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a b s t r a c t

This paper investigates generalized synchronization of three typical classes of complex
dynamical networks: scale-free networks, small-world networks, and interpolating
networks. The proposed synchronization strategy is to adjust adaptively a node’s coupling
strength based on the node’s local generalized synchronization information. By taking
the auxiliary-system approach and using the Lyapunov function method, we prove that
for any given initial coupling strengths, the generalized synchronization can take place
in complex networks consisting of nonidentical dynamical systems. It is demonstrated
that the coupling strengths are affected by topologies of the networks. Furthermore, it is
found that there are hierarchical features in the processes of generalized synchronization
in scale-free networks because of their highly heterogeneous distributions of connection
degree. Finally, we discuss in detail how a network’s degree of heterogeneity affects its
generalization synchronization behavior.

© 2010 Elsevier B.V. All rights reserved.

1. Introduction

In the past few years, one of the central themes in the study of complex networks consisting of coupled nonlinear
dynamical systems has been to analyze the collective behaviors in small-world networks, scale-free networks and random
networks [1–4]. Criteria are derived for complete synchronization in dynamical networks for which the interaction between
network topologies and node dynamics is crucial [5–7]. Most of the existing literature on complete synchronization usually
assumes that the dynamics of all the nodes in a network are exactly identical. This assumption, however, cannot be satisfied
in many real situations because of parameter variation, unmodeled dynamics and random perturbations in real complex
systems. Furthermore, it has been found that generalized synchronization, which is weaker than complete synchronization,
plays an important role in engineering networks [8–10], biological systems [11], social activities, and many other fields.
Therefore, it is of great interest to investigate generalized synchronization in networks consisting of nodeswith nonidentical
dynamics.
Generally speaking, the methods to achieve generalized synchronization can be divided into two classes. One approach

is to design control laws to force coupled systems to satisfy a prescribed functional relation [12,13,11]. But this approach
has the disadvantage that the designed controllers are usually quite complicated and thus difficult to be implemented
in real applications. The other approach is the auxiliary-system approach, proposed by Abarbanel et al. [10], which was
originally utilized to study chaotic behaviors andhas been generalized to investigate problems in complex networks [14–16].
Some recent work [14,15] has studied generalized synchronization in complex networks with the same coupling strength
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among all nodes, and shown how different coupling strategies can affect the development of generalized synchronization.
Motivated by these work, researchers have started to look at the more challenging scenario where the strengths of
couplings among nodes in a network can be adaptively adjusted. Such scenario arise naturally in engineering, biological
and social networks, where the coupling strengths of the interacting components are not static, but change adaptively with
time [17–20]. The research on adaptive couplings in complex dynamical networks provides a new method to investigate
the synchronization of large-scale complex networks. It has been pointed out in Ref. [21] that adaptive coupling strategies
can enhance significantly the synchronizability of networks. But the existing work on this topic all focuses on the complete
synchronization of networks that consists of identical dynamical nodes. In this paper, we use the idea of adaptive coupling
to study generalized synchronization of complex dynamical networks. To be more specific, based on the construction of
a Lyapunov function, we propose a novel control strategy to achieve generalized synchronization of complex dynamical
networks consisting of nonidentical nodes by adaptively adjusting the coupling strengths according to the local generalized
synchronization information.
We investigate the process of generalized synchronization (GS) in small-world networks and scale-free networks. By

comparison, we find that the generalized synchronization processes in scale-free networks and small-world networks are
quite different due to their distinct topological properties. In scale-free networks, generalized synchronization generally
starts from the nodes with large degrees that are determined by the heterogeneity in the degree distribution. On the
other hand, in small-world networks, there is no apparent spreading-out process of generalized synchronization because
of the homogeneous degree distribution. And we find that scale-free networks need more time to achieve generalized
synchronization than small-world networks of similar sizes and average node degrees. It is shown numerically that when
generalized synchronization is achieved, the coupling strengths, which have been in stable states, become negatively
correlated with node degrees.
This paper is organized as follows. In the next section, the model description and preliminaries are presented. In

Section 3, using the auxiliary-systemmethod and adaptive coupling strength scheme, a sufficient condition for generalized
synchronization is derived. In Section 4, numerical simulations are carried out in complex networks in which each node is
governed by the classical Lorenz system dynamics. Finally, discussion and concluding remarks are given in Sections 5 and
6, respectively.

