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P R E FA C E A N D A C K N O W L E D G E M E N T S

preface On the basis of this thesis lies the monoscale Lorenz-
96 model, constructed by Edward Lorenz to study the predictabil-
ity of the atmosphere. It turns out that the Lorenz-96 model con-
tains an extraordinarily rich structure of bifurcations, worth to
examine in greater mathematical detail. The aim of this thesis
is to provide a systematic study into the dynamics of the model,
focusing on the bifurcation structures before chaos.

The first chapter of this thesis is devoted to the scientific work
of Lorenz and introduces the Lorenz-96 model as the main subject
of this thesis. The chapters 2–5 describe the results of the mathe-
matical analysis of the Lorenz-96 model. In chapter 6, we present
the main conclusions of our research, accompanied by a scientific
summary.
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1
I N T R O D U C T I O N

“ The relevance of mathematically defined systems cannot be too
strongly emphasized; much of what we know, or believe that we
know, about real systems has come from the study of models. ”

— Lorenz (2006a)

In this thesis we study a dynamical system designed by Ed-
ward Lorenz, known as the Lorenz-96 model. Initially, Lorenz
introduced the model to gain a better understanding of the

predictability of the atmosphere as part of his life-long study of
weather forecasting and atmospheric predictability. Therefore, we
devote a substantial part of this introductory chapter to the work
and life of Lorenz. We give a short historical sketch of Lorenz’s
pioneering work on chaos and weather, climate and predictability,
starting with his first works till the end of his life. His oeuvre
shows the power of constructing models that are further simpli-
fications of existing models of reality. We will discuss his three
most important models, one of which the model that lies on the
basis of this thesis. Thus, the Lorenz-96 model will be put in the
context of his other contributions to the field and connected with
the other models he developed.

1



2 introduction

1.1 predictability : lorenz’s voyage

1.1.1 Chaos (un)recognised

poincaré The discovery of chaos in a system of ordinary dif-
ferential equations (odes) is often attributed to Edward Lorenz.
But even before Lorenz was born, Poincaré had already observed
chaotic behaviour when he studied the three-body problem in
ad 1880. At that time the significance of this phenomenon was
not fully understood and therefore Poincaré’s observations did
not lead to any significant breakthrough. Neither did his com-
ments about the weather lead meteorology into a different direc-
tion, when he noted that (Poincaré, 1912):

[E]ven if it were the case that the natural laws had no longer any
secret for us, we could still only know the initial situation approxi-
mately. If that enabled us to predict the succeeding situation with
the same approximation, that is all we require and we should say that
the phenomenon had been predicted, that it is governed by laws.
But it is not always so; it may happen that very small differences
in the initial conditions produce very great ones in the final phe-
nomena. A small error in the former will produce an enormous
error in the latter. Prediction becomes impossible and we have the
fortuitous phenomenon.

Similar statements about the irregular and unpredictable weather
are made in the years after Poincaré. For example, the mathemati-
cian Norbert Wiener pointed out that the weather could not be
treated as a deterministic process, since unobserved parts of the
weather could be of importance for longer periods (Wiener, 1956).
One year later, Philip Thompson published a paper in which he
acknowledged that the uncertainty of the initial state would dis-
turb the predictability of future states, though he considered it to
be possible to eliminate the error growth almost entirely by in-
creasing the density of observations (Thompson, 1957).

lorenz It took more than 80 years after Poincaré’s discovery
before the notion of a chaotic system was recognised by Edward
Lorenz coincidentally, while studying a small model for a hydro-
dynamical flow. He revealed his findings in the seminal article
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(Lorenz, 1963). Where others did not recognise the phenomenon
that prevented them from solving their problems, Lorenz realised
that he needed chaos in order to understand the irregularity of
the atmosphere (Lorenz, 1993). It is his merit that a whole new
field came to existence: Chaos theory. Many other discoveries and
studies by others contributed to the development of this area in
the following decades.

Figure 1.1: Edward
Lorenz (1917–2008)

The discovery of Lorenz not only opened a whole new direction
of research, but also clarified the unpredictability or unsolvability
of many old problems. For example, it became more and more
clear why it is so difficult to forecast the weather a few days in
advance correctly. In particular, Lorenz himself made it plausible
that the atmosphere is a chaotic system, based on the study of
mathematical models. In the next subsection we will follow him
on his journey through the study of weather forecasting and the
unpredictable atmosphere. To be able to study important con-
cepts (such as predictability), he often simplified models as much
as possible leaving only some essential features. This leads to a
couple of elementary, conceptual models that also advanced the
field of mathematics. We will discuss this in subsection 1.1.3.

1.1.2 Unpredictable atmosphere and weather forecast

Edward Norton Lorenz1 (23 May, 1917 – 16 April, 2008) started his 1 To our best know-
ledge, there is no
fully detailed or
scientific biography of
Edward Lorenz today,
although there exist his
autobiographical note
(Lorenz, 1991) and short
biographical memoirs
by Palmer (2009) and
Emmanuel (2011). We
do, however, not aim
to fill this gap. An
incomplete overview of
important life-events of
Edward Lorenz can be
found in table 1.1.

academic career by obtaining a Master’s degree in Mathematics.
Due to the Second World War he became involved in Meteorology,
which influenced the course of his academic research for the rest
of his life.

weather forecasting before lorenz At that time, fore-
casting the weather was a quite subjective task: after a meteoro-
logist has analysed the weather maps and the specific meteorolo-
gical objects present therein, the forecast follows by displacing and
adjusting these entities or by removing old and adding new ones.
How these adjustments should be done, was based on the exper-
ience of expert-forecasters and the known physical laws, such as
Buys-Ballot’s law. While such a forecast was far from perfect, it
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Table 1.1: Important events in the life of Edward Lorenz.

year event comments

1917 Born on 23 May as Edward Norton Lorenz In West Hartford, Connecticut, usa

1938 Bachelor’s degree Mathematics Dartmouth College in Hanover, New
Hampshire

1940 Master’s degree Mathematics (A.M.) Harvard University
1943 Second Master’s degree in Meteorology (S.M.) Massachusetts Institute of Technology

(mit)
1946 Employed as (assistant) meteorologist mit, till 1954

1948 Received his doctorate in Meteorology (Sc.D.) mit

1948 Married Jane Loban
1954 Appointed assistant professor in Meteorology mit

1961 Elected fellow of American Academy of Arts
and Sciences

1962 Appointed full Professor in Meteorology mit

1969 Awarded Clarence Leroy Meisinger Award
and Carl Gustaf Rossby Research Medal
Award

American Meteorological Society

1972 Coined the term Butterfly effect Lorenz (1972)
1973 Awarded Symons Memorial Gold Medal Royal Meteorological Society
1975 Elected fellow of National Academy of Sci-

ences
United States

1977 Head of Department mit, till 1981

1981 Elected member of Indian Academy of Sci-
ences and Norwegian Academy of Science and
Letters

1983 Awarded Crafoord Prize Royal Swedish Academy of Sciences
1984 Elected honorary member of Royal Meteorolo-

gical Society
1987 Retirement
1989 Awarded Elliott Cresson Medal Franklin Institute
1991 Awarded Kyoto Prize Inamori Foundation; Japanese equival-

ent of Nobel prize
1991 Awarded Roger Revelle Medal American Geophysical Union
1991 Awarded Louis J. Battan Author’s Award American Meteorological Society
1993 Publication of his book The essence of chaos Lorenz (1993)
2000 International Meteorological Organization

Prize
World Meteorological Organization

2004 Awarded Buys Ballot medal Royal Netherlands Academy of Arts
and Sciences

2004 Awarded Lomonosov Gold Medal Russian Academy of Sciences
2008 Awarded Premio Felice Pietro Chisesi e Cater-

ina Tomassoni
Sapienza University of Rome

2008 Died on 16 April at the age of 90 In Cambridge, Massachusetts, USA
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was thought generally that an accurate forecasting of the weather
is possible, although very difficult due to the intricacy of the at-
mosphere.

Even though weather forecasting at that time was done mostly
by hand, there existed dynamic equations for the atmosphere al-
ready. A failed attempt to calculate the weather was made in
1922 by the meteorologist Richardson using a modified model of
Bjerknes. The breakthrough came with the introduction of the
computer. In 1950, Charney developed the first model that pro-
duced moderately good weather forecasts by filtering the small
scale features (Charney, et al., 1950; Lorenz, 1993; Lorenz, 1996).

lorenz’s contribution At that time, Lorenz (1950) ob-
tained models for the circulation in the weather atmosphere via
a generalised vorticity equation. He realised that for a better un-
derstanding of atmospheric phenomena it is legitimate to simplify
the existing models to the extent that they are realistic enough to
clarify and describe qualitatively some of the important physical
phenomena in the atmosphere (Lorenz, 1960). Such a procedure is
used, for example, in (Lorenz, 1980) in order to gain more insight
in the attractor that plays a role in numerical weather forecasting.

Besides, it also led to the construction of his famous Lorenz-63

model, a three-dimensional model based on a seven-dimensional
model by Saltzman (Lorenz, 1963) — see also section 1.1.3. This
system as a mathematical abstraction is one of the simplest to in-
dicate the chaotic nature of the atmosphere. He discovered using
this model that taking two slightly different initial conditions will
result after some time in completely different states.2 He realised 2 Lorenz tells the story

how he found this phe-
nomenon by accident in
(Lorenz, 1993).

that this sensitive dependence also implies that the predictability of
the future state of the system is limited (Lorenz, 1963):

If, then, there is any error whatever in observing the present state —
and in any real system such errors seem inevitable — an acceptable
prediction of an instantaneous state in the distant future may well
be impossible.3 3 Note the similarity to

the statement of Poin-
caré, quoted earlier.Lorenz has investigated the irregularity of the atmosphere and its

implications on the predictability of the weather in numerous fol-
lowing studies, e.g. (Lorenz, 1969a; Lorenz, 1975; Lorenz, 1982),
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Also the construction and use of the Lorenz-84 model (Lorenz,
1984a) — discussed further in section 1.1.3 — is part of this re-
search.

Now the weather turned out to be chaotic, the question arised
to what extent the atmosphere — and hence the weather — is ac-
tually predictable in terms of time range and accuracy. Besides
the chaotic nature of the atmosphere, there are two other limit-
ations to this predictability (Lorenz, 1969b): Firstly, observations
of the current state of the weather will always be imperfect and
incomplete. Secondly, we are not able to formulate the real gov-
erning laws of the weather and any model of them is inevitably
an approximation.

The predictability of a system can be determined by the rate at
which an error in the system typically grows or decays by increas-
ing time range (Lorenz, 2006a). Here, ‘error’ is either the differ-
ence between the assumed initial state of the system and its actual
state, or the difference between the future state predicted by the
model and the actual future state and refers to either one of the
two limitations above. The time range at which this happens gives
an indication how far in advance the model can predict without
being meaningless.

The Lorenz-96 model was designed by Lorenz (2006a) particu-
larly to study the error growth with increasing range of prediction
for the atmosphere.4 He started with an initial error and looked at4 Although the model

was presented in 1996 at
an ECMWF workshop
on predictability, the
corresponding paper
was not published
until 2006, when it
was included in a book
on predictability in
weather and climate
by experts in that
field (Palmer &
Hagedorn, 2006).

its growth in time, while assuming that the model itself is correct.
The long-term average factor of the error growth coincides with
the largest Lyapunov number of the system (except for the early
stages). Furthermore, he introduced a multiscale model by which
he showed that the small-scale features of the atmosphere act like
small random forcing.

The Lorenz-96 model should not be considered as a model at-
tempting to describe the real atmosphere, but rather as a concep-
tual model resembling its behaviour only to a small extent. The
simplicity of the model allows to gain more insight in problems
that are difficult or time-consuming to investigate with large and
more realistic models, as is shown in (Lorenz & Emanuel, 1998).
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A more detailed description of the Lorenz-96 model will follow in
section 1.2.

current weather forecasting Without doubt, we can
say that the work and models of Lorenz has changed the fields
of both meteorology and mathematics. In meteorology, he demon-
strated that the forecast of the weather will always be accompan-
ied with uncertainty even within the limits of predictability and
exactness in measurements can never be attained. Therefore, mod-
ern weather forecasting models, like that of the European Centre
for Medium-Range Weather Forecasts (ecmwf), are based on a
probabilistic approach: they use the method of ensemble forecast-
ing in which several predictions are made with slightly different
initial conditions and slightly perturbed models (Buizza, 2006).
See figure 1.2 for an example of such computations. From the
set of predictions one can derive their uncertainty and the probab-
ility that a certain type of weather will occur. Such an approach
was already suggested by Eady (1951) and Lorenz (1965).

Concerning mathematics, Lorenz introduced a few models that
are interesting to mathematicians as well. In the following sec-
tion we give a short discussion of these models to illustrate the
influence of Lorenz on mathematics.

Temperatuur (˚C)
Groningen/Eelde, woensdag 14 februari 2018 (Versie wo 00 uur)

Controle Hoge resolutie Middelste (P50) Verstoorde runs

do
15-02

vr
16-02

za
17-02

zo
18-02

ma
19-02

di
20-02

wo
21-02

do
22-02

vr
23-02

za
24-02

zo
25-02

ma
26-02

di
27-02

wo
28-02

do
01-03

-15

-10

-5

0

5

10

15

20

-15

-10

-5

0

5

10

15

20

Bron: ECMWF/KNMI

Figure 1.2: Forecast of the temperature for the Groningen (Eelde) weather
station using ensemble forecasting. The computation is done by the
Royal Netherlands Meteorological Institute (knmi) at 14th of February
2018, using the weather model Ensemble Prediction System from the
ecmwf with 52 runs. Source: knmi.
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1.1.3 Lorenz’s contribution to mathematics

In the study of the real world, one has to deal with representative
models to gain insight in the present phenomena. Besides more
natural models, one can also design artificial systems that only de-
scribe the key features (or at least those that are subject of study)
to study particular problems of the reality. The preceding histor-
ical discussion of Lorenz’ work shows that simplifying models
as much as possible can be very successful in studying and ex-
plaining basic concepts. The resulting models of Lorenz are also
mathematically interesting, not only because their simplicity eases
the mathematical investigation, but also because they have further
advanced the field of nonlinear dynamical systems.

forced dissipative systems The fundamental models de-
signed by Lorenz all belong to the same type of systems, namely
the class of forced dissipative systems with quadratic nonlinear terms.
This class of systems — introduced in (Lorenz, 1963) — can be de-
scribed by the general n-dimensional system

ẋ j =
n

∑
k,l=1

a jklxkxl −
n

∑
k=1

b jkxk + c j, j = 1, . . . , n, (1.1)

where the constant coefficients are chosen such that ∑ a jklx jxkxl

vanishes5 and ∑ b jkx jxk is positive definite (Lorenz, 1963; Lorenz,5 This condition may be
omitted, but then the
trapping region is not
a global one — see
(Lorenz, 1980).

1980; Lorenz, 1984b). The class (1.1) is constructed in such a way
that the quadratic part does not affect the total energy of the sys-
tem, E = 1

2 ∑n
j=1 x2

j . This property can be used to show the exist-
ence of a trapping region in these systems. We will prove this fact
later in this thesis, together with special versions for the Lorenz-96

model — see section 2.1.
A subclass of the class of systems (1.1) is defined by impos-

ing the extra condition that a jkl = 0 whenever k = j or l = j,
which implies that the divergence is equal to −∑ j b j j. It can
be shown that the attractor of systems of this subclass has zero
volume (Lorenz, 1980; Lorenz, 1984b). This subclass of systems
includes the famous Lorenz-63 model, as well as his well-known
models from 1984 and 1996.
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lorenz-63 model The Lorenz-63 model is a three-dimension-
al model that simulates the convective motion of a fluid between
two parallel infinite horizontal plates in two dimensions, where
the lower plated is heated and the upper one is cooled. The model
is derived from a system of partial differential equations (pdes)
describing Rayleigh-Bénard convection (Hilborn, 2000; Broer &
Takens, 2011). Its equations are given by


ẋ = −σx + σy,

ẏ = −xz + rx− y,

ż = xy− bz,

(1.2)

where x is proportional to the intensity of the convective mo-
tion, y to the temperature difference between the rising and fall-
ing parts of the fluid and z to the deviation of the temperature
profile from its equilibrium, which increases linearly with height
(Lorenz, 1963).

After the Lorenz-63 model became known to mathematicians
in the seventies it gained a huge interest and — besides the new
insights in chaotic dynamics — inspired new research in dynami-
cal systems and other fields. Soon, there appeared studies into the
dynamics of the model (Sparrow, 1982), its attractor and a geomet-
ric version of the Lorenz model (Afraimovich, et al., 1977; Guck-
enheimer & Williams, 1979; Williams, 1979). Meanwhile, Hénon
(1976) constructed a simple two-dimensional mapping that has the
same essential properties as the Lorenz-63 model and contains a
strange attractor as well.

The proof that the attractor of the Lorenz-63 model actually ex-
ists lasted for quite some time and the final proof gave rise to new
advanced techniques (Tucker, 1999; Viana, 2000), such as the use
of a computer to establish certain features of the geometry of the
solutions. Likewise, for the computation of the two-dimensional
stable manifold of the origin of system (1.2) algorithms to compute
global manifolds in vector fields had to be developed (Krauskopf
& Osinga, 2003; Krauskopf, et al., 2005), as well as methods to
visualise its intriguing geometry (Osinga & Krauskopf, 2002).
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lorenz-84 model The Lorenz-84 model is another simple
three-dimensional model describing the long-term atmospheric
circulation at midlatitude. It is given by the following equations:


ẋ = −y2 − z2 − ax + aF,

ẏ = xy− bxz− y + G,

ż = bxy + xz− z,

(1.3)

where x denotes the intensity of the symmetric globe-encircling
westerly wind current and y and z denote the cosine and sine
phases of a chain of superposed waves transporting heat pole-
ward (Lorenz, 1984a). A derivation of the model as a reduction
of a Galerkin approximation of a quasi-geostrophic two-layer pde

model is given by Van Veen (2003).
The Lorenz-84 model also attracted the attention of mathem-

aticians, who studied its dynamics thoroughly (Masoller, et al.,
1995; Sicardi Schifino & Masoller, 1996; Shilnikov, et al., 1995; Van
Veen, 2003). The model also inspired further research: for ex-
ample, in (Broer, et al., 2002; Broer, et al., 2005b) a periodic forcing
was added to the model (1.3), which led to the discovery of quasi-
periodic Hénon-like attractors, a new class of strange attractors
(Broer, et al., 2008a; Broer, et al., 2010). The model has been used
for various other applications as well, such as the study of the
interaction of the atmosphere with the ocean by combining the
Lorenz-84 model with a box model into a slow-fast system (Van
Veen, et al., 2001).

lorenz-96 model This thesis concentrates on another model
by Lorenz, namely, his 1996 model, which also belongs to the class
of forced dissipative systems with quadratic nonlinear terms and
can be considered as one of the simplest of them. Already in 1984

he studied a four-dimensional version of the model in his search
for the simplest nontrivial system (1.1) that still contains the ba-
sic properties of the subclass and capable of exhibiting chaotic
behaviour (Lorenz, 1984b). By imposing symmetry conditions on
the equations, he came up with the monoscale version of the n-
dimensional Lorenz-96 model. In the next section we will define
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this model and discuss it in more detail, together with applica-
tions in other fields.

1.2 lorenz-96 model

Actually, Lorenz designed two variants of the Lorenz-96 model: a
monoscale version, with only one time scale, and a multiscale ver-
sion, in which two different time scales are obtained by coupling
two suitably scaled versions of the monoscale model. This thesis
is devoted solely to the monoscale version. For the multiscale
model — which will not be discussed in this thesis — the reader
is referred to (Lorenz, 2006a) or to appendix A.1.

1.2.1 The monoscale Lorenz-96 model

The equations of the monoscale Lorenz-96 model are equivariant
with respect to a cyclic permutation of the variables. Therefore,
the system with dimension n ∈ N is completely determined by
the equation for the j-th variable, which is given by

ẋ j = x j−1(x j+1 − x j−2)− x j + F, j = 1, . . . , n, (1.4a)

where we take the indices modulo n by the following ‘boundary
condition’

x j−n = x j+n = x j, (1.4b)

resulting in a model with circulant symmetry. Note that both
the dimension n ∈ N and the forcing parameter F ∈ R are free
parameters.

Here, the variables x j can be interpreted as values of some at-
mospheric quantity (e.g., temperature, pressure or vorticity) meas-
ured along a circle of constant latitude of the earth (Lorenz, 2006a).
The latitude circle is divided into n equal sectors, with a distinct
variable x j for each sector such that the index j = 1, . . . , n indicates
the longitude — see figure 1.3. In this way, the model (1.4) can be
interpreted as a model that describes waves in the atmosphere.
Lorenz observed that for F > 0 sufficiently large the waves in the
model slowly propagate “westward”, i.e. in the direction of de-
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Figure 1.3: Example of a latitude circle of the earth, divided into n equal
sized sectors.

creasing j (Lorenz, 2006a). Figure 1.4 illustrates travelling waves
for dimension n = 24 and parameter values F in the periodic and
the chaotic regime.

However, the Lorenz 96 model is not designed to be realistic.
Indeed, as we described in section 1.1.2, the aim for Lorenz to in-
troduce his so-called Lorenz-96 model was to study fundamental
issues regarding the predictability of the atmosphere and weather
forecasting (Lorenz, 2006a). For this reason, he did not aim to
design a complicated and physically realistic model of the atmos-
phere, but just a simple test model that is easy to use in numerical
experiments. Or, as Lorenz & Emanuel (1998) wrote:

We know of no way that the model can be produced by truncating
a more comprehensive set of meteorological equations. We have
merely formulated it as one of the simplest possible systems that
treats all variables alike and shares certain properties with many
atmospheric models.

Indeed, the following physical mechanisms are present in sys-
tem (1.4):
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Figure 1.4: Hovmöller diagrams of a periodic attractor (left, F = 2.75) and
a chaotic attractor (right, F = 3.85) in the Lorenz-96 model for n = 24.
The value of x j(t) is plotted as a function of t and j. For visualisation
purposes linear interpolation between x j and x j+1 has been applied in
order to make the diagram continuous in the variable j.

1. Advection, that conserves the total energy, simulated by the
quadratic terms;

2. Damping, through which the energy decreases, is represented
by the linear terms;

3. External forcing keeps the total energy away from zero and is
described by the constant terms.

The traditional Lorenz-63 model (1.2) — which does have a clear
physical interpretation — has two disadvantages. Firstly, it con-
sists of only three ordinary differential equations. Secondly, for
the classical parameter values the model has Lyapunov spectrum
(0.91, 0,−14.57), which makes the model very dissipative. Such
properties are not typical for atmospheric models. In contrast with
the Lorenz-63 model, the dimension of the Lorenz-96 model can
be chosen arbitrarily large and for suitable values of the paramet-
ers it has multiple positive Lyapunov exponents, which is similar
to models obtained from discretising pdes.

The value of the Lorenz-96 model lies primarily in the fact that
it has a very simple implementation in numerical codes while at
the same time it can exhibit very complex dynamics for suitable
choices of the parameters n and F. The properties of the Lorenz-
96 model make the model attractive and very useful for various
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other applications. It is sometimes even called “a hallmark repres-
entative of nonlinear dynamical behavior” (Frank, et al., 2014).

1.2.2 Applications

The applications of the Lorenz-96 model are broad and range from
data assimilation and predictability (Ott, et al., 2004; Trevisan &
Palatella, 2011; De Leeuw, et al., 2017) to studies in spatiotemporal
chaos (Pazó, et al., 2008). It is often used to test new ideas in
various fields. For example, Lorenz himself used his own model to
study the atmosphere and related problems, (Lorenz & Emanuel,
1998; Lorenz, 2006a; Lorenz, 2006b).

In (Sterk & Van Kekem, 2017), we use the Lorenz-96 model to
study the distribution of finite-time growth rates of errors in initial
conditions along the attractor of the system. To illustrate a method
for quantifying the predictability of a certain specified event, we
study the predictability of extreme amplitudes of travelling waves
in the Lorenz-96 model. It turns out that the predictability of
extremes depends on the dynamical regime of the model.

Table 1.2 gives an overview of recent papers in which the Lo-
renz-96 model has been used together with the values of the para-
meters that were used. In most studies the dimension n is chosen
ad hoc, but n = 36 and n = 40 appear to be popular choices.
Many applications are related to geophysical problems, but the
model has also attracted the attention of mathematicians working
in the area of dynamical systems for phenomenological studies in
high-dimensional chaos.

1.2.3 Setting of the problem

The Lorenz-96 model (1.4) is one of the simplest systems of the
class of systems (1.1) showing chaotic behaviour and has been
studied by many researchers. In contrast to its importance, only a
few studies have investigated the dynamics of this model. Table 1.3
lists a selection of papers that investigate part of the dynamics of
the Lorenz-96 model. The papers by Lorenz present a few basic
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Table 1.2: Recent papers with applications of the monoscale (a) Lorenz-96

model (1.4) or the multiscale (b) Lorenz-96 model (A.1) and the main
values of n and F that were used. Almost all values are chosen in the
chaotic domain (F = 8) of dimension n = 36 or 40.

reference application n F

Basnarkov & Kocarev (2012) Forecast improvement 960a 15

Boffetta, et al. (2002) Predictability 36b 10

Crommelin & Vanden-Eijnden (2008) Subgrid scale parameterisation 18b 10

Danforth & Kalnay (2008) State-dependent model errors 8b 8, 14, 18

Danforth & Yorke (2006) Making forecasts 40a 8

Dieci, et al. (2011) Approximating Lyapunov exponents 40a 8

Fatkullin & Vanden-Eijnden (2004) Numerical schemes 9b 10

Gallavotti & Lucarini (2014) Non-equilibrium ensembles 32a ≥ 8

Hallerberg, et al. (2010) Bred vectors 1024a 8 (6, . . . , 20)

Hansen & Smith (2000) Operational constraints 40a 8

Haven, et al. (2005) Predictability 40a 8

De Leeuw et al. (2017) Data assimilation 36a 8

Lieb-Lappen & Danforth (2012) Shadowing time 4, 5, 6b 14

Lorenz (1984a) Chaotic attractor 4a −100

Lorenz & Emanuel (1998) Optimal sites 40a 8

Lorenz (2005) Designing chaotic models 30a 10 (2.5, . . . , 40)

Lorenz (2006a) Predictability 36a 8 (15, 18)

Lorenz (2006b) Regimes in simple systems 21a 5.1

Lucarini & Sarno (2011) Ruelle linear response theory 40a 8

Orrell, et al. (2001) Model error 8a,b 10

Orrell (2002) Metric in forecast error growth 8a,b 10

Orrell (2003) Model error and predictability 8b 10

Ott et al. (2004) Data assimilation 40, 80, 120a 8

Roulston & Smith (2003) Combining ensembles 8b 8

Stappers & Barkmeijer (2012) Adjoint modelling 40a 8

Sterk, et al. (2012) Predictability of extremes 36a 8

Sterk & van Kekem (2017) Predictability of extremes 4, 7, 24a 11.85, 4.4, 3.85

Trevisan & Palatella (2011) Data assimilation 40, 60, 80a 8

Vannitsem & Toth (2002) Model errors 36b 10

Verkley & Severijns (2014) Maximum entropy principle 36a 2.5, 5, 10, 20

Wilks (2005) Stochastic parameterisation 8b 18, 20
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dynamical properties of the system (Lorenz, 1984b; Lorenz, 2005).
Bifurcation diagrams in low dimensions of the Lorenz-96 model
have been studied in (Orrell & Smith, 2003), although the em-
phasis of their work was on methods to visualise bifurcations by
means of spectral analysis, rather than exploring the dynamics it-
self. Karimi & Paul (2010) explored the high-dimensional chaotic
dynamics by means of the fractal dimension. A recent study on
patterns of order and chaos in the multiscale model by Frank et al.
(2014) has reported the existence of regions with standing waves.

Table 1.3: Overview of the research into the dynamics of the monoscale
Lorenz-96 model (1.4) and the main values of the parameter F that
were used. In most cases, only the range for positive F has been ana-
lysed.

reference subject F

Lorenz (1984a) Chaotic attractor −100

Orrell & Smith (2003) Spectral bifurcation diagram [0, 17)

Lorenz (2005) Designing chaotic models 2.5, 5, 10, 20, 40

Pazó et al. (2008) Lyapunov vectors 8

Karimi & Paul (2010) Extensive chaos [5, 30]

Van Kekem & Sterk (2018a) Symmetries & bifurcations (−9, 0]

Van Kekem & Sterk (2018b) Travelling waves & bifurcations [0, 13)

Van Kekem & Sterk (2018c) Wave propagation (−4, 4)

The works above already revealed an extraordinarily rich struc-
ture of the dynamical behaviour of the Lorenz-96 model for spe-
cific values of n. However, there has been no systematic study of
its dynamics yet. We aim to fill this gap in this thesis. The main
question that will be studied is the following:

Research question. How do the quantitative and qualitative features
of the dynamics of the Lorenz-96 model (1.4) depend on n ∈ N?

System (1.4) is in fact a family of dynamical systems paramet-
erised by the discrete parameter n ∈ N that gives the dimension of
its state space. A coherent overview of the dependence of spatio-
temporal properties on the parameters n and F is useful to assess
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the robustness of results when using the Lorenz-96 model in pre-
dictability studies. For example, the dimension n has a strong
effect on the predictability of large amplitudes of travelling waves
in weakly chaotic regimes of the Lorenz-96 model (Sterk & van
Kekem, 2017). Answers to the research question may also be help-
ful in selecting appropriate values of n and F for specific applic-
ations, such as those listed in table 1.2. For example, there is a
direct relation between the topological properties and recurrence
properties and the statistics of extreme events in dynamical sys-
tems (Holland, et al., 2012; Holland, et al., 2016).

