�] of infinite-

dimensional vectors v, which are represented according to a well-defined but infinite
basis. The approximation property of PCA is ensured by the Riesz representer theo-
rem and the Parseval’s identity [109].

1If a Hilbert space H contains an uncountable orthonormal system, it cannot be separable. An
example of non-separable Hilbert space is the following: Consider real valued functions and uses the
inner product 〈f, g〉 = limR→∞

1
R

´R
−R f (x) g (x) dx.
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4.1.2 Hebbian PCA Learning in Separable Banach Spaces

Each n-dimensional Banach space Bn is separable and countable with the finite basis
B = {bk ∈ Bn}. Hence, there is a unique finite basis representation v =

∑∞
k=1 vkbk

for each vector v. In n-dimensional Banach spaces Bn the application of a linear
Operator A is defined with the SIP [·, ·]Bn as

A [v] = ([a1,v]Bn , . . . , [an,v]Bn)
� (4.8)

analogously to (4.1).

For Hebbian PCA learning in Banach spaces let v ∈ Bn be centered data, again. The
Euclidean inner product in Oja’s learning rule can be replaced by the SIP [·, ·]Bn and
yields

w (t+ 1) = w (t) + η
(
Fv [w]− (OBn)

2
w (t)

)
(4.9)

where OBn = [v,w]Bn and, hence, Fv [w] = OBn ·v. As before, a slowly changing w is
assumed. The stationary state of the learning rule (4.9) corresponds to the eigenvalue
equation

CBn [w] = E
[
(OBn)

2
]
·w (4.10)

where CBn is the expectation of Fv [w] for all v and is still a linear operator. Com-
pletely analogously to separable Hilbert Spaces, CBn can be seen as a generalized
covariance operator (matrix) in Bn according to the given basis representation of
vectors v ∈ Bn , i. e.

E [Fv [w]] = E [v · [v,w]Bn ] (4.11)

= E
[
v · v�] [w] (4.12)

= CBn [w] , (4.13)

where the linearity of the SIP in the first argument in the second line and CBn =

E
[
v · v�] is used. 2

The stability analysis of Oja’s learning rule by E. Oja in [97, 98] takes only the norm
properties into account. Thus, it is also applicable for learning rules including SIPs
and, hence, in finite-dimensional Banach-spaces the updates converge to the eigen-
vector corresponding to the largest eigenvalue. As before, the extension to Sanger’s
learning rule is obvious.

2Note that, CBn is called generalized covariance operator in Bn due to it is not necessarily
symmetric. For a shorter notation CBn is referred to as covariance operator in the following.
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Hebbian PCA Learning in Infinite but Separable Banach Spaces In anal-
ogy to Hilbert spaces, the considerations are extended to Hebbian PCA Learning in
infinite but separable Banach spaces. A (countable) Schauder basis Bs, which holds
for reflexive Banach spaces [62] is supposed (see the explanations 3.13 on page 46).
Further, the Schauder basis representation is unique and, hence, it can serve for ap-
proximated representations [60, 61, 107].

Furthermore, generalized SIPs, like described in subsection 3.1.1 on page 36, can also
be applied in Hebbian PCA Learning. In that case the Hebb-response is generated by
a generalized SIP. The respective Banach space also fulfill the additional constraints
ensuring the separability and the existence of a (countable) Schauder basis.

The subsections are based on

M. Lange, M. Biehl, T. Villmann, "Non-Euclidean Principal Component Analysis by
Hebbian Learning", Neurocomputing, 2015.[83]
M. Biehl, M. Kästner, M. Lange, T. Villmann, "Non-Euclidean Principal Compo-
nent Analysis and Oja’s Learning Rule - Theoretical Aspects", in P.A. Estevez, J.C.
Principe, P. Zegers, ed., Advances in Self-Organizing Maps: 9th International Work-
shop WSOM 2012 Santiago de Chile vol. 198, (Berlin: Springer, 2013), pp. 23-34.[14]

4.2 Hebbian Learning for PCA in Reproducing Ker-
nel Spaces

This subsection starts with a brief introduction of Kernel Principal Component Analy-
sis (KPCA) and then the extension of Hebbian PCA Learning in Reproducing Kernel
Spaces is presented.

4.2.1 Kernel PCA

Let the RKHS H be a mapping space and Φ a feature map of V with the corre-
sponding kernel κΦ. Centralized kernels, i. e. E [Φ (v)] = 0, which can be always be
accomplished for arbitrary positive definite kernels and finite data sets are assumed
[121]. To perform PCA the covariance matrix is defined as CΦ = E

[
Φ (v) · (Φ (v))

�
]
.

In infinite-dimensional H the term Φ (v) · (Φ (v))
� has to be interpreted as a linear

operator ΩH on H
ΩH [h] = Φ (v) · 〈Φ (v) ,h〉H. (4.14)
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According to Schölkopf Et Al. in [122] the respective eigenvalue equation

CΦg = λg

can be solved by using the observation that the equation λ 〈Φ (v) ,g〉H =

λ 〈Φ (v) ,CΦg〉H has to be satisfied for all v ∈ V . For a data set D ⊂ V with
m linear independent data vectors vk there exits a dual representation of the eigen-
vectors g =

∑m
j=1 αjΦ (vj). In this case CΦ becomes the Gram-matrix Gm, see

equation 3.25 on page 47. Thus the initial eigenvalue equation is the dual variant

mλα = Gmα (4.15)

where α is the column vector of the values αi. Additionally according to Zhang et
al. in [147], this eigenvalue equation can also be understood as an equation including
a linear operator by using the kernel properties and reads as

〈Tc,h〉H =
1

m

m∑
j=1

〈Φ (vj) , c〉H 〈Φ (vj) ,h〉H. (4.16)

The approach of RKHS can be extended to RKBS [147]. For that as introduced in
subsection 3.5 on page 48, considering RKBS B as a mapping space and a feature
map Φ of V with the respective (centralized) SIP-kernel γΦ. Let D ⊂ V be a data
set with m linear independent data vectors vk. For an arbitrary v ∈ B a complex m-
dimensional vector

Φ̃B (v) = ([Φ (v) ,Φ (v1)]B , . . . , [Φ (v) ,Φ (vm)]B) (4.17)

can be defined such that a linear operator T is obtained

Tc =
1

m

m∑
j=1

(
Φ̃∗

B (vj) c
)
Φ̃B (vj) . (4.18)

Φ̃∗
B (vj) is the conjugate transpose of Φ̃B (vj), which corresponds to Tc = Mmc with

Mm =
1

m
(K∗

m ·Km)
� (4.19)

where
Km = [γΦ (vi,vj) : i, j = 1 . . .m] (4.20)
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is the Gram-matrix of the SIP-kernel γΦ. Therefore, the dual eigenvalue equation is

Mmα = λα (4.21)

with the basis representation according to

〈
Φ̃B (v) ,α

〉
Cm

=

m∑
j=1

ᾱjγΦ (vi,vj) (4.22)

where ᾱj is the conjugate-complex of αj .

4.2.2 Kernel PCA and Hebbian Learning in RKHS and RKBS

As mentioned above, an iterative method for performing KPCA is Kernel Hebbian
Algorithm [70], which iteratively estimates the Kernel Principal Components in the
Hilbert space H such that the coefficient vector α in (4.15) is calculated by using the
Gram-matrix Gm. This procedure can be adapted to determine α in a RKBS. For
that, the terms containing Gm are replaced by the respective parts of Mm. Note that,
performing of Hebbian PCA learning in RKHS and RKBS uses implicit the mapping
Ψ, which was introduced 3.5 on page 46.

Hebbian PCA Learning in (V, dH)

Given is a data space V with metric dV , which is most frequently the Euclidean metric
dE . Previously, PCA is considered in general Hilbert- and Banach spaces. Now, this
method is transferred to the space (V, dH), see (3.28) on page 47. The isomorphism
to the image space Iκφ

⊆ H of the kernel mapping Φ is used. Thus the original data
is not changed, but additionally equipped with a kernel metric. The advantage is that
the relations between the data objects are amended compared to the original data
space (V, dV ) .

For Oja’s learning rule again centralized kernels such that E [Ψ (v)] = 0 with v ∈
(V, dV ) are assumed. Thus, Oja’s learning rule (2.10) in (V, dH) becomes

w (t+ 1) = w (t) + η
(
OHΨ(vk)− (OH)

2
w (t)

)
, (4.23)

where
OH = κΦ (Ψ (vk) ,w) (4.24)
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is now the (non-Euclidean) Hebb response. By means of substitution OH in (4.23)
results in

w (t+ 1) = w (t) + η (κΦ (Ψ (vk) ,w)Ψ (vk)− κΦ (Ψ (vk) ,w)κΦ (Ψ (vk) ,w)w (t)) .

(4.25)
With Ω = Ψ(vk) · (Ψ (vk))

� being a linear operator the learning rule (4.25) can be
altered to

w (t+ 1) = w (t) + η (Ω [w]− κΦ (Ψ (vk) ,w)κΦ (Ψ (vk) ,w)w (t)) . (4.26)

Note that Ω = Ψ(vk) · (Ψ (vk))
� is just a notation for the linear operator Ω in case of

an infinite-dimensional Hilbert space H. Comparable to the linear operator in (4.14)
the operator equation with

Ω [w] = Ψ (vk) · κΦ (Ψ (vk) ,w) (4.27)

is valid. Note that at this point that Ψ(vk) ∈ H may, however, be infinite-dimensional
vectors.

Considering the stationary state of (4.26) under the familiar assumption of a slowly
changing w compared to the number of presented inputs the equation

∆w = CΨ [w]− λw (4.28)

results, where
CΨ = E [Ω] (4.29)

defines the covariance in (V, dH). For a finite number of data samples D =

{vk | k = 1, . . . ,m} ⊆ V the covariance reduces to

CΨ =
1

m

m∑
j=1

Ψ(vj) · (Ψ (vj))
�
. (4.30)

The value λ in (4.15) is the expectation

λ = E [κΦ (Ψ (vk) ,w) · κΦ (Ψ (vk) ,w)] (4.31)

of the squared (non-Euclidean) Hebbian response OH in (4.24). The stationary state
∆w = 0 yields an eigenvalue equation CΨ [w] = λw with the operator CΨ for an
eigenvector w �= 0 and eigenvalues λ > 0. The positivity of the eigenvalues is ensured
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by positive definiteness of the kernel.

Further, w ∈ span {Ψ(vj) | j = 1, . . . ,m} is valid due to w ∈ (V, dH) and, hence, the
relation

λκΦ (Ψ (vk) ,w) = κΦ (Ψ (vk) ,CΨ [w]) (4.32)

has to be satisfied for all k = 1, . . . , n. In addition, w can be written as a linear
combination

w =
m∑
j=1

αjΨ(vj) (4.33)

consisting of the images Ψ(vk) of the original data vectors. Taking this into account,
the relation (4.32) changes to

λ

m∑
j=1

αjκΦ (Ψ (vk) ,Ψ(vj)) =
1

m

m∑
j=1

αjκΦ

(
Ψ(vk) ,

m∑
i=1

Ψ(vi) · κΦ (Ψ (vi) ·Ψ(vj))

)
.

(4.34)
In (4.34) the definition of CΨ in (4.29) is used as well as the linearity of the kernel,
which can be interpreted as a real inner product. If now the definition of the Gram-
matrix Gm = [κφ (vi,vj) : i, j = 1 . . .m] is used in (4.34), the relation

mλGmα = G2
mα (4.35)

results, where α = (α1, . . . , αm)
�. The equation (4.35) corresponds to the solution

of the so called dual variant of the eigenvalue equation (4.15) in [121]. Hence, the
stability analysis of the dynamic (4.23) can be taken from [70], which also provides
the extension to the full problem of the eigenvalue equation and additionally the
respective Sanger’s learning rule.

Hebbian PCA Learning in (V, dB)

Hebbian PCA learning in the space (V, dB) use the isomorphism to subspace Iγφ
⊆ B

of the kernel mapping Φ for a SIP-RKBS B. The considered RKBS space B is reflexive.
According to remark 3.13 on page 46 a (countable) Schauder basis can always be
supposed for reflexive Banach spaces.

Again, centralized kernels satisfying E [Ψ (v)] = 0 are assumed and additionally the
kernel γΦ has merely real values. Thus, K∗

m = K�
m is valid and (4.19) becomes

Mm = 1
m

(
K�

m ·Km

)�, which is symmetric and positive definite. Oja’s learning rule
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in (V, dB) using the respective (non-Euclidean) Hebb response

OB = γΦ (Ψ (vk) ,w) (4.36)

reads here as

w (t+ 1) = w (t) + η (γΦ (Ψ (vk) ,w)Ψ (vk)− γΦ (Ψ (vk) ,w) γΦ (Ψ (vk) ,w)w) .

(4.37)
In complete analogy to the case (V, dH), the equation

∆w = E [ΩB [w]]− λw (4.38)

is valid for (V, dB) , where ΩB [w] = Ψ (vk) · γΦ (Ψ (vk) ,w) is a linear operator and
CB

Ψ = E [ΩB ]. 3 In (4.38) the value λ represents the expectation

λ = E [γΦ (Ψ (vk) ,w) · γΦ (Ψ (vk) ,w)] (4.39)

of the squared (non-Euclidean) Hebb response OB. CB
Ψ = E

[
Ψ(vk) ·Ψ(vk)

�
]

can be
interpreted as the covariance operator (matrix) according to the basis representation
of vectors in B, i. e.

E [ΩB [w]] = E [Ψ (vk) · γΦ (Ψ (vk) ,w)] (4.40)

= E
[
Ψ(vk) ·Ψ(vk)

�
]
[w] (4.41)

= CB
Ψ [w] . (4.42)

The stationary state ∆w = 0 corresponds to an eigenvalue equation CB
Ψ [w] = λw

with eigenvector w �= 0 and eigenvalue λ �= 0.

Let vj ∈ V , j = 1, . . . ,m be data vectors. From w ∈ (V, dB) follows w ∈
span {Ψ(vj) | j = 1, . . . ,m}, because B is a SIP-RKBS. Thus, for all k = 1, . . . ,m

the relation
λγΦ (Ψ (vk) ,w) = γΦ

(
Ψ(vk) ,C

B
Ψ [w]

)
(4.43)

is valid and w can be expressed again as linear combination w =
∑m

j=1 αjΨ(vj)

consisting of the images Ψ(vk) of the original data vectors. The combination of the

3At this point it should be noticed that, Ψ(vk) = vk holds only numerically. Yet, vk and its
image Ψ(vk) are objects in different metric spaces. Therefore, the notation Ψ(vk) for the image is
still used to indicate this difference.
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latter statement with (4.43) leads to

λ

m∑
j=1

βjγΦ (Ψ (vk) ,Ψ(vj)) =
1

m

m∑
j=1

βjγΦ

(
Ψ(vk) ,

m∑
i=1

Ψ(vi) · γΦ (Ψ (vi) ·Ψ(vj))

)
,

(4.44)
where β = (β1, . . . , βm)

� has the same functionality as α in (4.35). In (4.44) the
linearity of the SIP-kernel in its first argument is used. γΦ can be seen as a real
semi-inner product and the definition of CB

Ψ as expectation. If the definition of the
Gram-matrix Km in (4.20) is taken into account

mλKmα = K2
mα

results, which relates to the dual problem in case of RKBS in (4.21) due to the
respective operator of the eigenvalue equation for RKHS (4.16) and RKBS (4.18).

The stability analysis of (4.37)for RKBS can be derived analogously as in [70], as
explained in [97], because the sesquilinearity of the SIP is not used for this investiga-
tion, but only the resulting norm is taken into account. Again, the extension to the
full problem of the eigenvalue equation for PCA and the respective Sanger’s learning
rule [115] is straightforward.

