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1 Introduction

General Relativity as a locally Poincaré invariant theory of gravity has passed many exper-

imental tests and is very successful in describing the gravitational interactions in our world.

The locally supersymmetric extension of Poincaré gravity is called supergravity. Although

supersymmetry has not yet been detected in any of the running experiments much effort

has been devoted to construct supergravity invariants of all kinds of sort, with or without

matter. An extremely useful technique to construct such invariants, is the (super)conformal
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method [1–4] where one makes use of compensating multiplets that transform under (su-

per)conformal transformations — for an introduction see [5]. Gauge-fixing some of the

components of the compensating multiplet, one gets rid of the redundant (super)conformal

symmetries and obtains the desired (super-)Poincaré-invariant. One of the advantages of

this method is that one can use the different (super)conformal multiplets as building blocks

to construct the more complicated (super-)Poincaré invariants. In this work we apply a

similar technique to obtain non-relativistic Galilean invariants.

In recent years, gravitational theories with non-relativistic symmetries have attracted

renewed attention and have been widely studied from both theoretical and phenomenolog-

ical points of views. Two famous examples of such non-relativistic theories are Newton-

Cartan (NC) gravity [6, 7] and Hořava-Lifshitz (HL) gravity [8, 9]. Initially, NC gravity was

developed as the generally covariant arbitrary frame reformulation of Newtonian gravity.

Subsequent developments showed that NC gravity correctly describes the non-relativistic

limit of General Relativity, see e.g. [10].1 In a different context, in the search for a consis-

tent theory of quantum gravity, HL gravity has been proposed as a possible UV completion

of Einstein’s theory. Hořava’s theory is based on the so-called foliation preserving diffeo-

morphisms instead of the full diffeomorphisms of General Relativity. Following on Hořava’s

proposal, a vast literature explored the low-energy consistency and phenomenological via-

bility of the theory, see [11, 12] for reviews. While HL gravity is rather unrelated to NC

gravity as a gravitational theory, it has recently been shown [13] that HL gravity can be

reformulated in the same geometric formulation as NC gravity, namely using NC geometry

— see e.g. [14–16] for early works on the geometric structure of NC. More precisely, the

so-called non-projectable and projectable versions of HL gravity correspond to an action

made of a collection of higher-derivative invariants constructed out of the variables of NC

geometry respectively with and without torsion [13].

Additional independent motivations for studying non-relativistic theories of gravity

come from both the potential condensed matter applications and the developments in

non-relativistic holography, initially studied in [17–24]. In particular, HL gravity is inter-

esting from the holographic point of view since it provides an alternative way of realizing

a non-relativistic holographic model where the bulk and the boundary have the same

non-relativistic geometric structure [25, 26]. This has recently been argued to be a very

natural, and promising, approach in the context of certain non-relativistic field theories

called Warped CFT’s [27, 28]. In fact, many condensed matter systems are described by

non-relativistic field theories and coupling these systems to non-relativistic backgrounds

provides appropriate external sources conjugated to their conserved currents. In the con-

text of NC geometry, the appropriate way of performing this coupling has been studied from

the theoretical point of view [29–34] and typical condensed matter applications include, e.g.,

the description of the quantum Hall effect [35–38] and even aging in materials [39–46].

A crucial aspect of Newton-Cartan geometry, particularly relevant in the developments

mentioned just above, is that the geometry can involve a non-vanishing torsion tensor. The

Torsional Newton-Cartan (TNC) geometry was first observed in [47, 48] in the context of

1The underlying symmetries of NC gravity are described by the centrally extended Galilean algebra

which is called the Bargmann algebra.
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Lifshitz holography2 where it arises as the boundary geometry of a specific model sup-

porting z = 2 Lifshitz solutions. Following [50] on the gauging of the Bargmann algebra,

it was later shown that the TNC geometry can be obtained by gauging the Schrödinger

algebra [51]. In this work, we will exclusively consider a specific type of torsion referred to

as ‘twistless torsion’.

The purpose of this paper is to develop a non-relativistic version of the conformal

method mentioned at the beginning of this introduction and to illustrate it in two different

contexts. We apply this method at the level of the equations of motion to find the curved

space covariant NC gravity field equations with torsion and we apply it to re-derive z = 2

HL gravity by reproducing the Galilean invariants constructed in [13]. We expect that

this procedure will be very efficient if one considers more complicated models such as

supersymmetric HL or NC gravity theories. In our formalism we use Schrödinger gravity,

i.e. the gauge theory of the Schrödinger algebra [52, 53], as the analogue of conformal

gravity in the relativistic case. We remind that the Schrödinger transformations are the

maximal symmetries that leave invariant the action of a massive non-relativistic particle

whereas the action of a massless non-relativistic particle is invariant under the symmetries

of the so-called Galilean conformal algebra [54, 55]. We will therefore reserve the name

‘non-relativistic conformal gravity’ for the gauge theory of the Galilean conformal algebra.3

For our present purposes, it is sufficient to make use of Schrödinger gravity.

The Schrödinger symmetries in d spatial dimensions with critical exponent z, which

we denote by Schz(d), contain in addition to the centrally extended Galilean symmetries, a

dilatation generator D which acts on space and time coordinates differently. To be precise,

for general exponent z the time and space coordinates transform under a dilatation with

parameter λ as follows:

t→ λzt and x→ λx . (1.1)

At z = 2 an extra generator K, denoted as the generator of special conformal transfor-

mation, emerges. These two extra symmetries D and K, together with the translations

(with generators Pa), spatial rotations (with generators Jab) and Galilean boosts (with

generators Ga) are symmetries of the Schrödinger equation;(
i∂0 −

1

2M
∂2a

)
Ψ(t,x) = 0 , (1.2)

where M appears as the central term in the commutator of Galilean boosts and translations:

[Pa, Gb] = δabM . (1.3)

The corresponding central charge transformation acts as a phase transformation on the

complex scalar Ψ. In the context of the Schrödinger equation this symmetry corresponds

to particle number conservation. The field theories invariant under Schrödinger symmetries

have been studied in [56–58].

2See [49] for a recent review on Lifshitz holography.
3We thank J. Lukierski for a discussion on this point.
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The conformal method is based on a Stückelberg mechanism for a compensating scalar

field involved in the conformal multiplet. It turns out that in the non-relativistic case we

need to use a compensating complex scalar that transforms under dilatations and central

charge transformations. This is different from the relativistic case where a real scalar is

sufficient and the central charge transformations are absent. There is one more difference

with the relativistic case: while in the relativistic case the special conformal transformations

are described by a vector generator Kµ, in the non-relativistic case we only have a scalar

generator K. As a consequence of this, we cannot gauge away the space components ba
of the dilatation gauge field in the non-relativistic case. These remnants of the dilatation

gauge field are precisely the origin of torsion in NC gravity [51].

It is natural to apply the non-relativistic conformal method we develop in this work

to NC gravity itself, in particular to obtain the extension with torsion. As far as we know,

NC gravity cannot be derived from an action principle, at least not with the usual field

content. We therefore apply the non-relativistic method at the level of the equations of

motion and only consider equations of motion for the compensating scalar. It turns out

that the non-relativistic conformal method in this case provides a very efficient way of

constructing the equations of motion of NC gravity with torsion, a result that, as far as we

know, has not occurred before in the literature.

We also apply the non-relativistic conformal method to Schrödinger invariant scalar

field theories. By reproducing the Galilean invariants of [13], we show that Schrödinger field

theories (SFT’s) are naturally mapped to HL gravity. Since HL gravity contains higher

derivatives we need to consider higher-derivative SFT’s for the compensating complex

scalar. For our purposes it is sufficient to classify all SFT’s up to two derivatives in time

and four derivatives in space. Following the same procedure as in the relativistic case,

we will couple these SFT’s to Schrödinger gravity and next gauge-fix the compensating

complex scalar after which we obtain higher-derivative Galilean invariants.

This paper is organized as follows. In section 2 we review the relativistic conformal

construction of Poincaré gravity. In section 3 we develop the non-relativistic conformal

method that will be used in the remainder of the paper. We then use the non-relativistic

conformal method to derive the Newton-Cartan equations of motion with and without

torsion in section 4. In section 5 we couple the complex compensating scalar to Schrödinger

gravity, gauge fix the scalar and thereby construct all Galilean invariants with at most two

time and four spatial derivatives that can be related to a SFT. This construction leads

to a systematic derivation of Hořava-Lifshitz gravity at z = 2. Finally, we present our

conclusions in section 6. There are two appendices. In appendix A we give several details

of the Schrödinger gravity theory, while in appendix B, we classify all scalar field theories

that are invariant under rigid z = 2 Schrödinger symmetries up to 2 derivatives in time

and 4 derivatives in space.

Before starting we mention some notation and conventions. We work in D = d + 1

spacetime dimensions where d refers to the number of spatial dimensions. The small Latin

alphabet letters (a, b, c, . . .) refer to the spatial local Galilean frame while the capitals

(A,B,C, . . .) cover the local Poincaré frame. The Greek indices (µ, ν, ρ, . . .) refer to the

coordinate frame and labels all spacetime coordinates (x ≡ t,x).
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2 The relativistic conformal method

Before discussing the non-relativistic case, it is instructive to first review the (bosonic)

relativistic conformal construction. In the relativistic conformal construction the aim is

to construct general Poincaré invariants by using the larger conformal symmetry algebra.

The idea is that conformal field theories (CFT’s) of a real scalar field correspond to a class

of Poincaré invariants. The converse is not necessarily true, see below.

2.1 Einstein-Hilbert invariant

We explain first the relation between the Einstein-Hilbert invariant in D > 2 dimensions

and the CFT of a free real scalar with a standard 2-derivative kinetic term. To be explicit,

we consider the Einstein-Hilbert Lagrangian in D > 2 dimensions

P1 : e−1L =
1

κ2
R , (2.1)

where e is the determinant of the Poincaré vielbein eµ
A with A and µ referring to the

local Poincaré and the coordinate frames respectively. The gravitational coupling constant

κ2 = 16πG has the length-dimension D − 2. Clearly, the action corresponding to this

Lagrangian is dimensionless and invariant under general coordinate transformations with

parameter ξµ and under local Lorentz transformations with parameter ΛAB = −ΛBA:

δeµ
A = ξλ∂λ eµ

A + (∂µ ξ
λ) eλ

A + ΛAB eµB . (2.2)

To relate the Poincaré invariant (2.1) to a real scalar field theory we first observe that

the Einstein-Hilbert action is not invariant under local dilatations. To make it invariant

under local dilatations we replace the Poincaré vielbein, which from now on we denote with

(eµ
A)P, by a compensating real scalar ϕ times the conformal vielbein (eµ

A)C:

(eµ
A)P = κ

2
D−2 ϕ (eµ

A)C , (2.3)

where ϕ has a lenght-dimension -1. We inserted a factor with κ in (2.3) so that the dilatation

invariant action will be free of any dimensionful parameter under the field redefinition (2.3).

The compensating scalar ϕ and the conformal vielbein (eµ
A)C transform under dilatations,

with a local parameter ΛD(x), such that the Poincaré vielbein (eµ
A)P is invariant:

δϕ = −ΛDϕ , δ(eµ
A)C = ΛD(eµ

A)C . (2.4)

We next substitute the decomposition (2.3) into the Poincaré invariant (2.1) and in this

way end up with a real scalar coupled to conformal gravity. The corresponding action

is invariant under general coordinate transformations, local Lorentz rotations and local

dilatations. To obtain the conformal real scalar field theory, before coupling to conformal

gravity, we impose the gauge-fixing condition4

(eµ
A)C = δµ

A . (2.5)

4Note that after gauge-fixing we do not distinguish between curved and flat indices anymore.
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This gauge-fixing condition restricts the local dilatation transformations to the rigid con-

formal transformations via the constraint equation

∂µξ
ν + Λνµ + ΛDδµ

ν = 0 . (2.6)

This differential equation has the following solution

ξµ(x) = aµ − λµνxν − λDxµ + λνK

(
xµxν −

1

2
δµν x

2

)
, (2.7a)

Λµν(x) = λµν + 2λ
[µ
K x

ν] , (2.7b)

ΛD(x) = λD − λµK xµ , (2.7c)

where aµ , λµν , λD and λµK are the (constant) parameters of translations, Lorentz transfor-

mations, dilatations and special conformal transformations, respectively. The gauge-fixing

condition (2.5) has the consequence that, when substituting expression (2.3) back into (2.1)

one can ignore any derivative acting on the conformal vielbein. One thus ends up with a

Lagrangian with the derivatives acting on the compensating scalar ϕ.

Finally, we make the redefinition (assuming D > 2)

ϕ = φ
2

D−2 (2.8)

such that the Lagrangian (2.1) reduces to the following canonical form:5

CFT1 : L = 4
D − 1

D − 2
φ�φ , (2.9)

where � = ηµν∂µ∂ν and ηµν is the inverse flat Minkowski metric. The action correspond-

ing to this Lagrangian in D dimensions is explicitly invariant under the rigid conformal

transformations

δφ = ξµ∂µ φ+ wΛDφ , (2.10)

with ξµ and ΛD given in (2.7) and, due to the redefinition (2.8), with weight w given by

w = −1

2
(D − 2) . (2.11)

We thus have shown how the Poincaré invariant P1 given in (2.1) can be related to the

conformal field theory CFT1 of a free real scalar defined in (2.9).

