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Chapter 2

Electronic properties of two-dimensional
materials

Abstract

This chapter describes the two-dimensional materials studied in this thesis. The basic
electronic properties of monolayer and bilayer graphene are discussed, followed by the
diffusion coefficients and the field effect, used to characterize the electronic properties of
these materials. Hexagonal boron nitride and transition metal dichalcogenides are briefly
introduced here with a focus on their applications used in Chapters 5 to 9.

2.1 Monolayer graphene

Graphene is a monolayer of carbon atoms arranged in a honeycomb lattice. The
separation between carbon atoms is a ≈ 1.28 Å and its band structure was calculated
in 1947 by Wallace [1], who showed that its low energy spectrum is linear and follows
the relation:

E(k) = ±vF0~|k| (2.1)

Here the± accounts for the conduction and valence bands,E is the energy difference
to the so called Dirac point that is the point where the conduction and valence bands
cross. vF0 ≈ 1 × 106 m/s is the carrier velocity, also called Fermi velocity, ~ is the
reduced Plank constant and k is the wave vector, also defined with respect to the
valence-conduction band crossings (see Figure 2.1). These crossings do not occur at
the center of the Brillouin zone but at its six corners. These points are divided in
two nonequivalent groups; half of them are called K and the other ones K’ points.
Because electrons can be in both points (typically called valleys), The honeycomb
structure gives rise to the valley degree of freedom.

The low energy band structure shown in Equation 2.1 has a fundamental differ-
ence with that of usual semiconductors, which is E = (~k)2/2m∗, where m∗ is the
effective mass of the electrons. The difference is that the effective electronic mass in
graphene is zero. As a consequence, electrons behave as masless Dirac fermions that
move at a velocity vF0 which does not depend on the Fermi energy and allows one
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Figure 2.1: (a) Atomic structure of graphene. The carbon atoms are arranged in a honeycomb
lattice, that is described as a triangular lattice with two atoms per unit cell. Both atoms are
labeled as A and B and the unit cell is shown in grey. (b) Low energy band structure com-
monly called Dirac cone. The red and grey cones represent the conduction and valence bands
respectively. The Fermi level in pristine graphene is placed at the intersection between both
bands.

to study relativistic physics in a condensed matter system [2–4]. From the dispersion
relation one can obtain the density of states (see Reference [2] for more details):

ν(EF ) =
gsgv|E|
2π~2v2

F0

(2.2)

where gs = 2 and gv = 2 are the spin and valley degeneracies.

2.2 Bilayer graphene

Bilayer graphene consists of two graphene monolayers stacked as shown in Fig-
ure 2.2(a). Its band structure also has a honeycomb symmetry with K and K’ valleys
and its low energy electronic spectrum has significant differences with that of mono-
layer graphene. In particular, bilayer graphene has low energy parabolic bands that
cross at E = 0, making it a zero bandgap semiconductor with a non-zero effective
mass (Figure 2.2(b)). Breaking of the inversion symmetry with an electric field per-
pendicular to the plane leads to the opening of a bandgap (Figure 2.2(c)) [7–10]. This
gap increases up to 200 meV for perpendicular electric fields of 3 V/nm which leads
to pronounced changes in the resistivity above the MΩ range at 20 K [11].

When there is no perpendicular electric field, the low energy dispersion relation
at the K and K’ points is:

EF = ±~2v2
F0|k|2/γ1 (2.3)
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Figure 2.2: (a) Atomic structure of bilayer graphene. Low energy band structure of bilayer
graphene without (b) and with (c) a perpendicular electric field. In the first case the low
energy band structure is parabolic and in the latter a bandgap opens between the conduction
and valence bands.

where the energy is defined with respect to the charge neutrality point where con-
duction and valence bands cross and γ1 ≈ 0.4 meV is the coupling parameter be-
tween B1 and A2 atoms (see Figure 2.2(a)). Equation 2.3 shows that the effective
mass of bilayer graphene is mBLG = γ1/(2vF0). The density of states in bilayer
graphene is:

ν(E) =
gsgv

4π~2v2
F0

(2|E|+ γ1) (2.4)

2.3 Charge diffusion coefficient in monolayer and bi-
layer graphene

In this thesis, the density of states in monolayer and bilayer graphene is used to
obtain the diffusion coefficient from their square resistance Rsq and carrier density
n. This is achieved via the Einstein relation for degenerate conductors, which is [5]:

Dc = (ν(EF )e2Rsq)
−1 (2.5)

where e is the electron charge. Because in typical transport experiments n is a known
parameter, one needs to determine ν(EF ) as a function of n. To achieve this, an
expression for n is obtained calculating the integral of ν(EF ) from E = 0 until the
Fermi energy and, after performing the operation, isolating EF from the resulting
equation. Using this procedure the following expressions are obtained:

EGrF = ~vF0 sgn(n)
√
π|n| (2.6)