The subsection is based on

M. Lange, M. Biehl, T. Villmann, "Non-Euclidean Independent Component Analysis
and Oja’s Learning", in M. Verleysen, ed., Proc. of European Symposium on Artificial
Neural Networks, Computational Intelligence and Machine Learning (ESANN’2013)
(Louvain-La-Neuve, Belgium: i6doc.com, 2013), pp. 125-130.[80]

4.3 Hebbian Learning of ICA in Reproducing Kernel
Spaces

The conventional ICA constitutes a procedure to extract independent sources from
a sequence of mixtures as introduced in subsection 2.4 on page 17. The application
of kernels mappings enable nonlinear but implicit data mapping of the data into a
RKHS, where a linear demixing can be executed afterwards, i. e. kernel ICA uses a
nonlinear mapping to perform a nonlinear ICA v (t) = h (s (t)) for an unknown non-
linear function h. As indicated at the beginning of chapter 4, the known nonlinear
kernel ICA approaches are not a kind of Hebbian like learning scheme. In the section
before, Hebbian Kernel PCA learning for RKHS and RKBS was investigated such that
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PCA can be executed using kernels. This idea will now be transferred to perform a
non-Euclidean ICA. The following considerations are based on the approach presented
by Harmeling et al. in [42].

Nonlinear Kernel ICA by Hebbian Learning in (V, dH)

Let v ∈ (V, dV) be an n-dimensional mixture vector. As before Φ : V � v →
Φ (v) ∈ H is a general nonlinear kernel data map with a positive definite kernel
κφ (v,w) = 〈Φ (v) ,Φ (w)〉H and IκΦ

is the image of the subspace of H. If bi forms
an orthonormal basis in IκΦ , then

Φ (v) =
∑
i

〈Φ (v) , bi〉H · bi (4.45)

is the representation of an image vector Φ (v) in IκΦ
. The linear mixing problem in

the Hilbert space H is defined as

Φ (v) = MH [Φ (s)] , (4.46)

where MH is a linear operator in H. Mk
H denotes the kth component of MH. Each

linear operator can be formulated in terms of inner products, i. e.

Mk
H [Φ (s)] =

〈
Mk

H,Φ (s)
〉
H , (4.47)

because H is a RKHS. Including the basis representation (4.45),

Φk (v) =

〈
Mk

H,
∑
i

〈Φ (s) , bi〉H · bi

〉

H

=
∑
i

〈Φ (s) , bi〉H ·
〈
Mk

H, bi
〉
H (4.48)

is valid, where 〈Φ (s) , bi〉 is a random quantity due to the stochastic nature of s.
Consequently, Φ (s) is random too. According to CLT it can be stated that the sum
in (4.48) is more Gaussian than the single components. The absolute kurtosis of
Φk (v) has to be maximized to identify independent components in Iκφ

. This is due
to the same arguments as for linear ICA, see subsection 2.4 on page 17.

For a finite number N of samples in V the number of basis elements bi is referred to
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as D ≤ min (n,N) and, thus, equation (4.48) can simplified to

Φk (v) = D · κΦ

(
Φ−1

(
Mk

H
)
, s
)
. (4.49)

In (4.49) the reproducing property of the inner product of a RKHS and the definition
κΦ from (3.24) get also involved. Analogous to Kernel PCA by Hebbian learning,
the kernel map Φ is now replaced by the mapping Ψ : (V, dV ) → (V, dκΦ

) with
dκφ

(v,w) = dH (Φ (v) ,Φ (w)). Formally, Ψ is the identity map from the one to the
other metric space and, hence, the metric is changed. Thus, Ψ is nonlinear in general.

Further, the operator MH is equivalent to a conventional matrix M because the kernel
space (V, dκΦ) is isometric and isomorphic to Iκφ

. However M [Ψ (s)] is defined by

M [Ψ (s)] = D · κΦ (mk, s) ,

where mk is the kth row vector of M.

A Non-Euclidean Two-Unit-Learning-Rule (TULR) for Whitened Data

Hebbian ICA learning in (V, dH) assumes a sequence of whitened input vectors v in
the related space, i. e. if the pre whitening is done in (V, dH) then the correlation
operator CΨ defines the covariance in (V, dH), hence, rotation (change of coordinate
axes) in (V, dV) preserves kernel metric. An inconsistent use of norms would make the
ICA algorithm very unstable. Note that, centralized kernels must also be applied here,
such that E [Ψ (v)] = 0 is valid. A pre whitening of v in (V, dH) can be performed
with Hebbian PCA Learning in (V, dH), such that the original data are decorrelated
with the respective kernel metric. Therefore, Oja’s learning rule (4.23) on page 62
constitutes an appropriate preprocessing step for Oja ICA learning in (V, dH).

The Non-Euclidean ICA approach is based on the learning rule (2.4.2). A non-
Euclidean two units learning rule for whitened data in (V, dH) is defined as

w (t+ 1) = w (t) + µ (t)
[
σv (t)κΦ (Ψ (vk) ,w)

3 −
(
κΦ (w,w)

2 − 1
)
w (t)

]
, (4.50)

where σ = sign
(
k̂urt (t)

)
is the sign of the kurtosis again. More precisely, the Eu-

clidean inner products 〈v,w〉E and 〈w,w〉E of the original approach are replaced
by the kernels κΦ (Ψ (vk) ,w) and κΦ (w,w), respectively. Note that now the inner
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products in k̂urt (t) have to be replaced by kernels such that the estimation

k̂urt (t) = m̂4 (t)− 3κΦ (w,w)
2 (4.51)

with
m̂4 (t+ 1) = (1− ν) m̂4 (t) + νκΦ (Ψ (vk) ,w)

4 (4.52)

is determined. The obtained Hebbian-like kernel ICA in (V, dH) is based on the
original data and realizes a non-linear separation due to the non-linear kernel mapping
Φ or its analogon Ψ.

Further, the stability analysis draws upon the Euclidean case in [54] by Hyvärinen &
Oja. All independent components in (V, dH) can be estimated by using an extended
variant of the the learning rule (4.50) with several units. Note that, analog to Hebbian
PCA learning in RKBS, where the mapping Ψ is used implicitly, can also be defined
Hebbian ICA learning in RKBS in a straightforward manner.

The subsection is based on

M. Lange, D. Nebel and T. Villmann, "Non-Euclidean Principal Component Analysis
for Matrices by Hebbian Learning", in L. Rutkowski, M. Korytkowski, R. Scherer, R.
Tadeusiewicz, L.A. Zadeh and J.M. Zurada, ed., Artificial Intelligence and Soft Com-
puting - Proc. the International Conference ICAISC vol. 8467, (Zakopane: Springer,
2014), pp. 77-88.[81]
A. Villmann, M. Lange-Geisler, T. Villmann, "About Semi-Inner Products for
p−QR-Matrix Norms", TechReport (2018).[136]

4.4 Hebbian PCA Learning for Matrices

The last extended Hebbian PCA approach in this chapter provide a learning scheme
based on Schatten-p-norms in the respective Banach space of matrices, i. e. the
original Oja Sanger algorithm is generalized to a matrix approach, which enables
the extraction principal components for given matrix data. For that eigenmatrices
with respect to a covariance operator defined for datasets of matrices and respective
principal components are defined as well as the convergence of the respective learning
rule for matrices is proven [81].
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4.4.1 Principal Components in Bm,n

Let B (n ·m) = {bk}k=1,...,n·m be a basis in the vector space Bm,n. A linear operator
Pl,p

m,n : Bm,n → Cl is defined by

Pl,p
B(n·m) [A] =

(
[A,b1]Sp

, . . . , [A,bl]Sp

)�
, (4.53)

where 1 ≤ l ≤ n · m and [·, ·]Sp
is the semi inner product (SIP) of the Schatten-p-

norm. Further, a set S = {s1, s2, . . . | sk ∈ B1,m·n} is a assumed. The linear gen-
eralized covariance operator CS ∈ B[m·n]×[m·n] can be defined by the expectation
CS = E [S · S∗]. A matrix X ∈ Bm,n with X �= 0 is called an eigenmatrix of the
operator CS if the (vectorized) eigenmatrix equation

CS [x] = λx (4.54)

is valid, where x ∈ Bm·n,1 is the vectorization of X. The scalar λ is the eigenvalue
assigned to X. The vector λ = {λk | k = 1, . . . , n ·m} of all eigenvalues forms a
spectrum of CS . If CS is a regular operator, i. e. C−1

S exists, then the respective
eigenmatrices Xk generates a basis in Bm,n because Bm,n is a vector space itself. Note
that, the eigenmatrices of CS are the principal components.

4.4.2 Hebbian learning of Principal Components in Bm,n

The principal components in B∗
m,n = Rm×n can be obtained with an extended version

of Oja’s learning rule. Let V =
{
Vk | k = 1, . . . , N, Vk ∈ B∗

m,n

}
be set of centered

matrices and W =
{
Wk | k = 1, . . . ,K, Wk ∈ B∗

m,n

}
a randomly initialized set with

K = min (n ·m,N). For randomly chosen matrices Vl ∈ V and a learning rate
0 < η � 1 the principal components can be generated by the learning rule

∆Wk = η · [Vl,Wk]
∗
Sp

·


Vl −

k∑
j=1

[Vl,Wj ]
∗
Sp

·Wj


 , (4.55)

where [·, ·]∗Sp
denotes the real SIP [A,B]

∗
Sp

: B∗
m,n ×B∗

m,n → R. The following lemma
can be stated:

Lemma 4.1. The learning rule (4.55) converges such that the matrices Wk are the
eigenmatrices according to the eigenmatrix equation (4.54) corresponding to the K

largest eigenvalues of the covariance operator CV of the dataset V.
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Proof. Since Bm,n is a Banach space with the SIP [·, ·]Sp
generating the norm ‖·‖Sp

,
the follows by the same arguments as for the Banach space considerations in [83].
Only the norm properties are required to show convergence identical to the original
proof by OJA in [97]. First considering the case of only one principal component,
i. e. K = 1 and W = W1. The stationary state is given by ∆W = 0. Under the
assumption of a slowly changing W, i.e. 0 < η � 1 , the eigenvalue equation

E [F [W]] = γ ·W (4.56)

is obtained with γ = E
[
[V,W]

∗
Sp

· [V,W]
∗
Sp

]
. As already known, FV [W] =

[V,W]
∗
Sp

·V is a linear operator for each V ∈ V, see (3.41) on page 52.

Therefore

E [FV [W]] = E
[
V · [V,W]

∗
Sp

]
(4.57)

= E [V ·V∗] [W] (4.58)

= CV [W] , (4.59)

results, which is completely analogously to the considerations of Hebbian PCA learn-
ing in separable Banach spaces. The generalization to K > 1 is straightforward and
follows the argumentation in [115]. This completes the proof.

4.5 Numerical Simulations and Selected Applica-
tions

This subsection starts with example applications and simulations for Non-Euclidean
PCA. The different properties of the used inner products, SIPs, and kernels are pre-
sented for several data sets. Thereafter an exemplary application for non-Euclidean
ICA is demonstrated and shows that the non-Euclidean variant of Hebbian-like ICA is
able to extract non-linearly mixed signals. Finally, the different behavior of Hebbian
PCA of the matrix approach is compared with the vectorial case for an illustrative
example.
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The subsections are based on

M. Lange, M. Biehl and T. Villmann, "Non-Euclidean Principal Component Analysis
by Hebbian Learning", Neurocomputing 147 (2015), pp. 107-119.[83]
M. Biehl, M. Kästner, M. Lange and T. Villmann, "Non-Euclidean Principal Com-
ponent Analysis and Oja’s Learning Rule - Theoretical Aspects", in P.A. Estevez and
J.C. Principe and P. Zegers, ed., Advances in Self-Organizing Maps: 9th Interna-
tional Workshop WSOM 2012 Santiage de Chile vol. 198, (Berlin: Springer, 2013),
pp. 23-34.[14]

4.5.1 Non-Euclidean PCA for Vectors by Hebbian Learning

Non-Euclidean PCA is demonstrated on four various applications. At first Hebbian
PCA learning based on l1-norm is applied on a two dimensional toy example and a
data set of eigenfaces. Thereafter, for a functional data the eigenvectors with the non-
Euclidean PCA by Hebbian learning using Sobolev-norms are generated and in the
last application the results of kernel Hebbian PCA learning are demonstrated. For all
applications the results of the non-Euclidean PCA are compared with the Euclidean
ones.

A Two-Dimensional Toy Example

This artificially generated example, where the lp-norm is used as non-standard mea-
sure, demonstrates the non-Euclidean PCA. A circle C1 of radius rC1

= 1 and a ellipse
C2 with minor and major radius r1C2

= 1 and r2C2
= 1.2 in the two-dimensional plane

are considered. The first one corresponds exactly the unit circle of the l2-norm. As
mentioned before, other values of the parameter p results in different shapes of the
unit circle, see Figure 4.1. Consequently, the principal directions, the red bold arrows
in Figure 4.1, of the circle C1 variegate accordingly to the unit circles.

Based on this observation, additionally the ellipse C2 is considered, see Figure 4.2.
The corresponding principal components, the green bold arrows in this Figure, for the
Euclidean case (p = 2) coincide with the axes. Unlike, the principal axes for p = 1

using the respective SIP [x,y]l1 = ‖y‖l1
∑n

i=1 xi · sign (yi) in Oja’s learning rule are
different from the axes, provided that for the major radius r2 <

√
2 remains valid.

If r2 >
√
2 , then the principal directions according to the l1-norm are the same as

for the l2-norm. The presented simulations taking the ellipse borders as inputs and
shows exactly this behavior, see Figure 4.2.
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Figure 4.1: Unit balls (black solid lines) and eigenvectors (red bold arrows) for circular
data (blue dashed line) for several Minkowski-p-norms ‖x‖lp : a) p = 1 - eigenvectors
are identical with the diagonals of the rectangular axis system, b) p = 2 - no preferred
direction, c) p = ∞ - the eigenvectors coincide with the axes.

Figure 4.2: Ellipsoid data set with radius r1C2
= 1 and r2C2

= 1.2. The Euclidean
eigenvectors coincide with the coordinate axis because the symmetry of the unit circle
is broken for an ellipse. The main principal vector according to the l1-norm (red arrow)
differs from the diagonal (dotted) and shifts in the direction given by the major radius
r2. If r2 >

√
2 , then the principal directions according to the l1-norm coincides with

those of the l2-norm.
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Figure 4.3: Subset of the YALE face recognition data base used in the simulations.

Eigenfaces Using lp-norms

A more demanding application is the determination of eigenfaces in face recognition
[3, 68, 125, 142]. Most frequently, the preferably used method is the standard Eu-
clidean PCA. However, image processing applies commonly the l1-norm for image
comparison [23, 24, 125, 126]. A non-Euclidean PCA with the l1-norm could be suit-
able for this application. Thus, the two approaches Sanger’s learning rule equipped
with the Euclidean inner product and the SIP of the l1-norm are applied to a subset
of the YALE face recognition data base [34] to generate the eigenvectors. This subset
contains 32×32 gray level images of two persons with 11 face positions/facial expres-
sions for each, respectively, see figure 4.3, [22]. The resulting eigenfaces (eigenvectors)
are illustrated in Figure 4.4. Obviously, the eigenfaces are substantially different.
This difference becomes also evident in the reconstructed images of the original faces,
see Figure 4.5. Apparently, for this application PCA according to the l1-norm puts
stronger emphasis on contours than the standard Euclidean PCA.
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Figure 4.4: First and second eigenfaces obtained for a subset of the YALE face recog-
nition data base using the Euclidean inner product and the SIP [x,y]l1 for Sanger’s
learning rule (see (2.15) on page 14).
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Figure 4.5: Reconstruction of the original face images using only two principal com-
ponents according to the Euclidean inner product (l2-norm, top) and the SIP [x,y]l1
(l1-norm bottom). The different behavior is obvious.
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Figure 4.6: Visualization of the TECATOR data set. The data vectors represent
smooth spectra of meat probes with high and low fat content (two classes).