2. Complex network model with adaptive couplings and preliminaries

We consider a complex dynamical network consisting of N nonidentical coupled nodes, each of which can be modeled
by an n-dimensional dynamical system ẋi(t) = fi(xi(t)), i = 1, 2, . . . ,N . The network with adaptive coupling strengths can
be written in the following form:

ẋi(t) = fi(xi(t))− ci(t)
N∑
j=1

aijΓ (xi(t)− xj(t)), i = 1, 2, . . . ,N, (1)

where xi(t) = (xi1(t), xi2(t), . . . , xin(t))T ∈ Rn is the state of node i, fi : Rn → Rn is a continuous vector function, and
ci(t) > 0 is a time-varying coupling strength that will be designed according to node i’s information about its neighborhood.
The concrete adaptive control laws of ci(t) for i = 1, 2, . . . ,N , will be designed in the next section, in order to realize GS of
the complex dynamical network (1). Γ ∈ Rn×n is an inner coupling matrix and is a diagonal matrix with positive diagonal
elements. A = (aij) is the adjacency matrix of the network; to be more specific, if there is a connection between node i and
node j, aij = aji = 1, and otherwise aij = aji = 0, and aii = 0. In what follows, we assume that the network is connected.
In order to state our main result, we make the following assumption:

Assumption 1 (Global Lipschitz Condition). Suppose that there exist nonnegative constants Li for all i = 1, 2, . . . ,N , such
that for any time-varying vectors x(t), y(t) ∈ Rn

‖fi(x(t))− fi(y(t))‖ ≤ Li‖x(t)− y(t)‖, i = 1, 2, . . . ,N (2)

where ‖ · ‖ denotes the 2-norm throughout the paper.

3. The auxiliary-system approach for GS on complex dynamical networks via adaptive couplings

The auxiliary-system approach has been widely used to detect the generalized synchronization in coupled chaotic
systems [10,14–16]. In this section, in order to derive the condition for generalized synchronization, we apply the
auxiliary-system method to complex networks with adaptive coupling strengths. However, it needs to be pointed out
that this approach is not able to decide what functional relations exist between nodes when they achieve generalized
synchronization. If one only wants to show the generalized synchronization in a network rather than the exact functional
relations, this approach is an appropriate choice. Consider a complex dynamical network that consists of coupled systems
via adaptive couplings. For any given node in this network, the coupling from neighboring nodes can be taken to be external
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driving forces as described in Refs. [14,15]. Therefore, we make a replica of each system in Eq. (1), resulting in the following
network:

ẋ′i(t) = fi(x
′

i(t))− ci(t)
N∑
j=1

aijΓ (x′i(t)− xj(t)), i = 1, 2, . . . ,N. (3)

According to the auxiliary-system approach [10], the dynamical network (1) achieves GS, if limt→∞ ‖xi(t)− x′i(t)‖ = 0 for
any initial conditions xi(0) 6= x′i(0), where i = 1, 2, . . . ,N .
Define ei(t) = x′i(t)− xi(t). Subtracting (1) from (3), we have

ėi(t) = fi(x′i(t))− fi(xi(t))− ci(t)
N∑
j=1

aijΓ ei(t), i = 1, 2, . . . ,N. (4)

Theorem 1. Suppose Assumption 1 holds. Using the adaptive controller

ċi(t) = γi
N∑
j=1

aijei(t)TΓ ei(t), i = 1, 2, . . . ,N (5)

where γi are positive constants, the dynamical networks (1) and (3) can be synchronized as t →∞, i.e. the complex network (1)
achieves generalized synchronization.

Proof. We choose to use the following Lyapunov function candidate

V =
1
2

N∑
i=1

(x′i(t)− xi(t))
T (x′i(t)− xi(t))+

1
2

N∑
i=1

1
γi
(ci(t)− c∗)2.

The time derivative of V (t) along the solution of Eq. (4) is

V̇ =
N∑
i=1

ei(t)T ėi(t)+
N∑
i=1

1
γi
(ci(t)− c∗)ċi(t)

=

N∑
i=1

ei(t)T
{
fi(x′i(t))− fi(xi(t))− ci(t)

N∑
j=1

aijΓ ei(t)

}
+

N∑
i=1

1
γi
(ci(t)− c∗)ċi(t)

=

N∑
i=1

ei(t)T {fi(x′i(t))− fi(xi(t))} −
N∑
i=1

ei(t)T ci(t)
N∑
j=1

aijΓ ei(t)+
N∑
i=1

1
γi
ci(t)ċi(t)−

N∑
i=1

1
γi
c∗ċi(t)

≤

N∑
i=1

Li ei(t)T ei(t)−
N∑
i=1

ei(t)T ci(t)
N∑
j=1

aijΓ ei(t)+
N∑
i=1

1
γi
ci(t)ċi(t)−

N∑
i=1

1
γi
c∗ċi(t).