Moreover, the setup of the Lorenz-96 model is analogous to
a discretised pde. In fact, in some works the Lorenz-96 model
is interpreted as such (Basnarkov & Kocarev, 2012; Reich & Cot-
ter, 2015). For discretised pdes the dynamics is expected to depend
on the resolution of discretisation. For example, Lucarini, et al.
(2007) studied a discretised quasi-geostrophic model for the at-
mosphere. In particular, they numerically observed that the pa-
rameter value at which the first Hopf bifurcation occurs typically
increases with the truncation order of their discretisation method.
In pseudo-spectral discretisations of Burgers’ equation Basto, et al.
(2006) observed that the dynamics was confined to an invariant
subspace when the dimension of state space was odd, whereas
for even dimensions this was not the case. We may expect similar
phenomena for the Lorenz-96 model.

1.3 overview of this thesis

The research question of this thesis will be answered by study-
ing the dynamical nature of the Lorenz-96 model in greater de-
tail, both analytically and numerically. Particular attention will be
paid to properties that stabilise in the limit n → ∞. In the follow-
ing, we present an overview of the main results of this work.
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1.3.1 Main results

An important equilibrium solution of the Lorenz-96 model is the
equilibrium xF = (F, . . . , F), which exists for all n ≥ 1 and F ∈ R.
This equilibrium plays a key role in the dynamics of the Lorenz-96

model and therefore we will study it extensively. In the analysis
we take advantage of the symmetry of the system.

symmetries and invariant manifolds In section 1.1.3 it
is described that the Lorenz-96 model is constructed by imposing
a symmetry condition on the equations. We will show that for
any n ∈ N the n-dimensional model is equivariant with respect
to a cyclic left shift — i.e. the model possesses Zn-symmetry. An
important question is then how the symmetry influences the dy-
namics of the model.

First of all, from the theory of equivariant dynamical systems it
is known that equivariance gives rise to invariant linear subspaces
(Golubitsky, et al., 1988). These invariant subspaces turn out to be
particularly useful in our research, since they enable us to gener-
alise results that are proven for a low dimension to all multiples
of that dimension. We investigate the properties of these invariant
manifolds and show how they can be utilised.

Secondly, due to the symmetry of the model we are able to
prove its dynamical properties to quite some extent using analyt-
ical methods only. This includes proofs of the bifurcations that
destabilise the only stable equilibrium xF around F = 0 for all di-
mensions n. It turns out that the bifurcation structure is different
for positive and negative values of F.

dynamics for F > 0 For positive F, we prove that the equi-
librium xF exhibits several Hopf or Hopf-Hopf bifurcations for all
n ≥ 4. In case of a Hopf bifurcation, it is also possible to show
whether the bifurcation is sub- or supercritical. In particular, the
first Hopf bifurcation is always supercritical, which implies the
birth of a stable periodic attractor.

The Hopf and Hopf-Hopf bifurcation are not induced by sym-
metry. However, it turns out that the generated periodic orbits
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are symmetric if their wave number has a common divisor with
the dimension. Here, the wave number should be interpreted as
the spatial frequency of the wave, which measures the number of
‘highs’ or ‘lows’ on the latitude circle — see for example chapter 4

and (Lorenz & Emanuel, 1998).
It turns out that these periodic orbits have the physical inter-

pretation of a travelling wave. To illustrate, a travelling wave in
dimension n = 6 is shown in the right panel of figure 1.5 by
means of a so-called Hovmöller diagram (Hovmöller, 1949). In
such diagrams the value of the variables x j(t) is plotted as a func-
tion of time t and “longitude” j. In this thesis we also study how
the spatiotemporal properties of waves in system (1.4) — such as
their period, wave number and symmetry — depend on the di-
mension n and whether these properties tend to a finite limit as
n → ∞. For instance, figure 1.6 shows that the wave number of
the periodic attractor increases linearly with the dimension n and
is, consequently, unbounded.
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Figure 1.5: As figure 1.4, but with a stationary wave (left, F = −3.6) and
a travelling wave (right, F = 1.2) for n = 6.

hopf-hopf bifurcation : organising centre To unfold
the codimension two Hopf-Hopf bifurcation we add an extra pa-
rameter G to the original model (1.4) via a Laplace-like diffusion
term in such a way that the original model is easily retrieved by
setting G = 0. The thus obtained two-parameter system clarifies
the role of the Hopf-Hopf bifurcation as organising centre and so
it sheds more light on the original model. Especially for n = 12,
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Figure 1.6: The wave number of the periodic attractor of the Lorenz-96

model after the first Hopf bifurcation as a function of the dimension n.
Note that the wave number increases linearly with n.

the Hopf-Hopf bifurcation is the first bifurcation for F > 0 in the
original model and gives rise to two coexisting stable periodic or-
bits by the two subcritical Neimark-Sacker curves that emanate
from the Hopf-Hopf point — see figure 1.7.

The amount of Hopf-Hopf bifurcations in the two-parameter
model scales quadratically with the dimension. For larger values
of n these bifurcations are closer to the F-axis in the (F, G)-plane,
which means that these points are likely to affect the dynamics of
the original Lorenz-96 model for G = 0. Actually, two or more
nearby Hopf-Hopf points cause bifurcation scenarios by which
two or more stable waves with different spatiotemporal properties
coexist for the same values of the parameters n and F. We will
demonstrate that such a phenomenon is indeed typical for the
Lorenz-96 model.

dynamics for F < 0 For negative F, the dynamics is very
much influenced by the symmetry of the model. As a result, the
bifurcation structure depends on the dimension n. In all odd di-
mensions, the first bifurcation of the equilibrium xF is a super-
critical Hopf bifurcation. The periodic orbit that results can be
interpreted again as a travelling wave.
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Figure 1.7: Local bifurcation diagram for a Hopf-Hopf bifurcation unfol-
ded by the two parameters F and G. The Hopf-Hopf bifurcation point
occurs due to the intersection of the two Hopf-lines H2 and H3 and
act as an organising centre for the dynamics. From this codimension
two point two subcritical Neimark-Sacker bifurcation curves NS2 and
NS3 emanate. In the region between these Neimark-Sacker curves
two stable periodic attractors with different wave numbers can coexist.
Compare with figures 3.1 and 5.14 for the case n = 12.

In even dimensions, Z2-symmetry causes the occurrence of a
pitchfork bifurcation for the equilibrium xF. The resulting stable
equilibria can exhibit a pitchfork bifurcation again. However, a
supercritical Hopf bifurcation occurs after at most two pitchfork
bifurcations and destabilises all present stable equilibria, resulting
in two or four coexisting periodic orbits. In contrast with the pre-
vious cases, the periodic orbits in the even dimensions have the
physical interpretation of a stationary wave — see the left panel
of figure 1.5 for an example of a stationary wave for n = 6. In a
recent paper by Frank et al. (2014) stationary waves have also been
discovered in specific regions of the multiscale Lorenz-96 model.
Their paper uses dynamical indicators such as the Lyapunov di-
mension to identify the parameter regimes with stationary waves.

There can be even more pitchfork bifurcations, which however
occur after the equilibria undergo the Hopf bifurcations. We will
formulate a conjecture about the number of subsequent pitchfork
bifurcations that occur in a given dimension n. An example of a
bifurcation structure with three pitchfork bifurcations is given by
the schematic bifurcation diagram in figure 1.8.
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Figure 1.8: Schematic bifurcation diagram of an n-dimensional Lorenz-96

model for negative F with 3 subsequent pitchfork bifurcations. Each
time only one branch out of the pitchfork bifurcation is followed —
for a full picture, see figure 3.6. The label PFl, 1 ≤ l ≤ q, denotes
the l-th (supercritical) pitchfork bifurcation with corresponding bifur-
cation value FP,l; H stands for a (supercritical) Hopf bifurcation with
bifurcation value FP,3 < F′′H < FP,2. A solid line represents a stable equi-
librium; a dashed line represents an unstable one. For full diagrams
for all possible cases, we refer to section 3.3.4.

numerical results The analytical study is complemented
by numerical explorations focusing on the dynamics beyond the
first bifurcation. We use numerical tools, such as the continu-
ation packages Auto (Doedel & Oldeman, 2012) and MatCont

(Dhooge, et al., 2011). Along various routes the periodic attractors
can bifurcate into chaotic attractors representing irregular waves
which ‘inherit’ their spatiotemporal properties from the periodic
attractor. For example, the wave shown in the left panel of fig-
ure 1.4 bifurcates into a 3-torus attractor which breaks down and
gives rise to the wave in the right panel. Note that both waves have
the same wave number. Figure 1.9 shows power spectra of these
waves, and clearly their dominant peaks are located at roughly
the same period. Inheritance of spatiotemporal properties is also
observed by Sterk, et al. (2010) in a shallow water model in which
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a Hopf bifurcation (related to baroclinic instability) explains the
observed time scales of atmospheric low-frequency variability.

Figure 1.10 displays the bifurcations of the stable orbit for in-
creasing F and small dimensions n, starting with the equilibrium
xF at F = 0. Although the Hopf or Hopf-Hopf bifurcation per-
sists for all n ≥ 4, the subsequent bifurcation patterns vary with
the dimension n. Nevertheless, patterns can be observed due to
symmetry, which induces attractors with similar spatiotemporal
properties in higher dimensions. A clear example is observed for
dimensions n = 5m with m ≤ 20.
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Figure 1.9: Power spectra of the attractors of figure 1.4. Note that the
maximum spectral power (indicated by a dot) is attained at nearly the
same period.

1.3.2 Outline

The remainder of this thesis is structured as follows: We will start
our research of the Lorenz-96 model in chapter 2 with the descrip-
tion of its basic properties, its symmetries and the corresponding
invariant manifolds. The analytical part of the bifurcation ana-
lysis for both F > 0 and F < 0 is presented in chapter 3. Here,
the emphasis is put on the bifurcation sequence that lead to the
existence of one or more stable periodic attractors. In chapter 4

we study the waves — which represent these periodic attractors
— and their spatiotemporal properties. By numerical analysis,
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Figure 1.10: Diagram showing the bifurcations of the stable attractor for
F ∈ [0, 12] and 4 ≤ n ≤ 12. Each symbol denotes a bifurcation or onset
of chaos at the corresponding value of F. The type of bifurcation is
shown by the legend at the right. Note that we only show (visible) bi-
furcations of the stable orbits which lead eventually to chaos. Also, we
do not include bifurcations of other stable branches, arising from fold
bifurcations, for example. The dimensions shown are only a selection
of the studied dimensions — for the complete picture, see figure 5.22.

we show in chapter 5 how these periodic attractors further de-
velop into chaotic attractors through various bifurcation scenarios,
though without clear pattern for increasing dimension. Finally,
chapter 6 concludes with an academic summary and the main
contributions of this thesis and discusses some open problems for
future research.

For readability purposes, the long proofs are gathered in ap-
pendix B. Appendix A contains additional matter regarding the
multiscale Lorenz-96 model and some concepts of the theory of
equivariant dynamical systems that could be helpful for reading
this thesis.

By the present investigation we will better understand the dy-
namics of the Lorenz-96 model. The results above already show
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that the spatiotemporal properties and the bifurcation patterns of
the Lorenz-96 model strongly depend on n and are influenced by
the symmetries of the model. This again shows the importance of
selecting an appropriate value of n in specific applications. Not-
ably, despite the Lorenz-96 model is sometimes interpreted as a
discretised pde (Basnarkov & Kocarev, 2012; Reich & Cotter, 2015),
the linear increase of the wave number with n indicates that the
Lorenz-96 model cannot be interpreted as such.
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In this chapter we give an overview of the basic properties
of the Lorenz-96 model. First, we discuss the existence of a
trapping region for all parameter values, which is known to

exist for the general class of forced dissipative systems (1.1) (fds)
as well (Lorenz, 1980). We give a full proof for a specific subclass
of fds and use it to obtain an explicit bound for the Lorenz-96

model. Secondly, we show the existence of an equilibrium for all
parameter values and discuss its stability.

Next, we extend the model with an extra parameter, which will
be useful later on in this thesis to explain the dynamics of the
original model. This model will be analysed in a similar fashion
as the original Lorenz-96 model.

Lastly, the symmetries of the Lorenz-96 model are described in
a general setting, using concepts from equivariant bifurcation the-
ory. Since the symmetry gives rise to invariant manifolds, we pay
special attention to these manifolds and describe their properties
and use as well.

The results in this chapter can be found in (Van Kekem & Sterk,
2018a; Van Kekem & Sterk, 2018b).

29
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2.1 general properties

The monoscale Lorenz-96 model is defined for each dimension by
a single equation (Lorenz, 2006a)

ẋ j = x j−1(x j+1 − x j−2)− x j + F, j = 1, . . . , n, (2.1a)

and a ‘boundary condition’

x j−n = x j+n = x j, (2.1b)

with the dimension n ∈ N and the forcing F ∈ R as parameters.
Recall from chapter 1 that the Lorenz-96 model belongs to the
class of so-called forced dissipative systems, described by the general
n-dimensional system

ẋ j =
n

∑
k,l=1

a jklxkxl −
n

∑
k=1

b jkxk + c j, j = 1, . . . , n, (2.2)

where ∑ a jklx jxkxl vanishes and ∑ b jkx jxk is positive definite — see
section 1.1.3.

trapping region Let the total energy of the system be given
by

E = 1
2

n

∑
j=1

x2
j ,

then it holds for the systems (2.2) that (Lorenz, 1984b)

dE
dt

=
n

∑
j=1

x jẋ j =
n

∑
j,k,l=1

a jklx jxkxl −
n

∑
j,k=1

b jkx jxk +
n

∑
j=1

c jx j

= −
n

∑
j,k=1

b jkx jxk +
n

∑
j=1

c jx j, (2.3)

i.e. the quadratic part does not affect the total energy of the sys-
tem. By the positive definiteness of b jk, equation (2.3) implies the
existence of a trapping region in all dimensions (Lorenz, 1980).
Here, we prove this fact for the special case where the coefficients
b jk are symmetric:1

1 Note that this
includes the Lorenz-
84 model (1.3),
but the Lorenz-63

model (1.2) only up to a
transformation.
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Proposition 2.1 (trapping region). The forced dissipative sys-
tem (2.2) with linear coefficients such that b jk = bkj has a trapping
region for any dimension n ∈ N.

Proof. Let V2 = 2E, which means that

V = ‖x‖, x = (x1, . . . , xn),

using the Euclidean norm. Equation (2.3) then yields

V
dV
dt

=
1
2

d(V2)

dt
=

dE
dt

= −
n

∑
j,k=1

b jkx jxk +
n

∑
j=1

c jx j

= −〈x, Bx〉+ 〈x, c〉, (2.4)

using the standard inner product on Rn. Here, the matrix B is the
Jacobian of system (2.2) at the origin multiplied by −1, i.e.

B =


b11 · · · b1n

...
. . .

...

bn1 · · · bnn

 ,

and c is given by c = (c1, . . . , cn).
Both parts in the right-hand-side of equation (2.4) can be esti-

mated as follows. Firstly, for the left part we know that the mat-
rix B is positive definite by definition of the class (2.2) and, hence,
all eigenvalues λB of B are strictly positive. In addition, since B
is symmetric by the extra condition on the entries b jk, we can use
the Rayleigh quotient to obtain that

0 < λB
min ≤

〈x, Bx〉
〈x, x〉 ≤ λ

B
max, for all x 6= 0,

or, equivalently,

−〈x, Bx〉 ≤ −λB
min ∑

j
x2

j = −λB
minV2.

The second term of equation (2.4) can be estimated by the Cauchy-
Schwarz inequality. Thus, equation (2.4) can be estimated by

V
dV
dt

= −〈x, Bx〉+ 〈x, c〉 ≤ −λB
minV2 + ‖c‖V,
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which can be simplified to

dV
dt
≤ −λB

minV + ‖c‖. (2.5)

Since V is defined as the norm of x and λB
min is always positive,

we obtain a solution for V such that dV
dt < 0, whenever V = ‖x‖ is

larger than the radius

R =
‖c‖
λB

min
. (2.6)

Therefore, each sphere with radius r > R is a trapping region for
the n-dimensional system (2.2).

q.e.d.

In the case of the Lorenz-96 model, this result can be stated
more explicitly:

Corollary 2.2 (trapping region). In any dimension n ∈ N, each
(n− 1)-sphere around the origin with radius r >

√
n|F| is a trapping

region for the Lorenz-96 model (2.1).

Proof. By Proposition 2.1 a trapping region exists with radius r >
R, with R as in formula (2.6). The expression for R can be refined
using the explicit coefficients of the model. The linear coefficients
of system (2.1) satisfy b jk = δ jk, which implies that all eigenvalues
of the matrix B are equal to 1. Consequently, we have λB

min = 1.
Moreover, the constant coefficients c j in the Lorenz-96 model are
all equal to F for all j = 1, . . . , n and so ‖c‖ =

√
n|F|.

The radius (2.6) thus becomes

R(n) =
‖c‖
λB

min
=
√

n|F|.

This implies that any (n− 1)-sphere with radius r >
√

n|F| is a
trapping region for the Lorenz-96 model in dimension n ∈ N.

q.e.d.

equilibrium The existence of a trapping region shows that
the global attractors are to be found in a neighbourhood of the



2.1 general properties 33

origin. It is easy to see that system (2.1) has in any dimension the
trivial equilibrium

xF = (F, . . . , F), (2.7)

that exists for any F ∈ R. This equilibrium represents a steady
flow and, since all components are equal, the flow is spatially
uniform.

The stability of xF is determined by the eigenvalues of the Ja-
cobian of system (2.1). Due to the symmetry x j → x j+1 — while
taking into account the periodic boundary condition — we are
able to determine the eigenvalues of xF explicitly. In any dimen-
sion, the Jacobian at this equilibrium is a circulant matrix, which
means that each row is a right cyclic shift of the row above it and
thus the matrix is completely determined by its first row.

Let us first look at the case n < 4, which differs from the general
case n ≥ 4. If n = 1 or 3, then the Jacobian is equal to minus the
identity matrix. Therefore, the eigenvalues are all equal to −1 and
the dynamics of the model remains trivial without any bifurcation
for xF and no other equilibria exist. In case n = 2, the first row of
the Jacobian is given by (−1− F, F) and, therefore, its eigenvalues
are λ0 = −1 and λ1 = −1− 2F. Hence, the equilibrium (2.7) can
only change stability when the eigenvalue λ1 changes sign. We
will come back to the corresponding bifurcation in section 3.3.2.
One can conclude that the trivial equilibrium xF is stable for all F
when n = 1, 3, while for n = 2 it can exhibit only one bifurcation
— but not a Hopf bifurcation — such that it is stable on one side
of the bifurcation and unstable after the bifurcation.

Next, consider the case n ≥ 4. Denote the first row of the
Jacobian at xF by

(d0, d1, . . . , dn−1),

where d0 = −1, d1 = F, dn−2 = −F and dk = 0 for k 6= 0, 1,
n− 2. From the circulant nature of the Jacobian it follows that the
eigenvalues are given by (Gray, 2006)

λ j =
n−1

∑
k=0

dkρ
k
j , ρ j = exp

(
−2πi j

n

)
, (2.8)
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Figure 2.1: Graph of the functions f and g defined by equation (2.10),
displayed as a continuous function with j ∈ [0, n].

with j = 0, . . . , n− 1. We can express them in terms of F, j and n:22 We omit the depend-
ence on n whenever pos-
sible and write λ j or
λ j(F) for λ j(F, n).

λ j(F, n) = −1 + Fρ1
j − Fρn−2

j

= −1 + F
(

exp
(
−2πi j

n

)
− exp

(
4πi j

n

))
= −1 + F f ( j, n) + Fg( j, n)i, (2.9)

where f and g are defined as

f ( j, n) = cos 2π j
n − cos 4π j

n ,

g( j, n) = − sin 2π j
n − sin 4π j

n .
(2.10)

The graph of these discrete functions is shown in figure 2.1 as a
continuous function. The eigenvector corresponding to λ j can be
expressed in terms of ρ j as well:

v j =
1√
n

(
1 ρ j ρ2

j · · · ρn−1
j

)>
. (2.11)

Observe that for F = 0 the equilibrium xF is stable in any dimen-
sion, as Reλ j = −1 for all j = 0, . . . , n− 1. Besides, the eigenvalue
λ0 equals −1 and its corresponding eigenvector has all entries
equal to 1. Due to the fact that ρn− j = ρ̄ j, all the other eigenvalues
and eigenvectors form complex conjugate pairs as

λ j = λ̄n− j, (2.12)
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v j = v̄n− j,

except when n is even, in which case the eigenvalue for j = n
2

is real and equals λn/2 = −1− 2F. Also, notice that when n is
a multiple of 3 the eigenvalues for j = n

3 , 2n
3 are both fixed and

equal to −1. This shows already that the case l = n
3 cannot give

a Hopf bifurcation and that the additional restriction 0 < l < n
2

provides all possible complex eigenvalue pairs.
We call the pair {λ j,λn− j} the j-th eigenvalue pair. In chapter 3

we will use the results on the eigenvalues to prove the existence
of codimension one bifurcations that destabilise the trivial equi-
librium (2.7) for both F < 0 and F > 0. In brief, λn/2 gives rise
to a pitchfork bifurcation and the complex eigenvalue pairs cause
Hopf and Hopf-Hopf bifurcations.

2.2 two-parameter model

The Lorenz-96 model (2.1) depends on only one continuous pa-
rameter, which allows us to show the occurrence of codimension
one bifurcations. In general, however, many systems have bifurca-
tions of codimension less than or equal to the dimension p of the
parameter space that are subordinate to certain bifurcation points
of codimension p + 1. To study the qualitative dynamics around
such codimension p+ 1 points, one can embed the system in a fam-
ily of systems parameterised by p + 1 parameters (Wiggins, 2003).
In this way, the codimension p + 1 bifurcations act as organising
centres of the bifurcation diagram.

In section 3.2 we will encounter Hopf-Hopf bifurcations. In or-
der to unfold these codimension two bifurcations completely an
extra parameter is needed. In the following we propose an unfold-
ing family of systems parameterised by n, F and G and we analyse
the obtained two-parameter model in terms of its trapping region
and equilibrium as we did in section 2.1 for the one-parameter
system.

We choose to add a Laplace-like diffusion term multiplied by a
new parameter G to our original equations (2.1a). Thus, we obtain
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the two-parameter system for general dimension n with equations
for any j = 1, . . . , n,

ẋ j = x j−1(x j+1 − x j−2)− x j + G(x j−1 − 2x j + x j+1) + F, (2.13)

with the boundary condition (2.1b) as it is. Note that the para-
meter value G = 0 returns the original Lorenz-96 model in equa-
tion (2.1).

trapping region As in the one-parameter Lorenz-96 model,
we can prove the following using Proposition 2.1:

Corollary 2.3 (trapping region). The two-parameter system (2.13)
has a trapping region for any dimension n ∈ N and for all F ∈ R and
G > − 1

4 .

Proof. Note that the linear terms of system (2.13) still satisfy b jk =

bkj. Therefore, the existence of a trapping region is guaranteed by
Proposition 2.1 whenever equation (2.5) is satisfied. In the case of
system (2.13) the matrix B is circulant with first row equal to

(d0, d1, . . . , dn−1) = (1 + 2G,−G, 0, . . . , 0,−G).

Therefore, all eigenvalues of B are real and given by (Gray, 2006):

λB
j (G, n) =

n−1

∑
k=0

dkρ
k
j

= 1 + 2G−Gρ1
j −Gρn−1

j

= 1 + 2G
(

1− cos 2π j
n

)
,

where j = 0, . . . , n− 1.
Since V is defined as the norm of x, λB

min needs to be positive
in order to obtain a solution for V such that dV

dt < 0. Therefore, we
have to find the smallest eigenvalue λB

min of B. For non-negative
values of G, the smallest eigenvalue is always equal to λB

0 = 1.
Hence, dV

dt < 0 certainly holds for G ≥ 0.
For negative values of G it is easy to check that the smallest

eigenvalue occurs for j = n
2 (or the nearest integer). For even n

the smallest eigenvalue is obtained by λB
min = λB

n/2 = 1 + 4G,
which is greater than 0 if G > − 1

4 . For odd values of n we may
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allow slightly smaller values of G. This makes G = − 1
4 a suitable

upper bound for the range of G without trapping region.3 3 Note that this implies
that the matrix B is
not necessarily positive
definite. As a res-
ult, the two-parameter
model (2.13) does not
belong to the class of
forced dissipative sys-
tems (2.2) for all para-
meter values.

Since the constant coefficients c j are the same as in the original
Lorenz-96 model, it follows that dV

dt < 0, whenever G > − 1
4 and

whenever V is larger than the radius

R(n) =
√

n|F|
λB

min
.

Therefore, under these conditions, each sphere with radius r >
R(n) is a trapping region for the model (2.13) of dimension n.

q.e.d.

This result means that we can expect an attractor to exist in
the region G > − 1

4 , but in the half-plane below this line an attrac-
tor does not necessarily exist. Therefore, the results for the two-
parameter system are relevant only for values of G larger than − 1

4 .

equilibrium The two-parameter system (2.13) has the same
trivial equilibrium (2.7) for all F, G ∈ R. The Jacobian at this equi-
librium is a circulant matrix with first row equal to

(d0, d1, . . . , dn−1) = (−1− 2G, F + G, 0, . . . , 0,−F, G).

We can express its eigenvalues κ j, with j = 0, . . . , n− 1, easily in
terms of F and G, using equation (2.8):

κ j(F, G, n) = −1− 2G + (F + G)ρ1
j − Fρn−2

j + Gρn−1
j

= −1− 2G + (F + G) exp
(
− 2π j

n i
)
− F exp

(
4π j
n i
)

+ G exp
(

2π j
n i
)

= −1− 2G
(

1− cos 2π j
n

)
+ F f ( j, n) + Fg( j, n)i, (2.14)

where f and g are given by equation (2.10). The corresponding
eigenvector v j is again given by (2.11). Note that equation (2.12)
holds for κ instead of λ with similar restrictions, that is, if j = n

2 ,
we have κn/2 = −1− 2F− 4G; and if j = n

3 , 2n
3 , then κ j = −1− 3G.

Note that at F = 0 all eigenvalues are real, so no Hopf bifurcation
is then possible when varying G.
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2.3 symmetries

The Lorenz-96 model possesses a striking symmetry. In this sec-
tion, we give a detailed exposition of its symmetric structure us-
ing concepts from equivariant dynamical systems theory. First, we
give a short introduction to this field.

equivariant dynamical systems It was not until the late
1970s that the study of symmetric dynamical systems gained great
interest, when it was discovered that the symmetries of a system
can have a big impact on its dynamics. Since then, a considerable
amount of literature has been published on symmetry and bifur-
cations resulting in a rich extension of bifurcation theory, called
equivariant bifurcation theory. In this field a group-theoretic formal-
ism is used to classify bifurcations and to describe solutions and
other phenomena of a system. One of its most powerful results
is the so-called equivariant branching lemma, formulated first by
Cicogna (1981) and Vanderbauwhede (1982) independently. A few
years later a detailed overview of the theory of local equivariant
bifurcations appeared in (Golubitsky & Schaeffer, 1985; Golubit-
sky et al., 1988), which is still a standard reference in the field.
This is followed in more recent years by other works with an over-
view of the new state-of-the-art, e.g. (Chossat & Lauterbach, 2000)
with an applied mathematics approach and the more advanced
and theoretical work by Field (2007). A short overview of some
elementary concepts can be found in appendix A.2.

There are many examples of phenomena in nature that have
some symmetry. From symmetry, one can derive the occurrence of
certain bifurcations, symmetry-related solutions and pattern for-
mation.4 To illustrate: the Rayleigh-Bénard convection possesses a4 See for many con-

crete examples (Chossat
& Lauterbach, 2000; Gol-
ubitsky et al., 1988) and
references therein.

reflection symmetry, which leads to a pitchfork bifurcation (among
others), as can be concluded by the equivariant branching lemma
(Golubitsky, et al., 1984). Likewise, the Lorenz-63 model exhibits
a pitchfork bifurcation due to symmetry, as it is derived from the
Rayleigh-Bénard convection (Lorenz, 1963).

In the following, we discuss the equivariance of the Lorenz-96

model. In addition, it is well-known that equivariance gives rise to
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invariant linear subspaces. These invariant subspaces turn out to
be very useful in our research. We describe first their general prop-
erties in the context of the Lorenz-96 model. Thereafter, we show
how these manifolds can be utilised in extrapolating established
facts in a certain dimension to all multiples of that dimension.

2.3.1 Zn-Equivariance

Let n ∈ N be arbitrary and denote the right-hand-side of sys-
tem (2.1a) with dimension n by fn(x, F), such that fn : Rn ×R →
Rn. Consider the following n-dimensional permutation matrix:

γn =



0 1 0 · · · 0

0 1
...

. . . . . .
...

0 · · · 0 1

1 0 · · · 0


. (2.15)

It is obvious that the linear mapping γn : Rn → Rn acts like a cyclic
left shift and that γn

n = Idn, the n-dimensional identity matrix. We
define the cyclic group generated by γn as

Γn := 〈γn〉 ,

which is a compact Lie group acting on Rn and isomorphic to
the additive group Z/nZ. Furthermore, powers of γn generate
subgroups of Γn, namely,

Gm
n = 〈γm

n 〉 < Γn, 0 < m ≤ n, m|n. (2.16)

A subgroup Gm
n has order n/m and is isomorphic to Z/(n/m)Z.