Eigenvectors of Functional Data Using Sobolev-Norms

The PCA in the Sobolev space is based on the SIP
[f, g]WK,p

:= 1

‖g‖p−2
WK,p

∑
|α|≤K

´
Dαf |Dαg|p−1 sgn (Dαg) dt (introduced in chapter 3).

Here, functional data v ∈ Rn are vectorial data representing functions, i. e. vk =

f (k). It is generally assumed that these functions are smooth and also differentiable.

For demonstration purposes of the Non-Euclidean PCA using Sobolev-norms the
TECATOR data set is used [135]. This data set consists of 215 spectra obtained
for several meat probes with high and low fat content (two classes), see Figure 4.6.
The spectral range of the wavelengths is between 850 nm and 1050 nm.
Three different Non-Euclidean PCA variants by Hebbian learning are applied on
TECATOR data set and compared to the results of the Euclidean PCA, i. e., first two
eigenvectors according to the largest absolute eigenvalues are generated by Sanger’s
learning rule based on the l1-norm, the l2-norm, the Sobolev-l1-norm ( ‖f‖W1,1

) and
the Sobolev-l2-norm (‖f‖W1,2

), which are visualized in Figure 4.7. The different
applied norms result in essential differences. Especially the Sobolev-norm ‖f‖W1,1

emphasizes the spectral range around 950 nm, 920 nm and 980 nm. To emphasize
the differences between resulted eigenvectors by using the Sobolev-norms and the lp-
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Figure 4.7: For the TECATOR data set the first two eigenvectors for different norms,
which are generated by Hebbian PCA learning based on the respective SIPs are vi-
sualized: (a) Eigenvectors with the Euclidean norm (b) Eigenvectors with l1-norm,
(c) Eigenvectors with Sobolev-l2-norm, (d) Eigenvectors with Sobolev-l1-norm. The
Eigenvectors are normalized to unit length according to the respective norm.
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Figure 4.8: Visualization of the quadratic differences for the eigenvectors of PCA
between the non-functional lp-norms and the Sobolev-lp-norms for the TECATOR
data set.

norms the quadratic differences of the obtained eigenvectors are calculated and shown
in Figure 4.8. According that the functional Sobolev-norms emphasize curved shapes
of data.
The PCA projections of the TECATOR data set according to the applied several
norms is visualized in Figure 4.9. According that an improved separation of the two
classes can be recognized when using the PCA with the Sobolev-norm ‖f‖W1,1

or
‖f‖W1,2

.
Further, also by relevance learning it turns out that the spectral range around 950 nm

are important for classification according to the meat’s fat level [66]. The benefit for
the classification by using Sobolev-norms in GMLVQ of TECATOR data was also
shown in [43]. This benefit is here verified too for the TECATOR data by the PCA
projection based on the l1-norm and the Sobolev-norm ‖f‖W1,1

, see Figure 4.9.

Eigenvectors in Kernel PCA

The Indian diabetes data set, named PIMA, is a standard data set from UCI, which
is frequently applied for the comparison of classifiers [7]. This data set contains 768
data vectors with 8 feature dimensions and is divided into two classes representing the
properties “healthy” and “ill”. It turned out that learning the classification of these
data is relatively difficult. The application of GLVQ based on the Euclidean distance
achieves an accuracy of 75.1% [67]. The accuracy is improved to 78.3% when using
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Figure 4.9: Projection of the TECATOR data according to several norms: (a) Eu-
clidean PCA, (b) PCA with l1-norm, (c) PCA with Sobolev-l2-norm, (d) PCA with
Sobolev-l1-norm. The classes, i. e. low and high fat content, are displayed as blue
crosses and red circles, respectively.
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an adaptive exponential kernel distance

κΩ (v,w) = exp
(
− (Ω (v −w))

2
)

(4.60)

in GLVQ, where Ω is adapted during learning for optimal classification performance.

As in the previous example, the Euclidean PCA and the Non-Euclidean PCA for the
PIMA data set are compared. Instead of the Euclidean inner product the kernel with
the learned matrix Ω, visualized in Figure 4.10, is used to perform a Non-Euclidean
PCA, i. e. the first two eigenvectors are obtained by Sanger’s learning rule based
the kernel (4.60). The eigenvectors and the corresponding PCA projections for the
Euclidean and Non-Euclidean variant are visualized in the Figures 4.11 and 4.12,
respectively. A slightly improved separability in case of the kernel PCA compared
to the Euclidean PCA variant is observed. This results coincides with the improved
class separability observed in [67] for kernel distance based classification learning using
exactly the same matrix Ω.
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Figure 4.10: Visualization of the kernel matrix Ω in κΩ from (4.60) for the PIMA
data set.

Figure 4.11: Visualization of the eigenvectors of the PIMA data set according to the
Euclidean inner product and the kernel from (4.60).
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Figure 4.12: The upper picture shows the projection of PIMA data with the Euclidean
PCA and the lower picture shows the projection of PIMA data with Oja’s Kernel PCA
using the kernel κΩ from (4.60).
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The subsection is based on

M. Lange, M. Biehl, T. Villmann, "Non-Euclidean Independent Component Analysis
and Oja’s Learning", in M. Verleysen, ed., Proc. of European Symposium on Artificial
Neural Networks, Computational Intelligence and Machine Learning (ESANN’2013)
(Louvain-La-Neuve, Belgium: i6doc.com, 2013), pp. 125-130.[80]

4.5.2 Non-Euclidean ICA by Hebbian Learning

As an illustrative simulation a non-linear mixture of two source signals is considered,
which are generated by linear mixing in the kernel space. The source signals and the
resulting mixed signals are visualized in Figure 4.13. The non-linearly mixed signals
will be transformed back into the data space by applying the Euclidean and the non-
Euclidean variant of Hebbian ICA learning. More precise, the original procedure by
Hayvärien&Oja based on the Euclidean inner product, see learning rule (2.31) on
page 21, is applied, where for the implicit online estimation of the kurtosis in the
second unit an averaging parameter of ν = 0.05 is used. For non-Euclidean demixing
of the mixed signals the Euclidean inner product is replaced by the Gaussian Kernel in
the learning rule of Hebbian ICA learning, see (4.50) on page 68. The extracted signals
generated by the Euclidean and the non-Euclidean variant of Hebbian ICA learning
are visualized in Figure 4.13. At first glance the approach with kernels separates
out the source signals better than the original Euclidean variant. For verification
purposes the squared error and the correlation coefficient of the independent sources
are calculated:

squared error correlation coefficient
signal 1 signal 2 signal 1 signal 2

Euclidean ICA 22.3 55.0 0.86 0.81
Non-Euclidean ICA 23.1 34.8 0.88 0.84

Table 4.1: The squared error (left) and correlation coefficient (right) of the indepen-
dent sources obtained by the learning rule.

The values given in Table 4.1 show an improved performance of the ICA learning rule
based on kernels. This is due to its non-linear character implicitly realized by the
kernel trick. However, it is very difficult to stabilize the used kernel ICA algorithm.
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Figure 4.13: Visualization of the original signals (top figure) and the mixed sources
(second figure). Estimated source signals obtained by the original Hebbian ICA learn-
ing rule using the Euclidean inner product (third figure) and by the kernel variant
(bottom figure).
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The subsection is based on

M. Lange, D. Nebel and T. Villmann, "Non-Euclidean Principal Component Analysis
for Matrices by Hebbian Learning", in L. Rutkowski, M. Korytkowski, R. Scherer, R.
Tadeusiewicz, L.A. Zadeh and J.M. Zurada, ed., Artificial Intelligence and Soft Com-
puting - Proc. the International Conference ICAISC vol. 8467, (Zakopane: Springer,
2014), pp. 77-88.[81]
A. Villmann, M. Lange-Geisler, T. Villmann, "About Semi-Inner Products for
p−QR-Matrix Norms", TechReport (2018).[136]

4.5.3 Non-Euclidean PCA for Matrices by Hebbian Learning

The following experiment, where the Schatten-p-norm is used as non-standard mea-
sure, demonstrates the non-Euclidean PCA for matrices by Hebbian learning. The
dataset consists of 16 × 16 gray-scale images of handwritten digits ′0′, . . . ,′ 9′. The
first two principal components according to the largest absolute eigenvalues for several
Schatten-p-norms are determined and compared with the respective vectorial coun-
terpart. For the original Hebbian learning variant (vectorial PCA) the matrix data
are previously vectorized. The principal components for p = 1, p = 2 and p = 5 of the
gray-scale images by using Hebbian PCA Learning for both approaches (for vectors
and matrices) are shown in Figures 4.14, 4.15 and 4.16, respectively.

Clear differences between the matrix and the vectorial variant are evident. Thus, the
different approaches leads to different principal components, which also caused by the
parameter p. The comparisons between the principal components of the vectorial - and
matrix approach shows, that the PCA for matrices generates a better performance.
Important spatial information may be lost due the vectorization of data, however it
is a necessary preprocessing step to apply the original Hebbian PCA (the vectorial
variant). The comparison of these PCA results indicates that the data set of the
handwritten digits could contain spatial dependencies.
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Figure 4.14: Visualization of the first two principal components for the l2-norm for
vectors (top) and matrices (bottom)

Figure 4.15: Visualization of the first two principal components for the l1-norm for
vectors (top) and matrices (bottom).
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Figure 4.16: Visualization of the first two principal components for the l5-norm for
vectors (top) and matrices (bottom).



Chapter 5

Hebbian Learning Based on
General Distance Measures for
Variants of Learning Vector
Quantization

All LVQ models have in common that they distribute the prototypes in the data
space during the learning phase taking into account a dissimilarity measure between
data and prototypes. Frequently the squared Euclidean distance is chosen. A more
general dissimilarity measure than the squared Euclidean distance can be generated
by lp-norms. In chapter 3 it was emphasized, that lp-norms show a different behavior
depending on the p-values. Thus recently lp-norms became popular in machine learn-
ing approaches [13, 37, 104, 29, 83]. One example is the application of the l1-norm for
noisy data. The larger the p-value the greater the influence of noise for the respective
lp-norm. Hence, for noisy data the l1-norm is more appropriate than the Euclidean
norm. To apply lp-norms and their induced dissimilarity measures in gradient based
learning vector quantization, i. e. GLVQ, their derivatives are required. However,
due to the inherent absolute value function in lp-norms the derivation at the origin
(x = 0) is not possible except p = 2. Therefore, the derivatives require smooth ap-
proximations to be applicable in gradient based machine learning approaches. In this
chapter the formal derivatives of dissimilarity measures are provided using lp-norms

89
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as well as their smooth numerical approximation.

A further main point of this chapter is the extension of LVQ approaches to classify
matrix data such as functional data depending on time and frequency. Most machine
learning classifiers were process usually vectorial data. Classification of matrix data is
often executed by vectorization of the data in advance. For images a huge number of
sophisticated methods, such as feature extraction, are available [26], as mentioned in
the chapter before. Most frequently, the generated features are collected in a vector,
which is processed instead of the images. If the two dimensions of the functional data
matrix cannot be factorized, any applied vectorization method leads to a loss of infor-
mation. Thus, a direct processing of matrix data is needed. Therefore, an extension of
LVQ, called learning matrix quantization (LMQ), is proposed to classify matrix data
avoiding vectorization or feature extraction. At first glance the extension is straight
forward due to the fact that matrix data also generates a vector space. The vector
norm (lp-norm) is simply replaced by a appropriate norm for matrix processing. One
of the most applied matrix norms and known to be suitable for dissimilarity determi-
nation of many matrix data problems is the Schatten-p-norm [117]. Schatten-p-norms
can be seen as generalizations of lp-norms. The mathematical foundations of Schatten-
p-norms were introduced in chapter 3.6. The application of distances generated by
Schatten-p-norms in LMQ offers several variants of relevance learning. Certainly the
benefit of LMQ is the higher flexibility of relevance learning in comparison to LVQ
but it is usually more complicate and in general the interpretation is difficult. In this
chapter several variants of LMQ are discussed together with exemplary applications
to show their different behaviors are presented.

The chapter is structured as follows: It starts with learning based on vector norms
presenting the derivatives of the dissimilarity measure by using lp-norms and their
smooth numerical approximations. Afterwards, the learning based on matrix norms,
(LMQ) is considered. Finally, numerical simulations and selected applications of LVQ
based on lp-norms and the LMQ algorithm applying the Schatten-p-norm for p = 2

together with several possibilities of relevance learning are presented.
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The subsections are based on

M. Lange, T. Villmann, "Derivatives of lp−norms and their Approximations", Ma-
chine Learning Reports 7, MLR-04-2013 (2013), pp. 43-59. [79]
M. Lange, D. Zühlke, O. Holz, T. Villmann, "Applications of lp−norms and their
Smooth Approximations for Gradient Based Learning Vector Quantization", in M.
Verleysen, ed., Proc. of European Symposium on Artificial Neural Networks, Compu-
tational Intelligence and Machine Learning (ESANN’2014),pp. 271-276. [82]
M. Kaden, M. Lange, D. Nebel, M. Riedel and T. Geweniger and T. Villmann,
"Aspects in Classification Learning - Review of Recent Developments in Learning Vec-
tor Quantization", Foundations of Computing and Decision Sciences 39 (2014), pp.
79-105.[64]

5.1 Learning Based on Vector Norms

First the formal derivatives of the dissimilarity measures using lp-norms are provided.
Then, required smooth numerical approximations for the maximum- and absolute
value function as well as their derivatives are introduced. Additionally, a brief remark
about use of Laplacian and lp-kernels in gradient based methods is given.

5.1.1 lp-norms and their Derivatives

Let v ∈ Rn be data vectors and w ∈ Rn be prototypes. Depending on the se-
lected p value the dissimilarity measure generated by the lp-norm becomes dp (v,w) =∑n

i=1 |vi − wi|p for 0 < p < ∞ and in case of p = ∞ the dissimilarity measure reads
as d∞ (v,w) = max (|v −w|). The formal derivatives of both cases are considered
separately.