The relation also works the other way around. Starting from the CFT1 given in (2.9)

one can derive the Einstein-Hilbert Lagrangian (2.1) as follows. The first step is to make the

CFT1 of (2.9) invariant under local conformal transformations, i.e. couple it to conformal

gravity. In order to do this, it is convenient to first introduce all the gauge fields of conformal

gravity, not only the conformal vielbein. By applying a standard gauging procedure to

5As a general feature a positive kinetic term for the compensating scalar corresponds to a negative

kinetic term for gravity and vice-versa [5].
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the relativistic conformal algebra, see e.g. [5] and references therein,6 one arrives at the

following gauge fields and transformation rules — we omit the superscript C from now on;

δeµ
A = ΛABeµ

B + ΛDeµ
A , (2.12a)

δωµ
AB = DµΛAB + 4Λ

[A
K eµ

B] , (2.12b)

δbµ = ∂µΛD − 2ΛA
KeµA , (2.12c)

δfµ
A = DµΛA

K + ΛABfµB + bµΛA
K − ΛDfµ

A , (2.12d)

where Dµ denotes the Lorentz-covariant derivative and ΛA
K is the parameter of a special

conformal transformation. All gauge fields transform as covariant vectors under general

coordinate transformations.

The special thing about the three new gauge fields that we have introduced is that two

of them, ωµ
AB and fµ

A, are dependent, i.e. ωµ
AB = ωµ

AB(e, b) and fµ
A = fµ

A(e, b), whereas

the third gauge field bµ transform as a shift under special conformal transformations, see

eq. (2.12c). The fact that the gauge field bµ is the only field that transforms with a

shift under the special conformal transformations7 means that, writing out all covariant

derivatives, one finds that the dilatation gauge field always drops out in any conformal

invariant action in D > 2.

Despite the fact that bµ does not occur in the final answer, it is useful to keep this

gauge field at a first stage to couple the real scalar conformal field theory (2.9) to conformal

gravity and construct covariant derivatives in a systematic way. This goes as follows. Since

the scalar field φ only transforms under general coordinate transformations and dilatations

it’s conformal covariant derivative is defined as follows:

DAφ = eA
µ
(
∂µ − wbµ

)
φ . (2.13)

Due to the presence of the dilatation gauge field bµ this conformal covariant derivative

transforms under special conformal transformations and, therefore, if we take the confor-

mal covariant derivative of the expression (2.13) it will involve the gauge field of special

conformal transformations. The exact expression for the conformal d’Alembertian reads:

�Cφ ≡ ηABDADBφ

= eAµ
(
∂µDAφ− (w − 1)bµDAφ− ωµAB(e, b)DBφ− 2wfµA(e, b)φ

)
. (2.14)

The Lagrangian describing the coupling of φ to conformal gravity is then given by

e−1L = 4
D − 1

D − 2
φ�Cφ . (2.15)

The theory described by this Lagrangian is invariant under the local conformal transfor-

mations (2.10), where ξµ and ΛD are now taken to be arbitrary functions of the spacetime

6Note that our sign conventions are different from [5].
7The gauge fields ωµ

AB(e, b) and fµ
A(e, b) transform only under special conformal transformations via

their dependence on bµ.
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coordinates, and (2.12) provided that the scalar weight w is given by (2.11) — see [5] for

more details.

To obtain the Einstein-Hilbert action we now fix the dilatations by imposing the gauge-

fixing condition

φ =
1

κ
. (2.16)

Note that this gauge-fixing condition does not require any compensating transformations.

As we already mentioned, the bµ gauge field will automatically drop out from (2.15) as a

consequence of the special conformal invariance. Therefore, from the expression (2.14) it is

clear that the bµ independent part of eA
µfµ

A is the only relevant term that will ultimately

survive the gauge-fixing condition (2.16). Using the explicit expressions for ωµ
AB and fµ

A,

ωµ
AB(e, b) = Ωµ

AB(e) + 2eµ
[AeB]νbν , (2.17)

fµ
A(e, b) =

1

2(D − 2)

(
Rµ

A(ω)− 1

2(D − 1)
eµ

AR(ω)

)
, (2.18)

with

Ωµ
AB(e) = −2eν [A∂[µeν]

B] + eµCe
νAeρB∂[νeρ]

C , (2.19)

Rµ
A(ω) = 2eB

ν
(
∂[µων]

AB − ηCDω[µ
ACων]

DB
)
, (2.20)

and R(ω) = eA
µRµ

A(ω), one finds that after gauge-fixing the matter coupled conformal

gravity Lagrangian (2.15) precisely reduces to the Einstein-Hilbert Lagrangian (2.1) where

the Poincaŕe Ricci scalar is

R = 2eµAe
ν
B

(
∂[µΩν]

AB − ηCDΩ[µ
ACΩν]

DB
)
. (2.21)

This concludes our discussion of how the Einstein-Hilbert invariant is related to the

CFT of a free real scalar with a 2-derivative kinetic term. A few remarks are in order.

First of all, we note that in the relativistic case the number of derivatives in the Poincaré-

invariant is the same as the number of derivatives in the corresponding CFT. As we will

see later on, this will no longer be true in the non-relativistic case. Secondly, the way we

couple the scalar to conformal gravity is basically by replacing derivatives by conformal-

covariant derivatives. This only works nicely if we perform the covariantization on the

Lagrangian (2.9). For instance, had we used as the CFT Lagrangian L′ ∼ ∂µφ∂µφ instead

of L ∼ φ�φ we would not have succeeded to couple L′ to conformal gravity. The reason

is that, although L and L′ only differ by a total derivative, and therefore are equivalent

as CFT’s, this total derivative ceases to be a total derivative after replacing derivatives

by covariant derivatives. Hence, to distinguish between these two cases it is necessary to

formulate the invariance directly at the level of the Lagrangian.

Under the variation (2.10) neither L nor L′ are exactly invariant. Instead, they are

both invariant up to a total derivative. Because ultimately we are interested in coupling

these Lagrangians to conformal gravity, and anticipating on their future invariance under

– 8 –
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arbitrary coordinate transformations, we restrict the allowed total derivative and define an

invariant Lagrangian as a Lagrangian whose variation is

δL = ∂µ (ξµL) . (2.22)

The rule is then that we can only couple those Lagrangians to conformal gravity that

are invariant by themselves in the sense of (2.22). Note that in the case discussed above

δL′ 6= ∂µ (ξµL′). In the remaining, when we talk about an invariant Lagrangian we will

always mean invariance up to the total derivative (2.22).

As a last remark, let us stress that the relation between Poincaré invariants and scalar

CFT’s is not one-to-one. Although to each independent CFT we can associate a unique

(linearly independent) Poincaré invariant, there exist Poincaré invariants that do not have

a corresponding scalar CFT. Furthermore, not every CFT corresponding to a Poincaré-

invariant has a kinetic term. The latter situation is what we denote as ‘potential terms’

and the former as ‘curvature terms’. Accordingly, in the remainder of this paper we will

distinguish between three different categories of CFT’s/spacetime invariants:

1. Potential terms. Not every spacetime invariant corresponds to a CFT with a kinetic

term. For instance, a cosmological constant term Λ corresponds to a CFT without a

kinetic term. Explicitly, we have

CFT0 : L = Λφ2 , w = −D
2

⇔ P0 : e−1L = Λ , (2.23)

where, for clarity, we set κ = 1 from now on. Note that in this case the field

redefinition (2.8) is modified, as can be seen from the value of dilatation weight.

2. Kinetic terms. This category includes all CFT’s with time derivatives. An example

is the CFT (2.9) corresponding to the Einstein-Hilbert invariant. One can also con-

sider higher-derivative CFT’s corresponding to (linear combinations of) the invariants

RµνRµν and R2 as will be discussed below.

3. Curvature terms. There are spacetime invariants that are not encoded by any corre-

sponding CFT, examples include the Riemann curvature squared and relatedly the

Weyl tensor squared. For instance, starting from the Weyl tensor squared in D

dimensions and making the redefinition (2.3) one ends up with the following term:

e−1L ∼ φ2
D−4
D−2

(
Cµν

AB
)2
. (2.24)

Clearly, upon gauge-fixing eµ
A = δµ

A, this term vanishes and therefore does not lead

to any non-trivial CFT. We call this type of Poincaré invariants ‘curvature terms’

because they are related to the conformal invariants that can be built out of the

conformal curvature.
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2.2 Higher derivative invariants

The procedure outlined above can easily be extended to include higher-derivative Poincaré

invariants such as R2 and RµνRµν .8 In that case one ends up with a higher-derivative

scalar CFT. For completeness, and in order to better illustrate some of the points just

mentioned, we briefly discuss the Poincaré invariants corresponding to the CFTs with four

derivatives. Assuming D > 4, we consider in this case a compensating scalar φ of dilatation

weight

w = −1

2
(D − 4) . (2.25)

Given this weight, it follows that the higher derivative field theory built out of the operator

box squared, L ∼ φ�2φ, is a CFT. We call it CFT2 below. Using the general procedure

outlined above, it can be seen to correspond to the following combination of the Ricci

tensor squared and the Ricci scalar squared:

CFT2 : L = −(D − 2)2

D − 4
φ�2φ ⇔ P2 : e−1L = RµνRµν −

D3 − 4(D − 2)2

16(D − 1)2
R2 .

(2.26)

The fact that both the Ricci tensor squared and the Ricci scalar squared are separately

invariant indicates that there is another independent CFT at that order. Starting from the

Poincaré invariants RµνRµν and R2 separately the corresponding CFTs could be obtained

by introducing the compensating scalar via a similar decomposition as we did in (2.3) for

the Einstein-Hilbert term. Here, in analogy to what we will do in the non-relativistic case,

we discuss a different way to obtain this result by starting from the CFT point of view.

First, note that up to a partial differentiation, the CFT considered in (2.26) is equiv-

alent to the Lagrangian L′ ∼ (�φ)2. The variation of Lagrangian L′ is proportional to

�φ which is the conformal scalar theory extensively discussed in section 2.1, and obvi-

ously cannot be coupled to conformal gravity given the weight (2.25). However, L′ can

be made invariant by adding compensating terms.9 From this we learn that there exists

another CFT, denoted below as CFT3, which can be coupled to conformal gravity and,

with appropriate normalisation, correspond to the Poincaré invariant R2 after gauge-fixing:

CFT3 : L = 16
(D − 1)2

(D − 4)2

(
�φ+

2

(D − 4)

∂µφ∂
µφ

φ

)2

⇔ P3 : e−1L = R2 .

(2.27)

The Lagrangians (2.26) and (2.27) describe two independent scalar CFTs. They are the

only two invariant Lagrangians with four derivatives acting on the scalar φ of fixed di-

latation weight (2.25). It is possible to obtain them starting from the most general linear

combination of all possible terms that can be written down with four derivatives that have

8The same does not apply to the Riemann curvature squared term since that corresponds, using the

terminology introduced above, to a curvature term.
9We thank Mehmet Özkan for useful comments on this construction.
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the correct scaling behaviour and by requiring that under the rigid conformal transforma-

tions the Lagrangian transforms according to (2.22). We thus find that, up to the curvature

terms discussed above, a classification of all inequivalent CFTs correspond to all possible

Poincaré invariants.

This concludes our review of the relativistic conformal construction. In the next section

we will discuss what happens in the non-relativistic case.

3 A non-relativistic conformal method

In section 2 we reviewed how the Einstein-Hilbert action arises from a CFT of a free scalar

with a two-derivative kinetic term. Like the Poincaré group which can be extended to the

conformal group, the centrally extended Galilei group can be extended to the Schrödinger

group. This prepares the base for our non-relativistic conformal construction both of

Lagrangians that are invariant under local Galilean symmetries as well as of field equations

that are covariant under these symmetries. The latter leads to the construction of the

curved space Newton-Cartan Gravity (NCG) equations of motion with torsion discussed

in section 4 while the former leads to the construction of Galilean invariants in section 5

and their physical realization as Hořava-Lifshitz Gravity (HLG) discussed in section 5.3.

3.1 Newton-Cartan variables

In general, the gauging of the Galilean algebra [13, 50] leads to a set of independent

gauge fields which are given by a time-like vielbein τµ and a spatial vielbein eµ
a — with

a referring to the spatial local Galilean frame, a = 1, · · · , d — which obey the following

transformation rules

δτµ = 0 , (3.1a)

δeµ
a = Λabeµ

b + Λaτµ , (3.1b)

where Λab and Λa are the parameters of a (local) spatial rotation and a Galilean boost,

respectively.10 Furthermore, both gauge fields transform as covariant vectors under general

coordinate transformations with parameter ξµ. The inverses τµ and eµa are defined by

τµτµ = 1 , τµeµ
a = 0 ,

τµe
µ
a = 0 , eµ

aeµb = δab . (3.2)

They obey the following transformation rules:

δτµ = −Λaeµa , (3.3a)

δeµa = Λabe
µ
b , (3.3b)

and can be used to form the temporal and spatial projections of a given tensor Tµ;

T0 ≡ τµTµ and Ta ≡ eµaTµ such that Tµ = T0τµ + Tae
a
µ . (3.4)

We will extensively use this notation below.

