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Chapter 1

Introduction

Overview – The design and analysis of autonomous micro-swimmers, as a means to

obtain controlled manipulation of micro-objects within microfluidic devices, has been

given considerable attention in the literature. In this chapter, we aim to provide an

overview of earlier work and the current state-of-the-art in the field of low-Reynolds

number hydrodynamics. Based on this information we will formulate the objectives

and give an outline of the computational analysis of biological and biomimetic micro-

swimmers presented in the thesis.

1.1 General motivation and scientific developments

Microfluidic systems such as lab-on-a-chip devices have many advantages over conven-

tional techniques due to the integration of several crucial experimental steps on-a-chip

and the automation of data analysis. Additionally, the downscaling of the device offers

minimal sample requirements and residual waste products, rapid analysis time combined

with ease-of-use, and safe-guarding against possible risk of exposure. Moreover, the

fabrication of microfluidic devices oriented towards biomedical applications, such as

biosensors, is a rapidly growing field in biotechnology. Biosensors are microfabricated

laboratories on-a-chip, aimed at analyzing various biological samples, such as biofluids

(blood, saliva, urine), but also individual cells, organelles, and biomolecules.

A biosensor typically consists of a system of microscopic channels, connecting mi-

crochambers (microlabs) where dedicated tests are carried out. For a successful future

implementation of bio-oriented microfluidic devices, it is important to have precise

microfluidic control in terms of volume, velocity, and direction of the fluid flow. It is

also preferable to be able to manipulate micro-objects (e.g., biological cells, organelles)

in terms of guiding their directionality and regulating their speed such that the micro-

objects can be positioned to specific and localized regions (near the microlabs) within

the fluidic device. Classical means do no longer suffice at these small length scales, which

has led to a search for new routes to manipulate micro-objects. Many methods that are

currently being studied make use of the fluid flow itself to transport or route micro-

objects through the system. However, the flexibility to create diverse flow patterns in

these devices is limited, which makes micro-object manipulation at these length scales

difficult to control. As a result, many studies aim at achieving controlled manipulation
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of the micro-objects via external stimuli (e.g., electromagnetic field, light, temperature,

etc.), instead of pressure or electrical-driven bulk flow.1–11

Methods involving the use of externally applied electromagnetic fields have been often

utilized since most biological objects suspended in a liquid experience forces in response

to an electrical field or field gradient that is present at their location.12 In particular,

if the objects have a net charge they experience an electrophoretic force parallel to the

electrical field lines. If they are polarisable, they experience a dielectrophoretic force

in the direction of the electrical field gradient. By applying controlled electrical fields

through integrated electrodes, these forces can be tuned and used to manipulate the

objects. Migration of micro-objects by exploiting various phoretic effects have attracted

a lot of attention in the literature,13–19 where uniform fields or gradients of fields (e.g.,

concentration, temperature, electric field, etc.) lead to a net propulsion. Depending

on the physical origin of the phoretic forces the studies can be classified into various

categories such as electrophoresis, dielectrophoresis, thermophoresis, diffusiophoresis,

and acoustophoresis. 4–6,13

Biological objects can also be maneuvered by tethering them to a synthetic respon-

sive micro-object. For instance, a ‘Janus’ particle (two-faced colloidal particle) can be

powered by a chemical reaction catalyzed on its own surface to achieve autonomous

propulsion.4–6,17 Various alternative approaches have been proposed such as using ul-

trasound waves for propelling metallic microrods18 and using a laser beam to obtain

thermophoresis.19 Light-driven propulsion of micro-objects can be obtained by utilizing

the force(s) generated through momentum transfer – due to reflection of the light –

with a wedge shaped micro-object that has a reflective coating.8 Additionally, a global

illumination gradient or light intensity gradient is also shown to cause migration of

Azobenzene-coated polymer nanoparticles.9 Further, optical manipulation means can be

used by attaching silica or polymer beads to the object, and to trap the beads in the

focal point of a laser beam, forming so-called “optical tweezers”.20 Moving the position

of the focal point enables the manipulation of the bead and therefore of the object.

Finally, magnetically-driven propulsion can be obtained by attaching a magnetic bead

to the micro-object and using an externally applied magnetic field or field gradient to

manipulate the bead, and thus the object.21,22

1.1.1 Autonomous micro-swimmers

Another way to manipulate micro-objects is to attach them to autonomous micro-

swimmers, which propel themselves by undergoing shape changes, and whose swimming

direction can be externally controlled. In addition to object manipulation in microfluidic

systems, autonomous micro-swimmers might also find application in targeted drug-

delivery.23 The primary challenge in designing such a self-propelling swimmer lies in the
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(a) (b)

Figure 1.1: (a) Reciprocal/time-reversible motion of a scallop. The reciprocal motion does

not lead to a net propulsion at low-Reynolds numbers. (b) Purcell’s swimmer executing a

non-reciprocal motion leading to a propulsion at low-Reynolds numbers.

fact that at these small length scales, the hydrodynamics is dominated by viscous forces

rather than inertial forces (i.e., low-Reynolds numbers), which introduces the constraint

that net propulsion can only be achieved through non-reciprocal (time-irreversible) mo-

tion as described by Purcell in the “scallop theorem”.24 This theorem states that a scallop

executing a time-reversible/reciprocal motion (i.e., the forward motion is the same as

the backward motion in space and time) will not be able to propel itself in the low-

Reynolds number (Stokes) regime,24 see Fig. 1.1a. Purcell24 suggested a hypothetical

and elementary micro-swimmer consisting of three rigid links (commonly known as

Purcell’s swimmer), which executes a non-reciprocal motion by going through a time-

irreversible sequence of configurations as shown in Fig. 1.1b. Obtaining a non-reciprocal

(time-irreversible) motion demands a physical understanding of the low-Reynolds number

hydrodynamics as well as of the external actuation mechanisms employed to induce the

shape changes. Many strategies have been proposed in the literature to generate non-

reciprocal shape changes, which can be categorized based on the external stimuli used

as actuation mechanism.1,2,4–10,18,19,25–27

From a theoretical point-of-view Purcell’s swimmer has been extensively analyzed

in the literature24,28–33 as the swimming direction is not intuitive, and it opens a

fundamental question about the optimal swimming conditions. Note that Purcell’s

swimmer exemplifies the need of having at least two degrees-of-freedom and their time-

irreversible sequence necessary to obtain a non-reciprocal motion.24 Recently, colloidal

micro-swimmers were proposed where DNA-linked anisotropic colloidal rotors – com-

posed of paramagnetic colloidal particles with different or similar size – achieve controlled

propulsion when subjected to external actuation with a uniform magnetic field.25 More-

over, many other designs have also been suggested; a) a three-sphere swimmer connected

via elastic links34–36 (see Fig. 1.2a), b) a swimmer consisting of two shape changing

spheres (pushme-pullyou swimmer) connected via an elastic link37 (see Fig. 1.2b). It

was also observed that two hydrodynamically interacting scallops individually executing

a reciprocal motion will be able to propel if their reciprocal motions are coordinated such
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(a) (b) (c)

Figure 1.2: Non-reciprocal motion of (a) a three-sphere swimmer, 34 (b) a pushme-pullyou

swimmer, 37 and (c) two hydrodynamically interacting scallops. 38

that the overall motion becomes non-reciprocal (see Fig. 1.2c).38

1.1.2 Bio-assisted propulsion

Researches have employed means to harness the mobility of biological motors and cells,

which can then be used to manipulate micro-objects. For instance, use of biological

motors – such as kinesin-powered biomolecular shuttles – for cargo transportation in

a lab-on-a-chip device has been demonstrated.1,26,39 Additionally, biological cells are

exploited to achieve micro-object manipulation, such as the self-assembly of motile

Escherichia coli cells along the boundaries of a synthetic rotor,40 and magnetotactic

bacteria as externally actuated (with a magnetic field) microbots.27,41,42 Also the growth

and writhing dynamics of actin filaments has been exploited to obtain actin-based

propulsion of micro-objects.43,44

1.1.3 Biomimetics: Artificial flagella

Interestingly, nature has solved the ‘scallop problem’ by means of hair-like structures,

known as cilia and flagella, which are able to manipulate fluids or to propel the cells

to which they are attached.45 These cilia and flagella are capable of generating a great

diversity of time-irreversible shape changes (thus generating a non-reciprocal motion)

and are powered by nature’s workhorse: ATP-fueled motor proteins,46 see Fig. 1.3.

This lead to the emergence of a recent trend, called ‘bio-inspired’ or ‘nature-inspired’

propulsion,1–11,25,26,53–60 where researchers are trying to mimic the swimming strategies

of ciliated and flagellated micro-organisms.3,53–56,58,59,61–64

Cilia and flagella are biological systems with a similar microstructure and working

principle.65 The non-reciprocal motion of the cilia/flagella is driven by the coordinated

activation of molecular motors (ATP-powered motor proteins called dyneins) that convert

chemical energy (from the ATP hydrolysis) into mechanical energy.66,67 However, the ex-

act coordination mechanism for the mechano-chemical transduction of dynein molecules

that leads to coordinated operation of the dyneins resulting into a non-reciprocal motion

of the cilia and flagella is not yet known.66–69 Cilia are mostly found in groups and are
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(a) (b) (c)

(d) (e)

Figure 1.3: Micro-organism’s strategies to elude “scallop theorem” with the help of hair-like

projections. (a) Eukaryotic motile cilia present on a cell’s surface and an illustration of the

‘ciliary motion’. 47 (b) Three video-fields (A–C), 200 ms apart, showing wave propagation in

a spermatozoon. 48 The scale bar is 10 µm. (c) Bi-directional swimming (indicated with the

arrows) of a chlamydomonas cell utilizing either a ciliary (left) or flagellar (right) waveform. 49

(d) Schematic of an ochrophyte with a flagellum covered with vertical appendages called

‘mastigonemes’. 50 (e) Flagellar swimming of bacteria: Electron microscope image of a salmonella

bacterium with several flagella forming a bundle of chiral shape, 51 where each flagellum is

actuated by the base bacterial motor as shown in the inset. 52

responsible for fluid propulsion (e.g., respiratory cilia found in the human lungs), see

Fig. 1.3a. On the other hand, cilia found on the surface of paramecia are responsible

for propulsion of the cell itself. Spermatozoa use an undulating flagellum for propulsion

(Fig. 1.3b), while chlamydomonas – a genus of green algae – swims forward by means of

synchronous ciliary beating of its two flagella, see Fig. 1.3c. However, it can suddenly

reverse its swimming direction by generating flagellar beating of its two flagella upon

exposure to light or calcium ions,49 see Fig. 1.3c. Interestingly, another genus of algae

exist in nature (e.g., ochrophytes) that have a shorter posterior (smooth) flagellum and

a longer anterior flagellum with numerous side bristles (mastigonemes), see Fig. 1.3d.

For a smooth flagellum (as in Figs. 1.3b, c) the fluid flow is in the direction of wave
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propagation (generated from the basal end and directed towards the flagellum tip), while

for the flagellum bearing mastigonemes, the fluid flow is in the opposite direction of

wave propagation.45,70–73 For the case of ochrophytes, the shorter posterior flagellum is

solely used for attachment, while the beating of the anterior flagellum covered with

mastigonemes assists the ochrophytes in feeding. The ciliary and flagellar beating

discussed so far beat in a plane. On the other hand, bacteria can swim using a bundle of

flagella that form a rotating cork-screw of chiral shape, where each flagellum is actuated

by a bacterial motor at its base, see Fig. 1.3e.

Many biomimetic designs of artificial cilia and flagella have been suggested in the

literature, where the working principle of flagella is exploited to design artificial micro-

swimmers,3,53–56,58,59,61,62 while the cilium principle is used to design fluid flow and

mixing devices at the micron and nano-scale.63,64,74–76 An externally-actuated planar

traveling wave as in the case of spermatozoa is quite difficult to generate. On the other

hand, the actuation principle of bacterial flagella is relatively simple and only requires

the rotation of a chiral-shaped structure. However, manufacturing of these chiral shapes

at the micron and nano-scale is not straightforward. The propulsive hydrodynamics of

externally-actuated flexible filaments have been analyzed analytically77–82 and experi-

mentally83 in the literature to explore and exploit the propulsion capabilities of a wave

propagating flagellum. Efforts have also been made to experimentally investigate swim-

ming of a magnetically-actuated centimeter-sized flexible film attached to a magnetic

head.59,84 Dreyfus et al.53 have used a DNA-linked magnetic colloidal chain, which can

be actuated using an external magnetic field, mimicking the swimming of spermatozoa.

Similarly, for mimicking the swimming strategy of bacteria, various experimental and

analytical studies have been performed, particularly to understand the evolution of

the chiral shape for an elastic filament with external actuation.24,57,58,85–88 Nelson and

coworkers54,55 have proposed a process with which they are able to manufacture a helical

belt at the micron-scale that can be magnetically actuated by attaching a magnetic

head to the helical belt. In another experimental study – performed by Whitesides and

coworkers56 – a flexible planar structure is deformed into a chiral shape on-the-fly using

external magnetic actuation.

1.1.4 Flagellar hydrodynamics

Several theoretical and computational approaches have been suggested to analyze the

flagellar hydrodynamics in the low-Reynolds number regime. In the pioneering work by

Sir Geoffrey Taylor89 on the swimming of micro-organisms, a two-dimensional model of

traveling waves in an infinite sheet (commonly known as Taylor’s swimming sheet) was

proposed to study flagellar propulsion of micro-organisms. An approximate solution

to the swimming velocity was given based on a perturbation analysis for waves of
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small amplitude relative to their wavelength. The approach was later extended to

study propulsion of an infinite filament of circular cross-section, where the filament is

propagating a planar wave of transverse displacements along its length.90 The swimming

velocity of the sheet/filament was found to depend on the wave parameters and the

swimming direction was opposite to the direction of wave propagation conforming to the

biological observations of flagellar swimming.89,90 However, in nature micro-organisms

show wave propagation with large amplitudes relative to their wavelength in contrast

to the assumptions of Taylor’s approach.89,90 An alternative and more general approach

was later suggested by Hancock,91 where the flagellar hydrodynamics was accounted

for by placing singularities associated with the Stokes flow along the center-line of the

filament/flagellum, and various swimming strategies of flagella (e.g., transverse and

longitudinal waves, helical motions) were analyzed. The approach was driven by the

established solution for slow steady fluid motion past a sphere in which the velocity field

can be described in terms of singularities situated at the center of the sphere.92

Gray and Hancock93 have used a different (and relatively simple) approach to look

at the problem of flagellar propulsion in which they focus on the viscous drag forces

(resistive forces of the medium on the flagellar motion). This resistive-force theory relates

the motion (velocity) to the viscous drag forces via local drag coefficients that depend on

the geometry of the object and viscosity of the fluid. The absence of a generalized form

of the drag coefficients limits the applicability of the resistive-force theory. However, due

to its simple approach the resistive-force theory became a popular choice to obtain the

fundamental scaling-relations associated with flagellar hydrodynamics. A more accurate

approach by accounting for the long-range interactions in Stokes flow was suggested in

the slender-body theory, where the forces and velocities are related by a Green’s function,

called a ‘Stokeslet’.94 The basic idea in the slender-body theory for Stokes flow is that

the presence of the continuous body is approximately the same as that due to a suitably

chosen line distribution of Stokeslets.95

A Stokeslet is a singularity in Stokes flow representing the effect of a point force

applied to the fluid at a certain location to the fluid velocity at another location.94

This approach requires computation of singular Green’s functions, and the boundary-

element method was suggested as a numerical (integration) method, where the filament

is assumed to be an assemblage of segments (boundary elements) with the Stokeslets

located at the nodes of these segments.96 Efforts have also been made to regularize

the singularities and the method of regularized Stokeslets was suggested, where a small

cut-off parameter was introduced.97,98 The choice of the cut-off parameter is critical

for the accuracy of the results and several studies on this have been reported in the

literature.97,98 Flagellar hydrodynamic studies have also been performed with particle-

based approaches, where the flexible filament is treated as a series of rigid spheres

joined by flexible, but inextensible links.99–101 These methods rely on the governing
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equations (i.e., free energy or force and moment balance equations) associated to the

mode of deformations (e.g., bending, stretching) to compute forces acting on a particle,

and hydrodynamic friction is considered for the interaction of the filament with the

surrounding fluid.99–101 Also, finite-element based fluid–structure interaction methods

have been developed in which the Eulerian fluid dynamics equations are coupled to the

Lagrangian solid dynamics equations.74,76,102–105 Coupling of these governing equations

allows the user to analyze propulsive hydrodynamics of deformable micro-swimmers,

while properly accounting for the hydrodynamic forces.

1.2 Technological assessments and state-of-the-art

Autonomous micro-swimmers can be used for diagnoses on lab-on-chip biosensors, and for

targeted drug delivery. Moreover, they have the futuristic and quite appealing potential

of performing delicate and minimally-invasive therapeutic, diagnostic, and surgical pro-

cedures (e.g., imaging of otherwise unreachable parts of the body, targeting and probing

specific cells, treatment of vision impairment and blood clots, implantation/removal of

tissues and other objects, etc.).23 A necessary step towards such an idealistic future goal

is the realization of autonomous propulsion of micron and nano-scale swimmers through

narrow channels, where precise control over the direction and speed of the micro-swimmer

should be achieved via external stimuli in diverse environments.

Many studies point towards potential in vivo biomedical applications of these micron-

sized propulsive units.1,3–6,11,18,23,27,42,59,61,106,107 However, the major challenge is the

lack of closed-loop motion control concerning navigation and imaging techniques. Com-

monly used non-invasive biomedical monitoring/imaging devices include radiography,

computed tomography (CT), ultrasound echography, and magnetic resonance imaging

(MRI).107 MRI is a promising candidate concerning real-time navigation and high spatial

resolution requirements,107 as ferromagnetic objects – or even magnetotactic bacteria

– were tracked and navigated under real-time MRI,42,106 see Fig. 1.4. Additionally,

magnetic field based actuation is one of the preferred means to obtain a precise control

over the directionality and maneuverability of a micro-object,5 as magnetic fields have

far fewer adverse effects on biological cells than electric fields.12,109 Obviously, a uniform

magnetic field is preferred over a gradient field due to the lower-magnetic field strength

requirement to obtain the propulsion.

To gain fundamental insight into the mechanisms of propulsion at low-Reynolds

numbers, an integrated approach towards design and modeling is required, where the

constraints associated with instrumentation, manufacturing, and bio-compatibility are

well regarded and accounted for. Despite many attempts in this field, the design of

versatile micro-swimmers that could be easily controlled and directed in restricted mi-

crofluidic geometries is still a major challenge, which continues to stimulate analytical
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Figure 1.4: Fantastic voyage: Conceptual use of engineered microbots (magnetotactic bacteria

carrying a drug-load) to treat cancer. Targeted drug-delivery is possible by transporting drug-

capsules with microbots, 108 where the collection of microbots (initially enclosed in a bubble-like

vesicle) are maneuvered in a controlled fashion towards a cancer affected regime in the human

body via an external magnetic field (MRI).

and biomedical research. Among other features, reversal of the swimming direction is

particularly important for micro-object manipulation in confined flow geometries, which

has not received much attention in the literature. Additionally, manufacturing and

actuation strategies should be simple and durable to provide a viable yet economic way

to obtain micro-object manipulation through external actuation.

1.3 Objective and outline of the thesis

The goal of this work is to develop biomimetic designs and actuation strategies for

artificial flagella that can be remotely actuated and controlled via a uniform magnetic

field. Additionally, special emphasis will be given on controlling the swimming direction

by means of external interventions. To study the propulsive hydrodynamics of such

a micro-swimmer, we will develop computational (finite-element) models in which the

magneto-static, fluid dynamic, and solid mechanics equations are solved simultaneously.

The computational models will then be utilized to explore the design space for a given

actuation strategy (e.g., an oscillatory or rotating magnetic field) and to obtain funda-

mental physical insights on the propulsive hydrodynamics. We will aim to exploit the

system parameters (geometry, stiffness, fluid viscosity, magnetic field, etc.) in order to

obtain optimal swimming conditions.

We will also conduct a detailed analysis on the fundamental working principles of

biological flagella, whose non-reciprocal wave-like beating is achieved by the collective

operation of multiple ATP-powered biomolecular motors (dyneins). A mathematical

model for the force generation of the dynein molecules will be proposed based on experi-
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mental observations reported in the literature. A two-dimensional model for the beating

of natural flagella will be developed to study the physical mechanisms that are responsible

for the coordinated operation of the dyneins leading to non-reciprocal flagellar motion.

The study has been summarized in chapter-2.

For an undulating flagellum propagating a wave along its length, vertical appendages

called ‘mastigonemes’ are known to cause a swimming direction reversal relative to a

smooth flagellum (i.e., without mastigonemes). We revisit the problem of swimming

of a flagellum bearing mastigonemes with the aim to explore the underlying physical

mechanisms that lead to the direction reversal and to obtain guidelines for the design

of artificial flagellar systems. The study has been summarized in chapter-3, where we

investigate the influence of mastigoneme rigidity, geometry, and fluidic environment along

with flagellar wavelength and amplitude on the swimming velocity and direction.

Based on the insights gained from studying the natural flagellar systems, we will

design biomimetic flagella whose swimming speed and direction can be controlled using

light and oscillatory magnetic fields as external triggers. In the design, the swimming

principles of a smooth flagellum and a flagellum with mastigonemes are combined to

obtain bi-directional swimming. During the photo-actuated state the magnetically-

actuated micro-swimmer mimics a flagellum with mastigonemes causing a direction

reversal, while in the absence of photo actuation the swimmer mimics a smooth flagellum.

The study has been summarized in chapter-4.

In chapter-5 we mimic bacterial swimming, and employ a bio-inspired mechanistic

approach to design a bacterial (chirality-induced) swimmer whose chiral shape and

rotational velocity are controlled by an external (rotating) magnetic field. We focus

on obtaining a chiral shape on-the-fly just as natural bacteria do. We will also explore

the possibility of reversing the swimming direction by utilizing magnetic forces to form

initial chiral shapes.

Finally, a summary will be given highlighting the new physical insights on flagellar

propulsion of biological and biomimetic bi-directional micro-swimmers analyzed in the

thesis.
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Chapter 2

Beating of ATP-powered natural flagella

Abstract – In order to understand the working mechanism of the eukaryotic flagellar

axoneme, we computationally study the coordinating action of dynein motor proteins

leading to non-reciprocal beating. We use a minimal representative model in which

the axoneme structure is represented by two microtubules that are connected via nexin

links. The relative sliding of the microtubules is incorporated by modeling two groups

of ATP-powered dyneins, each responsible for sliding in opposite directions. A time-

delayed switching mechanism is postulated, which is key in converting the individual

sliding action of multiple dyneins into a regular overall beating pattern, leading to

flagellar propulsion.

2.1 Introduction

Motor proteins are powered by the hydrolysis of ATP (adenosine triphosphate) molecules

and convert chemical energy into mechanical work, responsible for many cellular func-

tions. For instance, axonemal dyneins (Fig. 2.1a) – found in flagella and cilia – are

crucial for cell motility and fluid transport (e.g., propulsion of spermatozoa and transport

of mucus in trachea, respectively). Cilia and flagella are motile hair-like projections

from the surface of (eukaryotic) cells, and have an identical micro-structure called the

axoneme,1 see Fig. 2.1b†. The axoneme consists of an array of nine doublet microtubules

surrounding a pair of single microtubules (often referred to as the 9x2 + 2 configuration)‡.

Each of the outer doublets is linked to its neighbors by protein filaments, called nexin

links. The microtubules are filamentous proteins of α- and β-tubulin dimers that contain

the binding sites for the dyneins.3–6 The dyneins are anchored at one doublet microtubule

(‘A’ in Figs. 2.1a and 2.1b) and interact with the neighboring microtubule (‘B’ in

Based on Namdeo, et al. The emergence of flagellar beating from the collective behavior of individual

ATP-powered dyneins (manuscript in preparation).
†Although cilia and flagella have an identical micro-structure, they were given different names before

their structures were studied. Typically, cells possess one or two long flagella, whereas ciliated cells have

many short cilia. For example, the mammalian spermatozoon has a single flagellum, the unicellular

green alga chlamydomonas has two flagella, and the unicellular protozoan paramecium is covered with

a few thousand cilia, which are used both to move and to bring in food particles.2

‡Although variations in axoneme morphology are discovered, the structural aspects remain similar.1
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Figure 2.1: (a) Structure of an axonemal dynein comprising three basic units: a head, stem

and stalk. 3 Presence of the dyneins (outer arms) at a regular spacing along the microtubules,

see the lower panel. 18 (b) An electron micrograph of an axoneme cross-section showing the 9x2

+ 2 configuration. 19 (c) Flagellar beating of a typical spermatozoon. The three video-fields

(A-C) are 200 ms apart and the scale bar is 10 µm. 20 Figures are reproduced with permission

of the copyright owner(s).

Figs. 2.1a and 2.1b). It is commonly accepted that the force-transduction of the axonemal

dyneins and their coordinated operation – along the length of the axoneme and in time –

leads to repetitive episodes of bending (and bend propagation) responsible for the ciliary

and flagellar waveforms,7–17 e.g., see Fig. 2.1c.

Axonemal dyneins generate force by coupling ATP hydrolysis to conformational

changes, which causes sliding of the attached microtubules,3–7,21 see Fig. 2.2. Each

dynein comprises three basic units: a head, stalk and stem, see Fig. 2.1a. The head

contains the ATP hydrolysis site, the stem anchors the dynein to the microtubule doublet

and the stalk contains (at its tip) an ATP-sensitive microtubule-binding domain.4 The

conformational change driven by ATP hydrolysis alters the angle between the stem and

stalk, which causes (relative) sliding of the microtubules.4 Binding of an ATP molecule

causes a weak detachment of the stalk from the microtubule (denoted by [MT,Dyn]

in Fig. 2.2), while hydrolysis of the ATP molecule leads to a rigor stalk-microtubule

attachment ([MT.Dyn] in Fig. 2.2). The subsequent release of ADP and Pi is then

responsible for a large conformational “power stroke” leading to the relative sliding of

the microtubules.3–7,21,22 The working cycle of a dynein can thus be interpreted as a

cyclic execution of power and recovery strokes, see Fig. 2.2, making the dyneins periodic

force generators,23 where the time period of the force generation is governed by the ATP

hydrolysis cycle and depends on the concentration of ATP in the solution.23,24

Although consensus has been reached on the three separate ingredients of flagellar

beating (i.e., dynein cycle, axonemal micro-structure and flagellar kinematics), shown in

Fig. 2.1, the integration of these ingredients into a coherent picture is still lacking. The

challenge remains in understanding how the forces generated by thousands of individual
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Figure 2.2: ATP hydrolysis cycle, ATP ⇋ ADP + Pi, governing the power (and recovery)

stroke of a dynein molecule leading to a conformational change and sliding of the attached

microtubule.

dyneins at the nano scale (Fig. 2.1a) can lead to smooth and regular beating at the

micron scale (Fig. 2.1c), and how this is mediated by the structure of the axoneme

(Fig. 2.1b). The force-transduction of individual dynein molecules has been studied

experimentally via optical-trap nanometry23,25–28 and their collective behavior has been

analyzed through microtubule-motility assays.25,29–34 It has been generally accepted that

the dyneins apply a sliding force during their working cycle leading to the generation

of bending of the microtubules.8,10,35–37 Large deflections can be generated by the

accumulation of successive sliding events, while the microtubules remain of fixed length.1

One aspect that has received considerable attention is the fact that the micro-structure

of the axoneme is inherently three-dimensional, while flagellar beating is planar (i.e.,

two-dimensional). During a planar bend development not all the dynein motors found

at a cross-section can generate active sliding at the same time,7,13 because axonemal

dyneins are unidirectional motors, directed towards the minus-end of the microtubule

polarity (basal end),15 see Fig. 2.3. The axoneme’s geometry dictates that one group of

dyneins is in an active state and produce sliding towards the basal end, while a second

group of dyneins – positioned diametrically opposite to the first group – is in an inactive

state (see Fig. 2.3). With time, the bending curvature at a specific location changes sign

when the first group becomes inactive and the second group active (also known as the

‘switch-point’ hypothesis).8,15 A second aspect that remains elusive is the mechanism of

coordination of the dyneins. How do thousands of individual dyneins coordinate their

working cycle in order to produce traveling waves?