Formal Derivatives of lp-norms for 0 < p < ∞

For 0 < p < ∞ the optimization of a prototype using dp (v,w) =
∑n

i=1 |vi − wi|p

requires the formal derivative

∂dp (v,w)

∂wk
= −p · |vk − wk|p−1 · ∂ |vk − wk|

∂wk
. (5.1)

The vectorial form of the gradient (5.1) is

∂dp (v,w)

∂w
= −p · |v −w|�(p−1) ◦ ∂ |v −w|

∂w
, (5.2)
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where x◦y = (x1 · y1, . . . , xn · yn)� denotes the Hadamard product and x�k the com-
ponent wise power according to x�k =

(
xk
1 , . . . , x

k
n

)�. For the weighted dissimilarity
measure dp,λ (v,w) =

∑n
i=1 λi |vi − wi|p the gradient can be taken as

∂dp,λ (v,w)

∂w
= −p · λ ◦ |v −w|�(p−1) ◦ ∂ |v −w|

∂w
(5.3)

whereas
∂dp,λ (v,w)

∂λ
= |v −w|�p (5.4)

is the derivative for λ. The gradients in GMLVQ using the matrix variant
dp,Ω (v,w) =

∑m
i=1

∣∣∣∑n
j=1 Ωi,j (vj − wj)

∣∣∣
p

result in

∂dp,Ω (v,w)

∂wk
= −p

m∑
i=1

∣∣∣∣∣∣
n∑

j=1

Ωi,j (vj − wj)

∣∣∣∣∣∣

�(p−1)

·
∂
∣∣∣∑n

j=1 Ωi,j (vj − wj)
∣∣∣

∂
∑n

j=1 Ωi,j (vj − wj)
·Ωi,k (5.5)

with
∂
∑n

j=1 Ωi,j(vj−wj)

∂wk
= −Ωi,k and

∂dp,Ω (v,w)

∂Ωkl
= p



∣∣∣∣∣∣

n∑
j=1

Ωk,j (vj − wj)

∣∣∣∣∣∣

�(p−1)

◦
∂
∣∣∣∑n

j=1 Ωk,j (vj − wj)
∣∣∣

∂
∑n

j=1 Ωk,j (vj − wj)


 · (vl − wl) ,

(5.6)
with

∂
∑n

j=1 Ωk,j(vj−wj)

∂Ωk,l
= (vl − wl). The vector notation of both derivatives (5.5) and

(5.6) read as

∂dp,Ω (v,w)

∂w
= −p ·Ω�

(
|Ω (v −w)|�(p−1) ◦ ∂ |Ω (v −w)|

∂w

)
(5.7)

and

∂dp,Ω (v,w)

∂Ω
= p

(
|Ω (v −w)|�(p−1) ◦ ∂ |Ω (v −w)|

∂w

)
· (v −w)

�
, (5.8)

where it is assumed that vectors are column vectors. All following derivatives are
stated in vector notation for better readability. The associated element wise deriva-
tives are given in the Appendix B.8.
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Formal Derivatives of lp-norms for p = ∞

As previously introduced, the lp-norm for p = ∞ becomes the maximum function
max (x) = maxi (xi). Therefore, the derivatives in GLVQ, GRLVQ and GMLVQ
include the maximum- as well as the absolute value function. Then, the optimization
of a prototype using d∞ (v,w) = max (|v −w|) yields the formal derivative

∂d∞ (v,w)

∂w
=

∂max (|v −w|)
∂ (v −w)

· ∂ |v −w|
∂ (v −w)

· ∂ (v −w)

∂w
(5.9)

= −∂max (|v −w|)
∂ (v −w)

· ∂ |v −w|
∂ (v −w)

. (5.10)

Analogously, the prototype update of the weighted variant d∞,λ (v,w) =

max (λ ◦ |v −w|) requires the formal derivative

∂d∞,λ (v,w)

∂w
= −∂max (λ ◦ |v −w|)

∂ (λ ◦ |v −w|)
· ∂ (λ ◦ |v −w|)

∂ (v −w)
(5.11)

whereas the prototype update of the matrix variant d∞,Ω (v,w) = max (|Ω (v −w)|)
involves

∂d∞,Ω (v,w)

∂w
= −Ω� ∂max (|Ω (v −w)|)

∂Ω (v −w)
· ∂ (|Ω (v −w)|)

∂Ω (v −w)
. (5.12)

The optimization of the relevance vector λ and matrix Ω takes place according the
derivatives

∂d∞,λ (v,w)

∂λ
=

∂max (λ ◦ |v −w|)
∂ (λ ◦ |v −w|)

· |v −w| (5.13)

and

∂d∞,Ω (v,w)

∂Ω
=

∂max (|Ω (v −w)|)
∂Ω (v −w)

· ∂ (|Ω (v −w)|)
∂ (v −w)

· (v −w)
�
, (5.14)

respectively. The just considered formal derivatives of the lp−norm require the deriva-
tives of the maximum- and the absolute value function, which are not differentiable
functions. Therefore, smooth approximations of them are introduced in the following.
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5.1.2 Smooth Numerical Approximations for the Maximum
Function and Absolute Value Function and their Deriva-
tives

As already mentioned, smooth approximations of the absolute value function and the
maximum function are required to use dissimilarity measures based on lp-norms in
gradient based methods. In the following two different differentiable approximation
functions and their derivatives are explained and their differences are discussed.

Smooth Approximations of the Maximum Function

One appropriate variant to approximate the maximum function max (x) = maxi (xi)

is the α-softmax function

Sα (x) =

∑n
i=1 xie

αxi∑n
i=1 e

αxi
(5.15)

with α > 0. Sα is frequently applied in optimization and neural computation [20, 46]
as well as in deep learning [57, 12, 11]. If α < 0 is chosen in (5.15), then Sα becomes
a smooth approximation of the minimum function min (x) = mini (xi).
Another smooth approximation of the maximum function, proposed by J.D. Cook
in [29], is defined as

Qα (x) =
1

α
log

(
n∑

i=1

eαxi

)
, (5.16)

which is related to the α-softmax function. The approximation Qα (x) is termed as
α-quasimax function. According to [75] the α-quasimax function can be understood
as a kind of generalized functional mean or quasi arithmetic mean. Further, note that

Qα (x) ≤ max (x) +
log (n)

α
(5.17)

is valid. Both approximation functions include an α-parameter, which controls the
precision of the approximation of the maximum function. A small α yields a poor
approximation whereas large α-values is yield a good approximation of the maximum
function, see Figure 5.1.However, for larger α-values Sα shows an overshooting of the
principle diagonals in contrast to Qα. These differences are also obvious by considering
the deviation of approximation function and the maximum function, i.e. Sα (x) −
max (x) and Qα (x) − max (x), pictured in Figure 5.2. The region sensitive to the
overshooting behavior around the principal diagonal of Sα degreases with increasing
α-values, but is still larger for Sα then for Qα.
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Figure 5.1: Visualization of smooth approximations for the maximum function. Left
column shows the softmax function Sα for different α values and the right column the
quasimax function Qα.
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Figure 5.2: Left column shows the difference between the softmax function Sα (x)
and max (x) for different α−values and the right column the difference between the
quasimax function Qα and max (x).
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Derivatives of Smooth Numerical Approximations of the Maximum Func-
tion

To apply the above introduced smooth approximations of the maximum in gradient
based numerical methods, neural networks, or other methods in machine learning the
corresponding derivatives are required. The gradient of the α-softmax function Sα

(5.15) can be expressed in terms of Sα itself, i. e.

∂Sα (x)

∂xk
=

eαxk∑n
i=1 e

αxi
[1 + α (xk − Sα (x))] (5.18)

whereas the derivative of the α-quasimax function Qα (5.16) becomes

∂Qα (x)

∂xk
=

eαxk∑n
i=1 e

αxi
. (5.19)

Obviously, the derivatives ∂Sα(x)
∂xk

and ∂Qα(x)
∂xk

look similar apart from a slight variation
and, hence, ∂Sα(x)

∂xk
can be written in terms of ∂Qα(x)

∂xk

∂Sα (x)

∂xk
=

∂Qα (x)

∂xk
∇SQ, (5.20)

where
∇SQ = [1 + α (xk − Sα (x))] . (5.21)

The effect of ∇SQ in the derivative is emphasized in Figure 5.3. The comparison of the
left and right column shows that ∇SQ causes a nonlinear behavior in the derivative
of Sα (x). Further, the above mentioned slight differences regarding the range around
the principal diagonals between both approximation functions is also evident in the
derivatives. In summary, it can be concluded that the α-quasimax function better
approximating the maximum function and its critical range is smaller compared to
the one of the α-softmax function.

Consistent Smooth Approximations of the Absolute Value Function

Smooth approximations of the absolute value function are based on the maximum
function. One variant, suggested in [118], approximates the absolute value by

|x|α = (x)
+
α + (−x)

+
α , (5.22)
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Figure 5.3: Left column shows the derivatives of the softmax function Sα (x) for
different α values and in the right column the derivative of the quasimax function Qα

are presented.
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where
(x)

+
α = max (x0) (5.23)

with x0 = (x, 0)
�. In [25] the maximum function is replaced by a convex α-

approximation

(x)
+
α = x+

1

α
log

(
1 + e−αx

)
(5.24)

defined for values x > 0, which is related to the previously introduced α-quasimax
function Qα (x) (5.16). In detail, taking into account that e−α·0 = 1, equation (5.24)
can be written in terms of the α-quasimax function Qα (5.16)

(x)
+
α = x+Qα (−x0) . (5.25)

thus, the absolute value function (5.22) can be approximated by

|x|Qα =
1

α
log

(
2 + e−αx + eαx

)
, (5.26)

which is based on Qα and, hence, referred to as α-quasi-absolute function |x|Qα . Be-
cause |x|Qα is consistent with Qα (x) the upper bound

∣∣∣|x| − |x|Qα
∣∣∣ ≤ 2

log (2)

α
(5.27)

is valid, which is shown in [108].

In equation (5.25) another smooth approximation for the maximum function can be
used instead of Qα. If Qα is replaced by the α-softmax function Sα (5.15) in

(5.25), then the absolute value function can be approximated by the α-soft-absolute
function

|x|Sα =
x · (eαx + e−αx)

2 + eαx + e−αx
(5.28)

with
(x)

+
α = x+ Sα (x0) . (5.29)

Both approximations |x|Qα and |x|Sα are depicted in Figure 5.4 for several α-values. The
α-values influence again the precision of the approximating functions. Small α-values
lead to a poor approximation whereas large α-values yield a better approximation of
the absolute value function, which is analogous to the smooth approximation func-
tions of the maximum. Also, the main differences between Sα and Qα, which were
previously discussed and visualized, are obviously transferred to |x|Sα and |x|Qα .
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Figure 5.4: The approximation functions of |x|Sα (left column) and |x|Qα (right column)
for different α values are depicted. The colored curves are the smooth approximations
and the black ones are the absolute value functions. The second row magnifies the
problem areas of the approximation functions for better visualization of the different
behavior of the approximation functions.
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Derivatives of Smooth Numerical Approximations of the Absolute Value
Function

To apply the smooth approximations |x|Sα and |x|Qα in gradient based methods the
derivatives are also required. The derivatives of the α-quasi-absolute function |x|Qα
and α-soft-absolute function |x|Sα result in

∂ |x|Qα
∂x

=
eαx − e−αx

2 + eαx + e−αx
(5.30)

= tanh
(α
2
x
)

(5.31)

and

∂ |x|Sα
∂x

=
x (eαx − e−αx)

2 + eαx + e−αx
+ x (5.32)

= tanh
(α
2
x
)
+

αx

2
(
cosh

(
α
2 x

))2 , (5.33)

respectively. Although |x|Qα and |x|Sα look different, their derivatives differ by only an
additive term

∂ |x|Sα
∂x

=
∂ |x|Qα
∂x

+�SQ (αx) (5.34)

with the deviation term

�SQ (αx) =
αx

2
(
cosh

(
α
2 x

))2 . (5.35)

For the application of a dissimilarity induced by lp-norms in gradient based LVQ care
should be taken to ensure that the underlying approximation functions are consistent.
That means, if the derivative of dp (v,w) includes the derivatives of the maximum
function and the absolute value function then the used approximation functions should
be consistent, i. e.

∂d∞ (v,w)

∂w
= −∂Sα (|v −w|)

∂ (v −w)
·
∂ |v −w|Sα
∂ (v −w)

(5.36)

or

∂d∞ (v,w)

∂w
= −∂Qα (|v −w|)

∂ (v −w)
·
∂ |v −w|Qα
∂ (v −w)

(5.37)
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are consistent updates of (5.9) for p = ∞.

Laplacian and lp-Kernels

The lp-norms are also involved in several exponential kernels. The most familiar
exponential kernels are the Laplacian Kernel

L (v,w) = e−d1(v,w), (5.38)

the Gaussian Kernel
G (v,w) = e−

d2(v,w)

2σ2 (5.39)

and the exponential Kernel

G̃ (v,w) = e−
d∗2(v,w)

2σ2 (5.40)

with d∗p (v,w) = ‖v −w‖pp. In general lp-kernels can be defined by

K (v,w) = e−
dp(v,w)

σp . (5.41)

Obviously, in (5.41) dp (v,w) can also be replaced by the parametrized counterparts
dp,λ (v,w) and dp,Ω (v,w). Thus, the gradients with respect to w follow immediately
from the previous considerations in a trivial manner.
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The subsections are based on

A. Bohnsack, K. Domaschke, M. Kaden, M. Lange, T. Villmann, "Learning Matrix
Quantization and Relevance Learning Based on Schatten-p-norms", Neurocomputing
192 (2016), pp. 104-114.[19]
K. Domaschke, M. Kaden, M. Lange, T. Villmann, "Learning Matrix Quantization
and Variants of Relevance Learning", in M. Verleysen, ed., Proc. of European Sympo-
sium on Artificial Neural Networks, Computational Intelligence and Machine Learning
(ESANN’2015), pp. 13-18, Louvain-La-Neuve, Belgium (2015) [32].
M. Kaden, M. Lange, D. Nebel, M. Riedel and T. Geweniger and T. Villmann,
"Aspects in Classification Learning - Review of Recent Developments in Learning Vec-
tor Quantization", Foundations of Computing and Decision Sciences 39 (2014), pp.
79-105.[64]
A. Villmann, M. Lange-Geisler, T. Villmann, "About Semi-Inner Products for
p−QR-Matrix Norms", TechReport (2018).[136]

5.2 Learning Based on Matrix Norms

In this section, an extension of the LVQ approach to classify matrix data is proposed.
The resulting learning matrix quantization (LMQ) algorithm is similar to LVQ but
based on matrix norms. As mentioned before, Schatten-p-norms as generalization
of lp-norms are considered. Due to the use of matrix norms LMQ offers a greater
structural flexibility compared to the vectorial counterpart. Several kinds of algebraic
relevance weighting are introduced and their mathematical properties are discussed.

5.2.1 Learning Matrix Quantization (LMQ)

In LMQ the data are considered to be matrices V ∈ Vn,m ⊆ Rn×m and a set of
prototypes W also given as matrices W ∈ Rn×m. As already stated in section 3.6,
the matrices generate a vector space Bn,m such that LMQ can be treated similarly to
LVQ. Thus, all considerations regarding LMQ are consistent with the vectorial case,
i. e. m = 1. In this sense, LMQ appears as the natural extension of LVQ.

Yet in LMQ, the Schatten-p-norm is used as dissimilarity measure, which represents
an appropriate counterpart of GLVQ based on lp-norms. This approach is denoted as
generalized learning matrix quantization (GLMQ). The respective dissimilarity mea-
sure is

dsp (V,W) =
(
‖V −W‖Sp

)p

, (5.42)

which is comparable to dp (v,w) in GLVQ. The respective cost function of GLMQ
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becomes
EGLMQ =

1

2

∑
V∈Vm,n

f
(
µsp (V)

)
, (5.43)

with the adjusted matrix-based classifier function

µsp (V) =
d+sp (V)− d−sp (V)

d+sp (V) + d−sp (V)
∈ [−1, 1] . (5.44)

Likewise, formal prototype updates in GLMQ can be obtained by applying the analog
formalism to the derivates as for GLVQ such that

W± ← W± + ηW · �W±

with

�W± =
∂f

∂µsp (V)
·
∂µsp (V)

∂d±sp (V)
·
∂d±sp (V)

∂W± , (5.45)

where 0 < ηW � 1 is also a decreasing learning rate like in vectorial case. The
Frobenius norm with p = 2 is the most interesting case. For that the derivative
∂d±

sp
(V)

∂W± in (5.45) becomes simply

∂d±s2 (V)

∂W± = −2
(
V −W±) . (5.46)

Note that, the spatial information within the matrices is not taken into account when
applying the Frobenius norm. The more general Schatten-p-norms have been proven
to be successful in classification learning of images and time-resolved spectra [38, 32].

5.2.2 Relevance Learning in GLMQ

Several variants of relevance learning for GLMQ are introduced and discussed in this
subsection. The algebraic structure of the Banach space Bn,m of matrices equipped
with the Schatten-p-norm is more complex as the simpler Rn. In detail, depending on
the used algebraic composition there are several possibilities to define kinds of rele-
vance learning in GLMQ. Matrix compositions with a relevance matrix R and tensor
composites with a relevance tensor T are investigated, where the case of applying the
Frobenius norm is always of particular interest. The following approaches are referred
to the generic term of relevance generalized learning matrix quantization (GRLMQ),
which are schematically summarized in Figure 5.5.
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Figure 5.5: Schematic overview of the considered relevance types in GRLMQ.