10Recent approaches for localizing the Galilean symmetry of a field theoretic model have been developed

in [59, 60].
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The geometric realization of these variables is given in terms of the Newton-Cartan

geometry which describes a non-relativistic spacetime. A difference with the relativistic

case is that one cannot define a metric for the full spacetime. Requiring Galilean invariance

one can only define a metric τµν in the time direction and a metric hµν in the spatial

directions separately:

τµν = τµτν , hµν = eµae
ν
b δ

ab . (3.5)

To define a metric with upper indices in the time direction and a metric with lower indices

in the spatial directions that is invariant under Galilean boosts one needs a vector field

that transforms under Galilean boosts with a shift [13]:

δMµ = Λaeµ
a . (3.6)

This vector field should be considered together with τµ and eµ
a to define the full Newton-

Cartan geometry. In fact, using this vector field we can simply define the following boost

invariant hatted variables:

τ̂µ = τµ + eµaMa , (3.7a)

êµ
a = eµ

a − τµMa . (3.7b)

Note that this basis preserves all the orthonormality conditions of (3.2).

The vector field Mµ can be promoted to a gauge field mµ by a Stückelberg mechanism

as we will see later on. The gauge field mµ is associated to the central charge transformation

in the centrally extended Galilean algebra, i.e. the Bargmann algebra [50]. There are several

reasons to work with the Bargmann algebra rather than Galilean algebra:

1. The Lagrangian of a non-relativistic particle is only invariant under Galilean boosts

up to a total derivative. This leads to a centrally extended Galilean algebra.

2. A vector field is needed to solve for the connection fields of spatial rotations and

Galilean boosts in terms of the other gauge fields [50].

3. The vector field is needed to define a metric with upper indices in the time direction

and a metric with lower indices in the spatial directions as stated above in eq. (3.7).

In this section we do not work with the Bargmann algebra but with the Schödinger algebra

which is a minimal extension of it that serves our purposes. Therefore, the gauge field mµ

we will be using has a Schrödinger origin. More information about Schrödinger gravity and

the gauging of the Schrödinger algebra can be found in appendix A.

3.2 Compensating scalar field

In order to relate a Galilean invariant to a Schrödinger invariant field theory we need to

introduce compensating fields. Since we add two extra symmetries, dilatations and central

charge transformations, we introduce two real scalars ϕ and χ or, equivalently, a complex

scalar Ψ:

Ψ = ϕeiχ . (3.8)
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Any Galilean invariant can then be made invariant under local dilatations and central

charge transformations by replacing the Galilean vielbein fields, which from now on we

give a superscript G, by Schrödinger vielbein fields, which we indicate with a superscript

Sch, and by replacing the vector field Mµ by the Schrödinger gauge field mµ as follows:

(τµ)G = ϕ−
2
w (τµ)Sch , (eµ

a)G = ϕ−
1
w (eµ

a)Sch , (3.9a)

Mµ = mµ −
1

M
∂µχ , (3.9b)

where M is an arbitrary parameter which is inserted to adjust the mass dimension and the

dilatation weight w is fixed up to a field redefinition ambiguity which is removed once we

fix the invariant theory for Ψ, see section 5. Here we use an arbitrary weight for the scalar

field to avoid further field redefinition and to harmonize the notation with the next sections.

It is important to note that we have used different scalings for τµ and eµ
a in eqs. (3.9a)

since we want to consider the case of Schrödinger gravity at z = 2, see appendix A.

The two compensating scalars ϕ and χ, the Schrödinger vielbein gauge fields (τµ)Sch ,

(eµ
a)Sch and the Schrödinger central charge gauge field mµ transform under spatial rotations

and Galilean boosts like the fields (τµ) G , (eµ
a)G and Mµ. Furthermore, they transform

under dilatations, with parameter ΛD, and central charge transformations, with parameter

σ, such that the left-hand-side of (3.9) is invariant under these transformations:

δΨ =
(
wΛD + iMσ

)
Ψ , (3.10a)

δ(τµ)Sch = 2ΛD(τµ)Sch , δ(eµ
a)Sch = ΛD(eµ

a)Sch , (3.10b)

δmµ = ∂µσ . (3.10c)

After substituting the decompositions (3.9) back into the Galilean invariant we end up

with an action that describes the coupling of a complex scalar Ψ to Schrödinger gravity.

To obtain the complex scalar field theory before coupling to Schrödinger gravity we impose

the following gauge fixing conditions:

(τµ)Sch = δµ0 , (eµ
a)Sch = δµ

a , mµ = 0 , (3.11)

after which we do not distinguish between flat and curved indices anymore. These gauge-

fixing conditions imply the following constraint equations for the symmetry parameters:

∂µξ
0 + 2ΛDδµ0 = 0 , (3.12a)

∂µξ
a + Λabδµ

b + Λaδµ0 + ΛDδµ
a = 0 , (3.12b)

∂µσ + Λaδµ
a = 0 , (3.12c)

– 13 –



J
H
E
P
0
4
(
2
0
1
6
)
1
4
5

which can be solved in terms of the following rigid Schrödinger transformations:

ξ0(t) = a0 − 2λDt+ λKt
2 , (3.13a)

ξc(t,x) = ac − λcbxb − λc t− λDxc + λKtx
c , (3.13b)

Λab = λab , (3.13c)

Λa(x) = λa − λKxa , (3.13d)

ΛD(t) = λD − λKt , (3.13e)

ΛK = λK , (3.13f)

σ(x) = σ0 − λaxa +
1

2
λKx

2 , (3.13g)

where a0 , ac , λab , λa , λD , λK and σ0 are the (constant) parameters of time translations,

spatial translations, spatial rotations, Galilean boosts, dilatations, special conformal trans-

formations and central charge transformations, respectively.

The gauge fixing conditions (3.11) imply that after substituting the decomposi-

tions (3.9) back into the Galilean invariant one can ignore all terms with the derivative act-

ing on one of the gauge fields. Starting from a general Galilean invariant one thus obtains

the field theory of a complex scalar with dilatation weight w and central charge weight M

that is invariant under the following rigid Schrödinger transformations:

δΨ = ξ0∂0Ψ + ξa∂aΨ +
(
wΛD + iMσ

)
Ψ , (3.14)

with ξ0 , ξa ,ΛD and σ given in eq. (3.13).

3.3 Schrödinger gauge fields

One may also do the reverse, i.e. derive the Galilean invariant that is dual to a given SFT

of a complex scalar. For this purpose, it is convenient to first introduce the gauge fields of

Schrödinger gravity and their transformation rules as they follow from gauging the z = 2

Schrödinger algebra. As explained in appendix A, on top of the independent gauge fields

τµ, eµ
a and mµ introduced above — from now on we omit the superscript “Sch”— we

introduce four new Schrödinger gauge fields:

ωµ
ab - gauge field of spatial rotations,

ωµ
a - gauge field of boosts,

bµ - gauge field of dilatations and

fµ - gauge field of special conformal transformations,

which are dependent and can be expressed in terms of the independent gauge fields eaµ , τµ
and mµ. The time component of the dilatation gauge field is an exception and remains

independent but can be set to zero due to its transformation rule. The transformation

rules for all Schrödinger gauge fields are presented in eqs. (A.3) and (A.9). The full details
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including the expressions for all curvatures etc. can be found in [51]. In appendix A we

reproduce in our conventions the results of [51] which are necessary for our work.

The spatial components ba = ea
µbµ of the dilatation gauge field are dependent and

will play the role of torsion terms. Instead, the time component τµbµ transforms as a shift

under the special conformal transformations. Like in the relativistic case, this symmetry

is equivalent to the property that in any Galilean invariant the time-component of the

dilatation gauge field b0 = τµbµ drops out while the spatial components ba = ea
µbµ, which

are dependent, i.e. ba = ba(e, τ), remain as torsion terms [51]. In contrast, the fate of the

central charge gauge field is rather different. This gauge field remains independent and

is invariant under the special conformal transformations. It transforms as a shift under

Galilean boosts.

With the above information at hand it is straightforward to couple a given SFT of

a complex scalar to Schrödinger gravity. In most cases, one just needs to replace all

derivatives by covariant derivatives. For the construction of these SFTs and their coupling

to Schrödinger gravity, see appendix B and section 5.1, respectively. The corresponding

Galilean invariant is then obtained by imposing the gauge-fixing condition

Ψ = 1 , (3.15)

which fixes both the dilatations and the central charge transformations.

Note that before gauge-fixing mµ is the gauge field of central charge transformations

while after gauge-fixing it is invariant under central charge transformations, i.e. it is not a

gauge field anymore but an ordinary vector field. To distinguish between the two cases we

will denote the vector field after gauge-fixing with Mµ. For the convenience of the reader

we summarize here the status of the dilatation gauge field bµ, the central charge gauge field

mµ and the vector field Mµ before and after gauge-fixing:

• before gauge-fixing: bµ and mµ are the independent gauge fields of dilatations and

central charge transformations, respectively. The time component b0 of the dilatation

gauge field is the only field that transforms under special conformal transformations.

The gauge field mµ before gauge-fixing is related to the vector field Mµ according

to (3.9b).

• after gauge-fixing : the time-component b0 drops out while the space-components ba
which are dependent give rise to torsion. After gauge-fixing there is no difference

between mµ and Mµ. They both are vector fields which transform in the same way

according to (3.6).

As in the relativistic case, there is a correspondence between Galilean invariants and

SFTs of the compensating complex scalar Ψ introduced above. In appendix B we clas-

sify all independent SFTs with up to two time derivatives and four spatial derivatives,

distinguishing between purely potential terms, see subsection (B.1), and kinetic terms,

see subsection (B.2). The lowest order SFT with one time derivative kinetic term is the

Schrödinger action, see eq. (B.11). In section 5, we will use these results as a starting point
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to construct, following the procedure developed here, the general Galilean invariants with

the same order of derivatives. On top of this, we will also obtain what we refer to as the

curvature terms which can not be obtained by SFTs. Note that, unlike in the relativistic

case, a general Galilean invariant can have less derivatives than the corresponding SFT.

This is a simple consequence of the last equation of (3.9) and is signaled by the presence

of the vector field Mµ in the Galilean invariant.

4 Newton-Cartan gravity

In the same way that Einstein gravity may be derived from gauging the relativistic Poincaré

algebra, the Newton-Cartan formulation of Newtonian gravity can be obtained from gaug-

ing the Bargmann algebra, i.e. the centrally extended Galilean algebra [50, 61, 62]. In this

section we will discuss how to define a consistent set of equations of motion describing

Newton-Cartan Gravity (NCG) [6, 7] with torsion. We will consider only a special kind

of torsion, called ‘twistless torsion’, which in this context was first discussed in [48]. The

torsionless equations can be found in the original literature, see, e.g., [14, 63]. To derive

an extension of these equations of motion with torsion, it is very convenient to apply the

non-relativistic conformal method developed in section 3. We note that the torsionless

equations of motion can be obtained by taking the non-relativistic limit of the Einstein

equations [10, 64].11 Since the Schrödinger algebra cannot be obtained as the contraction

of a relativistic algebra it is not clear a priori whether the NCG equations of motion with

torsion we will construct can similarly be obtained as the limit of some relativistic equa-

tion of motion. Since there is no NCG action available we will apply the non-relativistic

conformal method at the level of the equations of motion. In subsection 4.1 we will first

explain the procedure by reproducing the torsionless equations of motion. Then, in sub-

section 4.2 we will extend this result and construct the NCG equations of motion with

twistless torsion.

4.1 Torsionless NCG

In this subsection we first discuss the torsionless case. In the absence of torsion the Galilean

timelike vielbein field (τµ)G satisfies the foliation constraint

∂µ(τν)G − ∂ν(τµ)G = 0 , (4.1)

while the NC equations of motion are given by [14, 50, 63]

(τµ)G(eνa)
GRµνa(G) = 0 , (4.2a)

(eνc)
GRµνca(J) = 0 , (4.2b)

where R(G) is the NC curvature of Galilean boosts, see eq. (A.11b), and R(J) is the NC

curvature of spatial rotations, see eq. (A.11a).

Although there is no known action that gives the equations of motion (4.2), we can

apply the non-relativistic technique as explained in section 3 to the constraint (4.1) and to

11We thank Eric Spreen for a discussion on this point.
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the equations of motion (4.2). We first consider the constraint (4.1). Upon substitution of

the decomposition (3.9) in the constraint (4.1) we obtain

∂µ(τν)Sch − ∂ν(τµ)Sch + 2w−1ϕ−1
(
(τµ)Sch∂νϕ− (τν)Sch∂µϕ

)
= 0 , (4.3)

where w is the dilatation weight of the compensating scalar ϕ. Next, imposing the gauge-

fixing condition (3.11) in the above equation, we obtain the following constraint:

∂aϕ = 0 . (4.4)

This constraint is invariant under the rigid conformal transformations

δϕ = ξ0∂0ϕ+ ξa∂aϕ+ wΛDϕ , (4.5)

with ξ0 , ξa and ΛD given in eqs. (3.13).

We next apply the same manipulations to the NC equation of motion (4.2a). After

fixing the dilatation weight to w = 1, this leads to the following equation for ϕ:12

∂0∂0ϕ = 0 . (4.6)

One can show that this equation, together with the constraint equation (4.4), is invariant

under the rigid conformal transformations (4.5) for w = 1. The two equations together

define the SFT that underlies the torsionless NCG equations of motion. In the same way

curvature terms do not have corresponding SFT actions, there is no SFT corresponding to

the equation of motion (4.2b).13 Hence, at the moment, we keep this equation as it is.