EBLGF = − sgn(n)

2

(
±γ1 ∓

√
γ2

1 +
4|n|
α

)
(2.7)
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Here sgn(n) is the sign of the carrier density, α = (π~2v2
f0)−1 using this expression

for monolayer graphene and the Einstein relation:

DGr
c =

~vF0

2e2Rsq

√
π

|n|
(2.8)

Note that this expression diverges at the charge neutrality point. This is because the
density of states at the Dirac point is zero and this expression assumes that there is no
broadening of the energy. As a consequence, the values obtained from this expres-
sion near the Dirac point are not accurate. This issue can be solved by including a
Gaussian broadening of the energy, which can be used to obtain an effective density
of states which does not drop down to zero at the Dirac point [6].

In the case of bilayer graphene:

DBLG
c =

π~2v2
F0

e2Rsq

1√
γ2

1 + 4π~2v2
F0|n|

(2.9)

In this case, because of its parabolic band structure, the density of states of bilayer
graphene does not diverge at n = 0. These expressions are used to obtain the diffu-
sivity of charge carriers that, as shown in Chapter 3, it is crucial to understand the
spin transport experiments.

2.4 Bilayer graphene field effect transistors

The carrier density of graphene can be controlled with a perpendicular electric field
using the standard field effect. It is enabled by its two-dimensional nature and low
density of states. The experiment with a single gate works as follows: The graphene
is deposited on a conductive, highly doped Si substrate which has an insulating
layer of SiO2. This allows for the application of an electric field between the gra-
phene channel and the substrate. When a positive voltage is applied to the substrate
(Vbg) (see Figure 2.3(a)) electrons in the grounded graphene contact fill the graphene
layer and the Fermi energy increases. When Vbg is negative then electrons are re-
pelled from the graphene channel and the Fermi energy decreases. The carrier den-
sity induced using this method is: n = Cbg(Vbg− V

(0)
bg )/e where Cbg = ε0εbg/dbg is

the capacitance of the back-gate per unit area, ε0 = 8.854 × 10−12 F/m is the vac-
uum permittivity, εbg = 3.9 is the relative dielectric permittivity of the SiO2

1 and
dbg is the oxide thickness. V (0)

bg is the voltage at which graphene is charge neutral,
that is zero in pristine graphene but may become non-zero due to doping caused by
fabrication residues. The electric field induced by the back-gate on the channel is:
E = εbg(Vbg − V

(0)
bg )/(2dbg) the factor 2 comes from the assumption that the layer

1The dielectric permittivity of boron nitride is approximately the same as the one of SiO2 and the
thickness in the device shown in Figure 2.3 is of 20 nm
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Figure 2.3: (a) Schematic of a bilayer graphene field effect transistor used to obtain the gra-
phene conductivity as a function of n. (b) Carrier density dependence of the channel conduc-
tivity in bilayer graphene. The black curve corresponds to the experimental data and the red
line is the linear fit assumming that σ(n = 0) = 0. The back-gate voltage is shown on the top
axis and a voltage Vcnp = −0.9 V has been subtracted. Electron and hole mobilities extracted
from the linear fits are µe = 2.1 m2/(Vs) and µh = 1.9 m2/(Vs) respectively. The low energy
band structure of bilayer graphene with the Fermi energy at the given carrier density regime
is shown at the inset.

which is closer to the gate screens the electric field for the second layer completely,
reducing the average field. The carrier density and electric field can be controlled
in an independent way using a double gate geometry. In this case, the carrier den-
sity is: n = ε0εbg(Vbg − V (0)

bg )/(edbg) + ε0εtg(Vtg − V (0)
tg )/(edtg) and the electric field:

E = εbg(Vbg − V (0)
bg )/(2dbg)− εtg(Vtg − V (0)

tg )/(2dtg) where tg refers to the top-gate.

Measurement of the conductivity as a function of n allows the determination of
the carrier mobility µ using the Drude formula:

σ = neµ (2.10)

µ is the most common figure of merit to determine the electronic quality of any con-
ductor. In Figure 2.3(b) The experimental results for the conductivity of a bilayer
graphene Hall bar as a function of the carrier density are shown together with fits
to Equation 2.10. There is a discrepancy between the fit and the data at low carrier
densities, and it can be separated in two regimes. At the charge neutrality point the
conductivity is not zero due to the finite density of states of bilayer graphene at this
energy. At higher carrier densities the conductivity is lower than the fit. This is at-
tributed to the fact that the Fermi velocity for bilayer graphene increases with n. This
makes the electronic mobility lower near the charge neutrality point than at higher
densities whereas the model assumes constant mobility.
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The conductivity at higher carrier densities in high mobility devices is limited by
short range scattering to a value (σmax = 1/ρs) which is a fit parameter [12, 13]. As a
consequence, it is common practice to fit the conductivity as a function of n data of
devices showing the saturation in σ to the following expression:

σ =
neµ+ σ0

1 + ρs(neµ+ σ0)
(2.11)

where σ0 accounts for the finite conductivity at the charge neutrality point. Note
that, at the neutrality point, σ = σ0/(1 + ρsσ0). This typically reduces to σ = σ0

because ρsσ0 is significantly smaller than one in most cases.