Denote L = max{Li|i = 1, 2, . . . ,N}. In view of Eq. (5), one obtains

V̇ ≤ L
N∑
i=1

ei(t)T ei(t)− c∗
N∑
i=1

N∑
j=1

aijei(t)TΓ ei(t) = L
N∑
i=1

ei(t)T ei(t)− c∗
N∑
i=1

ki ei(t)TΓ ei(t),

where ki =
∑N
j=1 aij is the degree of node i. Let e(t) = (e1(t)T , e2(t)T , . . . , eN(t)T )T ∈ RnN and P = D

⊗
Γ , where

D = diag{k1, k2, . . . , kN} is an N × N diagonal matrix, then we have

V̇ ≤ L e(t)T e(t)− c∗ e(t)T P e(t) ≤ e(t)T
(
L − c∗ λmin

(
P + PT

2

))
e(t).

Since the matrix D is positive definite, and P = D
⊗
Γ is also positive definite, one obtains that λmin( P+P

T

2 ) > 0. Taking a
sufficiently large c∗, one has

V̇ ≤ −e(t)T e(t)

we have ei(t)→ 0 as t →∞, i.e. |xi(t)− x′i(t)| → 0 as t →∞, which indicates that the complex dynamical network (1)
achieves generalized synchronization. �

Remark 1. The positive constants γi can determine the synchronization or convergence speed. The convergence speed
becomes faster for larger γi.
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Remark 2. Let ki =
∑N
j=1 aij, where ki is the node degree of node i. Then the adaptive controllers in Eq. (5) can be rewritten

as

ċi(t) = γi ki ei(t)TΓ ei(t), i = 1, 2, . . . ,N.

From the equation above, one can see that the acceleration of ci(t) is determined by the node’ degree ki and its local
generalized synchronization information ei(t)TΓ ei(t). It is different than the complete synchronization results in papers
[20,21], where the update of ci(t) also involves its neighboring nodes’ errors {ej(t) | j ∈ Ni}, where Ni denotes all the
neighbors of node i, i.e., j ∈ Ni, if and only if aij = aji 6= 0 and j 6= i.

Remark 3. The result of Theorem 1 can be further extended to the case of weighted complex dynamical networks.
Previously, we take A = (aij)N×N as the adjacency matrix of the network. If aij are also used to denote the weights wij
between nodes i and j for a weighted network, then one can check that Theorem 1 holds as well. Define the strength of
node i to be si =

∑N
j=1 aij, according to the definition in Ref. [22] for a weighted network, we choose to use the adaptive

controllers

ċi(t) = γi si ei(t)TΓ ei(t), i = 1, 2, . . . ,N,

where γi are positive constants. Then the weighted complex dynamical network (1) achieves generalized synchronization
as t →∞.

4. Numerical simulations

In this section, we investigate generalized synchronization for coupled nonidentical chaotic systems in both the scale-
free and the small-world networks via adaptive couplings. Herewe consider the scale-free networkswhich are generated by
the Barabási–Albert (BA) preferential attachment algorithm [2]. Starting withm0 fully connected nodes, at each time step a
new node is added and connected tom existing nodes in the network with the probability

∏
i = ki/

∑
j kj, which is a linear

preferential attachment strategy. The resulting scale-free networks have a power-law degree distribution p(k) ∼ k−δ with
δ = 3. In this paper, we consider small-world networks that are generated by the Newman–Watts (NW) algorithm [23]. The
model is constructed on a lattice with N nodes, each connected clockwise to its K nearest neighbors by undirected edges.
The average degree of this regular lattice is 2K . Then randomness is introduced by independently adding connections with
probability p between any pair of disconnected nodes. The resulting small-world networks are highly clustered with short
average distances between nodes. We set K = 2 in the following simulations.
In the simulations, we set the number of the nodesN to be 800.We take the nodes’ dynamics to be the three-dimensional

classical Lorenz systems, described by

ẋi = fi(xi) = [10(xi1 − xi2), αi xi1 − xi2 − xi1xi3, xi1xi2 − (8/3)xi3]T . (6)

In our study, the Lorenz oscillators are intentionally chosen to be different by the uniform randomization of αi in the interval
[28.0, 30.0]. We choose the initial values of the coupling strengths randomly from the interval (0, 0.1), and set the constants
γi in controllers (5) to be 0.2.
To describe the process of the generalized synchronization in network (2), we define the following error signals at each

time step

Ei(t) = ‖x′i(t)− xi(t)‖2, i = 1, 2, . . . ,N. (7)

We label the nodes according to their decreasing degree ordering d(1) ≥ d(2) ≥ d(3) · · · ≥ d(N). Now we analyze the
development of the generalized synchronization from the following different aspects: the nodes’ degrees, the properties of
the networks’ topological structures, coupling strengths, and hierarchical properties.