Observation of the flagellar kinematics (waveform and beating frequencies) indicates

that there is a train of bends (of opposite curvature) along the axonemal length, which

is traveling in time causing wave propagation and flagellar motility. The magnitude of
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Figure 2.3: During planar flagellar beating the dyneins are able to coordinate their operation

along the axoneme length as well as at the three-dimensional axoneme cross-section. The

unidirectional motion of the dyneins (denoted by the dots) are directed towards the basal end

(minus-end) of the microtubule, which is indicated by the small arrows. However, this action

leads to sliding of the neighboring (attached) microtubule towards the distal end of the axoneme,

which is indicated by the bigger arrows. 13 The figure is adopted from Ref. 13 and is reproduced

with permission of the copyright owner.

the curvature can be linked to the amount of sliding displacement at a specific location

relative to a reference value. Experimental observations point to the switching incidents

during flagellar beating when the bending curvature changes sign caused by reversal of

the sliding displacements (switch-point hypothesis).15 Obviously, these switching points

should move in a very controlled fashion along the length of the axoneme to cause

wave propagation. These observations has led to the ‘curvature control’ hypothesis

suggested by Brokaw,36,37 which implies that activation and de-activation of the dyneins

are governed by a threshold curvature.8,9,15,38,39 Computational studies based on the

curvature control hypothesis – given pre-existing curvatures along the axoneme length

– predict steady oscillations and wave propagation only when there is a delay in the

feedback loop from curvature to (de)-activation of the dyneins.8,9,15,35–37,39–41 Another

hypothesis was later suggested by Lindemann,42,43 known as the ‘geometric clutch’

hypothesis in which the interdoublet spacing is linked to the binding probability (thus

activation and de-activation) of the dyneins at a given cross-section of the axoneme.

The geometric clutch hypothesis is closely related to the curvature control hypothesis

since the development of curvature affects the interdoublet spacing.8 Recently, a load-

dependent response of the motor proteins was suggested to obtain flagellar beating in a

mathematical study (also known as the ‘sliding control’ hypothesis).14 In this work, it is

hypothesized that elastic energy will accumulate due to the action of the dyneins, which

causes deactivation of the dyneins once a threshold value is reached.8

Clearly, many different hypotheses have been proposed in the literature, but no

consensus has been reached so far. Existing theoretical models8,9,14,15,35–37,39–43 are

mostly based on geometry-controlled activation and deactivation of dynein forces, in

which the inherent physical parameters of the dynein ATP-cycle are not accounted for.
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The goal of this article is therefore to take the independent ATP-driven force cycle of

the dyneins as a starting point and explore how the overall beating pattern emerges

from their collective behavior. We will explore how individual dyneins are able to

cooperate temporally and spatially, leading to a stable flagellar waveform and swimming

velocity, using a minimal representative computational model. The operation of every

individual dynein is based on the ATP hydrolysis cycle during which a dynein molecule

goes through a conformational change, causing a power stroke, followed by a recovery

period, see Fig. 2.2. Each dynein is subject to such a periodic cycle along with a dynein-

based switching mechanism, which is key to achieve dynein cooperation from any random

initiation of dynein activity. We will show that an overall regular beating pattern emerges

with time from an initially planar configuration due to the coordinated operation of the

individual dyneins.

2.2 Computational model and dimensional analysis

A minimal representative model is used to study planar beating of natural flagella due to

the coordinated operation of ATP-powered dyneins. The axoneme structure is modeled

by two representative (doublet) microtubules that are connected via nexin links, see

Fig. 2.4a. A similar two-filament approach has been taken by Fauci and coworkers.
35,40,41 We analyze this system using a two dimensional computational model in which an

integral formulation for Stokes flow is implemented using the boundary element method

to represent the fluid environment, while the microtubules and nexin links are represented

by an assemblage of elastic beam elements. Each microtubule is discretized using 100

equal-sized beam elements and the analysis was carried out with a time-step of 0.1 µs,

which assure numerical convergence of the results. The whole structure is embedded in an

infinite fluid and the associated drag forces are computed using the Stokeslets approach.

The solid mechanics and fluid dynamics equations are implicitly coupled using a finite

element framework, details of which can be found in Appendix–A. We account for two

groups of dyneins (groups A and B), each responsible for sliding (of the neighboring

microtubules) in opposite directions, see Fig. 2.4a. The dynein activity is shown in

Fig. 2.4a by the vertical arrows, where the length of an arrow indicates the magnitude

of the applied dynein force. Dyneins are found in many isoforms in an axoneme, which

have distinct functions to facilitate flagellar motility.26,44 Moreover, the spacing of these

dyneins varies for outer- and inner-arm dyneins, while they retain a specific arrangement

within the 96 nm repeat length of the outer doublet.45 Here, we assume that all the

dyneins are the same and are placed with a constant spacing, see Fig. 2.4a. In the finite

element implementation the sliding force of the dyneins F is transferred to the neutral

axis of the beam, and equilibrium moments M = 0.5F (d + lnexin) are introduced such

that the loading system imposed by the dynein satisfies force and moment equilibrium,
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Figure 2.4: (a) A representative computational model of the axoneme structure where two

microtubules are connected via nexin links. Two groups (A and B) of dyneins are present at

a regular spacing along the microtubules, each responsible for sliding in opposite directions.

The dynein activity is shown by the vertical arrows, where the length of an arrow indicates

the magnitude of the respective dynein force. (b) The dynein force (F ) – responsible for the

relative sliding of the microtubules – is transferred to the neutral axis of the beam (representing

the microtubules in the finite element model) and equilibrium moments are introduced, given

by M = 0.5F (d + lnexin), such that the loading system imposed by the dynein satisfies force

and moment equilibrium. The dyneins are periodic force generators by linearly increasing the

applied force (until the stall force Fstall is reached) during the power stroke (i.e., active period

ta) followed by a recovery (‘waiting’) period tw in which the applied force remains zero. The

dynein has an input duty ratio, finput = ta/tcycle, where tcycle = ta + tw, with the time periods

depending on the ATP hydrolysis cycle. 23,24

see Fig. 2.4b. The dyneins are modeled as periodic force generators with an inherent

duty ratio governed by the ATP hydrolysis cycle.23,24 We assume that the dyneins will

linearly increase the sliding force during their active phase (governed by ta) until the

stall force Fstall is reached, after which the dynein detaches and the force drops to zero

during the recovery stroke (waiting phase) of the dyneins (governed by tw), see Figs. 2.2

and 2.4b. Note that here we link the ATP hydrolysis cycle to the dynein forcing cycle,

represented by ta, tw, and Fstall, with Fstall being the maximum force a dynein molecule

can apply, as obtained experimentally via optical-trap nanometry.23,25–28

We will study the flagellar beating pattern and swimming velocity as a function of

the ATP-driven dynein cycle, the properties and structure of the axoneme and, finally,

the viscosity of the fluid (µ). The dynein cycle is governed by ta, tw and Fstall, and

the axoneme structure is governed by the stiffness E of the microtubules, their vertical

spacing H (= d+ lnexin), thickness d, and length L, and the stiffness EN (= E), thickness

dN, and horizontal spacing W of the nexin links, see Fig. 2.4b. To efficiently explore the
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parametric space of the system, we will use the following set of dimensionless numbers:

(i) the dynein number

Dn = mstallL
2/Ed3 = MtotalL/Ed

3 = NdyneinsMstallL/Ed
3, (2.1)

(ii) the fluid number

Fn = µL3/taEd
3, (2.2)

(iii) the input duty ratio of the dyneins (governed by the ATP hydrolysis cycle)

finput = ta/tcycle, (2.3)

(iv) relative thickness of the microtubules (d) and nexin links (dN)

d/dN, (2.4)

(v) normalized microtubule spacing

H/L, (2.5)

(vi) normalized nexin spacing

W/L, (2.6)

where mstall = Mtotal/L is the dynein moment-density (i.e., the total moment per unit

length of the microtubule), Mtotal = NdyneinsMstall with Ndyneins being the total number

of dyneins present along the length of a microtubule, and Mstall = 0.5FstallH is the

maximum moment (due to the stall force Fstall) of the dyneins per unit out-of-plane

thickness, H = d+ lnexin, and tcycle = ta + tw. Note that we have two force parameters:

(i) Dn, the ratio of applied dynein forces to elastic forces, and (ii) Fn, the ratio of viscous

forces to elastic forces.46–49 The input duty ratio finput represents the intrinsically cyclic

nature of the dyneins, the hydrodynamic interaction of two neighboring microtubules is

governed by H/L, and W/L represents the number of nexin links.

The bending stiffness of the axonemal structure is quoted to be 4.2 × 10−22 Nm2,50

which is only two orders higher than the bending stiffness of a microtubule51,52 (e.g.,

1.9×10−24 Nm2 and 21.5×10−24 Nm2),53,54 suggesting that the contribution of the nexin

links is not significant. Indeed, it has been postulated that the contribution of the nexin

links to the effective bending stiffness of the axoneme is negligible.14 Here, we assume

that the nexin links are floppy relative to the microtubules by specifying d/dN = 100,

such that the bending stiffness of the system is mainly determined by the microtubule

flexural stiffness. For a fundamental analysis of the main dimensionless numbers, the

reader is referred to Appendix–B. We assume the following dimensionless parameters in

our simulations, unless specified otherwise: Dn = 40, Fn = 53, finput = 0.5, W/L = 0.01,

H/L = 8.59 × 10−3, d/dN = 100.§ We will refer to this case as the ‘reference’ case.

§This set of dimensionless numbers is on the same order of magnitude as that of realistic biological

systems. For instance, Dn = NdyneinsMstallL/EI = 15 and Fn = µL4/taEI = 32 for L = 40 µm,

µ = 1 × 10−3 Pa.s, EI = 4 × 10−22 Nm2, ta = 200 ms, Fstall = 2 pN, H = 90 nm, Ndyneins = 1666

(assuming a 24 nm spacing).
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Figure 2.5: Steady-state response in the absence of a switching mechanism for the reference

case. (a) Two groups of dyneins contribute to the axoneme deformation, where the normalized

tip deflection, δ/L (left vertical axis), is indicated by the sold line, and the net number of active

dyneins working at a time, ∆N = NA − NB (right vertical axis), is denoted by the symbols.

Representative steady-state cycles are shown as a function of normalized time, ∆t/tcycle, with

∆t representing the time elapsed during steady-state beating. (b) The dynein activity along

the axonemal length with time is shown by the vertical arrows, where the length of an arrow

indicates the magnitude of the respective dynein force. Upward and downward arrows refer

to the forces generated by the dyneins of group-A and group-B, respectively. The deflection

amplitude remains low as the dyneins of the two different groups are competing with each other

at a given cross-section.

2.3 Results and discussion

We start our computational analysis by exploring how the individual dyneins are able

to generate an overall beat response for the situation depicted in Fig. 2.4a with clamped

boundary conditions at the left end (i.e., both rotations and displacements are zero).

At the start of the simulations a random time is assigned to each dynein from both

groups, chosen from the ATP-driven working cycle between 0 and tcycle, which places

the dyneins either in an active state or in a waiting state. During the active state the

dyneins cause relative sliding of the microtubules due to application of the sliding forces

on the attached microtubules. Given that all the dyneins from both groups are the same,

the overall deflection is governed by the effective number of dyneins, ∆N = NA − NB ,

working along the length at a given time instance, leading to very small deflections δ

of the right tip of the axoneme, see Fig. 2.5a. Note that NA and NB are the total

number of dyneins from group A and B, respectively, that are in active phase, so that
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∆N > 0 corresponds to a tendency of the axoneme to deflect upward and ∆N < 0 to

deflect downwards (see Fig. 2.4a). As the input duty ratio is an indication of the active

number of dyneins at a given time instance, the average number of active dyneins for

finput = 0.5 will be 50%. However, in the absence of a switching mechanism the group

A and B dyneins at each location can be operative at the same time (see Fig. 2.4a), so

that the net number of active dyneins (∆N) will be relatively low, as indicted by the

symbols in Fig. 2.5a. The dynein activity with time is shown in Fig. 2.5b by the vertical

arrows, where the length of an arrow indicates the magnitude of the respective dynein

force. Upward and downward arrows indicate dyneins in the active state of group-A and

group-B, respectively. The deflection amplitude remains small due to the independent

operation of both dynein groups A and B at each time instance and cross-section. We

have also analyzed the case for finput = 0.9 such that on average 90% of the dyneins are

active. However, ∆N remains to be around 10 (10%), so that also for finput = 0.9 the

deflections remain small.

2.3.1 Dynein coordination and flagellar beating

Dyneins are minus-end directed motors, i.e., their power stroke is directed towards the

minus-end of the microtubules,15 so that the natural sliding direction of groups A and

B, are opposite to each other, see Fig. 2.4a. In the absence of a switching mechanism, as

studied in the previous sub-section, the dyneins continue to apply force, even when sliding

is opposite to their natural sliding direction. However, it has been postulated that during

axonemal bending at a given cross-section one group of dyneins will experience positive

sliding, while the second group, positioned diametrically opposite, will experience sliding

in the opposite direction, which might trigger these second group of dyneins to switch-

off,7,13 see Fig. 2.3. We can look at this as a “negative work based deactivation” of the

dyneins, which prompts an active dynein to go into the inactive state at the occurrence

of sliding in the negative direction (i.e., opposite to its ‘natural’ sliding direction). In

addition, a persistent observation in theoretical and computational models is the fact

that the applied forces and the development of curvature are out-of-phase,9,15,16,35–41

suggesting a time delay in the physical switching mechanism.8,9,15 We incorporate this

observation in our ATP-driven dynein model by specifying a time-delay τ in our negative-

work based deactivation mechanism. We will investigate the range of time delays between

τ = 0 (instantaneous switching) and τ = ta (no switching, corresponding to Fig. 2.5).

We will first analyze the case of instantaneous switching (τ = 0), the results of which

are presented in Fig. 2.6. We observe that this negative work based deactivation of

the dyneins facilitates a temporal regulation between group A and B, because this

switching mechanism implicitly imposes the constraint that at any given cross-section

of the axoneme only one dynein (either from group A or B) can be active at a given
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Figure 2.6: Axoneme deflection and dynein activity with time for the reference case with

switching for τ = 0, i.e., instantaneous deactivation of the dyneins at the occurrence of negative-

work. (a) The normalized tip deflection, δ/L (left vertical axis), is indicated by the sold line,

and the net number of active dyneins working at a time, ∆N = NA−NB (right vertical axis), is

denoted by the symbols. (b) The dynein activity along the axonemal length with time is shown

by the vertical arrows. The large deflection of the axoneme is due to temporal regulation of the

dynein activity, i.e., at any given cross-section only one group of dynein (either A or B) can be

active at a given time instance.

time instant, as shown in Fig. 2.6b. A natural consequence is a significant increase

in the effective number of dyneins (∆N), which eventually leads to large deflection

amplitudes, see Fig. 2.6a, compared to the amplitudes in the absence of switching (see

Fig. 2.5a). However, as shown in Figs. 2.6a and 2.6b, a steady-state behavior is not

observed even after many cycles of ATP hydrolysis. The resulting motion appears to

be primarily reciprocal, so that no directional swimming can be expected. Obviously,

although the dyneins show temporal coordination, they are not able to spatially regulate

their operation, which is key to break symmetry and to obtain non-reciprocal motion

(wave propagation), leading to directional swimming.

Next, we investigate the effect of the time delay τ . For a time delay of τ/ta = 0.2,

the axoneme deformation and dynein activity are shown in Fig. 2.7. We observe an

emergence of dynein coordination (temporal as well as spatial) causing an evolution of

local bend regimes in the axoneme and their propagation with time, see Fig. 2.7b. The

regular beating spontaneously emerges as a result of the switching mechanism (a time

delayed deactivation of the dyneins based on negative work), imposed on an initially

planar configuration of the axoneme with a spatially random distribution of (initial)

dynein activity. Comparison of Fig. 2.7a and 2.5a shows that the effective number of
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Figure 2.7: Steady-state response for the reference case with switching for τ/ta = 0.2. (a) The

effective number of active dyneins working at a time, ∆N = NA − NB , is shown in comparison

with the number of active dyneins of group-A (NA) and group-B (NB). The normalized tip

deflection (δ/L) indicates the period of oscillations to be tcycle, where representative steady-state

cycles are shown as a function of ∆t/tcycle. (b) The dynein activity along the axonemal length

with time is shown by the vertical arrows indicating the dynein coordination (temporal as well

as spatial) causing an evolution of local bend regimes in the microtubules and their propagation

with time.

dyneins (∆N) now oscillates smoothly over a cycle time and that larger tip deflections

are observed. The elastic deformation (indicated by δ in Fig. 2.7a) lags behind the

actuation forces (the net force of the dyneins, proportional to ∆N) due to viscous drag,

and the beat frequency is directly related to tcycle, see Fig. 2.7a.

The results so far have been obtained using clamped boundary conditions at the

left end of the axoneme (see Fig. 2.4a). Next, we release the swimmer and study the

swimming response in the absence of constraining boundary conditions. The swimming

displacement as a function of time is shown in Fig. 2.8a for 6 different realizations (i.e.,

these cases only differ by the random distribution of the initial dynein activity). For all

the cases analyzed, the system requires approximately five ATP-cycles before a steady-

state is settled in, leading to a constant swimming velocity. In addition, the results show

that the swimming direction is not known a-priori in our simulations and depends on

the initial random placement of the dyneins in their respective working cycle. As the

system evolves from an initial planar configuration to a flagellar waveform, the wave

propagation can be towards the left or right with equal probability, since the flagellar

beating patterns are the result of the emerging dynein coordination and is not enforced

in the model. This is due to fact that the system is completely symmetric; there is
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Figure 2.8: Swimming response with switching for the reference case with τ/ta = 0.2. (a)

The swimming displacement (x) with time indicating transient and steady-state swimming for 6

different realizations. (b) Axoneme deflection and dynein activity with time for a representative

realization, which indicate that the steady-state beating emerges with time once the dynein

activity stabilizes due to interference of the switching mechanism.

no distinction between the basal and distal end of the axoneme, once the axoneme is

unconstrained on both sides. Comparison of the clamped and free configuration shows

that the dynein activity and wave characteristics remain mostly the same (see Figs. 2.7a

and 2.8b). We have also performed simulations on an intermediate case in which only

the displacements were constrained, but the rotations were free. It was found that the

boundary conditions do not significantly influence the emergent waveform, possibly due

to the floppiness of the microtubules.

The influence of the time delay, τ/ta, on the swimming velocity and wave charac-

teristics is shown in Fig. 2.9a, where the absolute value of the swimming velocity U is

normalized with L/tcycle. Each data point corresponds to the average of 10 different

realizations. It is clear that a time-delayed deactivation of the dyneins based on negative

work is necessary for emergence of dynein coordination leading to non-reciprocal motion

and directional swimming. The swimming velocity increases sharply for low τ until it

reaches a maximum around τ = 0.2ta. Since we allow the dyneins to do negative work for

a period governed by τ/ta, the dyneins are not working effectively for larger τ/ta values,

resulting in a decreasing velocity, which becomes zero for τ/ta > 0.65, see Fig. 2.9a.

The value τ/ta = 1 corresponds to the case in which the switching mechanism is absent,

resulting in simultaneous operation of both dynein groups, leading to small deflections

and zero velocity as shown in Fig. 2.5. On the other hand, τ/ta = 0 causes instantaneous

deactivation, which will lead to temporal coordination and large deflections, which

however, do not result in spatial coordination nor make a transition to steady-state

beating (see Fig. 2.6). Snapshots of steady-state swimming motion for τ/ta = 0.2 are
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Figure 2.9: Steady-state swimming response with a time-delayed deactivation of the dyneins

(based on negative work) for the reference case. (a) Normalized swimming velocity as a function

of the normalized time delay. The swimming velocity increases sharply at the onset of wave

propagation due to the emergence of dynein coordination. The value of τ/ta = 0 corresponds to

instantaneous deactivation leading to reciprocal beating with large deflections, while τ/ta = 1

corresponds to the case in the absence of a switching mechanism. The error bars indicate the

standard deviation of the results obtained by choosing 10 different realizations. The filled symbol

for τ/ta = 0.2 is for a partially uniform distribution of the dynein initiation time discussed in

the text. (b) Snapshots of steady-state swimming motion for τ/ta = 0.2 with each snapshot

(denoted by the numbers) separated by tcycle/5. The curvature remains nearly constant as it

propagates along the axoneme.

shown in Fig. 2.9b, where the curvature remains nearly constant as it propagates along

the length of the axoneme, which is consistent with earlier findings.38,39 Also, it is

known that a nearly constant-curvature beating is characteristic for nonhyperactivated

spermatozoa.55 In Fig. 2.9a we show the general trend of the system using the data of

10 different random distributions of the dynein initiation time. The computational cost

of the analysis can be reduced by using a partially uniform distribution of the dynein

initiation time, where we start our simulations by activating only a few dyneins of group-

A near the left end. The obtained results are within the statistical range, see the filled

symbol for τ/ta = 0.2 in Fig. 2.9a, and the axoneme deflection and dynein activity

with time and space along the axoneme are similar to the cases obtained with a random

initiation. We will use this partially uniform distribution for the dynein initiation in our

further analysis.
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Figure 2.10: Influence of Dn on the flagellar waveform and swimming velocity for τ/ta = 0.2

and finput = 0.5 for different values of Fn (left panel). For a constant Fn value, Dn is observed

to control the wave amplitude (see the insets in the right panel), which leads to a corresponding

increase in the swimming velocity. The thick solid lines in the right panel are quadratic fits to

the data.

2.3.2 The effect of stall force, viscosity, duty ratio and deactiva-

tion time delay

In the following sub-section we investigate the effect of the dimensionless numbers on

the swimming velocity. We start our analysis by simulating the effect of Dn and Fn.

There has been much debate on the specific value of the stall force for the axonemal

dyneins and the presumably large difference in the force exerted by inner and outer

dyneins.23,25–27 The stall force enters in our analysis through the dimensionless ‘dynein’

number Dn. In addition, the effect of viscosity on the flagellar beating characteristics

has been often studied, showing that an increase of viscosity leads to a decrease in

wavelength, deflection amplitude and swimming velocity.35,39–41,56,57 The viscosity enters

in our analysis through the fluid number Fn. The influence of Dn on the swimming

velocity is shown in the left panel of Fig. 2.10 for various values of Fn. The results show

that a considerable increase in the dynein force (Dn) is required to overcome the viscous

drag forces represented by Fn. The data collapses by plotting velocity as a function of

Dn/Fn (right panel). It can be seen that for a constant Fn value the wave amplitude

is controlled by Dn, see the insets in the right panel of Fig. 2.10. As Dn represents the

ratio of the applied dynein forces to the elastic forces, an increasing Dn increases the

wave amplitude, which causes a corresponding increase in the swimming velocity. For

relatively small wave amplitudes, the swimming velocity shows a quadratic dependence

on Dn (or Dn/Fn for a given value of Fn), which can be seen from Fig. 2.10 (right panel)

where the solid lines are quadratic fits to the data.

Next, we study the influence of Fn for a given value of Dn (see Fig. 2.11). It can
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Figure 2.11: Influence of Fn on the flagellar waveform and swimming velocity for τ/ta = 0.2

and finput = 0.5 for different values of Dn (left panel). For a constant Dn value, Fn is observed to

control the wave amplitude and the wave length (see the insets in the right panel), which results

in a decrease in the swimming velocity. The insets in the left panel indicate the waveforms for

four cases for increasing values of Dn and Fn.

be seen from the insets of the right panel of Fig. 2.11 that an increasing Fn leads

to a decrease in the wave length as well as the wave amplitude, which results in a

decrease in the swimming velocity. This can be understood by referring to the well-

known scaling relations for an infinitely long swimmer propagating a sinusoidal wave

along its length.11,47,58–60 Then, the swimming velocity is proportional to the square

of the wave amplitude and inversely proportional to the wave length for small wave

amplitudes. This indicates that the decreasing velocity with increasing Fn in Fig. 2.11

(right panel) is primarily due to the decrease in amplitude (despite the decrease in the

wave length). In the left panel of Fig. 2.11, four flagellar waveforms are depicted (insets)

for increasing values of both Dn and Fn. In that case, the wavelength decreases due

to the increase in the fluid number Fn, while the decreasing amplitude due to Fn is

compensated by the increase in Dn.

We have also studied the effect of the structural parameters H/L and W/L on the

normalized swimming velocity (see Appendix–B). Their influence, however, was found to

be negligible. In addition, we have analyzed a non-linear dynein sliding force with time

in Appendix–B showing that this non-linearity does not change the flagellar waveforms

as compared to the linear dynein sliding force with time (see Fig. 2.4b).

The beating frequency of the flagellum (tbeat) intrinsically depends on the period

associated with the ATP hydrolysis cycle. In our model, ta and tcycle do not depend

on the viscosity,†† leading to tbeat = 2ta = tcycle for finput = 0.5. However, as shown

††Note that viscosity affects the diffusion coefficient (given by the Stokes-Einstein equation) and prolongs

the time a particle would take to diffuse over a given distance, which might affect (increase) the effective

ATP hydrolysis cycle time.
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Figure 2.12: Influence of finput on the swimming velocity. (a) Simulation results when τ

remains constant, τ = 0.1tcycle, for Dn = 40 and Fn = 53. (b) For Dn = 424 and Fn = 158,

simulations with τ = 0.025tcycle are denoted by circles and τ = 0.05ta are denoted by squares.

The filled triangles denote the case when the swimming velocity is normalized using tbeat (instead

of tcycle) for τ = 0.025tbeat, where the swimming velocity appears to be independent of finput

for finput ≥ 0.5.

in Figs. 2.10 and 2.11, the model captures the influence of the fluid viscosity on the

wave amplitude, wave length and resulting swimming velocity, which are in agreement

with earlier observations.35,39–41,56,57 Interestingly, in an experimental study by Ishijima

and Hiramoto50 the beating frequency remains unchanged with increasing viscous forces

imposed by an additional fluid flow in the direction of bend propagation.15 Furthermore,

it is known that the ATP concentration will affect the flagellar beating frequency56 and

dynein stall force.28 In our model, the input duty ratio finput and associated time periods

ta and tcycle are governed by the ATP concentration. For instance, decreasing tcycle in our

model to incorporate an increase in the ATP concentration23,24 will increase the resulting

beat frequency (see e.g., Figs. 2.7 and 2.8), as also observed in flagellar studies.56

We proceed to explore the influence of the input duty ratio finput on the swimming

velocity. The input duty ratio finput is governed by the variation of ATP/ADP con-

centration in the aqueous environment. Experiments have shown that a decrease in

the ATP concentration increases the total hydrolysis time, tcycle
23,24 as well as finput.

24 Similarly, the ADP concentration might affect the release of ADP and thus the time

scales of the power stroke (see Fig. 2.2). Indeed, observations on the reaction kinetics

indicate that the product release (Pi and ADP) is the rate-limiting reaction during the

ATP hydrolysis cycle.24 To explore the effect of finput we vary the activation time ta at

constant cycle time tcycle, see Fig. 2.12a. As a result, also τ/ta will change for a constant

value of τ , which has been shown to have an important effect on the swimming velocity

(see Fig. 2.9a). The results indicate that the swimming velocity depends on the value of
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Figure 2.13: Normalized swimming velocity as a function of τ/ta for various values of Fn and

Dn (left panel) and finput (right panel).