Hadamard-Relevance-Learning (HRL)

Hadamard-Relevance-Learning in GLMQ (GLMQHRL) represents the counterpart of
GRLVQ, introduced in subsection 2.5.2 on page 28. In GLMQHRL the dissimilarity
measure

dsp,R◦ (V,W) =
(
‖R ◦ (V −W)‖Sp

)p

(5.47)

is taken with the relevance matrix R ∈ Rn×m independently wighting each entry of
a data matrix V by applying of the Hadamard product ◦. The stochastic derivatives
of EGLMQ (5.43) with respect to R yield the relevance update

R ← R− ηR · �R

with

�R = − ∂f

∂µsp (V)
·

(
∂µsp (V)

∂d+sp,R◦ (V)
·
∂d+sp,R◦ (V)

∂R
+

∂µsp (V)

∂d−sp,R◦ (V)
·
∂d−sp,R◦ (V)

∂R

)
,

(5.48)
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0 < ηR � 1 is the learning rate for R. In case of p = 2 the dissimilarity measure

dsp,R◦ (V,W) and the formal derivative
∂d±

sp,R◦(V)

∂R are reduced to

ds2,R◦ (V,W) = tr
(
(R ◦ (V −W)) (R ◦ (V −W))

�
)

(5.49)

and
∂d±s2,R◦ (V)

∂R
= 2R ◦

(
V −W±) ◦ (V −W±) , (5.50)

respectively. The corresponding prototype update in GLMQHRL implies the term

∂d±s2,R◦ (V)

∂W± = −2R ◦R ◦
(
V −W±) , (5.51)

which is obtained from (5.45) for p = 2. Yet, the use of the Frobenius norm and
the Hadamard product in the dissimilarity measure leads to the fact that the spatial
matrix relations are not taken into account. Thus GLMQHRL has no essential benefit
over GRLVQ.

Multiplicative-Relevance-Learning (MRL)

A further kind of relevance learning results by applying the ordinary matrix multipli-
cation instead of the Hadamard product. A differentiation is made between left- and
right weighting by

dlsp,R (V,W) =
(
‖R · (V −W)‖Sp

)p

(5.52)

drsp,R (V,W) =
(
‖(V −W) ·R‖Sp

)p

. (5.53)

In (5.52) and (5.53) a weighted linear relevance mixing with R ∈ Rk×n (left case) or
R ∈ Rm×k (right case) is applied, respectively. For p = 2 the dissimilarity measures
reads as dls2,R (V,W) = tr

(
(RA) · (RA)

�
)

or drs2,R (V,W) = tr
(
(AR) · (AR)

�
)

. The relevance updates can be obtained analogously to (5.48), i. e.

∂dl,±s2,R (V)

∂R
= 2R ·

(
V −W±) · (V −W±)� (5.54)

for the left case and

∂dr,±s2,R
(V)

∂R
= 2

(
V −W±)� ·

(
V −W±) ·R (5.55)
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for the right case. The respective prototype adaptation include the derivatives

∂dl,±s2,R (V)

∂W± = −2
(
R� ·R

)
·
(
V −W±) (5.56)

and
∂dl,±s2,R (V)

∂W± = −2
(
V −W±) · (R ·R�) , (5.57)

accordingly for the left and right variant. These methods are referred to as left/right
Multiplicative Relevance Learning in GLMQ (GLMQl/r-MRL ). A noticeable benefit of
this approach is that now correlation between matrix entries are taken into account
also for the case p = 2. More precisely, GLMQl-MRL relates to correlation of the
columns and GLMQr-MRL to correlation of the rows. Thus, Frobenius norm together
with GLMQl/r-MRL treats the data matrix entries partially dependent, see second row
in Figure 5.6.

QR-Relevance-Learning (QR)

The simultaneous learning of correlations for row and column dependencies of the
matrix entries leads to the application of the QR-norm in GLMQ. This method
is denoted as QR-Relevance-Learning in GLMQ (GLMQQR). In subsection 3.6.3
the QR-norm ‖A‖Q,R =

√
tr (QAR�A�) was introduced, where Q ∈ Rn×n and

R ∈ Rm×m. For QR-Relevance-Learning the dissimilarity is defined by

dQR (V,W) = tr
(
Q · (V −W)R� (V −W)

�
)
. (5.58)

and the derivative with respect to the prototype becomes

∂d±QR (V)

∂W± = −Q� (
V −W±)R� −Q

(
V −W±)R. (5.59)

Q and R are assumed to be positive definite matrices to ensure the norm properties.
In order to satisfy this the decompositions Q = Q̃�Q̃ and R = R̃R̃� are supposed
with arbitrary matrices Q̃ ∈ Rn×n and R̃ ∈ Rm×m. Beside the prototypes the
relevance matrices Q̃ and R̃ are adapted simultaneously according to

Q̃ ← Q̃− ηQ̃ · �Q̃ (5.60)

R̃ ← R̃− ηR̃ · �R̃ (5.61)
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with

�Q̃ = − ∂f

∂µsp (V)
·

(
∂µsp (V)

∂d+QR (V)
·
∂d+QR (V)

∂Q̃
+

∂µsp (V)

∂d−QR (V)
·
∂d−QR (V)

∂Q̃

)
(5.62)

�R̃ = − ∂f

∂µsp (V)
·

(
∂µsp (V)

∂d+QR (V)
·
∂d+QR (V)

∂R̃
+

∂µsp (V)

∂d−QR (V)
·
∂d−QR (V)

∂R̃

)
(5.63)

and

∂d±QR (V)

∂Q̃
= Q̃

(
V −W±)� R

(
V −W±)� + Q̃

(
V −W±)R (

V −W±)� (5.64)

∂d±QR (V)

∂R̃
=

(
V −W±)� Q

(
V −W±) R̃+

(
V −W±)Q� (

V −W±)� R̃.

(5.65)

The learning rates 0 < ηQ̃ � 1 and 0 < ηR̃ � 1 can be initialized independent from
each other.
The obvious advantage of GLMQQR compared GLMQl/r-MRL is that GLMQQR allows
to consider all correlations between rows and columns of the data matrices simulta-
neously, where Q̃ is mainly sensitive to column relations and R̃ to row relations.
Hence, both matrices play a similar role like the classification correlation matrix Λ in
GMLVQ due to

tr
(
Q (V −W)R� (V −W)

�
)
= tr

(
Q̃T Q̃ · (V −W)R� (V −W)

�
)

= tr
(
(V −W)

� · Q̃T Q̃ · (V −W)R�
)

= tr

((
Q̃ · (V −W)

)2

R�
)

and

tr
(
Q (V −W)R� (V −W)

�
)
= tr

(
Q (V −W) R̃R̃� (V −W)

�
)

= tr

(
Q

(
(V −W) R̃

)2
)
,

respectively. Note that, GLMQQR is no counterpart to GMLVQ, because the entries
of Λ correspond to correlations of all features of data vectors and Q (R) consider
only correlations of columns (rows) of data matrices, see Figure 5.6. Therefore, Q
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Figure 5.6: Schematic representation of several kinds of relevance learning for GLVQ
and GLMQ. The first line shows the comparison of GRLVQ and GLMQHRL, where
it can be seen that the spatial relations are not taken into account. In contrast, the
second rows shows that the the spatial relations are taken into account by applying
GLMQl/r-MRL, but it is no counterpart to GMLVQ. The last row shows how the spatial
relations are taken into account by the simultaneous use of the relevance matrices Q
and R by applying the QR-norm.
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and R represent not a classification correlation matrix in the strict sense. The relation
matrices of GLMQl/r-MRL can be interpreted similarly:
Because of

tr
(
(R (V −W)) · (R (V −W))

�
)
= tr

(
R (V −W) (V −W)

�
R�

)

= tr
(
(V −W)

�
R�R (V −W)

)

= tr
(
(V −W)

�
Λleft (V −W)

)

= tr
(
(R (V −W))

2
)

and

tr
(
((V −W)R) · ((V −W)R)

�
)
= tr

(
(V −W)R ·R� (V −W)

�
)

= tr
(
(V −W)Λright (V −W)

�
)

= tr
(
((V −W)R)

2
)

the matrices Λleft and Λright can be interpreted as a kind of classification correlation
matrix, which consists only of correlations of columns and rows of data matrices,
respectively.

Further, GLMQQR reduces to the common LMQ approach when choosing Q = I

and R = I. Note that, for Q = I or R = I the QR-norm results in ‖A‖I,R =√
tr (AR�A�) or

‖A‖Q,I =
√
tr (QAA�) , respectively, which differs from ‖AR‖S2

=√
tr
(
(AR) · (AR)

�
)

and ‖QA‖S2
=

√
tr
(
(QA) · (QA)

�
)
. Therefore, GLMQQR

does not exactly correspond to the combination of left/right Multiplicative Relevance
Learning.

Kronecker-Relevance-Learning (KRL)

Another algebraic kind of multiplication for matrices can be obtained via the
Kronecker-product K = A ⊗ B between matrices A ∈ Rm1×n1 and B ∈ Rm2×n2 ,
which is considered for relevance learning in GLMQ [36, 86]. It is known from tensor
algebra that the outcomes of the Kronecker-product have a huge dimensionality, i. e.
K ∈ Rm1m2×n1n2 . Thus, a respective relevance composition implies a high variability
to relate the matrix elements having in mind the idea of high-dimensional embedding
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as known from SVMs [121].
The dissimilarity measure for Kronecker-Relevance-Learning in GLMQ (GLMQKRL)
reads as

dsp,R⊗ (V,W) =
(
‖R⊗ (V −W)‖Sp

)p

(5.66)

= tr (|R⊗ (V −W)|p) . (5.67)

Because of |A| = +
√
A∗A (the positive matrix root) the dissimilarity measure

dsp,R⊗ (V,W) in (5.67) can be simplified to

dsp,R⊗ (V,W) = tr

((
+

√
R�R⊗ (V −W)

�
(V −W)

)p)
,

which reduces to

ds2q,R⊗ (V,W) = tr
((

R�R⊗ (V −W)
�
(V −W)

)q)

for p = 2q. For the most interesting case p = 2 the dissimilarity measure becomes

ds2,R⊗ (V,W) = tr
((

R�R⊗ (V −W)
�
(V −W)

))
(5.68)

= tr
(
R�R

)
tr
((

(V −W)
�
(V −W)

))
, (5.69)

where the commutative properties of the Kronecker-product in the last equation (5.69)
is applied [86]. According to the last transformation, it can be concluded that the
structure of the relevance matrix R is ignored in the dissimilarity measure despite the
trace value in case of p = 2. Hence, relevance learning in GLMQKRL is meaningless
due to the expected variability, which is degenerated to one parameter only in this
context.

Tensor-Relevance-Learning

A further kind of algebraic composition are tensors as multi-linear maps applied to
matrices. For example, covariance structures of data sets consisting of matrices can
be described by tensors, such that an appropriate PCA can be performed [18, 59, 83].
Mathematically, matrices can be seen as tensors of second order and vectors as tensors
of first order. Regarding that, the mapping Ω (v −w) used in GMLVQ can also be

defined by a tensor composite
〈2〉
Ω [v −w], which results in a tensor of first order
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(vector). Now, this idea is transferred to the dissimilarities of GLMQ.

Relevance Tensors of Fourth Order To define a dissimilarity measure of tensor-
relevance-learning of fourth order the tensor induced mapping

〈4〉
T [V −W] = X

is considered, where the matrix difference V − W is projected onto a matrix X by
Xij =

∑
k,l Tijkl (Vkl −Wkl). Based on Schatten-p-norms the dissimilarity measure

reads as

d
sp,

〈4〉
T [•]

(V,W) =



∥∥∥∥∥
〈4〉
T [V −W]

∥∥∥∥∥
Sp




p

.

However, V − W as well as X are elements of the matrix vector spaces describing
linear mappings as known from linear algebra. For those tensor compositions, a
base representation in these vector spaces can always be generated such that the
tensor composition is equivalent to a composition of the Kronecker-product [36, 86].
Hence, the respective relevance learning variability is the same as for the previously
introduced relevance learning in GLMQKRL. In detail, for the most interesting case
p = 2 it is also algebraically degenerated.

Relevance Tensors of Third Order As last variant of relevance learning for
GLMQ tensors of third order are investigated. The respective mapping

〈3〉
T [V −W] = t (5.70)

results in a vector t with ti =
∑

jk Tijk (Vjk −Wjk) . By applying the mapping (5.70)
the Schatten-p-norm is simplified to the lp-norm. Thus, the respective dissimilarity
measure looks as follows

d
sp,

〈3〉
T [•]

(V,W) =



∥∥∥∥∥
〈3〉
T [V −W]

∥∥∥∥∥
lp




p

. (5.71)

The derivative of (5.71) can be easily calculated. At first glance, relevance learning
GLMQ with tensors of third order seems to be a counterpart of GMLVQ, which applies
to the matrix mapping Ω (v −w). Unfortunately, this is not the case because the
dimensionality of the result of the tensor operation is a vector (tensor of zero order),
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whereas the difference V −W is a tensor of second order. In contrast, the mapping
in GMLVQ retains the orders of the tensors.

5.3 Numerical Simulations and Selected Applica-
tions

The first part of this subsection shows and compares the use of the weighted l1-
distance with the weighted Euclidean distance in GLVQ for two applications, where
also a comparison to an earlier but inconsistent LVQ approach for the first application
is done. It will be shown that l1-distances can be successfully applied by using the
above described approximation techniques for lp-norms, which generate a consistent
approach with the l1-norm and improves the classification performance.

Subsequently, the LMQ algorithm based on Schatten-p-norms for p = 2 together with
possibilities of relevance learning is applied on two different matrix data sets. For
comparison to the vectorial case, also GLVQ, GRLVQ and GMLVQ are applied to the
vectorized version of given matrix data sets. These exemplary numerical simulations
demonstrate the benefit of using the matrix counterpart of LVQ to classify matrix
data.

The subsection is based on

M. Lange, D. Zühlke, O. Holz, T. Villmann, "Applications of lp−norms and their
Smooth Approximations for Gradient Based Learning Vector Quantization", in M.
Verleysen, ed., Proc. of European Symposium on Artificial Neural Networks, Compu-
tational Intelligence and Machine Learning (ESANN’2014),pp. 271-276. [82]

5.3.1 LVQ based on lp-norms

Application in Tiling Microarray Data

Applying GMLVQ with the dissimilarity d∞,Ω (v,w) for two different datasets. The
first dataset is denoted as “tiling microarray data”, which is a set of 4120 tiling microar-
rays (with data dimension n = 24) corresponding to exonic and intronic/intragenic
regions in chromosome 3 of C.elegans. Usually, learning of tiling micro array data is
difficult because they contain a lot of noise. Training is based on the current anno-
tation of the genome. A more detailed description of these data can be found in [13].
In this publication, the standard LVQ1 algorithm based on the (weighted) Euclidean
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norm d2,λ (v,w) was applied to learn the prototypes. However, inherent prototype se-
lection as well as the optimization of the relevance parameters λi uses the l1-distance
d1,λ (v,w) to handle noisy data. Thus, the used approach is inconsistent. In [13], the
best classification performance with 89.3% was obtained for 6 prototypes per class.

Now, GMLVQ is applied with l1-norm and l2-norm with consistent derivatives. That
means, the above introduced smooth approximations for the l1-norm to learn the pro-
totypes in GMLVQ are applied. For comparison to the mentioned publication [13], the
same number of prototypes (6 per class) for both variants is used and matrix adap-
tation in a 4-fold cross-validation is performed. This results in a test accuracies of
90.8% for using the l1-norm and 88.8% for the Euclidean variant. Therefore, the con-
sistent approach with the l1-norm improves the classification performance. Further,
no significant difference regarding the used approximation function, α-quasi-absolute
function |x|Qα and α-soft-absolute function |x|Sα with α = 20, can be recognized.

Application in Gas Chromatography– Mass Spectrometry (GC-MS) Spec-
tra

A second application considers spectral data. This data was obtained from a gas chro-
matography– mass spectrometry (GC-MS) analysis of volatile organic components in
exhaled breath to detect inflammatory processes in the lung. The GC-MS spectra
were delivered as 334-dimensional spectra covering a measurement time interval of
20min. The dataset contains 48 spectra partitioned into two classes. A detailed ex-
planation can be found in [33]. Again, GMLVQ with l1-norm and l2-norm is applied
in a consistent way for prototype learning and matrix adaptation. However, here only
one prototype per class with a 8-fold cross-validation is used. It results in a better
test accuracy of 85.4% for the GMLVQ with l1-norm than those for the Euclidean
variant with 81.3%. This observation is in agreement with the knowledge about the
noise influence for GC-MS spectra regarding the peak height, see [141], and also with
the above previously stated robust behavior of lp− distances for smaller p-values as
reported in [38].
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Figure 5.7: Two-dimensional signal (matrix) of fluorescence intensity at special emis-
sion energies and time points after fluorescence initialization.