4.1. Nodes’ degrees

Numerical results illustrated in Figs. 1 and 2 show the process of the global generalized synchronization. Fig. 1(a) shows
the synchronization process of a scale-free networkwithm0 = 5,m = 3, which has been introduced in the previous section.
Fig. 1(b) shows the evolution processes of Ei(t), i = 2, 202, 402 for t ∈ [0, 1.0]. Fig. 2(a) presents the synchronization
procedure of a small-world network generated by theNWmodel, with the link probability p = 0.0025, and Fig. 2(b) presents
the evolution processes of Ei(t), i = 2, 202, 402 for t ∈ [0, 1.0]. The total edges in the BA network and the NW network are
both 2388± 2.
One can easily see that the nodes do not achieve a common generalized synchronization state at the same time. It

is obvious that there is a transition process between the non-generalized synchronization and the global generalized
synchronization. Take Fig. 1(a) as an example. When t = 0, none of the node is in the generalized synchronization state
at all. As time evolves to 0.2 < t < 0.6, some nodes achieve generalized synchronization; however the others do not. When
time t > 0.8, most of the nodes are in generalized synchronization states. Similar phenomena can also be observed in the
small-world network.
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ba

Fig. 1. Visualization of the process to global generalized synchronization via adaptive couplings in a scale-free (BA) network. The number of nodes is
N = 800 and the number of edges is 2388 ± 2. Subfigure (a) is a color map of Ei(t) in the two-dimensional parameter space (t, i), characterizing
the development of the generalized synchronization. Subfigure (b) describes the evolution process of Ei(t) for different nodes i = 2, 202, 402. (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

ba

Fig. 2. Visualization of the process to global generalized synchronization via adaptive couplings in a small-world (NW) network. The number of nodes
is N = 800, and the number of edges is 2388 ± 2. Subfigure (a) is a color map of Ei(t) in the two-dimensional parameter space (t, i), characterizing
the development of the generalized synchronization. Subfigure (b) describes the evolution process of Ei(t) for different nodes i = 2, 202, 402. (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

As shown in Fig. 1(a), as the systemevolves, the generalized synchronization starts from the nodeswith the largest degree
and then spreads to the rest of the network. It can be derived from Eq. (4), in which the linearization results is

ėi =

(
Dfi(xi)− ci(t)

N∑
j=1

aijΓ

)
ei. (8)

Here, Dfi(xi) denotes the Jacobian matrix of fi(x) at xi. In Eq. (8), it is clear that
∑N
j=1 aij is the degree of node i. Hence, the

greater a node’s degree is, the faster the error converges to zero, which is validated by Figs. 1(b) and 2(b). Furthermore, by
comparing Fig. 1 with Fig. 2, it can be seen that the processes of generalized synchronization in the two kinds of networks,
i.e. the scale-free network (BA) and the small-world network (NW), are quite different: the phase of the partial generalized
synchronization for the scale-free network is much longer than that of the small-world network. For the scale-free network,
the node with the largest degree achieves generalized synchronization at the time less than t = 0.2, and the nodes with the
smallest degree almost achieve generalized synchronization at time t = 0.9. As for the small-world network, the node with
the largest degree achieves generalized synchronization around t = 0.3, and the nodes with the smallest degree achieve
generalized synchronization around t = 0.6. However, according to the color bars in the two figures, the conclusions are
draw based on the assumption that the network achieve generalized synchronization roughly at the time when the errors
Ei(t) < 0.5. The two networks behave differently because they have different distributions of nodes’ degrees.
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a b

Fig. 3. A comparison between the BA network model and the NW network model. (a) shows the evolution of the error E(t). It shows that the
synchronization speed of the small-world network is faster than that of the scale-free network. (b) shows the percentage of the nodes which have achieved
generalized synchronization in the adaptive evolution process. It indicates that at an early stage, the scale-free network is easier to be synchronized, but it
is harder to do so compared to the small-world network later on.