τ/ta and is maximum for finput = 0.5, see Fig. 2.12a. To explore this further, we carried

out two sets of simulations using τ = 0.05ta and τ = 0.025tcycle (see Fig. 2.12b). We

obtain a similar trend of the swimming velocity (compare to Fig. 2.12a), which appears

to be a general trend and independent of the Dn and Fn values. The results show that

for finput < 0.5 the dyneins will have less time to be active (additionally, there will be

an increase in the τ/ta value when τ is constant), which causes the swimming velocity

to decrease. The swimming velocity is maximal for finput = 0.5 and for finput > 0.5

a decrease in the swimming velocity is observed. Interestingly, the beat frequency is

found to depend on the maximum value of tcycle and 2ta, so that tbeat = tcycle for

finput ≤ 0.5 and tbeat = 2ta for finput > 0.5 (see Fig. 2.12b). Once we normalize the

swimming velocity with the time period of the flagellar beat (tbeat) instead of tcycle, the

swimming velocity appears to be independent of finput for values greater than 0.5, see

Fig. 2.12b. Thus, as we keep τ/ta constant the swimming velocity when normalized with

tbeat remains constant for finput > 0.5, see the filled triangles in Fig. 2.12b.

Next, we explore the optimal value of τ/ta for a range of dynein numbers (Dn),

fluid numbers (Fn) and input duty ratios (finput). We found that the optimal value of

τ/ta depends only weakly on Fn, Dn and finput as shown in Fig. 2.13. However, the

trends remains the same, i.e., the swimming velocity increase sharply at the onset of the

emergence of dynein cooperation, reaches a maximum in the range (0.05 ≤ τ/ta ≤ 0.25)

after which the velocity decreases when dyneins do excessive negative work for τ/ta >

0.25.

2.4 Summary and conclusions

We have computationally analyzed the planar beating of natural flagella powered by

ATP-driven dyneins using a two dimensional finite element framework in which the
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solid mechanics and fluid dynamics equations are solved simultaneously. We consider

a minimal representative model in which the axoneme structure is represented by two

microtubules that are connected via nexin links. Flagellar beating emerges due to the

interaction of two groups of dyneins, each responsible for sliding in opposite directions,

in the presence of a switching mechanism. The dyneins are modeled as periodic force

generators represented by the stall force, duty ratio and cycle time, which are related

to the power and recovery stroke of a dynein molecule during its ATP-driven hydrolysis

cycle. The dyneins are deactivated at the end of the (active) cycle or when negative work

is done during the cycle. Our results show that a time delay between the occurrence

of negative work and deactivation is key in generating non-reciprocal motion leading to

swimming. A stable flagellar waveform and beating pattern emerges from an initially

planar microtubule configuration starting from a random distribution of dynein activity

in their ATP hydrolysis cycle. We have identified the key dimensionless parameters

responsible for flagellar beating and have explored the associated system response. The

influence of the stall force of the dyneins is captured by the dynein number, which

is responsible for the magnitude of the wave amplitude. The influence of the fluid

viscosity is captured by the fluid number, which controls the wave length as well as

the wave amplitude. The influence of the ATP/ADP concentration is captured by the

ATP hydrolysis cycle time and input duty ratio, which control the beating frequency.

The simulation results are in qualitative agreement with the experimental observations.

To conclude, we have presented a new dynein constitutive relation and have pos-

tulated a local switching mechanism for the dynein motor proteins. We show that an

overall non-reciprocal beating pattern emerges with time due to the coordinated (spatial

as well as temporal) operation of the individual dyneins. These findings might provide

new insights on the fundamental working mechanism of axonemal dyneins, and possibly

will open new research directions in the field of flagellar motility.
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Appendix – A : A computational framework for flagellar propulsion

To solve the coupled fluid–structure interaction (FSI) problem, we utilize the principle

of virtual work containing all the relevant energies and adopt an updated Lagrangian

framework to arrive at the final set of equations. By implicitly coupling the solid

mechanics and fluid dynamics equations, we incorporate the equivalent drag matrix due

to the fluid into the stiffness matrix while solving the equations of motion for the FSI

problem.61

A.1 Finite element formulation of the solid dynamics equations

The principle of virtual work for the system under consideration can be written on the

undeformed configuration as
∫

V0

σδǫdV −

∫

S0

(δu)TTddS = 0, (A-1)

where σ is the stress at point (x, y) and Td = {Tu, Tv}
T is the traction vector due to

viscous forces of the fluid (see Fig. A-1). The deformation of a 2D beam structure can

be described in terms of the axial and transverse displacements of its axis, u = {u, v}T .

The characteristic strains, given by the axial strain ǫ and the curvature κ, contribute to

the Lagrange strain ǫ as

ǫ =
du

dx
+

1

2

(
dv

dx

)2

− y
d2v

dx2
= ǫ− yκ. (A-2)

For a beam of uniform cross-section with thickness h and out-of-plane thickness of unity,

we can write ∫

x

(Pδǫ+Mδκ) dx−

∫

x

(δu)TTddx = 0, (A-3)

where P =
∫

y
σdy and M = −

∫

y
σydy.62 The virtual work equation at time t+ ∆t can

be written as
∫

x

(
P t+∆tδǫt+∆t +M t+∆tδκt+∆t

)
dx−

∫

x

(δut+∆t)TT t+∆t
d dx = 0, (A-4)

which can be expanded linearly in time by assuming Qt+∆t = Qt + ∆Q and can be

simplified by neglecting the higher-order terms, leading to
∫

x

(
P tδǫt +M tδκt + ∆Pδǫt + ∆Mδκt + P t∆δǫ

)
dx−

∫

x

(δut+∆t)TT t+∆t
d dx = 0. (A-5)

Based on Namdeo, et al. Swimming direction reversal of flagella through ciliary motion of mastigonemes,

Biomicrofluidics, 5:034108, (2011).
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Figure A-1: A representative finite element with the corresponding nodal degrees of freedom

(u, v, φ) subjected to the external traction forces (Tu, Tv) due to the surrounding fluid.

We use the finite element formulation to discretize the system in terms of the nodal

displacements and rotations de of the Euler-Bernoulli beam elements (see Fig. A-1) with

de = {u1, v1, φ1lr, u2, v2, φ2lr}
T , where ui, vi, φi, i = 1, 2, denote the nodal displacements

and rotation of the element in nodes 1 and 2, respectively, and lr is a reference length

chosen to be the total length of the micro-swimmer (L) in the present analysis. The axial

displacements are linearly interpolated while the transverse displacements are cubically

interpolated,

u = Nude, v = Nvde, (A-6)

where Nu and Nv being the standard interpolation matrices.63 Now, using the standard

finite element notations du/dx = Bude, dv/dx = Bvde, d
2u/dx2 = Cvde, and constitu-

tive relations ∆P = Eh∆ǫ, ∆M = EI∆κ with E being the elastic modulus and I being

the second moment of inertia given as I = h3/12, the discretized virtual work equation

can be written as

Kt
e∆de + f t

int − f
t+∆t
ext = 0, (A-7)

where Ke is the elemental stiffness matrix, fint is the internal nodal force vector, and

fext is the external nodal force vector due to the drag forces of the fluid, which can be

written as

Kt
e =

∫

x

(
EhBT

uBu + EICT
v Cv + P tBT

v Bv

)
dx,

f t
int =

∫

x

(
P tBT

u +M tCT
v

)
dx and f t+∆t

ext =

∫

x

NTT t+∆t
d dx,

in which N consists of the shape functions Nu and Nv and the domain of integration

was chosen to be the deformed configuration (updated Lagrangian framework, de = 0).

Finally, the equations of motion can be written after the finite element assembly as

Kt∆d+ F t
int − F

t+∆t
ext = 0. (A-8)

The external forces Fext consist of tractions imposed by the fluid and are calculated

using a 2D Stokeslet approach as described in the following sections.



Appendix – A 41

A.2 Boundary element formulation of the fluid dynamics equa-

tions

For the fluid we make use of the Stokeslet approach in which the force exerted on the

fluid at the surface of the solid structure is approximated by the distribution of Stokeslets

along the length of the structure. The velocity and force fields are related by a Green’s

function that has a singularity proportional to 1/r in three dimensions and ln(r) in

two dimensions.64 The expression of Green’s function (G) for the Stokeslets relates the

velocity at location r, u̇, to the forces at location r′, f , through

u̇ = Gf and Gij =
1

4πµ

{

− ln(R)δij +
RiRj

R2

}

(i, j = 1, 2), (A-9)

where R = r − r′, R = |R| is the distance between the two locations r and r′ and δij

is the Kronecker delta. By assuming the point force f to be represented by the traction

f = T dS over the solid surface, the boundary-integral equation can be written as

u̇ =

∫

boundary

G T dS =
∑

nelm

∫

Le

G T dS =
∑

nelm

∫

Le

GNdSt (A-10)

where T are the tractions imposed on the fluid and T = −Td. In Eq. A-10, the boundary-

integral equation has been discretized using boundary elements of length Le, and the

tractions are linearly interpolated using T = Nt with t being the tractions at the nodes.

When Eq. A-10 is used to evaluate the velocity in all nodes of the flagellum, we obtain

a system of equations U̇ = Gf t that relates the traction t exerted by the flagellum on

the fluid to its velocity U̇ . The integration procedure is adopted from the literature.64

Once the velocity of the solid surface is known, this relation can be inverted to obtain

the nodal tractions: t = G−1
f U̇ .

A.3 Fluid–solid interaction and implicit coupling

Coupling of the solid mechanics and fluid dynamics equations will be done in an implicit

manner by incorporating the equivalent drag matrix due to the fluid into the stiffness

matrix.61 The external nodal force vector due to the fluid’s drag forces (see Eq. A-7)

can be given as

f t+∆t
ext =

∫

x

NTT t+∆t
d dx = −

∫

x

NTNdx tt+∆t = −Met
t+∆t, (A-11)

where Me =
∫

x
NTNdx in which we only consider the linear shape functions for N .

Note that the minus sign appears due to the change of reference (from fluid to the

structure, Td = −T ). After performing the standard finite element assembly procedure

we get

F t+∆t
ext = −Mtt+∆t = −MG−1

f U̇ t+∆t, (A-12)
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Figure A-2: Cantilever problem: (a) Problem definition (b) Comparison of the results.

where the matrix Gf relates the velocity of the solid structure to the traction, see

Section-A.2. Now, using the no-slip boundary condition U̇ = A∆d/∆t it follows that

F t+∆t
ext = −MG−1

f A∆d/∆t = −Kt
D∆d, (A-13)

where KD = MG−1
f A/∆t is an equivalent drag matrix and is the stiffness contribution

due to the presence of the fluid. A is a matrix that eliminates the rotational degrees of

freedom from the global displacement vector ∆d. After incorporating the appropriate

boundary conditions, we will be solving the following equation of motion for the FSI

problem to obtain the incremental displacements (∆d):

{Kt +Kt
D}∆d = −F t

int. (A-14)

A.4 Benchmarking

The developed Stokeslets approach for the fluid dynamics is validated using a cylinder

of radius r rotating around its centre with an angular velocity of Ω. Analytical solution

indicates that the boundary tractions should be 2µΩ,65 which is also predicted by the

Stokeslets model. Note that the tractions are independent of the radius r.

Next, we validate the solid–fluid coupled (BEM) model by comparing our results with

the finite element FSI code of Khaderi and co-workers.48,61,66 The relaxation behavior

of a cantilever beam (due to elastic energy) is monitored at various viscosities, where the

tip of the cantilever was initially pushed with a ramped force as illustrated in Fig. A-2a.

The tip deflection history is compared with the results obtained using the finite element

FSI code of Khaderi and co-workers48,61,66 and is shown in Fig. A-2b. Clearly, the results

are in close agreement showing the accuracy of the present Stokeslets approach.
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Appendix – B : Supporting information

B.1 Fundamental analysis

The flagellar beating behavior associated with the dynein forcing cycle, the geometrical

and material parameters of the axoneme structure, and the fluid viscosity, can be explored

with a set of characteristic dimensionless parameters. As a starting point we explore

a single microtubule cantilever in a fluid of viscosity µ subjected to a uniform bending

moment distribution (mstall) along its length, representing the dynein load with a regular

periodicity. The dyneins are assumed to have a duty ratio, finput = ta/tcycle, where

they are only active (application of the moment) for a period of ta after which they go

through a recovery period tw during their ATP governed working cycle tcycle = ta + tw.

The application of the distributed moment will lead to bending of the structure, which

t/t
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Figure B-1: Influence of various parameters on the axoneme tip deflection (δ) for a cantilever

problem for Dn = 1 and finput = 0.5, see the left panel. The externally-applied moment density

due to the working of the dyneins (mstall, per unit out-of-plane thickness) is competing with

the elastic forces (∝ EI/L2) as well as with the viscous forces (∝ µL/ta, per unit out-of-plane

thickness) during the active phase (ta) of the dyneins. During the relaxation phase (i.e., when

the dyneins are in the recovery phase, tw) elastic forces are competing with the viscous forces

to restore the deformations.

will be governed by the magnitude of the applied moment and the axoneme’s elasticity,

see Fig. B-1, the left panel. These induced bending deformations will eventually be

relaxed due to axoneme’s elasticity during the waiting period of the dyneins. Moreover,

viscous forces are always present and hinder the motion of the elastic structure. This
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Figure B-2: Influence of Fn on the deformed shape of the filament at two time instances

(loading and unloading) during the dynein working cycle, where x corresponds to Fn = 1 and

Dn = 1.

cycle of loading and unloading will result in an oscillatory behavior with the time periods

implicitly governed by the input duty ratio of the dyneins as illustrated in Fig. B-1.

The influence of the system parameters can be captured with the following dimen-

sionless parameters: Dn = mstallL
2/EI, Fn = µL3/(EIta), and finput = ta/tcycle,

where mstall is the distributed moment density corresponding to the stall force of the

dyneins per unit out-of-plane thickness (see Eq. 2.1 of the main text), L is the length

of the microtubule and EI is the flexural stiffness. Note that Dn and Fn represent

the influence of the dyneins forces and fluid viscosity on the bending behavior of the

structure, respectively, which are in competition with the restoring elastic forces of the

structure. It is interesting to observe the development of double curvatures along the

axoneme’s length (see Fig. B-2) at higher values of Fn and Dn (at constant Dn/Fn).

Next, we introduce the neighboring microtubule and explore the influence of hydro-

dynamic interaction on the bending deformations. Here, we assume that both filaments

are subjected to the same applied moments. The bending deformations are quite sen-

sitive to the spacing between these filaments (H/L), see Fig. B-3a, where the bending

deformations are inversely related to the inter-filament spacing. When the microtubules

are far apart, the deformation converges to the single filament deformation shown earlier,

which is expected from the stokes solution.

Finally, we introduce equally spaced nexin links and considerW/L and d/dN (number

of nexin links and their floppiness) into the analysis. These parameters govern the

influence of nexin links on the bending behavior of the overall structure, see Fig. B-

3b. Obviously, the presence of the nexin links influences the bending rigidity of the

overall structure and thus affect the loading and unloading behavior as demonstrated in

Fig. B-3b. In the limit when the nexin links are floppy relative to the microtubules (e.g.,

d/dN ≥ 100), the contribution of the nexin links becomes negligible, and the results

converge to the solutions obtained without the presence of the nexin links, see Fig. B-3b.

Note that the presence of the nexin links also contributes to the hydrodynamic forces

in our model; however, the results remain majorly unaffected due to the small length of
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Figure B-3: For Fn = 10, Dn = 10 and finput = 0.5, (a) influence of H/L on the bending

behavior of two neighboring filaments (in the absence of nexin links) and (b) influence of the

nexin link stiffness on the bending behavior, where we keep E the same and W/L = 0.01,

H/L = 0.01. The results remain the same for the values d/dN ≥ 100 as indicated for the case

d/dN = 106 by the long dashed line.

the nexin links (H/L = 0.01).

B.2 Additional results

Snapshots of the wave propagation at various instances are shown in Fig. B-4a for a

simultaneous change of H/L and W/L. In Fig. B-4b only H/L is changed, while all

other parameters are kept the same. The results show that the microtubule spacing

(H/L) and the number of nexin links (W/L) have a negligible influence on the results,

if we keep all other dimensionless parameters the same. This is due to the fact that the

dynein force-density per unit length of the microtubules (mstall) is kept the same (via

Dn) and that the contribution of the nexin links remains negligible for these large values

of d/dN, as also indicated by Riedel-Kruse and coworkers.14

In the results obtained so far, we have assumed that the dyneins are linearly increasing

the applied force during their active period (see Fig. B-5, the case F0 = 1). However,

a generic dynein model can be proposed in which a non-linear force behavior can be

assumed as shown in the left panel of Fig. B-5. While keeping the stall force (thus Dn)

the same, we explore the influence of non-linearity on the swimming velocity as shown

in Fig. B-5. The waveform and characteristics remain majorly unaffected; however, the

swimming velocity increases for steeper initial force-rates (F0), see Fig. B-5 (right panel).

It indicates that the non-linearity will help to increase the swimming velocity without

affecting the wave characteristics and its propagation.
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Figure B-4: Snapshots of the wave propagation at various time instances for τ/ta = 0.2 and

finput = 0.5. Figures with ∗ indicate that the length and deformations are scaled. (a) Influence

of H/L and W/L on the wave characteristics and dynein activity for Dn = 40 and Fn = 53. (b)

Influence of H/L on the wave characteristics and dynein activity for Dn = 100 and Fn = 250.
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Figure B-5: A generic dynein model with a non-linear applied force in time, see the left panel.

Influence of the non-linear force on the swimming velocity in comparison with the linear model

(F0 = 1) considered earlier, where the degree of the non-linearity is also altered for a given

initial force-rate F0 as illustrated in the inset of the left panel. It appears that the non-linearity

in the dynein force curve increases the swimming velocity due to the steeper initial force-rate

(F0) without affecting the wave characteristics and its propagation.

B.3 Molecular studies associated with axonemal dyneins

To study the flagellar beating we have used a representative (and coarse grained) model,

where the number of dyneins present along the microtubules are captured in an average

sense via a uniform force-density. Experimental molecular studies, however, point to

the stepping behavior of the dynein molecules, where a limited step-size of 8-24 nm is

usually observed for axonemal dyneins per ATP hydrolysis cycle.23,25–28 The finite step-
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size per hydrolysis cycle of a dynein molecule is possibly related to the power stroke and

physical dimensions of the molecule, as beyond this step-size the dynein molecule will

be subjected to stretching, leading to detachment from the neighboring microtubule. In

the following we will confront our dynein model to the molecular studies associated with

axonemal dyneins based on optical-trap nanometry and microtubules-motility assay by

properly accounting for the step-size of a dynein molecule. We account for the step-size

for every dynein in our model by monitoring the net sliding displacement during the

active phase of a dynein. Once the sliding displacement exceeds the maximum step-size,

the dynein in question is deactivated. For simplicity, we assume a linear force behavior

of the dyneins as also used in the main text.

In experimental studies researchers have analyzed the force-transduction of individual

dynein molecules with optical-trap nanometry.23,25–28 Optical-trap nanometry utilizes

the gradient force of a highly focused laser beam (optical-trap) to monitor the forces

exerted by a dynein-coated bead on a substrate coated with microtubules.27 The ex-

perimental conditions are optimized and controlled in such a way that only one dynein

molecule (along the bead surface) is interacting with a microtubule at a given time

instant.27 This dynein-microtubule interaction and cyclic conformational change of the

dynein molecule – associated with the ATP hydrolysis – leads to the guided translocation

of the bead over the microtubule. In the absence of any resistance from the optical-

trap the unloaded translocation velocity of the bead due to the dynein activity can be

obtained. Moreover, once the bead motion is influenced by the optical-trap, the step-wise

motion of the bead with time can be observed, which gives information on the step-size

of the dynein molecule during a binding and power stroke, and the maximum force at

which the dynein motion is stalled (the stall-force).23,25–27

To relate our dynein model to the optical-trap nanometry experiments, we use a

representative model where a dynein is periodically interacting with a neighboring mi-

crotubule leading to sliding, while the motion of the microtubule is restrained via a soft

spring, as shown in the inset of Fig. B-6a. The length of the microtubule is selected

to approximate the drag forces of the micron-sized bead used during the optical-trap

experiments. We assume that one dynein is constantly interacting with the neighboring

microtubule to replicate the experimental conditions. The resulting stepping behavior

of the dyneins is shown in Fig. B-6a. It can be noted that due to the periodic dynein-

to-microtubule interaction the sliding displacement increases until the point where the

restoring force of the spring is in equilibrium with the dynein’s applied sliding force.

This gives the maximum sliding displacement (δmax) possible for a given stall force of

the dynein (Fstall) and stiffness of the spring (Ktrap), Fstall = Ktrapδmax. The stepping

behavior of a dynein per hydrolysis cycle is visible as the dynein gets deactivated once

it exceeds the step-size (δstep) during the early stage of the analysis, see Fig. B-6a.

After deactivation, the applied dynein force resets to zero, so that the restoring force of
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Figure B-6: (a) Influence of the fluid viscosity and the step-size on the stepping behavior of the

dyneins subjected to the restraining action of the attached spring representing the experimental

conditions for optical-trap nanometry (see the inset). Note that the motion of the bead is stalled

when the applied force of the dynein is in an equilibrium with the restoring force of the spring,

which appears to be independent of the step-size and fluid viscosity. (b) The time history of

the resulting applied force by the dynein and resulting stepping behavior for δstep = 8nm and

µ = µ0 = 0.48 mPa.s with the assumption that one dynein is constantly interacting with the

neighboring microtubule, where the thin line represents the dynein force.

the spring pulls the microtubule backwards (indicated by the periodic decrease in the

displacement), which is limited by the viscous drag. Followed by this brief event, the

dynein again attaches itself to the microtubule (i.e., another dynein in the dynein-coated

bead in the experiments) and again starts applying the sliding force, which overcomes

the spring force and slides the microtubule forward, see Fig. B-6b. The time history of

the applied force by the dynein and the resulting stepping behavior is shown in Fig. B-6b.

The stepping behavior of the dynein also depends on the magnitude of the restoring force

and it can be seen from Fig. B-6a that the step-size becomes smaller as the magnitude

of the restoring force approaches the stall force.

To understand the collective behavior of the dyneins and their interaction with the

neighboring microtubule, various microtubule-motility/gliding assay experiments were

carried out.25,29–34 In these gliding assay experiments, many dyneins coated on the

substrate are interacting with (isolated) microtubules of various lengths.29,32 The dynein-

microtubule interaction and the cyclic conformational change of the dynein molecule

leads to guided translocation of the microtubules over the substrate. The sliding velocity

of the microtubules has been found to increase with the length of the microtubules until a

saturation velocity (Umax) is reached for large microtubule lengths.29,32 As the number of

dyneins that can interact with a microtubule is limited by the length of the microtubule

itself (due to the regular spacing of the dyneins), the sliding velocity increases due to
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Figure B-7: (a) Influence of the microtubule length (or number of dyneins, N0) on the resulting

sliding displacement due to the dynein activity (µ = µ0). To represent the experimental

conditions related to the microtubules-motility assay dyneins are placed with a constant inter-

spacing (96 nm) over the substrate, which limits the maximum number of dyneins (N0) that

can interact with a microtubule of length L as shown in the inset. (b) The sliding velocity with

length of the microtubule, which also quantifies the number of dyneins (possibly) interacting

with the microtubules. The sliding velocities are normalized such that the maximum sliding

velocity is U∗
MT = 1 for µ = µ0. Dyneins have a low duty ratio fdynein = 0.15 and a step-size 8

nm is used in the simulations.

the increasing number of interacting dyneins.29–32 A step-size at the nanometer scale

during the time period of a few milliseconds (typical for the ATP hydrolysis cycle) will

lead to a microtubule velocity on the order of a few micrometers per second, as observed

experimentally.27

To explore the microtubule sliding velocity due to the operation of many dyneins,

we use a representative model where dyneins are interacting with a free/isolated mi-

crotubule, see the inset of Fig. B-7a. The number of dyneins interacting with the

microtubule is altered by changing the length of the microtubule, as dyneins are present

with a constant spacing. In the simulations, we alter the microtubule length (which can

be correlated with the number of dyneins, N0) to study the resulting sliding velocity.

Only one group of the dyneins is considered to replicate the experimental situation, where

only one family attaches to the microtubule as dyneins are unidirectional motors. We

assume here that the dyneins have a low duty ratio (fdynein = 0.15) and we account for

the step-size per hydrolysis cycle (δstep = 8 nm) of a dynein molecule. Due to the dynein

activity, the microtubule moves forward and once the dynein is deactivated (either due to

the end of the active phase or due to reaching the maximum step-size) the microtubule

remains in the same position until the next dynein becomes active, see Fig. B-7a. A

saturation in the resulting sliding velocity is observed with the length of the microtubule,
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see Fig. B-7b, which is in accordance with the experimental observations.29–32 The sliding

velocity due to just one dynein can be theoretically approximated (without accounting

for the viscosity) by δstep/tcycle, while the maximum sliding velocity Umax = δstep/ta,

which represents the condition that the maximum sliding velocity is limited by the rate

of conformation change responsible for the dynein power stroke. However, in order to

attain the maximum sliding velocity at least one dynein should be active at all times, as

can be clearly seen from the microtubule displacement caused by the dynein activity in

Fig. B-7a. Obviously, as we increase the number of dyneins the probability of at least one

dynein to be active at all times increases, and can be quantified with 1 − (1 − fdynein)N

for N number of dyneins with a duty ratio, fdynein. Moreover, a statistical expression

can be obtained relating the number of dyneins and their duty-ratio to an expected

sliding velocity of the microtubule, UMT = Umax

(
1 − (1 − fdynein)N

)
, where Umax is the

maximum sliding velocity observed at the saturation.29
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Chapter 3

Natural flagella bearing mastigonemes

Abstract – Scientists are now designing biomimetic micro-swimmers that can mimic

flagella-powered swimming of micro-organisms. In an application such as lab-on-a-

chip in which micro-object manipulation in small flow geometries could be achieved by

micro-swimmers, control of the swimming direction becomes an important aspect for

retrieval and control of the micro-swimmer. A bio-inspired approach for swimming

direction reversal (a flagellum bearing mastigonemes) can be used to design such

a system and is being explored in this chapter. We analyze the system using a

computational framework in which the equations of solid mechanics and fluid dynamics

are solved simultaneously. The fluid dynamics of Stokes flow is represented by a

2D Stokeslets approach while the solid mechanics behavior is realized using Euler-

Bernoulli beam elements. The working principle of a flagellum bearing mastigonemes

can be broken up into two parts: (1) the contribution of the base flagellum and

(2) the contribution of mastigonemes, which act like cilia. These contributions are

counteractive, and the net motion (velocity and direction) is a superposition of the

two. In the present work, we also perform a dimensional analysis to understand the

underlying physics associated with the system parameters such as the height of the

mastigonemes, the number of mastigonemes, the flagellar wave length and amplitude,

the flagellum length, and mastigonemes rigidity. Our results provide fundamental

physical insight on the swimming of a flagellum with mastigonemes, and it provides

guidelines for the design of artificial flagellar systems.

3.1 Introduction

The concept of micro-fluidic devices such as lab-on-a-chip is finding many applications

in bio-medical science, especially in bio-chemical diagnosis. The main advantage of such

micron-scale devices is that they require a very small volume of liquid to perform a

complicated and complete diagnosis of biological samples. A typical lab-on-a-chip device

has many micro-labs connected through micro-channels, and the biological samples are

transported for detailed bio-chemical analysis via externally generated fluid flow in the

Based on Namdeo, et al. Swimming direction reversal of flagella through ciliary motion of mastigonemes,

Biomicrofluidics, 5:034108, 2011.
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(a) (b)

Figure 3.1: (a) Flagellar oscillation of a ram spermatozoon. The cell is moving forward by

altering the bend curvature and thus propagating the wave. The scale bar is 10 µm. 7 (b)

Ochrophyte with a flagellum bearing mastigonemes. 8 (Figures are reproduced with permission

of the copyright owner(s).)

channels. However, the flexibility to create diverse flow patterns in these devices is

limited, which makes micro-object transport at these length scales difficult to control.