The subsections are based on

A. Bohnsack, K. Domaschke, M. Kaden, M. Lange and T. Villmann, "Learning
Matrix Quantization and Relevance Learning Based on Schatten-p-norms", Neuro-
computing 192 (2016), pp. 104-114.[19]

5.3.2 LMQ based on Schatten-p-norms

In this subsection exemplary applications of the previously introduced GLMQ in-
cluding also relevance learning are presented. In detail, several possibilities of the
GLMQ approach regarding algebraic kinds of relevance learning are demonstrated
and compared with relevance learning of GLVQ. As stated in the section of LMQ, the
investigations are restricted to the most prominent case p = 2.

Application in Time Resolved Laser induced Fluorescence Spectroscopy

The Time Resolved Laser induced Fluorescence Spectroscopy (TRLFS) developed
over the last 20 years is an important method to distinguish different substances or
to characterize composite samples. During the measurements a laser beam stimulate
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selected molecules of a desired substance which thereupon dissipates this energy ther-
mally or optically in terms of auto-fluorescence. The latter leads to a time-dependent
emission and can be measured as a two-dimensional signal (matrix). This signal
represents the fluorescence intensity depending on the emission energy and the time
after fluorescence initialization, visualized in Figure 5.7.Further, these signals reflect
important substance specific characteristics in both dimensions to identify samples
[78]. TRLF-spectra are functional data parametrized by the emission wavelength and
the decay time, such that they can be handled as functional data depending on two
variables. In general, the analysis of those spectra can be done by the adaption of
mathematical data simulation models of given samples to estimate important param-
eters like the position of the emission maximum, the signal width or the decay of
the fluorescence intensity [123, 129]. The estimated parameters are used for further
analysis and investigation such as classification of real world spectra. However, be-
cause of poor model information and general serious numerical instabilities of the
simulation models as well as poor confidential parameter estimations the respective
considerations fail frequently. Hence, methods for the investigation of original spectra
are required.

Simulated Spectra The fluorescence intensity fem (ω) as a function of the emission
wavelength ω for a single fluorophore is defined by

fem (ω) = Ae−(
ω−µ

σ )
2

, (5.72)

which is Gaussian or log-normal distributed [123]. For simplicity, the Gaussian shaped
fluorescence intensities are used and only one fluorophore per class is assumed for sim-
ulations. In (5.72) the fluorescent substance specific parameters are the position of
emission maximum µ and the width of the signal σ. Besides the wavelength depen-
dent shape of fluorescence, the time resolved measurements provide also the decay
behavior of fluorescence light ftr (τ) over the time τ as additional information for
the characterization of different substances. The signals shows how the intensity of
the fluorescence light rises depending on the laser excitation as well as the camera
system and, furthermore, how it decreases while emitting the received energy by aut-
ofluorescence. Note that, for real world data the excitation signal of the fluorescence
rises in a Gaussian shape and, further, the emitting process follows an exponential
performance, in general. The time dependent signal can be approximated at any
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wavelength by folding these two functions [129]:

ftr (τ) = s

(
e−

τ−t0
τ e

s2

4τ2

(
1 + erf

(
τ − t0

s
− s

2τ0

)))
(5.73)

In (5.73) t0 and s are fixed camera parameters whereas τ0 is the substance specific
decay of the fluorescence intensity and erf (x) is the Gauss error function1. By ad-
justment of this information the data matrices can be simulated by

F = fem · f
′

tr, (5.74)

where fem = (fem (ω1) , . . . , fem (ωNω ))
� and ftr = (ftr (τ1) , . . . , ftr (τNω ))

� are the
vectors of emission and time dependent intensities, respectively.
For the application of relevance learning LMQ two different data sets of simulated
TRLF-spectra are created. They are denoted as TRLF1 and TRLF2. Both of them
consist of two classes, where each is represented by 100 spectra of size 50 × 40 for
emission wavelength ω and time τ , respectively. The two spectrum classes of TRLF1
differ in time decay, whereas the classes of TRLF2 can be distinguished according to
the emission wavelength distribution, see Figure 5.8.Any other parameters were kept
fixed in average yet taking into account underlying Gaussian noise. Further, it exists
an additive class independent white noise on the whole data matrices. Thus, both data
sets can be clearly distinguished by their classification characteristics regarding the
focus on the dimension, such that the influence of several kinds of relevance learning
for GLMQ can be investigated. To compare GLMQ-results with those of GLVQ,
the data is vectorized by integration over time results in TRLF1-ω and TRLF2-ω.
Analogously, the vectorized counterparts TRLF1-τ and TRLF2-τ are obtained by
integration over the wavelength ω.

Real World Spectra The real world TRFL data set (R-TRFL) consists of TRFL-
spectra of a single biological compound at two different excitation energy levels, see
the last line in Figure 5.8. It is assumed that the substrate response and this behavior
is reflected in the measured signal matrices [27]. Emphasizing the responses can be
quite similar and in advance it is ambiguous, which dimension wavelength ω or time τ

delivers the crucial information for class separation. Hence, matrix processing of the
data is essential. In detail, for each of the two classes there are 60 data samples with a
resolution of 100× 20 for emission wavelength and time, respectively. Commonly, the

1The Gauss error function is defined as erf (x) = 1√
Π

´ x
−x e−t2dt.
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Figure 5.8: First line: Class means of the TRLF1 data set: The classes differ in the
time decay (horizontal axes).
Second line: Class means of the TRLF2 data set. The classes differ with respect to
the wavelength domain (vertical axes).
Last line: Class means of the R-TRLF data set. The classes differ according to the
excitation energy levels.
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spectra are considered irrespective of the time dependency. Thus, a respective data
set R-TRFL-ω is generated from R-TRFL by integration over the time for comparison
of GLMQ and GLVQ variants.

Simulation Results of TRLF spectra The simulated data and the real word
data are investigated by the basis approach of GLMQ (without relevance learning)
and GLMQ with several variants of relevance learning. A 10-fold cross-validation for
R-TRLF data and a 5-fold cross-validation for the simulated data is applied for all
experiments. Only one prototype per class and a constant learning rate η = 0.01 is
used, where 1000 learning epochs for each run are applied. The resulting averaged
test accuracies are summarized in Table 5.1 and the respective standard deviations
are shown in Table 5.2.

data/method GLMQ GLMQHRL GLMQr-MRL GLMQl-MRL GLMQQR

R-TRLF 83.3 81.0 80.4 82.4 93.1
TRLF1 74.5 76.5 78.0 79.0 81.0
TRLF2 88.0 89.0 93.5 90.5 94.5

Table 5.1: Averaged test accuracies in % for the TRLF data using different GLMQ
variants without and with several relevance learning methods.

data/method GLMQ GLMQHRL GLMQr-MRL GLMQl-MRL GLMQQR

R-TRLF 0.0910 0.108 0.099 0.1060 0.082
TRLF1 0.0779 0.0720 0.0570 0.0627 0.0675
TRLF2 0.0597 0.0418 0.0285 0.0371 0.0411

Table 5.2: Standard deviations related to the accuracies presented in Table 5.1.

According to these results, GLMQr-MRL and GLMQl-MRL lead to different results
for TRLF1 and TRLF2 caused by their different class behavior regarding time or
wavelength dependency. In detail, TRLF1 benefits by applying GLMQl-MRL and
for TRLF2 GLMQr-MRL is more suitable. Further, for all three data sets the more
complex GLMQQR yields the best results. The prototypes of an exemplary run for
the R-TRLF data by using GLMQl-MRL, GLMQr-MRL, and GLMQQR are shown in
Figure 5.10 and the respective relevance matrices for these methods are depicted in
Figure 5.9. The comparison between the relevance matrices shows that Q and R

contain more structural information than the left and right side relevance matrices
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data/method GLVQ GRLVQ GMLVQ
R-TRLF-ω 77.1 79.7 81.7
TRLF1-τ 76.0 77.0 81.0
TRLF1-ω 60.0 67.0 72.0
TRLF1-τ 80.0 84.5 87.0
TRLF1-ω 85.5 84.0 91.0

Table 5.3: Averaged test accuracies in % for the TRLF data applying different GLVQ
variants without and with several relevance learning methods.

by GLMQl/r-MRL. Unfortunately, a satisfactory interpretation of the learned rele-
vance matrices as for Λ in GLVQ is not possible, see explanations 5.2.2 on page 107.
Especially for the R-TRLF data solely GLMQQR yields a considerable improvement
in comparison to the basis approach of GLMQ without relevance learning, see Table
5.1. Further, also GLVQ is applied to the vectorized R-TRLF data. The obtained
accuracies are listed in Table 5.3. According to them, the performance of GLVQ and
GRLVQ is weaker, whereas GMLVQ is at least comparable to the GLMQ with simple
relevance learning variants. Nevertheless, the performance of GLMQQR remains the
best. This is probably due to the fact that the linear dependencies of the columns
and rows within data matrices are learned simultaneously by GLMQQR. Similar
classification performances are also obtained for the simulated data, see Table 5.3.
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Figure 5.9: The resulting matrices Λleft (first line left) and Λright (first line right)
obtained by GLMQl/r-MRL for an example run for the R-TRLF data set. In the
second line the relevance matrices Q (left) and R (right) are pictured .
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Figure 5.10: Prototypes for the two classes (excitation energy levels) obtained for an
example run of the R-TRLF data set by using GLMQl-MRL (first line), GLMQr-MRL
(second line) and GLMQQR (last line).
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Figure 5.11: LDL-images of bacteria colonies of Salmonella serovars: Salmonella Bran-
denburg, Salmonella Enteritidis, and Salmonella Thyphimurium (from left to right).

Application in Salmonella Serovars Based on Laser-Diffuse-Light-Images

For a further exemplary application a data set of Laser-Diffuse-Light-Images (LDL-
images) of Salmonella serovars colonies is considered. This data set consists of images
from three salmonella types Salmonella Brandenburg (SB), Salmonella Enteritidis
(SE), and Salmonella Thyphimurium (ST). The serovars have to be distinguished
according the different structure of their colonies, see Figure 5.11. After preprocessing
including centering, normalization, and calibration, the gray-scale-images have the
size 128 × 128 pixel. In all, the data set, denoted as SALMONELLA, consists of
65 SB-samples, 48 SE-samples and 50 ST-samples. For this data also a vectorized
version is generated, termed SALMONELLA-V. More details concerning this data
can be found in [94].

Simulation Results of Salmonella Serovars The salmonella serovars images are
investigated by means of GLMQ without and with several kinds of relevance learning.
Only one prototype per class and a constant learning rate η = 0.01 is used, where
1000 learning epochs for each run are applied. The resulting accuracies and standard
deviations are summarized in Table 5.4.Accordingly, the achieved performances have
no significant difference, i. e. several kinds of relevance learning of GLMQ compared
among themselves have no considerable effect on the classification performance. How-
ever, GLMQ with relevance learning achieves an essential improvement in comparison
to the basis approach of GLMQ without relevance learning. This result is also re-
flected by visualizing the prototypes and relevances matrices of several approaches.
Precisely, the resulting prototypes for GLMQl-MRL, GLMQr-MRL, and GLMQQR are
shown in Figure 5.12. Obviously, the first prototype obtained by GLMQQR looks more
similar to salmonella type SB in comparison to the other resulting prototypes using
GLMQl/r-MRL. The respective relevance matrices for these methods are depicted in



124 Chapter 5. Hebbian Learning Based on General Distance Measures

data/method GLMQ GLMQHRL GLMQr-MRL GLMQl-MRL GLMQQR

accuracy 87.7 89.6 92.7 92.1 92.0
standard deviation 0.020 0.012 0.036 0.028 0.028

Table 5.4: Averaged test accuracies in % and standard deviations for the
SALMONELLA data using different GLMQ variants without and with several kinds
of relevance learning.

Figure 5.13. Further, also GLVQ, GRLVQ and GMLVQ are applied to the vector-
ized SALMONELLA-V data. Note that, there are extreme numerical instabilities for
GMLVQ due to the huge classification correlation matrix Λ = Ω�Ω ∈ R16384×16384.
In that case, another indicator for the pure model validity is the discrepancy of the
test accuracy to the training performance of 86%, which indicates a very weak gen-
eralization ability of the model.
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Figure 5.12: Prototypes (from left: Salmonella Brandenburg, Salmonella Enteritidis,
and Salmonella Thyphimurium) obtained for an example run for the SALMONELLA
data set by using GLMQl-MRL (first line), GLMQr-MRL (second line) and GLMQQR
(last line).
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Figure 5.13: In the first line the matrices Λleft and Λright obtained by GLMQl/r-MRL
for an example run for the SALMONELLA data set are pictured. The relevance
matrices Q (left) and R (right) by means of GLMQQR are shown in the second line.



Chapter 6

Summary and Concluding
Remarks

This thesis provides an unified and generalized scheme for Hebbian approaches in
non-Euclidean spaces for unsupervised and supervised learning. Here the Hebbian
learning methods are distinguished between vectorial and matrix approaches.

Hebbian learning methods for vectorial approaches Commonly, Hebbian like
learning methods, such as Hebbian PCA learning, uses the Euclidean inner product
for data processing. Thus, in this thesis Hebbian learning methods based on general
inner products were defined and the focus was on Hebbian methods for unsupervised
PCA and ICA. The key idea was the replacement of the Euclidean inner product
by a more general SIP to equip Hebbian methods with a non-Euclidean metric. For
that, in chapter 3 a framework for metrics induced by norms, which are generated
by SIPs, was provided. These SIPs are the natural equivalent of the inner products
for Banach spaces. A closer look was taken at known examples of Banach spaces,
i. e. lp-spaces and lp-Sobolev-spaces with their SIPs were considered. Whereby for
the lp-Sobolev-space the respective SIP was proposed. Further, inner products and
SIPs in general kernel spaces are also addressed, which allow the application of kernel
metrics with underlying RKHS and RKBS.

The SIPs can be directly plugged into the above mentioned Hebbian learning ap-
proaches. The theoretical framework for non-Euclidean PCA and ICA by Hebbian
learning was provided in chapter 4. Resulting methods are adaptive PCA by Hebbian
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learning for general finite-dimensional Banach and Hilbert spaces as well as Kernel
PCA by Hebbian Learning for RKHS and RKBS. By generalizing the original Hebbian
PCA learning in this way, the gap between kernel-based learning and adequate data
visualization is closed when kernel learning is performed with differentiable kernels
that enable prototype learning with differentiable kernel metrics in the data space.
This is also valid for other Non-Euclidean PCA variants, which are based on lp-norms
or Sobolev-norms.

Further, the idea of Hebbian learning for kernel PCA in non-Euclidean spaces was
transferred to Hebbian ICA learning realizing an non-Euclidean ICA. The proposed
learning rule assumes whitened data and it should be emphasized that pre-whitening
has to be equipped with the respective kernel metric to ensure the stability of the
ICA algorithm. Hence, Kernel PCA by Hebbian Learning in RKHS constitutes an
appropriate preprocessing step for kernel ICA by Hebbian learning in RKHS. At the
end of chapter 4 exemplary applications have shown that this non-Euclidean variant
of Hebbian-like ICA is capable of extracting non-linearly mixed signals. In addition
at the end of chapter 4 example applications and simulations for Non-Euclidean PCA
were demonstrated and the results are compared with those of the Euclidean PCA.
The exemplary applications for PCA and ICA show that, depending on the data
and the type of application, Hebbian learning approaches based on a general inner
product instead of the standard Euclidean inner product may be more suitable for
data processing.