4.2. Properties of networks’ topological structures

In the previous section, we have shown that there is a transition process before all nodes achieve global generalized
synchronization in both the scale-free network and the small-world network. In this section,we focus onhow the topological
structures in these two types of complex networks affect the generalized synchronization process. Here, we define E(t) =∑N
i=1 Ei(t). Fig. 3(a) shows the evolution of E(t) both for a scale-free network and a small-world network, while Fig. 3(b)

shows the percentage of the synchronized nodes in the generalized synchronization process. In the computation, node i is
considered to be in the generalized synchronization state when Ei(t) ≤ ∆thr at time t ∈ (0, 1]. Here, the threshold value
∆thr is set to be 0.05 in the numerical simulation.
From Fig. 3, one can see that the scale-free network is easier to be in the generalized synchronization in the early

stage, but harder in the later stage. This can be explained by the fact that the small-world network has comparative
homogeneous nodes’ degree distributionwhile the scale-free network has some nodeswith extremely large degrees. In fact,
in the beginning, the existence of these nodes with extraordinary degrees (much larger than the average value) accelerate
the generalized synchronization speed in the scale-free network. But at a later stage, the speed to achieve generalized
synchronization is dominated by the nodes with the smallest degrees. As for the scale-free network, the hub nodes achieve
generalized synchronization quickly, but distant nodes are much more difficult to achieve generalized synchronization.
So from the whole network point of view, it is easier for the small-world network (NW) to achieve global generalized
synchronization than the scale-free network (BA) with the same numbers of nodes and edges.
Furthermore, we investigate how the probability p affects the development of generalized synchronization for a small-

world network. We have carried out extensive numerical simulations for each network for the time interval t ∈ [0, 1.0]
with step size δt = 0.025. As shown in Fig. 4, we change the probability p from 0.0015 to 0.02, the percentages of nodes in
generalized synchronization states are investigated. It can be seen from the figure that the NW small-world network with
higher link probability p is easier to be in generalized synchronization for all nodes.

4.3. Coupling strengths

Since we use adaptive coupling strengths to achieve generalized synchronization of complex dynamical networks, we
need to investigate the evolution process of the coupling strengths. Fig. 5 illustrates the evolution of coupling strengths ci(t)
for the BAnetworkmodel, and Fig. 6 shows that for theNWnetworkmodel. In Figs. 5(a) and 6(a), the evolutions of adaptively
coupling strengths ci(t) for i = 6, 106, 206, . . . , 706 are shown. As shown in Figs. 5(b) and 6(b), every dot in both subfigures
corresponds to the average value for a group of nearby 10 nodes, i.e. 110

∑10k
i=10(k−1)+1 ci(t)|t=1.0, where k = 1, 2, . . . , 800/10.

The red solid line shows a linearly fitted curve for all dots in Fig. 5(b), as well as in Fig. 6(b). The fitting is done using CFTOOL
in the Matlab toolbox. The slope for the fitting curve (red solid line) in Fig. 5(b) is 0.3897 × 10−2, and that for the fitting
curve in Fig. 6(b) is 0.1953× 10−2.
From Figs. 5 and 6, one can see that almost every node has a different coupling strength, which is consistent with the real

physical situations. In general, the node with larger degree needs smaller coupling strength. Therefore from Fig. 5(b), as the
node’s degree declines, the coupling strength changes with an upward trend. By examining Figs. 5(b) and 6(b), it is found
that there is significant difference between the scale-free network and the small-world network: the slope of the rising solid
line fitting for the coupling strengths in the scale-free network is twice asmuch as that in the small-world network. Because
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Fig. 4. A comparison between the NW networks generated by choosing different link probabilities p. It shows the percentages of the nodes that have
achieved generalized synchronization in the adaptive evolution processes. It indicates that the NW small-world network with greater link probability p is
easier to be GS synchronized in the whole process.

a b

Fig. 5. The evolution of the coupling strengths ci(t) for the BA network model, with m0 = 5,m = 3, and N = 800 nodes. Subfigure (a) is the process of
the evolution of the coupling strengths ci(t) for i = 6, 106, 206, . . . , 706. Each dot plotted in subfigure (b) is the average value of the coupling strengths
for 10 nodes 110

∑10k
i=10(k−1)+1 ci(t)|t=1.0 , where k = 1, 2, . . . , 800/10. That is, we take every 10 nearby nodes in the ordering as a group. The y-coordinate

represents the average value of the coupling strengths ci(t)|t=1.0 in a group. (For interpretation of the references to colour in this figure legend, the reader
is referred to the web version of this article.)

of the heterogeneous degree distribution, there is an obvious upward trend among the coupling strengths in the scale-free
network. Due to the relative homogeneous degree distribution of the small-world, most nodes need approximately similar
coupling strengths. However, it gradually shows a gentle upward trend for the case of the small-world network, since all
nodes have been ranked from higher degrees to lower degrees d(1) ≥ d(2) ≥ · · · ≥ d(N).