A key observation is that

fn(γ
j
nx, F) = γ

j
n fn(x, F)

holds for any j ∈ N and any n ∈ N. This immediately implies the
following result:
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Proposition 2.4 (Zn -symmetry). For any dimension n ≥ 1 the
Lorenz-96 model is Γn-equivariant.

q.e.d.

As a result, an element γ ∈ Γn is called a symmetry of (2.1).
Equivariance implies the following: once we have found a solu-
tion x(t) to the Lorenz-96 model, its γ j

n-conjugate solutions, γ j
nx(t),

are solutions as well for any j ∈ N. The collection of all the con-
jugates of a solution x(t) constitutes the group orbit through x(t),
i.e. {γ j

nx(t) : 0 ≤ j ≤ n− 1}.
Particularly interesting are equilibria that have some symmetry

in such a way that its group orbit contains less than n elements. So,
suppose that 0 < m ≤ n and m|n and that we have an equilibrium
with repeating blocks of m entries, i.e. of the form

xm = (Am, . . . , Am), Am = (a0, . . . , am−1), (2.17)

with n/m copies of the block Am and with a j ∈ R. Obviously,

γ
jm
n xm = xm for all j ∈ N. The collection of the matrices γ jm

n , j ∈ N
is precisely the subgroup Gm

n and is called the isotropy subgroup
of xm. In particular, the equilibrium xF is of the form xm with
m = 1 and its isotropy subgroup is the full group Γn = G1

n. Later
on, we will encounter also equilibria of system (2.1) which have a
structure as xm with m > 1 — see section 3.3.

2.3.2 Invariant manifolds

Associated to an isotropy subgroup G < Γn is the fixed-point sub-
space Fix(G), an invariant linear subspace consisting of all points
in Rn that are fixed by any element γ ∈ G — i.e. all x such that
γx = x. It is well-known that such a fixed-point subspace is an in-
variant set of the dynamical system (Golubitsky et al., 1988). Here,
the fixed-point subspace which is fixed by the complete subgroup
Gm

n is given by

Fix(Gm
n ) = {x ∈ Rn : x = xm}, (2.18)

where xm is as in equation (2.17). These invariant subspaces turn
out to be very useful for families of symmetric systems. In the
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following, we will investigate their general properties in more de-
tail in the context of the Lorenz-96 model and show how these
manifolds can be utilised. The invariant manifolds for particular
m such that m is a power of 2 and divides n are defined separately,
since they play an important role in the Lorenz-96 model.

general properties Consider Fix(Gm
n ) for general m, n ∈ R,

where m|n, as given by (2.18). First of all, the dimension of Fix(Gm
n )

is precisely the power m of the generator γm
n of the subgroup.

The size of Fix(Gm
n ) depends on the size of the subgroup Gm

n —
for larger subgroups, the points inside the fixed-point subspace
need to have more symmetry. This is illustrated by the fixed-
point subspaces of the full group Γn and the trivial group Idn:
the first consists of points of the form x1, Fix(Γn) = Fix(G1

n) =

{x : x1 = x2 = . . . = xn} — the latter is equal to the whole space,
Fix(Idn) = Fix(Gn

n) = Rn. In addition, each invariant manifold of
dimension m|n contains all its ‘predecessors’ with dimension m′

such that m′|m:

Fix(Γn) = Fix(G1
n) ⊂ Fix(Gm′

n ) ⊂ Fix(Gm
n ) ⊂ Fix(Gn

n) = Rn. (2.19)

Thus we have a nested family of subspaces which are all invariant
under the flow of the Lorenz-96 model. For a general dimension
n, there can be several different nested families depending on the
divisors of n.

Consequently, it is always possible to identify the smallest in-
variant subspace to which a specific point or equilibrium belongs.
Given an equilibrium y, there exists an m ≤ n such that it can
be written in the form of xm as in equation (2.17). If m = n,
then y does not have any repeating blocks of coordinates and so
y ∈ Rn \ ∪m<n Fix(Gm

n ). Otherwise, if m < n, then y ∈ Fix(Gm
n )

and there is a minimal number m′|m such that y = xm′ and the
fixed-point subspace Fix(Gm′

n ) is the smallest subspace contain-
ing y. Moreover, each γ

j
ny with 0 ≤ j < m′ is an element of the

same fixed-point subspace Fix(Gm′
n ) and has the same properties5 5 For example, the

eigenvalues of
conjugate solutions
are equal.

(up to symmetry) as y by permutation of the governing equations.
Due to this fact, it is sufficient to study only one of the equilibria
in the group orbit {x : x = γ

j
ny, 0 ≤ j < m′} of y.
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Furthermore, given a fixed-point subspace Fix(Gm
n ), we can de-

compose Rn as Rn = Fix(Gm
n ) ⊕ Fix(Gm

n )
⊥, since Fix(Gm

n ) is a
closed linear subspace. A basis for Fix(Gm

n ) is given by{
v j =

n/m−1

∑
k=0

e j+km, 1 ≤ j ≤ m
}

,

where e j denotes the j-th standard unit vector. If m = n, then
Fix(Gm

n )
⊥ is trivial. So suppose m < n, then the orthogonal com-

plement is of dimension n−m and is defined as:

Fix(Gm
n )
⊥ = {x ∈ Rn : 〈x, y〉 = 0 for all y ∈ Fix(Gm

n )},

using the standard inner product on Rn. By orthogonality, we can
construct explicitly the following basis for Fix(Gm

n )
⊥:

{w j,k = (e j − e j+km), 1 ≤ j ≤ m, 1 ≤ k ≤ n
m − 1},

which indeed consists of n−m vectors.
We illustrate the decomposition by the following example, that

will become relevant later on:

Example 2.5. In the case m = n
2 , we have Z2-symmetry and the

decomposition is as follows: Rn = Fix(Gn/2
n )⊕ Fix(Gn/2

n )⊥, where
we have taken the group Gn/2

n whose only nontrivial element is γn/2
n .

Here, Fix(Gn/2
n )⊥ is given by

Fix(Gn/2
n )⊥ = {x ∈ Rn : γn/2

n x = −x}
= {x ∈ Rn : x j+n/2 = −x j, 0 ≤ j ≤ n

2 − 1}.

As basis for Rn we have the following set of vectors: {v j = (e j +

e j+n/2), w j = (e j − e j+n/2), 1 ≤ j ≤ n
2}, corresponding to the de-

composition above.
With this basis we can illustrate how γn/2

n -conjugate points are
geometrically related to each other. Any point x ∈ Rn can be
written in terms of the basis as

x =
n/2

∑
j=1

c jv j +
n/2

∑
j=1

d jw j,
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where c j, d j ∈ R for all j. The matrix γn/2
n applied to x then yields

γn/2
n x = γn/2

n

(
n/2

∑
j=1

c jv j +
n/2

∑
j=1

d jw j

)

= γn/2
n

(
n/2

∑
j=1

(c j + d j)e j +
n/2

∑
j=1

(c j − d j)e j+n/2

)

=
n/2

∑
j=1

(c j − d j)e j +
n/2

∑
j=1

(c j + d j)e j+n/2

=
n/2

∑
j=1

c jv j −
n/2

∑
j=1

d jw j.

Hence, the action of γn/2
n can be described geometrically as a re-

flection in the invariant subspace Fix(Gn/2
n ). p

reduction to an invariant manifold By definition, the
coordinates of points xm ∈ Fix(Gm

n ) have repetitions, unless m = n.
This implies that we can reduce the number of governing equa-
tions of the system inside Fix(Gm

n ). In fact, we have the following
important result:

Proposition 2.6. Let m ∈ N and let n = km be any multiple of m.
The dynamics of the n-dimensional Lorenz-96 model restricted to the
invariant manifold Fix(Gm

n ) is topologically equivalent to the Lorenz-96
model of dimension m.

Proof. Let n ∈ N be given and restrict the n-dimensional Lorenz-96

model to the invariant manifold Fix(Gm
n ). By definition (2.18) we

have that the entries of any x ∈ Fix(Gm
n ) repeat as x j+m = x j with

the index modulo n. It follows immediately that equation (2.1a)
for the ( j + m)-th coordinate equals that for the j-th coordinate.
Hence, we are left with n/m copies of an m-dimensional Lorenz-
96 model on Fix(Gm

n ).
Furthermore, since the invariant manifold Fix(Gm

n ) has the same
dimension as each of these copies, the dynamics on it is governed
by m equations only and hence by the Lorenz-96 model of dimen-
sion m. So, on Fix(Gm

n ) we can reduce to a lower-dimensional
model. As homeomorphism between Fix(Gm

n ) and Rm (the space
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of the m-dimensional Lorenz-96 system) one can take the function
which selects the first m coordinates and drops the remaining coor-
dinates, leaving us with the m-dimensional Lorenz-96 model. Its
inverse is then the map which duplicates the given m coordinates
n/m times.

q.e.d.

Remark 2.7. Proposition 2.6 enables us to generalise results from
low dimensions to higher dimensions. For example, when in the
m-dimensional Lorenz-96 model a certain bifurcation occurs, then
generically for every multiple n = km, k ∈ N, the same bifurcation
occurs in the n-dimensional model. This vastly reduces the proof
of facts that occur in many dimensions, since it comes down to
search for the lowest possible dimension to occur and to prove it
for that particular dimension. By Proposition 2.6 then, this proves
the property for infinitely many dimensions.

A note of caution is due here, since two problems can occur:

] It might happen that another bifurcation will take place before
the phenomena extrapolated from a lower dimension and thus
a different attractor gains stability, resulting in a different route
to chaos.

] Besides that, another attractor can exist with no or different
symmetry — i.e. in another subspace than Fix(Gm

n ) and whose
route to chaos is different.

In both cases, chaos possibly occurs for smaller parameter values.
What the method of Proposition 2.6 does provide, are the features
and bifurcations of the attractors inside the subspace Fix(Gm

n ), for
any n that is a multiple of m. ¶

a special class of invariant manifolds We will intro-
duce some notation that anticipates the results later on. Let us
write the dimension n uniquely in the form n = 2qp, where p
is odd and q ∈ N ∪ {0}. The groups (2.16) and invariant sub-
spaces (2.18) with m = 2l such that 0 ≤ l ≤ q are of particular
importance as they play a crucial role in the proof of pitchfork
bifurcations in section 3.3 — see e.g. Theorem 3.14 — and the de-
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scription of all subsequent pitchfork bifurcations. Therefore, we
define the following special invariant manifolds:

Definition 2.8. Let n = 2qp and choose l ∈ N such that 0 ≤ l ≤ q.
The invariant subspace Fix(G2l

n ) ⊂ Rn of system (2.1) is denoted by Vl,
so that

Vl := Fix(G2l

n ) = {x ∈ Rn : x j+2l = x j for all 0 ≤ j ≤ n− 1}, (2.20)

where the index of x has to be taken modulo n.

By formula (2.19) it is easy to see that each invariant manifold
Vl contains all of its ‘predecessors’:

Vl′ ⊂ Vl, 0 ≤ l′ ≤ l.

Also, by the definition of Vl, Proposition 2.6 immediately implies
the following result:

Corollary 2.9. Let n = 2qp and 0 ≤ l ≤ q. Then the dynamics of the
n-dimensional Lorenz-96 model restricted to the invariant manifold Vl

is topologically equivalent to the Lorenz-96 model of dimension 2l.
q.e.d.

u





3
B I F U R C AT I O N A N A LY S I S

R ecall from chapter 2 that the Lorenz-96 model (2.1) has
the trivial equilibrium solution xF that exists for all n ≥ 1
and any F ∈ R. In order to detect bifurcations in the

Lorenz-96 model, we take F as the bifurcation parameter and vary
it along the real line. In this chapter, we start the analysis of bifur-
cations with the equilibrium xF and the stable equilibria resulting
from one or more bifurcations. Our investigation builds on the
results of chapter 2 — namely the analysis of the eigenvalues and
the symmetries of the Lorenz-96 model. In this way we encounter
several Hopf, Hopf-Hopf and pitchfork bifurcations.

The bifurcations presented in this chapter only involve bifurca-
tions of equilibria — bifurcations of periodic orbits and attractors
are discussed in chapter 5. In particular, we are interested in the
first bifurcation that destabilises the equilibrium xF, because this
bifurcation determines for a large part the route to chaos. The
cases F > 0 and F < 0 are treated separately, as in the latter case
symmetry places an important role in the bifurcation structure.
For positive F, the first bifurcation for n ≥ 4 is either a supercrit-
ical Hopf bifurcation or a Hopf-Hopf bifurcation. For negative F,
the bifurcation pattern for n ≥ 4 splits into three different cases,
depending on the dimension:

1. In all odd dimensions, the first bifurcation of the equilibrium
xF is a supercritical Hopf bifurcation.

47
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2. In dimensions n = 4k+ 2, k ∈ N, only one pitchfork bifurcation
takes place, followed by two simultaneous Hopf bifurcations.

3. For dimensions n = 4k, k ∈ N, two subsequent pitchfork bifur-
cations occur, followed by four simultaneous Hopf bifurcation.

Part of this chapter is devoted to an analysis of the bifurca-
tions of the two-parameter Lorenz-96 model (2.13), to highlight
the Hopf-Hopf bifurcation as an organising centre.

This chapter is mainly based on (Van Kekem & Sterk, 2018b;
Van Kekem & Sterk, 2018a; Van Kekem & Sterk, 2018c).

3.1 bifurcations for positive F

In section 2.1 we have computed the eigenvalues of the equilib-
rium xF. For convenience, we repeat the expression (2.9) of the
eigenvalues here:

λ j(F, n) = −1 + F f ( j, n) + Fg( j, n)i, (3.1)

where f and g are defined as

f ( j, n) = cos 2π j
n − cos 4π j

n ,

g( j, n) = − sin 2π j
n − sin 4π j

n .

Clearly, for F = 0 the equilibrium xF is stable as Reλ j = −1 for all
j = 0, . . . , n− 1. Numerical simulations show that for F = 1.2 the
dynamics of the model is periodic for all n ≥ 4. This suggests that
for 0 < F < 1.2 a supercritical Hopf bifurcation occurs at which
the equilibrium xF loses its stability and gives birth to a periodic
attractor — see also section 4.2.

eigenvalue crossing Indeed, as equation (2.12) shows, the
eigenvalues come in pairs and, moreover, each complex j-th eigen-
value pair {λ j,λn− j} has a particular parameter value F for which
it crosses the imaginary axis and thus causes a Hopf bifurcation.
In the following we prove that for all n ≥ 4 the trivial equilib-
rium xF can exhibit several Hopf or Hopf-Hopf bifurcations. In
case of a Hopf bifurcation, we also prove whether the bifurcation
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is sub- or supercritical. In particular, the first Hopf bifurcation for
both F < 0 and F > 0 is always supercritical.

Before we formulate our results on the Hopf-Hopf and Hopf
bifurcations in Theorems 3.2 and 3.5, respectively, let us first state
the following preliminary result, which proves that we have the
desired eigenvalue crossing that is needed for both cases:

Lemma 3.1 (eigenvalue crossing). Let n ≥ 4 and l ∈ N such
that 0 < l < n

2 , l 6= n
3 , then the following holds:

1. The l-th eigenvalue pair of the trivial equilibrium xF of system (2.1)
crosses the imaginary axis transversally at the parameter value

FH(l, n) := 1/ f (l, n) (3.2)

and thus the equilibrium changes stability.

2. FH(l, n) lies in the domain
(

Fmin(n),− 1
2

)
∪
[ 8

9 , Fmax(n)
)

with

Fmin(n) =

 − 1
2 if n = 4, 6,

1
f (r+1,n) otherwise,

Fmax(n) =


1

f (2,7) if n = 7,

1
f (1,n) otherwise,

where r satisfies r = b n
3 c.

Proof. See appendix B.1.

Due to the shape of the function f ( j, n), at most two eigenvalue
pairs can have simultaneously vanishing real part for a particular
value of F — see figure 2.1. This indicates that the crossing of
eigenvalue pairs, described in Lemma 3.1, can lead to Hopf bifur-
cations and Hopf-Hopf bifurcations only.

hopf-hopf bifurcations Let us first describe the Hopf-
Hopf case: suppose that we have two distinct eigenvalue pairs
with l1 and l2 which both cross the imaginary axis at the same
parameter value FHH := FH(l1, n) = FH(l2, n). In that case a Hopf-
Hopf bifurcation occurs:
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Theorem 3.2 (hopf-hopf bifurcation). Let l1, l2 and n satisfy
the assumptions of Lemma 3.1 with l1 6= l2. Then the equilibrium xF

exhibits a Hopf-Hopf bifurcation at FHH if and only if l1 and l2 satisfy

cos 2πl1
n + cos 2πl2

n = 1
2 . (3.3)

Proof. Throughout the proof we assume that l1 < l2, without loss
of generality. Suppose that at a certain parameter value FHH a
Hopf-Hopf bifurcation occurs, for which the l1-th and l2-th eigen-
value pairs both have real part equal to 0. So, we need to have
that FH(l1, n) = FH(l2, n), or, equivalently,

f (l1, n) = f (l2, n), (3.4)

where it should hold that

0 < l1 < n
2π cos−1 ( 1

4
)
< l2 < n

3 . (3.5)

Here, the second and third inequality follow from the fact that if l1
and l2 give the same value for f , then for the continuous function
f̃ (y) = cos y− cos 2y we need y1 = 2πl1

n to be left and y2 = 2πl2
n

right of the top ytop = cos−1 ( 1
4
)

in the domain of consideration,
(0,π). So, y1 and y2 have to satisfy 0 < y1 < ytop < y2 <

2π
3 — see

figure 2.1 for the picture. This is equivalent to equation (3.5).
Since f (l, n) can be written as

f (l, n) = −2 cos2 2πl
n + cos 2πl

n + 1,

the substitution x = cos 2πl
n gives the function

h(x) = −2x2 + x + 1.

Condition (3.4) then becomes

h
(

cos 2πl1
n

)
= h

(
cos 2πl2

n

)
.

By condition (3.5) on l1 and l2, cos 2πl1
n is on the left and cos 2πl2

n is
on the right of the maximum x = 1

4 of h. Since the function h(x)
is symmetric around the maximum, l1, l2 and n should satisfy

1
2

(
cos 2πl1

n + cos 2πl2
n

)
= 1

4 .

This provides the condition for a Hopf-Hopf bifurcation to occur.
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Conversely, suppose that equation (3.3) holds for l1 and l2 sat-
isfying 0 < l1, l2 < n

2 , l1, l2 6= n
3 and l1 6= l2. The existence of a

Hopf-Hopf bifurcation can be derived from Lemma 3.1 by show-
ing that the bifurcation parameters FH corresponding to each of
these eigenvalue pairs coincide, i.e. FH(l1, n) = FH(l2, n).

Let us denote y1 = 2πl1
n and y2 = 2πl2

n , then equation (3.3)
becomes:

cos y1 + cos y2 = 1
2 .

From this equation, we obtain cos y2 = 1
2 − cos y1 and, with a little

trigonometry, its double angle reads

cos 2y2 = 2 cos2 y2 − 1 = − 1
2 − 2 cos y1 + 2 cos2 y1

= 1
2 − 2 cos y1 + cos 2y1.

Now, observe that the following holds:

f̃ (y2) = cos y2 − cos 2y2

=
(

1
2 − cos y1

)
−
(

1
2 − 2 cos y1 + cos 2y1

)
= cos y1 − cos 2y1 = f̃ (y1).

Hence, it holds that f (l1, n) = f̃ (y1) = f̃ (y2) = f (l2, n) and there-
fore FH(l1, n) = FH(l2, n) as desired.

q.e.d.

From equation (3.3) we can deduce two infinite sequences of
dimensions for which a Hopf-Hopf bifurcation takes place:

Corollary 3.3. Let m ∈ N, then a Hopf-Hopf bifurcation occurs if we
select l1, l2 and n according to one of the following criteria:

1. n = 10m and l1 = m, l2 = 3m, which corresponds to FHH = 2;

2. n = 12m and l1 = 2m, l2 = 3m, which corresponds to FHH = 1.

Proof. From equation (3.3) we can determine explicit combina-
tions of l1, l2 and n for which a Hopf-Hopf bifurcation will occur.
To begin with the easiest one, criterion 2: choose l2/n such that
cos 2πl2

n = 0, i.e. l2/n = 1/4. This implies that l1/n has to be equal
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to 1/6 to satisfy equation (3.3). Since all numbers have to be in-
tegers, we should take n = 12m with m ∈ N and hence, l1 = 2m
and l2 = 3m.

Criterion 1 is obtained by observing that

cos π5 = 1
4 (1 +

√
5), and cos 3π

5 = 1
4 (1−

√
5),

so that we have the relations 2l1/n = 1/5 and 2l2/n = 3/5. These
relations are satisfied by taking multiples of m ∈ N as follows:
n = 10m and l1 = m, l2 = 3m.

q.e.d.

Remark 3.4. Equation (3.3) gives a necessary and sufficient condi-
tion for the occurrence of a Hopf-Hopf bifurcation. However, the
explicit values of l1, l2 and n given in Corollary 3.3 possibly do not
provide all occasions in the Lorenz-96 model where a Hopf-Hopf
bifurcation occurs. ¶

hopf bifurcations Conversely, if equation (3.3) is not satis-
fied then we have only one eigenvalue pair crossing the imaginary
axis, which implies a Hopf bifurcation:

Theorem 3.5 (hopf bifurcation). Let l and n be as in Lemma 3.1.
If the l-th eigenpair is the only one crossing the imaginary axis at the
corresponding parameter value FH(l, n), then the equilibrium xF exhibits
a Hopf bifurcation at FH.

The first Lyapunov coefficient for this bifurcation is given by

`1(l, n) =
4
n

tan(πl
n ) sin2( 3πl

n )

·
5 cos( 2πl

n ) + 8 cos( 4πl
n )− 2 cos( 6πl

n )− 8

4 cos( 2πl
n )− 4 cos( 4πl

n ) + 9
. (3.6)

Fix y0 ∈ (0,π) such that

5 cos y0 + 8 cos 2y0 − 2 cos 3y0 − 8 = 0,

then `1(l, n) is

] positive if l and n satisfy 0 < l
n <

y0
2π ≈ 0.0883, which corresponds

to a subcritical bifurcation;
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] negative if l
n ∈

(
y0
2π , 1

2

)
\ { 1

3} holds, which corresponds to a super-
critical bifurcation.

Proof. See appendix B.2.

Remark 3.6. Our analytical results on the parameter value FH and
the value of the first Lyapunov coefficient coincide with the numer-
ical estimates by MatCont, the continuation toolbox for Matlab.
In general, MatCont predicts the Hopf and Hopf-Hopf bifurca-
tions for exactly the same bifurcation value. In addition to the
well-predicted value FH, the computation of the first Lyapunov
coefficient by MatCont is also very accurate. Note that Mat-
Cont scales the Lyapunov coefficient (B.5) by the (positive) factor
ω0 (Dhooge et al., 2011):

˜̀1(l, n) = ω0(l, n)`1(FH(l, n)). (3.7)

Table 3.1 shows a comparison of the analytical values of the Lya-
punov coefficient computed by formula (3.6) and those of for-
mula (3.7) with the output of MatCont for several combinations
of l and n. The scaled versions of the coefficients almost coincide.
Also, observe for which values we obtain a positive Lyapunov coef-
ficient — in accordance with Theorem 3.5 — which is confirmed
by figure B.2. ¶

The number of possible Hopf bifurcations for a given dimen-
sion n is exactly equal to the number of conjugate eigenvalue pairs
which satisfy Lemma 3.1. Using equation (2.12), we can count the
number of such eigenvalue pairs by the number of eigenvalues
with 0 < j < n

2 , which gives the number dn/2− 1e (we need the
ceiling function here if n is odd). However, as described in sec-
tion 2.1, if n is a multiple of 3, then the eigenvalue pair with j = n

3
is not complex, so in this case the number of such eigenvalue pairs
equals dn/2− 2e. For the actual number of Hopf bifurcations in
the Lorenz-96 model, we should decrease these numbers by the
number of Hopf-Hopf bifurcations.

first bifurcation for positive F Let us now restrict our
attention to the parameter range F ≥ 0. We are interested in the
smallest value of F > 0 at which the equilibrium bifurcates and
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Table 3.1: Comparison of values of the Lyapunov coefficient computed
via equation (3.6) (`1(l, n)), the same value multiplied by ω0(l, n) (as
in equation (3.7)) and those computed by MatCont ( ˜̀1(l, n)). The
numbers l and n are chosen according to the conditions in Lemma 3.1,
while avoiding Hopf-Hopf bifurcations.

n l FH `1 ω0 · `1 ˜̀1 (MatCont)

4 1 1 −0.6153846 −0.6153846 −0.6153846

5 1 0.8944272 −0.4413184 −0.6074227 −0.6074227

6 1 1 −0.2220578 −0.3846154 −0.3846154

8 2 1 −0.3076923 −0.3076923 −0.3076923

11 1 2.348308 −1.058531× 10−3 −3.605024× 10−3 −3.604908× 10−3

11 5 −0.5553252 −5.540544 −0.7966100 −0.7966100

12 1 2.732051 1.408901× 10−3 5.258088× 10−3 5.258084× 10−3

24 1 10.00997 8.011885× 10−4 6.085631× 10−3 6.085631× 10−3

24 2 2.732051 7.044503× 10−4 2.629044× 10−3 2.629045× 10−3

24 3 1.414214 −0.01519541 −0.03668498 −0.03668498

36 3 2.732051 4.696335× 10−4 1.752696× 10−3 1.752696× 10−3

becomes unstable. From the previous results we know that this
must be either a Hopf or a Hopf-Hopf bifurcation.

Proposition 3.7. Let n ≥ 4 be fixed. For F > 0 the first Hopf or
Hopf-Hopf bifurcation occurs for the eigenvalue pair(s) with index

l+1 (n) = arg max
0<l<n/3

f (l, n), (3.8)

which satisfies the bounds

n
6
≤ l+1 (n) ≤

n
4

,

except for n = 7, in which case we have to take l+1 = 1.
In particular, if the first bifurcation is a Hopf bifurcation, then this

bifurcation is supercritical. Its bifurcation value satisfies FH(l+1 (n), n) ∈[ 8
9 , 1.19

)
and converges to 8

9 as n→ ∞.

Proof. Lemma 3.1 implies that the trivial equilibrium undergoes a
Hopf bifurcation at the parameter value FH(l, n) = 1/ f (l, n). The
first Hopf bifurcation for F > 0 takes place for the integer l+1 (n) ∈
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(0, n
3 ) that minimises the value of FH(l, n), which is equivalent to

maximising f (l, n).1 1 If l ∈ ( n
3 , n

2 ), then
we obtain a negative
value FH, which yields
the first Hopf bifurca-
tion for F < 0. We dis-
cuss this case in Propo-
sition 3.21.

For all n ≥ 4 except n = 7 there exists at least one integer
l ∈ [ n

6 , n
4 ]. Indeed, for n = 4, 5 and 6 this follows by simply tak-

ing l+1 (n) = 1, and for n = 8, 9, 10 and 11 it follows by taking
l+1 (n) = 2. For n ≥ 12 the width of the interval is larger than 1.
We now claim that this implies that

l+1 (n) = arg max
0<l<n/3

f (l, n) ∈ [ n
6 , n

4 ], n 6= 7,

as well. To that end we use f̃ (y) := cos y − cos 2y. Note that
y ∈ [π3 , π2 ] implies that f̃ (y) ≥ 1 and y ∈ (0, π3 ) ∪ (π2 , 2π

3 ) implies
that 0 < f̃ (y) < 1. Moreover, l ∈ [ n

6 , n
4 ] implies that 2πl

n ∈ [π3 , π2 ].
Therefore, f (l, n) is maximised for some integer l ∈ [ n

6 , n
4 ].

In case n = 7, we can easily compute the smallest value FH(l, n)
for which a Hopf bifurcation occurs. We have shown in the proof
of Lemma 3.1 that this is the case for l = 1 — see appendix B.1.

Finally, assume that the first bifurcation is a Hopf bifurcation,
i.e. only one eigenvalue pair crosses the imaginary axis. Since
l+1 (n)/n ∈ [ 1

6 , 1
4 ], it follows immediately from Theorem 3.5 that

the first Lyapunov coefficient is negative, which means that the bi-
furcation is supercritical. This bifurcation happens for parameter
values 8

9 ≤ F ≤ FH(1, 7) ≈ 1.1820, by the proof of Lemma 3.1. In
the limit n→ ∞ the bifurcation value of the first Hopf bifurcation
satisfies

lim
n→∞

FH(l+1 (n), n) = lim
n→∞

1
f (l+1 (n), n)

=
8
9

,

where we use the the fact that f̃ (y) attains its maximum 9
8 at

ytop = cos−1 ( 1
4
)

— cf. the limiting value for the fraction n
l+1 (n)

in equation (4.6).
q.e.d.

In section 4.2 we will show that the periodic orbit that is born at
the first Hopf bifurcation can be interpreted as a travelling wave.