Artificial micro-swimmers could be used for micro-object manipulation in lab-on-

a-chip devices and in targeted drug delivery applications. The primary challenge in

the design of such a micro-swimmer is that the swimming strategies at these length

scales are difficult to achieve using external triggers.1–6 Bio-inspired design can provide

an answer to such engineering problems. Many micro-organisms swim by the use of

hair-like projections known as flagella. Spermatozoa use an undulating flagellum for

propulsion (see Fig. 3.1a) while Paramecia rely on the asymmetric motion of cilia. Cilia

and flagella are biological systems with a similar micro-structure and working principle.

The undulations in the cilium or flagellum are driven by motor proteins which causes

propulsion of the micro-organism in the fluid. Cilia and flagella play an important role

in micro-organism swimming and are widely explored in the literature.1,2,9 Where the

working principle of flagella is exploited to design artificial micro-swimmers,5,10–12 the

cilium principle is used to design fluid flow and mixing devices at the micron and nano-

scale.13–15

Micro-organisms exist that have flagella with vertical appendages over their length,
9,16,17 see Fig. 3.1b. These appendages are known as mastigonemes and can cause

a swimming direction reversal relative to the wave propagation along the length of

the flagellum.9,16–18 Where a smooth flagellum swims in a direction opposite to the

traveling wave, a flagellum bearing mastigonemes would swim in the direction of the

traveling wave.9,16–21 Although the working principle of micro-organisms swimming by

flagellar or ciliary motion is widely explored, the class of flagellar micro-organisms bearing

mastigonemes has not been intensively studied. In a micro-fluidic application such as

lab-on-a-chip in which micro-object manipulation in small flow geometries is required,

control of the swimming direction becomes an important aspect. Understanding how

nature controls the swimming direction at typical micro-fluidic length and timescales can
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Figure 3.2: Illustration of a flagellum bearing mastigonemes. L is the length of the flagellum,

A and λ are the amplitude and wave length of wave deformation, H and ∆S are the height and

spacing between the mastigonemes, respectively, and h is the thickness of the mastigonemes.

provide guidelines for bio-inspired design of artificial micro-swimmers. This is explored

in the current work for flagellated systems that are covered with mastigonemes. We

analyze the relation between the swimming direction and the mastigoneme structure§

and aim at understanding the physical origin of thrust reversal.

In the past, efforts have been made to analyze thrust reversal associated to the

presence of the mastigonemes on a smooth flagellum.16–21 To explain the thrust reversal,

it has been qualitatively proposed (based on laboratory observations and curve fitting)

that the presence of the mastigonemes decreases the ratio of normal to tangential drag

coefficients (Cn/Ct) from a value of 2 (affirmed for a smooth flagellum) to 0.5.16 Later a

more detailed hydrodynamic analysis of a flagellum bearing mastigonemes was presented

by Brennen18, using an analytical approach (resistive force theory) based on the assump-

tion of hydrodynamically non-interacting mastigonemes and assuming small-amplitude

deflections. This limits the applicability of such analytical solution in situations where

the mastigonemes are taller and/or tightly packed and in case of large-amplitude flagellar

waves. Evidence (experimental and computational) exists that the mastigonemes can

reverse the direction of swimming,16,17,19,20 but the conditions at which this is possible

are not explicitly quoted in the literature. To overcome these limitations, we propose a

solid–fluid interaction model that fully accounts for hydrodynamic interactions and large

amplitude undulations as well as non-linear mastigoneme deformations. We investigate

the swimming problem of a flagellum bearing mastigonemes with an aim to explore

the fundamental mechanism responsible for swimming direction reversal and study the

swimming velocity as a function of the system parameters.

3.2 Computational model and approach

Swimming of a micro-organism is a fluid–solid interaction (FSI) problem, where the con-

tinuum equations for the micro-organism motion/deformation have to be simultaneously

§The influence of the surface topology on the direction reversal is studied using a kinematic Stokeslet

model in Appendix–C.
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solved with the fluid dynamics equations. The Stokeslet approach can be used in the

present context since the swimming dynamics of the micro-organisms is governed by the

Stokes flow equations in which inertial forces are negligible.22–24 In the present work,

an integral formulation for 2D-Stokes flow is implemented using the boundary element

method to represent the fluid environment while the micro-organism itself is represented

by a collection of 2D beam elements. The base flagellum is discretized using 32 equal-

sized beam elements and the same element size is used for the discretization of the

mastigonemes. The analysis was carried out with a time-step of 1 µs, which assures the

numerical convergence of the results. The whole structure is embedded in an infinite fluid

and the associated drag forces are computed using the Stokeslets approach. Coupling of

the solid mechanics and the fluid dynamics equations are done in an implicit manner as

suggested by Khaderi and Onck25, and details of the computational approach are given

in Appendix–A. Our analysis is similar to the analysis performed by Taylor1, in which

the swimming of an infinite sheet has been analyzed. The obtained swimming velocity

was shown to have a similar (qualitative) dependence on the amplitude, wavelength and

frequency of the wave, compared to the flagellar swimming velocity obtained by using

resistive force theory and slender-body-theory that are 3D in nature.2,22,26,27

To understand and explore the key principle behind the thrust force/direction reversal

with the presence of mastigonemes over the flagellum length, we prescribe flagellar

beating with the wave propagating in the positive x-direction (i.e., to the right in

Fig. 3.2), according to

y(x, t) = A sin(ωt− kx), (3.1)

where x and t are the position and time, respectively, ω = 2π/tcycle and k = 2π/λ. The

micro-swimmer (flagellum and mastigonemes) and the characteristic length scales are

depicted in Fig. 3.2. The elastic properties of the micro-swimmer are defined by Young’s

modulus (E) and Poisson’s ratio (ν). The viscous drag forces of the fluid are considered

via a 2D Stokeslet approach and are proportional to the viscosity (µ) of the fluid. During

the simulations, we prescribe the transverse velocity (Vkp) for the base flagellum only.

The equations of motion are then solved using the finite element method where the

drag forces (Td) are evaluated on-the-fly using the Stokeslets approach (Td = G−1Vkp),

where the Green’s function (G) relates the micro-swimmer velocity to the traction

forces of the fluid. As an outcome of the traction forces acting on the micro-swimmer’s

surface/boundary, the micro-swimmer swims in the forward or backward direction with

a net propulsive velocity, U . Finally, we determine the velocity distribution in the fluid

domain, Ufluid due to the swimming motion of the micro-swimmer using Ufluid = G1Td,

where G1 relates the velocities in the fluid to the drag forces on the micro-swimmer.
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Figure 3.3: Influence of the dimensionless variables A∗, H∗ and Nm on the net propulsive

velocity for L∗ = 1 and Fm = 0.001. The presence of the mastigonemes reduces the swimming

velocity, and a further increase in height H can even cause reversal of the swimming direction.

3.3 Dimensional analysis and simulation results

A dimensional analysis has been performed to explore the influence of the parameters

involved in the system and specifically under which conditions the mastigonemes reverse

the swimming direction. A flagellum bearing mastigonemes consists of five important

length parameters as illustrated in Fig. 3.2, which are (i) the amplitude of the wave

deformation (A), (ii) the wave length (λ), (iii) the length of the base flagellum (L),

(iv) the height of the mastigonemes (H), and (v) the spacing between the mastigonemes

(∆S). The rigidity of the mastigonemes is defined by the bending modulus (EI), where

E is Young’s modulus and I is the moment of inertia. By performing a dimensional

study to explore the influence of each variable on the system dynamics, we obtain four

dimensionless length parameters, A∗ = A/λ, H∗ = H/λ, L∗ = L/λ, 1/Nm = ∆S/λ,

and one force parameter Fm = 12µkAωH3/Eh3, which defines the ratio of viscous forces

over the elastic forces.13 Note that the parameter Fm can be seen as the ratio of two

time scales: an imposed time scale by the periodic oscillations of the flagella (dθ/dt ∝

kAω) and a response time scale of the mastigonemes related to the frictional properties

(µH3/Eh3). The strong dependence of Fm on h (power 3) stems from the moment of

inertia (I ∝ h3) and leads to a profound increase of Fm for floppy mastigonemes. For

the present study, we keep ω and λ constant and change other parameters to alter the

dimensionless variables.

Assuming that the mastigonemes are rigid (by selecting the values for the parameters

such that Fm = 0.001 with λ = 100 µm and tcycle = 10 ms) and L∗ = 1, the influence

of all other dimensionless parameters is shown in Fig. 3.3. For a given value of A∗
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Figure 3.4: (a) Swimming velocity as a function of A∗ for various values of H∗ and for L∗ = 1,

Nm = 16. Inset: normalized swimming velocity (U∗ = U/Uf ) as a function of H∗, where Uf

is the swimming velocity of the smooth flagellum for a given A∗. The normalized swimming

velocity is independent of A∗ and L∗ (for L∗ > 2). (b) The role of L∗ (finite size effect) on the

swimming velocity for various values of H∗ and for A∗ = 0.05, Nm = 16.

and H∗ the net propulsive velocity (U) is being plotted for various values of Nm, with

Nm = λ/∆S the number of mastigonemes per wave length of the base flagellum. For

a smooth flagellum (Nm = 0) the swimming velocity is negative, i.e., the flagellum

swims to the left. For all the heights of the mastigonemes (H∗), a saturation in the

swimming velocity (U) is observed with an increase in the number of mastigonemes per

wave length (Nm). The presence of mastigonemes reduces the swimming velocity, and

a further increase in the height of the mastigonemes can even cause a reversal in the

swimming velocity (i.e., positive U in Fig. 3.3).

To analyze the system further, we choose Nm to be 16 (where a saturation in the

swimming velocity is observed, see Fig. 3.3). Trends in the swimming velocity (U) with

respect to A∗ are shown in Fig. 3.4a for various values of H∗ and for L∗ = 1. As

can be seen from Fig. 3.4a, the swimming velocity (U) appears to have a quadratic

dependence on A∗ for all values of H∗. One can normalize the swimming velocity (U)

with the swimming velocity of the smooth flagellum (Uf ) for a given A∗. This normalized

swimming velocity (U∗ = U/Uf ) is linear in H∗ and independent of A∗ as shown in the

inset of Fig. 3.4a. The role of L∗ on the swimming velocity is shown in Fig. 3.4b for

various H∗ and for A∗ = 0.05, Nm = 16. The swimming velocity saturates at higher

L∗ values, and the role of L∗ can be seen as a finite size effect (or end effect) that

disappears for higher values of L∗. It can be noted that for the smooth flagellum the

swimming velocity converges to the swimming velocity of an infinite sheet as suggested
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by Taylor1. The effect of L∗ on the normalized velocity U∗ is small however, see the

inset of Fig. 3.4a. This suggest that for the rigid mastigonemes the swimming direction

reversal is only dictated by H∗ and is independent of A∗ and L∗ (for L∗ > 2), see inset

of Fig. 3.4a. To verify this, a simple first-order calculation can be performed based on

the resistive force theory suggested by Gray and Hancock2. Given the motion of the

base flagellum Yf = A sin(ωt − kXf ), the motion of the mastigoneme can be written

as Xm = Xf − s sin(θ) and Ym = Yf + s cos(θ), where, ω = 2π/tcycle, k = 2π/λ,

θ = arctan(dYf/dX), and s varies from −H to H. By assuming that Cf
t and Cf

n are the

flagellum’s drag coefficients in the tangential and normal direction, respectively, we can

write the x-component of total force on the smooth flagellum as

F f
x =

2A2π2(Cf
n − Cf

t ) + Cf
t λtcycleU

tcycle
. (3.2)

Similarly, by assuming that Cm
t and Cm

n are the mastigoneme’s drag coefficients, we can

write the total force on one mastigoneme as

Fm
x = 2H

{
2A2π2(Cm

t − Cm
n ) + Cm

n λtcycleU

λtcycle

}

. (3.3)

For both flagellum and mastigonemes the total force consists of a propulsive part due to

actuation forces (the first part in Eqs. 3.2 and 3.3) and a retarding part due to the drag

forces opposing the horizontal swimming velocity (the second part in Eqs. 3.2 and 3.3).

When the flagellum with Nm mastigonemes reaches a steady state swimming velocity U ,

the propulsive and retarding forces are in (dynamic) equilibrium, so that the total force

must be zero.

F f
x +NmF

m
x = 0, (3.4)

which leads to

U =
−2π2A2

λtcycle

{

λ(Cf
n − Cf

t ) − 2HNm(Cm
n − Cm

t )

λCf
t + 2HNmCm

n

}

, (3.5)

and can be written in the form

U∗ = U/Uf =
(Cf

n/C
f
t − 1) − 2(HNm/λ){(Cm

n − Cm
t )/Cf

t }

1 + 2(HNm/λ)(Cm
n /C

f
t )

. (3.6)

The form of this expression is very similar to what is suggested by Brennen18. Our

simulation results show a similar quadratic dependence on A (see Fig. 3.4a) and a linear

dependence on frequency (results not shown). Also, the above equation indicates that

the normalized velocity (U∗) is independent of A∗ as shown in the inset of Fig. 3.4a. It

can be clearly seen from the above expression that for Cf
n/C

f
t > 1 and Cm

n /C
m
t > 1, the

very presence of the mastigonemes will reduce the resultant velocity and can possibly
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(a) H∗ = 0 (b) H∗ = 1/16 (c) H∗ = 1/8

Figure 3.5: Pressure field with streamlines for the smooth flagellum (a), and for the flagellum

bearing mastigonemes (b) and (c), for A∗ = 0.1 and L∗ = 3. The contours represent the pressure

value (blue and red colors represent a pressure of -0.5 N/m2 and +0.5 N/m2, respectively). The

micro-swimmer is represented by the thick white line, and the base flagellum is constrained not

to swim, however still propagating a wave in the positive x-direction (by fixing the x-position of

the left end of the flagellum but allowing the transverse displacement and rotation). The effective

flow velocity (shown by the curved red arrows) indicates the direction of the fluid flow, which

changes sign in the presence of the mastigonemes. Note that in the presence of mastigonemes of

height H∗ = 1/8 (c), the regimes of high pressure and low pressure are opposite to the smooth

flagellum case (a).

reverse the direction of swimming. In Eq. 3.6 direction reversal can be achieved by either

increasing H/λ or Nm, in accordance with our simulations (see Fig. 3.3). However, the

collapse of these effects into one single parameter, HNm/λ, is not in accordance with our

simulations and is a consequence of the assumptions made in Eq. 3.6. Apart from the

assumption of small deformations, the critical assumption for deriving this expression

was to ignore any hydrodynamic interaction (either between the mastigonemes or with

the base flagellum) present in the system. This implies that the above expression should

be interpreted with care. Most importantly, it emphasizes the need for a fully coupled

hydrodynamic analysis to understand the associated physics.

Next, we further explore the hydrodynamic origin of swimming direction reversal

by looking at the system from a fluid propulsion point-of-view. Here, we analyze a

horizontally-static flagellum with (and without) mastigonemes by fixing the x-position of

the left end of the flagellum but still allowing the transverse displacements and rotations

caused by the traveling wave. The pressure field with the streamlines are shown in

Fig. 3.5 for the smooth flagellum and for the flagellum bearing mastigonemes. As the

base flagellum is propagating a wave (in the positive x-direction), the surrounding fluid

acquires vortices of alternating sign along the length of the micro-swimmer. The vorticity

is positive (i.e., counter clockwise) near the flagellum crests, and is negative (clockwise)

near the flagellum valleys. The effective flow velocity (shown by the curved red arrows)

indicates the direction of the fluid propulsion which changes sign in the presence of
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Figure 3.6: (a) The normalized swimming velocity as a function of H∗ for various values of

Fm and Nm = 8, A∗ = 0.1 and L∗ = 1. Mastigonemes can be treated as rigid when Fm ≤ 0.1.

The influence of the mastigoneme flexibility (Fm) on the swimming velocity is shown in the

inset for H∗ = 0.125. (b) Swimming of the flagellum bearing mastigonemes where the arrow

represents the swimming direction. Flexible mastigonemes deform due to the viscous forces,

and are ineffective (compared to the rigid mastigonemes) in causing direction reversal.

the mastigonemes, compare Fig. 3.5a to Fig. 3.5c. In the case of a smooth flagellum

the effective flow velocity is to the right (in the direction of the traveling wave), which

causes the smooth flagellum to swim (if released) in the negative x-direction (opposite to

the direction of the traveling wave),6 see Fig. 3.4b. However, for the flagellum bearing

mastigonemes the effective flow velocity is to the left (see Fig. 3.5c) and will causes

swimming in the positive x-direction (in the direction of the traveling wave). Note

that in the case of mastigonemes of height H∗ = 1/8, the regimes of high pressure and

low pressure are opposite to the smooth flagellum, confirming the reversal of swimming

direction. Interestingly, for the flagellum bearing mastigonemes of height H∗ = 1/16

there is no apparent direction of the fluid flow (only vortices), which indicates that the

swimming velocity is approximately zero as can be seen from Fig. 3.4.

Next we will explore the effect of deformable mastigonemes on the swimming direction

reversal. As the dimensionless variable Fm defines the ratio of viscous forces over the

elastic forces, it can be used to quantify the flexibility of the mastigonemes. In Fig. 3.6a

the normalized swimming velocity (U∗) is plotted against H∗ for various values of Fm.

The influence of the mastigoneme flexibility (Fm) on the swimming velocity is shown

in the inset for H∗ = 0.125. As shown in Fig. 3.6, the rigid mastigonemes (Fm < 0.1)

are more effective in reducing the swimming velocity or swimming direction reversal,18
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and floppy mastigonemes Fm > 2 can not reverse the swimming direction due to the

mastigonemes deformation, see Fig. 3.6b. At higher Fm values the flexible mastigonemes

deform due to the fluid forces and are not able to effectively respond to the imposed

basal angular oscillations, so that the mastigonemes attain a deformed configuration (see

Fig. 3.6b). As a result, the floppy mastigonemes do not displace the surrounding fluid

as effective as the rigid ones (this will be discussed later with reference to Fig. 3.8b), so

that the floppy mastigonemes cannot counteract the flow caused by the base flagellum as

effectively as their rigid counter-parts. An animation of the resulting motion by flexible

and rigid mastigonemes subjected to the same basal oscillation can be found elsewhere.28

Interestingly, flattening of the curves can be observed for taller mastigonemes (and

larger Fm values) and is due to the fact that the deformed mastigonemes start interacting

with each other (or with the base flagellum). As a result, with increasing Fm and H the

deformed shape of the mastigonemes converges to a specific shape since hydrodynamic

(lubrication) interactions prevent them from coming any closer to each other and to

the base flagellum. It should also be noted that the deformed shape of the flexible

mastigonemes in Fig. 3.6b is a direct consequence of the external flow created by the

base flagellum. Subjecting an isolated mastigoneme (i.e., in the absence of the base

flagellum) to similar periodic oscillations of the base displacement and basal angle results

in negligible deformation of the mastigoneme. Clearly, the flow generated by the base

flagellum plays a key role in deforming the flexible mastigonemes, and it is because of

this flow that the floppy mastigonemes generate an opposing flow.

3.4 Mastigonemes work as metachronic cilia

It has been suggested that the mastigonemes project rigidly from the flagellar surface

and interact with the surrounding fluid while acting like paddles that are swept laterally

as the wave propagates along the flagellum.17 In the following we will explore the relation

between the paddling motion of the mastigonemes and the direction reversal mechanism

and try to quantify the observed trends. We will address these issues by linking the

mastigoneme motion to the working principle of cilia. Later, we will use the envelope

theory9 to obtain the net propulsive velocity generated by the envelope formed with the

mastigonemes tips on an undulating flagellum.

We consider a non-propelling flagellum in a fluid by fixing the position of the left

end of the flagellum (but allowing it to rotate and move in the transverse direction). As

a result, the wave propagation during the flagellar beat cycle will push the fluid rather

than causing swimming of the flagellum. Fluid propulsion at various time instances of

the flagellar beat is shown in Fig. 3.7, where the base flagellum is propagating a wave

in the positive x-direction. The thick white line represents the micro-swimmer, and the

broken white line indicates the initial position of the fluid particles. The simulations
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Figure 3.7: Fluid propulsion at various time instances of the flagellum beat. The thick white

line represents the micro-swimmer. The broken white line indicates the initial position of the

fluid particles. The contours represent the horizontal velocity of the fluid (blue and red colors

represent a velocity of -1.5 mm/s and +1.5 mm/s, respectively). The arrow represents the

velocity vector of the tracked particle. Left: Smooth Flagellum. Right: Flagellum bearing

mastigonemes of height H∗ = 1/8. The area swept by the mastigonemes are shown with the

solid back line, where the curved arrows represent the direction of motion. The base flagellum

is propagating a wave in the positive x-direction.
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show that for a smooth flagellum, the fluid particles are being displaced in the direction

of wave propagation while the particles are being displaced in the opposite direction

in the presence of mastigonemes (see Fig. 3.7). The contours represent the horizontal

velocity of the fluid (blue and red colors represent a velocity of -1.5 mm/s and +1.5

mm/s, respectively). Note that for the smooth flagellum the average fluid velocity is

positive (red color) at all time instances, which causes the fluid propulsion to the right

(in the direction of the traveling wave). However, in the presence of mastigonemes of

height H∗ = 1/8, the average fluid velocity is negative (blue color) at all time instances

causing the fluid propulsion to the left (in the direction opposite to the traveling wave).

These results are in correspondence with the results reported in the literature.16–20

When a wave propagates along a smooth flagellum the region of the flagellum between

the wave crests and valleys exert substantial forces on the fluid in the wave propagation

direction. The wave crests and valleys, however, do not contribute to propulsion, but pre-

dominantly experience tangential drag forces due to the steady state swimming velocity

of the flagellum (or due to the external fluid flow in case of a non-propelling flagellum).21

We have seen that for the smooth flagellum the resultant flow will be in the direction of

wave propagation, and this scenario changes with the presence of external appendages

(mastigonemes) over the flagellum length. These mastigonemes project rigidly from the

flagellar surface and interact with the surrounding fluid while acting like paddles that are

swept laterally as the wave propagates along the flagellum. The base flagellum pushes

the fluid in the direction of wave propagation while the mastigonemes push the fluid

in the opposite direction (see Figs. 3.5 and 3.7). In fact, each individual mastigoneme

acts as a cilium (effective stroke in the opposite direction of wave travel) and sweeps

an area causing propulsion in the direction opposite to the wave propagation as shown

in Fig. 3.7 (see the right image). The area swept by the tip of the mastigoneme is

shown with the solid back line where the curved arrow represents the direction of motion.

Interestingly, due to the beating of the base flagellum, the upper and lower mastigonemes

are synchronized in such a fashion that when the upper mastigoneme is in effective stroke,

the lower mastigoneme executes the recovery stroke. Thus, the mastigonemes work like

co-operating cilia whose motion is driven by the motion of the base flagellum. Due

to the wavelike motion of the base flagellum the collective motion of the mastigonemes

resembles the metachronic motion of cilia. Since the effective stroke of the mastigonemes

is in a direction opposite to the traveling wave of the base flagellum, the mastigonemes

feature an antiplectic metachrony.29

Fluid dynamics in the Stokes-regime is dominated by viscosity rather than inertia.

An important consequence is that fluid propulsion can only be achieved when the motion

is spatially asymmetric. This is achieved in nature by cilia by going through a series of

different shapes as illustrated in Fig. 3.8a, consisting of an effective and a recovery stroke.
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Figure 3.8: Working principle of the mastigonemes (cilium), (a) Cilium beat cycle and

the area swept during the effective and the recovery strokes. The resultant fluid flow is in

the direction of the effective stroke. (b) Trajectory of the tip of the mastigoneme and its

dependence on H∗ (left) and A∗ (middle). The tip’s trajectory resembles an ellipse, where A

and H sin {arctan (2πA/λ)} are the major and minor axis of the ellipse shown by the vertical

and horizontal arrows, respectively. At higher Fm values the area swept reduces due to the

deformation of the mastigonemes (see Fig. 3.6b). An animation of the swept-area by flexible

and rigid mastigonemes is included. 28

During the effective stroke the cilium stands high and pushes the fluid while during the

recovery stroke it remains low to limit the back flow, which results into fluid flow in the

direction of the effective stroke. Natural cilia use an internal forcing system based on

motor proteins to achieve the shape changes. However, the asymmetric motion achieved

by the mastigonemes is only due to the basal oscillation, and is shown in Fig. 3.7. The

stiffer the mastigoneme, the larger the asymmetric motion (see Fig. 3.8b), resulting in a

larger swept area and thus a larger fluid flow.13,30 Clearly, a larger deformation in case

of internally driven cilia increases flow, while a larger deformation in case of base-driven

mastigonemes reduces flow.

In the numerical study performed by Khaderi and coworkers,13,30 it was shown that

during (planar) asymmetric beating of a cilium, a non-zero area is swept by the cilia tip

that can be used to quantify the net fluid displaced (a linear relation was found between

the swept area and fluid flow). For example, if a cilium traces the same path during

the effective and recovery stroke, the area swept by the tip will be zero, resulting in a

similar amount of fluid displaced during the effective and recovery stroke. When the

cilium follows a path that is different during the recovery stroke, symmetry is broken,

leading to a non-zero swept area and a net fluid flow due to the difference in forward

and backward flow. The dependence of the area swept by the mastigonemes on the

amplitude of the flagellar motion (A) and the height of the mastigonemes (H) is shown

in Fig. 3.8b. The tip’s trajectory of the mastigoneme resembles an ellipse, whose area is

πAH sin {arctan (2πA/λ)}. For small values of A/λ, this reduces to the simple expression

2π2HA2/λ, clearly explaining the linear dependence on H and the quadratic dependence



70 3. Natural flagella bearing mastigonemes

on A of the net propulsive velocity (see Fig. 3.4a). The number of the mastigonemes per

wave length of the base flagellum (Nm) can be seen as the density of the cilia (∆S being

the inter-cilia spacing), and it has been shown that the fluid flow increases with the cilia

density,14 which explains the role of Nm and the trends observed in Fig. 3.3. Also, for the

case of flexible mastigonemes the net area swept reduces due to the deformation of the

mastigonemes (see Figs. 3.6b and 3.8b), which indicates that the flexible mastigonemes

will not be effective in reversing the swimming direction (see Fig. 3.6a). An animation

of the swept-area by flexible and rigid mastigonemes is included and can be seen as a

supporting information.28

A fully populated flagellum with mastigonemes (high Nm values) will appear as a

smooth but thick flagellum. Flagellum thickness is generally ignored in the swimming

analysis of flagellar propulsion. However, the thickness of a flagellum plays an important

role because a point on the surface of a thick flagellum moves in a similar fashion as

the tips of the mastigonemes. This surface motion of a thick flagellum is a function of

H (or the thickness of the flagellum) and is absent in the case of a smooth flagellum.

The thickness effect of a flagellum can be studied by using the envelope theory.9 In the

envelope theory a general motion of a point on the flagellar surface (or ciliary surface)

is considered, and the full Navier-Stokes equation is solved to predict the propulsive

velocity of the micro-organism. The envelope theory only considers the presence of fluid

on one side of the micro-organism and is generally used to predict the fluid flow due to

the general motion of an array of cilia. However, Taylor1 has suggested that considering

the presence of the fluid only one side of the micro-organism is sufficient to determine

the swimming velocity; the other side of the micro-organism will only double the energy

expenditure. This way we can use the envelope theory to study the swimming of a

thick flagellum by only changing the frame of reference (fluid’s velocity relative to the

swimming velocity of a micro-swimmer). We will use a velocity relation given by Brennen

and Winet9 for the case when a cilium is moving counter-clockwise and sweeping a non-

zero area representing the motion of the mastigonemes (see the right column of Fig. 3.7),

U =
1

2
kω(A2

t +A2
n)

{√

1 − β2 + β
}

, (3.7)

where At and An are the amplitude of tangential and normal motion, respectively. β is

given by the ratio (A2
t −A2

n)/(A2
t +A2

n), which for a smooth flagellum (At = 0) reduces

to β = −1. We can normalize the swimming velocity by the swimming velocity of the

thin smooth flagellum for a given An,

U∗ = U/Uf = −
{
(At/An)2 + 1

}
(
√

1 − β2 + β), (3.8)

where Uf = − 1
2
kωA2

n. Now, for a thick flagellum we can approximate At = 2πAnH
∗

(the minor axis of the ellipse or area swept by a mastigoneme of height H, see Fig. 3.8b)
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and the normalized velocity can be given as

U∗ = −4π2(H∗)2 − 4π(H∗) + 1. (3.9)

It can be noted that the normalized swimming velocity for the thick flagellum is indepen-

dent of An and quadratic in H∗. The above expression also suggests that for direction

reversal to happen, H∗ value should be greater than 0.07. For these values of H∗ the

quadratic term is small compared to the linear term, as also observed in the inset of

Fig. 3.4a. The agreement of the above equation with the main trends of the numerical

simulations supports the observation that mastigonemes act as antiplectic metachronic

cilia.