4.4. Hierarchy in GS process

In Section 4.1, we have shown that the generalized synchronization behaviors of the individual nodes (Lorenz oscillators)
in scale-free network are quite nonuniform, since the nodes with large degrees have faster convergence rate. As a result, the
generalized synchronization difference among them should be relatively small. As to their collective dynamics, a hierarchical
structure may appear in the GS process. Inspired by how complete synchronization was studied in Ref. [24] for the purpose
of clustering synchronization in scale-free networks, we define a dynamic correlationmatrix E(t) for the pairwise GS errors
Ei(t), Ej(t) as

Eij(t) =
{
1 if Ei ≤ ∆thr and Ej ≤ ∆thr ,
0 otherwise.

A pair of oscillators i, j (i 6= j) are considered to both achieve generalized synchronization effectively at time t when their
correlation parameter Eij(t) = 1. There is no unique choice of the threshold value of ∆thr . With the smaller value of ∆thr ,



1766 H. Liu et al. / Physica A 389 (2010) 1759–1770

a b

Fig. 6. The evolution of the coupling strengths ci(t) for the NW network model, with p = 0.002, and N = 800 nodes. Subfigure (a) is the process of the
evolution of the coupling strengths ci(t) for i = 6, 106, 206, . . . , 706. Each dot plotted in subfigure (b) is the average value of the coupling strengths for
10 nodes 1

10

∑10k
i=10(k−1)+1 ci(t)|t=1.0 , where k = 1, 2, . . . , 800/10. That is, we take every 10 nearby nodes in the ordering as a group. The y-coordinate

represents the average value of the coupling strengths ci(t)|t=1.0 in a group. (For interpretation of the references to colour in this figure legend, the reader
is referred to the web version of this article.)
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Fig. 7. The synchronization clusters in networks in the process of generalized synchronization at t = 0.45, shown in the parameter space (d(i), d(j)). The
threshold value of ∆thr equals 0.05. A dot is plotted when Eij = 1. Subfigure (a) is for the case of the scale-free (BA) network, and subfigure (b) is for the
case of the small-world (NW) network, with N = 800 nodes and 2388± 2 edges. Both of the two networks are with the same percentage of nodes in the
GS states at t = 0.45. However, the BA network shows self-organized hierarchical GS behavior while the NW network does not.

the size of cluster is smaller at time t . In simulations, the threshold value of ∆thr is set to be 0.05 as in Section 4.2, and we
take t = 0.45 in the GS processes of the above two simulations. The generalized synchronization clusters in the scale-free
network and the small-world network are represented in Fig. 7(a) and (b), respectively. All nodes have been ranked in the
ordering d(1) ≥ d(2) ≥ · · · ≥ d(i) ≥ · · · ≥ d(N). In Section 4.2, it has been shown in Fig. 3(b) that for both small-world
and scale-free networks, there are about 20% of the nodes are in GS states at t = 0.45. According to Fig. 7(a) of the case for
the scale-free network, almost all the oscillators in GS states form a cluster (in a dense rectangle) with degrees d(i) > dthr ,
where dthr is the threshold degree around d(300). It shows a hierarchical structure which is determined by the connection
degrees. However, in the small-world case, the threshold degree dthr reaches d620, and the rectangle in Fig. 7(b) is much
sparser than that in Fig. 7(a). One can conclude that scale-free networks form GS via self-organized clustering, while small-
world networks do not. In addition, it is suggested in Fig. 7(a) that nodes withmore connections (hubs) are GS synchronized
more closely and constitute the dynamical core of the hierarchical (scale-free) networks.

4.5. Further investigation

In order to further reveal how the heterogeneity of a network affects the process of generalized synchronization, in this
subsection, we study the generalized synchronization for a family of networks generated by the model introduced in Ref.
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a b

Fig. 8. Visualizations of the processes to global generalized synchronization via adaptive couplings for different network topologies parameterized by
α [25]. α = 0 corresponds to the BA network, α = 1 the ER network, and 0 < α < 1 an interpolating network. In the simulations, each network is
with N = 800 nodes, and the average node degree 〈k〉 = 6. Subfigure (a) shows the case for α = 1, and subfigure (b) shows the case for α = 0.5. (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

a b

Fig. 9. Global generalized synchronization curves for different network topologies parameterized by α [25]. α = 0 corresponds to the BA network, α = 1
the ER network, and α = 0.5 an interpolating network. Each network is with N = 800 nodes, and the average node degree 〈k〉 = 6. Fig. 9(a) shows the
evolutions of errors E(t) =

∑N
i=1 Ei(t) for the three networks. For the sake of clarity, a smaller figure in subfigure (a) is drawn in linear-log scales. Subfigure

(b) shows the percentages of the nodes that have achieved GS in the adaptive evolution processes.