Remark 3.8. The smallest dimension for which the first bifurca-
tion is a Hopf-Hopf bifurcation instead of a Hopf bifurcation, is
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n = 12.2 In this case we have l+1 (n) = {2, 3} as shown in Co-
2 The Hopf-Hopf bifur-
cation indicated by Co-
rollary 3.3 occurs at
FHH = 2 and is there-
fore not the first bifurca-
tion for F > 0 by Propo-
sition 3.7.

rollary 3.3. A more detailed exposition of the dynamics in this
particular case can be found in section 3.2.2. ¶

3.2 unfolding : two-parameter model

Corollary 3.3 shows that for n = 12 the trivial equilibrium xF

loses stability through a Hopf-Hopf bifurcation at FHH = 1. Note
that the Hopf-Hopf bifurcation is a codimension two bifurcation
which means that generically two parameters must be varied in
order for the bifurcation to occur (Kuznetsov, 2004). However,
symmetries such as those in the Lorenz-96 model can reduce the
codimension of a bifurcation. In order to study this codimen-
sion two bifurcation we exploit the two-parameter unfolding (2.13)
of the original Lorenz-96 model, introduced in section 2.2. We
take the codimension two Hopf-Hopf bifurcation as an organ-
ising centre for this family of systems. This clarifies the role
of the Hopf-Hopf bifurcation and, in the meanwhile, it sheds
more light on the original model. A similar approach is taken
in (Broer et al., 2002; Broer, et al., 2005a; Broer, et al., 2007; Black-
beard, et al., 2014), showing the existence and influence of several
codimension three or two points that act as an organising centre.

First, we present here an analysis of the bifurcations of sys-
tem (2.13) locally around the Hopf-Hopf point. Thereafter, we de-
scribe the exemplary case n = 12 in more detail and show the role
of the Hopf-Hopf bifurcation as organising centre. In section 5.1.6,
we will show by numerical computations how it dominates the dy-
namics in its neighbourhood and even influences the phase space
for larger parts of the parameter space.

3.2.1 General dimensions

hopf bifurcations In section 2.2 we showed that the eigen-
values κ j of the two-parameter system (2.13) are equal to

κ j(F, G, n) = −1− 2G
(

1− cos 2π j
n

)
+ F f ( j, n) + Fg( j, n)i, (3.9)
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for any j = 0, . . . , n− 1 and with f and g as in formula (3.1). The
following lemma demonstrates that the two-parameter system can
exhibit as many different Hopf bifurcations as the original one-
parameter system (2.1).

Lemma 3.9 (hopf bifurcation curves). Let n ≥ 4 and l ∈ N
such that 0 < l < n

2 , l 6= n
3 , then the equilibrium xF of system (2.13)

exhibits a Hopf bifurcation on the linear bifurcation curves

G = Hl(F, n) =
F f (l, n)− 1

2(1− cos 2πl
n )

, (3.10)

where F ∈ R\{0}.

Proof. Let n and l be as given. We choose F as the bifurcation para-
meter. In order to have a Hopf bifurcation for the l-th eigenvalue
pair {κl,κn−l}(F, G, n), the real part µl := Reκl has to vanish. This
occurs if F equals

FH(G, l, n) =
1

f (l, n)

(
1 + 2G(1− cos 2π j

n )
)

. (3.11)

For these parameter values we have a purely imaginary eigen-
value pair with the absolute value of the imaginary part given by

ω0(G, l, n) = −FH(G, l, n)g(l, n) =
∣∣∣1 + 2G

(
1− cos 2π j

n

)∣∣∣ cos πl
n

sin πl
n

.

Note that ω0 = 0 if l = n
2 or if G = − 1

2 (1− cos 2πl
n )−1 for some l.

The last condition is equivalent to FH = 0 by formula (3.11) and
implies even that κl = 0. Therefore, this parameter value needs to
be excluded.

Furthermore, the eigenvalue pair crosses the imaginary axis
with nonzero speed, since, by the restriction on l,

µ′l(F, G, n) = f (l, n) 6= 0,

where the derivative is with respect to the bifurcation parame-
ter F.3 3 If we would have

taken G as bifurcation
parameter, then µ′l will
be nonzero as well.

Thus, equation (3.11) gives us for general n and for each al-
lowed l a whole line of Hopf bifurcations, which is linear in G.
Rewritten in terms of F provides the linear curves (3.10).

q.e.d.
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The Hopf bifurcation points are now turned into straight lines
in the (F, G)-plane. Along these curves (3.10) it is possible to deter-
mine the type of the bifurcation by computing the first Lyapunov
coefficient explicitly in a similar manner as done in the proof of
Theorem 3.5, but we will not repeat the procedure here — see
appendix B.2.

hopf-hopf bifurcations The lines (2.13) have a different
slope for all 0 < l < n

2 and l 6= n
3 and, hence, they mutually

intersect each other. It is obvious that these intersections of Hopf-
lines cause Hopf-Hopf bifurcations,. One can find all Hopf-Hopf
bifurcation points of the trivial equilibrium by equating two Hopf-
lines from formula (3.10) with different l. The following result
gives the maximum number of such points.

Proposition 3.10. The maximum number of Hopf-Hopf bifurcations of
the trivial equilibrium xF in the two-parameter Lorenz-96 system (2.13)
is given by

NH H(n) =

{
1
2 (d

n
2 e − 1)(d n

2 e − 2) if n 6= 3m,
1
2 (d

n
2 e − 2)(d n

2 e − 3) if n = 3m,
(3.12)

where m is some positive integer.

Proof. Since a Hopf-Hopf bifurcation occurs if two eigenvalue pairs
cross the imaginary axis simultaneously, we can locate and count
all occurrences by the intersections of Hopf bifurcation curves. In
our case, the Hopf curves for the trivial equilibrium are given by
equation (3.10), which are all straight lines. We can therefore de-
termine on forehand how many intersections there can be, given
the dimension.

Lemma 3.9 provides the conditions on l to give a Hopf bifur-
cation line. Define NH(n) as the number of Hopf lines in dimen-
sion n, then NH is given by

NH(n) =

{
d n

2 e − 1 if n 6= 3m,

d n
2 e − 2 if n = 3m,

(3.13)
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with m ∈ N. We can show that all these lines Hl have different
slopes and therefore eventually intersect each other. The deriva-
tive of Hl(F) with respect to F is equal to

H′l =
f (l, n)

2(1− cos( 2πl
n ))

= 1
2 + cos( 2πl

n ).

Since this is an injective function with respect to l, it follows that
the slope H′l is different for each l.

Now we have derived that every Hopf-line intersects with all
other Hopf lines, it is time to count intersections. The number of
intersections should be equal to the triangular number of NH −
1 (one less than NH, because we do not have self-intersections),
i.e. NHH = 1

2 NH(NH − 1). Inserting the values of NH from equa-
tion (3.13) gives the maximal number of Hopf-Hopf bifurcation
points for the trivial equilibrium, as in formula (3.12).

q.e.d.

Remark 3.11. The preceding result shows that the maximum num-
ber of Hopf-Hopf bifurcation points grows quadratically with n.
Note that this is indeed an upper bound for the number of Hopf-
Hopf points, since we did not take into account the possibility of
three Hopf-lines intersecting each other at the same value of F, al-
though this is not a generic situation. Furthermore, since F = 0
does not yield any Hopf bifurcation, we should not count inter-
sections which take place for F = 0. However, a quick look at
equation (3.10) shows that this never happens.

Note also that there might be other Hopf-Hopf points which are
not caused by these intersections. However, another equilibrium
should then be involved. ¶

Under the assumption that all nondegeneracy conditions are
satisfied, the truncated normal form for a Hopf-Hopf bifurcation
reads (Kuznetsov, 2004)

ξ̇2 = ξ2(µ2 − σξ2 − ϑξ3 + Θξ2
3),

ξ̇3 = ξ3(µ3 − σδξ2 − ξ3 + ∆ξ2
2),

ϕ̇2 = ω2,

ϕ̇3 = ω3,

(3.14)
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after a suitable choice of phase variables.4 Here, µ j is defined4 Note that we use in-
dices 2 and 3 for these
phase variables which is
most convenient for our
discussion of the case
n = 12 in the subsec-
tion.

as µ j := Reκ j, σ = ±1 and ϑ, δ, Θ, ∆ are other normal form
coefficients. The sign σ and the values of the coefficients ϑ and
δ mainly determine the unfolding of the Hopf-Hopf bifurcation
(Kuznetsov, 2004). In total, there are eleven different bifurcation
scenarios to consider. In any case, two Neimark-Sacker bifurca-
tion (ns) curves emanate from the Hopf-Hopf point. The direc-
tions of these ns-curves depend on ϑ and δ and can be computed
up to first order via the real part of the eigenvalues at the Hopf-
Hopf point (Kuznetsov, 2004). Note that the type of dynamics we
have around the Hopf-Hopf bifurcation point does not depend on
the choice of unfolding (2.13), since the normal form coefficients
should be evaluated at the bifurcation point.

3.2.2 Unfolding for n = 12

The case of dimension n = 12 is particularly interesting, since it
is the smallest dimension for which the first bifurcation of xF is a
Hopf-Hopf bifurcation instead of a Hopf bifurcation. In this sec-
tion we describe this situation more explicitly, using the results we
obtained for general dimensions. Therefore, consider system (2.13)
and let n = 12. The eigenvalues of the Jacobian belonging to the
trivial equilibrium xF are given by equation (3.9).

A Hopf bifurcation for the l-th eigenvalue pair (with 0 < l < 6,
l 6= 4) occurs along the Hopf-lines in equation (3.10). So, we obtain
explicitly the following Hopf bifurcation curves as a function of
F ∈ R \ {0}:

H1(F, 12) =
2 + (1−

√
3)F

2
√

3− 4
;

H2(F, 12) = F− 1;

H3(F, 12) = 1
2 (F− 1);

H5(F, 12) = −2 + (1 +
√

3)F
2
√

3 + 4
.

(3.15)

The curves for l = 2, 3 intersect each other at (F, G) = (1, 0), which
is the Hopf-Hopf bifurcation point we discovered in the original
system (2.1a). It is easy to see that for G = 0 this is the first bifur-
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cation of xF one encounters by increasing the parameter F, since
the only Hopf bifurcation with positive FH-value has FH(1, 12) ≈
2.7321 > FHH = 1. Observe that there is no resonance present
at the Hopf-Hopf point, since ω2 = Im(κ2(1, H2(1, 12), 12)) =√

3 and ω3 = Im(κ3(1, H3(1, 12), 12)) = 1. Furthermore, numer-
ical computation of the normal form coefficients using MatCont

(Dhooge et al., 2011) yields the following values

(σ,ϑ, δ, Θ, ∆) = (1, 1.4135, 1.2584,−0.2001, 0.6779),

showing that the bifurcation is indeed nondegenerate and that the
normal form (3.14) is valid.

From the values of σ, ϑ and δ it follows that the dynamics of
system (2.13) with n = 12 is of “type I in the simple case” as de-
scribed by (Kuznetsov, 2004). This means that the two ns-curves
are the only bifurcation curves that emanate from the Hopf-Hopf
point and between these curves there exists a region in the (F, G)-
plane where two stable periodic orbits coexist with an unstable
2-torus. These ns-curves correspond to the limit cycles with l = 2
and l = 3 and are approximated by, respectively,

µ3 = δµ2 +O(µ2
2), µ2 > 0,

µ2 = ϑµ3 +O(µ2
3), µ3 > 0.

Removing higher order terms and solving for G gives the follow-
ing linear curves in F:

G = NS2(F) =
1− δ
2− δ (F− 1),

G = NS3(F) =
1− ϑ

1− 2ϑ
(F− 1).

(3.16)

These lines are tangent to the real ns-curve at the Hopf-Hopf
point.

The preceding results show how the Hopf-Hopf bifurcation acts
as an organising centre in this particular dimension. Figure 3.1
displays the local bifurcation diagram with the Hopf-lines and
approximated ns-curves NSl with l = 2, 3 together with the phase
portraits for each region. Note that in region 4 there are two stable
periodic attractors that coexist for the same parameter values. We
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Figure 3.1: Local bifurcation diagram for the two-parameter system (2.13)
with n = 12 near the Hopf-Hopf bifurcation point located at (F, G) =

(1, 0) (top panel). The lines H2 and H3 are the exact Hopf bifurcation
curves from (3.15), whereas the lines NS2 and NS3 are the linear ap-
proximations of the Neimark-Sacker curves (3.16). The phase portraits
(lower panels) show the dynamics in each of the domains in the top
figure. In region 1 there is only one stable equilibrium. In all other
domains at least one stable periodic orbit exists. Here, a blue orbit cor-
responds to wave number 2, a red orbit corresponds to wave number 3,
while a dashed line means that the orbit is unstable. Moreover, be-
sides the two stable periodic attractors in region 4 an unstable 2-torus
is present, which is not shown in the corresponding phase portrait.
Note also that the phase portrait of region 5, respectively 6, is similar
to that of region 3, respectively 2, though the stable attractor has wave
number 3 instead of 2. Compare with the numerical results presented
in figures 5.14 and 5.17.
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will investigate this phenomenon of multistability in section 4.4 in
more detail. In section 5.1.6, we verify these results numerically.

3.3 bifurcations for negative F

Contrary to the case of positive forcing, in the bifurcation structure
for negative forcing a lot of symmetry is involved. Of particular
interest is when the dimension n is even, in which case we can
obtain a Z2-symmetry by γn/2

n . In this section we investigate the
codimension 1 bifurcations that can be found in the Lorenz-96

model for F < 0, using the results on symmetries and invariant
manifolds from section 2.3.

By means of equivariant bifurcation theory we show that for
even dimensions the equilibrium xF exhibits a pitchfork bifurca-
tion. The emerging stable equilibria both exhibit again a pitchfork
bifurcation if the dimension equals n = 4k, k ∈ N. Both cases
will be proven for the smallest possible dimension using a theo-
rem from Kuznetsov (2004) on bifurcations for systems with Z2-
symmetry. A generalisation to all dimensions n = 2k, resp. n = 4k,
is then provided by Proposition 2.6.

Furthermore, for n ≥ 4 a supercritical Hopf bifurcation destabil-
ises all present stable equilibria after at most two pitchfork bifur-
cation. Of particular interest is the observation that for specific
dimensions there can be more than two subsequent pitchfork bi-
furcations, which however occur after the equilibria undergo the
Hopf bifurcations. We formulate a conjecture about the number
of subsequent pitchfork bifurcations that occur in a given dimen-
sion n.

3.3.1 Preliminaries

Before we start our analysis for F < 0, we state some preliminary
theory about bifurcations in symmetric systems. Our proofs on
pitchfork bifurcations in the Lorenz-96 model rely on these results.
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Let us first introduce some notation. Let Rn be an n× n matrix
that defines a symmetry transformation x 7→ Rnx. Furthermore,
we decompose Rn into a direct sum Rn = X+

n ⊕X−n , where

X+
n := {x ∈ Rn : Rnx = x},

X−n := {x ∈ Rn : Rnx = −x}.

The following theorem demonstrates the existence of either a fold
or a pitchfork bifurcation in Z2-equivariant systems:

Theorem 3.12 (kuznetsov (2004), theorem 7 .7). Suppose that
a Z2-equivariant system

ẋ = f (x,α), x ∈ Rn, α ∈ R1,

with smooth f , Rn f (x,α) = f (Rnx,α) and R2
n = Idn, has at α = 0 the

fixed equilibrium x0 = 0 with simple zero eigenvalue λ1 = 0, and let
v ∈ Rn be the corresponding eigenvector.

Then the system has a one-dimensional Rn-invariant center manifold
Wc
α and one of the following alternatives generically takes place:

] (fold) If v ∈ X+
n , then Wc

α ⊂ X+
n for all sufficiently small |α| and

the restriction of the system to Wc
α is locally topologically equivalent

near the origin to the normal form

ξ̇ = β± ξ2;

] (pitchfork) If v ∈ X−n , then Wc
α ∩ X+

n = x0 for all sufficiently
small |α| and the restriction of the system to Wc

α is locally topologic-
ally equivalent near the origin to the normal form

ξ̇ = βξ± ξ3.

Remark 3.13. At the pitchfork bifurcation the equilibrium that sat-
isfies Rnx0 = x0 changes stability, while two Rn-conjugate equi-
libria appear (Kuznetsov, 2004). In terms of the fixed-point sub-
spaces, this means that the resulting Rn-conjugate equilibria are
contained in a larger subspace than the original. In section 3.3.5
we will elaborate further on this.
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The proofs of the first and the second pitchfork bifurcations —
see sections 3.3.2 and 3.3.3 — are based on the lowest possible
dimensions, i.e. m = 2 and m = 4. In both cases we start with
equilibria in Fix(Gm/2

m ) and Z2-symmetry is realised by γm/2
m . Con-

sequently, we set

Rm := γm/2
m , (3.17)

and the pitchfork bifurcation will result in two extra γm/2
m -conju-

gate equilibria in Fix(Gm
m). Likewise, we have that X+

n = Fix(Gm/2
m )

and X−n = Fix(Gm/2
m )⊥. Compare this with example 2.5 that treats

this particular case.
Extending these results to dimensions n = km according to

Proposition 2.6 yields that the equilibria after the first pitchfork
bifurcation (for which m = 2) are γm/2

km = γ1
n-conjugate and con-

tained in Fix(G2
n). Similarly, for the second pitchfork bifurcation

we have m = 4, so here the resulting equilibria are pairwise
γm/2

km = γ2
n-conjugate and contained in Fix(G4

n). ¶

3.3.2 First pitchfork bifurcation

As observed in section 2.1, the equilibrium (2.7) has a real eigen-
value when the dimension n is even. In that case, the eigenvalue
for j = n

2 equals λn/2 = −1− 2F, which is the only eigenvalue
that is purely real and depends on the parameter F. Observe that
at F = − 1

2 we have λn/2 = 0. This gives rise to the following
result:

Theorem 3.14 (pitchfork bifurcation). Let n ∈ N be even.
Then the trivial equilibrium xF exhibits a supercritical pitchfork bifurca-
tion at the parameter value FP,1 := − 1

2 .

Note that the index of FP anticipates the possibility of more pitch-
fork bifurcations, of which this is the first one in line for decreas-
ing F.

By Proposition 2.6, the proof of Theorem 3.14 reduces to prov-
ing the case n = 2 — see section 2.3.2. In order to prove the exist-
ence of a pitchfork bifurcation in the two-dimensional Lorenz-96

model, all we have to do is to show that it satisfies the second
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case of Theorem 3.12. This is in brief how the following lemma is
proven:

Lemma 3.15. Let n = 2, then the equilibrium xF of the Lorenz-96 model
exhibits a pitchfork bifurcation at the parameter value FP,1 = − 1

2 .

Proof. For the two-dimensional model the eigenvalues of xF are
given by equation (3.1), so that

λ0 = −1, λ1 = −1− 2F.

Therefore, when F = FP,1 we have that λ1 = 0 and a bifurcation
takes place. An eigenvector at FP,1 corresponding to λ1 is given
by

v1 = (−1, 1).

In order to show that system (2.1) with n = 2 has a Z2-equivari-
ance we use the symmetry transformation

R2 := γ2 =

0 1

1 0

 , (3.18)

as defined by formula (3.17). It follows easily from section 2.3 that
this matrix has the following properties:

] R2
2 = Id2;

] R2 f2(x, F) = f2(R2x, F), by Proposition 2.4;

] R2 defines a symmetry transformation on R2 = X+
2 ⊕X−2 with

X+
2 = Fix(G1

2) = V0,

X−2 = Fix(G1
2)
⊥ = {x ∈ R2 : x0 = −x1}.

With these preliminaries the conditions of Theorem 3.12 are satis-
fied (up to a transformation to the origin). Additionally, it is easy
to see that we are in the pitchfork-case, since we have

R2v1 = −v1,

i.e. the eigenvector with respect to λ1(FP,1) lies in X−2 . Hence,
the two-dimensional Lorenz-96 model has a one-dimensional R2-
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invariant center manifold Wc
F with Wc

F ∩ X+
2 = xF for all F suf-

ficiently close to FP,1 and the restriction of the system to Wc
F is

locally topologically equivalent near xF to the normal form of a
pitchfork bifurcation.

q.e.d.

Proof of Theorem 3.14. The result of Lemma 3.15 extends to all di-
mensions n = 2k, k ∈ N by Proposition 2.6.

q.e.d.

Remark 3.16. Theorem 3.14 can also be proven via a center mani-
fold reduction (Guckenheimer & Holmes, 1983; Kuznetsov, 2004;
Wiggins, 2003); this proof can be found in appendix B.3.1. The
result yields the normal form of a supercritical pitchfork bifurca-
tion, meaning that the equilibrium xF is stable for F > FP,1 and
loses stability at F = FP,1, while two other stable equilibria exist
for F < FP,1. Notice that this proof is much longer, but it has
the advantage that it also shows that the pitchfork bifurcation is
supercritical for any even dimension. ¶

At the pitchfork bifurcation the equilibrium xF ∈ V0 loses sta-
bility and gives rise to two stable equilibria ξ1

j ∈ V1, j = 0, 1, that

exist for F < − 1
2 . This implies that the bifurcation is supercritical,

as is confirmed by the proof via a center manifold reduction in
appendix B.3. These new equilibria are given by

ξ1
0(F) = (a+, a−, . . . , a+, a−), a± = − 1

2 ±
1
2

√
−1− 2F, (3.19)

while ξ1
1 is obtained by swapping the indices + and −. So, each

ξ1
j has a structure like xm in formula (2.17) with m = 2 and has

precisely half the symmetry of xF since it has G2
n = 〈γ2

n〉 as iso-
tropy subgroup (whose order is half the order of the full group).
Moreover, the relation between these two equilibria is given by
ξ1

1 = γnξ1
0, which means that these equilibria are γn-conjugate as

predicted by Remark 3.13. In other words: applying the matrix γn

means geometrically a switch from one branch of equilibria to the
other.
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3.3.3 Second pitchfork bifurcation

The pitchfork bifurcation described in the previous section is fol-
lowed by a second subsequent pitchfork bifurcation for F < FP,1

when the dimension is a multiple of 4. This time, there are two
bifurcations, each of which takes place at a different branch of
the equilibria emanating from the first pitchfork bifurcation and
described by equation (3.19).

Theorem 3.17 (second pitchfork bifurcation). Let n = 4k
with k ∈ N. Then both equilibria ξ1

0,1(F) emanating from the pitchfork
bifurcation at FP,1 = − 1

2 exhibit a supercritical pitchfork bifurcation at
the parameter value FP,2 := −3.

The proof goes in exactly the same way as the proof for the first
pitchfork bifurcation. Again, we first prove a lemma that describes
the occurrence of a second pitchfork bifurcation in the lowest pos-
sible dimension, n = 4. Thereafter, we generalise to higher dimen-
sions n = 4k using Proposition 2.6.

Lemma 3.18. Let n = 4, then the equilibria ξ1
0,1(F) emanating from the

pitchfork bifurcation at FP,1 = − 1
2 both exhibit a pitchfork bifurcation at

the parameter value FP,2 := −3.

Proof. The four eigenvalues of both equilibria ξ1
0,1 are given by:

λ1
0,1 = 1

2 (−1±
√

9 + 16F),

λ1
2,3 = 1

2 (−3±
√
−3− 4F). (3.20)

Since λ1
2 = 0 when F = FP,2, a bifurcation takes place. An eigen-

vector corresponding to λ1
2(FP,2) is given by

v1
2 = (2 +

√
5,−1,−2−

√
5, 1).

Recall from formula (3.17) that the symmetry transformation

R4 := γ2
4 =


0 0 1 0

0 0 0 1

1 0 0 0

0 1 0 0

 , (3.21)
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makes the four-dimensional system (2.1) Z2-equivariant. Again,
this matrix satisfies the requirements of Theorem 3.12, since

] R2
4 = Id4;

] R4 f4(x, F) = f4(R4x, F), by Proposition 2.4;

] R4 defines a symmetry transformation on R4 = X+
4 ⊕X−4 , where

X+
4 = Fix(G2

4) = V1,

X−4 = Fix(G2
4)
⊥ = {x ∈ R4 : x0 = −x2, x1 = −x3}.

Note that the group {Id4, R4} has V1 as its fixed-point subspace,
so it contains all the symmetries of ξ1 ∈ V1 (i.e. R4ξ

1
j = ξ1

j ). In
contrast, it holds that

R4v1
2 = −v1

2,

i.e. the eigenvector with respect to λ1
2(FP,2) lies in X−4 . By Theo-

rem 3.12 this implies that a pitchfork bifurcation takes place and
the four-dimensional Lorenz-96 model has a one-dimensional R4-
invariant center manifold Wc

F with Wc
F ∩ X+

4 = ξ1
j for all F suffi-

ciently close to FP,2.
q.e.d.

Remark 3.19. Lemma 3.18 can be proven by a center manifold re-
duction, like in the alternative proof of Theorem 3.14 — see Re-
mark 3.16. For n = 4 this is sketched in appendix B.3.2 and shows
that both pitchfork bifurcations at FP,2 are supercritical. ¶

Proof of Theorem 3.17. The result of Lemma 3.18 extends to all di-
mensions n = 4k, k ∈ N by Proposition 2.6.

q.e.d.

Remark 3.20. A generalisation to all n = 4k − 2 is not provided
by Proposition 2.6. Indeed, the second pair of eigenvalues λ1

2,3
of (3.19) occurs only in the form of equation (3.20) when the di-
mension has the form n = 4k. If instead the dimension equals
n = 2 then there are no more eigenvalues that can cross the ima-
ginary axis, whereas for n = 4k− 2, k ≥ 2, the eigenvalue pairs are
different from the case n = 4k, as numerical computations show
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— see section 3.3.4. Therefore, in dimensions n = 4k− 2, k ≥ 2,
there will not be an additional pitchfork bifurcation. The next bi-
furcation after the first pitchfork bifurcation is a Hopf bifurcation,
as will be shown in section 3.3.4. ¶

At the second pitchfork bifurcation the equilibria ξ1
j ∈ V1, with

j = 0, 1, lose stability and four stable equilibria ξ2
j ∈ V2, 0 ≤ j ≤ 3

appear that exist for F < −3. This again shows that the bifurca-
tion is supercritical. In contrast with ξ1

j it is not feasible to derive
analytic expressions for the equilibria ξ2

j . In the four-dimensional
case, these new equilibria are — by Remark 3.13 — pairwise R4-
conjugate in the following way: ξ2

j = R4ξ
2
j+2 (with the index

modulo 4), that is, the equilibria with index j and j + 2 eman-
ate from the same equilibrium ξ1

j for j = 0, 1. By equivariance,
the conjugate solutions γ4ξ

2
j should be equilibria as well for all

0 ≤ j ≤ 3. In fact, we observe numerically that this gives precisely
the solutions from the other R4-conjugate pair of solutions — see
section 3.3.5. This means that we can switch between all four equi-
libria by subsequently applying γ4, to be precise ξ2

j = γ
j
4ξ

2
0.

For general dimensions n = 4k similar statements hold: the new
equilibria satisfy ξ2

j = γ2
nξ

2
j+2 (with the index modulo n) and they

are of the form (2.17) with k = 4. This gives an extra argument
why a symmetry breaking by a pitchfork bifurcation is not pos-
sible in dimensions n = 4k− 2: since n is not divisible by four, we
cannot ‘fill’ the n coordinates of an equilibrium in Rn completely
by blocks of four entries and the invariant subspace V2 does not
exist.

3.3.4 Hopf bifurcations

Recall that for n = 2 only one pitchfork bifurcation is possible
and no further bifurcation can happen. Moreover, in dimensions
n = 1 and 3 all eigenvalues are equal to −1, so that no bifurcation
is possible at all. Apart from that, we show below that in any di-
mension n ≥ 4 the stable equilibria for negative parameter values
F eventually lose stability through a supercritical Hopf bifurcation
and one or more stable periodic orbits appear. Because the Hopf
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bifurcation is preceded by at most two pitchfork bifurcations —
depending on the dimension — we consider three different cases
according to the number of occurring pitchfork bifurcations: zero,
one or two. In section 4.3, we discuss the properties and implica-
tions for the resulting periodic orbits.

case 1 : no pitchfork bifurcations For odd dimensions,
no pitchfork bifurcation will occur, since the equilibrium (2.7) has
only complex eigenvalue pairs (2.9) that can cross the imaginary
axis and no single real eigenvalue that depends on F — see sec-
tion 2.1. Since formula (3.3) cannot be satisfied for F < 0, the
bifurcations of xF are completely covered by Theorem 3.5, which
implies the occurrence of at least one Hopf bifurcation in each odd
dimension. There are as many Hopf bifurcations for F < 0 as there
are integers l ∈ ( n

3 , n
2 ) and corresponding eigenvalue pairs.

In particular, for the first Hopf bifurcation for decreasing nega-
tive F the following holds:

Proposition 3.21. Let n ≥ 4 be fixed. For F < 0 the first Hopf bifurca-
tion of xF occurs for the eigenvalue pair with index

l−1 (n) :=
n− 1

2
. (3.22)

In particular, this first bifurcation is supercritical and its bifurcation
value FH(l+1 (n), n) converges to − 1

2 as n→ ∞.

Proof. Given odd n, the first Hopf bifurcation for F < 0 occurs
when formula (3.2) is maximised, which is equivalent to minim-
ising f (l, n). We obtain that the first bifurcating eigenvalue pair
{λl−1

,λn−l−1
} has index

l−1 (n) :=
n− 1

2
.

Hence, the corresponding bifurcation value for general n is boun-
ded as

FH(l−1 (5), 5) ≈ −0.8944 ≤ FH(l−1 (n), n) < −0.5,

since n ≥ 5 and the function

cos 2πl−1 (n)
n − cos 4πl−1 (n)

n = − cos πn − cos 2π
n
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is negative and strictly decreasing as n increases. In particular, if
n goes to infinity then

lim
n→∞

l−1 (n)
n

= lim
n→∞

n− 1
2n

=
1
2

,

and, hence, the limiting bifurcation value satisfies

lim
n→∞

FH(l−1 (n), n) =
1

f (1, 2)
= −1

2
.