3.5 Summary and conclusions

In lab-on-a-chip applications in which micro-object manipulation in small flow geometries

could be achieved by a micro-swimmer, control of the swimming direction is an important

aspect. Nature can provide inspiration, and in this context we study the swimming

direction reversal of a flagellum covered by mastigonemes. We use a computational

approach that implicitly couples the fluid dynamics and solid mechanics equations. The

results indicate that the swimming of flagella covered by mastigonemes consists of a

flagellar contribution (base smooth flagellum) and a ciliary contribution imposed by the

mastigonemes. The mastigonemes sweep an area in synchrony with the beating cycle of

the flagellum and push the fluid in the swimming direction of the base flagellum, causing

a reduction in velocity and eventually a reversal in swimming direction. Moreover, due

to the beating of the base flagellum the upper and lower mastigonemes are synchronized

in such a fashion that when the upper mastigoneme is in the effective stroke, the lower

mastigoneme executes the recovery stroke. Neighboring mastigonemes beat out-of-phase

caused by the traveling wave of the base flagellum. Since the effective stroke is in a

direction opposite to the flagellar wave, the mastigonemes are in antiplectic metachrony.

It is being observed that the swimming velocity has a quadratic dependence on the

amplitude of flagellar deformation (A) and a linear dependence on the height of the

mastigonemes (H). By performing a dimensional analysis, we found that the swimming

direction is mainly governed by the ratio H/λ, where λ is the wave length of the

flagellar beat. For direction reversal to occur H/λ should be greater than 0.07, which

is independent of the values of A/λ and L/λ. For practical applications, we have

also shown the influence of the discreteness of the system in terms of L/λ and Nm,

where Nm is the number of mastigonemes per wave length of the base flagellum. A

saturation in the swimming velocity is observed at higher values of L/λ and Nm. We

substantiate our results by linking the ciliary motion of the mastigonemes to the envelope

theory generally used for cilia driven flow. A good agreement is being observed in the
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swimming velocity of a flagellum bearing rigid mastigonemes and the envelope theory

representing metachronic ciliary motion of the mastigonemes. Finally, it was found that

flexible mastigonemes deform due to the viscous forces and are ineffective (compared to

rigid mastigonemes) in causing a direction reversal. The present study can be used as

a guideline for designing micro-swimmers for various bio-medical applications such as

micro-object manipulation in lab-on-a-chip devices, and for targeted drug delivery. It

also opens the exciting possibility of reversing the swimming direction of an artificial

micro-swimmer by an externally controlled switching of the surface structure.
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Appendix – C : Direction reversal with dynamic surface topologies

Mastigonemes can cause a swimming direction reversal relative to the wave propagation

along the length of the flagellum,16–19,21 as illustrated in Fig. C-1. Moreover, theoretical

flagellar hydrodynamics studies have resulted in the observation that the swimming di-

rection is determined by the ratio of the normal and tangential drag-coefficients (Cn/Ct)

for a micro-swimmer in an aqueous environment, i.e., U ∝ (Cn/Ct) − 1.2,31 Now, the

ratio of Cn/Ct can be controlled by changing the roughness (hence the friction force)

of the micro-swimmer, which can potentially enable the swimming direction reversal

by modulating the roughness of the surface (with an external stimulus). Functional

polymeric materials (e.g., liquid–crystal networks, hydrogels) can be used to obtain

dynamic surface topologies with external stimuli (e.g., temperature, pH or light). We

perform a computational study to explore the possibility of direction reversal with

surface roughness modulation, where we use a Stokeslets approach to model the flagellar

hydrodynamics based on a kinematic description of the wave propagation of the micro-

swimmer/flagella.†

C.1 Regularized Stokeslets approach for flagellar hydrodynamics

In the Stokeslet approach, the velocity and force fields are related by a Green’s function

G which usually has a singularity (e.g., ln(r) in two dimensions). In the present work, we

use 2D regularized Stokeslets suggested by Cortez32, where the singularity is smoothened

by introducing a cut-off parameter (ǫ). The expression of Green’s function for the

regularized Stokeslets relates the velocity at x, u(x), to a collection of N forces per

unit out-of-plane thickness, fk, centered at points xk, as follows;

u(x) =

N∑

k=1

−fk

4πµ



ln

(√

r2k + ǫ2 + ǫ

)

−
ǫ
(√

r2k + ǫ2 + 2ǫ
)

(√

r2k + ǫ2 + ǫ
) √

r2k + ǫ2





+
1

4πµ
[fk · (x− xk)](x− xk)






√

r2k + ǫ2 + 2ǫ
(√

r2k + ǫ2 + ǫ
)2 √

r2k + ǫ2




 , (C-1)

with rk = | x− xk | and µ is the viscosity of the fluid.

†Note that here we only aim to obtain an understanding of the influence of the surface topology on the

direction reversal. Thus, we opt for an approximate method based on regularized Stokeslets to analyze

the effect of the surface roughness.
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Figure C-1: (a) Smooth flagellum, (b) Flagellum bearing mastigonemes. The big arrows

represent the swimming direction relative to the direction of wave propagation. The white

circles represent the distribution of Stokeslets on the flagellum and the mastigonemes. The

filled circles show the fluid particles that are being displaced relative to the flagellum. L is the

length of the flagellum and A and λ are the amplitude and wave length, respectively, and H

and ∆S are the height and spacing between the mastigonemes, respectively.

The computational steps involved are listed below: The micro-swimmer (or flagella)

and the surface roughness (or mastigonemes) are represented by a distribution of regular-

ized Stokeslets (see Fig. C-1). We kinematically prescribe the velocity/wave propagation

for the micro-swimmer Vkp. Then, we calculate the traction forces on the micro-swimmer,

Fs due to Vkp using Fs = G−1Vkp, with G based on Eq. C-1, relating the velocities to

the forces along the micro-swimmer. Finally, we determine the velocity distribution in

the fluid domain, Uf due to the swimming motion using Uf = G1Fs, where the new G1

relates the velocities in the fluid to the forces on the micro-swimmer.

C.2 Computational model and results

The expression for the flagellar motion/beating – with the wave propagation of amplitude

A in the positive x-direction – is prescribed as

y(x, t) = A sin

(

2π
t

tcycle

− 2π
x

L

)

, (C-2)

where, x and t are the position and time respectively, tcycle is the beating period, and

L is the length of the flagellum as illustrated in Fig. C-1. Note that we assume that

the flagellum contains one full wave over its length and has a wave propagation speed

of L/tcycle. The wave propagation during the flagellar beat cycle will push the fluid
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particles, and the resultant thrust force Fx (the x component of Fs) can be calculated

using the computational steps explained above.

The simulations show that for a smooth flagellum the fluid particles are being dis-

placed in the direction of wave propagation while the particles are displaced in the

opposite direction for the flagellum bearing mastigonemes (see Fig. C-1). These results

are in correspondence with the results or conclusions reported in the literature.16–19,21,31

Obviously, a non-propelling flagellum during its beating cycle pushes the fluid in the

direction of wave propagation causing the fluid propulsion to be in the direction of wave

propagation. However, this scenario changes with the presence of external appendages

(mastigonemes) over the flagellum length. These mastigonemes project rigidly from the

flagellar surface and interact with the surrounding fluid while acting like paddles that are

swept laterally as the wave propagates along the flagellum.17 This complex interaction

causes the resultant flow to be in the opposite direction of wave propagation so that the

swimming direction reverses compared to the smooth flagellum (see Fig. C-1).‡

Next, we study the influence of the system parameters and analyze under which

conditions the mastigonemes reverse the swimming direction. There are five important

length parameters involved in the swimming of a flagellum bearing mastigonemes (see

Fig. C-1), i.e., the length of the flagellum (L), the wave length (λ), the amplitude of

the wave (A), the height of the mastigonemes (H), and the number of mastigonemes

(Nm = L/∆S − 1) with ∆S being the mastigoneme spacing. We keep tcycle and µ

constant, and explore the influence of the other parameters as shown in Fig. C-2. The

net propulsive thrust force (Fx) plotted for various Nm values for a given A/L and H/L

ratio. Here, we compute the average horizontal thrust force, Fx, generated in a flagellar

beat cycle (shown in Fig. C-2a), whereas the variation of Fx during the flagellar beating

motion is shown in Fig. C-2b. A saturation in the thrust force (Fx) is observed with

an increase in the number of mastigonemes, Nm. In addition, the results suggest that

the presence of mastigonemes reduces the thrust force, and a further increase in the

height of mastigonemes (H) can even cause reversal in the thrust force as demonstrated

in Fig. C-2. At that point, the presence of the mastigonemes reverses the swimming

direction compared to the smooth flagellum.

Now, since the obtained surface topography with external stimuli will have a width

w and pitch ∆S for a given height of the protrusions (H), we study the influence of

w/L on the propulsive thrust force (Fx) as shown in Fig. C-3. Note that for a given

height of the surface roughness (H) narrow protrusions (i.e., smalled w/L) are preferred

to obtain maximal and efficient direction reversal. However, the results do not converge

to the ‘mastigonemes’ results due to the approximate nature of the analysis considered

here. In conclusion, we can tentatively suggest that the reduced-order modeling of the

‡In fact, each individual mastigoneme acts as a cilium (effective stroke in the opposite direction of wave

travel) causing the fluid propulsion in the direction opposite to the wave propagation.31
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Figure C-2: (a) Influence of the system parameters A, H (normalized with L) and Nm on

the propulsive thrust force Fx for L/λ = 1. The presence of the mastigonemes reduces the

swimming velocity, and a further increase in height H can even cause direction reversal. (b) A

saturation in the thrust force (Fx) is observed with an increase in the number of mastigonemes,

Nm.
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Figure C-3: Influence of the surface roughness (represented by w/L, Nm and H/L) on the

propulsive thrust force for L/λ = 1. It can be noted that the reduced-order modeling of the

surface roughness via the mastigonemes can provide initial estimate for the system parameters

in order to obtain the direction reversal.

surface roughness via the mastigonemes can provide an initial estimate for the system

parameters in order to obtain the direction reversal, see Fig. C-3. This is due to the fact

that the height of the mastigonemes is the main governing parameter responsible for the

direction reversal.31
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Chapter 4

Artificial flagella subjected to oscillating mag-

netic fields

Abstract – In this chapter, we study magnetic artificial flagella whose swimming

speed and direction can be controlled using light and magnetic field as external

triggers. The dependence of the swimming velocity on the system parameters (e.g.,

length, stiffness, fluid viscosity, and magnetic field) is explored using a computational

framework in which the magneto-static, fluid dynamic, and solid mechanics equations

are solved simultaneously. A dimensionless analysis is carried out to obtain an optimal

combination of system parameters for which the swimming velocity is maximal. The

swimming direction reversal is addressed by incorporating photo-responsive materials,

which in the photo-actuated state can mimic natural mastigonemes.

4.1 Introduction

A rapidly growing field in biotechnology is the fabrication of microfluidic/lab-on-a-chip

devices for biomedical applications. For a successful future implementation of these

devices, it is important that one is able to accurately move and position micro-objects

(e.g., cells, organelles) within the device.1 In addition, for targeted drug delivery appli-

cations, micro-swimmers have been proposed that transport drug-containing vesicles to

specific regions in the body using external triggers.2 The primary challenge in designing

a micron- or nano-sized swimmer is that the motion of the swimmer should be non-

reciprocal (time-irreversible) in nature as described by Purcell in the “scallop theorem”.
3 This theorem states that a scallop executing a time-reversible/reciprocal motion (i.e.,

the forward motion is the same as the backward motion in space and time) will not

be able to swim in the Stokes regime.3 This is due to the fact that at these small

length scales, fluid dynamics is dominated by viscous forces rather than inertial forces

(low-Reynolds numbers).3,4 As a result, researchers have tried to mimic the swimming

strategies of flagellated micro-organisms5 (e.g., bacteria and spermatozoa), which are

able to generate a non-reciprocal motion by the use of hair-like projections known as

Based on Namdeo, et al. Swimming dynamics of bidirectional artificial flagella, Phys. Rev. E,

88(4):043013, (2013).
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(a) (b)

Figure 4.1: (a) Three video-fields (A–C), successively 200 ms apart, showing bend propagation

in a spermatozoon. 11 The scale bar is 10 µm. (Figures are reproduced with permission of the

copyright owner(s).) (b) Conceptual design illustration of a magnetic micro-swimmer with the

magnetic portion consisting of a polymer matrix embedded with magnetic nano-particles such

that it can be actuated through an oscillatory external magnetic field.

flagella.2,4,6–10 For instance, Dreyfus and coworkers6 have used a DNA-linked magnetic

colloidal chain, which can be actuated using an external magnetic field, mimicking the

swimming of spermatozoa (see Fig. 4.1a).

To explore and exploit the propulsion capabilities of flagella, the swimming dynamics

of externally-actuated flexible filaments has been analyzed analytically12–17 and exper-

imentally18 in the literature. Efforts have also been made to experimentally investi-

gate swimming of a magnetically-actuated centimeter-sized flexible film attached to a

magnetic head.19,20 The filaments/films move forward by pushing the surrounding fluid

during their bending motion, and the swimming dynamics is driven by the undulating

motion of the elastica in a viscous medium. However, many of the suggested micro-

swimmers cannot reverse their swimming direction, which is an important asset of

micro-object manipulation, particularly in confined flow geometries. Interestingly, micro-

organisms exist in nature (e.g., ochrophytes) that have flagella covered with vertical

appendages (called ‘mastigonemes’).21–24 A flagellum bearing mastigonemes is known

to swim in a direction opposite to that of a smooth flagellum.21–25 In this work, we

adopt this mechanism to develop a bio-inspired bi-directional swimmer by combining

the swimming principles of a smooth flagellum and a flagellum with mastigonemes. To

control the swimming speed and direction, we employ two different responsive materials

that can be externally actuated using magnetism2,6,8–10,18–20,26–28 and light.29–31 We

study the swimming dynamics of such a micro-swimmer using a solid–fluid interaction

model and explore the underlying physics using dimensionless parameters.

The chapter is organized as follows. In section 4.2, we describe the computational

model used in the present study, where the fluid–solid interaction (FSI) problem and
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the Maxwell’s equations are solved simultaneously in order to account for the magnetic

forces due to the external magnetic actuation. Also, we identify the dimensionless pa-

rameters that govern the swimming dynamics of a partially-magnetized flexible elastica.

Subsequently, in section 4.3, the results associated to the unidirectional (section 4.3.1)

and the bi-directional (section 4.3.2) swimming of the flexible elastica are presented and

analyzed. Finally, conclusions are drawn that summarize the key points of the present

work in section 4.4.

4.2 Computational model and dimensional analysis

Analyzing the swimming of a magnetically-actuated micro-swimmer (a conceptual design

is shown in Fig. 4.1b) requires a computational model that accounts for the fluid–solid

interaction (FSI) between the deforming swimmer and the surrounding fluid, while prop-

erly incorporating the changing magnetic forces imposed by the applied magnetic field.

To do so, we use a two-dimensional computational framework in which the magneto-

static, fluid dynamics and solid mechanics equations are simultaneously solved using the

finite element method. Although the flow around an oscillating flagellum is intrinsically

three-dimensional in nature, here we consider a model system to explore the underlying

physics associated with flagellar propulsion and plausible means to achieve swimming

direction reversal. Our analysis is similar to the analysis performed by Taylor,32 in

which the swimming of an infinite sheet has been analyzed. The obtained swimming

velocity was shown to have a similar (qualitative) dependence on the flagellar wave

parameters compared to experimental observations32,33 and to three-dimensional theo-

retical approaches.34–37 A similar design as shown schematically in Fig. 4.1b (a floppy

film attached to a magnetic head) has been analyzed experimentally at the millimeter

length scale.19,20

We follow the same approach as in Khaderi et al.27, where we linearize and discretize

the principle of virtual work to arrive at the final set of equations by adopting an

updated Lagrangian framework. The micro-swimmer is represented by a collection of

2D beam elements, which act as an internal boundary to the fluid domain. A monolithic

approach is used to couple the Lagrangian formulation of the solid to the Eulerian

formulation of the fluid, where we incorporate the fluid drag forces using the method of

Lagrange multipliers.38 During the simulations the external magnetic actuation leads to

the generation of magnetic body couples that are considered as an external force vector

to the FSI model. The magnetic body couples are obtained by solving the Maxwell

equations for the magnetostatic problem with no free currents.39 Using dimensional

analysis, it can be shown that the system parameters (e.g., length, thickness, stiffness,

fluid viscosity, and magnetic field; see Fig. 4.2a) can be captured in terms of the following

set of dimensionless parameters,
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(i) the fraction of film that is magnetic,

L0/L, (4.1)

(ii) the magnetic number,

Mn = 12B2
extLL0/µ0Eh

2, (4.2)

(iii) the fluid number,

Fn = 12µL3/Eh3tref , (4.3)

where L0 is the magnetic portion of the elastica characterized by the magnetic suscep-

tibility tensor χ, L and h are the length and thickness of the film, respectively. E is

Young’s modulus, µ is the viscosity of the fluid, tref is the cycle time of the magnetic field

oscillation, Bext is the magnitude of the applied magnetic field, and µ0 is the permeability

of free space. Note that we have one length parameter, L0/L, defining the normalized

length of the magnetic portion in the elastica, and two force parameters obtained through

normalization with the elastic forces, namely; the magnetic number, Mn, defining the

ratio of magnetic to elastic forces, and the fluid number, Fn, defining the ratio of fluid

to elastic forces.‡ The computational framework and dimensional analysis are briefly

summarized in the Appendix given at the end of this chapter; for full details of the

approach and validation studies the reader is referred to Khaderi et al.27.

4.3 Results and discussion

The micro-swimmer consists of a functional polymer film, which is partially-magnetic (us-

ing embedded super-paramagnetic nano-particles), such that it can be actuated through

an oscillatory external magnetic field, see Fig. 4.2a. The magnetic field at any time

instant t is Bext = Bext cos(θ)i+Bext sin(θ)j, where Bext is the magnitude of the field, i

and j are the unit vectors in the coordinate directions, θ = θmax sin(ωt) and θmax is the

maximum rotational angle for the magnetic field vector (Bext), ω = 2π/tref is frequency

of the applied magnetic field, and tref is the cycle time. Note that the magnetic field

oscillates between the angles −θmax and +θmax, see Fig. 4.2a. The length and thickness

of the polymer film are L and h, respectively, and the magnetic portion of the film has

length L0. The micro-swimmer, which we termed ‘partially-magnetized elastica’ (PME),

is placed in the center of a microfluidic channel, where both the width and height of the

channel are twice the micro-swimmer’s length, L. The microfluidic channel is represented

by no-slip top and bottom boundaries while the left and right are considered as free

boundaries. For the simulations, the micro-swimmer is discretized using 40 equal-sized

‡The definition of the fluid number Fn is similar to the ‘sperm number’, Sp = (L4µω
EI

)1/4, defined by

Lowe13 and is used as a non-dimensional length parameter by other researchers.7,12,14–18 It can be

shown that for the PME, Fn =
S4

p
b

2πL
.
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(a)

LL 0

L 0
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(b)

Figure 4.2: (a) Partially-magnetized elastica (PME) of functional polymers under an external

magnetic field (Bext), where the magnetic portion is characterized by the length L0 and

the magnetic susceptibility tensor χ. Furthermore, h and E are the thickness and Young’s

modulus of the elastica, respectively, while µ is the viscosity of the fluid. The solid–fluid

interaction induces bending deformations during the magnetic actuation as illustrated. (b)

Steady-state non-reciprocal motion of the magnetically-actuated PME for L0 = 0.5L. The

solid lines represent the upward motion (from −θmax to +θmax) and the dashed lines represent

the downward motion (from +θmax to −θmax). Note that the induced bending curvature

changes sign during the actuation cycle leading to propulsion of the PME. All configurations are

translated such that the left ends of the PME meet at one point. An animation of the PME’s

forward swimming is included as supplementary information, see Ref. 40

beam elements and the fluid domain is divided into 30×30 elements,27 which assure

numerical convergence of the results. Furthermore, we take h/L = 1/100, θmax = 26.57

degrees, and the tangential and normal magnetic susceptibilities are assumed to be

χt = 4.6 and χn = 0.8, respectively.27 The rest of the parameters will be specified

through the three dimensionless quantities; L0/L, Fn and Mn.

4.3.1 Unidirectional swimming using magnetic actuation

During magnetic actuation, the orientation of the magnetic portion follows the external

magnetic field (Bext) and due to the viscous resistance of the fluid, bending deformations

are induced in the non-magnetic portion of the PME (see Fig. 4.2a). As a result, the

micro-swimmer pushes the fluid to the right with a net force Fx, causing a swimming

velocity (U) to the left, see Fig. 4.2b (and the animation in the supplementary information
40). In the following, we will study how the swimming velocity depends on the film

properties and magnetic field parameters. Note that the propulsive dynamics of an

end-actuated flexible filament has been extensively analyzed in the literature.7,12–18

However, any practical implementation requires a finite-sized magnetic object/head to
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B B B

t = 0.18tref t = 0.36tref t = 0.50tref

B B B

fluid propulsion

t = 0.64tref t = 0.82tref t = 1.00tref

Figure 4.3: Steady-state non-reciprocal motion of the magnetically-actuated PME for L0 =

0.5L. The contours represent the horizontal velocity of the fluid (dark (or red) and light (or

yellow) colors represent a velocity of +15 mm/s and -15 mm/s, respectively). At various time

instances the applied magnetic field and the streamlines indicating the direction of the velocity

are shown. The fluid particles are pushed to the right as indicated by the last figure after one

actuation cycle. Note that there is a gradient in the fluid particle velocity due to the presence

of the no-slip boundary conditions at the top and bottom surfaces of the microfluidic channel.

The non-zero area swept by the PME’s right tail is shown with the solid black line, which is an

indication of non-reciprocal motion. The PME is constrained not to swim by fixing the lateral

and transverse motions of the left magnetic tip, while rotations are allowed (hinged boundary

condition).

be attached to the flexible film/filament. Here, we aim to explore this effect by studying

the role of L0/L on the swimming dynamics. To do so, we start out by exploring the

hydrodynamic origin of the swimming dynamics in some more detail by looking at the

system from a fluid propulsion (Lagrangian) point-of-view. For this, we analyze a non-

propelling PME by fixing the lateral and transverse motions of the magnetic tip while

rotations are allowed (hinged boundary condition). Figure 4.3 shows the steady-state

non-reciprocal motion at various time instances for L0 = 0.5L, in addition to the applied

magnetic field (Bext), contours of horizontal fluid velocity, and streamlines indicating
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Figure 4.4: Swimming velocity as a function of Mn and L0/L for a given value of Fn. For

all values of Fn, the swimming velocity is maximal for (L0/L)opt and the (L0/L)opt value is

monotonically increasing with Fn. In addition, for all values of (L0/L)opt (corresponding to

specific Fn values) the swimming velocity saturates when Mn > 70Fn as the micro-swimmer

becomes fully responsive to the applied magnetic field (see the text). The solid lines correspond

to L0/L = (L0/L)opt, while the dashed and dash-dotted lines correspond to L0/L < (L0/L)opt

and L0/L > (L0/L)opt, respectively.

the direction of the velocity. Note that the bending curvature changes sign during the

upward and downward strokes, which breaks the time symmetry, leading to propulsion.

The magnetically-actuated (magnetic) portion of the PME remains rigid (under the

influence of the magnetic field) while it rotates and follows the external magnetic field (see

Fig. 4.3). During both the upward and downward strokes the micro-swimmer pushes the

fluid to the right as indicated in Fig. 4.3. For a propelling PME, the similar undulating

motion is observed as shown in Fig. 4.2b, where all configurations are translated such

that the left end of the PME meet at one point.

Next, we analyze the swimming velocity of the PME as a function of the dimensionless

parameters derived in section 4.2. For a given value of Fn the influence of the other

dimensionless parameters are shown in Fig. 4.4 with the swimming velocity (U) being

normalized with L/tref . It is interesting to note that L0/L = 0 and 1 represent two

extreme cases for which the swimming velocity will be zero, either due to the lack of

external actuation (L0 = 0) or due to reciprocal motion (L0 = L). The simulation results

demonstrate that for a given value of Fn the swimming velocity reaches a maximum for

0 < (L0/L)opt < 1 as shown in Fig. 4.4. The optimal value (L0/L)opt (i.e., the L0/L

value that leads to maximal velocity for a given Fn) is found to be (monotonically)

increasing with Fn. In addition, for given values of L0/L and Fn, the swimming velocity

increases initially withMn and saturates for higherMn values, which is related to the fact

that the magnetic portion of the PME becomes fully responsive to the applied magnetic

field at high Mn values by overcoming the viscous resistance of the surrounding fluid.

Obviously, the Mn value required to achieve a fully responsive micro-swimmer depends
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Figure 4.5: Normalized swimming velocity, U∗ = Utref/L, as a function of Fn and L0/L

for fully responsive micro-swimmers (Mn > 70Fn). The white dots represent the maximum

swimming velocity associated with (L0/L)opt for a given value of Fn. The swimming velocity

is maximal for Fn = 1.5 and the corresponding value of (L0/L)opt = 0.55. The analytical

prediction of (L0/L)opt as a function of Fn, (L0/L)opt = 1 − 0.5/F
1/4
n , is shown by the white

line, see the text for details.

on the value of Fn, and it was observed that the PME becomes fully responsive when

Mn > 70Fn. For the cases when L0/L > (L0/L)opt a local peak in the swimming

velocity is observed, which is followed by a decline and eventually a saturation for higher

Mn values (see Fig. 4.4). This is related to the viscous drag-induced deformation of

the magnetic portion, which is prominent for small Mn and thus contributes to the

propulsion. However, when the magnetic field increases, the magnetic portion of the

film becomes more and more rigid, leading to a reduced portion of the swimmer (i.e.,

L − L0) that contributes to the non-reciprocal deformation. For the fully responsive

micro-swimmers (Mn > 70Fn), the normalized swimming velocity (U∗ = Utref/L) as

a function of Fn and L0/L is shown in Fig. 4.5. The maximum swimming velocity

associated with (L0/L)opt is highlighted with white dots for all given values of Fn. The

swimming velocity is maximal (U∗ = 59.4 × 10−3) for Fn = 1.5 with a corresponding

value of (L0/L)opt = 0.55.

The swimming velocity depends on the non-reciprocal motion executed by the PME

in the presence of a viscous medium. The deformed shape of the magnetically-actuated

PME at various values of L0/L and Fn is shown in Fig. 4.6. By correlating the deformed

shapes of the PME to their respective swimming velocities shown in Fig. 4.5, it can be

noted that short non-magnetic tails (e.g., L0/L > (L0/L)opt) at small Fn values as well
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Figure 4.6: The deformed shape of the magnetically-actuated PME at various values of L0/L

and Fn, and for Mn > 70Fn. The broken (and red) and solid (and blue) lines represent the

upward and downward motion of the PME, respectively. All configurations are translated such

that the left ends of the PME meet at one point. For a given value of Fn the optimal PME’s

configurations are highlighted by an enclosed box (note that (L0/L)opt = 0.75 for Fn = 10).

as long non-magnetic tails (e.g., L0/L < (L0/L)opt) at large Fn values are inefficient in

creating a net forward propulsion. In the case of short tails, the PME mostly executes

a reciprocal motion, while in the case of long tails, the PME motion is hindered due to

excessive drag.7,12,14–18 Clearly, for low Fn values the optimal L0/L is small in order

to maximize the bending deformations in the non-magnetic portion, while for large Fn

values the optimal L0/L is large to generate appreciable oscillation amplitudes.