[25] parameterized by 1−α ∈ [0, 1], which measures the degree of the structural heterogeneity of the generated network.
The algorithm can be described as follows [25,26]: Assuming the final size of the network is N , the network is built up
starting from a set of fully connectedm0 nodes and a setU(0) of N −m0 unconnected nodes. At each time step, a new node
(having not been selected before) is chosen from the setU(0) and linked to m other nodes. Each the m links is attached in
two ways: (a) with probability α the selected node is linked to a randomly chosen node from the whole set of the N − 1
remaining nodes; (b) with probability 1−α a link is established following a linear preferential attachment strategy [2]. After
repeating this process for N − m0 times, the network is generated and it interplays between the Erdös–Rényi (ER) random
graph [3] (corresponding to α = 1) and the Barabási–Albert (BA) network (corresponding to α = 0). When 1 − α is near
to 0, it means that the network is homogeneous; when 1 − α is near to 1, it means the network is heterogeneous. In the
following simulations, we change the values of α to capture different behaviors in the process to achieve global GS.
We have performed extensive numerical simulations for each network for the time interval [0, 1.0] with step size

δt = 0.025. We also take the node’s dynamics to be the three-dimensional classical Lorenz oscillators as shown in Eq.
(6), where the parameters αi are chosen to be different by the uniform randomization in the interval [28.0, 30.0].
Figs. 8 and 9 reveal different patterns of generalized synchronization emerging in a family of complex networks with

topologies between homogeneous and heterogeneous ones. The color maps in Fig. 8(a) and (b) describe the visualizations
of the processes to global GS for two complex networks with α = 1.0 and α = 0.5 respectively. As is known, when α = 0.5,
it is an intermediate complex network between ER random network and scale-free (BA) network. Comparing Fig. 8(a) with
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Fig. 1(a), one can see that the process to achieve GS in ER random network (α = 1.0) is quite different from the situation in
the scale-free network (α = 0). Most oscillators achieve GS states at approximately the same time. This is consistent with
the fact that the ER random network has approximately homogeneous degree distribution, while the scale-free network is
with huge hubs. In addition, a transition behavior in GS process in the intermediate network with α = 0.5 can be observed
in Fig. 8(b), where the time interval for being in partial GS states (0.2 < t < 0.8) is longer than that of the ER random
network, and shorter than that of the scale-free network. The curves E(t), defined in Section 4.2, and the percentages of
nodes in GS states at t , are shown in Fig. 9, for three network topologies with α = 0, α = 0.5 and α = 1.0. In Fig. 9(b), it
shows that the partial GS first occurs in the scale-free network (α = 0) at an early stage, but the global GS state is delayed
later on. The situation is opposite in the model with α = 1.0. And an intermediate behavior in the process of non-GS→
partial GS→ global GS is shown in the network parameterized by an intermediate value α = 0.5. It can be concluded
that, as the heterogeneity increases, the appearance of the partial GS is anticipated, but at the same time, the appearance of
the global GS state is delayed. Similar phenomena, shown in Fig. 9, haven also been observed in Ref. [26] where complete
synchronization is investigated and is different than our results for adaptively adjusting coupling strengths.

5. Discussion: GS vs CS

In this section, we compare the generalized synchronization with the complete synchronization in complex dynamical
networks. For simplicity, only identical nodes and uniform coupling strengths are considered in the following analysis.
Firstly, we briefly state an important result for the complete synchronization. The dynamics of a dynamical network of
N coupled oscillators is described by

ẋi(t) = f (xi(t))− c
N∑
j=1

LijΓ xj(t), i = 1, 2, . . . ,N, (9)

where xi is the state of oscillator i and f (xi(t)) governs the dynamics of each individual oscillator. Γ is an inner coupling
matrix. L = (Lij) is the Laplacian matrix of the underlying graph, where Lij = −1 if there is a link between node i and node
j, and 0 otherwise; Lii = −

∑
i6=j Lij. Suppose the completely synchronized state of Eq. (9) is {xi(t) = s(t),∀j |ṡ(t) = f (s(t))}.