Since the index of the bifurcating eigenvalue pairs for F < 0 satisfy
l ∈ ( n

3 , n
2 ), Theorem 3.5 directly implies that all Hopf bifurcations

of the equilibrium xF for negative F are supercritical.
q.e.d.

The fact that this first Hopf bifurcation for negative values is
supercritical implies that the stable equilibrium xF loses stability
and a stable periodic orbit appears after the bifurcation. Figure 3.2
displays the described situation of odd n > 3 schematically.

F 0

xF

FH

H

Figure 3.2: Schematic representation of the attractors for negative F in
an n-dimensional Lorenz-96 model with odd n > 3, so without any
pitchfork bifurcation. The label H stands for a (supercritical) Hopf
bifurcation and occurs for −0.8944 ≤ FH < − 1

2 . The only equilibrium
is given by xF ∈ Fix(G1

n). A solid line represents a stable attractor; a
dashed line represents an unstable one.

case 2 : one pitchfork bifurcation Let n be even with
n = 4k + 2, k ∈ N. By Remark 3.20 only one pitchfork bifurcation
occurs in this case. At FP,1 = − 1

2 the trivial equilibrium (2.7) loses
stability and the two stable, γn-conjugate equilibria (3.19) appear,
according to Theorem 3.14. The now unstable equilibrium xF still
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exhibits as many supercritical Hopf bifurcations for F < FP,1 as
there are integers l ∈ ( n

3 , n
2 ) and corresponding eigenvalue pairs,

by Theorem 3.5. However, the emerging periodic attractors will
be unstable at first.

We now demonstrate numerically that both equilibria exhibit
a supercritical Hopf bifurcation simultaneously, by studying di-
mension n = 6 in greater detail. Each of the equilibria ξ1

0,1 emer-
ging from the first pitchfork bifurcation may bifurcate again as
F decreases. We first consider the equilibrium ξ1

0 for which the
Jacobian is given by

J =



−1 a− 0 0 −a− a− − a+

a+ − a− −1 a+ 0 0 −a+

−a− a− − a+ −1 a− 0 0

0 −a+ a+ − a− −1 a+ 0

0 0 −a− a− − a+ −1 a−

a+ 0 0 −a+ a+ − a− −1


,

(3.23)

where a± are given by formula (3.19). Note that J is no longer
circulant: in addition to shifting each row in a cyclic manner, the
values of a+ and a− also need to be interchanged. In particu-
lar, this means that the eigenvalues are no longer determined by
means of equation (3.1). Symbolic manipulations with the com-
puter algebra package Mathematica (Wolfram Research, 2016)
show that an eigenvalue crossing occurs for F = − 7

2 in which case
a± = 1

2 (−1 ±
√

6), so that the characteristic polynomial of J is
given by

det(J− λI) = 468 + 219λ+ 246λ2 + 91λ3 + 33λ4 + 6λ5 + λ6

= (3 + λ2)(12 + λ+ λ2)(13 + 5λ+ λ2).

This expression shows that J has two purely imaginary eigenval-
ues ±i

√
3 and the remaining four complex eigenvalues have nega-

tive real part. Therefore the equilibrium ξ1
0 undergoes a supercrit-

ical Hopf bifurcation at F′H(n = 6) := − 7
2 . The computations for



74 bifurcation analysis

the equilibrium ξ1
1 are similar and show that another Hopf bifurca-

tion takes place at F = − 7
2 . This means that for F < F′H(6) there

exist two stable periodic orbits, born at the Hopf bifurcations of ξ1
0

and ξ1
1, that coexist.

For general n = 4k + 2, with k ∈ N, numerical continuation
using the software package Auto-07p (Doedel & Oldeman, 2007),
shows that each of the two equilibria (3.19) undergoes a supercrit-
ical Hopf bifurcation, which leads to the coexistence of two stable
waves. Figure 3.3 suggests that the Hopf bifurcation value F′H(n)
is not constant, but satisfies F′H(6) = −3.5 ≤ F′H(n) ≤ −3 and
seem to converge to −3 as n → ∞. Hence, for parameter values
F < F′H(n) the two equilibria ξ1

j , j = 0, 1, are unstable and two
stable periodic orbits coexist. The schematic bifurcation diagram
for all dimensions n = 4k + 2 is sketched in figure 3.4.
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Figure 3.3: Bifurcation values of the first Hopf bifurcation for F < 0 and
even values of the dimension n. For clarity the bifurcation values F′H
(corresponding to the case n = 4k + 2) and F′′H (corresponding to n =

4k) have been marked with different symbols in order to emphasize
the differences between the two cases.

case 3 : two pitchfork bifurcations If the dimension n
is of the form n = 4k, k ∈ N, then Theorems 3.14 and 3.17 guaran-
tee the occurrence of two subsequent pitchfork bifurcations: one
at FP,1 = − 1

2 and two simultaneous bifurcations at FP,2 = −3. So,
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F 0

ξ0

FP,1F′
H

H

H

ξ1
0

ξ1
1

PF1

Figure 3.4: Schematic bifurcation diagram for negative F of a 21p-
dimensional Lorenz-96 model with p > 1 odd. The label PF1 denotes
the only (supercritical) pitchfork bifurcation with bifurcation value
FP,1 = − 1

2 ; H stands for a (supercritical) Hopf bifurcation with bi-
furcation value −3.5 ≤ F′H ≤ −3, depending on n. The equilibria are
ξ0 ≡ xF ∈ V0 and ξ1

j ∈ V1, j = 0, 1, given by equation (3.19). A
solid line represents a stable equilibrium; a dashed line represents an
unstable one.

for F < −3 there are four stable equilibria ξ2
j , 0 ≤ j ≤ 3. Again,

for F < FP,1 the equilibrium xF is unstable and exhibits as many
supercritical Hopf bifurcations as there are integers l ∈ ( n

3 , n
2 ).

The analysis of the lowest possible dimension — i.e. n = 4 —
turns out to be more complicated than the case n = 6 and, surpris-
ingly, not analytically tractable. Numerical continuation using the
software package Auto-07p (Doedel & Oldeman, 2007) of the four
branches after the two subsequent pitchfork bifurcations — while
monitoring their stability — indicates that at F ≈ −3.8531 in total
four supercritical Hopf bifurcations occur simultaneously: one at
each branch.

For general n = 4k, numerical continuation shows that each
of the four stable equilibria ξ2

j undergoes a supercritical Hopf bi-
furcation, each at exactly the same bifurcation value F′′H(n). Fig-
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F 0

ξ0

FP,1

ξ1
0

ξ1
1

FP,2

ξ2
0

ξ2
2

ξ2
1

ξ2
3

F′′
H

H

H

H

H

PF1

PF2

PF2

Figure 3.5: Schematic bifurcation diagram for negative F of a 22p-
dimensional Lorenz-96 model with p ∈ N. The label PF1, resp. PF2, de-
notes the first, resp. second, (supercritical) pitchfork bifurcation with
bifurcation value FP,1 = − 1

2 , resp. FP,2 = −3; H stands for a (super-
critical) Hopf bifurcation with bifurcation value −3.9 < F′′H < −3.5,
depending on n. The equilibria are ξ0 = xF ∈ V0 and ξ1

j ∈ V1, j = 0, 1,

given by equation (3.19), while ξ2
j ∈ V2, j = 0, . . . , 3. A solid line

represents a stable equilibrium; a dashed line represents an unstable
one.

ure 3.3 suggests that F′′H(n) is not constant in n, but satisfies−3.9 <
F′′H(n) < −3.6 and tends to −3.64 as n→ ∞. Thus, in this case four
stable periodic orbits coexist in at least a small region below the
bifurcation value F′′H(n). See figure 3.5 for a schematic view of
the bifurcation diagram, which is illustrative for all dimensions
n = 4k up to F = F′′H.
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Concluding, we see that a supercritical Hopf bifurcation desta-
bilises the present stable equilibria after at most two pitchfork bi-
furcations. Therefore, the dynamical structure for n ≥ 4 and F < 0
can be divided into three classes, depending on the dimension:

1. In all odd dimensions, the first bifurcation of the equilibrium
xF is a supercritical Hopf bifurcation. This yields one stable
periodic orbit

2. In dimensions n = 4k+ 2, k ∈ N, only one pitchfork bifurcation
takes place, followed by two simultaneous Hopf bifurcations.
This leads to two coexisting stable periodic orbits.

3. For all dimensions n = 4k, k ∈ N, all four stable equilibria gen-
erated by the second pitchfork bifurcation exhibit a Hopf bi-
furcation simultaneously, resulting in four coexisting periodic
orbits.

We will study the spatiotemporal properties of these periodic or-
bits in section 4.3.

3.3.5 Multiple pitchfork bifurcations

In section 3.3.3 we have proven that it is possible to have two pitch-
fork bifurcation after each other, namely, when n is a multiple of 4.
Numerically, we observe that there can be even more subsequent
pitchfork bifurcations after these two bifurcations. Even though
these additional bifurcations happen after the Hopf bifurcations
of case 3 in the previous subsection — and therefore for unstable
equilibria, generating unstable equilibria — they entail arbitrarily
large groups of symmetries, an exponentially increasing number
of equilibria and they show a beautiful structure.

Since this possibly influences the dynamical structure for smal-
ler F, we present in this section a more detailed overview on what
can be found regarding symmetries and the series of pitchfork
bifurcations. We discuss and explain the possibility of more than
two subsequent pitchfork bifurcations for specific dimensions and
show how many of them can be expected in each dimension. Most
of these results follow from numerical observations. We interpret
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these observations by means of the theoretical description in sec-
tion 2.3 without aiming to be complete. Especially, proving facts
after many pitchfork bifurcations will become increasingly diffi-
cult, since the lowest dimension that is needed increases exponen-
tially.

In the following exposition we write the dimension uniquely
as n = 2qp, with q ∈ N arbitrary and p odd. One should bear in
mind that the cases q = 1 and q = 2 are completely covered by
the results proven in section 2.3. Consequently, we assume q ≥ 3
in the following, which enables the occurrence of more than two
subsequent pitchfork bifurcations. Let us start with some notation
that anticipates the results later on.

notation First of all, we call the pitchfork bifurcation which
is the l-th in the row the l-th pitchfork bifurcation and denote its
bifurcation value as FP,l. Clearly, FP,l < FP,l−1 and by definition the
l-th pitchfork bifurcation occurs for equilibria generated through
the (l− 1)-th bifurcation. In the previous sections we have already
used this nomenclature for the cases l = 1, 2.

Furthermore, inspired by Remark 3.13 and equation (3.19) we
define

ξl
j ∈ Vl, 0 ≤ j ≤ 2l − 1, (3.24)

to be the equilibria generated by the l-th pitchfork bifurcation,
which have the same symmetry as equilibria of the form x2l

. Be-
low we will indeed observe such equilibria ξl

j that come along
with multiple pitchfork bifurcations.

Similarly, let ξl be the collection of all equilibria ξl
j,

ξl := {ξl
j, 0 ≤ j ≤ 2l − 1} ⊂ Vl,

which turns out to contain all equilibria that share the same prop-
erties. Accordingly, for l = 1 we have the equilibria as defined in
equation (3.19): ξ1 = {ξ1

0, ξ1
1} ⊂ V1. Likewise, we can also define

ξ0 ≡ xF ∈ V0, for convenience (even though a ‘0-th pitchfork bi-
furcation’ does not exist).
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Table 3.2: The number of successive pitchfork bifurcations and the corres-
ponding total number of equilibria after the last pitchfork bifurcation
as observed in selected even dimensions.

n #pf’s #equilibria

2 1 3

4 2 7

6 1 3

8 3 15

10 1 3

12 2 7

14 1 3

16 4 31

20 2 7

24 3 15

32 5 63

36 2 7

64 6 127

128 7 255

numerical observations In table 3.2 we list the numbers
of successive pitchfork bifurcations (middle column) that are ob-
served for specific even dimensions as well as the total number
of equilibria generated through these bifurcations including the
trivial equilibrium xF (right column). The number of pitchfork bi-
furcations for a specific dimension n = 2qp, as above, turns out
to be precisely the exponent q. Accordingly, we assume in the fol-
lowing that 0 ≤ l ≤ q, which coincides with the restriction for Vl

in equation (2.20).
By numerical continuation using the software packages Auto-

07p (Doedel & Oldeman, 2012) and MatCont (Dhooge et al., 2011)
we observe that the bifurcation values FP,l are independent of n for
all l. These fixed values FP,l are listed in table 3.3 for l ≤ 9 and
obtained by analysing the dimensions n = 2l. In addition, the l-
th pitchfork bifurcation occurs for all equilibria ξl−1

j (F) with 0 ≤
j ≤ 2l−1 − 1 at exactly the same bifurcation value FP,l. So, when
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Table 3.3: List of bifurcation values FP,l for the l-th pitchfork bifurcation,
that are independent of the dimension n and known up to l = 9. The
two right columns give the distances between the successive pitchfork
bifurcations and their ratios rl = (FP,l−1 − FP,l−2)/(FP,l − FP,l−1).

l FP,l distance to FP,l−1 rl

1 −0.5 – –

2 −3 2.5 –

3 −6.6 3.6 0.694444

4 −8.0107123 1.41071 2.55190

5 −8.4360408 0.425329 3.31676

6 −8.5275625 0.0915217 4.64730

7 −8.5474569 0.0198944 4.60037

8 −8.5517234 4.2665× 10−3 4.66289

9 −8.5526377 9.143× 10−4 4.66681

we speak about ‘the l-th pitchfork bifurcation’ there are actually
2l−1 simultaneous pitchfork bifurcations of conjugate equilibria,
generating 2l new equilibria.

Even more, we observe that all these new equilibria have the
same entries in the same order but shifted, which justifies our
notation of the equilibria (3.24). Therefore, the equilibria ξl

j ∈ Vl

can be obtained from one another by applying γn repeatedly:

γk
nξ

l
j = ξl

j+k, for all 0 ≤ j, k ≤ 2l − 1, (3.25)

where the index of ξ should be taken modulo 2l. As described in
section 2.3.2, all these conjugate solutions have the same proper-
ties and therefore it suffices to study only one copy of them, say ξl

0.
We will often just refer to the set ξl (so, without index) when we
describe their common properties.

Table 3.3 also shows that the distance between successive pitch-
fork bifurcations decreases as l increases. The values of their ratios
rl suggest that

lim
l→∞

rl = lim
l→∞

FP,l−1 − FP,l−2

FP,l − FP,l−1
= δ,
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where δ ≈ 4.66920 is Feigenbaum’s constant. Therefore, the q-th
and last pitchfork bifurcation of a specific dimension will be ex-
pected for the bifurcation value FP,q ≥ FP,∞ ≈ −8.55289.

visualisation of structure The structure of pitchfork bi-
furcations and equilibria that we observed by numerical analysis
is summarised in figure 3.6, which we will now explain. The fig-
ure presents a schematic view for the case n = 2qp with q = 4 and
gives an indication for the bifurcation structure for general q ≥ 3.
First of all, the horizontal line in the middle represents the trivial
equilibrium ξ0 = xF that exists for all F and is stable for F > FP,1.
At the point PF1 we see that two stable equilibria ξ1

0,1 emerge,
while ξ0 becomes unstable: the first supercritical pitchfork bifur-
cation. The resulting equilibria are γn-conjugate, so ξ1

1 = γnξ1
0.

Secondly, both equilibria ξ1
0,1 exhibit a pitchfork bifurcation PF2

at FP,2. In both cases a pair of stable, γ2
n-conjugate equilibria ap-

pear, i.e. ξ2
2 = γ2

nξ
2
0 and ξ2

3 = γ2
nξ

2
1. Moreover, by formula (3.25)

these pairs are also γn-conjugate to each other, which means that
we can switch between the branches originating from ξ1

0 and those
from ξ1

1 by applying γn.
Next, all four equilibria from ξ2 exhibit a supercritical Hopf

bifurcation, as explained in case 3 of section 3.3.4. As a result,
ξ2 and all successive equilibria ξl, 2 < l ≤ q are unstable for
F < F′′H. Thereafter, the third pitchfork bifurcation PF3 occurs at
FP,3 and generates 23 unstable and pairwise γ4

n-conjugate equilib-
ria ξ3. Finally, the fourth pitchfork bifurcation generates the equi-
libria ξ4 ⊂ V4. This completes the full structure in figure 3.6 with
25 − 1 unstable equilibria.

explanation by symmetry The preceding phenomena can
be explained using the concepts introduced in section 2.3. In gen-
eral, at a pitchfork bifurcation there is a breaking of the symme-
try: before the bifurcation there exists an equilibrium x0 satisfy-
ing Rx0 = x0, where R represents Z2-symmetry; after the bifur-
cation two additional equilibria x1,2 appear that satisfy Rx1 = x2

(Kuznetsov, 2004). So, the new equilibria x1,2 after the bifurcation
have a lower order of symmetry than the bifurcating equilibrium
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x0, as explained by Remark 3.13. In terms of the invariant sub-
spaces, this means that the smallest invariant subspace containing
x1,2 should be larger than the one containing x0. More explicitly: if
x0 ∈ Fix(Gm

n ), with m ≤ n
2 minimised, then the two resulting equi-

libria x1,2 are in Fix(Gm′
n ) with m′ = 2m (due to Z2-symmetry).

In section 3.3.2 we have demonstrated that the equilibrium ξ0 =

xF ∈ V0 exhibits the first pitchfork bifurcation and that two stable
equilibria ξ1 ⊂ V1 appear. The second pitchfork bifurcation oc-
curs for both equilibria ξ1 simultaneously and generates stable
equilibria ξ2 ⊂ Fix(G4

n) = V2, as shown in section 3.3.3. In gen-
eral, assuming that l ≤ q and that the equilibria ξl−1 ⊂ Vl−1 gen-
erated through the (l − 1)-th pitchfork bifurcation again exhibit
a pitchfork bifurcation, then the l-th pitchfork bifurcation gener-
ates 2l new branches of equilibria ξl

j(F) ∈ Vl, 0 ≤ j ≤ 2l − 1,
where F < FP,l. Thus, the total number of equilibria for dimension
n generated by the q pitchfork bifurcations (including the trivial
equilibrium) is equal to 2q+1 − 1, which is confirmed by the right
column of table 3.2.

The observation that the l-th pitchfork bifurcation consists of
2l−1 simultaneous pitchfork bifurcations of conjugate equilibria
can be explained by noting that all equilibria ξl−1 satisfy the rela-
tion (3.25) and therefore share the same properties and, in particu-
lar, the same eigenvalues. The fact that the bifurcation values FP,l

are the same for all dimensions is a direct consequence of Propo-
sition 2.6.

In particular, the q-th pitchfork bifurcation generates equilibria
ξq ⊂ Vq = Fix(G2q

n ). Consequently, there cannot be more than q
subsequent pitchfork bifurcations, because this requires the result-
ing equilibria to be in Fix(G2q+1

n ), which does not exist. Hence, for
any dimension n = 2qp there can be at most q pitchfork bifurca-
tions.

Based on our numerical observations and their interpretation
in terms of symmetry, the following conjecture seems plausible:

Conjecture 3.22. The number of subsequent pitchfork bifurcations in
the Lorenz-96 model of dimension n = 2qp, where q ∈ N ∪ {0} and p
odd, is exactly equal to q.
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Figure 3.6: Schematic bifurcation diagram of a 2qp-dimensional Lorenz-
96 model for negative F with q = 4 subsequent pitchfork bifurca-
tions. The label PFl, 1 ≤ l ≤ q, denotes the l-th (supercritical)
pitchfork bifurcation with bifurcation value FP,l as in table 3.3; H
stands for a (supercritical) Hopf bifurcation with bifurcation value
−3.9 < F′′H < −3.5. Each branch of equilibria is labelled with ξl

j accord-
ing to equation (3.24), where l indicates that the branch is generated
by the l-th pitchfork bifurcation and contained in Vl and j denotes
how often we have to apply γn to ξl

0 to obtain this branch, as in equa-
tion (3.25). A solid line represents a stable equilibrium; a dashed line
represents an unstable one. The arrows in gray indicate the relation
between the mutual branches. Similar diagrams can be obtained for
any q ≥ 3.
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implications for dynamics In summary, the results in this
section show that in each dimension n = 2qp there are exactly q
pitchfork bifurcations for F < 0 and the phenomenon fits well into
the theoretical description given in section 2.3. Although the peri-
odic orbit that emerges from the supercritical Hopf bifurcation is
the stable attractor for F close to the bifurcation value — see sec-
tion 3.3.4 — the cascade-like pitchfork bifurcations can have a big
influence on the dynamics via the large number of generated equi-
libria. Such an influence has been observed in dimension n = 4 for
positive F, where four unstable and γ4-conjugate equilibria give
rise to a heteroclinic structure that causes the dynamics on the
chaotic attractor to return to nearly periodic behaviour repeatedly,
i.e. the classical type 1 intermittency scenario — see section 5.1.1.

u



4
WAV E S T R U C T U R E S

A fluid is said to be hydrodynamically unstable when
small perturbations of the flow can grow spontaneously,
drawing energy from the mean flow. At a supercriti-

cal Hopf bifurcation an equilibrium loses its stability and gives
birth to a periodic orbit. In the context of a fluid this can be
interpreted as a steady flow becoming unstable to an oscillatory
perturbation, such as a travelling or stationary wave. Hopf bi-
furcations are found in many geophysical models as the first bi-
furcation which destabilises a steady flow (Dijkstra, 2005; Lucar-
ini et al., 2007; Sterk et al., 2010; Broer, et al., 2011).

In the previous chapter we have shown that the stable equilibria
in the Lorenz-96 model eventually lose stability through a super-
critical Hopf bifurcation for both F > 0 and F < 0. The number of
periodic attractors that will be generated depends on the parity of
n and ranges from one up to four.

In this chapter, we first explain how to obtain an approximation
of the periodic attractor born at a Hopf bifurcation, which enables
us to derive spatiotemporal properties of the waves in the Lorenz-
96 model. This is used to show that the periodic attractors born at
the mentioned Hopf bifurcations have the physical interpretation
of either a travelling wave or a stationary wave, depending on the
dimension and the sign of F:

85
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] For F > 0, we show in section 4.2 that periodic attractors indeed
represent travelling waves, as suggested by Lorenz.

] For F < 0, the situation is more intricate, as is demonstrated
in section 4.3. If the dimension n is odd, then the periodic
attractor is again a travelling wave. However, for even values
of n the resulting periodic attractors represent stationary waves.

Meanwhile, we address the question how the spatiotemporal
properties — such as their period and wave number — and the
symmetry of these waves depend on the dimension n and whether
these properties tend to a finite limit as n→ ∞. The results in this
chapter give a comprehensive picture of wave propagation in the
Lorenz-96 model.

Moreover, we have seen in section 3.3.4 that pitchfork bifur-
cations give rise to multistability of attractors in the Lorenz-96

model. Apart from that, we discuss another bifurcation scenario
by which multiple stable periodic attractors with different spatio-
temporal properties coexist for the same values of the paramet-
ers n and F. In this case the Hopf-Hopf bifurcations in the unfold-
ing (2.13) are involved as organising centres — see section 3.2.

The results of this chapter are included in (Van Kekem & Sterk,
2018a; Van Kekem & Sterk, 2018b; Van Kekem & Sterk, 2018c).

4.1 approximation of periodic orbit

Consider a general geophysical model in the form of a system of
ordinary differential equations:

ẋ = f (x,α), x ∈ Rn. (4.1)

In this equation, α ∈ R is a parameter modelling external circum-
stances, such as forcing. Assume that for the parameter value α0

the system has an equilibrium x0. This means that f (x0,α0) = 0
and hence x0 is a time-independent solution of equation (4.1).
In the context of geophysics x0 represents a steady flow and its
linear stability is determined by the eigenvalues of the Jacobian
D f (x0,α0). An equilibrium changes stability when eigenvalues of
the Jacobian cross the imaginary axis upon variation of the para-



4.2 travelling waves for positive F 87

meter α. Dijkstra (2005) provides an extensive discussion of the
physical interpretation of bifurcation behaviour.

Assume that D f (x0,α0) has two eigenvalues ±ω0i on the ima-
ginary axis. This indicates the occurrence of a Hopf bifurcation, i.e.
the birth of a periodic solution from an equilibrium that changes
stability. Under suitable non-degeneracy conditions the Hopf bi-
furcation is supercritical, which means — supposed that the equi-
librium x0 is stable for α < α0 and unstable for α > α0 — that a
stable periodic orbit exists for α > α0 (Kuznetsov, 2004). For small
values of ε =

√
α− α0 the periodic orbit xP that is born at the

Hopf bifurcation can be approximated by

xP(t) = x0 + εRe
[
veiω0t]+O(ε2) (4.2)

= x0 + ε
(

cos(ω0t)Re(v)− sin(ω0t) Im(v)
)
+O(ε2),

see Beyn, et al. (2002). Without loss of generality we may as-
sume that the corresponding complex eigenvectors v of the matrix
D f (x0,α0) have unit length. In the context of geophysical applic-
ations this first-order approximation of the periodic orbit can be
interpreted as a wave-like perturbation imposed on a steady mean
flow.

The spatiotemporal properties of this wave can now be deter-
mined by the vectors x0, v and the frequency ω0. For example, its
period can be approximated by (Beyn et al., 2002)

T(ε) = T0 +O(ε2) = 2π
ω0

+O(ε2). (4.3)

Likewise, the spatial wave number can be derived from v. Here,
the spatial wave number should be interpreted as the spatial fre-
quency of the wave, which measures the number of ‘highs’ or
‘lows’ on the latitude circle — see for example (Lorenz & Emanuel,
1998).

4.2 travelling waves for positive F

In Theorem 3.5 we have shown that Hopf and Hopf-Hopf bifur-
cations occur in the Lorenz-96 model at FH = 1/ f (l, n), provided
that n ≥ 4. These bifurcations are associated to the l-th eigenvalue
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pair {λl,λn−l} with l an integer such that 0 < l < n
2 , l 6= n

3 . From
the eigenvalues that cross the imaginary axis and the correspond-
ing eigenvectors we can determine the physical characteristics of
the periodic orbit that arises after a Hopf bifurcation. In this case
equation (2.9) gives

λl = −ω0i = λ̄n−l with ω0 =
cos πl

n

sin πl
n

,

where we take ω0 to be the absolute value of the imaginary part
at the bifurcation value, by convention. For ε =

√
F− FH suffi-

ciently small, equation (4.2) provides a good approximation of the
periodic orbit, which is explicitly given by

xP(t) = F +
√

F− FH Re
[
vle

iω0t]+O(ε2),

for the nonlinear system (2.1). This formula allows us to deter-
mine the physical properties of the wave.

4.2.1 Spatiotemporal properties

Using equation (2.11), we can write the j-th component of xP(t)
for each j = 0, . . . , n− 1 as

xP, j(t) = F +

√
F− FH

n
cos

(
ω0t− 2π j

n
l
)
+O(ε2), (4.4)

which is indeed the expression for a travelling wave. In this ex-
pression the integer l — which is the index of the eigenvalue pair
— plays the role of spatial wave number and 2π j

n is the discrete lon-
gitude. The temporal frequency of the wave is given by ω0 which
implies that its period is approximated by

T = 2π tan πl
n , (4.5)

by equation (4.3). The level curves of xP, j(t) are given by the lines
ω0t − 2π j

n l = constant, which are decreasing in the ( j, t)-plane.
This implies that waves travel in the direction of decreasing j.

The spatiotemporal properties of the periodic orbits are further
explored in figure 4.1 by means of so-called Hovmöller diagrams
(Hovmöller, 1949). In these diagrams the value of the variables
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Figure 4.1: Hovmöller diagrams of periodic attractors in the Lorenz-96

model for various dimensions n and parameter value F = 1.2 right
after the first Hopf bifurcation. The value of x j(t) is plotted as a func-
tion of t and j. For visualisation purposes linear interpolation between
x j and x j+1 has been applied in order to make the diagram continu-
ous in the variable j. Note that both the period and the wave number
depend on the choice of n.

x j(t) is plotted as a function of time t and “longitude” j. Clearly,
the waves are travelling in the direction of decreasing j and their
wave number increases with n. Furthermore, it is easy to see that
a small l implies a small period and a large wave length (i.e. a
long and fast wave), whereas a larger l gives a larger period and a
smaller wave length (i.e. a short and slow wave).

Note that supercritical Hopf bifurcations of an unstable equilib-
rium will result in an unstable periodic orbit. Therefore, not all
waves that are guaranteed to exist by Theorem 3.5 will be visible



90 wave structures

in numerical experiments. Proposition 3.7 shows that the first bi-
furcation for F ≥ 0 is supercritical and, therefore, the periodic
orbit that emerges at the first Hopf bifurcation will be stable close
to the bifurcation. Furthermore, its wave number l+1 (n) increases
linearly with n. In the limit n → ∞ the following relations hold
for the wave number (3.8) and the period:

Proposition 4.1. In the limit n→ ∞, the period of the periodic attractor
born at the first Hopf bifurcation tends to a finite limit

T∞ = lim
n→∞

2π tan

(
πl+1 (n)

n

)
= 2π tan( 1

2 arccos( 1
4 )) ≈ 4.8669.

Similarly, the quotient of n with the wave number l+1 (n) satisfies

lim
n→∞

n
l+1 (n)

=
2π

arccos( 1
4 )
≈ 4.7668. (4.6)

Proof. Both results follow immediately from the fact that

lim
n→∞

2πl+1 (n)
n

= arccos( 1
4 ),

by the maximum of f̃ (y) = cos y− cos 2y, combined with equa-
tion (4.5).

q.e.d.