Swimming of (end)-actuated flexible filaments of finite-length has been analyzed in

the literature,7,12–18 where it has been shown that the optimal length of the filament

scales with a characteristic viscous penetration length, defined by lη = (EI/µω)1/4 with

I being the second moment of area. Using this result, we can approximate the optimal

length of the non-magnetic portion to scale with L/F
1/4
n , because Fn ∝ µω/EI. Since the

PME can be considered as an end-actuated elastica of length L− L0 (the non-magnetic

portion of the film), we can write (L − L0)opt = CL/F
1/4
n , where the proportionality

constant, C, has to be determined. Using one sample simulation result (i.e., for Fn = 1

the optimal magnetic portion is (L0/L)opt = 0.5) we obtain C = 0.5, giving the relation,
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(L0/L)opt = 1 − 0.5/F
1/4
n , which is in accordance with the simulation results as shown

in Fig. 4.5.

Next, we perform a simple analytical study for the PME propulsion, where we

attempt to capture the functional dependence of the optimal swimming velocity on the

dimensionless parameters as shown in Fig. 4.5 for fully responsive micro-swimmers. The

fully responsive PME motion demonstrates a typical first mode of oscillations as shown

in Figs. 4.2b and 4.3, which can be decomposed into two individual reciprocal motions

that beat out-of-phase, with the first reciprocal motion representing a rigid-body rotation

(due to the magnetic actuation) and the second a non-linear cyclic deformation (due to

the fluid drag). Interestingly, the interaction of these two individual reciprocal motions

would lead to a non-reciprocal motion (the oar motion), which can be represented by a

simple mathematical expression given by

y(x, t) = a1 sin(ωt)(x/L)
︸ ︷︷ ︸

Term−1

+ a2 sin(ωt+ Φ)(x/L)m

︸ ︷︷ ︸

Term−2

, (4.4)

where Φ is the phase lag, a1 dictates the amplitude of the rigid-body rotation, and a2

and m dictate the amplitude and curvature associated with the fluid-induced bending

deformations of the non-magnetic portion, governed by Fn and L− L0.

Now, the resistive force theory suggested by Gray and Hancock34 can be used to

get a first-order approximation of the swimming velocity associated with the oar motion

mathematically represented by Eq. 4.4. Assuming the local drag-coefficients (per unit

length) for a micro-swimmer to be Cn and Ct in the normal and tangential directions,

respectively, the x-component of the total force on the micro-swimmer of length L can

be written as34

Fx =

∫ L

0

Ct

{(
Cn

Ct
− 1

)
dy

dt

dy

dx
− U

}

ds = 0. (4.5)

Note that the above expression is derived assuming that the micro-swimmer is swimming

with a velocity U . The total force consists of a propulsive part due to the non-reciprocal

motion (first term of the integrand in Eq. 4.5) and a retarding part due to the drag forces

opposing the horizontal swimming velocity (the second term in Eq. 4.5). When the micro-

swimmer reaches a steady-state swimming velocity U , the propulsive and retarding forces

are in (dynamic) equilibrium, so that the total force must be zero.25 By substituting

Eq. 4.4 into Eq. 4.5 the swimming velocity can be calculated to be

U = π (Cn/Ct − 1) a1a2 sin(Φ)(m− 1)/(m+ 1)Ltref . (4.6)

This expression clearly emphasizes the need of a phase difference between two (recip-

rocal) degrees-of-freedom associated with a micro-swimmer, in order to generate a non-

reciprocal motion and the associated non-zero swimming velocity.3,41 Similar arguments

have been given for two hydrodynamically interacting scallops individually executing a
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Figure 4.7: For the cases of optimal swimming velocities, comparison of the analytical

prediction of the swimming velocities with the simulation results (represented by the filled

circles). The swimming velocity is maximal for (L0/L)opt = 0.55 and the corresponding value

of Fn = 1.5. Note that the analytical results are scaled with a proportionality factor.

reciprocal motion.42 The swimming velocity will be maximum for a phase difference of

±π/2 and can be reversed by reversing the sign of the phase difference (discussed in the

next section).

For the PME motion the induced bending curvature due to the fluid drag indicates

m > 1 and a phase difference, Φ ≃ −π/2, which are governed by the viscous forces and

cannot be externally controlled (i.e., the PME can not reverse the swimming direction).

By comparing the actual PME motion with Eq. 4.4 for the cases of optimal swimming

velocities, the parameters of Eq. 4.4 were found to depend on the PME system parameters

through a1 = L sin(θmax), a2 sin(Φ) ∝ L0(1 − L0/L), and m = 1 + 10L0/L, where m

controls the portion of the film involved in the induced bending curvature which is

governed by L0/L. Substitution in Eq. 4.6 yields

U∗
opt = Uopt(tref/L) ∝ L2

0(L− L0) sin(θmax)/(L0L
2 + 0.2L3), (4.7)

which is in accordance with the simulation results of Fig. 4.5, with both simulations and

Eq. 4.7 predicting an overall maximal swimming velocity for (L0/L)opt = 0.55 and the

corresponding value of Fn = 1.5, see Fig. 4.7.

4.3.2 Bi-directional swimming: a conceptual design using

magnetic- and photo-actuation

As explained above, the swimming direction cannot be reversed for the current design

of the PME. This is due to the fact that the curvature (κ) in the non-magnetic portion

is drag-induced, which always lags behind the magnetically-actuated rigid-rotations (θ)
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Figure 4.8: Conceptual design of bi-directional swimming of a magneto- and photo-responsive

micro-swimmer. The associated configurational space indicates the respective values of the

angular rotation (θ) and the curvature (κ) in the magnetic and non-magnetic portions of

the micro-swimmer, respectively, along with their actuation sequence. Forward swimming

corresponds to a negative phase difference, Φ = −π/2, while backward swimming corresponds

to Φ = π/2.

of the film (i.e., the phase angle Φ is negative). The associated configurational space3

for the PME can be illustrated by ‘Scenario-1’ in Fig. 4.8, corresponding to Φ = −π/2.

Note that the configurational space is represented by two degrees-of-freedom (e.g., κ and

θ) and their out-of-phase time-sequence necessary to achieve a non-reciprocal motion.
3 Consequently, reversing the time-sequence of the configurational degrees-of-freedom

will reverse the swimming direction as schematically depicted by ‘Scenario-2’ in Fig. 4.8,

corresponding to a phase-lag Φ = π/2. Although Fig. 4.8 corresponds to the specific

degrees-of-freedom κ and θ, the sketched scenarios are generic and apply to other micro-

swimmers as well (e.g., Purcell’s three-link swimmer3 or hydrodynamically interacting

scallops42).

Control of the swimming direction is an important aspect of micro-object manip-

ulation in small flow-geometries such as the micro-channels in lab-on-a-chip devices.

In order to endow the PME with bi-directional swimming functionality, an additional

independently controlled actuation mechanism is needed to tune the time-sequence of

the rotation (θ) and bending (κ) degrees-of-freedom. One possibility to achieve this is

to use light in order to externally control the bending curvature in the non-magnetic

portion of the PME by means of photo-responsive polymers. It is known that liquid–

crystalline polymer films develop a reversible Gaussian curvature upon photo-activation.
29–31 Using such photo-responsive materials along with the magneto-responsive materials,

a bi-directional micro-swimmer can be designed according to the phase-lag controlled

actuation strategy depicted in Fig. 4.8. Although the above suggested strategy provides a

simple design for a bi-directional micro-swimmer, it requires a complex synchronization of



4.3. Results and discussion 93

the two independent actuation mechanisms (light and magnetic field). Also, it constrains

the actuation frequencies of the magnetic- and light-induced actuations, as well as the

associated material response, to be of the same order. However, it is known that the light

response of liquid–crystalline polymers is much slower29–31 compared to the magnetic

response of the magneto-responsive polymers,28 which poses an obvious challenge to the

above design.

4.3.3 Bi-directional swimming using photo-responsive

mastigonemes

Recently, we suggested a bio-inspired approach to obtain swimming direction reversal,

by referring to the hydrodynamic operation of ochrophytes that feature flagella covered

by side-appendages, called mastigonemes.25 In these micro-organisms, the mastigonemes

work as cilia and cause a reversal in swimming direction compared to a smooth flagel-

lum.25 It was concluded that the mastigonemes sweep an area in synchrony with the beat

cycle of the flagella and push the fluid in the swimming direction of the base flagellum.

Basically, the non-zero swept area due to the mastigoneme’s motion has to be maximized

in order to get an efficient direction reversal.25 We adopt this mechanism to explore a

novel bio-inspired swimmer for which bi-directional swimming is provided by combining

the swimming principles of a smooth flagellum and a flagellum bearing mastigonemes.

The micro-swimmer is partially magnetic and mimics the flagellar swimming by executing

an oar motion once actuated using an external magnetic field, see the left panel of Fig. 4.9.

Note that the bending deformations are caused by the viscous forces imposed by the

fluid, similar to the PME analyzed in section 4.3.1. To reverse the swimming direction,

the photo-responsive (non-magnetic) portions of the micro-swimmer are photo-actuated,

inducing bending, which mimics the appearance of two mastigonemes, see the right panel

of Fig. 4.9.

Steady-state non-reciprocal motion of such a bi-directional micro-swimmer is shown in

Fig. 4.10, where we explore the hydrodynamic origin of the swimming direction reversal

by looking at the system from a fluid propulsion point-of-view. Here, we analyze a

non-propelling PME by fixing the lateral and transverse motions of the left tip while

rotations are allowed (hinged boundary condition). At various time instances the applied

magnetic field (Bext) and the streamlines indicating the direction of the velocity are

shown. The magnetically-actuated (magnetic) portion of the PME remains rigid (under

the influence of the magnetic field) as it rotates and follows the external magnetic field. In

the left column, the forward swimming of the PME is shown, where the PME executes

an oar motion upon actuation with an external magnetic field. The non-zero swept

area by the tail end is also indicated (the tail sweeps the trace of an eight), which is a

measure of the non-reciprocal motion (compare to Fig. 4.3). During both the upward
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Figure 4.9: Illustration of bi-directional swimming of the PME, where the non-magnetic

portion is fabricated with photo-responsive liquid–crystalline (LC) polymers. The forward

swimming is achieved by executing a flagellar (oar) motion upon actuation with an external

magnetic field, see the left image. To reverse the swimming direction the swimming principle

of a flagellum bearing mastigonemes is exploited, where the photo-responsive (non-magnetic)

portions of the micro-swimmer are photo-actuated to form the mastigoneme structures, see the

right image.

and downward strokes the micro-swimmer pushes the fluid to the right as indicated in

Fig. 4.10. In the right column, the swimming direction reversal is shown in the photo-

actuated state, where the non-magnetic portions of the PME are photo actuated to mimic

the mastigonemes. The mastigonemes work as cilia, where the fluid propulsion is achieved

due to spatially asymmetric motion during its working cycle consisting of an effective and

a recovery stroke.25 During the effective stroke the cilium stands high and pushes the

fluid, while during the recovery stroke, it remains low to limit the back flow, which results

in fluid flow in the direction of the effective stroke. It was shown that during (planar)

asymmetric beating of a cilium, a non-zero area is swept by the cilia tip that can be used

to quantify the net fluid displaced (a linear relation was found between the swept area

and fluid flow).26 The area swept by the tip of these ‘mastigonemes’ are shown with the

arrows representing the direction of motion. Interestingly, for the magnetically-actuated

PME, the upper and lower mastigonemes are synchronized in such a fashion that when

the upper mastigoneme executes an effective stroke the lower mastigoneme goes through

a recovery stroke, and vice versa. This coordinated motion (driven by the magnetic

actuation) leads to effectively pushing the fluid to the left as indicated in Fig. 4.10.

For details, the reader is referred to our earlier work.25 Thus, the bi-directional PME

swimmer in the non-photo-actuated state executes an oar motion leading to swimming
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Figure 4.10: Steady-state non-reciprocal motion of a non-propelling PME (hinged boundary

condition at the left tip) demonstrating the hydrodynamic origin of the swimming direction

reversal. The contours represent the horizontal velocity of the fluid (dark (or red) and light (or

yellow) colors represent a velocity of +15 mm/s and -15 mm/s, respectively). The direction of

the velocity is given by the streamlines, and the gray arrowhead represent the applied magnetic

field at the respective time instants (indicated in the middle column). The non-zero area

swept by the upper and lower appendages of the PME is shown with the arrows indicating the

respective direction of motion. The fluid particles are pushed to the right due to the oar motion

(see the left column) initially, and in the photo-actuated state (when the appendages mimic

natural mastigonemes) they are pushed to the left (see the right column), as indicated by the

bottom figure(s) after one actuation cycle.

in the forward direction, whereas in the photo-actuated state the non-magnetic portions

execute a synchronized ciliary motion (the upper and lower mastigonemes are effectively
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Figure 4.11: Simulation results showing the influence of the effective mastigoneme’s height,

H, (formed by the photo-responsive, non-magnetic portion of the PME, see the inset) on the

swimming velocity of a fully responsive PME, where Uf is the swimming velocity of the PME in

the absence of the photo-actuation. The light-actuated appendages sweep a non-zero area, which

increases with H/L, leading to the swimming direction reversal. 25 The swimming direction is

reversed when H/L > 0.22, where L is the initial length of the micro-swimmer.

pushing the fluid alternatively) leading to swimming in the backward direction, see

Fig. 4.10 and the supplementary information,40 where an animation of the bi-directional

swimming of the PME is provided. Interestingly, Chlamydomonas – a genus of green

alga – swims by means of synchronous ciliary beating of its two flagella.43,44 However,

it can suddenly change/reverse its swimming direction by generating flagellar beating of

its two flagella upon exposure to light or calcium ions.44

The photo-response (induced bending curvature) of liquid-crystalline polymer is mod-

eled via eigen strains in our finite element model, which are provided as an external input

to the system only during the photo-actuated state. To do so, we add the contribution

of the eigen strains directly to the internal virtual work expression.45 The photo-induced

bending curvature can be directly correlated to the internal micro-structure of the liquid–

crystalline polymer and the intensity of the light source.29,30 To account for this, we use

representative bending curvatures to represent the deformed configuration of the photo-

responsive section as illustrated in Fig. 4.11. We have explored the influence of the

light-induced curvature (in terms of the effective mastigoneme height H, see the inset)

on the swimming velocity for the fully responsive micro-swimmers in Fig. 4.11. It can be

noted that the light-actuated appendages sweep a non-zero area, which increases with

H/L, leading to swimming direction reversal for a critical value of H (H/L ≈ 0.22).

A similar change in swimming direction was observed for flagella covered by multiple

mastigonemes.25
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4.4 Conclusions

We have analyzed the swimming hydrodynamics of magnetically-actuated artificial flag-

ella (termed PME) using a computational approach in which the coupled magneto-

static, fluid dynamic, and solid mechanics equations are solved simultaneously. We have

identified the key dimensionless parameters that can be used as a guideline to achieve

an optimal (maximum) swimming velocity. It has been observed that the magneto-

responsive micro-swimmers become fully responsive to the applied magnetic field when

Mn > 70Fn. Also, the role of Fn and L0/L on the swimming velocity is explored, showing

that the swimming velocity is maximal for (L0/L)opt = 0.55 and Fn = 1.5. These results

allow optimal magnetic artificial flagella to be designed for a given fluid viscosity subject

to the PME manufacturing constraints.

The bi-directionality of the micro-swimmer is addressed by proposing photo-responsive

liquid–crystalline polymers for the non-magnetic portion(s) of the micro-swimmer as an

additional actuation mechanism. By controlling the phase lag between the two actuation

mechanisms (magnetic field and light), the swimming direction can be reversed. This

generic conceptual design is expected to be applicable to other material systems and

physical actuation mechanisms as well.

Finally, the bi-directionality was demonstrated through a bio-inspired approach in

which the photo-responsive non-magnetic sections mimic natural mastigonemes that act

as cilia. Such a micro-swimmer can be easily manufactured with state-of-the-art polymer

processing technologies such as inkjet printing and can potentially be used for various

bio-medical applications such as micro-object manipulation in lab-on-a-chip devices.
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Appendix – D : Computational framework to study swimming dynamics

To solve the coupled fluid–structure interaction (FSI) problem, we utilize the principle

of virtual work containing all the relevant energies, and adopt an updated Lagrangian

framework to arrive at the final set of equations. We use a monolithic approach to couple

the solid mechanics and fluid dynamics equations and incorporate the fluid drag forces

using Lagrange multipliers.38 Full details of the approach can be found elsewhere.27

D.1 Finite element formulation of the solid mechanics equations

The principle of virtual work (δW t+∆t
int = δW t+∆t

ext ) for the system under consideration

can be written as
∫

σδǫdV =

∫

(δu)TTddA+

∫ (

fxδu+ fyδv +Nz
∂δv

∂x

)

dV, (D-1)

where σ is the stress at point (x, y), Td = {Tu, Tv}
T is the surface traction vector due

to viscous forces of the fluid, fx and fy are the magnetic body forces in the axial and

transverse directions, respectively, and Nz is the magnetic body couple in the out-of-

plane direction. The deformation of a 2D beam structure can be described in terms

of the axial and transverse displacements of its axis, u = {u, v}T . The characteristic

strains, given by the axial strain ǫ and the curvature κ, contribute to the Lagrange strain

ǫ as

ǫ =
du

dx
+

1

2

(
dv

dx

)2

− y
d2v

dx2
= ǫ− yκ. (D-2)

For a beam of uniform cross-section of A = bh with h and b being the thickness and

out-of-plane width, respectively, we can write the virtual work done by the internal forces

δW t+∆t
int =

∫

x

(Pδǫ+Mδκ) dx, (D-3)

where P =
∫
σdA and M = −

∫
σydA. The virtual work equation at time t+ ∆t can be

written as

δW t+∆t
int =

∫

x

(
P t+∆tδǫt+∆t +M t+∆tδκt+∆t

)
dx, (D-4)

which can be expanded linearly in time by assuming Qt+∆t = Qt + ∆Q, and can be

simplified by neglecting the higher-order terms, leading to

δW t+∆t
int =

∫

x

(
P tδǫt +M tδκt + ∆Pδǫt + ∆Mδκt + P t∆δǫ

)
dx. (D-5)
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We use the finite element formulation to discretize the system (micro-swimmer) in terms

of the nodal displacements and rotations de of the Euler-Bernoulli beam elements with

de = {u1, v1, φ1lr, u2, v2, φ2lr}
T , where ui, vi, φi, i = 1, 2, denote the nodal displacements

and rotation of the element in nodes 1 and 2, respectively, and lr is a reference length

chosen to be the total length of the elastica (L) in the present analysis. The axial

displacements are linearly interpolated while the transverse displacements are cubically

interpolated,

u = Nude, v = Nvde, (D-6)

where Nu and Nv being the standard interpolation matrices.46 Now, using the standard

finite element notations du/dx = Bude, dv/dx = Bvde, d
2u/dx2 = Cvde and constitu-

tive relations ∆P = EA∆ǫ, ∆M = EI∆κ with E being the elastic modulus and I being

the second moment of inertia given as I = bh3/12, the discretized virtual work equation

can be written as

δdT
e

(
Kt

e∆de + f t
int − f

t+∆t
ext

)
= 0. (D-7)

Here, Kt
e is the elemental stiffness matrix and f t

int is the internal nodal force vector,

given by

Kt
e =

∫

x

(
EABT

uBu + EICT
v Cv + P tBT

v Bv

)
dx

and

f t
int =

∫

x

(
P tBT

u +M tCT
v

)
dx.

The external force vector fext is obtained from the external virtual work using

δW t+∆t
ext =

∫

x

b(δut+∆t)TT t+∆t
d dx+

∫

x

A

(

f t+∆t
x δu+ f t+∆t

y δv +N t+∆t
z

∂δv

∂x

)

dx

= δdT
e f

t+∆t
ext ,

with

f t+∆t
ext =

∫

x

[
bNTT t+∆t

d +A(NT
u f

t+∆t
x +NT

v f
t+∆t
y +BT

v N
t+∆t
z )

]
dx

in which N consists of the shape functions Nu and Nv and the domain of integration

was chosen to be the deformed configuration (updated Lagrangian framework, de = 0).

Finally, the equations of motion can be written after the finite element assembly as

δdT
(
Kt∆d+ F t

int − F
t+∆t
ext

)
= 0. (D-8)

The external forces Fext consist of tractions imposed by the fluid and the magnetic forces

due to external actuation.
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D.2 Formulation of the fluid dynamics equations

The principle of virtual work in rate form for the fluid problem can be written by

neglecting the inertial terms47 as
∫

σijδDijdV +

∫

δp
∂ui

∂xi
dV = 0, (D-9)

where σij and Dij represent the components of the stress tensor and the deformation rate

tensor in the fluid, respectively, ui represents the components of the fluid velocity in the

ith direction, p is the pressure and dV = bdxdy. The first term represents the work due

to the internal stresses in the fluid while the second term imposes the incompressibility

condition. Note that u (without a subscript) represents the axial displacement of a point

on the beam, while ui (with a subscript) represents the fluid velocity. The constitutive

relation for the fluid is σij = −pδij + 2µDij , where δij is the Kronecker delta and µ is

the fluid viscosity. It is to be noted that x represents a spatial point in the fluid domain

(Eulerian point of view), while it represents the position occupied by a material point

on the beam in the solid domain (Lagrangian point of view). The pressures are linearly

interpolated while the velocities are quadratically interpolated (we use the Taylor-Hood

Q2Q1 element).47 To discretize the velocity and pressure, we write
{

u1

u2

}

=

[

φ1 0 φ2 0 φ3 0 . . .

0 φ1 0 φ2 0 φ3 . . .

]
{

u1
1, u

1
2, . . .

}T

= φIiUI = φTU ,

p =
[

ψ1 ψ2 ψ3 . . .
]{

p1, p2, p3 . . .
}T

= ψIPI = ψTP ,

where uJ
i represents the components of fluid velocity in the ith direction at the Jth node,

pJ represents the magnitude of the pressure at the Jth node, and φJ and ψJ are the

shape functions used to interpolate the nodal velocities and pressure, respectively. The

various terms in the fluid’s virtual work equation are evaluated as follows:
∫

σijδDijdV =

∫

(−pδij + 2µDij) δDijdV

=

∫ (

−pδij + µ

(
∂ui

∂xj
+
∂uj

∂xi

))
∂δui

∂xj
dV,

= µδUI

∫
∂φIi

∂xj

(
∂φJi

∂xj
+
∂φJj

∂xi

)

dV UJ − δUI

∫
∂φIi

∂xj
ψJdV PJ ,

= δUT
I

(
KUU

IJ UJ +KUP
IJ PJ

)
= δUT

(
KUUU +KUPP

)
, (D-10)

∫

δp
∂ui

∂xi
dV =

∫

δpIψI
∂φJi

∂xi
UJdV = δpI

∫

ψI
∂φJi

∂xi
dV UJ = δP T

(
KUP

)T
U . (D-11)

Finally, by using the discretized terms in Eq. D-9, we arrive at the discretized form of

the fluid’s virtual work equation27

δUTKUPP + δUTKUUU + δP T (KUP )TU = 0. (D-12)
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D.3 Fluid–solid interaction using the monolithic approach

To solve the fluid–solid interaction problem, we couple the above described Lagrangian

formulation of the solid to the Eulerian formulation of the fluid, where the solid beam

is considered as an internal boundary to the fluid domain. The method of Lagrange

multipliers38 is used to establish the no-slip condition (e.g., the velocity of the solid is

equal to the velocity of the fluid) for the fluid–solid interaction. We start by applying the

constraint/no-slip condition to the fluid dynamics model and add the virtual work done

by this constraint force to the solid dynamics model, and finally couple the equations so

that the solid and the fluid equations of motion can be solved implicitly.

First, we incorporate the variation of the Lagrange multiplier (λi) times the constraint

to the fluid dynamics model,

δUTKUPP + δUTKUUU + δP T (KUP )TU + δ(λJ
i (uJ

i − ḋJ
i )) = 0, (D-13)

where uJ
i and ḋJ

i represent the components of the fluid and solid beam velocity, respec-

tively, in the ith direction at the location where the Jth node of the solid beam is present.

Discretizing the constraint equation yields

δ(λJ
i (uJ

i − ḋJ
i )) = λJ

i δu
J
i + δλJ

i (uJ
i − ḋJ

i )

= λJ
i φ

J
IiδUI + δλJ

i (φJ
IiUI − ḋJ

i )

= δUTφJλJ + δλJT (φJTU −AḋJ ),

which can be substituted in Eq. D-13 to result in

δUTKUPP + δUTKUUU + δP T (KUP )TU + δUTφJλJ + δλJT (φJTU −AḋJ) = 0,

(D-14)

where A is a matrix that eliminates the rotational degrees of freedom from ḋ. Invoking

the arbitrary nature of the virtual fields and performing the standard finite element

assembly yields

KUPP +KUUU + Φλ = 0,
(
KUP

)T
U = 0,

ΦTU −Aḋ = 0.

(D-15)

Next, the fluid drag forces are considered as nodal forces whose virtual work is an

additional contribution to the virtual work equation of the solid (see Eq. D-8),

δdT
(
Kt∆d+ F t

int − F
t+∆t
ext

)
− λTAδd = 0, (D-16)

where λ =
{

λ1, λ2
}T

=
{

λ1
1, λ

1
2, λ

2
1, λ

2
2

}T

is the Lagrange multiplier vector,

where λJ
i is the Lagrange multiplier at the Jth node in the ith direction. In general,
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the node of the solid beam is present inside a fluid element and does not coincide with

a fluid node, so that the constraint is satisfied in an approximate sense. As the virtual

quantity δd is arbitrary, we can write

Kt∆d+ F t
int − F

t+∆t
ext −ATλ = 0. (D-17)

The time integration is performed using the trapezoidal rule for which the nodal velocities

(ḋt+∆t) can be written as

K̂ḋt+∆t −ATλ = F̂ t+∆t, (D-18)

where K̂ = 0.5Kt∆t and F̂ t+∆t = F t+∆t
ext − F t

int − 0.5Kt∆tḋt. The above equation

contains the discretized equations of motion for one beam element. The discretized

equations of motion for the whole elastica can be written after performing the standard

finite element assembly procedure46 and by dropping the superscript (t+ ∆t)

K̂sḋ−ATλ = Fs. (D-19)

Finally, combining the equations of motion for the solid (Eq. D-19) and the fluid

(Eq. D-15) results in
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ΦT 0 −A 0
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ḋ
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=







0

0

Fs

0







. (D-20)

This set of equations is solved to obtain the velocities at the solid and fluid nodal points,

the pressure in the fluid, and the Lagrange multipliers at the solid nodal points. Note

that the present approach for the fluid–solid interaction is commonly referred to as the

monolithic approach, as the velocity of the film and the fluid are solved simultaneously

for every time increment (see Eq. D-20).