The LVQ algorithms, which are also Hebbian-like learning methods, are addressed in
chapter 5 for non-Euclidean spaces. A non-Euclidean variant of GLVQ with lp-norms
requires the derivatives of them, which are at the origin (x = 0) not possible due to
the absolute value function in the lp-norms. Therefore, investigations of two smooth
approximations of the maximum function referred to as α-softmax and α-quasimax
function as well as the derivatives of them. It can be recommended that the α-
quasimax function should be used to approximate the maximum function. Further,
smooth approximations of the absolute value function, which are based on the maxi-
mum function, are also investigated and its derivatives. In general, it should be noted
that the underlying approximation functions for lp-norms applied in GLVQ, which in-
cludes the derivatives of the maximum function and the absolute value function, has
to be consistent. The applications at the end of chapter 5 has shown that distances
based on lp-norms can be successfully applied by using the approximation functions
as well as a consistent approach in GLVQ improves the classification performance in
comparison to a non-consistent variant.
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Hebbian learning methods for matrix approaches Another main part of this
thesis were Hebbian approaches in non-Euclidean spaces of matrices. For that in
the second part of chapter 3 the Banach spaces of matrices with their SIPs are in-
vestigated, where the focus was put on Schatten-p-norms. A SIP for this Banach
space which generates the respective norm was developed. The QR-norm, which can
be seen as an extended variant of the Schatten-p-norm, was examined more closely
regarding the norm properties, i. e. properties introduced by G. Allen in [4] are
adjusted. Further, an inner product for this Hilbert space, which generates the QR-
norm, is proposed. Yet, the development of a SIP for the QR-norm with arbitrary
p �= 2 remains an open problem.

The resulting (semi)-inner products can be directly applied in the Hebbian PCA
approach for matrices, whose theory and the proof of the required properties were
provided in chapter 4. The resulting method is a Hebbian learning rule based on
Schatten-p-norms for principal components in Banach spaces of matrices. In the last
part of chapter 4 the different behavior of the matrix approach compared to the
vectorial variant for an illustrative example was shown with the result, that in case of
processing matrix data containing important spatial information the use of the matrix
PCA leads to better performance.

Further, matrix norms can be also used as dissimilarity measure for supervised Heb-
bian like learning methods. In chapter 5 the LVQ approach was extended for the
classification of matrix data using Schatten-p-norms and is called learning matrix
quantization (LMQ). Compared to the vectorial counterpart, the use of matrix norms
leads to a greater structural flexibility of relevance learning in GLMQ. The result-
ing methods based on several kinds of algebraic relevance weighting are GLMQ with
Hadamard-Relevance-Learning (GLMQHRL) and left/right Multiplicative-Relevance-
Learning (GLMQl/r-MLR)). Beside the Schatten-p-norm also the QR-norm was ap-
plied in GLMQ and referred to as QR-Relevance-Learning (GLMQQR). The Kro-
necker product between matrices and tensor composites using a relevance tensor in-
stead of a relevance matrix form further kinds of algebraic compositions in GLMQ,
which are denoted as Kronecker-Relevance-Learning (KRL) and Tensor-Relevance-
Learning (TRL), respectively. One idea of applying these compositions was to get a
counterpart of GMLVQ. The expected variability of KRL in GLMQ is degenerated to
one parameter and, thus, GLMQKRL is meaningless. A similar result was obtained
by considering GLMQ with relevance tensors of fourth order, i. e. the respective rele-
vance learning variability is the same as for GLMQKRL. In case of applying relevance
tensors of third order the tensor operation result in a vector and, hence, this variant
is also no counterpart of GMLVQ.
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In summary, the advantage of LMQ is the greater flexibility of relevance learning com-
pared to LVQ, but it is usually more complicated and generally difficult to interpret.
This became evident by exemplary applications in the last part of chapter 5.

Future work

The properties of the relevance matrices of GLMQ should be investigated more closely
in the application of various classification problems in order to obtain a better inter-
pretation of them. Especially the interpretation of the relevance matrices Q and R

when applying the QR-norm in GLMQ is still difficult, because the rows and column
dependencies of a data point (matrix) are learned simultaneously. Further, the inner
product of the QR-norm can also be applied in the matrix approach of Hebbian PCA
learning. The benefit of the resulting method would be, that additional information
of the data could be obtained due to the visualization with PCA based on the learned
relevance matrices by GLMQQR. Further, the idea of the matrix approach of Hebbian
PCA learning could be transferred to Hebbian ICA learning. Here, the independent
components are defined in the Banach space of matrices. Obviously, the generalized
scheme for Hebbian approaches in non-Euclidean spaces can also be used for realizing
a non-Euclidean MCA.

Finally, the open problems mentioned above, i.e. the counterpart to GMLVQ in the
matrix case and a SIP of the QR-norm, could be reinvestigated.

Further, for the presented matrix approaches there are potential application possibil-
ities with some benefits. One interesting application could be LMQ with relevance
learning for classification of fMRI data. In general, an fMRI data set consists of data
matrices, where every matrix is assigned to one person [87]. Assuming that, the rows
corresponds to voxels (measurement points in the brain) and the columns are the di-
mensions [87]. At first glance, there are two essential benefits. First, the data matrices
can be processed without a previously vectorization, i. e. the spatial informations
(voxel information as well as time dependencies) are preserved. The other benefit
concerns the learned relevance matrices for a given classification task [2]. In detail,
by applying GLMQQR the matrix Q will be responsible for the voxel and R for the
time dependencies1. After learning, it could be obtained, how the voxels and, hence,
brain regions are connected for a special classification task. Analogously, statements
could also be made regarding the time dependencies of the fMRI sequences.

1Note that, the QR-norm has already been successfully applied for fMRI data by G. Allen [4].



Appendix A

Principle of Gradient Descent
and Stochastic Gradient
Descent Learning

Gradient descent (GD), along with its several variants, is probably the most widely
used optimization technique in machine learning [127]. It is an iterative method for
minimizing non-linear and non-convex optimization problems with the real valued
objective (cost) function E : Rn → R. Suppose E (Θ) is a cost function, where
Θ represents the parameters. The GD starts with a randomly initialization of the
parameters Θ and uses the gradient of the cost function with respect to Θ. The
update rule of Θ at iteration (t+ 1) is defined as

Θ(t+ 1) = Θ (t)− η∇E (Θ (t)) ,

where η represents the learning rate, which is decreased with a decreasing rate 0 <

ς < 1 by
η (ι+ 1) = (1− ς) · η (ι)

[99]. The iterative process is stopped after a fixed number of iterations or convergence
is achieved, more on this later. This GD-principle is easy to implement and flexible
for every kind of cost function. Only the differentiability of the cost function with
respect to the parameters is assumed. Note, the GD principle is introduced for cost
functions in the field of machine learning. Thus, the gradients in the GD-principle
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are computed based on the whole training dataset. Thus, the gradient computation
becomes expensive in case of huge datasets. An optimized method, the so called
stochastic gradient descent (SGD), overcome this problem. SGD is a technique for
minimizing a cost function based on the GD method, where the gradient at each
step is estimated on the basis of a single randomly picked example (data point). In
this thesis the SGD principle is considered for minimizing vector quantization cost
functions

E (V,W,�) =
∑
v∈V

L (v,W,�) (A.1)

with L (v,W,�) being the so-called (local) loss based on a single datapoint presen-
tation v ∈ V with the prototypes W and further parameters �. According to this
explanation ∂SE

∂w = ∂L
∂w is used as short hand notation for the stochastic gradient.1

The SGD starts with a initialization of the parameters W and � and a randomly
chosen data point v ∈ V in each iteration step. All prototypes wk ∈ W and further
parameters �l ∈ � are determined, which are responsible for v. The update of the
parameters is according to

wk ← wk − ηw (ι) ·∆wk (A.2)

and
�l ← �l − η� (ι) ·∆�l (A.3)

with the partial derivatives ∆wk = ∂L(v,W,�)
∂wk

and ∆�l = ∂L(v,W,�)
∂�l

∀k, l, respec-
tively. As above, the learning rates ηw in (A.2) and η� in (A.3) are decreased with a
decreasing factor ς > 0 by

ηw (ι+ 1) = (1− ς) · ηw (ι)

and
η� (ι+ 1) = (1− ς) · η� (ι) ,

respectively. This iterative process is repeated until convergence or manual stop. The
convergence of the SGD to the global optima are secured by satisfying the conditions

∑
ι

η2 (ι) < ∞ (A.4)

1Note that, the optimization of the cost function (A.1) by the SGD principle includes the
derivatives of the local costs L (v,W,�). Further, the continuous variant of (A.1) is E (V,W,�) =´
v P (v)L (v,W,�) dv, where P (v) is the probability distribution of data vectors over V .
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and ∑
ι

η (ι) = ∞ (A.5)

[77]. In particular, the learning rate should approach zero sufficiently fast (condition
(A.4)) to damp out the noise effect as the iterate gets near the optima but should
approach zero at a sufficiently (condition (A.5)) slow rate to avoid premature (false)
convergence of the algorithm [127]. The SGD ends up at a local optimum and the
handling of learning the parameters is demanding especially if more than one param-
eter is learned at the same time. However, the SGD is an established optimization
technique in machine learning [128].
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Appendix B

Proofs, Examples, Derivatives

B.1 Proof of the SIP of the Sobolev Space

According to Lemma (3.8) the SIP of WK,p is given as

[f, g]WK,p
:=

1

‖g‖p−2
WK,p

∑
|α|≤K

ˆ
Dαf |Dαg|p−1 sgn (Dαg) dt.

The SIP properties and uniqueness are proofed in the following.

Proof. SIP properties: According to Def. (3.1) the first two properties are obviously
fulfilled. It remains to show Cauchy-Schwarz inequality. Consider

∣∣∣[f, g]WK,p

∣∣∣ =

∣∣∣∣ 1

‖g‖p−2
WK,p

∑
|α|≤K

´
Dαf |Dαg|p−1 sgn (Dαg) dt

∣∣∣∣
≤ 1

‖g‖p−2
WK,p

∑
|α|≤K

´
|Dαf | |Dαg|p−1

dt,

where 1 < p < ∞ and the triangle inequality was applied. By using the Hölder
inequality for integrals it results

1

‖g‖p−2
WK,p

∑
|α|≤K

ˆ
|Dαf | |Dαg|p−1 dt ≤

1

‖g‖p−2
WK,p

∑
|α|≤K

(ˆ
|Dαf |p dt

) 1
p
(ˆ

|Dαg|(p−1)q dt

) 1
q

(B.1)
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for 1
p + 1

q = 1. Thus the right hand term in (B.1) can be rewritten with

q =
p

p− 1
(B.2)

as

1

‖g‖p−2
WK,p

∑
|α|≤K

(ˆ
|Dαf |p dt

) 1
p
(ˆ

|Dαg|(p−1)q dt

) 1
q

=
1

‖g‖p−2
WK,p

∑
|α|≤K

‖Dαf‖p · ‖Dαg‖p−1
p .

(B.3)
A further majorization of (B.3) can be achieved by applying Hölder inequality for
sums:

1

‖g‖p−2
WK,p

∑
|α|≤K

‖Dαf‖p · ‖Dαg‖p−1
p ≤

1

‖g‖p−2
WK,p


 ∑

|α|≤K

‖Dαf‖pp




1
p

·


 ∑

|α|≤K

‖Dαg‖(p−1)q
p




1
q

.

(B.4)

By recognizing the equivalence


 ∑

|α|≤K

‖Dαg‖(p−1)q
p




1
q

= ‖g‖WK,p
(B.5)

and paying attention to the relation (B.2) again it can be conclude

1

‖g‖p−2
WK,p


 ∑

|α|≤K

‖Dαf‖pp




1
p

·


 ∑

|α|≤K

‖Dαg‖(p−1)q
p




1
q

= ‖f‖WK,p
· ‖g‖WK,p

. (B.6)

which is the desired Cauchy-Schwarz inequality for the SIP of WK,p.

Uniqueness: The Sobolev space WK,p can be seen as the Cartesian product

WK,p = L(0)
p ⊗ L(1)

p ⊗ . . .⊗ L(K)
p

of Lp-spaces L(k)
p where k denotes the order of the derivative. Thus, there are the

sum of uniformly convex spaces, which is uniformly convex itself. Then, the Remark
(3.3) ensures the uniqueness.
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B.2 Example for the LTS
p -Measure violating the tri-

angle inequality

Let x = (0, 10, 1, 10, 1, 0)
�, y = (0, 10,−1, 10,−1, 0)

� and it yields x + y =

(0, 20, 0, 20, 0, 0)
�. For p = 2 and τ = 1 it results LTS

p (x, τ) ≈ 14.21, LTS
p (y, τ) ≈

13.19 and LTS
p (x+ y, τ) ≈ 28.28. Therefore, LTS

p (x+ y, τ) > LTS
p (x, τ)+LTS

p (y, τ)

is obtained, violating the triangle inequality.

B.3 Proof of SIP for the Schatten-p-norm:

According to proposition 3.15 on page 52 the SIP of the Schatten-p-norm can be state
as follows:

[A,B]Sp
=

1(
‖B‖Sp

)p−2 trace
(
A·B∗ (|B|)p−2

)

Proof. The first proof was given in [81]. Here, we show the validity of the Cauchy-
Schwarz-inequality in a more elegant way.

We start with a singular value decomposition B = UΣBV
∗ of B with unitary matrices

U and V. The diagonal matrix ΣB contains the singular values σi (B) as diagonal
elements. We consider the matrix M = B∗ |B|p−2 and get

M = B∗
(√

BB∗
)p−2

(B.7)

= VΣBU
∗
(√

UΣBV∗VΣBU∗
)p−2

= VΣBU
∗
(√

U (ΣB)
2
U∗

)p−2

= VΣBU
∗ (UΣBU

∗)
p−2

= VΣBU
∗U (ΣB)

p−2
U∗

= V (ΣB)
p−1

U∗

i.e. the singular values σi (M) of M are obtained as σi (M) = (σi (B))
p−1 and,

therefore,
σi (M) = σi (B) · |σi (B)|p−2
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is valid. The next step uses the Neumann inequality

|tr (AM)| ≤
µ∑

k=1

σk (A) · σk (M) (B.8)

for matrices A,M ∈ Cm×n and µ = min {m,n}, which yields

|tr (AM)| ≤
µ∑

k=1

σk (A) · σk (B) · |σk (B)|p−2 (B.9)

in our case. We collect the singular values σk (A) and (σk (B)) into the vectors (σ (A))

and (σ (M)), respectively, and apply to them the SIP

[x,y]lp =
1(

‖y‖lp
)p−2

µ∑
i=1

xi · ȳi · |yi|p−2

for lp-spaces corresponding to the Minkowski norm (3.5). Thus we have

[σ (A) ,σ (B)]Sp
=

1(
‖σ (B)‖lp

)p−2

µ∑
k=1

σk (A) · σk (B) · |(σk (B))|p−2 (B.10)

satisfying the Cauchy-Schwarz-inequality

∣∣∣[σ (A) ,σ (B)]Sp

∣∣∣
2

≤ ‖σ (A)‖lp · ‖σ (B)‖lp (B.11)
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because of the SIP-properties. Now we can collect all pieces together and obtain

∣∣∣[A,B]Sp

∣∣∣
2

=

∣∣∣∣∣∣∣
1(

‖B‖Sp

)p−2 tr
(
AB∗ |B|p−2

)
∣∣∣∣∣∣∣

2

=


 1(

‖B‖Sp

)p−2

∣∣∣tr
(
AB∗ |B|p−2

)∣∣∣




2

(B.7)
=


 1(

‖σ (B)‖lp
)p−2 |tr (AM)|




2

(B.9)
≤


 1(

‖σ (B)‖lp
)p−2

µ∑
k=1

σk (A) · σk (B) · |σk (B)|p−2




2

(B.10)
=

∣∣∣[σ (A) ,σ (B)]Sp

∣∣∣
2

(B.11)
≤

(
‖σ (A)‖lp

)2

·
(
‖σ (B)‖lp

)2

=
(
‖A‖Sp

)2

·
(
‖B‖Sp

)2

= [A,A]Sp
[B,B]Sp

completing the proof.