Proposition 4.1 explains the features that can be observed in the
figures 4.1 and 4.2. Figure 4.1 shows periodic attractors with dif-
ferent period and wave number that emerge from the first Hopf
bifurcation. Figure 4.2 shows a graph of their period and wave
number as a function of n. The period of the periodic attractor
is computed via the theoretical formula (4.5) for l = l+1 (n), with
n ∈ [4, 100], i.e. exactly at the bifurcation value FH(l+1 , n). The spa-
tial wave number l+1 (n) is the index of the corresponding eigen-
value pair, given by equation (3.8). Note that the period of the
waves indeed settles down on the value T∞ as n → ∞, whereas
the spatial wave number increases linearly with n, as predicted by
Proposition 4.1.

Remark 4.2. Note that the fact that the wave number of the pe-
riodic attractor increases linearly with n indicates in particular
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Figure 4.2: At FH > 0, the equilibrium xF loses stability through a
(Hopf-)Hopf bifurcation and a periodic attractor is born which rep-
resents a travelling wave. The period of the periodic attractor at the
Hopf bifurcation value FH is computed using equation (4.5); the spa-
tial wave number l+1 (n) is given by equation (3.8). Note that the spatial
wave number is unbounded, whereas the period tends to a finite limit.

that the Lorenz-96 model cannot be obtained by discretising a
pde, contrary to what is sometimes claimed (Basnarkov & Ko-
carev, 2012; Reich & Cotter, 2015). The same also applies to pe-
riodic attractors for negative F — see case 1 in section 4.3.1. ¶

4.2.2 Symmetric waves

For positive forcing the first bifurcation of xF is not induced by
symmetry. Nevertheless, the fact that the index l1 varies with the
dimension results in a lot of different periodic orbits that can have
various or no symmetry and their own route to chaos. Below, we
will give a condition for which a periodic orbit has symmetry.

In order to check the symmetry of periodic orbits, we perform
the following numerical experiment. For a given dimension n we
follow the stable attractor for increasing or decreasing F. We fix
the value of the parameter F and integrate the system long enough
to obtain an attractor. After that, we check for repetition of the
coordinates of the attractor. The number of different coordinates
is then the dimension of the invariant subspace that contains the
stable attractor. Finally, we raise or lower F with a small step.
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Using this method, we investigated a few particular cases where
it is observed that the periodic orbit is symmetric. For instance,
for dimensions n = 5k, k = 1, . . . , 10, a pattern of attractors is
observed that are all invariant under γ5

n, which implies that they
are contained in Fix(G5

n) and inherit their properties partly from
the attractor of n = 5 — see section 5.2.2. This is confirmed by
the plots in figure 4.3, that shows the symmetry of the periodic
orbits for dimensions n = 5k, k = 1, . . . , 12. It can be seen that
for n = 55 and 60 a symmetric attractor in Fix(G5

n) becomes stable
after a non-symmetric attractor has disappeared.

Similarly, in e.g. n = 8, resp. n = 12 periodic orbits are observed
with wave number l = 2, resp. l = 2 and 3 that are contained in
Fix(G4

8), resp. Fix(G6
12) and Fix(G4

12) — see figure 4.4. In the same
figure we show that for n = 28 an attractor (with wave number
l = 6) exists that is contained in Fix(G14

28).
We therefore conjecture that when the spatial wave number l of

a periodic orbit xP(t) and the dimension n satisfy gcd(l, n) = g > 1,
then xP(t) ∈ Fix(Gn/g

n ), i.e. the periodic orbit generated through
the first Hopf bifurcation is symmetric. This phenomenon can be
explained by the fact that such a wave splits into g parts, where
each part constitutes a wave with wave number l/g that corres-
ponds to the wave in n/g. Note that this also includes the case
where gcd(l, n) = l, which is mentioned in (Lorenz, 2006b). Peri-
odic orbits with such a feature can arise in many dimensions, even
if they are unstable as they emerge from a later Hopf bifurcation
of the trivial equilibrium. Occurrence of symmetric attractors has
its consequences for the formation of patterns — see section 5.2.

4.3 travelling and stationary waves for negative F

4.3.1 Spatiotemporal properties

In section 3.3.4, we have shown that in almost all dimensions a
supercritical Hopf bifurcation occurs for F < 0, which is preceded
by zero, one or two pitchfork bifurcations, depending on the di-
mension. Here, we focus on the spatiotemporal properties of the
resulting periodic orbits in each case. For odd values of n, the peri-



4.3 travelling and stationary waves for negative F 93

 0

 10

 20

 30

 40

 50

 60

 0  2  4  6  8  10

D
im

en
si

o
n

 o
f 

in
v

ar
ia

n
t 

su
b

sp
ac

e

F

n =   5
n = 10
n = 15
n = 20
n = 25
n = 30
n = 35
n = 40
n = 45
n = 50
n = 55
n = 60

Figure 4.3: Plot of the dimension m of the invariant subspace Fix(Gm
n )

that contains the global attractor for various dimensions n = 5k, k =

1, . . . , 12, and positive F. In any dimension up to n = 50 an attractor is
generated through a Hopf bifurcation which is contained in Fix(G5

n).
For n = 55 and 60 first an attractor without symmetry dominates, but
for some larger values of F an attractor in Fix(G5

n) becomes globally
stable again.
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Figure 4.4: As Figure 4.3, but with various dimensions and positive F. For
n = 8 and 12 the global attractor corresponds to the one for n = 4. A
similar phenomenon occurs for dimensions n = 14 and 28.

odic attractors represent again travelling waves — similar to F > 0.
However, for n = 6 and F < 0 stationary waves occur, as will be
shown analytically. By means of numerical experiments we show
that stationary waves occur in general for even n and F < 0.
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case 1 : no pitchfork bifurcations For odd dimensions,
we have proven that the first bifurcation for F < 0 is a supercritical
Hopf bifurcation — see Proposition 3.21. A stable periodic orbit
appears for F < FH, which can be approximated again — for ε =√

FH − F sufficiently small — by formula (4.4), where we have to
change

√
F− FH into

√
FH − F, since the periodic orbit exists for

F < FH.
The wave number of the periodic orbit from the first Hopf bifur-

cation for F < 0 equals the index l−1 (n) =
n−1

2 of the corresponding
eigenvalue pair. As in the case F > 0, the wave number increases
linearly with n, but at a faster rate. Now, we can prove the follow-
ing for the period (4.5) of the wave:

Proposition 4.3. The period of the periodic attractor born at the first
Hopf bifurcation for F < 0 is given by

T = 2π tan
(
π(n− 1)

2n

)
= O(4n). (4.7)

Proof. The result is obtained as follows: using l’Hopital’s 0/0 rule
gives

lim
x→π/2

(π2 − x) tan(x) = lim
x→π/2

(π2 − x) sin(x)
cos(x)

= lim
x→π/2

− sin(x) + (π2 − x) cos(x)
− sin(x)

= 1.

Substituting x = π/2− π/2n yields

lim
n→∞

2π tan
(
π
2 −

π
2n

)
4n

= 1,

which in particular implies that

2π tan
(
π
2
− π

2n

)
= O(4n),

which is an estimation of the exact period by equation (4.5).
q.e.d.
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Figure 4.5: Periods — computed by equation (4.7) — of the periodic at-
tractor that appears after the first Hopf bifurcation of the equilibrium
xF for F < 0 and odd values of the dimension n.

The fact that the period of the waves scales with n implies that
— contrary to the case F > 0 — the period increases monotonically
with n and does not tend to a limiting value as n → ∞ — see
figure 4.5.

case 2 : one pitchfork bifurcation In the case of n =

4k + 2, k ∈ N, two supercritical Hopf bifurcations occur for the
equilibria ξ1

0,1 after a supercritical pitchfork bifurcation — see fig-
ure 3.4. For n = 6, the Jacobian (3.23) of the equilibrium ξ1

0 at
the Hopf bifurcation point F′H(6) = −

7
2 has eigenvalues equal to

±i
√

3 — see section 3.3.4. Numerical experiments with Mathe-
matica (Wolfram Research, 2016) show that the matrix J − i

√
3I

has a null vector of the form

v =
(

v0 v1 v0e2πi/3 v1e2πi/3 v0e−2πi/3 v1e−2πi/3
)>

,

where we can take

v0 = 6
√

2 + 2i,

v1 = 3
√

2 + 5
√

3− (5 +
√

6)i.
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Hence, using equation (4.2), the periodic orbit ξ1
P(t) — that origi-

nates from ξ1
0 via the Hopf bifurcation — can be approximated for

small F′H − F as

ξ1
P,0(t) =

−1 +
√
−1− 2F
2

+
ε
‖v‖ Re v0ei

√
3t +O(ε2),

ξ1
P,1(t) =

−1−
√
−1− 2F
2

+
ε
‖v‖ Re v1ei

√
3t +O(ε2),

ξ1
P,2(t) =

−1 +
√
−1− 2F
2

+
ε
‖v‖ Re v0ei(

√
3t+2π/3) +O(ε2),

ξ1
P,3(t) =

−1−
√
−1− 2F
2

+
ε
‖v‖ Re v1ei(

√
3t+2π/3) +O(ε2),

ξ1
P,4(t) =

−1 +
√
−1− 2F
2

+
ε
‖v‖ Re v0ei(

√
3t−2π/3) +O(ε2),

ξ1
P,5(t) =

−1−
√
−1− 2F
2

+
ε
‖v‖ Re v1ei(

√
3t−2π/3) +O(ε2).

(4.8)

Note that if ε =
√

F′H − F is sufficiently small, then ξ1
P, j(t) is al-

ways positive (resp. negative) for j = 0, 2, 4 (resp. j = 1, 3, 5). This
implies that the periodic orbit represents a stationary wave rather
than a travelling wave. The period of the wave is T = 2π/

√
3 and

the spatial wave number equals 3. These spatiotemporal proper-
ties are clearly visible in the left panel of figure 4.6, that displays
this wave.

We omit the expression for the first-order approximation for
the stable periodic orbit originating from ξ1

1, since it is almost
identical to equation (4.8): only the numerators 1−

√
−1− 2F and

1 +
√
−1− 2F need to be interchanged. Hence, the two coexisting

stable waves that arise from the two Hopf bifurcations of the equi-
libria ξ1

0 and ξ1
1 have the same spatiotemporal properties, but they

differ in spatial phase. This is indeed visible in the Hovmöller
diagrams in figure 4.6. These results show how the pitchfork bi-
furcation changes the mean flow and hence also the propagation
characteristics of the wave.

The question is whether stationary waves persist for dimen-
sions n > 6. To that end we conducted the following numerical
experiment. For all even dimensions 6 ≤ n ≤ 50 we used the
software package Auto-07p to continue numerically the equilib-
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Figure 4.6: As figure 4.1, but for two periodic attractors for n = 6 and F =

−3.6. These attractors are born at Hopf bifurcations of the equilibria
xP,1 (left) and xP,2 (right) at F′H = −7/2. Note that the waves are
stationary — i.e. they do not travel ‘eastward’ or ‘westward’. The
pitchfork bifurcation changed the mean flow which in turn changes
the propagation of the wave.

rium xF for F < 0 while monitoring the eigenvalues to detect bi-
furcations. At each pitchfork bifurcation we performed a branch
switch in order to follow the new branches of equilibria and de-
tect their bifurcations. Once the first Hopf bifurcation is detected
we can compute the period of the wave by equation (4.3) from the
eigenvalue pair ±ω0i that crosses the imaginary axis. It turns out
that if n = 4k + 2 for some k ∈ N, then the period of the peri-
odic attractor that is born at F′H(n) increases almost linearly with
n: fitting the function T(n) = α+ βn to the numerically computed
periods gives α = 0.36 and β = 0.59 — see figure 4.7.

Besides, the n components of the equilibria ξ1
0,1 that undergo

the Hopf bifurcations alternate in sign, as formula (3.19) shows.
Therefore, sufficiently close to the Hopf bifurcation the compon-
ents ξ1

P,0(t), . . . , ξ
1
P,n−1(t) of both periodic orbits will also altern-

ate in sign. Hence, the resulting stationary waves consists of
n/2 “troughs” and “ridges” which means that their wave num-
ber equals n/2.

case 3 : two pitchfork bifurcations If n equals n = 4k,
k ∈ N, then — after two subsequent pitchfork bifurcations — the
four equilibria ξ2

j , 0 ≤ j ≤ 3 exhibit a supercritical Hopf bifurca-
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Figure 4.7: Periods of the periodic attractor that appears after the first
Hopf bifurcation of a stable equilibrium for F < 0 and even values of
the dimension n. For clarity the cases n = 4k and n = 4k+ 2 have been
marked with different symbols in order to emphasize the differences
between the two cases.

tion simultaneously — see figure 3.5. Since this case is not analyt-
ically tractable, we perform a similar numerical experiment as for
case 2, but now for all even dimensions 4 ≤ n ≤ 48. We obtain
that for these n — contrary to n = 4k + 2 — the period of the
periodic attractor that appears after the Hopf bifurcation settles
down and tends to 1.92 as n → ∞ — see figure 4.7. The results
of these experiments — combined with the results in section 3.3.4
— reveal that the cases n = 4k and n = 4k + 2 are different both
qualitatively and quantitatively.

In spite of the aforementioned quantitative differences, the wave
numbers depend in the same way on n. Indeed, numerical invest-
igation shows that in this case the n components of the equilibria
ξ2

j , 0 ≤ j ≤ 3, that undergo a Hopf bifurcation alternate in sign as
well. Therefore, sufficiently close to the Hopf bifurcation the com-
ponents ξ2

P,0(t), . . . , ξ
2
P,n−1(t) of each periodic orbit will alternate

in sign and, hence, their wave numbers equal n/2 again.

4.3.2 Symmetric waves

Recall from section 2.3.1 that whenever x(t) is a solution of the
Lorenz-96 model, then, for any 1 ≤ j ≤ n, γ j

nx(t) is a solution as
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well. This also holds for a periodic solution xP(t) of system (2.1).
The orbits of xP(t) and γ

j
nxP(t) are either identical or disjoint by

uniqueness of solutions. In the first case both orbits differ at
most by a phase shift in time; in the second case we obtain a
new periodic solution γ

j
nxP(t) but whose spatiotemporal proper-

ties (i.e. the period and wave number) are the same as that of xP(t)
(Golubitsky et al., 1988).

In the Lorenz-96 model we observe numerically that the two or
four periodic orbits, generated through the Hopf bifurcations after
one or two pitchfork bifurcations, are indeed γn-conjugate to each
other. Because they all emerge from a different equilibrium, their
orbits must be disjoint, but they share the same spatiotemporal
properties.

To illustrate, consider case 2 in its smallest dimension, n = 6.
For F = −3.6 two disjoint periodic orbits exists, which are dis-
played in figure 4.8. The similarities between both periodic at-
tractors are clear. A comparison of their coordinates shows that
those of the right figure are shifted one place to the left with re-
spect to the left one, which implies that the periodic orbits are
γ6-conjugate. We point out that applying γ6 twice will result in
an identical periodic orbit with phase shift T/3.

An example for case 3 is given in figure 4.9, where two differ-
ent periodic attractors are displayed that are γ4-conjugate, which
means that they originate from the branches ξ2

j (F) and ξ2
j+1(F)

with 0 ≤ j ≤ 3 — see figure 3.5. This time, applying γ4 twice
to the periodic orbit from the branch of ξ2

j results in another dis-
joint periodic orbit, which originates from the γ2

4-conjugate equi-
librium ξ2

j+2, in agreement with what is found analytically — see
section 3.3.3.

In general dimensions n, the periodic orbits for F < 0 are due
to the symmetry related to each other as follows:

case 1 : If n is odd, then there exists one periodic orbit xP(t) that
satisfies γnxP(t) = xP(t + jT/n), where 1 ≤ j < n, i.e. it gets a
phase shift proportional to T/n such that after n iterations we
retrieve the orbit without phase shift.
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lowing the first and only pitchfork bifurcation. The coordinates x j,
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Figure 4.9: Time series of all coordinates x j of two periodic attractors
for n = 4 and F = −4.0, i.e. after the Hopf bifurcation following the
second pitchfork bifurcation. The coordinates x j, with j = 1, . . . , 4,
are coloured blue, red, green and black, respectively. Observe that
the periodic orbits are disjoint and γ4-conjugate to each other, which
means that they originate from the branches ξ2

k (left) and ξ2
j+1 (right)

with 0 ≤ j ≤ 3. The periodic orbits from the two other branches, ξ2
j+2

and ξ2
j+3, are obtained similarly, i.e. by applying γ4 two and three

times to the periodic orbit in the left panel.
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case 2 : For n = 4k + 2, k ∈ N, the two periodic orbits are γn-
conjugate. Applying γn twice returns the original periodic orbit
but with a phase shift equal to 2 jT/n, where 1 ≤ j < n.

case 3 : In dimensions n = 4k there are four different periodic
orbits of which three can be obtained from one by applying γn

subsequently one, two or three times, as in n = 4. Moreover,
when we apply γn four times, then the original periodic orbit
reappears with a phase shift equal to 4 jT/n, where 1 ≤ j < n.

Using the same method as in section 4.2 to investigate the sym-
metry of these periodic orbits, we observe that, in general, the
periodic orbits do not belong to any fixed-point subspace other
than Fix(Idn) = Rn, for dimensions up to 100. This might be due
to the fact that the Hopf bifurcation values F′H and F′′H are differ-
ent for each dimension, which leads to different periodic orbits
that do not inherit their properties from a lower dimension — see
section 3.3.4. However, in dimensions that are multiples of 6 we
observe a tendency for periodic attractors in Fix(G6

n) to become
stable after a while — see figure 4.10. This is observed in both
dimensions of the form n = 4k and n = 4k + 2, so it could be
the case that (even in dimensions n = 4k) this symmetric attrac-
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Figure 4.10: Plot of the dimension m of the invariant subspace Fix(Gm
n )

that contains the global attractor for various dimensions n = 6k,
k = 1, . . . , 5, and negative F. In any dimension, after one or two
pitchfork bifurcations a periodic orbit is generated with no symme-
try (i.e. contained only in Fix(Gn

n)). For slightly smaller F, a symmetric
attractor gains stability, which is any case contained in Fix(G6

n).
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tor originates (via a Hopf bifurcation) from the equilibria directly
after the first pitchfork bifurcation.

4.4 coexistence of multiple waves

The results of sections 3.3.4 and 4.3 show that for even n and F < 0
either two or four stable periodic orbits coexist for the same para-
meter values. This phenomenon is referred to as multistability in
the dynamical systems literature. An overview of the wide range
of applications of multistability in different disciplines of science
is given by Feudel (2008).

multistability in dimension 12 Multistability also occurs
when F > 0, but for a very different reason. For n = 12, Theo-
rem 3.2 and Proposition 3.7 imply that the first bifurcation of the
equilibrium xF for F > 0 is not a Hopf bifurcation, but a Hopf-Hopf
bifurcation — see also section 3.2.2. In section 2.2, we have intro-
duced an embedding of the Lorenz-96 model in a two-parameter
family (2.13) that unfolds the Hopf-Hopf bifurcation.

Figure 4.11 shows a local bifurcation diagram of the two-pa-
rameter Lorenz-96 model in the (F, G)-plane for n = 12 which
is numerically computed using MatCont (Dhooge et al., 2011) —
see also section 5.1.6. The Hopf-Hopf point is located at (F, G) =

(1, 0), as predicted, and act as an organising centre. In section 3.2.2
we have shown that the unfolding of this particular case is of “type
I in the simple case” as described by Kuznetsov (2004). This means
that from the Hopf-Hopf point only two curves of Neimark-Sacker
bifurcations (nss) emanate. In discrete-time dynamical systems
an ns is the birth of a closed invariant curve when a fixed point
changes stability through a pair of complex eigenvalues crossing
the unit circle in the complex plane. From a continuous-time sys-
tem — such as equation (2.13) — we can construct a discrete-time
system by defining a Poincaré return map of a periodic orbit. An
ns refers then to the birth of an invariant two-dimensional torus
when the periodic orbit changes stability by a pair of Floquet mul-
tipliers crossing the unit circle in the complex plane.
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Figure 4.11: Bifurcation diagram of the two-parameter system (2.13) in
the (F, G)-plane for n = 12. The Hopf-Hopf bifurcation point is loc-
ated at the point (F, G) = (1, 0) due to the intersection of the two
Hopf bifurcation lines H2 and H3. From this codimension two point
two Neimark-Sacker bifurcation curves NS2 and NS3 emanate which
bound a “lobe-shaped” region in which two periodic attractors coexist.
Compare with the analytical result in figure 3.1.

In order to explain the dynamics in a neighbourhood around
the Hopf-Hopf point, we now use figure 4.11 in combination with
the results in section 3.2.2 to describe the successive bifurcations
that occur for G = 0.1 fixed and increasing F. At F = 1.1 the
equilibrium xF becomes unstable through a supercritical Hopf bi-
furcation (the blue line given by H2(F) = F− 1; see equation (3.15))
and a stable periodic orbit with wave number 2 is born. At F = 1.2
the now unstable equilibrium undergoes a second Hopf bifurca-
tion (the red line given by H3(F) = 1

2 (F− 1); see equation (3.15))
and an unstable periodic orbit with wave number 3 is born. The
latter periodic orbit becomes stable at F ≈ 1.58 through a sub-
critical ns (orange curve NS3) and an unstable two-dimensional
invariant torus is born. Hence, for parameter values F > 1.58 two
stable waves with wave numbers 2 and 3 coexist until one of these
waves becomes unstable in a bifurcation. For all fixed values of
0 < G < 0.15 the same bifurcation scenario occurs, but the values
of F are different. For −0.06 < G < 0 the roles of the two Hopf
bifurcations and periodic orbits have to be interchanged — i.e. we
can exchange the wave numbers 2 and 3.
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The scenario described above shows how the presence of two
subcritical ns-curves emanating from a Hopf-Hopf bifurcation de-
termines a region of the (F, G)-plane in which two stable periodic
orbits coexist with an unstable two-dimensional invariant torus.
We will refer to this region as the “multistability lobe”. A similar
scenario has been found in, for example, dimension n = 36 — see
section 5.1.7 — and for many other dimensions — see below. Nev-
ertheless, such a phenomenon is not limited to the special case of
the Lorenz-96 model, but occurs near a Hopf-Hopf bifurcation of
type I in any dynamical system (Kuznetsov, 2004).

multistability in general Hopf-Hopf bifurcations are
abundant in the two-parameter Lorenz-96 model (2.13). The Hopf
lines described in equation (3.10) have a different slope for all
0 < l < n

2 and l 6= n
3 , and hence they mutually intersect each other.

This implies that the number of Hopf-Hopf points in the (F, G)-
plane grows quadratically with n, as demonstrated in Proposi-
tion 3.10. However, not all these points will have an influence
on the dynamics: if xF is already unstable, then any dynamical
object born through the Hopf-Hopf bifurcation will also be un-
stable. In what follows, we only consider the Hopf-Hopf bifurca-
tions through which xF can change from stable to unstable. We can
find such points as follows: starting from the Hopf line in equa-
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Figure 4.12: G-coordinates of Hopf-Hopf points as a function of n. Only
those Hopf-Hopf points are shown which destabilise the equilibrium
xF. For large values of n the Hopf-Hopf bifurcations are close to the
F-axis in the (F, G)-plane, which means that these points are likely to
affect the dynamics of the Lorenz-96 model for G = 0.
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Figure 4.13: Continuations of periodic orbits for three different dimen-
sions and G = 0. The period of the orbit is plotted as a function
of F. Stable (resp. unstable) orbits are indicated by solid (resp. dashed)
lines. Circles denote Neimark-Sacker bifurcations and triangles denote
period doubling bifurcations.

(a) Continuation for n = 40. The Hopf bifurcations generating the
waves with wave numbers 8, 9 and 7 occur at, respectively, F = 0.894,
F = 0.902, and F = 0.959. Clearly, for 1.15 < F < 2.79 three stable
periodic orbits coexist.

(b) Continuation for n = 60. The Hopf bifurcations generating
the waves with wave numbers 13, 12 and 14 occur at, respectively,
F = 0.891, F = 0.894, and F = 0.923. For 1.01 < F < 2.03 three stable
periodic orbits coexist.

(c) Continuation for n = 80. The Hopf bifurcations generating
the waves with wave numbers 17, 16 and 18 occur at, respectively,
F = 0.889, F = 0.894, and F = 0.902. For 0.93 < F < 2.78 three stable
periodic orbits coexist.
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tion (3.10) with l = l+1 (n) as defined by equation (3.8), we first
localise Hopf-Hopf points by computing the intersections with all
other lines. From these intersections we select those that satisfy
the condition max{Reλ j : j = 0, . . . , n− 1} = 0 — i.e. the points
at which all but two eigenvalue pairs have negative real parts.

Figure 4.12 shows the G-coordinates of these Hopf-Hopf points
as a function of n. Clearly, for large n there exist Hopf-Hopf points
which are very close to the F-axis, suggesting that the multista-
bility lobe that emanates from such points can intersect the F-
axis and hence influence the dynamics of the original Lorenz-96

model (2.1). Moreover, figure 4.12 shows that for n > 12 there
are always two Hopf-Hopf points by which xF can change from
stable to unstable. It is then possible that two multistability lobes
intersect each other, which leads to a region in the (F, G)-plane in
which at least three stable waves coexist.

Figure 4.13 shows bifurcation diagrams of three periodic orbits
as a function of F for G = 0 for n = 40, 60 and 80. For each
periodic orbit the continuation is started from a Hopf bifurcation
of the equilibrium xF. If xF is unstable, then so will be the periodic
orbit. However, when the boundary of a multistability lobe is
crossed, an ns occurs by which a periodic orbit can gain stability.
It turns out that for specific intervals of the parameter F even three
stable periodic orbits coexist. Since figure 4.12 shows that for large
values of n the Hopf-Hopf bifurcations are close to the F-axis, we
expect that the coexistence of three or more stable waves is typical
for the Lorenz-96 model.

The Hopf-Hopf bifurcation has been reported in many works.
A few examples are single-mode inversionless lasers (Wieczorek
& Chow, 2006) and in fluid dynamical models: baroclinic flows
(Moroz & Holmes, 1984), rotating cylinder flows (Marqués, et al.,
2002; Marqués, et al., 2003), Poiseuille flows (Avila, et al., 2006),
rotating annulus flows (Lewis & Nagata, 2003; Lewis, 2010), and
quasi-geostrophic flows (Lewis & Nagata, 2005). In all these ex-
amples, the coexistence of multiple waves is reported, where the
nature of these waves depends on the specific model.

u



5
R O U T E S T O C H A O S

In chapter 3 we have proven that the stable equilibria of the
Lorenz-96 model (2.1) eventually lose stability through either
a supercritical Hopf or a Hopf-Hopf bifurcation for all dimen-

sions n ≥ 4. At these bifurcations a periodic attractor is born
which has the physical interpretation of a travelling or stationary
wave — see chapter 4.

In this chapter, we explore the dynamics of the Lorenz-96 model
numerically for dimensions up to n = 100 and for F > 0 beyond
the first Hopf bifurcation. Thereby, we cover the parameter values
that are used most often in applications — see table 1.2.

Firstly, for a few dimensions we comment on routes to chaos
and the resulting attractors using tools such as continuation, integ-
ration, Poincaré sections and Lyapunov exponents. Our emphasis
is on the bifurcations through which the periodic attractor loses
stability and the first parameter value of F for which chaos sets
in. We designate the system to be chaotic whenever we measure
at least one positive Lyapunov exponent.

Moreover, a natural question is to what extent these bifurca-
tions depend on the dimension n. Therefore, the second part of
this chapter is devoted to the generalisation of the dynamics to
higher dimensions and to identify whether patterns can be found
in the bifurcations and routes to chaos.

107
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The numerical analysis is carried out using mainly the original
Lorenz-96 model (2.1). In some cases, the two-parameter mo-
del (2.13) turns out to be useful to explain features observed in
the one-parameter model. Whenever the two-parameter system
is used, this is stated explicitly — otherwise, G is assumed to be
equal to 0.11 Recall that we retrieve

the original model from
the two-parameter sys-
tem by setting G = 0.

The results in this chapter are mainly contained in (Van Kekem
& Sterk, 2018b).

5.1 individual routes to chaos

Beyond the bifurcation value FH(l+1 (n), n) for the first Hopf bifur-
cation we can encounter further bifurcations of the stable periodic
orbit. Eventually, this leads to chaotic behaviour. In this section,
we will discuss the routes to chaos and some features of the found
attractors for a few dimensions and positive F. We have selected
the dimensions n ≥ 4 that are small, generate potentially charac-
teristic dynamics for higher dimensions and also based on how
often they are used in other studies — see table 1.2. Note that the
widely used dimensions n = 8 and n = 40 are also discussed in
(Orrell & Smith, 2003).

In addition, due to multistability of attractors — see section 4.4
— different attractors might be involved in the route to chaos. For
negative F the coexistent periodic attractors have the same proper-
ties by symmetry, so one may study just one of them. For positive
F — the case that is discussed here — we only track the attractor
that is stable, show its bifurcations and how it evolves to chaos.
For example, in dimension n = 40, three stable periodic orbits co-
exist in some interval of parameter values, but before chaos sets
in already two of them became unstable.