It is straightforward to recover the torsionless NC equation of motion (4.2a) from

the SFT defined by eqs. (4.4) and (4.6). We first define the covariant derivatives, taken

for w = 1,

D0ϕ = τµ
(
∂µ − wbµ

)
ϕ , (4.7)

Daϕ = eµa
(
∂µ − wbµ

)
ϕ . (4.8)

Due to the presence of b0 in the time covariant derivative which transforms as a shift under

special conformal transformations, we obtain the following second order in time covariant

derivative, taken for w = 1,

D0D0ϕ = τµ
(
∂µD0ϕ− (w − 2)bµD0ϕ+ ωµ

aDaϕ+ wfµϕ

)
. (4.9)

A remark about the status of the time component f0 = τµfµ of the gauge field fµ of spe-

cial conformal transformations is in order here. When constructing Schrödinger gravity,

this gauge field was dependent, see eq. (A.8). In the case of zero torsion, i.e. ba = 0,

12This equation was derived together with Jan Rosseel.
13If one would try to derive a SFT equation corresponding to the NCG equation (4.2b) one would fail

due to the fact that the term Rµa(J) decouples from the SFT equation. The situation is similar to that of

the Riemann curvature squared in a Poincaré invariant action.
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the last two terms in the expression for f0 are proportional to the NCG equation of mo-

tion (4.2b). Therefore, in this particular case there is no need to add these two terms to

the definition of f0.

We thus end up with the following two equations describing the coupling of the com-

pensating scalar ϕ of dilatation weight w = 1 to Schrödinger gravity:

D0D0ϕ = 0 , Daϕ = 0 , (4.10)

with f0 defined by eq. (A.8) with the assumption that eq. (4.2b) is one of the NCG equations

of motion. Note that in the torsionless case the two Schrödinger curvature terms in eq. (A.8)

effectively reduce to two Galilean curvature terms since ba = 0 and b0 drops out from the

final equations of motion due to the invariance under special conformal transformations.

Therefore, on-shell we can set the two curvature terms in eq. (A.8) equal to zero. It can

be checked that the two equations (4.10) together are invariant under all local Schrödinger

transformations for w = 1. Imposing the gauge-fixing condition

ϕ = 1 , (4.11)

and using the explicit expressions (A.5)–(A.8) together with eq. (4.2b) the two equa-

tions (4.10) reduce to

τµeνaRµνa(G) = 0 , ba = 0 , (4.12)

which indeed is the NC equation of motion (4.2a) together with the statement of zero

torsion. Along with our assumption that eq. (4.2b) is valid we thus have reproduced the

full set of torsionless NCG equations of motion.

4.2 Torsional NCG

In this subsection we consider the general case in which there is nonzero torsion, i.e. ba 6= 0.

This case is more complicated due to the fact that we a priori neither know the torsional

NCG equations of motion nor the corresponding SFT. Of course, we require that the final

result, taken for ba = 0, reduces to the torsionless NCG equations of motion given in the

previous subsection.

To derive the extension with torsion, it is easiest to approach the issue from the SFT

side. One thing that changes in the torsional case is that the vielbein now satisfies a

dilatation-covariant foliation constraint expressing the fact that the torsion is twistless:

∂µ(τν)G − ∂ν(τµ)G − 2ba(eµ
a)G(τν)G + 2ba(eν

a)G(τµ)G = 0 . (4.13)

This constraint is enough to guarantee that the foliation space is a Riemannian manifold.

Making a decomposition and gauge-fixing does not lead to the constraint (4.4) anymore

as the result of this procedure on (4.13) is automatically vanishing. In the absence of this

constraint the equation of motions are no longer invariant under the Galilean symmetries.

Equivalently, from the scalar field theory point of view, eq. (4.6) is not invariant under

rigid conformal transformations anymore:

δ
(
∂0∂0ϕ

)
= −2λa∂0∂aϕ . (4.14)
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To make equation (4.6) invariant under all rigid Schrödinger transformations, we in-

troduce the second compensating scalar χ which transforms under rigid conformal trans-

formations as follows:

δχ = ξ0∂0χ+ ξa∂aχ+ Mσ , (4.15)

with ξ0 , ξa and σ given in eq. (3.13) and where M is arbitrary. Under Galilean boosts the

spatial derivative of χ transforms with an inhomogeneous term

δλa∂aχ ∼ −Mλa. (4.16)

This means that at lowest order eq. (4.6) can be made invariant under Galilean boosts by

adding a χ-term to that equation. Pursuing this iterative procedure we find the following

Schrödinger invariant field equation:

∂0∂0ϕ−
2

M
(∂0∂aϕ)∂aχ+

1

M2
(∂a∂bϕ)∂aχ∂bχ = 0 . (4.17)

This is the SFT equation that underlies the torsion extension of the NCG equation of

motion (4.2a).

To extract the explicit form of this torsion extension, we promote the rigid Schrödinger

symmetry of the SFT equation (4.17) to a local one by coupling the two compensating

scalars to Schrödinger gravity. This can be achieved by replacing all ordinary derivatives

by Schrödinger-covariant ones:14

D0D0ϕ−
2

M
(D0Daϕ)Daχ+

1

M2
(DaDbϕ)DaχDbχ = 0 . (4.18)

We have used here the following definitions of Schrödinger-covariant derivatives (taken for

w = 1):

D0Daϕ = τµ
(
∂µDaϕ− (w − 1)bµDaϕ− ωµabDbϕ

)
, (4.19)

DaDbϕ = eµa
(
∂µDbϕ− (w − 1)bµDbϕ− ωµbcDcϕ

)
, (4.20)

Daχ = eµa
(
∂µχ−Mmµ

)
. (4.21)

Imposing the gauge-fixing conditions

ϕ = 1 , χ = 0 (4.22)

in eq. (4.18) we obtain the following torsion extension of the NCG equation of motion (4.2a):

τµ
(
Rµaa(G) + 2M bRµaab(J)

)
+M bM cRbaac(J)− 2MaKa +DabaM bM b (4.23)

+ 2Ωa
µ

(
− τµba + bbe

µ
bM

a − eµabbM b
)

= 0 ,

where D is the Galilean covariant derivative, see the definition (A.12b), and Ka is defined

in eq. (A.13a) as the Galilean boost invariant version of D0ba.

14Note that all covariant derivatives commute such that there is no ambiguity in this procedure, see

eq. (5.13).
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To obtain the torsional extension of the NCG equation of motion (4.2b) we replace the

Galilei curvature R(J) by the corresponding Schrödinger curvature R(J), see eqs. (A.5a)

and (A.10a),

eνcRµν
cb(J) = 0 . (4.24)

Since this equation transforms covariantly under dilatations, it does not lead to a corre-

sponding SFT equation. Note that, upon setting the torsion equal to zero, i.e. ba = 0, the

equations of motion (4.23) and (4.24) reduce to the torsionless equations of motion given

in eqs. (4.12) and (4.2b) respectively.

A drawback of the equations of motion (4.23) and (4.24) is that the Galilean invariance

is not manifest. One can show that the expression (4.23) can be rewritten in the following

manifestly Galilean invariant form:

τ̂µ∂µK +KabKab −4Φ− 8 Φ b · b− 2 ΦD · b− 6 baDaΦ = 0 . (4.25)

The dot in equation (4.25) refers to the contraction of the spatial indices, i.e. b · b ≡ δabbabb
and D · b ≡ δabDabb. We recall that τ̂µ is the Galilean invariant defined by eq. (3.7a). The

field Φ is given by

Φ ≡M0 +
1

2
δabMaMb . (4.26)

After gauge-fixing to a frame with constant acceleration, Φ can be identified with the

Newton potential. The Galilean covariant derivatives of Φ are given by

DaΦ = eµa∂µΦ , 4Φ ≡ δabDaDbΦ = eµa∂µDaΦ− eµaΩab
µ DbΦ , (4.27)

while K ≡ δabKab and Kab is defined in eq. (A.13b) as the Galilean boost invariant version

of DaMb, a definition that we repeat here for the convenience of the reader

Kab = DaMb +Mabb +Mbba . (4.28)

Here DaMb is the Galilean covariant derivative defined in eq. (A.12c). Note that Kab is

symmetric as a consequence of the symmetric nature of DaMb, as shown in eq. (A.15),

and it can be seen as an extrinsic curvature. One may verify that all the terms appearing

in (4.25) are invariant by themselves. The same can be done for the remaining equations

of motion (4.24). The two different projections of this equation can be rewritten as

DbKab −DaK +Kabb
b − baK + (d− 1)Ka = 0 , (4.29a)

Raccb(J) + (d− 2)(Dabb + babb) + δab (D · b− (d− 2)b · b) = 0 , (4.29b)

where (4.29a) has been obtained by contracting (4.24) with τ̂µ and (4.29b) is obtained by

contracting (4.24) with eµa .15 The Galilean covariant derivative of Kab is given by

DaKbc = eµa

(
∂µKbc − Ωµb

dKdc − Ωµc
dKbd

)
. (4.30)

15The contraction by τ̂µ is necessary in order to make (4.29a) manifestly Galilean invariant by itself.
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In order to show that (4.2b) is recovered from eqs. (4.29) in the torsionless limit ba = 0

one needs to use the identity:

τ̂µRµcca(J) = DbKab −DaK +Kabb
b − baK +M bDbba

−Ma(D · b+ b · b) + babbM
b + Ωb

µe
µ
b ba − δabΩ

b
µe
µ
c b
c . (4.31)

The equations (4.25) and (4.29) are our final result for the torsional NCG equations of

motion. To derive these equations, it was very convenient to have the underlying SFT

in mind. Note that equation (4.25) consists of six terms. The term 4Φ yields, after

gauge-fixing to an earth-based frame, the Poisson equation of the Newton potential to

leading order. Two terms are proportional to the extrinsic curvature and the remaining

three terms are all proportional to torsion. Note also that the equation (4.29a) is invariant

under time-reversal symmetry since both Ka and Kab are odd under that symmetry. As

far as we know this general equation has not appeared before in the literature. It would be

very interesting to find a non-relativistic situation where these equations of motion should

be used, for instance in condensed matter systems, and to construct solutions to these

equations.

5 Hořava-Lifshitz gravity

In this section we apply the non-relativistic conformal formalism developed in section 3 to

SFTs of a compensating complex scalar to obtain a number of (higher-derivative) Galilean

invariant actions. To do so, we will first in subsection 5.1 couple the scalar SFTs of

appendix B to Schrödinger gravity. In the next subsection 5.2, we will gauge-fix the di-

latation and central charge transformations in order to obtain various Galilean invariants.

Next, in section 5.3 we will make contact between the higher-derivative Galilean invariants

we construct and z = 2 Hořava-Lifshitz gravity. Our results will be in agreement with

those of [13].

5.1 Scalar coupled Schrödinger gravities

The aim of this subsection is to classify all possible scalar actions that are invariant under

the local Schrödinger transformations. To obtain this result, we start with the SFTs

classified in appendix B and couple them to Schrödinger gravity, whose construction is

summarized in appendix A. For presentation purposes this procedure is divided into the

case of actions with and without time derivatives. We start with the simpler case of

purely spatial derivatives in subsubsection 5.1.1. Next, we consider first and second order

time-derivatives in subsubsection 5.1.2. In a third subsubsection 5.1.3 we construct locally

Schrödinger invariant curvature invariants that do not correspond to a SFT.

The coupling of the SFTs to Schrödinger gravity is obtained by replacing the flat

space derivatives ∂0 and ∂a by the covariant derivatives D0 = τµ(∂µ + . . . ) and Da =

eµa(∂µ + . . . ) and multiplying the flat space Lagrangian by the determinant e = det(τµ, e
a
µ).

The inverse vielbeins represent the coupling to the Newton-Cartan background and the

dots represent the set of gauge fields that need to be added for covariance. This procedure
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can be ambiguous for two distinct reasons. First, because the commutation properties of

partial derivatives is in general lost for the covariant derivatives. It turns out that in most

cases, at the order at which we are working, the covariant derivatives do commute and

this ambiguity does not appear. However, this will not always be the case, see e.g. the

discussion around eq. (5.14). The second source of ambiguity is related to the fact that

the SFT Lagrangians are defined only up to a total derivative. In order to deal with this

ambiguity, we have to make sure that the Lagrangian itself is actually an invariant before

we can proceed with covariantizing the SFT. Concretely, as explained in section 2 and

appendix B, respectively in the relativistic and non-relativistic cases, this is achieved by

imposing the condition (B.2) to the variation of the SFT Lagrangians.

In order to remove possible field redefinitions, we will find it convenient to fix the

dilatation weight of the complex scalar field Ψ (and hence also of the real scalar ϕ) to

w = −d+ 2− 2nt − ns
2

, (5.1)

where nt is the number of time derivatives and ns the number of spatial derivatives in a

given term at a given order. We refer the reader to appendix B for more details.

5.1.1 The potential terms

In this section we collect the locally Schrödinger invariant scalar Lagrangians that are

zeroth, second and fourth order in spatial derivatives. As follows from the analysis done

in appendix B, the potential terms correspond to all the possible inequivalent ways we can

act with spatial derivatives on the norm of the scalar field while all indices are contracted.