2.5 Hexagonal boron nitride

Hexagonal boron nitride (hBN) is a van der Waals material made out of boron and
nitrogen, that are arranged in a honeycomb lattice like graphene. It has an in-plane
lattice constant of a ≈ 2.5 Å and a bandgap of 5.97 eV [14] making hBN an insulator.
The high energy of its surface phonons and the lack of dangling bonds on its sur-
face present crucial advantages with respect to SiO2 as a substrate for high quality
graphene devices, as it has been shown experimentally [15, 16].

Because the atomic structure of hBN is very similar to that of graphene, gra-
phene and hBN constitute the simplest van der Waals heterostructure which is kept
together by relatively weak van der Waals interactions [17]. The small mismatch
between both lattice constants, that is lower than 2%, has been used to create com-
mensurated heterostructures where the effects of the Moiré superlattices have been
measured using transport experiments [18–20].

In graphene spintronics, hBN introduction has brought significant improvements
in the spin relaxation length [21] and time [22–25]. It has also been shown that in-
troduction of bilayer hBN as a tunnel barrier for spin polarized contacts allows for
very efficient injection [26]. This makes it a promising candidate for spin transport
experiments, as shown in Chapters 8 and 9.

2.6 Transition metal dichalcogenides

Transition metal dichalcogenides (TMDs) are 2D layered materials which are made
of two different atoms: A transition metal such as Mo or W and two chalcogen atoms
such as S or Se. When in the 2H phase, atoms are assembled in a trigonal prismatic
structure. Due to the large atomic mass of the transition metals and the broken in-
version symmetry in the monolayers, the band structure of TMDs has a gap ranging
between 1.5 eV in MoSe2 to 1.89 eV in WS2 [27]. Moreover, the valence bands have a
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Figure 2.4: (a) Top and side view of the atomic structure of TMDs. The black atoms are transi-
tion metals and the red atoms are chalcogens. (b) Simplified low energy band structure with
the spin split valence and low energy conduction bands in the K and K’ points.

spin splitting between 148 meV in MoS2 and 466 meV in WS2. The conduction bands
are also split from 3 meV in MoS2 to 37 meV in WSe2 [28] in the monolayer form.

The band structure of TMDs, like graphene, has a honeycomb symmetry and
shows K and K’ valleys. Due to its broken inversion symmetry, unlike pristine mono-
layer and bilayer graphene, both valleys are not equivalent. The spin splittings of the
conduction and valence bands are opposite for each valley due to time reversal sym-
metry, giving rise to spin-valley coupling [29] and the so-called valley Hall effect [30],
which is a deviation of the electronic trajectories which is caused by the Berry cur-
vature, that is also opposite in both valleys [31]. Moreover, the different valleys can
be addressed optically with circularly polarized light [32]. The electronic mobility of
TMDs ranges from typical values of 0.01 up to 3 m2/(Vs) obtained for 6-layer MoS2

encapsulated between hBN layers and contacted with graphene [33]. The spin-orbit
coupling in these materials can be transferred to graphene via the proximity effect
in graphene/TMD heterostructures. This has consequences for the spin transport
properties of graphene as shown in Chapters 3 and 8.
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p theory for two-dimensional transition metal dichalcogenide semiconductors,” 2D Materials 2(2),
022001, (2015).

[29] D. Xiao, G. B. Liu, W. Feng, X. Xu, and W. Yao, “Coupled spin and valley physics in monolayers of
MoS2 and other group-VI dichalcogenides,” Physical Review Letters 108(19), 196802, (2012).

[30] D. Xiao, Y. Wang, and Q. Niu, “Valley-contrasting physics in graphene: magnetic moment and topo-
logical transport,” Physical Review Letters 99(23), 236809, (2007).

[31] K. F. Mak, K. L. McGill, J. Park, and P. L. McEuen, “The valley Hall effect in MoS2 transistors,”
Science 344(6191) , 1489, (2014).

[32] W. Yao, D. Xiao, and Q. Niu, “Valley-dependent optoelectronics from inversion symmetry breaking,”
Physical Review B 77(23), 235406, (2008).

[33] X. Xui, G. H. Lee, Y. D. Kim, G. Arefe, P. Y. Huang, C. H. Lee, D. A. Chenet, X. Zhang, L. Wang,
Y. Fan et al., “Multi-terminal transport measurements of MoS2 using a van der Waals heterostructure
device platform,” Nature Nanotechnology 10(6), 534, (2015).



2


	Chapter 2