5.1.1 Dimension n = 4

In the four-dimensional Lorenz-96 model there is only one Hopf
bifurcation, which takes place at FH(1, 4) = 1. Continuing the pe-
riodic attractor originating from this bifurcation numerically in F
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and plotting its period against F gives the diagram in figure 5.1.
The original periodic orbit disappears through a saddle-node bifur-
cation of limit cycles (lpc) at FLPC ≈ 11.8382. In figure 5.2 we ob-
serve chaos for parameter values F ≥ 11.84. Figure 5.3 compares
the periodic attractor for F = 11.83 with the chaotic attractor for
F = 11.9, while figure 5.4 shows time series of the first variable for
both parameter values. Observe that the dynamics for F = 11.9
alternates between approximate periodic behaviour and chaotic
behaviour. This is the classical type 1 intermittency scenario as de-
scribed in (Pomeau & Manneville, 1980; Eckmann, 1981). Note
that for intermittency we not only need an attractor that has dis-
appeared through a bifurcation, but we also need the global dy-
namics to be such that it enables recurrent visits to the location of
the formerly existing attractor in state space. In our case, such a
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Figure 5.1: Continuation of the periodic orbit for n = 4, originating from
the first Hopf bifurcation at FH. For parameter values where the cycle
is stable, the curve is coloured blue; where it is unstable, it is col-
oured red. The periodic attractor remains stable until F ≈ 5.0584
where it exchanges stability with another periodic attractor. However,
at F ≈ 8.9432 the original periodic attractor gains stability again. Also,
from F ≈ 8.5405 additional limit cycles are created through saddle-
node bifurcations of limit cycles (lpcs). Finally, at FLPC ≈ 11.8382, it
disappears through an lpc.



110 routes to chaos

-2

-1.5

-1

-0.5

 0

 0.5

 0  2  4  6  8  10  12

L
E

s

F

-0.15

-0.1

-0.05

 0

 0.05

 0.1

 11.83  11.835  11.84  11.845  11.85

L
E

s

F

Figure 5.2: Bifurcation diagrams of attractors in the Lorenz-96 model for
n = 4. The three largest Lyapunov exponents are plotted as a function
of the parameter F. At FLPC ≈ 11.8382 a periodic attractor disappears
through an lpc and a chaotic attractor is detected — see the magnific-
ation in the right panel. Compare with figure 5.1.

global mechanism might be provided by a heteroclinic structure,
as we will show below.

At F ≈ 8.5405 an additional limit cycle appears through an
lpc, which is stable for only a short interval. This bifurcation
is followed by more saddle-node bifurcations, which accumulate
for F between 11.73 and 11.77, as can be seen from figure 5.1.
This phenomenon suggests a homoclinic or heteroclinic structure
(Kuznetsov, 2004). Similar behaviour has been observed in other
atmospheric models (Van Veen, 2003). Analysis of the system for
this parameter value indicates a heteroclinic structure. At F ≈
8.8990, namely, four pairs of two equilibria appear through fold
bifurcations. By numerical continuation we found at F ≈ 12.0812
— the importance of this value will become clear in a moment —
the following coordinates for these equilibria:

x4
0 ≈ (−1.1822,−0.2331, 11.5431, 1.1263), (5.1)

y4
0 ≈ (−2.6682,−1.1663, 6.8133, 1.8484),

while the other six equilibria can be obtained by applying the cyc-
lic shift γ4 repeatedly, as explained in section 2.3.1.2 Both types2 Note that our notation

resembles the form of
the equilibrium (2.17).

of equilibria are hyperbolic saddles with three, resp. two, stable
eigenvalues. However, only at F ≈ 12.0812 (which is in the chaotic
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Figure 5.3: Plot of the attractors for n = 4 and F = 11.83 (red) and F =

11.9 (grey). At F = 11.83 we have a stable periodic orbit, whereas
F = 11.9 gives a chaotic attractor which partly resembles the stable
periodic orbit. See also figure 5.4.
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Figure 5.4: Time series of the first coordinate for the attractors from fig-
ure 5.3 with n = 4 and F = 11.83 (red, periodic) and F = 11.9 (black,
chaotic). The black curve shows alternating dynamics between ap-
proximate periodic and chaotic behaviour which is typical for inter-
mittency.
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region) we have numerically detected a heteroclinic cycle between
the equilibria x4

j , 0 ≤ j ≤ 3, using MatCont. A continuation
of these connections in the (F, G)-plane for the two-parameter sys-
tem does not yield any other value F for which a heteroclinic cycle
exist at G = 0. The heteroclinic cycle for (F, G) ≈ (12.0812, 0) is
shown in figure 5.5. Notice the similarity between the right panel
and the periodic attractor in figure 5.3.
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Figure 5.5: Heteroclinic cycle with four orbits connecting the equilib-
rium (5.1) and its three γ4-conjugates for n = 4 and F ≈ 12.0812 in
three coordinates (left panel). The right panel is a projection on the
(x1, x2)-plane and shows also the location of the equilibria. Notice the
resemblance to the periodic attractor in figure 5.3.

5.1.2 Dimension n = 5

For n = 5, the first bifurcation after the Hopf bifurcation at FH(1, 5)
≈ 0.8944 is a period-doubling bifurcation (pd) which occurs at FPD,1 ≈
3.9379. This is followed by more pds: the next three pds occur
for the parameter values FPD,2 ≈ 4.9819, FPD,3 ≈ 6.3715, FPD,4 ≈
6.6410, consecutively.

The bifurcation diagrams in figure 5.6 suggest that a cascade
of period-doubling bifurcations takes place. After the cascade, a
chaotic attractor is detected at F = 6.72 — see figure 5.7. The
Poincaré section of this attractor appears to have the structure of a
fattened curve. This suggests that the attractor is of Hénon-like type,
which means that it is the closure of an unstable manifold of an
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Figure 5.6: Bifurcation diagrams for dimension n = 5. The left panel
shows the attractors of the Poincaré return map defined by the sec-
tion Σ = {x1 = 0}; the right panel shows the three largest Lyapunov
exponents of the Lorenz-96 model as a function of the parameter F.

unstable periodic point of the Poincaré map. We have numerically
detected an unstable periodic orbit at F = 6.72, which corresponds
to an unstable period-3 point for the Poincaré return map to the
section Σ = {x1 = 5}. The unstable manifold of this period-3
point was computed with standard numerical techniques which
are described in (Simó, 1990). Figure 5.8 shows a magnification
of the unstable manifold along with the attractor of the Poincaré
map. The two plots are in very good agreement with each other.
Therefore, we conjecture the attractor in figure 5.7 to be the closure
of the unstable manifold of an unstable periodic orbit.

The bifurcation scenario of n = 5 turns out to be typical for
higher dimensions that are multiples of 5. We will discuss this
observation later on in section 5.2.2.

5.1.3 Dimension n = 6

For n = 6, the first bifurcation after the Hopf bifurcation at FH(1, 6)
= 1 is a Neimark-Sacker bifurcation (ns), which occurs at FNS ≈
5.4567. At this bifurcation the periodic attractor loses stability
and gives birth to a quasi-periodic attractor in the form of a two-
dimensional torus — see figure 5.9. The attractor becomes chaotic
for F > 6.31.
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Figure 5.7: A chaotic attractor (left panel) for (n, F) = (5, 6.72), which is
after the pd-cascade, and a corresponding Poincaré section defined by
Σ = {x1 = 5} (right panel). The latter appears to have the structure of
a fattened curve. See also figure 5.8.
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Figure 5.8: Magnification of the Poincaré section in the right panel of
figure 5.7 (left panel) and the unstable manifold of the period-3 point
of the Poincaré return map at the same parameter values (right panel).
The plots agree very well with each other which suggests that the
attractor in figure 5.7 is the closure of the unstable manifold of the
unstable period-3 point.
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Figure 5.9: A 2-torus attractor (left panel) for (n, F, G) = (6, 5.6, 0) after the
ns bifurcation and the corresponding invariant circle of the Poincaré
return map defined by the section Σ = {x1 = 0} (right panel).
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Figure 5.10: The three largest Lyapunov exponents of the Lorenz-96

model as a function of the parameter F for (n, G) = (6, 0) (left panel)
and a Lyapunov diagram in the parameters (U, V) defined by the af-
fine transformation (F, G) = (U + 6V + 1, 0.35 V − 0.25) (right panel).
The colour coding for the right panel is almost the same as in table 5.1,
except that blue indicates a periodic attractor for wave number l = 1.
The Arnol’d tongues emanating from the ns-curve are clearly visible.

The Lyapunov diagram in figure 5.10 (left panel) clearly shows
alternating intervals of periodic behaviour and quasi-periodic be-
haviour. This phenomenon can be clarified by the two-parameter
system (2.13). In the (F, G)-plane this alternation organises itself
in the form of the well-known Arnol’d resonance tongues, which em-
anate from the ns-curve (Kuznetsov, 2004). For a better visualisa-
tion of these tongues the affine transformation (F, G) = (U + 6V +
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1, 0.35 V − 0.25) has been used to obtain the panel on the right of
figure 5.10. The original Lorenz-96 model is then parametrised by
the line V = 5

7 , with the ns-point FNS at (U, V) ≈
(
0.1709, 5

7
)
.

5.1.4 Dimension n = 7

Figure 5.11 shows the bifurcation diagram of the Lorenz-96 model
for dimension n = 7. The equilibrium xF becomes unstable at F ≈
1.1820 through a supercritical Hopf bifurcation. The periodic at-
tractor remains stable until F ≈ 2.7171 where it bifurcates through
a Neimark-Sacker bifurcation. The resulting 2-torus attractor re-
mains stable until F ≈ 4.2720 where it disappears through a quasi-
periodic saddle-node bifurcation (Broer, et al., 1990; Broer & Takens,
2011). Figure 5.12 shows a Poincaré section of the quasiperiodic
attractor before the bifurcation and the chaotic attractor just after
the bifurcation. The trace of the formerly existing 2-torus attractor
is clearly visible. The dynamics is characterized by alternations
between quasi-periodic and chaotic dynamics. This is a form of
intermittency but of a different nature than type 2 intermittency
described by Pomeau & Manneville (1980) since the latter scenario
involves the disappearance of a stable periodic orbit instead of a
2-torus attractor.
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Figure 5.11: Bifurcation diagram of attractors in the Lorenz-96 model for
n = 7. The three largest Lyapunov exponents are plotted as a function
of the parameter F. In this case a 2-torus attractor disappears through
a quasi-periodic saddle-node bifurcation which leads to a chaotic at-
tractor.
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Figure 5.12: A quasi-periodic attractor of the Lorenz-96 model for n = 7
and F = 4.0 (left) and a chaotic attractor for F = 4.4 (right) plotted in
the Poincaré section x1 = 2.5.

5.1.5 Dimension n = 8

The case n = 8 shows an interesting example of inheritance of
(part of the) dynamics due to symmetry — see also section 4.2.
Here, for specific parameter values two attractors coexist, of which
one is symmetric and one is non-symmetric (Orrell & Smith, 2003).
The symmetric attractor is born as periodic attractor at the first
Hopf bifurcation (at FH(2, 8) = 1) and is contained in Fix(G4

8),
so that — by Proposition 2.6 — it inherits its dynamics from the
attractor of dimension n = 4. Indeed, the symmetric attractor un-
dergoes exactly the same bifurcations (except for the pd) and the
corresponding blue curve in figure 5.13 is similar to the curve in
figure 5.1 (up to at least the third lpc) with again an accumulation
of lpcs.

It turns out that the non-symmetric attractor emanates from the
symmetric attractor via a pd at FPD ≈ 2.7747 (Orrell & Smith, 2003)
— see also figure 5.13. Chaos is observed for F > 3.76. Note that
after the pd (and even after the point where chaos sets in) the
dynamics can still converge to the symmetric attractor provided
that the initial conditions are chosen inside Fix(G4

8); otherwise, the
orbit is attracted by the non-symmetric attractor.
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Figure 5.13: Continuation of the two attractors — a symmetric (blue line)
and a non-symmetric one (black line) — for n = 8. The dotted line is to
guide the eye. The non-symmetric attractor, created at the pd, exhibits
two nss before chaos sets in for F > 3.76. The bifurcation sequence of
the symmetric attractor is similar to the one of the attractor for n = 4
— compare with figure 5.1. From F ≈ 8.5406 additional limit cycles are
created through saddle-node bifurcations of limit cycles (lpcs). Finally,
at FLPC ≈ 11.8382, it disappears through a saddle-node bifurcation.

5.1.6 Dimension n = 12

Part of the dynamics for this dimension is already explained in
section 3.2.2 and 4.4. Here, we present the results of our numerical
exploration which support the analytical results very well.

Recall that the first bifurcation of the trivial equilibrium for
G = 0 is a Hopf-Hopf bifurcation, which is rather exceptional for
the original Lorenz-96 model. This codimension two point acts
as an organising centre, as explained in section 3.2. Two codi-
mension one ns-curves originate from this bifurcation point, each
corresponding to one of the wave numbers l = 2 or l = 3. The
local bifurcation diagram obtained using MatCont is presented
in figure 5.14 and should be compared with the analytically com-
puted bifurcation diagram in figure 3.1.
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In the region enclosed by both ns-curves multistability occurs,
due to the coexistence of the periodic attractors for both l = 2
and l = 3. Both attractors are plotted for the same parameter
values (F, G) = (1.5, 0) in figure 5.15. Together with their Hov-
möller diagrams in figure 5.16, this shows that both waves are of
a different nature. Multistability is also reflected by the Lyapunov
diagrams in figure 5.17. The left (resp. right) panel is obtained by
fixing the parameter F and increasing (resp. decreasing) the para-
meter G. Along each vertical line in the parameter plane we have
used the last point on the attractor detected in the previous step
as an initial condition for the next one. In both diagrams we have
used a grid of size 1000 by 1000. The colouring for each region
is explained in table 5.1. Figure 5.17 clearly shows that there is a
region in the parameter plane where two different periodic attrac-
tors coexist. Also note that the bifurcation curves of figure 5.14 are
clearly visible in these diagrams. Lastly, figure 5.17 shows the role
of the Hopf-Hopf bifurcation as organising centre, that influences
a large portion of the parameter space as well as the phase space.
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Figure 5.14: Local bifurcation diagram for n = 12 around the Hopf-Hopf
bifurcation point obtained by numerical continuation. The blue and
red lines are the Hopf bifurcation curves (3.10) for l = 2 and l = 3,
respectively. The light-blue and orange curves are ns-curves for the
periodic orbit originating from the Hopf bifurcation with l = 2 and
l = 3, respectively. The ns-curve for l = 3 ends at the corresponding
Hopf line. The points on the ns-curves denote other codimension two
bifurcations. Also compare with figure 3.1 and 5.17, both indicating
the (global) dynamics in each region.
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Figure 5.15: Projections onto the (x1, x2)-plane of coexisting periodic
attractors with wave numbers l = 2 (blue) and l = 3 (red) for
(n, F, G) = (12, 1.5, 0), which is in the region enclosed by the two ns-
curves where multistability occurs — see figure 5.14.
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Figure 5.16: Hovmöller diagrams of the periodic attractors from fig-
ure 5.15 with wave numbers l = 2 (left panel) and l = 3 (right panel)
for (n, F, G) = (12, 1.5, 0). The value of x j(t) is plotted as a function of
t and j. For visualisation purposes linear interpolation between x j and
x j+1 has been applied in order to make the diagram continuous in the
variable j. Note that the difference in both the period and the wave
number is clearly visible.
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the bifurcation curves shown in figure 5.14 are clearly visible.

Table 5.1: Colour coding for the Lyapunov diagram in figure 5.17.

colour type of attractor

Red Stable equilibrium

Blue Periodic attractor for l = 2

Green Periodic attractor for l = 3

Grey Quasi-periodic attractor

Black Chaotic attractor

5.1.7 Dimension n = 36

Dimension n = 36 provides another illustration of the phenome-
non that two or more stable attractors can coexist when a Hopf-
Hopf bifurcation occurs for a small value of G and close to the
first Hopf bifurcation. we observe again coexistence of attrac-
tors, like in the case n = 12 — see section 4.4. The Hopf-Hopf
bifurcation that induces this phenomenon occurs at the intersec-
tion of the Hopf-lines for wave numbers l = 7 and l = 8 where
(F, G) ≈ (0.9196, 0.0144), i.e. close to the F-axis. Note that these
wave numbers correspond to the first two Hopf bifurcations of the
trivial equilibrium for F > 0 and G = 0. From the normal form
coefficients, we deduce that the Hopf-Hopf bifurcation is of the
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same type as for n = 12, meaning that only two ns-curves arise
from the codimension two point — see section 3.2.2. The local bi-
furcation diagram in figure 5.18 shows these two curves together
with their corresponding Hopf-lines. The blue ns-curve (corres-
ponding to l = 7) intersects the line G = 0 at F ≈ 0.9093, so we
can observe multistability in the one-parameter model (2.1) for F
somewhat larger than this value. Again, the Hopf-Hopf bifurca-
tion point acts as an organising centre.

In figures 5.19 and 5.20 the Lyapunov diagrams are shown for
l = 7 and l = 8, respectively, with G = 0 fixed. For wave
number l = 7, the first bifurcation after the Hopf bifurcation at
FH(7, 36) ≈ 0.9025 is the mentioned ns at F ≈ 0.9093, which is fol-
lowed by another ns at F ≈ 4.3891. The resulting quasi-periodic
attractor then bifurcates to a 3-torus — see below. For l = 8, a
stable periodic attractor originates from the supercritical Hopf bi-
furcation at FH(8, 36) ≈ 0.8982. This attractor exhibits a pd at
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Figure 5.18: Local bifurcation diagram obtained by numerical continu-
ation for n = 36 around the Hopf-Hopf bifurcation point at (F, G) ≈
(0.9196, 0.0144). The blue and red lines are the Hopf bifurcation curves
for l = 7 and l = 8, respectively. The light-blue and orange curves are
ns-curves for the periodic orbit originating from the Hopf bifurcation
with l = 7 and l = 8, respectively. The box magnifies the region
around the Hopf-Hopf point and the line G = 0.
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F ≈ 3.1555 and becomes unstable via a subcritical ns at F ≈ 3.1626,
which can be seen from the right panel of figure 5.20. The only
stable attractor for F > 3.1626 is the one with wave number l = 7.
This is reflected in the Lyapunov diagrams of figure 5.20, where
the Lyapunov exponents take up the values for l = 7 right after
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Figure 5.19: The three largest Lyapunov exponents of the Lorenz-96

model as a function of the parameter F for n = 36 and wave num-
ber l = 7 (left panel). The right panel is a magnification of the right
part of the left panel, which displays the appearance of a 3-torus for
F ∈ [4.45, 4.48]. In both panels G = 0.
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Figure 5.20: The three largest Lyapunov exponents of the Lorenz-96

model as a function of the parameter F for n = 36 and wave num-
ber l = 8 (left panel). The right panel shows a magnification of the
left panel around F = 3.15, showing the disappearance of the stable
attractor for l = 8 at F ≈ 3.1626. For larger F the Lyapunov exponents
take up the values of the stable attractor with wavenumber l = 7 —
see figure 5.19. In both panels G = 0.
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the subcritical ns at F ≈ 3.1626 — compare with figure 5.19. These
observations show that the region of multistability is bounded for
G = 0.

The Lyapunov diagram in the right panel of figure 5.19 sug-
gests that for G = 0 a 3-torus exists in a small interval of F-values
before chaotic attractors are observed. Figure 5.21 shows a 3-torus
attractor for (n, F, G) = (36, 4.45, 0) together with a corresponding
2-torus attractor from a Poincaré section defined by Σ = {x1 = 2}.
The occurrence of an attractor in the form of a 3-torus has also
been observed for n = 24 (not shown). Newhouse, Ruelle and
Takens (Newhouse, et al., 1978) proved that small perturbations of
a quasi-periodic flow on the 3-torus can lead to strange Axiom A
attractors. Concrete routes of the nrt-scenario were reported in
(Broer et al., 2008a; Broer, et al., 2008b) in the setting of a model
map for the Hopf-saddle-node bifurcation in diffeomorphisms.
Some techniques to study bifurcations of 3-tori in continuous-time
dynamical systems are described in (Kamiyama, et al., 2015). Un-
ravelling the bifurcations of 3-tori and the associated routes to
chaos in the Lorenz-96 model is left for future research.
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Figure 5.21: A 3-torus attractor (left panel) for (n, F, G) = (36, 4.45, 0) and
the corresponding 2-torus attractor of the Poincaré return map defined
by the section Σ = {x1 = 2} (right panel).
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5.1.8 Dimension n = 40

For n = 40 we found coexistence of three stable periodic orbits,
each with its own bifurcation sequence — see section 4.4 and, in
particular, figure 4.13a. Dimension n = 40 is also partly covered
by the case n = 5, since the periodic attractor originating from
the first Hopf bifurcation at FH ≈ 0.8944 is contained in Fix(G5

40).
Hence, Proposition 2.6 applies again, implying an attractor with a
similar bifurcation pattern. A generalisation of this phenomenon
to dimensions divisible by 5 is discussed in section 5.2.2.

5.2 patterns

5.2.1 General dimensions

We now want to compare the routes to chaos that are observed
in several dimensions to reveal possible general patterns. The
diagram in figure 5.22 shows the bifurcations for various dimen-
sions n and F > 0. To obtain this diagram, we followed only the
stable attractor (starting with the one generated through the first
Hopf bifurcation) numerically, until chaos sets in for the first time.
The parameter values where chaos sets in are estimated by means
of the Lyapunov diagrams — such as figures 5.19 and 5.20 — and
are also indicated in figure 5.22. For all dimensions shown chaos
sets in for F ∈ (3, 7), except for n = 4 where we observe chaos for
F ≥ 11.84.

As can be seen from the diagram, there are various routes to
chaos, but a clear pattern for all n cannot be discerned. Nonethe-
less, a pattern is observed for dimensions n ≤ 100 where n is a
multiple of 5, which will be discussed in the next section. Further-
more, we point out that the bifurcation scenarios, as well as the
dynamical behaviour — as described in section 5.1 — of a certain
dimension m might be extrapolated to all dimensions km, k ∈ N,
by Proposition 2.6. This provides the bifurcation scenarios for at-
tractors in which symmetry is involved in the form of symmetric
periodic orbits and symmetric attractors in n = km, namely, at-
tractors whose spatial wave number satisfies gcd(l, n) = k — see
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we only show bifurcations of the stable orbits which lead eventually to
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section 4.2. However, as pointed out earlier in this thesis, this
does not provide the full bifurcation scenario, but only the invari-
ant subspace Fix(Gm

n ) — i.e. for the symmetric attractor, as we
have seen in the case n = 8, for instance. It may happen that —
apart from this symmetric attractor — there exists another attrac-
tor without any symmetry, that is contained in R\ Fix(Gm

n ). Such
a coexistence of multiple stable attractors can occur due to the
presence of a Hopf-Hopf bifurcation, as discussed in section 4.4.
Attractors with different wave numbers and sometimes also dif-
ferent symmetries thus appear. Using arbitrary initial conditions,
one most likely encounters the non-symmetric attractor — an orbit
is only attracted to a symmetric attractor if the initial conditions
are chosen with the same symmetry. In general, these attractors
do not have the same bifurcation scenarios.

For negative F, we observed that there are only three different
bifurcation patterns for all n ∈ N that lead to periodic orbits —
see section 4.3. This might also have consequences for the num-
ber of routes to chaos. Further research is needed to unravel the
bifurcation patterns and routes to chaos for F < 0.

5.2.2 Dimensions n = 5k

In section 5.1.2 it was shown that a period-doubling cascade oc-
curs for dimension n = 5. It turns out by numerical continuation
that the period-doubling bifurcations (pds) persist in all dimen-
sions that are multiples of 5, up to n = 100. Figure 5.23 shows
the bifurcation scenarios for these dimensions. For each n = 5k,
with k = 1, . . . , 10, the bifurcation values of the first Hopf bifurca-
tion and the first period-doubling are exactly the same as in the
case of n = 5. From n = 55 on the pattern deviates, because the
parameter value of the first Hopf bifurcation changes and, hence,
the periodic orbit does not inherit its properties from the case
n = 5 anymore — see below. Indeed, a Neimark-Sacker bifurca-
tion (ns) is now the first bifurcation after the Hopf bifurcation, but
the torus originating from this bifurcation disappears for slightly
larger F and we seem to have again the pd-pattern with a pd at
FPD ≈ 3.9379 as before.
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Figure 5.23: As figure 5.22, but for n = 5k, k = 1, . . . , 20. For n ≥ 55, the
Hopf bifurcation value changes and an ns appears before the usual pd,
that persists up to at least dimension n = 100.
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This phenomenon can be explained by the wave number of the
periodic attractor after the first Hopf bifurcation — see section 4.2.
It turns out that for n = 5k, with k = 1, . . . , 10, the wave number
l+1 (n) of this attractor is exactly equal to k. Hence, we have

n
l+1 (n)

=
n
k
= 5 ∈ N

and therefore the periodic attractor has repeating coordinates with
x j+5 = x j for all 1 ≤ j ≤ n and indices modulo n. This im-
plies that the travelling wave is contained in the invariant sub-
space Fix(G5

n) ⊂ Rn. For any n = 5k, the dynamics restricted to
Fix(G5

n) is governed by the Lorenz-96 model for n = 5 by Proposi-
tion 2.6.

For n ≥ 55 this phenomenon breaks down, since the wave
number l+1 of the periodic attractor no longer satisfies the relation
gcd(n, l+1 ) > 1. Nevertheless, it appears that this periodic attractor
becomes unstable and that again the symmetric periodic attractor
with wave number n/5 takes up stability — see section 4.2. How-
ever, this is not guaranteed to happen in general, especially for
higher dimensions, since the quotient n/l+1 (n) for the first peri-
odic attractor converges to a non-integer number for n → ∞ as
shown in Proposition 4.1. Therefore, for increasing n an increas-
ing number of stable and unstable periodic attractors is generated
— via Hopf bifurcations with FH(l, n) > FH(l+1 , n) — whose wave
numbers l satisfy n/l+1 (n) < n/l < 5 and so it may become more
rare to find a stable periodic attractor which inherits its dynamics
from the case n = 5.

u





6
S U M M A RY A N D C O N C L U S I O N S

This dissertation dealt with the Lorenz-96 model, con-
structed by Lorenz (2006a) as a test model to study the
predictability of the atmosphere. The main goal of the cur-

rent work was to unravel the dynamical structure of the Lorenz-96

model. To achieve this, we explored and exploited the symmetry
of the model and analysed the bifurcations of the stable attractors
using both analytical and numerical means.

A clear overview of the transition of the stable trivial equilib-
rium (2.7) via different bifurcations into one or more stable peri-
odic orbits is obtained for any dimension n. The spatiotemporal
properties of these periodic attractors are investigated, as well as
their routes to chaos for F > 0. These properties and routes de-
pend very much on the dimension; therefore, our research ques-
tion asks especially which bifurcations persist and which dynami-
cal properties stabilise in the limit n→ ∞.

In the following, we will briefly review the major contributions
of this thesis and discuss corresponding issues. Thereafter, we
draw the main conclusions of our findings. We end with a list
of open questions that arise from our results to motivate further
investigation of the Lorenz-96 model.
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6.1 summary of results

symmetries First of all, the Lorenz-96 model (1.4) is in any
dimension equivariant with respect to a cyclic left shift γn, which
makes the group of symmetries of the model isomorphic to Zn.
Every subgroup of symmetries gives rise to an invariant manifold.

An important result of chapter 2 is that these invariant mani-
folds allow us to extrapolate results that are proven for a certain
dimension n to all multiples of n. However, this method does
not guarantee to give the complete bifurcation pattern and route
to chaos for any multiple of the lowest possible dimension, but
only the dynamics restricted to the corresponding invariant man-
ifold. It is also possible that another bifurcation will take place
before the phenomena extrapolated from low dimension and thus
a different attractor gains stability. These phenomena are indeed
observed in chapter 5. The use of invariant manifolds — together
with the symmetrical nature of the Lorenz-96 model — enhances
our understanding of the model and its dynamics.

bifurcations and waves for F > 0 The equilibrium xF —
which has full symmetry — plays a crucial role in the dynamics
for parameter values F close to 0. For both positive and negative
forcing we have demonstrated in chapter 3 how this equilibrium
loses stability and bifurcates eventually into one or more stable
periodic attractors.

Let us first discuss the case F > 0. For all dimensions n ≥ 4 it
has been proven that xF exhibits one or more Hopf and Hopf-Hopf
bifurcations. Also, it has been shown that if the first bifurcation for
F > 0 is not a Hopf-Hopf bifurcation, then it is a supercritical Hopf
bifurcation by providing an exact formula for the first Lyapunov
coefficient. This formula holds for all Hopf bifurcations of xF,
including the ones for negative F.

We have shown in chapter 4 that the stable periodic orbits,
emerging from the Hopf bifurcations for F > 0, have the physi-
cal interpretation of travelling waves. Their spatial wave number
is equal to the index of the eigenpair that crosses the imaginary
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axis and increases linearly with n. In contrast, their period tends
to a finite limit as n→ ∞.

The influence of symmetry on the dynamics of the Lorenz-96

model for F > 0 is not very large. The bifurcations mentioned
above are not initiated by the symmetry. On the other hand, a
periodic attractor has symmetries when its spatial wave number l
has a divisor in common with the dimension of the model, i.e.
gcd(l, n) = g > 1. In that case, the periodic attractor is contained
in Fix(Gn/g

n ). It might be possible to find more symmetries via
other equilibria than the trivial one, but it is in general nontrivial
to locate them.

organising centre In chapter 3 a necessary and sufficient
condition has been proven for Hopf-Hopf bifurcations of xF to
occur for F > 0. To unfold these codimension two bifurcations
we introduced the two-parameter model (2.13) by adding an ex-
tra parameter G to the Lorenz-96 model via a Laplace-like diffu-
sion term. For this particular unfolding the Hopf bifurcations of
the trivial equilibrium are given by straight lines in the (F, G)-
plane and their intersections give Hopf-Hopf bifurcations. We
have shown that such a codimension two bifurcation point acts
as an organising centre in the original model when it destabilises
the equilibrium xF and when it occur for G close to 0.