At the lowest order, with nt = 0 and ns = 0, the coupling of (B.5) only amounts to a

multiplication by the determinant e = det(τµ, e
a
µ). Hence, we directly obtain

S(0) =

∫
dtddx eΛ0ϕ

2 , (5.2)

with w = −d+2
2 and Λ0 an arbitrary constant.

With nt = 0, ns = 2 there are only two possible Lagrangians that lead to locally

invariant actions. With the dilatation weight fixed to w = −d
2 according to (5.1), these

are eDaϕDaϕ and eϕ4ϕ where we denote 4 ≡ δabDaDb. The Schrödinger covariant

derivatives are naturally defined from the transformation of the complex field Ψ = ϕeiχ,

see eq. (3.14), and have been given in eqs. (4.8) and (4.20). After coupling to Schrödinger

gravity these two Lagrangians differ only by a boundary term:

ϕ4ϕ = −DaϕDaϕ+ e−1∂µ (eϕeaµDaϕ) . (5.3)

Hence, we can write a single locally invariant scalar potential action at this order,

S(1) =

∫
dtddx eDaϕDaϕ , (5.4)

which is the coupled version of (B.6).
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With nt = 0, ns = 4 we can construct invariants by combining DaϕDaϕ and ϕ4ϕ given

that in this case the boundary term of (5.3) will have a non-trivial effect. Equivalently,

this corresponds to coupling the invariant terms (B.7) to Schrödinger gravity. Explicitly,

we obtain

S(2) =

∫
dtddx eϕ−2

(
DaϕDaϕ

)2
, (5.5a)

S(3) =

∫
dtddx eϕ−1

(
DaϕDaϕ

)
4ϕ , (5.5b)

S(4) =

∫
dtddx e

(
4ϕ
)2
, (5.5c)

where local invariance is achieved with the dilatation weight of ϕ fixed to be w = −d−2
2 .

Note that a Lagrangian of the form eϕ42ϕ would only differ from the Lagrangian used

in (5.5c) by a boundary term and does not yield a new independent invariant. Also, let us

stress that, using the commutation properties of partial derivatives and performing some

partial integrations, we could have rewritten the invariant (B.7c) in such a way that after

coupling to Schrödinger gravity we would obtain a different invariant;

S(4′) =

∫
dtddx eDaDbϕDaDbϕ . (5.6)

However, due to the relation,

DaDbϕDaDbϕ = (4ϕ)2 +DaϕDbϕR
ab(J) + e−1∂µ

[
eeµa (DbϕDaDbϕ−Daϕ4ϕ)

]
, (5.7)

the action (5.6) only differs from the invariant (5.5c) by a curvature term. We will classify

such curvature terms later in subsubsection 5.1.3.

Strictly speaking, these are not all possible ways to form independent locally Schröding-

er invariant scalar field theories with nt = 0, ns = 4. We could also construct potential

terms with the spatial derivative acting on χ. This analysis is done in appendix B.1 and

leads to an extra action, the SFT given in (B.9). Although this Lagrangian is invariant in

the sense of (2.22) and hence can straightforwardly be coupled to Schrödinger gravity, we

show in appendix B.2 that it no longer leads to an independent theory once we consider

the SFT’s with kinetic terms made of the complex field Ψ.

5.1.2 The kinetic terms

We now proceed to the coupling of the complex scalar field theories with exactly one and

two time-derivatives. At first order in time derivatives the Schrödinger action (B.11), which

we repeat here for clarity,

SFT5 : S(5) =

∫
dtddx Ψ?

(
i∂0 −

1

2M
∂a∂a

)
Ψ , (5.8)

describes, up to potential terms, the unique scalar field theory with nt = 1 that is

Schrödinger invariant. The action (5.8) is invariant under the rigid Schrödinger sym-

metries (3.13) for a complex scalar Ψ of dilatation weight w = −d
2 and arbitrary central

charge of weight M.
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After coupling the Schrödinger action (5.8) to Schrödinger gravity we obtain

S(5) =

∫
dtddx eΨ?�SchΨ , (5.9)

with w = −d
2 and the Schrödinger covariant derivatives given by

�SchΨ ≡
(
iD0 −

1

2M
4
)

Ψ , (5.10a)

D0Ψ = τµ
(
∂µ − wbµ − iMmµ

)
Ψ , (5.10b)

DaΨ = eµa
(
∂µ − wbµ − iMmµ

)
Ψ , (5.10c)

4Ψ = eµa

[
(∂µ − (w − 1)bµ − iMmµ)Da − ωµabDb + iMωµa

]
Ψ . (5.10d)

The local invariance of (5.9) can be easily checked using the transformation rule

δ (Ψ?�SchΨ) = 2(w − 1)ΛDΨ?�SchΨ− i
(
w +

d

2

)
ΛKΨ?Ψ . (5.11)

Using the fact that the weight of the determinant e = det(τµ, e
a
µ) is d+2, the action (5.9) is

indeed invariant under local Schrödinger transformations for w = −d
2 . Note that although

the action (5.9) is not manifestly real its imaginary part is a boundary term.

We will see that the Galilean invariant corresponding to the Schrödinger action will

have inconsistent equations of motion by itself. However, this invariant can be added

to the Galilean invariants with two time-derivatives that we will construct below.16 Such

higher-order Galilean invariants are needed in order to reproduce the kinetic terms of z = 2

Hořava-Lifshitz gravity, see the actions (5.12a) and (5.12b).

We next consider the Schrödinger scalar theories with two time derivatives, i.e. nt = 2.

To be concrete, we consider the three scalar SFT’s classified in appendix B.2, see eqs. (B.14),

(B.16) and (B.19) and couple them to Schrödinger gravity. We thus obtain the following

three locally Schrödinger invariant actions for a complex scalar field of dilatation weight

w = −d−2
2 and arbitrary central charge weight M:

S(6) =

∫
dtddx eΨ?�2

SchΨ , (5.12a)

S(7) =

∫
dtddx e

∣∣∣�SchΨ +
1

Md

(
4Ψ− DaΨDaΨ

Ψ

)∣∣∣2 , (5.12b)

S(8) =

∫
dtddx e (Ψ?Ψ)−1

(
iΨ?D0Ψ− iΨD0Ψ

? +
DaΨDaΨ

?

M

)2
, (5.12c)

where | · | denotes the norm, e.g. |Ψ|2 = Ψ?Ψ. There are no ambiguities related to the order

of the derivatives in the process of replacing the partial derivatives of the Lagrangians (B.16)

and (B.19) by the covariant derivatives of (5.12b) and (5.12c) due to the identities

[Da, Db]Ψ = 0 , [D0, Da]Ψ = 0 . (5.13)

16This is similar to the cosmological constant term that, by itself, has an inconsistent equation of motion,

but nevertheless can be added to the Einstein-Hilbert action.
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However, for the action (5.12a) the order of the covariant derivatives does matter, as can

be seen from the non-vanishing of the higher order commutation relation

[D0,4]Ψ = R(J)0b
ab(Da + 2iMMa)Ψ + iMR(J)cb

abMaM
cΨ , (5.14)

where R(J)µν
ab is the Schrödinger spatial rotation curvature defined in eq. (A.10). Hence,

in this particular case, it is the invariance under local Schrödinger transformations that

ultimately fixes the correct order in which the covariant derivatives need to appear. We

confirm below that, unsurprisingly, �2
Sch turns out to be the correct combination.

The higher order covariant derivatives are constructed by first determining the trans-

formation rules of the lower-order covariant derivatives acting on Ψ. In particular, the

higher order covariant derivatives acting on Ψ that occur in eq. (5.12a) are given by

D2
0Ψ = τµ

[
(∂µ − (w − 2)bµ − iMmµ)D0 + ωµ

aDa + wfµ

]
Ψ , (5.15a)

D04Ψ = τµ
[
(∂µ − (w − 2)bµ − iMmµ)4+ iM (2ωµ

aDa − d fµ)
]
Ψ , (5.15b)

4D0Ψ = eµa

[
(∂µ − (w − 3)bµ − iMmµ)DaD0 − ωµabDbD0 + ωµ

bDaDb

+ (w − 1)fµDa + iMωµaD0

]
Ψ , (5.15c)

42Ψ = eµa

[
(∂µ − (w − 3)bµ − iMmµ)Da4− ωµabDb4

+ iM
(
ωµa4+ 2ωµ

bDaDb − (d+ 2)fµDa

) ]
Ψ . (5.15d)

A few remarks are in order. The invariance of the action (5.12a) under Schrödinger

symmetries can be confirmed from the transformation rule

δ(Ψ?�2
SchΨ) = (w − 4)ΛDΨ?�2

SchΨ− i (2w − 2 + d) ΛKΨ?�SchΨ , (5.16)

where the last term of (5.16) drops given that the dilatation weight is fixed to w = −d−2
2 .

It is instructive to consider the variation of the second order covariant time derivative

δ
(
D2

0Ψ
)

=
[
(w − 4)ΛD + iMσ

]
D2

0Ψ− 2λaDaD0Ψ− 2(w − 1)ΛKD0Ψ . (5.17)

As we confirmed, the action (5.12a) contains precisely the terms needed to compensate

for the variation (5.17). Nevertheless, we note that the last term in (5.17) could also

vanish with a dilatation weight w = 1. This fact has actually been used in section 4 in

the context of the invariance of the Newton-Cartan equations of motion which has been

achieved precisely at w = 1 using an additional constraint.

The invariant action (5.12b) can be seen as the non-relativistic analogue to the gravity

coupled version of the relativistic CFT3 given in eq. (2.27). The fact that, unlike in

the relativistic case, we have another invariant (5.12c), on top of (5.12a) and (5.12b), is

specific to the fact that we are considering a complex scalar field. This is apparent from the

classification in appendix B.2. This additional invariant can be obtained from the partially
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integrated Schrödinger action (5.9). We indicate it with a prime to distinguish it from the

original Schrödinger action:

S(5′) ≡
∫
dtddx e

(
iΨ?D0Ψ− iΨD0Ψ

? +
1

M
DaΨ

?DaΨ

)
. (5.18)

This elucidates the relation between the action (5.12c) and the Schrödinger action, namely,

the Lagrangian corresponding to the action (5.12c) is nothing else than the square of the

Schrödinger Lagrangian (5.18). Note that the Lagrangian (5.18) is manifestly real. An

important difference between the variation of the Lagrangians in equations (5.9) and (5.18)

is that the special conformal transformations fix w = −d
2 in the former case, see eq. (5.11),

whereas they do not fix the dilatation weight in the second case. Explicitly one finds

δL(5′) = 2(w − 1)ΛDL(5′), with

L(5′) ≡ e−1L(5′) = iΨ?D0Ψ− iΨD0Ψ
? +

1

M
DaΨ

?DaΨ . (5.19)

As a consequence, the Lagrangian (5.18) can be squared, or taken to any higher power,

to construct invariant actions at higher orders with w 6= −d
2 . An example of such a

construction will follow below. In subsection 5.2, we will explicitly see that after gauge

fixing the coupled scalar field theories (5.12a), (5.12b) and (5.12c) lead to three different

Galilean invariants.

Following the classification of appendix B.2 we finally consider the SFT’s that mix one

time and two spatial derivatives. There are two such theories, see eqs. (B.22a) and (B.22b).

They are Schrödinger invariant for a complex scalar field of dilatation weight w = −d−2
2 ,

as follows from the general expression (5.1). They can be coupled to Schrödinger gravity

in a straightforward way

S(9) =

∫
dtddx eϕ−2L(5′)DaϕDaϕ , (5.20a)

S(10) =

∫
dtddx eϕ−1L(5′)4ϕ . (5.20b)

The invariance of actions (5.20a) and (5.20b) follows from the fact that they are combi-

nations of the Lagrangian (5.19) together with the building blocks (5.5) that were used in

the construction of the potential terms. We will see that although from the scalar field

point of view these theories have a time derivative, after gauge fixing in subsection 5.2,

the invariants (5.20a) and (5.20b) will actually lead to Galilean potential terms containing

only spatial derivatives.

5.1.3 The curvature terms

As mentioned in section 2, in the relativistic case, there exist Poincaré invariants that do

not arise from the coupling of scalar CFT’s to conformal gravity. Here, in the same way,

we expect that there exist locally Schrödinger invariants that are not related to any of the

SFT’s constructed in appendix B. Indeed, noticing that the Schödinger spatial rotation

curvature Rabcd(J), defined in eq. (A.10), only transforms under rotations and dilatations
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w = −d−2
2 S(12) S(13) S(14) S(15)

e−1L R(J)2ϕ2 DaϕDaϕR(J) ϕ4ϕR(J) L(5′)R(J)ϕ2

Table 1. This table indicates the four curvature invariants S(12) − S(15) that can be constructed

using the contracted spatial rotation curvature R(J).

w = −d−2
2 S(16) S(17) S(18)

e−1L DaϕDbϕR
ab(J) ϕ2Rab(J)Rab(J) ϕ2Rabcd(J)Rabcd(J)

Table 2. This table indicates the three additional curvature invariants S(16) − S(18) that can be

constructed using the spatial rotation curvature Rab(J) or Rabcd(J).

(with weight 2) and is invariant under the rest of the Schrödinger symmetries, it is clear that

we can construct invariants out it. On the other hand, due to the fact that Rabcd(J) = 0 in

the flat space limit, it is also obvious that these invariants cannot arise from a scalar field

theory in flat space.