The local stability of this solution can be estimated following the approach of the master stability function [27]. Small
perturbation of the synchronization state s(t) can be governed by the linear variational equations

δẋi = Df (s)δxi − c
N∑
j=1

Γ (δ xj), i = 1, 2, . . . ,N, (10)

where Df (s) is the Jacobian with respect to s. Eq. (10) can be diagonalized into N decoupled blocks of the form

η̇i = (Df (s)− cλi Γ ) ηi, i = 1, 2, . . . ,N, (11)

where ηi is the eigenmode associated with eigenvalue λi of thematrix L. Here λ1 = 0, resulting from the invariant manifold,
corresponds to the eigenmode parallel to the synchronization manifold, and the other N − 1 eigenvalues λj correspond to
the eigenmodes transverse to the synchronization manifold [24].
FromEq. (11), the speed of node i converging to the synchronizationmanifold ismainly determined byλi, once oscillators’

dynamics f (·) are given. We rank the eigenvalues of the matrix L in an ascending ordering

0 = λ1 ≤ λ2 ≤ · · · ≤ λN . (12)

In Ref. [28], it has been pointed out that the large eigenvalues in the spectrum series (12) imply the existence of hubs
in the network, and the gaps between consecutive eigenvalues indicate community structures in the network. And also
from the analysis of Eq. (11), one can explain the hierarchical (clustering) synchronization [24] phenomenon in scale-free
networks since there exist some relatively large eigenvalues in the series (12) for scale-free networks.
As far as generalized synchronization in complex dynamical networks is considered, one can obtain the linearization of

the perturbation systems,

ėi =

(
Df (xi)− c

N∑
j=1

aijΓ

)
ei, i = 1, 2, . . . ,N.

Since ki =
∑N
j=1 aij, the above equation can be rewritten into

ėi = (Df (xi)− c ki Γ )ei, i = 1, 2, . . . ,N. (13)

Let the number of total edges in the network be E. Then
∑N
i=1 ki = 2E. Denote the node–node distribution as P(ki|k) =

ki/
∑
j kj, then Eq. (13) can be written as

ėi = (Df (xi)− c 2E P(ki|k)Γ )ei, i = 1, 2, . . . ,N. (14)
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From Eq. (13), the node degree ki determines the convergence speed of node i to the generalized synchronization manifold
{xi(t) = x̂i(t),∀i}, when oscillators’ dynamics f (·) are given. Also from Eq. (14), it can be concluded that several properties
(difference between the GS behaviors in small-world and scale-free networks) illustrated in details in the paper can be
explained by the heterogeneity in the degree distributions. For example, GS starts from a small parts of hub nodes with
larger degrees, and then spreads to others nodes with smaller degrees, as shown by the color maps in Figs. 1(a), 2(a), 8.
Heterogeneous networks are easier to be synchronized at an early stage, but harder to achieve the global GS later on, as
shown in Figs. 3 and 9.
It has been illustrated in the above analysis that generalized synchronization is different from complete synchronization.

However, the generalized synchronization also shares some commonalities with the complete synchronization in
comparison. For example, the evolution patterns of generalized synchronization in small-world and scale-free networks
(shown in Fig. 3) are similar to the results obtained in paper [29]: scale-free networks outperform small-world networks in
the beginning, but the trend is reverted at a later stage.
Hierarchical structure in scale-free networks has also been studied in Ref. [24], where only the complete synchronization

properties are discussed. It also suggests that hubs having large degrees play the leading role in forming the dynamical core
in the process of synchronization. However, there is some difference in the simulation results: the effective synchronization
clusters in scale-free networks in Ref. [24] can be described by the relationship i+ j ≤ Jth, where Jth is a constant threshold;
while they can be described by the relationship d(i) ≥ dthr here when GS is considered.

6. Conclusions

In this paper, we have investigated the existence and process of generalized synchronization in three typical complex
dynamical networks including scale-free networks, small-world networks, and a family of interpolating networks. The
coupling strengths are adjusted adaptively based on nodes’ local GS information. It has been demonstrated theoretically and
numerically that for any given initial coupling strengths, generalized synchronization can take place in complex networks
consisting of large nonidentical dynamical systems. It has also been found that, there exists a general process to global GS:
non-GS→ partial GS→ global GS. In other words, not all nodes achieve GS state at the same time. As for the process of
GS, it can be roughly stated that GS starts from a small part of hub nodes with larger degrees first, and then spreads to
the other nodes with smaller degree. Furthermore, it has been shown that the processes of generalized synchronization in
scale-free networks and small-world networks are different: there are hierarchical structures of the GS behavior in scale-
free networks, but not in small-world networks. This can be explained by their distinct distributions of nodes’ degrees.
For small-world networks, the probability p also affects the process of generalized synchronization. Finally, since adaptive
coupling scheme is introduced, it has been illustrated that the coupling strengths become weighted differently partly as a
result of the network topologies. In the future, we are interested in exploringmore GS properties inmore realistic networks;
in particular, we want to look into different mechanisms to adaptively adjust the coupling strengths in different types of
networks.
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