D.4 Magnetostatics

Maxwell’s equations for the magnetostatic problem with no free currents are39

∇ ·B = 0, ∇×H = 0, (D-21)

with the constitutive relationship B = µ0(M+H), where B is the magnetic flux density

(or magnetic induction), H is the magnetic field, M is the magnetization that includes

the remnant magnetization, and µ0 is the permeability of free space. Substituting the

constitutive relation into the Maxwell’s equations yields ∇ ·H = −∇ ·M . Now, as

∇ ×H = 0 a scalar potential φ exists such that H = −∇φ, which leads to a Poisson
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equation for φ, ∇2φ = −∇ ·M . The general solution of the Poisson equation can be

found by accounting for the effect of discontinuity in the medium39

φ(x) = −
1

4π

∮
n′ ·M(x′)

|x− x′|
dS′ +

1

4π

∫
∇′ ·M(x′)

|x− x′|
dV ′, (D-22)

where n′ is the outward normal to the surface of V . The magnetic field H(x) can be

found from the gradient of φ(x). We discretize the elastica into a chain of rectangular

segments within which the magnetization is assumed to be uniform (i.e., ∇′ ·M = 0 and

the volume integral vanishes). The field is now only due to the jump in magnetization

across the surface of each segment and is given by the surface integral in Eq. D-22 ,

which can be written for any segment i

Ĥi = Gi M̂i, (D-23)

where M̂ = [ M̂x M̂y ]T , Ĥ = [ Ĥx Ĥy ]T and Gi can be obtained from Eq. D-

22.27 Note that Einstein’s summation convention is not applied in this section andˆ is

the indication of the local coordinates. The field with respect to the global coordinates

can be obtained with the rotation matrixRi using the orientation of the segment i. Now,

the field at any element j because of the magnetization of all the segments throughout

the film is

Hj = Hext +

N∑

i=1

RiGijM̂i = Hext +Hself, (D-24)

where Gij properly accounts for the relative positioning of segments i and j and the

geometry of segment i, Hext is the externally applied magnetic field, far away from the

film, and N is the total number of segments. Thus, the magnetic field H in the film is

the sum of the external field Hext and the field induced by the magnetization Hself. By

rotating Hj back to the local coordinates, we obtain

Ĥj = RT
j Hext +

N∑

i=1

RT
j RiGijM̂i. (D-25)

For a super-paramagnetic film, the magnetization M̂j is not known a priori and given

as

M̂j = χ̂ Ĥj = χ̂RT
j Hext +

N∑

i=1

χ̂RT
j RiGijM̂i, (D-26)

where χ is the magnetic susceptibility tensor. Once the set of equations in Eq. D-26 is

solved for the magnetization, the magnetic body couple and body force per unit volume

can be found from N = M ×Bext and f = M · ∇Bext (with Bext = µ0Hext), which

are then supplied as an input to the solid dynamics model.
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Appendix – E : Dimensional analysis

We use the principle of virtual work to identify the dimensionless parameters that govern

the swimming dynamics of a partially-magnetized flexible elastica. This gives us a

systematic approach to explore the influence of all the system parameters (e.g., length,

thickness, stiffness, fluid viscosity, and magnetic field, etc.)26,27 Assuming bending defor-

mations (governed by the transverse displacements, v) to be dominant and considering

all the relevant energies in the system, we have
∫ L

0

EI
∂2v

∂x2

∂2δv

∂x2
dx−

∫ L0

0

Nz
∂δv

∂x
bhdx−

∫ L

0

Tvδvbdx = 0, (E-1)

where the first term represents the virtual elastic work done by the internal moments,

the second term represents the virtual work done by the magnetic body couples, and

the last term represents the virtual work done by the fluid drag forces. Since the film is

partially-magnetic, the magnetic body couple will only act on the magnetic portion (L0)

of the elastica. In Eq. E-1, E is Young’s modulus, I = bh3/12 is the second moment

of area, Nz is the magnetic body couple in the out-of-plane direction that depends on

the type of magnetic material, and Tv is the surface traction due to viscous forces of the

fluid in the transverse direction. We now introduce the dimensionless variables V and

X such that v = V L∗ and x = XL∗, where L∗ is a characteristic length. Substitution

yields

L

∫ 1

0

EI

L2

∂2V

∂X2

∂2δV

∂X2
dX − L0

∫ 1

0

Nzbh
∂δV

∂X
dX

−L

∫ 1

0

TvLbδV dX = 0. (E-2)

It can be noted that the choice of L∗ is not the same for all integrals in the above

equation, which leads us to a governing dimensionless (length) parameter, L0/L, defining

the normalized length of the magnetic portion in the elastica. Next, normalization with

the elastic term reveals the following governing dimensionless (force) parameters: (a)

the magnetic number, Mn = NzbhLL0/EI, i.e., the ratio of magnetic to elastic forces,

and (b) the fluid number, Fn = TvL
3b/EI, i.e., the ratio of fluid to elastic forces.‡ From

dimensional considerations Tv should scale with µ/tref ,
26,27 where µ is the viscosity of

the fluid and tref is the cycle time of the magnetic field oscillation. Also, for a super-

paramagnetic film, Nz scales with B2
ext/µ0 and depends on χ,27 Bext is the magnitude

‡The definition of the fluid number Fn is similar to the ‘sperm number’, Sp = (L4µω
EI

)1/4, defined by

Lowe13 and is used as a non-dimensional length parameter by other researchers.7,12,14–18 It can be

shown that for the PME, Fn =
S4

p
b

2πL
.
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of the applied magnetic field. Thus, the final form of the three governing dimensionless

parameters is as follows:

(i) the fraction of film that is magnetic,

L0/L,

(ii) the magnetic number,

Mn = 12B2
extLL0/µ0Eh

2,

(iii) the fluid number,

Fn = 12µL3/Eh3tref .
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Chapter 5

Artificial flagella subjected to rotating mag-

netic fields

Abstract – Biomimetic micro-swimmers can be used for various medical applications

such as targeted drug delivery and micro-object (e.g., biological cells) manipulation

in lab-on-a-chip devices. Bacteria swim using a bundle of flagella (flexible hair-

like structures) that form a rotating cork-screw of chiral shape. To mimic bacterial

swimming we employ a computational approach to design a bacterial (chirality-

induced) swimmer whose chiral shape and rotational velocity can be controlled by an

external magnetic field. In our model, we numerically solve the coupled governing

equations that describe the system dynamics (i.e., solid mechanics, fluid dynamics and

magnetostatics). We explore the swimming response as a function of the characteristic

dimensionless parameters and put special emphasis on controlling the swimming

direction. Our results provide fundamental physical insight on the chirality-induced

propulsion, and it provide guidelines for the design of magnetic bi-directional micro-

swimmers.

5.1 Introduction

In the modern-era of medical science where miniaturized means to perform diagnosis and

non-invasive surgery are demanded, micro-swimmers and microbots are a key focus of

research and development.1–9 Many miniaturized externally-powered propulsive devices

have been suggested that have potential applications in targeted drug delivery and

biological cell manipulation in lab-on-a-chip devices.1–11 As the fundamental challenge

lies in achieving a non-reciprocal motion at these small length scales,12,13 inspiration

can be drawn from nature to design bio-inspired artificial micro-swimmers.1,4,5,9–11,14–16

Bacteria swim using a bundle of flagella (flexible hair-like structures) that form a rotating

cork-screw of chiral shape, where each flagellum is actuated by a molecular motor at

the bacterial surface, as shown in Fig. 5.1. The quest for a simple and viable design

of biomimetic bacterial micro-swimmers has attracted considerable attention in the

Based on Namdeo, et al. Numerical modeling of chirality-induced bi-directional propulsion of artificial

flagella, Proc. R. Soc. A, 470:2162, (2014).
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Figure 5.1: Inspiration from nature: Bacterial swimming using flagella. Electron microscope

image of a salmonella bacterium with several flagella forming a bundle of chiral shape, 17 where

each flagellum is actuated by a base bacterial motor as shown in the inset. 18

literature.9,13–16,19–29 Various experimental and analytical studies have been performed

to analyze the evolution of the chiral shape for an elastic filament or rod-like structure

subjected to external actuation.20,21,23–25,27,30 Also, in an experimental study performed

by Garstecki and coworkers15 a flexible planar structure is deformed into a chiral shape

on-the-fly due to the opposing torques imposed by the externally-applied magnetic field

and the resisting viscous forces of the surrounding fluid. However, systems that generate

chirality ‘on-the-fly’ do not allow for direction reversal, since the chiral polarity is directly

linked to the external actuation. To obtain swimming direction reversal, one has to

uncouple the chiral polarity from the external actuation, which can be done by resorting

to a pre-manufactured chiral shape. Zhang and coworkers16,26 have proposed an elegant

procedure that allows manufacturing of a helical belt at the micron-scale. However,

the manufacturing process involves many more steps compared to systems that feature

chirality on-the-fly. This brought us to pose the following question: Can we achieve

propulsion by developing chirality on-the-fly as natural bacteria and still be able to achieve

direction-reversal through external actuation? We address this question in this letter

and use a computational approach to magnetically control the chirality of an artificial

bacterial micro-swimmer. We investigate the swimming response using dimensionless

parameters and explore the underlying physics of the chirality-induced propulsion. We

exploit the available physical forces (i.e., elastic, magnetic and viscous) to form the

chiral shape on-the-fly and relate the swimming dynamics to the intrinsic competition of

these forces. The obtained computational results are supported by analytical expressions

derived using resistive force theory,31 which provides a first-order approximation of the

swimming velocity.

The chapter is organized as follows. In section 5.2, we describe the computational

model and approach used in the present study, where the fluid–solid interaction (FSI)
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problem is solved by properly accounting for the magnetic forces due to the external

magnetic actuation. Additionally, we identify the dimensionless parameters that govern

the swimming dynamics of chirality-induced propulsion. Subsequently, in section 5.3,

the results associated to the unidirectional (section 5.3.1) and the bi-directional (sec-

tion 5.3.2) swimming are presented and analyzed. Finally, conclusions are drawn that

summarize the key points of the present work in section 5.4.

5.2 Computational model and dimensional analysis

The artificial flagellar micro-swimmer is designed as a planar partially-magnetic flexible

film that can be easily manufactured with state-of-the-art polymer processing technolo-

gies such as inkjet printing, see Fig. 5.2. The concept exploits the dynamics of a partially-

magnetic film in which the chiral shape is induced on-the-fly through an externally-

applied magnetic field. Continuous rotation of such a chiral micro-swimmer leads to

a steady-state propulsion subject to the magnetic actuation, see Fig. 5.2. To analyze

the swimming dynamics of such a chiral micro-swimmer, a computational framework is

developed that accounts for the fluid–structure interaction (FSI) between the deforming

swimmer and the surrounding fluid, while properly incorporating the changing magnetic

forces imposed by the applied magnetic field. We use a finite element based framework

in which the solid mechanics, fluid dynamics and magnetostatics equations are solved

simultaneously. In the model the micro-swimmer is represented by an assemblage of shell

elements, which act as an internal boundary to the fluid domain. The fluid–structure

interaction is considered by implicitly coupling the fluid dynamics and solid mechanics

equations, where the Stokeslets method is used to account for the viscous environment

(and implemented using a boundary-element method). During the simulations, the

application of an external magnetic field leads to the generation of magnetic body couples

that attempt to align the magnetic portion of the film with the applied magnetic field

vector. These magnetic body couples are considered as input (external force vector)

to the FSI model. The approach is summarized in Appendix-F; for full details of the

approach and validation studies the reader is referred to Khaderi and Onck32.

The swimming velocity of the micro-swimmer will depend on the system parameters

such as the geometry and flexibility of the polymer film, viscosity of the aqueous environ-

ment, and the magnitude and angular frequency of the applied magnetic field. To explore

the influence of each variable on the swimming response of the micro-swimmer, the gov-

erning (virtual work) equations can be used to derive a set of characteristic dimensionless

numbers that capture the underlying physics of the chirality-induced propulsion,

L0

L
,

12µω

G

WL2

h3
,

︸ ︷︷ ︸

Fn = Fluid Number

12MB

G

LW

h2

L0

L
,

︸ ︷︷ ︸

Mn = Magnetic Number

(5.1)
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Figure 5.2: Partially-magnetic flexible film subjected to external magnetic actuation (see left

panel). The dark grey area represents the magnetic portion of the film (L0) and the arrow

indicates the direction of the magnetization (M ). Propulsion will be achieved by applying an

external homogenous rotating magnetic field (B) with a rotation axis along the x-axis, and

the swimming motion is shown by means of the trace of the swimming path (see right panel).

Here, the chirality is formed on-the-fly with the help of viscous forces and an animation of

unidirectional swimming of such a viscosity-induced chiral shape is included as supplementary

material. 36

in which L0/L is a normalized measure of the magnetized region in the polymer film33

(see Fig. 5.2), Fn is the fluid number and represents the ratio of viscous forces and elastic

forces,33–35 and Mn is the magnetic number and represents the ratio of magnetic forces

and elastic forces.33,34 The derivation of these characteristic dimensionless parameters

is given in Appendix-G. Now, Fn can be independently altered by changing the viscosity

(µ) or frequency (ω = 2π/tcycle). Similarly, Mn can be independently controlled by

changing the remanent magnetization (M) or the external magnetic field (B). Here, we

choose the following (fixed) parameters: length (L) = 100 µm, width (W ) = 20 µm,

thickness (h) = 2 µm, elastic modulus (E) = 490.6 kPa, Poisson’s ratio (ν) = 0.3 (giving

a shear modulus, G = 188.7 kPa), remanent magnetization (M) = 62.9 kA/m, viscosity

(µ) = 1.0 mPa.s. The period of the rotating magnetic field (tcycle), magnetic size L0 and

magnitude of the external magnetic field (B) are considered as variables in the analysis.

5.3 Results and discussion

5.3.1 Unidirectional swimming with a viscosity-induced chiral

shape

Once the partially-magnetic flexible film is actuated with a rotating external magnetic

field, the chiral shape evolves as a natural consequence of the solid–fluid interaction. The

viscous forces of the fluid hinder the motion of the film, while the magnetic portion of the

film follows the rotating external magnetic field resulting in opposing torques that forms
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a twisted ribbon of chiral shape as shown in Fig. 5.2. The viscous forces form the chiral

shape on-the-fly, which eventually stabilizes leading to a steady-state and unidirectional

propulsion subject to the magnetic actuation, see Fig. 5.2, right panel.

In Fig. 5.3a we show the swimming velocity as a function of the angular frequency

of the applied magnetic field (ω) for three different values of the magnetic field. It

can be seen that the velocity increases with frequency until a critical frequency ωc is

reached. This critical frequency increases with increasing magnetic field. Given the

definition of the dimensionless numbers (see Eq. 5.1), the critical frequency corresponds

to a specific critical value of the fluid number, (Fn)c. Here, we can make connection

to several experimental studies showing a critical (step-out) frequency ωc at which the

velocity suddenly drops.9,15,16,19,24,28,29 In general, ωc (or, similarly, (Fn)c) quantifies

the responsiveness of the system to an externally applied rotating magnetic field. When

Fn > (Fn)c the magnetic micro-swimmer is not able to follow the external magnetic

field and starts lagging behind, which results into a tumbling motion and an associated

sudden drop of the swimming velocity, see Fig. 5.3a. The tumbling motion is due to

the fact that when the actuation frequency becomes larger than the critical frequency

(i.e., Fn > (Fn)c), the magnetization (M) and external magnetic field (B) vectors are

not parallel anymore. Obviously, there is a competition between the magnetic (driving)

forces and the viscous (opposing) forces that governs the responsiveness of a magnetic

micro-swimmer. In terms of the dimensionless numbers, the ratio of the magnetic forces

and viscous forces is represented by M∗ = Mn/Fn ∝MB/µω – the inverse of the Mason

number37 – which represent the responsiveness of the magneto-mechanical system. The

micro-swimmer will be fully responsive (to the externally applied rotating magnetic field)

when the magnetic forces will fully overcome the viscous resistance of the fluid (i.e., when

M∗ > M∗
c ).

To further explore the critical responsiveness, we investigate the swimming response

of the chiral micro-swimmer solely in terms of the dimensionless numbers Fn and Mn.

The normalized swimming velocity as a function of responsiveness of the system (M∗ =

Mn/Fn) for various values of Fn and for L0 = 0.1L is shown in Fig. 5.3b. The swimming

velocity (U) is normalized by the factor ωW 2/L that has been obtained by a first-order

calculation based on resistive force theory,31 which gives

Uanalytical =
ωθmaxW

2

12L

(
Cdh

CdL
− 1

)

, (5.2)

where θmax is the maximum twist angle present in the film, and CdL and Cdh are the

local drag-coefficients for a chiral micro-swimmer in the length and thickness direction,

respectively (see Appendix-H for the derivation). For all Fn values, the swimming

velocity (U∗) initially increases with M∗ followed by a saturation phase and eventually

starts decreasing slightly at higher values of M∗, see Fig. 5.3b. The swimming velocity

will initially increase as the film starts responding to the external magnetic field (M∗
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Figure 5.3: (a) Swimming velocity (U) as a function of the angular frequency of the applied

magnetic field for various values of B and for L0 = 0.1L. A sudden drop in the swimming velocity

is observed at a critical frequency ωc (or (Fn)c), which is consistent with the experimental

observations of step-out frequency for the magneto-responsive systems (see text). (b) Normalized

swimming velocity as a function of responsiveness of the system (M∗ = Mn/Fn) for various

values of Fn and for L0 = 0.1L. The M∗ values only give information about the relative

strength of the magnetic forces over the viscous forces, while Fn also captures the ratio of

viscous to elastic forces for the micro-swimmer.

regime between 0 to 0.5), and once the film becomes fully responsive at M∗ ≥M∗
c = 0.5

(see above in the discussion of Fig. 5.3a), any further increase in M∗ will not get

reflected into the corresponding increase in the swimming velocity, and a saturation

will be observed.

The analytical expression for the velocity based on the resistive force theory (Eq. 5.2)

holds for a constant helicity along the swimmer and shows that the swimming velocity

is directly proportional to the maximum twist angle (θmax) accommodated by the film.

In the numerical simulations, however, due to the elastic and magnetic interactions with

the viscous fluid, the twist angle distribution becomes non-linear. We therefore did not

include θmax in the normalization for U . To explore the relation between twist angle and

applied magnetic field, we analyze the twist angle variation along the length of the film

as a function of Mn for Fn = 10, L0 = 0.1L (see Fig. 5.4a). It can be clearly seen that

the twist angle for lower values of Mn (M∗ < M∗
c = 0.5) is limited as the film is not able

to overcome the fluid’s resistance. The twist angle increases with Mn and eventually

attains a saturation at higher values of Mn when the film becomes fully responsive (i.e.,

M∗ ≥ M∗
c = 0.5). Note that the maximum twist angle (θmax) accommodated by the

film depends on the magnitude of the viscous forces (related to Fn) and will be discussed
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Figure 5.4: (a) Twist angle variation along the micro-swimmer length as a function of Mn for

Fn = 10. The maximum twist angle at x = 0 (θmax) increases with Mn initially. However, at

higher Mn values the magnetic portion (L0) of the film becomes difficult to deform and causes a

reduction of θmax (and a corresponding decrease of the swimming velocity, see Fig. 5.3b). This

effect is more prominent for higher values of L0/L and the influence of L0/L on the swimming

velocity for Fn = 10 and M∗ = 1 is shown in the inset, where (L − L0) quantifies the available

length of the micro-swimmer to form a chiral shape. (b) Variation of the twist angle along the

length as a function of Fn for M∗ = 1 and L0 = 0.1L. For a fully responsive micro-swimmer

θmax increases with Fn, which leads to an enhancement of the swimming velocity as shown in

the inset.

later. Interestingly, higher values of Mn result into reducing the twist angle variation

inside the magnetic portion of the film and eventually reduces θmax, which explains the

slight decrease in swimming velocity for large Mn values as shown in Fig. 5.3b. This is a

natural consequence of the external magnetic torque acting only on the magnetic portion

of the film, which ultimately restrains the deformation of the magnetic part of the film

at higher Mn values, and causes the magnetic portion to behave as rigid. Note that this

effect becomes more prominent for higher values of L0/L as shown in Fig. 5.4a. For a

fully responsive micro-swimmer (M∗ ≥ 0.5), the influence of the magnetic portion L0/L

on the swimming velocity is shown in the inset of Fig. 5.4a. As L0/L also quantifies the

availability of the micro-swimmer’s length to form a chiral shape, the swimming velocity

is linearly dependent on L0/L. L0/L = 0 and 1 represent the extreme cases for the

magnetic portion and in both cases the swimming velocity will be zero either due to the

absence of external actuation (L0 = 0) or due to reciprocal motion of the film (L0 = L).

Next, we study the effect of viscous forces in the limit of fully responsive micro-swimmers

(M∗ = 1). The response of the twist angle variation along the micro-swimmer length as
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Figure 5.5: Partially-magnetic flexible polymer film where the dark grey areas represent the

magnetic portions of the film (L0) and the arrows indicate the direction of the respective

magnetization M (see left panel). The chiral shape is formed by a static external magnetic

field and the swimming is achieved by subsequently rotating the magnetic field with a rotation

axis along the x-axis (see the right panel). An animation of bi-directional swimming with a

magnetically-induced initial chiral shape is included as supplementary material. 36

a function of Fn (for M∗ = 1) is shown in Fig. 5.4b. The maximum twist angle increases

with Fn which leads to an increase in the swimming velocity, as shown in the inset.

Increasing Fn at constant M∗ physically corresponds to decreasing the stiffness of the

micro-swimmer. This leads to an increasing twist angle and thus an increasing velocity

(inset), in correspondence with Eq. 5.2.

5.3.2 Bi-directional swimming with a magnetically-induced chi-

ral shape

Direction reversibility is a desirable feature for object manipulation in confined flow

geometries such in the human arterial system and in miniaturized lab-on-a-chip devices.

The approach studied in the previous section of forming a chiral shape on-the-fly by

exploiting the viscous forces, severely reduces the manufacturing demands for a bacterial

micro-swimmer. However, it does not have the possibility to change/reverse swimming

direction. To achieve swimming bi-directionality, we suggest to magnetically control the

initial chirality through two magnetic sections with opposite remanent magnetization

(see Fig. 5.5). Here, (controlled or non-controlled) manufacturing imperfections will

serve as a perturbation to the system resulting in an initial chiral shape when the film

is brought under the influence of an external magnetic field, see Fig. 5.5, and swimming

can be achieved by subsequently rotating the magnetic field. Since the chiral shape is

now independent of the rotation direction of the magnetic field, forward and backward

swimming can be triggered by inverting the rotation direction. Note that the twist

angle (chirality) is now explicitly induced through the initial application of the external

magnetic field and has an upper limit of 180 degrees, see Fig. 5.5.

The dependence of the swimming velocity (U∗) on the responsiveness of the system
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Figure 5.6: (a) Swimming velocity as a function of responsiveness of the system (M∗ = Mn/Fn)

for two values of Fn (1 and 10) and for L0 = 0.05L. Influence of L0/L on the swimming velocity

for a fully responsive system (Mn = 300Fn) is shown in the inset. The circles correspond to

Fn = 10 and the squares to Fn = 1. (b) Swimming velocity as a function of Fn for a fully

responsive system (Mn = 300Fn) and for L0 = 0.05L. Chirality distribution along the micro-

swimmer length as a function of Fn is shown in the inset. At higher values of Fn the magnetically

formed initial chiral shape starts deforming during swimming, which causes a reduction in the

swimming velocity at higher Fn values.

(M∗ = Mn/Fn) for various values of Fn and for L0/L = 0.05L is shown in Fig. 5.6a. For

all Fn values, the swimming velocity increases initially with Mn as the system responds

to the externally applied magnetic field and eventually saturates at higher M∗ values.

Again, any increase in the Mn value directly increases the initial twist angle in the film

(as the film becomes more responsive). The upper limit for the twist angle (180 degrees)

is reached at relatively high M∗ values leading to a saturation in the swimming velocity

(as U ∝ θmax, see Eq. 5.2). Note that the lower velocities for M∗ < 100 are not due

to the ‘slipping’ or ‘tumbling’ motion observed for the previous system (see Fig. 5.3),

but is entirely due to the elastic resistance that limits the twist angle. The influence

of L0/L on the swimming velocity is linear (see inset of Fig. 5.6a), which is due to the

fact that the magnetized portion of the film does not contribute to the chiral shape

formation as it behaves as rigid under the influence of the large external magnetic field.

It is worth mentioning that there are two significant differences in the new approach;

first, the swimming velocity saturates at relatively high M∗ values (M∗ > 100‡), and

second, the swimming velocity does not go to zero when the film becomes fully magnetic

‡For the present study aspect ratio (L/W ) of the film is 5. For larger aspect ratios of the film, the M∗

value required for the saturation in the swimming velocity will be less as the twist angle (for a given

external torque) θ ∝ L/W .
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(L0/L = 0.5) due to the novel design of the micro-swimmer, where both (end) magnetic

portions are utilized to form the chiral shape.

We further explore the influence of Fn on the swimming velocity for a fully responsive

system (Mn ∝ Fn) as shown in Fig. 5.6b. The swimming velocity increases with Fn

initially and then saturates, which is followed by small dip at large Fn values. The initial

trend can be explained by the corresponding increase in Mn that increases the induced

initial chirality (θmax) in the micro-swimmer. However, the observed dip at higher Fn

values is related to the change in the twist angle distribution along the micro-swimmer

length as shown in the inset of Fig. 5.6b for various values of Fn. It can be clearly

seen that at higher Fn values the steady-state chirality distribution is different than

what is initially-induced. The large viscous forces of the fluid at higher Fn values start

deforming the magnetically-induced (initial) chiral shape, which results into a non-linear

distribution of chirality along the micro-swimmer length instead of a linear distribution

induced initially. We have analyzed the effect of non-linearity by assuming a power-

law relation for the twist angle variation, θ = θmax(x/L)n (see Appendix-H). Analytical

results based on resistive force theory show that the swimming velocity is maximal for a

linear distribution of twist angle along the micro-swimmer length (n = 1), see Appendix -

H.

Finally, the two suggested concepts to obtain a chiral shape (viscosity-induced or

magnetically-induced) can be compared. The swimming response associated with these

concepts as a function of the fluid number Fn is shown in Fig. 5.7 for the fully responsive

systems. Note that the magnetically-induced chirality concept should be preferred as (a)

it facilitates bi-directionality in the swimming direction, and (b) the swimming velocity

remains independent of the fluid number (Fn), which allows operational accommodation

of different fluid viscosities (µ) and allows tuning the applied frequency ω, given that

the magnetic number (Mn) is large enough to overcome the elastic resistance of the

film and form a chiral shape. It is advisable to increase the length of the magnetized

portion (L0/L) to reduce the deformations due to the viscous force at higher Fn values.

The micro-swimmers can be fabricated with ink-jet printing or photolithography38–41

by using magnetic nano-particles for the two magnetic domains. However, fabricating a

film with two ends magnetized in opposite directions is not straightforward. A two-step

manufacturing procedure would be required using two opposing directions of the applied

magnetization field in each step. The opposing polarities are established by shielding

one end in the first step and the other end in the second.

5.4 Summary and conclusions

Artificial micro-swimmers can potentially be used for various bio-medical applications

such as micro-object manipulation on lab-on-a-chip devices and for targeted drug deliv-
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Figure 5.7: Swimming response (and the twist angle accommodated by the film) as a function

of the fluid number Fn for the fully responsive systems. The magnetically-induced chiral system

corresponds to Fig. 5.2 and the ‘on-the-fly’ chiral system to Fig. 5.5. The solid and dashed lines

represent the swimming velocity and the twist angle, respectively. The swimming velocity is

linearly dependent on the twist angle.

ery. A bio-inspired approach has been taken by mimicking bacterial swimming through

magnetically-driven chirality-induced propulsion. We have used a computational ap-

proach based on a functional polymer film whose chiral shape and rotational veloc-

ity are controlled by a rotating magnetic field. Furthermore, we have identified the

key dimensionless parameters of the chirality-induced propulsion and investigated the

competition between elastic, viscous, and magnetic forces that are responsible for the

physical response. The suggested bacterial micro-swimmers form a chiral shape on-the-

fly (from an initial planar geometry) by exploiting the available physical forces (i.e.,

elastic, magnetic and viscous). In this on-the-fly system, viscous forces are utilized to

induce a chiral shape during swimming. However, this does not permit bi-directionality.

To overcome this, a new concept is proposed that uncouples the chiral-polarity from the

external actuation by forming an initial chiral shape through two magnetic sections with

opposite remanent magnetization. Forward and backward swimming can be achieved by

tuning the rotation direction of the magnetic field. The micro-swimmer – a planar

functional polymer film – can be easily manufactured with state-of-the-art polymer

processing technologies such as inkjet printing, and opens possibilities for various bio-

medical applications such as micro-object manipulation in lab-on-a-chip devices.
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Appendix – F : Computational model

To solve the coupled fluid–structure interaction (FSI) involved in the swimming of

bacterial flagella, we use a three-dimensional computational framework in which the

solid mechanics, fluid-dynamics and magneto-static equations are solved simultaneously.