In this section we build all possible locally Schrödinger invariant actions for the com-

pensating scalar Ψ, with fixed dilatation weights w = −d
2 and w = −d−2

2 , that are built out

of curvatures of Schrödinger gravity. As it turns out, only ϕ, the norm of Ψ, will actually

appear in the invariants. In the construction of Schrödinger gravity most curvatures are

set to zero as constraints in order to solve for the dependent gauge fields (A.5) and (A.8).

The only non-vanishing curvatures remaining are some components of the Schrödinger spa-

tial rotation, Galilean boost and special conformal transformation curvatures, see [51] for

the full details. However, it can be seen that all the invariants that can be built using

the Galilean boost and special conformal transformation curvatures as well as R0abc(J)

do necessarily break time-reversal symmetry. This is the reason why all the invariants we

consider below are constructed only out of Rabcd(J).

We start by enumerating the invariants that involve R(J) ≡ R(J)ab
ab. At second order

in spatial derivatives we can form the unique invariant

S(11) =

∫
dtddx eR(J)ϕ2 , w = −d

2
. (5.21)

At higher order, it is possible to combine R(J) with itself, or together with DaϕDaϕ, 4ϕ
and L(5′) to form new invariants. We recall that L(5′) has been defined in eq. (5.19). We

summarize the invariants constructed in this way by giving the corresponding Lagrangians

in table 1.

Of course, we can also construct additional invariants using other contractions of the

Schrödinger rotation curvature tensor Rabcd(J). This allows us to write three more invari-

ants that we summarize in table 2.

Note that a Lagrangian of the form ϕDaDbϕR
ab(J) does not lead to a new independent

invariant. It only differs from a combination of the invariant actions S13, S14 and S16 by
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a boundary term due to the identity

ϕDaDbϕR
ab(J) =

1

2
ϕ4ϕR(J)−DaϕDbϕR

ab(J) +
1

2
DaϕDaϕR(J)

+ e−1∂µ

[
eϕeµaDbϕ

(
Rab(J)− 1

2
δabR(J)

)]
. (5.22)

These are all locally Schrödinger invariant actions built out of the Schrödinger curvatures

at this order.

5.2 Gauge fixing

The scalar actions we have constructed so far are all locally invariant under Schrödinger

symmetries. In this subsection we impose the gauge-fixing condition (3.15) on the invariant

actions constructed in section 5.1 to obtain the corresponding Galilean invariants. To do so,

we extensively make use of the formulas of appendix A in order to rewrite all Schrödinger

dependent gauge fields in terms of purely Galilean quantities. At the end of this section

we summarize in the tables 3 and 4 the independent Galilean invariants that correspond

to the actions S(0-10) and S(11-18), respectively.

We start by gauge fixing the invariant action S(0) which, upon fixing ϕ = 1, trivially

leads to a cosmological constant

Gal0 : e−1LG = Λ0 . (5.23)

Next we gauge-fix the invariant actions S(1-4) that are related to potential terms. These

actions will contain the same number of derivatives before and after gauge fixing. The

action S(1), see eq. (5.4), is invariant for a scalar field of weight w = −d
2 . Using the defi-

nition of the covariant derivative (4.8), we obtain after gauge fixing the following Galilean

invariant:

Gal1 : e−1LG = w2 b · b , (5.24)

where we recall that the dot refers to the contraction of the spatial indices. In the same

way, we get for the higher-order potential terms,

Gal2 : e−1LG = w4(b · b)2 , (5.25)

Gal3 : e−1LG = −w3(b · b)(D · b+ w b · b) , (5.26)

Gal4 : e−1LG = w2(D · b+ w b · b)2 , (5.27)

with w = −d−2
2 , and where the curly D is the Galilean covariant derivative, see eq. (A.12b)

for its definition. Note that although D · b is by itself a Galilean invariant, it does not lead

to an independent invariant at second order due to the fact that e(D · b+ 2b · b) is exactly a

boundary term, see eq. (A.14). This is consistent with what has been found from the local

SFT point of view.

We continue with the prime example of a one-derivative kinetic term which is the

Schrödinger action (5.8) that has been coupled to Schrödinger gravity in eq. (5.9). By
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inserting the explicit form of the dependent gauge fields in (5.9) and applying the gauge

fixing condition Ψ = 1, we obtain the following Lagrangian

Gal5 : e−1LG = MΦ +
1

2M
w2b · b , (5.28)

with w = −d
2 and where Φ is defined in eq. (4.26). After gauge-fixing to a frame with

constant acceleration, the field Φ can be identified with the Newton potential. Note that

the term b0 has completely disappeared from the final result as expected from the invariance

under special conformal transformations.

It turns out that by itself the Galilean invariant that is dual to the Schrödinger ac-

tion (5.8) has inconsistent equations of motion.17 However, it can consistently be added

to the Hořava-Lifshitz action as we will discuss in section 5.3. Furthermore, it also shows

up in the construction of the equations of motion for Newton-Cartan gravity in section 4.

As we saw above, b · b is an independent invariant which is generated by S1, see eq. (5.24).

Hence, Φ is the only independent Galilean invariant produced by the Schrödinger action.

We just showed that the Schrödinger action is unable to produce a kinetic term for

the gravitational theory obtained after gauge fixing. This situation changes if we consider

SFT’s which are second order in the time derivatives. In that case a kinetic term can be

generated. The coupled complex scalar field theories S(6-8) given in eqs. (5.12) are the only

ones that are Schrödinger invariant with second order time derivatives, see appendix B.

We will see that after gauge fixing the invariants S(6,7) will produce kinetic terms whereas

the Galilean invariant produced by S(8) will not. Instead, the presence of this last term

will be related to whether the field Φ can be integrated out from the final theory or not.

We will come back to this point in section 5.3.

Upon gauge fixing Ψ = 1 in the actions (5.12), using w = −d−2
2 and after removing

the boundary terms, we produce the following Galilean invariants,

Gal6 : e−1LG =
1

d
KabKab −

(w + 1)

2d
(Ka

a)
2 + 2wΦ

((
1 + d−1

)
D · b+ wb · b

)
+ M

2
(

Φ− w

2M2
(D · b+ wb · b)

)2
, (5.29a)

Gal7 : e−1LG =
w2

d2
(Ka

a)
2 + M

2

(
Φ− w2

dM2
(D · b+ (w + 1) b · b)

)2

, (5.29b)

Gal8 : e−1LG = M
2
(

2Φ +
w2

M2
b · b
)2
, (5.29c)

where Kab has been defined in eq. (4.28). In section 5.3 we will show that the terms

KabKab and (Ka
a)

2 correspond to the kinetic terms of z = 2 Hořava-Lifshitz Gravity.18

As expected, the b0 contributions have canceled out in the final results as a consequence

17This may be compared to the relativistic case where the cosmological constant by itself has an incon-

sistent equation of motion but it may be added in a consistent way to the Einstein-Hilbert action where it

leads to a modification of the Einstein equations. See also footnote 16.
18Kab can be seen to correspond to a kinetic term due to the presence of the Galilean boost connection

Ωaµ, see equations (A.7) and (A.12c) of appendix A.
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SFT (0) (1) (2) (3) (4) (5) (6) (7) (8) (9) (10)

Gal. Inv. Λ0 b2 b4 b2D · b (D · b)2 Φ KabKab (Ka
a)

2 Φ2 Φb2 ΦD · b

Table 3. This table indicates the independent Galilean invariants that are produced by their

corresponding SFT’s. By (0) in the first row we mean S(0), etc.

of the invariance under special conformal transformation. After computing the Galilean

invariants Gal9 and Gal10, see below, we will conclude that KabKab, (Ka
a)

2 and Φ2 are

the three independent Galilean invariants that are generated by the actions S(6-8).

The invariant actions S(9-10), given by eqs. (5.20), are first order in time derivative and

second order in spatial derivatives. After gauge-fixing they only preserve their number of

spatial derivatives. This is signaled by the presence of the vector field Mµ in the definition

of Φ. To be concrete, we obtain in this case, for w = −d−2
2 ,

Gal9 : e−1LG = Mw2 (b · b)
(

2Φ +
w2

M2
b · b
)
, (5.30a)

Gal10 : e−1LG = −Mw(D · b+ w b · b)
(

2Φ +
w2

M2
b · b
)
, (5.30b)

producing the new independent Galilean invariants Φ b · b and ΦD · b.
For the convenience of the reader, we summarize in table 3 the independent Galilean

invariants that we derived so far for each of the corresponding scalar SFT’s after coupling

them to Schrödinger gravity and performing a gauge fixing.

Finally, we consider the Galilean invariants that are associated with the actions built

out of the Schrödinger rotation curvature tensor R(J)abcd in subsubsection 5.1.3. For this

purpose, we express R(J)abcd in terms of the Galilean rotation curvature tensor Rabcd(J),

see its definition (A.11). These two curvatures are related by

R(J)abcd = Rabcd(J) +Dab[dδc]b −Dbb[dδc]a +Ddb[aδb]c −Dcb[aδb]d
+ 2(bbb[cδd]a − bab[cδd]b) + (b · b)(δacδbd − δadδbc) . (5.31)

Using expression (5.31), we can rewrite the action S(11), see eq. (5.21), after gauge-fixing

as follows:

Gal11 : e−1LG = R+ (d− 1) (2D · b− (d− 2) b · b) . (5.32)

The Galilean rotation curvature, R = Rabab(J), is the only newly generated Galilean

invariant. We recall that D · b ∝ b · b up to a boundary term.

Similarly, from expression (5.31) and the Galilean invariants that we already found, see

table 3, it can be seen that the actions S(12-18) produce Galilean invariants for which only

the Rabcd contribution is leading to a new independent Galilean invariant. The remaining

terms on the right hand side of eq. (5.31) do not produce anything new. For simplicity, we

only summarize the independent piece of the results in table 4.

This finishes our discussion of the non-relativistic conformal method applied to the

Schrödinger invariant actions to obtain a number of Galilean invariants. These invariants
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Curv. terms (11) (12) (13) (14) (15) (16) (17) (18)

Gal. Inv. R R2 b2R (D · b)R ΦR babbRab RabRab RabcdRabcd

Table 4. This table indicates the Galilean invariants that are produced by the curvature terms

discussed in subsubsection 4.1.3. The (11) in the first row refers to the corresponding invariant

action S(11), etc.

appear naturally in the z = 2 Hořava-Lifshitz gravity action which we discuss in the

following section 5.3.

5.3 Identification with Hořava-Lifshitz gravity

In this section we closely follow [13] where it was first shown that, by making the NC

geometry dynamical, HL gravity is reproduced from an action containing a collection of

higher-derivative Galilean invariants. These are precisely the same invariants that we have

derived in subsection 5.2 using the non-relativistic conformal method. For the convenience

of the reader, and to make this work self-contained, we briefly repeat some of the arguments

of [13] using our own notation.

To start with, the most general action that we can construct out of the Galilean

invariants obtained in section 5.2 is of the form

S =
1

κ2

∫
dtddx e

(
KabK

ab − λ (Ka
a)

2 + V
)
, (5.33)

where λ is a parameter and where the potential V contains any combination of the potential

terms summarized in table 3 and table 4, namely

V = Λ0 + λ1Φ + λ2Φ
2 + λ3b

2 + λ4b
4 + λ5b

2D · b+ λ6(D · b)2 + λ7Φb
2 + λ8ΦD · b

+ λ9R+ λ10R2 + λ11b
2R+ λ12(D · b)R+ λ13ΦR

+ λ14babbRab + λ15RabRab + λ16RabcdRabcd , (5.34)

for arbitrary coefficients λ1, . . . , λ16 and Λ0. Note that if the coefficient λ2, in front of the

Φ2 term, is non-vanishing then the field Φ can be integrated out. On the other hand, if

λ2 = 0 the equations of motion for Φ lead to a constraint equation.

We first identify our kinetic terms with the standard HL kinetic terms [8, 9]. In order

to make the connection between our formalism and the one usually used in HL gravity we

first rewrite the kinetic terms in terms of the spatial degenerate metric hµν ≡ δabeaµebν and

remove all the occurrences of the spatial vielbein eaµ. Using the definition of Kab given by

eq. (4.28) we find that

Kab = eµae
ν
b

(
1

2
Lτ (hµν) +

1

2
∇µ(hν

ρMρ) +
1

2
∇ν(hµ

ρMρ) + 2M(µbν)

)
, (5.35)

where

Lτ (hµν) = τρ∂ρhµν + hµρ∂ντ
ρ + hρν∂µτ

ρ , (5.36)

∇µMν = ∂µMν − ΓρµνMρ , (5.37)

Γρµν =
1

2
hρσ (∂µhνσ + ∂νhµσ + ∂σhµν) , (5.38)
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with hµ
ν the spatial projector hµ

ν = hµρh
νρ. Note that the expression (5.38) is the only

part of the Christoffel connection that is appearing due to the overall contraction with

eµaeνb in (5.35). Here, this Γρµν is merely used to obtain a rewriting of our kinetic terms

in a purely metric formulation and should not be seen as a full connection. From the

expression (5.35), it can then be checked that using a foliated ADM decomposition19 with

lapse and shift variables N and Ni, respectively we have

τµ =

(
N

0

)
, hµν =

(
0 0

0 γij

)
, Mµ =

(
NM0

−Ni/N

)
, (5.39)

we can rewrite our kinetic terms in the form KabKab = KijKij and Ka
a = γijKij with

Kij =
1

2
N−1 (∂tγij −∇iNj −∇jNi) , (5.40)

where ∇i contains the standard Christoffel connection with respect to the invertible metric

γij . This is exactly the extrinsic curvature of HL gravity, and hence this shows the identi-

fication of the kinetic terms. For a more detailed dictionary between the Newton-Cartan

and HL formalisms we refer the reader to [13].