B.4 Proof of Lemma 3.14

Lemma. The Schatten-p-norm is unitarily invariant, i.e ‖A ·U‖Sp
= ‖A‖Sp

with U

being an unitary matrix.
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Proof. Consider ‖A‖Sp
= p

√
tr ((AA∗)

p
) and get

‖A ·U‖Sp
= p

√
tr
((

(A ·U) (A ·U)
∗) p

2

)

= p

√
tr
(
(A ·U ·U∗ ·A∗)

p
2

)

= p

√
tr
(
(A · I ·A∗)

p
2

)

= ‖A‖Sp

as requested. Similarly, the relation ‖U ·A‖Sp
= ‖A‖Sp

can be proofed using the

equality p

√
tr
(
(AA∗)

p
2

)
= p

√
tr
(
(A∗A)

p
2

)
.

B.5 Proof of Lemma 3.17

Lemma. The norm ‖A‖Q,R from (3.42) constitutes a vector norm for matrices for
positive definite symmetric matrices Q and R.

Proof. For Q = R = I we get

‖A‖I,I =
√
tr (AA∗) = s2 (A)

being the Frobenius norm. In the next step we suppose regular matrices Q̃ and R̃,
we can conclude that

s2

(
Q̃AR̃

)
=

√
tr
((

Q̃AR̃
)(

Q̃AR̃
)∗)

is a vector norm for matrices according to [50, p. 371, Example 1]. Now we have

√
tr
((

Q̃AR̃
)(

Q̃AR̃
)∗)

=

√
tr
(
Q̃AR̃R̃∗A∗Q̃∗

)

=

√
tr
(
AR̃R̃∗A∗Q̃∗Q̃

)

=

√
tr
(
ARA∗Q̃∗Q̃

)

=
√
tr (QARA∗)
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with
Q = Q̃∗Q̃ and R = R̃R̃∗ (B.12)

as positive definite matrices and using the cyclic property of the trace operator. Hence,
‖A‖Q,R = s2

(
Q̃AR̃

)
is valid and, therefore, ‖A‖Q,R is a norm.

B.6 Proof of Lemma 3.19

Lemma. The norm ‖A‖Q,R is unitarily invariant iff either R = I or Q = I is valid.

Proof. For R = I we have

‖A ·U‖Q,I =
√
tr
(
Q (A ·U) I (A ·U)

∗)

=
√
tr (QA ·U ·U∗ ·A∗)

=
√
tr (QA ·A∗)

= ‖A‖Q,I

and for Q = I we calculate

‖U ·A‖I,R =
√
tr
(
(U ·A)R (U ·A)

∗)

=
√
tr (U ·A ·R ·A∗ ·U∗)

=
√
tr (U∗ ·U ·A ·R ·A∗)

=
√
tr (A ·R ·A∗)

= ‖A‖I,R

which completes the proof.

B.7 Proof of Lemma 3.20

Lemma. The norm ‖A‖Q,R is generated by an inner product defined by

〈A,B〉Q,R = tr (QARB∗) (B.13)

for positive definite symmetric matrices Q and R, i.e. also the Hermitian symmetries
Q = Q∗ and R = R∗ are valid.
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Proof. For the proof of the lemma we have to show the inner product properties for
〈A,B〉Q,R:

1. positive definiteness

〈A,A〉Q,R = tr (QARA∗)

= ‖A‖2Q,R

≥ 0

and the zero value is obviously obtained only for A = 0.

2. Hermitian symmetry

To show the property we use the Hermitian symmetry of the trace operator, i.e
tr (CD∗) = tr

(
(CD∗)

∗) with the settings C = QA and D∗ = RB∗ . We derive

〈A,B〉Q,R = tr (QARB∗)

= tr (CD∗)

= tr (DC∗)

= tr (BR∗A∗Q∗)

= tr (Q∗BR∗A∗)

= 〈B,A〉Q∗,R∗

= 〈B,A〉Q,R

where the Hermitian symmetry of Q and R was used in the last line.

3. Linearity for the first argument

〈λA+ µC,B〉Q,R = tr (Q (λA+ µC)RB∗)

= tr (λQARB∗ + µQCRB∗)

= λtr (QARB∗) + µtr (QCRB∗)

using the linearity of the trace operator.
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4. Homogeneity for the second argument

〈A, λB〉Q,R = tr
(
QAR (λB)

∗)

= tr
(
QARλB∗)

= λtr (QARB∗)

Further, ‖A‖Q,R =
√
〈A,A〉Q,R holds because of the positive definiteness of the

inner product, i.e. 〈A,B〉Q,R generates the norm ‖A‖Q,R.

B.8 Formal Derivatives of lp-norms for p = ∞

The formal element wise derivative of the prototype update becomes

∂d∞ (v,w)

∂wk
=

∂max (|vk − wk|)
∂ (vk − wk)

.
∂vk − wk

wk

= −∂max (|vk − wk|)
∂ (vk − wk)

where the derivatives of weighted variants dλ∞ (v,w) and dΩ∞ (v,w) reads as

∂dλ∞ (v,w)

∂wk
= −∂max (λk |vk − wk|)

∂ (λk |vk − wk|)
· ∂ (λk |vk − wk|)

∂ (vk − wk)

and

∂dΩ∞ (v,w)

∂wk
= −Ω�

i,k

∂max (|Ω (v −w)|)
∂
∑n

i=1 Ωi,k (vk − wk)
· ∂ (|Ω (v −w)|)
∂
∑n

i=1 Ωi,k (vk − wk)
,

respectively. Further, element wise derivatives of the relevance update with respect
to λ and Ω yields

∂dλ∞ (v,w)

∂λk
=

∂max (λ ◦ |v −w|)
∂ (λk |vk − wk|)

· ∂λk |vk − wk|
∂λk

=
∂max (λ ◦ |v −w|)
∂ (λk |vk − wk|)

· |vk − wk|
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and

∂dΩ∞ (v,w)

∂Ωk,l
=

∂max (|Ω (v −w)|)
∂ |Ω (v −w)|

· ∂ (|Ω (v −w)|)
∂
∑n

i=1 Ωi,k (vi − wi)
·
∂
∑n

i=1 Ωi,k (vi − wi)

Ωk,l

=
∂max (|Ω (v −w)|)

∂ |Ω (v −w)|
· ∂ (|Ω (v −w)|)
∂
∑n

i=1 Ωi,k (vi − wi)
· |vk − wk|

respectively.
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Nederlandse samenvatting

Dit proefschrift geeft een verenigd en veralgemeniseerd schema voor Hebbiaanse meth-
odes in niet-Euclidische ruimtes voor ongesuperviseerd- en gesuperviseerd leren. De
Hebbiaanse leermethoden worden hier onderverdeeld in vertor- en matrixmethoden.

Hebbiaanse leermethodes voor vectormethodes Over het algemeen gebruiken
Hebbiaanse leermethoden, zoals het Hebbiaans PCA leren, het Euclidische inwendig
product voor het behandelen van data. In dit proefschrift werden Hebbiaanse metho-
den die gebaseerd zijn op veralgemeniseerde inwendige producten gedefinieerd waar-
bij de nadruk lag op Hebbiaanse methoden voor ongesuperviseerde PCA en ICA.
Het uitgangspunt was de vervanging van het Euclidische inwendige product door een
algemener SIP om de Hebbiaanse methoden uit te rusten met een niet-Euclidische
metriek. Daartoe werd er in hoofdstuk 3 een kader voor metriek gegeven, die door
normen, gegenereerd door SIPs, geïnduceerd zijn. Deze SIPs zijn het natuurlijke
equivalent van de inwendige producten voor Banach ruimten. Er werd specifiek
gekeken naar bekende voorbeelden van Banach ruimtes, dat wil zeggen lp-ruimtes
en lp-Sobolev-ruimtes met de bijbehorende SIPs in beschouwing genomen, waarbij de
bijbehorende SIP voor de lp-Sobolev-ruimte werd voorgesteld. Verder wordt er ook
aandacht besteed aan inwendige producten en SIPs in algemene kernelruimtes, die de
toepassing van kernelmetriek met onderliggende RKHS en RKBS mogelijk maken.

De SIPs kunnen rechtstreeks gevoerd worden aan de bovengenoemde Hebbiaanse leer-
methodes. Het theoretische kader voor niet-Euclidische PCA en ICA door Hebbiaans
leren werd gegeven in hoofdstuk 4. De resulterende methodes zijn adaptieve PCA
door Hebbiaans leren voor algemene eindig-dimensionale Banach- en Hilbert ruimtes
en ook Kernel PCA door Hebbiaans leren voor RKHS en RKBS. Door het veralge-
meniseren van het originele Hebbiaanse PCA leren op deze manier, wordt de kloof
tussen kernelgebaseerd leren en adequate datavisualisatie gedicht wanneer kernel-leren
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uitgevoerd wordt met differentieerbare kernels die prototypeleren toestaan met dif-
ferentieerbare kernelmetriek in de dataruimte. Dit is ook van toepassing op andere
niet-Euclidische PCA varianten, die gebaseerd zijn op lp-normen en Sobolev-normen.

Verder werd het idee van Hebbiaans leren voor kernel-PCA in niet-Euclidische ruimtes
overgeheveld naar Hebbiaans ICA leren, wat leidt tot een niet-Euclidische ICA. De
voorgestelde leerregel veronderstelt “whitened” data en het is belangrijk dat “pre-
whitening” uitgerust moet worden met de respectieve kernel metriek om de stabiliteit
van het ICA-algoritme te garanderen. Daarom is Kernel PCA door Hebbiaans leren
in RKHS een geschikte voorbewerkingsstap voor kernel ICA door Hebbiaans leren in
RKHS. Aan het einde van hoofdstuk 4 hebben voorbeeldtoepassingen aangetoond dat
deze niet-Euclidische variant van Hebbiaanse ICA in staat is niet-lineaire gemengde
signalen te extraheren. Aan het einde van hoofdstuk 4 worden voorbeeldtoepassingen
en simulaties van niet-Euclidische PCA getoond en de resultaten worden vergeleken
met die van de Euclidische PCA. De voorbeeldtoepassingen voor PCA en ICA to-
nen aan dat, afhankelijk van de data en de toepassing, Hebbiaanse leermethodes die
gebaseerd zijn op een algemeen inwendig product geschikter kunnen zijn voor data
behandeling dan Hebbiaanse leermethodes die gebaseerd zijn op het standaard Eu-
clidische inwendig product.

De LVQ algoritmes, die ook onder de Hebbiaans-achtige leermethodes vallen, worden
behandeld in hoofdstuk 5 voor niet-Euclidische ruimtes. Een niet-Euclidische variant
van GLVQ met lp-normen vereist de afgeleiden van dezen, die niet mogelijk zijn bij de
oorsprong (x = 0) wegens de absolutewaardefunctie in de lp-normen. Daarom worden
twee gladde benaderingen van de maximumfunctie, respectievelijk de α-softmax en
de α-quasimax functies, en de bijbehorende afgeleiden bestudeerd. Het gebruik van
de α-quasimax functie voor het benaderen van de maximumfunctie is aan te raden.
Verder worden gladde benaderingen van de absolutewaardefunctie, die gebaseerd zijn
op de maximumfunctie, ook bestudeerd en tevens de bijbehorende afgeleiden. Over
het algemeen moet worden opgemerkt dat de onderliggende benaderingsfuncties voor
lp-normen die toegepast worden in GLVQ, waaronder de afgeleiden van de maximum-
functie en de absolutewaardefunctie, consistent moeten zijn. De toepassingen aan
het einde van hoofdstuk 5 hebben aangetoond dat op lp-normen gebaseerde afstanden
succesvol toegepast kunnen worden door het gebruik van de benaderingsfuncties. Ook
verbetert een consistente methode in GLVQ de classificatieprestatie ten opzichte van
een inconsistente variant.

Hebbiaanse leermethodes voor matrixmethodes Een ander hoofdonderdeel
van dit proefschrift was Hebbiaanse methoden in niet-Euclidische ruimtes voor ma-
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trixen. Daarvoor worden in het tweede deel van hoofdstuk 3 de Banach ruimtes van
matrixen met de bijbehorende SIPs bestudeerd, waarbij de focus lag op de Schatten-
p-normen. Een SIP voor deze Banach ruimte die de respectieve norm genereert werd
ontwikkeld. De QR-norm, die beschouwd kan worden als een uitgebreidere variant
van de Schatten-p-norm, werd nader bestudeerd omtrent de eigenschappen van de
norm, dat wil zeggen dat de eigenschappen die geïntroduceerd zijn door G. Allen
in [4], aangepast worden. Verder wordt er een inwendig product voor deze Hilbert
ruimte, die de QR-norm genereert, voorgesteld. Toch blijft de ontwikkeling van een
SIP voor de QR-norm met willekeurige p �= 2 een open probleem.

De resulterende (semi)-inwendige producten kunnen rechtstreeks toegepast worden
in de Hebbiaanse PCA methode voor matrixen, voor welke de theorie en het bewijs
van de vereiste eigenschappen gegeven werden aan het einde van hoofdstuk 4. De
resulterende methode is een Hebbiaanse leerregel die gebaseerd is op Schatten-p-norms
voor principiële componenten in Banach ruimtes van matrixen. In het laatste deel van
hoofdstuk 4 werd het verschillende gedrag van de matrixmethode vergeleken met de
vectorvariant getoond voor een illustratief voorbeeld met het resultaat dat in het geval
waarin matrixdata, dat belangrijke ruimtelijke informatie bevat, wordt behandeld, het
gebruik van de matrix PCA tot een betere prestatie leidt.

Verder kunnen matrix normen worden gebruikt als ongelijkheidsmaat voor gesuper-
viseerde Hebbiaans-achtige leermethodes. In hoofdstuk 5 werd de LVQ methode uitge-
breid voor de classificatie van matrix data met Schatten-p-normen en dit wordt learn-
ing matrix quantization (LMQ) genoemd. Vergeleken met de vertor-tegenhanger leidt
het gebruik van matrixnormen tot een betere structurele flexibiliteit van relevantiel-
eren in GLMQ. De resulterende methoden, die gebaseerd zijn op verscheidene soorten
van algebraïsche relevantiewegingen, zijn GLMQ met Hadamard-Relevance-Learning
(GLMQHRL) en left/right Multiplicative-Relevance-Learning (GLMQl/r-MLR). Naast
de Schatten-p-norm werd ook de QR-norm toegepast in GLMQ en hiernaar wordt
gerefereerd als QR-Relevance-Learning (GLMQQR). Het Kronecker product tussen
matrixen en tensorcomposieten met een relevantietensor in plaats van een rele-
vantiematrix brengt verdere soorten van algebraïsche composities in GLMQ voort,
die respectievelijk worden aangeduid met Kronecker-Relevance-Learning (KRL) en
Tensor-Relevance-Learning (TRL). Het verkrijgen van een tegenhanger van GMLVQ
was een reden voor het toepassen van deze composities. De verwachte variatie van
KRL in GLMQ ontaardt in één parameter en derhalve is GLMQKRL nutteloos. Een
vergelijkbaar resultaat werd verkregen voor GLMQ met relevantietensors van de
vierde orde, dat wil zeggen dat de variatie in het relevantieleren hetzelfde is als bij
GLMQKRL. In het geval waarin relevantietensors van de derde orde toegepast wer-



154 Chapter B. Nederlandse samenvatting

den, resulteerde de tensoroperatie in een vector en daarom is deze variant ook geen
tegenhanger van GMLVQ.

Samengevat is de betere flexibiliteit van het relevantieleren het voordeel van LMQ ten
opzichte van LVQ, maar het is doorgaans ingewikkelder en over het algemeen moeilijk
te interpreteren. Dit werd duidelijk door de voorbeeldtoepassingen aan het einde van
hoofdstuk 5.
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