By implicitly coupling the solid mechanics and fluid dynamics equations, we incorporate

the equivalent drag matrix due to the fluid into the stiffness matrix. The magnetic body

couples acting on the micro-swimmer due to external magnetic-actuation is computed

on-the-fly and supplied to the FSI model as an external force vector. Here, we briefly

summarize the computational framework; for full details of the approach the reader is

referred to Khaderi and Onck.32

F.1 Magnetostatics

The magneto-responsive micro-swimmers are subjected to magnetic body couples (N)

due to the externally-applied magnetic field (B), which can be obtained from the cross-

product of the film remanent magnetization (M) and the external magnetic field, N =

M × B. The magnetic body couples (N) are considered as input to the FSI model

and supplied as an external force vector,32 see Eq. F-12. Magnetic interactions between

multiple magnetic domains are assumed to be small and are therefore not accounted for.

F.2 Finite element formulation for the solid mechanics equations

The micro-swimmer is represented by an assemblage of shell elements, which can undergo

large deformation. For the shell elements, the displacement of any point on the normal

can be written in terms of the displacements on the mid-surface (u0, v0, w0);

u = u0 + zβx, v = v0 − zβy, w = w0, (F-1)

where βx and βy are the rotations of the normal with respect to the x and y axes,

respectively, as indicated in Fig. F-1. The associated non-zero components of the Green-

Lagrange strain are

ǫx =
∂u

∂x
+

1

2

(
∂w

∂x

)2

, ǫy =
∂v

∂y
+

1

2

(
∂w

∂y

)2

, 2ǫxy =
∂u

∂y
+
∂v

∂x
+
∂w

∂x

∂w

∂y
. (F-2)

The variation of these Green-Lagrange strains can be obtained in terms of the axial

strain ǫ and the curvature κ using the displacement definitions given in Eq. F-1.

δǫx =
∂δu

∂x
+
∂w

∂x

∂δw

∂x
=
∂δu0

∂x
+
∂w0

∂x

∂δw0

∂x
︸ ︷︷ ︸

axial strain

+ z
∂δβx

∂x
︸ ︷︷ ︸

curvature

= δǭx + zδκx. (F-3)
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Figure F-1: Illustration of the parameters involved in the shell element formulation. 32

Similarly,

δǫy = δǭy + zδκy and 2δǫxy = δǭxy + zδκxy. (F-4)

The internal virtual work can be written as

δWint =

∫

V0

(σxδǫx + σyδǫy + 2σxyδǫxy) dV, (F-5)

where σx, σy and σxy are the components of the second Piola-Kichhoff stress tensor and

dV represents an elemental volume in the undeformed configuration. Assuming the shell

elements of uniform cross-section with thickness h, we can write the above equation using

an elemental area dA in the undeformed configuration as

δWint =

∫

A0

(δǫ · P + δκ ·M) dA, (F-6)

where ǫ = [ǭx ǭy ǭxy]T , κ = [κx κy κxy]T , and P and M are the associated

membrane forces and bending moments, respectively.32 The internal virtual work at

time t+ ∆t can be written as

δW t+∆t
int =

∫

A0

(
δǫt+∆t · P t+∆t + δκt+∆t ·M t+∆t

)
dA, (F-7)

which can be expanded linearly in time by assuming Qt+∆t = Qt + ∆Q, and can be

simplified by neglecting the higher-order terms, leading to

δW t+∆t
int =

∫

A0

(
δǫt · P t + δκt ·M t + ∆δǫ · P t + δǫt · ∆P + δκt · ∆M

)
dA. (F-8)

We use the finite element formulation to discretize the system in terms of the nodal

displacements (u, v, w) and rotations (θx, θy, θz) of three-noded triangular elements with

de = [u1 v1 w1 θx1 θy1 θz1 u2 v2 w2 θx2 θy2 θz2 u3 v3 w3 θx3 θy3 θz3]
T , (F-9)
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where the subscript 1, 2 and 3 denote the respective three nodes of the element.

To capture the deformation of the films, both the bending and membrane stiffnesses

(stiffness associated with the in-plane stretching) have to be accurately modeled. To

do so, we adopt the approach proposed by Bathe and Ho42 and model the bending of

the films using discrete Kirchhoff triangles (DKTs), while the membrane behavior is

accounted for using constant strain triangles (CSTs).32 To improve the accuracy during

in-plane bending, we add drilling degrees of freedom to the CSTs,43 and adopt an up-

dated Lagrangian framework to arrive at the final set of equations. The resulting stiffness

matrix includes the geometric non-linearity, which accounts for large deformations but

small strains,32 see below.

δW t+∆t
int = (δde)

Tf t
int + (δde)

T
(
kt

M + kt
G

)
∆de, (F-10)

where kM is the material stiffness matrix, kG is the geometric stiffness matrix, and fint

is the internal force vector.32 After performing the standard finite element assembly and

coordinates transformation (local-to-global) we obtain

δW t+∆t
int = δdTF t

int + δdT
(
Kt

M +Kt
G

)
∆d. (F-11)

The external virtual work at time t+ ∆t can be written as

δW t+∆t
ext =

∫

V

(−Nxδβy +Nyδβx) dVm, (F-12)

where Nx and Ny are the externally-applied magnetic body couples (see section F.1),

and Vm is the magnetic portion of the film. After discretization and the standard finite

element assembly procedure, the external virtual work can be written as32

δW t+∆t
ext = δdTF t+∆t

ext . (F-13)

F.3 Boundary element formulation for the fluid dynamics equations

For the fluid we make use of the Stokeslet approach in which the force exerted on the

fluid at the surface of the solid structure is approximated by the distribution of Stokeslets

along the length of the structure. The velocity and force fields are related by a Green’s

function that has a singularity proportional to 1/r in three dimensions.44 The expression

of Green’s function (G) for the Stokeslets relates the velocity at location r, u̇, to the

forces at location r′, f , through

u̇ = Gf and Gij =
1

8πµ

{
δij
R

+
RiRj

R3

}

(i, j = 1, 2, 3), (F-14)

where R = r − r′, R = |R| is the distance between the two locations r and r′, and δij

is the Kronecker delta. By assuming the point force f to be represented by the traction
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f = T dS over the solid surface, the boundary-integral equation can be written as

u̇ =

∫

boundary

G T dS =
∑

nelm

∫

S

G T dS =
∑

nelm

∫

S

GNdSt (F-15)

where T are the tractions imposed on the fluid.35 In Eq. F-15, the boundary-integral

equation has been discretized using boundary elements (three-noded shell elements),

and the tractions are linearly interpolated using T = Nt with t being the tractions at

the nodes. When Eq. F-15 is used to evaluate the velocity in all nodes of the micro-

swimmer, we obtain a system of equations U̇ = Gf t that relates the traction t exerted

by the micro-swimmer on the fluid to it’s velocity U̇ . The integration procedure is

adopted from the literature, where the singular integrals are evaluated using the method

of change of variables44 and the non-singular integrals are evaluated using standard two-

dimensional Gaussian Quadrature.32 Once the velocity of the solid surface is known, this

relation can be inverted to obtain the nodal tractions35 : t = G−1
f U̇ .

F.4 Fluid–solid interaction and implicit coupling

Coupling of the solid mechanics and fluid dynamics equations will be done in an implicit

manner by incorporating the equivalent drag matrix due to the fluid into the stiffness

matrix. The external virtual work due to the fluid’s drag forces (Td) can be given as

δW t+∆t
fluid =

∫

(δu)TT t+∆t
d dS = −

∫

(δu)TNdStt+∆t

≈− (δde)
T

∫

NTNdStt+∆t = −(δde)
TMet

t+∆t,

(F-16)

where Me =
∫
NTNdS, u is the displacement vector, and de is the local nodal

displacement vector.32 Note that the minus sign appears due to the change of reference

(from fluid to the structure, Td = −T ). After performing the standard finite element

assembly procedure we obtain

δW t+∆t
fluid = −(δd)TMtt+∆t = −(δd)TMG−1

f U̇ t+∆t, (F-17)

where the matrixGf relates the velocity of the solid structure to the traction, see the end

of the previous subsection. Now, using the no-slip boundary condition U̇ = A∆d/∆t it

follows that

δW t+∆t
fluid = −(δd)TMG−1

f A∆d/∆t = −(δd)TKt
D∆d, (F-18)

where KD = MG−1
f A/∆t is an equivalent drag matrix, and is the stiffness contribution

due to the presence of the fluid.32,35 A is a matrix that eliminates the rotational degrees

of freedom from the global displacement vector ∆d. Finally, invoking the arbitrariness of

the virtual displacements and equating the internal (Eq. F-11) and the external virtual

work (the sum of Eqs. F-13 and F-18) we obtain the following equation of motion for the
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FSI problem, which will be solved to obtain the incremental displacements (∆d) after

incorporating the appropriate boundary conditions.32



Kt
M +Kt

G
︸ ︷︷ ︸

solid

+Kt
D

︸︷︷︸

fluid



 ∆d = F t+∆t
ext − F t

int. (F-19)
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Appendix – G : Dimensional analysis for the chiral micro-swimmers

Starting point for the dimensional analysis will be the virtual work expression, given by

δWint = δWext, see Eqs. F-6, F-12 and F-16, for a film of thickness h:

∫

(δǫ · P + δκ ·M)dA

︸ ︷︷ ︸

Elastic Part

=

∫

δu · TddA

︸ ︷︷ ︸

Viscous Part

−

∫

(Nxhδβy −Nyhδβx) dA

︸ ︷︷ ︸

Magnetic Part

. (G-1)

Assuming the evolved chiral shape is mainly twisting dominated and the in-plane defor-

mations are negligible, the above equation can be simplified into

∫ L

0

∫ W

0

δκxyMxydA =

∫ L

0

∫ W

0

TdδwdA−

∫ L0

0

∫ W

0

NxhδβydA, (G-2)

where Mxy = Gh3

12
κxy, κxy = ∂

∂y (∂w
∂x ) − ∂

∂x (∂w
∂y ), G being the shear modulus, and L and

W are the length and width of the film, respectively. Since the film is partially-magnetic,

the magnetic body couple will only act on the magnetic portion (L0) of the film. We now

introduce dimensionless variables (.)∗ such that x = X∗L, y = Y ∗W and A = A∗LW

(or A = A∗L0W for the magnetic part). From the standard torsion formula the twist

angle follows to be θtwist = TL/GJ , with T and J being the applied torque and the

second polar moment of area, respectively. As J ∝ Wh3 for rectangular cross-sections,
45 θtwist ∝ L/W for a given value of the film thickness, which leads to w ∝ θtwistW ≈ L

or w = W ∗L. Substitution yields the following pre-factors for the elastic, viscous and

magnetic parts

Gh3L

12W

∫ 1

0

∫ 1

0

δκ∗xyκ
∗
xydA

∗ = TdL
2W

∫ 1

0

∫ 1

0

δw∗dA∗ −NxhLL0

∫ 1

0

∫ 1

0

δβ∗
ydA

∗. (G-3)

It can be noted that the choice of the characteristic length in the x-direction is not the

same for all integrals in the above equation, which leads to a governing dimensionless

(length) parameter, L0/L, defining the normalized length of the magnetic portion in the

elastica. Normalization with the elastic term reveals the following governing dimension-

less (force) parameters:34,35 (a) the magnetic number, Mn = 12NxWL0/Gh
2, i.e., the

ratio of magnetic to elastic forces, and (b) the fluid number, Fn = 12LW 2Td/Gh
3, i.e.,

the ratio of fluid to elastic forces.§ From dimensional considerations Td should scale with

µθ̇twist or µωL/W , where µ is viscosity of the fluid and ω = 2π/tcycle is the angular

frequency of the magnetic field actuation. Thus, the final form of the three governing

§Note that the factor 12 can be removed without loss of generality. Here, we decide to keep it in for

historical reasons.
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dimensionless parameters is as follows:

(i) the fraction of film that is magnetic,

L0/L, (G-4)

(ii) the magnetic number,

Mn =
12Nx

G

LW

h2

L0

L
=

12MB

G

LW

h2

L0

L
, (G-5)

(iii) the fluid number,

Fn =
12µω

G

WL2

h3
. (G-6)

Note that Fn can be independently altered by changing the viscosity (µ) or frequency

(ω). Similarly, Mn can be independently controlled with the remanent magnetization

(M) or with the external magnetic field (B), which eventually influences the magnetic

body couple (Nx).



Appendix – H 129

Appendix – H : Analytical study for chirality-induced propulsion

Resistive force theory suggested by Gray and Hancock31 can be used to get a first-order

approximation of the swimming velocity associated with the chirality-induced propulsion.

As the chirality is induced due to the twisting of the film, it can be assumed that the

twist angle (θ) varies along the length of the micro-swimmer leading to a twist gradient

of (θ2 − θ1)/dx as shown in Fig. H-1.

Figure H-1: Illustration of the twist angle (θ) variation along the length of a chiral micro-

swimmer. The micro-swimmer has a steady-state swimming velocity of magnitude U and is

subjected to an external torque that has an angular frequency of ω.

Assuming that the local drag-coefficients for a chiral micro-swimmer are CdL, CdW and

Cdh in the length, width and thickness direction, respectively, the x-component of total

force on the chiral micro-swimmer of length L and width W can be written as

∫ L

0

∫ W/2

−W/2

dFxdxdy, (H-1)

where,

dFx = Cdh{U sin θy + ωy cos θy} sin θy + CdL{U cos θy − ωy sin θy} cos θy, (H-2)

with dFx being the force acting on a segment of length dx and width dy, and θy = ydθ/dx

is the developed helix or the pitch angle. Note that the propulsion force in the direction

perpendicular to the plane of actuation (Fx) results from the difference of the viscous

drag in the tangential and normal directions, CdL and Cdh, respectively (see Eq. H-2).

The above expression is derived assuming that the micro-swimmer is swimming with a

velocity U and is externally-actuated with ω being the angular frequency of actuation

(the angular frequency of the external magnetic field in the present case), see Fig. H-1.

In addition, the total force consists of a propulsive part due to the actuation forces and
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Figure H-2: Influence of non-linearity exponent (n) in the twist angle variation, θ =

θmax(x/L)n, on the swimming velocity, and Unormalized = U/Un=1. The swimming velocity

is maximum when n ≈ 1. The illustrated cross (×) on the micro-swimmer’s image represents

the location where θ = θmax/2.

a retarding part due to the drag forces opposing the horizontal swimming velocity (the

part associated with U). When the micro-swimmer reaches a steady state swimming

velocity U , the propulsive and retarding forces are in (dynamic) equilibrium, so that the

total force must be zero.35

For the general case of chirality-induced propulsion, we account for the non-linear

variation of twist angle by assuming a power-law relation, θ = θmax(x/L)n, where the

power-law-exponent (n) quantifies the non-linearity of the twist angle variation. We

begin with obtaining a closed-form expression for the swimming velocity assuming a

linear variation for the twist angle (i.e., n = 1) and considering only the first-order

terms (i.e., higher-order terms are neglected), which leads to

U =
ωθmaxW

2

12L

(
Cdh

CdL
− 1

)

. (H-3)

The above expression suggests that the swimming velocity (U) scales linearly with the

frequency of actuation ω and quadratically with the width of the film W . Additionally,

the swimming velocity is directly proportional to the maximum twist gradient in the

film θmax/L. Next, we explore the influence of non-linearity in the twist angle variation

(i.e., n 6= 1) on the swimming velocity. Here, we consider the full form of the total

force without neglecting the higher-order terms and solve the equation numerically using
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Mathematica
c©††. The results are shown in Fig. H-2 for Unormalized = U/Un=1, where

we explicitly assume Cdh = 2CdL. It can be clearly seen that the swimming velocity

will be maximal when n ≈ 1. In other words, the linear variation of the twist angle

along the micro-swimmer length gives the maximal velocity for a given set of parameters

(ω, θmax, L and W ). This can be interpreted in the following way. For the cases of n ≈ 1

the whole length of the micro-swimmer will be effectively utilized to generate propulsion

as the twist gradient is uniform along the length. However, once we deviate from linearity

(n 6= 0), the portion of the film having the maximum twist gradient is responsible for

propulsion, while the rest of the film with a lower twist gradient (mainly) contributes to

the opposing drag forces, which leads to a decrease in the swimming velocity. Note that

the swimming velocity will be zero for n = 0 due to reciprocal motion of the film in the

absence of any twist gradient along the length.

Note that the analytical study does not provide a complete picture for the physical

phenomenon. For instance, the elasticity of the film is not accounted for and the role of

viscous and magnetic forces are not clearly distinguished. Nevertheless, it is interesting

that such a simple analysis can give useful insights on the physics of the problem and

can provide an accurate measure of the scaling U ∝ ωθmaxW
2/L.

††Mathematica is a trademark of Wolfram Research, Inc.
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Summary

Scientists often follow a bio-inspired approach to exploit the evolutionary benefits of

nature, with the aim to provide innovative and cutting-edge solutions to complex prob-

lems. To enable future biomedical applications, versatile micro-swimmers are needed

that can be easily controlled and directed in restricted microfluidic geometries. In the

present work, we aim to deliver conceptual (yet viable) design solutions to autonomous

biomimetic micro-swimmers for propulsion at low-Reynolds number. The design solu-

tions include the possibility of bi-directional swimming, which is a key asset for micro-

object manipulation, particularly in confined flow geometries. We have performed a

computational study to analyze the fluid–structure interaction (FSI) problem of flagellar

hydrodynamics using a finite-element framework. The thesis is divided into two main

parts, where part-I focuses on the study of natural systems and part-II on the study of

artificial systems.

Part-I: Natural systems

For natural flagella, it is known that the axonemal dyneins are responsible for propulsion

of flagellated (eukaryotic) micro-organisms by propagating a wave through the flagellum.

However, the exact mechanism responsible for the coordinated operation of these dyneins

necessary to obtain flagellar waveforms and beating is not yet fully comprehended.

In chapter-2, we show that ATP-powered bio-molecular motors (dyneins) are able to

coordinate their mutual operation with local physical rules in order to generate a wave

propagation. We show that a delay in the negative-work based deactivation of the dyneins

is key to achieve both temporal (necessary for dynein coordination at a cross-section) as

well as spatial (necessary for dynein coordination along the axonemal length) regulations

of the axonemal dyneins. As a result an overall regular beating pattern emerges with

time, from an initially planar configuration and a random distribution of the dynein

activity (in their respective ATP hydrolysis based working cycle), due to the collective
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behavior of individual dyneins.

As we aim to facilitate bi-directional swimming for our artificial systems, we explore

the cause of direction reversal observed in nature for flagella with vertical appendages

(known as ‘mastigonemes’) in chapter-3. The study unveils that the mastigonemes work

as metachronic cilia, which are in competition with the base flagellum to govern the

direction of propulsion. The functional dependence of the swimming behavior indicates

that the height of the mastigonemes over the flagellar wavelength and mastigonemes

floppiness are the main governing parameters in determining the propulsion direction.

Moreover, the study suggests that the swimming direction of an artificial micro-swimmer

can be reversed through externally controlled switching of the surface structure.

Part-II: Artificial systems

Based on the insights gained from studying the natural flagellar systems, we now design

and study biomimetic micro-swimmers whose swimming speed and direction can be

controlled using external magnetic fields. An oscillatory magnetic field was used to mimic

swimming of eukaryotic flagellated micro-organisms, and a rotating magnetic field was

used to mimic swimming of prokaryotic flagellated micro-organisms.

We have suggested a magnetically-actuated micro-swimmer in chapter-4, where bi-

directional swimming (or direction reversal) is facilitated by selectively exploiting the

swimming principles of a smooth flagellum (for forward swimming) and a flagellum

bearing mastigonemes (for backward swimming/direction reversal). The micro-swimmer

consists of a magnetic section with photo-responsive tails and is actuated via a uniform

oscillating magnetic field. The micro-swimmer moves forward by exhibiting an oar mo-

tion with non-magnetic (and photo-responsive) flexible tails. Liquid–crystalline polymer

appendages are used for the photo-responsive tails, which develop a reversible Gaussian

curvature upon photo-activation and mimic natural mastigonemes in our design. More-

over, we also show a generic strategy of swimming direction reversal based on a reversal

in the actuation sequence of two independently controlled degrees-of-freedom. Although

we have demonstrated this by means of magnetic and light actuation, the approach is

expected to be applicable to other material systems and physical actuation mechanisms

as well.

Another micro-swimmer design is suggested in chapter-5, where we mimic bacterial

swimming via a uniform rotating magnetic field. The micro-swimmer consists of a flexible

film with the two ends of the film magnetized in opposite directions. This allows us to

obtain a chiral shape on-the-fly just as natural bacteria, and additionally we are able to

reverse the swimming direction by reversing the rotation direction of the magnetic field.

The suggested approach is quite appealing as it does not need complicated manufacturing

strategies, usually associated with the manufacturing of chiral structures.
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For both artificial systems, we have exploited the inherent competition of physical

forces present in the system in order to control their propulsive hydrodynamics, and to

obtain maximal swimming velocities. Basically, the magnetic actuation forces have to

compete with the viscous forces of the fluid and the elastic forces of the film, which can

be captured by two dimensionless numbers: (i) the magnetic number, Mn, representing

the ratio of magnetic to elastic forces, and (ii) the fluid number, Fn, representing the

ratio of viscous to elastic forces. Obviously, the magnetic forces should be higher than

the viscous forces that hinder the actuated motion in order to obtain a fully responsive

magnetic micro-swimmer. Our simulations indicate that the magnetic forces should

be two orders of magnitude higher than the viscous forces, e.g., Mn/Fn > 100. The

floppiness of the elastica is captured by the fluid number, Fn, which indicates that the

viscous and elastic forces should be carefully balanced to obtain a non-reciprocal motion

necessary for propulsion at low-Reynolds numbers. When Fn is too small the films

will be apparently rigid and will execute a reciprocal motion, while the films will be

extremely floppy when Fn is too large leading to non-responsive behavior. The influence

of the finite-sized magnetic portion is captured by L0/L, which represents the normalized

length of the magnetic portion (L0) with respect to the length of the micro-swimmer (L)

and plays a key role in the responsiveness of the magnetic systems (via the magnetic

number, Mn). Note that the responsiveness of the system can also be controlled via the

fluid number, Fn. For instance, if the material properties and magnetic field intensity are

given, one can choose the magnetic field actuation frequency along with the geometrical

variables such as length, width, and thickness to control/optimize the fluid number,

Fn, and ultimately the ratio of magnetic to viscous forces, Mn/Fn. Thus, for practical

applications of the biomimetic micro-swimmers these dimensionless parameters will act

as guidelines to select the optimal geometrical, material and actuation parameters.





Samenvatting

Autonome microzwemmers kunnen gebruikt worden voor verschillende biomedische toep-

assingen in therapeutische, diagnostische en chirurgische procedures. Een noodzakeli-

jke stap voor een dergelijk idealistisch doel is het realiseren van een systeem, waarbij

nauwkeurige controle over de richting en snelheid van de microzwemmers kan worden

bereikt via externe stimuli zoals licht en elektrische en magnetische velden. Het is

aantrekkelijk om hiervoor een bio-gëınspireerde benadering te volgen en de evolutionaire

voordelen van de natuur te benutten, met als doel innovatieve oplossingen mogelijk te

maken voor complexe problemen.

Veel micro-organismen gebruiken haar-achtige structuren, bekend als flagella, om

voortstuwing te genereren, waarbij de aandrijving wordt veroorzaakt door de gecoördi-

neerde werking van duizenden biologische motoreiwitten, dynëınes genaamd. De exacte

werking hiervan is echter nog niet duidelijk. In dit proefschrift wordt daarom het fysische

mechanisme bestudeerd dat verantwoordelijk is voor de gecoördineerde werking van de

dynëınes, uiteindelijk resulterend in de karakteristieke golfbewegingen van de flagella.

We laten zien dat deze ATP-gedreven biomoleculaire motoren (dynëınes) in staat zijn

hun onderlinge werking te coördineren, mits er wordt voldaan aan een set lokale fysische

regels. Het blijkt dat een vertraagde deactivering van de dynëınes, na het ontstaan van

negatieve arbeid in de dynëınes, de sleutel is tot zowel de temporele als de ruimtelijke

coördinatie van de dynëınes in het flagellum.

In dit proefschrift streven wij ernaar om realistische concepten te genereren voor au-

tonome biomimetische microzwemmers, die op afstand aangedreven en bestuurd kunnen

worden door een uniform magnetisch veld in een vloeistof bij lage Reynoldsgetallen. De

ontwerp- en actueringsstrategieën worden zorgvuldig geselecteerd om zwemmen in twee

richtingen mogelijk te maken, omdat dit essentieel is voor het zwemmen in microflüıdische

kanalen. Om dit te bereiken onderzoeken we eerst de oorzaak van richtingsomkering zoals

dit in de natuur voorkomt bij flagella met laterale aanhangsels (zogenaamde ‘mastigone-

men’). De studie onthult dat de mastigonemen als metachronische cilia werken, welke
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concurreren met de basisflagellum om de richting van de voortstuwing te bepalen. De

functionele afhankelijkheid van het zwemgedrag toont aan dat de verhouding tussen

de hoogte van de mastigonemen en de golflengte van de flagella en de stijfheid van de

mastigonemen de bepalende factoren zijn in het bepalen van de voortstuwrichting.

Op basis van de inzichten verkregen uit de studie van de biologische flagella gaan

we over tot het modelleren en bestuderen van biomimetische microzwemmers, waar-

van de zwemsnelheid en zwemrichting gecontroleerd kunnen worden middels een extern

magnetisch veld. We gebruiken achtereenvolgens een oscillerend magnetisch veld voor

eukaryotische flagella en een roterend magneetveld in het geval van prokaryotische flag-

ella.

Om het bidirectioneel zwemmen mogelijk te maken onder een oscillerend magnetisch

veld, combineren we de zwemeigenschappen van flagella met en zonder mastigonemen.

Hierbij bestaat de microzwemmer uit een magnetisch gedeelte en een niet-magnetisch, fo-

toresponsief gedeelte, aangedreven door een oscillerend magneetveld. Het fotoresponsieve

gedeelte bestaat uit vloeibaar-kristallijne polymeren, die een buigvervorming ondergaan

onder de invloed van ultraviolet licht. Hierdoor wordt de werking van mastigonemen

nagebootst dat leidt tot een omkering van de initiële zwemsnelheid. Op basis van deze

resultaten stellen we een generieke strategie voor die omkering van de zwemrichting

beschrijft, gebaseerd op een omkering in de actuatievolgorde van twee onafhankelijk

manipuleerbare vrijheidsgraden (zoals magneetveld en licht).

Ten slotte bootsen we het zwemmen van bacteriën na middels een roterend magnetisch

veld. In dit geval bestaat de microzwemmer uit een flexibele dunne laag, waarvan de twee

uiteinden tegengesteld gemagnetiseerd zijn. Hierdoor kunnen we bij inschakeling van

het magneetveld, de chirale vorm en zwemgedrag van natuurlijke bacteriën nabootsen,

waarbij de zwemrichting eenvoudig omgekeerd kan worden door het omkeren van de

magnetische draairichting. Deze aanpak is erg aantrekkelijk omdat geen ingewikkelde

fabricatiemethoden nodig zijn om de chirale vorm te creëren.

Kortom, dit proefschrift bevat een numerieke analyse van de flagellaire hydrody-

namica van biologische en biomimetische microzwemmers op basis van een gekoppelde

eindige-elementenmethode. De computermodellen worden gebruikt om voor een gegeven

actuatievorm (bijvoorbeeld een oscillerend of roterend magnetisch veld) ontwerpstrate-

gieën te ontwikkelen en om fundamenteel fysisch inzicht te verkrijgen in de flagellaire

voortstuwing van biologische en biomimetische bidirectionele microzwemmers.
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