The lapse field N is the gauge field associated with time reparametrizations. In pro-

jectable HL gravity this gauge field is restricted to be a projectable function on the space-

time foliation to preserve the time foliation, i.e. ∂aN = 0. Using the expression (A.5c) for

ba it follows that this corresponds to the zero torsion case where ba = 0. This condition

reduces the number of potential terms in the theory.

The HL action (5.33) that we obtain differs from the one obtained in [13] by the fact

that it is not restricted to d = 2. We obtain the result (5.33) for arbitrary d > 0.20

However, in the present setup, our analysis is restricted to z = 2 instead. Moreover,

because we consider SFTs only up to second order in time derivatives and fourth order in

spatial derivatives, we reproduce the HL gravity potential considered e.g. in [65–67] only

up to the higher order derivative terms containing more than four spatial derivatives.

6 Conclusions

The relativistic conformal method has turned out to be very useful in many supergravity

constructions. In this paper we have developed a non-relativistic analogue of this formalism

where the conformal algebra has been replaced by the smallest conformal extension of the

Bargmann algebra, i.e. the z = 2 Schrödinger algebra. The method guarantees that for

each z = 2 SFT one can construct a Galilean invariant. In this way one has a systematic

way of constructing all Galilean invariants of a given type except for the so-called curvature

terms that do not correspond to a SFT.

In this paper we applied the non-relativistic conformal method to the SFT’s with

upto two time and four spatial derivatives. In this way we obtained a number of higher-

derivative Galilean invariants that could be identified with z = 2 Hořava-Lifshitz gravity

19We split the µ index into the coordinates t and xi.
20As mentioned in appendix B, the case d = 2 is included in our analysis although, by fixing the dilatation

weight of the compensating scalar according to (5.1) for simplicity, we do not show this explicitly.
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thereby reproducing the results of [13]. We expect that the non-relativistic conformal

method will come to its full power once one wishes to study more complicated cases such

as the supersymmetric extension of HL gravity. A first step in this direction has been taken

in [68] following on the development of Newton-Cartan supergravity [64, 69]. Moreover,

the classification of the higher order SFT’s performed in appendix B is interesting in its

own right and, in a different context, it could potentially be useful for other applications.

We also applied the non-relativistic conformal method to construct the equations of

motion of curved space NC gravity with torsion, a result that, as far as we know, has not

appeared before in the literature. In this case, it was clearly an advantage to first extend

the underlying z = 2 SFT to the case with non-zero torsion instead of doing this straight-

away in the NC equations of motion themselves. A peculiar feature of this construction

is that we had to work with a SFT that was only defined in terms of equations of motion

that, with the given number of fields, could not be integrated to an action. This reflects

the property of NC gravity itself which is only formulated in terms of equations of motion

without a clear underlying action principle. This is in contrast to the case of HL gravity

considered in this paper which has an underlying action principle.

The formalism we developed in this work is naturally formulated in arbitrary dimen-

sions. The generalization to values z 6= 2 of the dynamical exponent is less obvious. A

necessary ingredient in achieving this is to first construct Schrödinger gravity for z 6= 2.

Fortunately, this has been already done in [51]. It would be interesting to continue this

program and construct the relevant SFT’s. We expect that the analogy with the relativis-

tic conformal programme will be less obvious due to the absence of the special conformal

transformations for z 6= 2.

Finally, we note that the Schrödinger symmetries cannot be obtained as the non-

relativistic limit of the conformal symmetries. Instead, one obtains the Galilean conformal

symmetries that have also occurred in studies of non-relativistic holography [23]. These

symmetries are truly conformal in the sense that they do not allow a mass parameter. It

would be interesting to see whether the non-relativistic conformal method can be extended

to these Galilean conformal symmetries as well.

Acknowledgments
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H Pa Ga Jab D K N

ξ0 ξa Λa Λab ΛD ΛK σ

τµ eµ
a ωµ

a ωµ
ab bµ fµ mµ

Table 5. This table indicates the generators, parameters and gauge fields of the z = 2 Schrödinger

algebra.

A Schrödinger gravity

In this appendix we collect a few formulae related to Schrödinger gravity which is ob-

tained by gauging the z = 2 Schrödinger algebra [51]. In the main text, we will find it

useful to express the Schrödinger quantities in terms of the gauge fields and curvatures

of the Bargmann algebra. For this purpose, it is convenient to relate in this appendix

the Schrödinger gauge fields and curvatures to the Bargmann gauge fields and curvatures

describing the Newton-Cartan geometry [50].

The z = 2 Schrödinger algebra in d+ 1 dimensions reads

[D,Pa] = −Pa , [D,H ] = −2H , [H,Ga] = Pa [Pa, Gb] = δabN ,

[D,Ga] = Ga , [D,K] = 2K , [K,Pa] = −Ga , [H,K] = D ,

[Jab, Pc] = 2δc[aPb] , [Jab, Gc] = 2δc[aGb] , [Jab, Jcd] = 4δ[a[c Jb]d] . (A.1)

The corresponding gauge fields and gauge parameters of each generator are given in table 5.

We split the transformation of a gauge field Aµ into a general coordinate transformation,

with parameter ξµ, and the other ‘standard’ gauge transformations according to

δAµ = δξAµ + ∂µε+ [Aµ, ε] . (A.2)

All gauge fields transform as covariant vectors under general coordinate transformations,

so we usually only refer to the standard gauge transformation piece.

The time-like vielbein τµ, spatial vielbein eµ
a, central charge gauge field mµ and the

temporal projection of the dilatation gauge field b0 = τµbµ are independent gauge fields

whose transformation rules are given by

δτµ = 2ΛDτµ , (A.3a)

δeµ
a = Λabeµ

b + Λaτµ + ΛDeµ
a , (A.3b)

δb0 = ∂0ΛD + ΛK − Λaba − 2ΛDb0 , (A.3c)

δmµ = ∂µσ + Λaeµa . (A.3d)

We consider the case of twistless torsion, meaning that τµ additionally satisfies

eµae
ν
b (∂µτν − ∂ντµ) = 0 . (A.4)

The remaining Schrödinger gauge fields are dependent and are solved for in terms of the

independent ones by imposing curvature constraints whose formulae we do not give here.
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The dependent gauge fields ωµ
ab, ωµ

a, ba and fa are expressed in terms of τµ, eaµ, mµ and

b0 as follows:

ωµ
ab = Ωµ

ab + 2eµ
[abb] , (A.5a)

ωµ
a = Ωµ

a + eµ
ab0 , (A.5b)

ba = ea
µτν∂[µτν] , (A.5c)

fa = 2ea
µτν∂[µbν] , (A.5d)

where

Ωµ
ab = −2eν [a∂[µeν]

b] + eµce
νaeρb∂[νeρ]

c − τµeνaeρb∂[νmρ] , (A.6)

Ωµ
a = τν∂[µeν]

a + τνeρaeµb∂[ρeν]
b + eνa∂[µmν] + τµτ

ρeνa∂[ρmν] , (A.7)

are the rotation and boost gauge fields of the Bargmann algebra. The remaining dependent

gauge field f0 cannot be solved for using a fully gauge invariant constraint written purely

in terms of Schrödinger gauge fields, see the discussion in [51]. However, using Mµ, a vector

transforming under boosts as in eq. (3.6), this problem can be circumvented and a gauge

invariant constraint provides the solution:

f0 =
2

d
τµeνa

(
D[µων]

a + b[µων]
a
)

+
2

d

(
R0a

ac(J) +
1

2
MaRab

bc(J)

)
Mc , (A.8)

where Dµ is the covariant derivative with respect to the Schrödinger spatial rotations and

Rµν
ab(J) is the Schrödinger spatial curvature defined in (A.10). Whenever in the text

one of these dependent gauge fields occur, it is understood that they are given by the

expressions above.

The transformation rules of the dependent gauge fields are given by

δωµ
ab = DµΛab , (A.9a)

δωµ
a = DµΛa + Λabωµ

b + Λabµ − ΛDωµ
a + ΛKeµ

a , (A.9b)

δba = ∂aΛD − ΛDba + Λa
bbb , (A.9c)

δfµ = ∂µΛK + 2ΛKbµ − 2ΛDfµ . (A.9d)

The Schrödinger curvatures that we use explicitly in this work are the curvatures R(J)

associated to spatial rotations and R(G) corresponding to boosts. These curvatures are

given by

Rµν
ab(J) = 2∂[µων]

ab − 2ω[µ
c[aων]

b]
c , (A.10a)

Rµν
a(G) = 2∂[µων]

a + 2ω[µ
bων]

a
b − 2ω[µ

abν] − 2f[µeν]
a . (A.10b)

We define the curvatures for the Bargmann rotation connection Ωµ
ab in (A.6) and for the

Bargmann boost gauge field Ωµ
a in (A.7) as follows:

Rµνab(J) = 2∂[µΩν]
ab − 2Ω[µ

c[aΩν]
b]
c , (A.11a)

Rµνa(G) = 2∂[µΩν]
a + 2Ω[µ

bΩν]
a
b . (A.11b)
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Formally, one can obtain the Bargmann quantities (A.6), (A.7) and (A.11) from the corre-

sponding Schrödinger expressions (A.5a), (A.5b) and (A.10) by setting bµ = fµ = 0.21 We

will also use the Galilean covariant derivatives

D0ba = τµ (∂µba − Ωµa
cbc) , (A.12a)

Dabb = eµa (∂µbb − Ωµb
cbc) , (A.12b)

DaMb = eµa (∂µMb − Ωµb
cMc − Ωµb) . (A.12c)

Note that Dabb is a Galilean boost invariant by itself. This is unlike D0ba and DaMb which

can however be used to construct a Galilean boost invariant in conjunction with additional

terms. We find the Galilean boost invariant combinations:

Ka = D0ba +M bDbba + babbM
b −Mab · b , (A.13a)

Kab = DaMb +Mabb +Mbba . (A.13b)

It follows from the definitions (A.4) and (A.6) that D[abb] = 0. Furthermore, from the same

equations (A.4) and (A.6) it can be seen that, as a consequence of having twistless torsion,

the term D · b ≡ δabDabb is a total derivative only up to an additional torsion contribution,

namely:

D · b+ 2 b · b = e−1∂µ (eeµab
a) . (A.14)

Using the definitions (A.6) and (A.7) one may also verify that the anti-symmetric part of

DaMb is vanishing

D[aMb] = eµae
ν
b

(
∂[µMν] − ∂[µmν]

)
= 0 . (A.15)

To show the last step, one uses the relation between Mµ and mµ given in (3.9).

B Scalar Schrödinger field theories

In this appendix we classify all possible independent complex scalar field theories invariant

under rigid z = 2 Schrödinger transformations up to second order in time-derivatives

and fourth order in spatial-derivatives. Explicitly, the complex scalar field Ψ transforms

according to eq. (3.14) with the parameters given by eqs. (3.13) as follows:

δΨ =
[
ξ0∂0 + ξa∂a + wΛD + iMσ

]
Ψ

=
(
a0 − 2λDt+ λKt

2
)
∂0Ψ +

(
ac − λcbxb − λct− λDxc + λKtx

c
)
∂cΨ

+ w
(
λD − λKt

)
Ψ + iM

(
σ0 − λaxa +

1

2
λKx

2

)
Ψ . (B.1)

Here all parameters are constants, w is the dilatation weight and M is the weight under

central charge transformations.

21We notice that in describing the Newton-Cartan geometry the vielbeine (τµ)G and (eaµ)G are in general

not the same as the Schrödinger ones. They are only the same after gauge fixing, see eq. (3.9).
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The independent scalar SFT’s we will obtain are only defined up to boundary terms.

However, because ultimately we are interested in coupling these scalar field theories to

construct local invariants, we will fix this ambiguity by performing our classification directly

at the level of the Lagrangian. We recall that, strictly speaking, the Lagrangians are

never invariant under the transformation (B.1). Hence, we will classify the Lagrangians by

imposing that they transform according to the following total derivative:

δL = ∂0
(
ξ0L

)
+ ∂a (ξaL) . (B.2)

With slight abuse of terminology we will refer to a Lagrangian satisfying (B.2) as an

invariant Lagrangian. This condition guaranties that the action will be invariant under

the full Schödinger transformations (B.1) and that the Lagrangian admits a coupling to

Schrödinger gravity, see also the discussion just above and below equation (2.22). In

general, the boundary terms generated by performing partial integrations are not invariant

by themselves. Therefore, two Lagrangians that are related by such a boundary term will

not both be invariant upon throwing away the boundary term and this fixes one preferred

Lagrangian over the other. As we will see next, in one specific case the boundary term is

guaranteed to be an invariant. In this case, the analysis can be performed directly at the

level of the action.

The way we organize the classification goes as follow. We start in subsection B.1

with the classification of the potential terms, i.e. terms without time-derivatives, and in

subsection B.2 we consider the more involved case of Schrödinger invariant actions with

time-derivatives. Depending on what is most convenient we will use a formulation where

the derivatives act on the complex scalar Ψ and its conjugate Ψ? or on the two real scalars

ϕ and χ. We recall that

Ψ = ϕeiχ . (B.3)

We will first fix the most general terms that can be written down by requiring invariance

under dilatation and central charge symmetry. In a second step we will add the required

compensating terms to form invariants under Galilean boost and special conformal sym-

metries.

In principle the analysis can be done for arbitrary spatial dimensions d and arbitrary

dilatation weight w. However, it can be seen that the SFT’s we obtain are significantly

simplified by fixing the dilatation weight to

w = −d+ 2− 2nt − ns
2

, (B.4)

where nt is the number of time derivatives and ns the number of spatial derivatives. In

order to improve the presentation of our results we will therefore fix the weight according

to (B.4) from the start. Note that by construction we are assuming w 6= 0. Strictly

speaking, the condition (B.4) is therefore a condition on the spatial dimension. However,

nothing depends crucially on the choice (B.4) and it is straightforward to include the case

d = 2nt + ns − 2 by fixing w differently.
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B.1 Potential terms

We start our classification by the potential terms. In this case we write the complex

scalar Ψ in terms of its norm ϕ and angle χ. In a first step, the construction of invariant

potential terms is simplified by letting the spatial derivatives act only on the norm ϕ. This

case is very special: provided all indices are contracted we are guaranteed to produce an

invariant. For that reason also the possible boundary terms created by partial integrations

are invariants by themselves. This means that in this case it is sufficient to perform the

classification at the level of the action. This first part of our analysis is therefore equivalent

to the classification of all inequivalent ways to contract the spatial indices of the derivatives

acting on ϕ up to boundary terms. In a second step we look at possible invariants where

a spatial derivative is also allowed to act on χ. We will find that there are no such term

with two spatial derivatives and only one at the next order with four derivatives.

At zeroth order, with nt = ns = 0, we fix the dilatation weight to −d+2
2 according

to (B.4). It follows that the only Schrödinger invariant action takes the form

SFT0 : S(0) =

∫
dtddxΛ0ϕ

2 , (B.5)

where Λ0 is an arbitrary function.

At second order (nt = 0, ns = 2), with spatial derivatives acting only on ϕ, the

dilatation symmetry implies that we can only write down two terms in the Lagrangian:

∂aϕ∂aϕ and ϕ∂a∂aϕ. All other symmetries are then automatically satisfied. Moreover,

these two terms are related by an invariant boundary term, hence there is no difference

between using one or the other.22 Therefore, we find that the unique Schrödinger field

theory at this order is

SFT1 : S(1) =

∫
dtddx ∂aϕ∂aϕ . (B.6)

We recall that the weight of the scalar field ϕ is fixed by (B.4).

Performing the same analysis at fourth order in the spatial derivatives (nt = 0, ns = 4),

we find three independent invariant SFT’s given by

SFT2 : S(2) =

∫
dtddxϕ−2(∂aϕ∂aϕ)2 , (B.7a)

SFT3 : S(3) =

∫
dtddxϕ−1(∂aϕ∂aϕ)(∂b∂bϕ) , (B.7b)

SFT4 : S(4) =

∫
dtddx (∂a∂aϕ)2 . (B.7c)

These correspond to the only three possible actions that can be built with four spatial

derivatives acting on ϕ and that cannot be related by partial integrations.

Let us now analyze whether there are also invariant potential terms involving the

real scalar field χ. First of all, note that if we write a term where χ appears without

any derivatives the Lagrangian cannot be made invariant under central charge symmetry.

22In section 5 we confirm that both terms do indeed lead to the same action after coupling to Schrödinger

gravity.
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Furthermore, the scalar field χ is odd under time reversal. Because we consider only spacial

derivatives we need χ to appear an even number of times in order to produce time reversal

invariant field theories.

With two spatial derivatives the only term that we can write down with correct scaling

behavior is: ϕ2∂aχ∂aχ. However, this term by itself is not an invariant and there is nothing

else that can be written down that could be added to make it invariant. We conclude

that (B.6) is the only invariant at second order in spatial derivatives.23

At fourth order the situation is more interesting. Imposing central charge, dilatation

and time reversal symmetry, we are in principle allowed to consider the following list

of terms:

ϕ∂a∂aϕ∂bχ∂
bχ , ϕ∂a∂bϕ∂

aχ∂bχ , ∂aϕ∂aϕ∂bχ∂
bχ , ∂aϕ∂bϕ∂

aχ∂bχ ,

ϕ∂aϕ∂
aχ∂b∂bχ , ϕ∂aϕ∂

a∂bχ∂bχ ,

ϕ2∂aχ∂
aχ∂bχ∂

bχ , ϕ2∂a∂aχ∂b∂
bχ , ϕ2∂a∂bχ∂a∂bχ , ϕ

2∂a∂a∂
bχ∂bχ , (B.8)

respectively with two, three and four derivatives acting on χ. Taking the most general

linear combination of the terms in (B.8) we find a unique Schrödinger invariant given by

SFT6′ : S(6′) =

∫
dtddxϕ2

(
(∂a∂aχ)2 − d∂a∂bχ∂a∂bχ

)
. (B.9)

Interestingly, although this is a potential term, after coupling to Schrödinger gravity and

gauge fixing this invariant does generate a linear combination of the HL kinetic terms.

However, we do not consider it in the main text where we prefer to work with another set

of independent invariants generated by the complex field Ψ (see section B.2). This is the

reason why we added a prime on the label. This will become clearer in the next section

when we give the explicit relation between the invariant (B.9) and the ones we will use

effectively. This concludes our discussion of the potential terms.

B.2 Kinetic terms

We now turn to the construction of scalar SFT’s that contain time derivatives. In this case

we will mostly work with the derivatives acting on the fields Ψ and Ψ? in order to make

contact with the Schrödinger action in its most well-known form.

We start by looking at possible invariant theories containing a single time derivative

(nt = 1, ns = 0) where, we can without loss of generality fix the dilatation weight according

to eq. (B.4) to w = −d
2 . Imposing invariance under central charge and dilatation symmetry

there are only two terms that we can write down with a single time derivative: Ψ?∂0Ψ and

its complex conjugate Ψ∂0Ψ
?. Let us consider Ψ?∂0Ψ, by computing the variation (B.1)

on this term we obtain

δ (Ψ?∂0Ψ) ∼= −Ψ? (λa∂a + λK(w − xa∂a)) Ψ , (B.10)

where by ∼= we mean equality up to the total derivative of equation (B.2). The terms

on the right hand side of (B.10) can be exactly compensated for by the addition on the

23This would also be the case even without imposing time reversal invariance.
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left hand side of extra terms containing only spatial derivatives. The resulting invariant

combination is the Lagrangian describing the Schrödinger action,

SFT5 : S(5) =

∫
dtddxΨ?

(
i∂0 −

1

2M
∂a∂a

)
Ψ . (B.11)

This is the action that we will couple to Schrödinger gravity in section 5.1.2.

Although the Lagrangian of eq. (B.11) has an imaginary part, the Schrödinger action

itself is real. Performing a similar analysis starting with Ψ∂0Ψ
? we would just find the

complex conjugate of the Lagrangian of equation (B.11), leading to nothing new. Therefore,

we conclude that, up to invariant potential terms, the Schrödinger action (B.11) is the

unique invariant at first order in time derivative.

We next consider SFT’s at second order in time derivatives and following (B.4) we fix

the dilatation weight to w = −d−2
2 . Here the possibilities increase. Imposing dilatation

and central charge invariance leads to the following five possible kinetic terms

Ψ?∂20Ψ , Ψ∂20Ψ? , ∂0Ψ∂0Ψ
? , Ψ?Ψ−1(∂0Ψ)2 , ΨΨ?−1(∂0Ψ

?)2 . (B.12)

We now perform a similar analysis as in the first order case. Up to complex conjugation

there are three cases to consider.

(1) For the term Ψ?∂20Ψ, we find that its variation

δ
(
Ψ?∂20Ψ

) ∼= −2Ψ? (λa∂a∂0 + λK ((w − 1)∂0 − xa∂a∂0)) Ψ (B.13)

can be exactly compensated for by the addition of extra terms. The corresponding

invariant Lagrangian is leading to the action

SFT6 : S(6) =

∫
dtddxΨ?

(
i∂0 −

1

2M
∂a∂a

)2

Ψ , (B.14)

which we recognize as the square of (B.11). For the same reasons as in the first order

case, the complex conjugate Ψ∂20Ψ? cannot give anything new.

(2) The variation of the next possible term at this order, namely ∂0Ψ∂0Ψ
?, is

δ (∂0Ψ∂0Ψ
?) ∼= (λKx

a−λa) (∂aΨ
?∂0Ψ +∂aΨ∂0Ψ

?)−wλK(Ψ?∂0Ψ + Ψ∂0Ψ
?) . (B.15)

Again, the variation above can be compensated for leading to a unique invariant

Lagrangian:

SFT7 : S(7) =

∫
dtddx

∣∣∣∣(i∂0 − 1

2M
∂a∂a

)
Ψ +

1

Md

(
∂a∂aΨ−

1

Ψ
(∂aΨ)2

)∣∣∣∣2 ,
(B.16)

where |·| is the norm.
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(3) Proceeding in a similar way with the kinetic term Ψ?Ψ−1(∂0Ψ)2 it turns out that its

variation:

δ
(
Ψ?Ψ−1(∂0Ψ)2

) ∼= −2Ψ?∂0Ψ
(
wλK + Ψ−1 (λa − xaλK) ∂aΨ

)
, (B.17)

cannot directly be compensated for. In this case, it is necessary to combine this

term with its complex conjugate. In order to simplify the final interpretation of this

action we will find it convenient to actually consider the variation of the following

combination of terms

−Ψ? (∂0Ψ)2

Ψ
−Ψ

(∂0Ψ
?)2

Ψ?
+ 2∂0Ψ∂0Ψ

? = −ϕ−2 (Ψ?∂0Ψ−Ψ∂0Ψ
?)2 , (B.18)

where an additional ∂0Ψ∂0Ψ
? term has been added to complete the square. Af-

ter compensating the variation of the combination in (B.18) we find the following

invariant action

SFT8 : S(8) =

∫
dtdxa

1

Ψ?Ψ

(
iΨ?∂0Ψ− iΨ∂0Ψ? +

1

M
∂aΨ∂aΨ

?

)2

. (B.19)

We can recognize this action as the square of the partially integrated Schrödinger

action, see also the discussion above (5.18) in the main text. This exhausts all

the possibilities and concludes our discussion of the kinetic terms with two time

derivatives.

At last, we look at possible invariant with one time and two spatial derivatives in terms

of ϕ and χ. Imposing central charge, dilatation and time-reversal symmetry the only terms

that can be written down are

ϕ2∂0∂
2χ , ϕ2∂0χ∂

aχ∂aχ , ϕ∂0ϕ∂
2χ , ϕ∂aϕ∂0∂aχ ,

ϕ∂0∂
aϕ∂aχ , ϕ∂

2ϕ∂0χ , ∂0ϕ∂
aϕ∂aχ , ∂

aϕ∂aϕ∂0χ , (B.20)

where we recall that the dilatation weight is fixed to w = −d−2
2 . From the terms in (B.20)

it is possible to build three invariant Lagrangians:

I1 = ∂aϕ∂aϕ∂0χ−
1

2M
(∂aϕ∂aϕ∂

bχ∂bχ) , (B.21a)

I2 = ϕ∂a∂
aϕ∂0χ−

1

2M
(ϕ∂a∂

aϕ∂bχ∂bχ) , (B.21b)

I3 = ϕ∂aϕ∂0∂aχ−
1

M
(ϕ∂aϕ∂bχ∂a∂bχ) . (B.21c)

However, it can be seen that these Lagrangians lead to only two linearly independent

actions as I3 is nothing but a combination of I1 and I2 up to a partial integration using ∂a.

The invariant Lagrangians (B.21a) and (B.21b) can be rewritten as the following invariant

actions

SFT9 : S(9) =

∫
dtddx

1

ϕ2
∂aϕ∂aϕ

(
iΨ?∂0Ψ− iΨ∂0Ψ? +

1

M
∂aΨ?∂aΨ

)
, (B.22a)

SFT10 : S(10) =

∫
dtddx

1

ϕ
∂2ϕ

(
iΨ?∂0Ψ− iΨ∂0Ψ? +

1

M
∂aΨ?∂aΨ

)
, (B.22b)
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where for convenience we have ignored an overall factor of −1
2 and added the invariant

potential terms 1
2S

(2) and 1
2S

(3) to (B.21a) and (B.21b) respectively. The actions (B.22a)

and (B.22b) are the ones we will couple to Schrödinger gravity in the main text.

Up to the order we are working (nt ≤ 2 and ns ≤ 4), it is not possible to form any

additional SFT that is linearly independent from the ones we obtained above in the set

of SFT1−10. Finally, we come back to the invariant SFT6′ that we found in eq. (B.9) and

show that it is not an independent invariant. This follows from the relation:

S(6′) = −d2M
2
(
S(6) − S(7)

)
− 2dMS(10) + (d− 1)S(4) + (d+ 2)S(3) − S(2) . (B.23)

This is the reason why we added a prime on its label. We do not couple the SFT6′ in the

main text where we choose to work with the set of SFT1−10 constructed from Ψ and ϕ.
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(2013) 123 [arXiv:1211.0005] [INSPIRE].
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