To illustrate, in the special case of dimension n = 12 a Hopf-
Hopf bifurcation lies on the line G = 0 and is in fact also the
first bifurcation through which the trivial equilibrium bifurcates
for F > 0 in the original model. Two Neimark-Sacker bifurca-
tion curves emanate from the Hopf-Hopf point and bound a lobe-
shaped region in the (F, G)-plane in which two stable travelling
waves with different wave numbers coexist, as shown in chapter 4.
Since this region actually intersects the line G = 0, multistability
also occurs in the original Lorenz-96 model, meaning that differ-
ent stable waves coexist for the same parameter values.

In general, we find two Hopf-Hopf bifurcations near the F-axis
for all dimensions n > 12, that can create two multistability lobes
intersecting each other. This phenomenon leads to the coexistence
of three stable waves for G = 0 and an interval of F-values. To
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conclude, adding an extra parameter to the Lorenz-96 model helps
to explain the dynamics that is observed in the original model.

bifurcations and waves for F < 0 For F < 0, we show
in chapter 3 that the bifurcation pattern of the stable attractor de-
pends on the dimension of the model. We can distinguish three
different cases. Firstly, the case of odd dimensions for which sym-
metry does not play a role:

1. For odd n, the first bifurcation of the equilibrium xF is a su-
percritical Hopf bifurcation, similar to the case of positive F —
see above. The periodic attractor that appears after the Hopf
bifurcation is a travelling wave, whose wave number equals
(n− 1)/2 and the period scales as O(4n).

The other two cases are both for even dimensions, where symme-
tries play an important role in the dynamics. Using a theorem on
bifurcations in Zn-equivariant dynamical systems, we have proven
analytically the existence of a supercritical pitchfork bifurcation
at FP,1 = − 1

2 in dimension n = 2. Consequently, by utilising
the invariant manifolds, we establish that in any even dimension
a pitchfork bifurcation takes place at FP,1 as the first bifurcation
of xF. Besides, a pitchfork bifurcation gives rise to two stable γn/2

n -
conjugate equilibria, whose bifurcations depend again on the di-
mension:

2. If n = 4k + 2 for some k ∈ N, then each of these two equilibria
undergoes a supercritical Hopf bifurcation.

3. If n = 4k, k ∈ N, the conjugate equilibria have enough sym-
metry left, such that a second, successive pitchfork bifurcation
occurs at FP,2 = −3. Again, this is analytically shown for the
smallest dimension n = 4. All four stable equilibria, generated
through this second pitchfork bifurcation, exhibit a supercriti-
cal Hopf bifurcation subsequently.

The occurrence of pitchfork bifurcations before the Hopf bifurca-
tion leads again to multistability: the Hopf bifurcations that occur
for all stable equilibria after one, resp. two, pitchfork bifurcations
lead to the coexistence of two, resp. four, stable periodic attractors.
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It is shown that these attractors represent stationary waves in the
model. The role of the pitchfork bifurcation is to change the mean
flow which in turn changes the propagation of the wave.

Additionally, numerical investigation showed that there are more
successive pitchfork bifurcations if the dimension is divisible by
larger powers of two. Let the dimension be uniquely given by
n = 2qp, where q is a non-negative integer and p is odd. We
then conjecture that in any dimension n the number of success-
ive pitchfork bifurcations is exactly equal to q. However, to prove
this result analytically is a nontrivial task, since obtaining explicit
formulae for the nontrivial equilibria that arise from each pitch-
fork bifurcation is not feasible and, moreover, their Jacobian is no
longer circulant. Besides, to prove other dynamical properties bey-
ond the l-th pitchfork bifurcation becomes increasingly difficult,
since the lowest dimension needed is n = 2l and thus increases
exponentially with l. On the other hand, once we have found
an equilibrium in a certain invariant subspace Fix(Gm

n ), the rela-
tion (3.25) guarantees that the m− 1 conjugate equilibria have the
same properties.

patterns Finally, in chapter 5 we have numerically investi-
gated the dynamics of the model for dimensions up to n = 100
and parameter values F > 0 beyond the first Hopf bifurcation
value. We focused in particular on the routes to chaos of the peri-
odic attractors. For general n, these routes are numerous and can
comprise intermittent transitions, period-doubling cascades and
possibly Newhouse-Ruelle-Takens scenarios.

A pattern of attractors with a persisting period-doubling bifur-
cation has been observed for n = 5k, k = 1, . . . , 10. This phenom-
enon can be explained by the invariant manifolds. However, the
pattern is interrupted at k = 11, since another bifurcation takes
place before the phenomena extrapolated from low dimension and
thus a different attractor gains stability.

Furthermore, in dimension n = 4 a periodic attractor disap-
pears through a saddle-node bifurcation of limit cycles. After this
bifurcation intermittency is detected, which is possibly explained
by a nearby heteroclinic cycle between four equilibria. A similar
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bifurcation scenario is found for n = 8 for a symmetric attractor,
which coexists with a non-symmetric attractor. In general, due
to the fact that symmetric attractors are contained in a nontrivial
invariant subspace Fix(Gm

n ), they inherit their properties from the
attractor in dimension m. Thus, they cause repeating dynamics.

6.2 major conclusions

The results in this thesis provide a coherent overview of the bi-
furcation patterns and the spatiotemporal properties of the result-
ing waves in the Lorenz-96 model for n ≥ 4 and F ∈ R. Our
contribution enhances the understanding of the dynamics of the
Lorenz-96 model. Based on these findings we can draw five major
conclusions:

1. Firstly, our results provide important insights into the sym-
metrical structure of the Lorenz-96 model. This helps to un-
derstand the bigger dynamical structure and the wave struc-
tures, described in this work and other dynamical studies —
see table 1.3. In particular, the invariant manifolds allow us to
reduce the dimension and therefore to extrapolate results that
are proven for a certain dimension n to its multiples.

2. Secondly, we have shown the persistence of Hopf and Hopf-
Hopf bifurcations for positive forcing and the persistence of up
to two pitchfork bifurcations followed by a Hopf bifurcation
for negative forcing in any dimension n ≥ 4. Consequently, for
n ≥ 4 the stable equilibrium eventually bifurcates into one or
more periodic attractors. Contrary to this structure, no clear
pattern on bifurcations of the periodic attractors — besides
symmetric ones — is found, but the routes to chaos seem to
depend very much on n.

3. Another important point that is illustrated in this thesis is the
following: both qualitative and quantitative aspects of the dy-
namics of the Lorenz-96 model depend on the parity of n. Also,
the dimension determines the possible symmetries of the model.
The dependence of the dynamics on n shows the importance
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of choosing appropriate values of the parameters. Since the
Lorenz-96 model is often used as a model for testing purposes,
our results can be used to select the most appropriate values
of n and F for a particular application, such as those listed in
table 1.2. Meanwhile, the periodic attractors representing trav-
elling or stationary waves can bifurcate into chaotic attractors
representing irregular versions of these waves and their spa-
tiotemporal properties are inherited from the periodic attractor.
This means that our results on the spatiotemporal properties of
waves apply to broader ranges of the parameter F than just in
a small neighbourhood of the Hopf bifurcation.

4. Multistability occurs in the Lorenz-96 model in (at least) two
ways:

] Organising centres in the form of Hopf-Hopf bifurcations
generate multiple stable periodic attractors that can coexist
for some F > 0.

] Simultaneous Hopf bifurcations subsequent to one or two
pitchfork bifurcations generate two or four stable and con-
jugate periodic orbits that coexist for some F < 0 below the
corresponding Hopf bifurcation value.

5. Lastly, the observation that the wave number of the travelling
waves for both positive and negative F increases linearly with n
shows that the Lorenz-96 model is not the discretisation of a
pde model.

6.3 further research

Despite the lack of a clear bifurcation pattern for all dimensions n,
the Lorenz-96 remains an interesting model to study for its rich
dynamics. There are several open problems that arise from our
research, which have not been addressed in this work:

1. Further investigation is needed in order to unravel the bifurca-
tions and routes to chaos of the attractors for negative F below
the Hopf bifurcation value. How does the symmetry influence
the bifurcation patterns for parameter values F < 0 beyond the
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Hopf bifurcations? In particular, note that, up to and including
the Hopf bifurcations, these patterns can be divided into three
different cases, which might have consequences for the number
of different routes to chaos.

2. Next, Conjecture 3.22 has been verified numerically up to q = 9.
Show, either numerically or analytically, that the statement holds
for all q ∈ N, so that our conjecture covers all dimensions n ∈ N.
What is the influence of the 2q+1− 1 conjugate equilibria result-
ing from the q pitchfork bifurcations on the dynamics of the
model?

3. An interesting question regarding symmetries is: what are the
consequences of the existence of the invariant manifolds on the
routes to chaos for coexisting symmetric and non-symmetric
stable attractors?

4. We have reported on a conjecture for periodic orbits xP(t) whose
spatial wave number has a divisor in common with the dimen-
sion, gcd(l, n) = g > 1 — see sections 4.2 and 5.2.1. Prove that
this implies that then xP(t) ∈ Fix(Gn/g

n ), i.e. such a periodic
orbit has some symmetry, which might be inherited as well by
the chaotic attractor that arise from it.

5. We have observed that for n = 36 a 3-torus exists in a small
interval of F-values before chaotic attractors are observed —
see section 5.1.7. Further studies need to be carried out to un-
ravel the bifurcations of these 3-tori and the associated routes
to chaos in the Lorenz-96 model. One possibility might be that
it exists due to the coexistence of three stable periodic attrac-
tors.

6. In some dimensions, we observed chaotic attractors with more
than one positive Lyapunov exponent — for example, n = 9, 10
and 24. It would be interesting to investigate how such chaotic
attractors can arise.

u



A P P E N D I C E S





A
A U X I L I A RY M AT E R I A L

a.1 multiscale version

In order to obtain a more realistic growth rate of the large-scale
errors, Lorenz (2006a) also constructed a multiscale model, by
coupling two suitably scaled versions of the monoscale Lorenz-96

model (2.1). Its equations are given by:

ẋ j = x j−1(x j+1 − x j−2)− x j −
hc
b

m

∑
k=1

y j,k,

ẏ j,k = cby j,k+1(y j,k−1 − y j,k+2)− cy j,k +
hc
b

x j,

(A.1)

where j = 1, . . . , n as before, k = 1, . . . , m and the variables satisfy
the following ‘boundary conditions’

x j−n = x j+n = x j,

y j−n,k = y j+n,k = y j,k,

y j,k−m = y j−1,k,

y j,k+m = y j+1,k.

The parameters b and c indicate the time scale of solutions of the
second equations relative to solutions of the first equation of (A.1),
whereas h is a coupling parameter. Note that the original constant
forcing in the first equation of system (A.1) is replaced by a coup-
ling term, depending on y, which can be regarded as a paramet-
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risation of the dynamics occurring at a spatial and temporal scale
unresolved by the x-variables. The m variables y j,k are equally
distributed in the j-th sector of the x-variable and represent the
values of some fast-time convective scale quantity that acts as a
damping force on x j. In this way, the multiscale system has two
different time scales: the large-scale and slow variables x, that
may describe 500 hPa fields, while y-variables are small-scale and
fast and therefore they describe more energetic quantities, such as
temperature or wind (Orrell, 2002).

The multiscale Lorenz-96 model has the advantage over the
monoscale version that we can achieve varying levels of nonlin-
earity, coupling of timescales and spatial degrees of freedom, due
to the presence of more parameters; however, at the cost of more
complexity. This model has been investigated on its chaotic dy-
namics by Frank et al. (2014) and they found evidence for stability
in the form of ‘standing waves travelling around the slow oscilla-
tors’.

a.2 elementary equivariant dynamical systems theory

Equivariant bifurcation theory deals with bifurcations in equivari-
ant dynamical systems, that is, systems that have symmetry. These
systems are described using group theory and in particular Lie
groups. We assume that the reader is familiar with these con-
cepts and refer to the standard textbooks of (Lie) group theory
or to chapter XII of (Golubitsky et al., 1988). Furthermore, since a
complete overview of equivariant bifurcation theory is beyond the
scope of this thesis, we will confine ourselves to the basic concepts
of the theory that is sufficient for this work. For a more detailed
overview of this field, we refer to the literature mentioned in sec-
tion 2.3.

Lastly, in the following, the space (or manifold) we are working
in is assumed to be just the Euclidean space Rn, which suffices in
the case of the Lorenz-96 model. Therefore, we might just take
standard groups instead of ‘full’ Lie groups.
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a.2.1 Equivariant dynamical systems

equivariance Consider the smooth dynamical system

ẋ = f (x,α), (A.2)

where f : Rn × R → Rn. Let Γ be a Lie group acting on the
manifold M = Rn. Then f is said to be Γ-invariant if for all γ ∈ Γ
and for all x ∈ Rn, α ∈ R

f (γx,α) = f (x,α). (A.3)

A more symmetric notion is that f commutes with Γ or is Γ-equivari-
ant if for all γ ∈ Γ and for all x ∈ Rn, α ∈ R

f (γx,α) = γ f (x,α). (A.4)

Such an element γ is then called a symmetry of the system (A.2),
because, if we have a particular solution x(t) ≡ x0 of (A.2), then
γx0 is again a solution for the same value of α.1 We have that 1 Note that this is true

for both the invariant
and the equivariant
case.

either γx0 = x0 — such γ is called a symmetry of the solution x0

— or γx0 6= x0 which means that we found another solution of
the ode.2 The set Γ is therefore also called the group of symmetries 2 Golubitsky et al. (1988)

remark that “we need
to list only those solu-
tions of system (A.2)
which are not related to
each other by symme-
tries of f ; all other equi-
libria can be obtained
easily by applying the
symmetries."

(and the operation defined in formula (A.4) respects the group
properties).

isotropy subgroup Suppose we have an equilibrium x0 of
the system (A.2), then all equilibrium solutions obtained from x0

by symmetry form the group orbit through x0:

Γx0 = {γx0 : γ ∈ Γ}. (A.5)

Two equilibria x0 and x1 are called γ-conjugate if they satisfy x1 =

γx0, which means that x1 ∈ Γx0. So, a map f satisfying either
equation (A.3) or (A.4) for all γ ∈ Γ and satisfies f (x,α) = 0,
vanishes on the complete group orbit of x.

As we noted above, it can occur that γ maps the solution to
itself. In fact, all these symmetries of a particular solution x0 form
a subgroup of Γ and is called the isotropy subgroup of x0, given by

Σx0 = {γ ∈ Γ : γx0 = x0} ⊂ Γ. (A.6)
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The isotropy subgroups of two elements in the same group orbit
are conjugate to each other. In general, if γ1,γ2 ∈ Γ, we have that
the two elements γ1x0 and γ2x0 in the group orbit of x0 are equal
if γ−1

1 γ2x0 = x0, or, equivalently, γ−1
1 γ2 ∈ Σx0 , i.e. γ1 is the inverse

of γ2.
The following results connect the size of the different groups or

manifolds:

Proposition A.1. Let Γ be a Lie group. We can compare the dimensions
of these Lie (sub)groups or submanifold, by

dim Γ = dim Σx0 + dim Γx0. (A.7)

Moreover, if Γ is finite (and therefore compact), then it holds that

|Γx0| =
|Γ|
|Σx0 |

, (A.8)

where | · | denotes the order (the number of elements) of the set.

Proof. See (Golubitsky et al., 1988, Chapter XIII.1).

In case of finite Lie groups, formula (A.7) becomes trivial, since
both sides then equal 0. The second result gives the number of
distinct equilibria generated by the symmetries of a finite group Γ
on f from one single equilibrium. One may rephrase this result,
saying that the larger the isotropy subgroup is, the smaller the
group orbit of x0 is.

fixed-point subspaces Like the invariant subgroups (which
are defined for fixed solutions), we can also search for the sub-
spaces which are invariant under a certain symmetry, or, better,
under a group of symmetries. Let us therefore take a subgroup
Σ ⊂ Γ. Then all points in Rn which are fixed under Σ form the
fixed-point subspace of Σ, defined by

Fix(Σ) = {x ∈ Rn : γ′x = x for all γ′ ∈ Σ}. (A.9)

Of course, we might take the isotropy subgroup Σx0 as proper sub-
group of Γ to obtain an invariant subspace. In fact, it is sufficient
to restrict ourselves to the isotropy subgroups due to the following
result (Golubitsky et al., 1988):
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Lemma A.2. For any subgroup Γ′ ⊂ Γ, Fix(Γ′) is equal to the sum of
all subspaces Fix(Σ) where Σ ⊃ Γ′ is an isotropy subgroup.

The important point to study fixed-point subspaces is that these
linear subspaces are invariant under equivariant maps:

Lemma A.3. Let f be a Γ-equivariant map and let Σ ⊂ Γ be a subgroup.
Then f (Fix(Σ)) ⊂ Fix(Σ).

Proof. Let x ∈ Fix(Σ) and γ′ ∈ Σ arbitrary, then γ′ f (x) = f (γ′x) =
f (x).

q.e.d.

From this basic result the existence of trivial solutions for Γ-
equivariant maps can be shown:

Proposition A.4. Let Γ be a Lie group acting on Rn. Then the following
are equivalent:

1. Fix(Γ) = {0};

2. Every Γ-equivariant map f satisfies f (0) = 0 (trivial solutions al-
ways exist);

3. The only Γ-invariant linear function is the zero function.

Proof. See (Golubitsky et al., 1988, Chapter XIII.2).

An important part of the main theorem of equivariant bifur-
cation theory, the quivariant branching lemma, is the notion of
the dimension of the fixed-point subspace. The following formula
eases the computation of the dimension (Golubitsky et al., 1988):

Lemma A.5 (trace formula). Let Γ be a finite Lie group and let
Σ ⊂ Γ be a Lie subgroup. Then

dim Fix(Σ) =
1
|Σ| ∑

γ′∈Σ
tr(γ′). (A.10)

Remark A.6. This result is also valid for general compact Lie groups
by replacing the weighted sum with the normalized Haar integral
on Σ. The trace tr(γ) should be considered as the trace of the rep-
resentation ργ ∈ GL(Rn) acting linearly on Rn as ργ : x 7→ γx. ¶
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irreducibility A representation or action of a Lie group Γ
on a vector space V is said to be irreducible if the only Γ-invariant33 A subspace W ⊂ V

is called Γ-invariant if
γw ∈ W for all γ ∈ Γ
and w ∈ W.

subspaces of V are {0} and V. An even stronger notion than ir-
reducibility is the following: A representation of Γ on a vector
space V is said to be absolutely irreducible if the only linear maps
on V that commute with all γ ∈ Γ are scalar multiples of the iden-
tity matrix. It can be shown that absolute irreducibility implies
irreducibility (Golubitsky et al., 1988).

The following result by Golubitsky et al. (1988) allows one to
check directly whether a Lie group acts absolutely irreducibly:

Proposition A.7. Let f : Rn ×R → Rn be a one-parameter family of
Γ-equivariant mappings with f (0, 0) = 0. Let V = ker(d f )0,0. Then
generically the action of Γ on V is absolutely irreducible.

a.2.2 Equivariant branching lemma

Let us return to system (A.2) and suppose that it satisfies the
equivariance condition (A.4) for some group Γ. Furthermore, sup-
pose that the system has a trivial Γ-invariant solution x0 = 0 for
all α (i.e., f (0,α) = 0) and assume that f has a singularity at α = 0
(i.e., det(d f )0,0 = 0). This is also known as a bifurcation problem
with symmetry group Γ.4 Note that we assume that the bifurcation4 The precise definition

by Golubitsky et al.
(1988) uses the notion
of a so-called germ.

occurs at the origin without loss of generality.
A fundamental question in the equivariant bifurcation theory

is the following:

For which isotropy subgroups Σ ⊂ Γ can we predict bifurcating
branches of equilibria that have the isotropy subgroup Σ as group
of symmetries?

This question asks for equilibria with symmetry group Γ that
bifurcates into branches of equilibria with a (smaller) symmetry
group Σ. Such an event is called a spontaneous symmetry-breaking.

We now come to the main theorem of equivariant bifurcation
theory, which was first proven independently by Cicogna (1981)
and Vanderbauwhede (1982):

Theorem A.8 (equivariant branching lemma). Let Γ be a
Lie group acting absolutely irreducibly on Rn and let system (A.2) be a
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Γ-equivariant bifurcation problem such that as α passes through 0, then
real eigenvalues (of multiplicity n) of the Jacobian of f at the origin,
D f (0, 0), pass through 0 with nonzero speed (i.e. the derivative of the
real part of these eigenvalues with respect to α is nonzero).5 Let Σ be an 5 In the notation of Gol-

ubitsky et al. (1988) this
condition is formulated
as follows: Since the
matrix d f commutes
with all γ ∈ Γ, it
has to be a scalar mul-
tiple of the identity mat-
rix (by the absolutely ir-
reducible action of Γ):
(d f )0,λ = c(λ)I. For
the bifurcation problem
we have (d f )0,0 =

0 such that c(0) =

0. The nondegeneracy
condition then reads
c′(0) 6= 0.

isotropy subgroup of the origin satisfying

dim Fix(Σ) = 1. (A.11)

Then there exists a unique branch of equilibrium solutions bifurcating
from x = 0 which has for each solution Σ as its isotropy subgroup.

This theorem is a consequence of the following more general res-
ult, stated and proved in (Golubitsky et al., 1988):

Theorem A.9. Let Γ be a Lie group acting on Rn. Assume that

1. Fix(Γ) = {0};

2. Σ ⊂ Γ is an isotropy subgroup that satisfies formula (A.11);

3. The Γ-equivariant bifurcation problem f : Rn ×R→ Rn satisfies

(d f )0,0(v0) 6= 0, (A.12)

where v0 ∈ Fix(Σ) is nonzero.

Then there exists a smooth branch of solutions (tv0,α(t)) ∈ Fix(Σ)×R
to the equation f (t,α) = 0. For t 6= 0, each solution has the isotropy
subgroup Σ as its symmetries.

Remark A.10. Note that Theorem 3.12 — quoted from (Kuznetsov,
2004) — that shows the existence of either a fold or a pitchfork
bifurcation, is a consequence of Theorem A.8 by restricting to a
one-dimensional eigenspace. ¶

u
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b.1 proof of lemma 3 .1

Proof of statement 1. Let n ≥ 4 and l ∈ N. To investigate the l-
th eigenvalue pair of xF we need to consider 0 < l < n

2 only, by
equation (2.12). Let the l-th eigenvalue be written as λl(F, n) :=
µ(F) + ω(F)i, with real and imaginary parts as in equation (3.1).
The real part µ(F) is equal to zero if and only if F equals

FH(l, n) =
1

f (l, n)
, (B.1)

since the value of f is already fixed by choosing l and n. Here we
need the additional condition that l 6= n

3 , since f (n/3, n) = 0 —
see figure B.1.

The eigenvalues cross the imaginary axis with nonzero speed
by the fact that

µ′(FH) = f (l, n) 6= 0,

due to the constraints on l. Moreover, let the absolute value of
the imaginary part at the Hopf bifurcation be denoted by ω0 =

|ω(FH)| := −FHg(l, n). Then, by the restrictions on l, ω0 is nonzero
as well.

q.e.d.
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Figure B.1: Graph of the functions f and g defined by equation (2.10),
with the discrete points 2π j

n replaced by the continuous variable y ∈
[0, 2π].

For later purposes, we note that at the eigenvalue crossing the
dependence of the eigenvalues on F can be replaced by the de-
pendence on l, by substituting F = FH(l, n). This gives

λ j(l, n) = −1 +
f ( j, n)
f (l, n)

+ i
g( j, n)
f (l, n)

, (B.2)

for all j = 0, . . . , n− 1. One can easily see that for j = l, λl is purely
imaginary at FH, i.e. λl(l, n) = −iω0, where ω0 is also expressed
in l and n:

ω0(l, n) = − g(l, n)
f (l, n)

=
cos πl

n

sin πl
n

, (B.3)

for 0 < l < n
2 , l 6= n

3 and is taken to be positive, by convention.

Proof of statement 2. Let f̃ be defined by f̃ (y) := cos y − cos 2y
such that f̃ ( 2πl

n ) = f (l, n), i.e. f̃ is equal to the function f with the
discrete points 2π j

n replaced by the continuous variable y — see fig-
ure B.1. By the definition of FH, its positive, respectively negative,
values with the smallest absolute value occur at the maximum,
respectively minimum, of the function f̃ .
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The extreme values of f̃ are obtained by

0 = d f̃
dy = 2 sin 2y− sin y

= (4 cos y− 1) sin y,

and, hence, y = kπ for k ∈ Z or cos y = 1
4 . The cases y = kπ

give the global minimum of f̃ if k is odd: f̃ (π) = −2 (if k is even,
we have a local minimum). Therefore, the upper bound on the
negative values of FH is equal to 1/ f̃ (π) = − 1

2 . This value can
be obtained from f (l, n) only if we take l = n

2 , which is, however,
excluded by the assumptions on l and, hence, will never be at-
tained. The solution ytop = cos−1 ( 1

4
)

gives the maximum of f̃
as f̃ (ytop) = 9

8 . Therefore the lowest possible positive value for
which a Hopf bifurcation can occur is F = 1/ f̃ (ytop) =

8
9 .

upper bound of FH The largest positive value of FH is ob-
tained when f (l, n) is the smallest. Since there are only finitely
many l satisfying 0 < l < n

2 , we know that these values of FH

should be bounded for any n.

Claim B.1. The smallest value of f (l, n) for every n ≥ 4 is obtained at
l = 1 except when n = 7, in which case we have to take l = 2.

Proof of the claim. For n = 4, 5 or 6, this is trivial since l = 1 is
the only integer satisfying 0 < l < n

3 . In the case n = 7, we have
two integers that satisfy 0 < l < n

3 and it is easily checked that
f (1, 7) > f (2, 7) gives the desired exception. So, all we need to
show in order to verify our claim is that

f (1, n)− f (l′, n) ≤ 0 (B.4)

holds for any n ≥ 8, where l′ is the largest integer for which l′ < n
3 .

Since the function f becomes negative for l > n
3 , this l′ will be the

largest integer for which f is positive and becomes close to 0 —
see figure B.1. This gives rise to the following three cases:

1. If n = 0 mod 3, then l′ = n
3 − 1. Then equation (B.4) can be

simplified to

f (1, n)− f (l′, n) = cos 2π
n − cos 4π

n
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− cos 2π( 1
3 −

1
n ) + cos 4π( 1

3 −
1
n )

= 2
√

3 sin 3π
n sin(πn −

π
6 ).

Since we have to consider n ≥ 9 here, the first sine-term is
always positive, while the second one is always negative (by
the fact that its entry is negative and bigger than −π

6 ). Hence,
f (1, n)− f (l′, n) < 0 holds for these particular values of n.

2. If n = 1 mod 3, then l′ = n−1
3 . Then equation (B.4) reduces to

f (1, n)− f (l′, n) = cos 2π
n − cos 4π

n

− cos 2π
3 (1− 1

n ) + cos 4π
3 (1− 1

n )

= 4 sin π
n cos( 8+n

6n π) sin( 10−n
6n π).

In this case, we have to take n ≥ 10, for which the first sine-
term and the cosine-term are both always positive. The second
sine-term, sin 10−n

6n π is exactly equal to 0 if n = 10 (compare
this with criterion 1 in Corollary 3.3) and strictly less than 0 for
n > 10. This gives the desired inequality.

3. If n = 2 mod 3, then l′ = n−2
3 and we have that

f (1, n)− f (l′, n) = cos 2π
n − cos 4π

n

− cos 2π
3 (1− 2

n ) + cos 4π
3 (1− 2

n )

= 2 sin π
n
(
sin 3π

n − 2 cos πn sin π
3 (1−

2
n )
)

.

Observe that the part in brackets is monotonically decreasing,
since the first sine-term decreases as n increases, while both
components cos πn and sin π

3 (1 −
2
n ) increase. Moreover, for

n = 8 — the least possible n in this case — we find that

sin 3π
n − 2 cos πn sin π

3 (1−
2
n ) = − sin π

8 < 0,

which implies that also in this case equation (B.4) holds for any
n ≥ 8.

Now, we have established equation (B.4) for any n ≥ 4, except
n = 7, and for these n we can conclude that l = 1 is the right
choice to get the lowest value of f (l, n).

q.e.d.
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Continuation of proof of statement 2. We can conclude that the upper
bound (actually, a maximum) on FH is given by

Fmax(n) =


1

f (2,7) if n = 7,

1
f (1,n) otherwise.

lower bound of FH For negative F, there is no eigenvalue
crossing for n = 4 and 6, so Fmin = − 1

2 (this gives the empty set).
For all other n we need the integer l > n

3 which is the closest to n
3

on the right to get the largest value of f — see figure B.1. If we
write n = 3r + s, where r, s ∈ N with s = n mod 3, then we see
that

r ≤ n
3
=

3r + s
3

= r +
s
3
< r + 1.

Therefore, we have to take l = r + 1 to obtain the lowest integer
satisfying l > n

3 . Hence, the lower bound on FH is given by

Fmin(n) =

 − 1
2 if n = 4, 6,

1
f (r+1,n) otherwise,

which is again an actual minimum for given n.
q.e.d.

b.2 proof of theorem 3 .5

To prove the occurrence of a Hopf bifurcation we need to show
that (Kuznetsov, 2004)

] There is an eigenvalue pair crossing the imaginary axis;

] The first Lyapunov coefficient `1(l, n) is nonzero at FH.

Lemma 3.1 shows that the first condition holds, showing trans-
versality. Below, we prove the second, nondegeneracy condition,
while we also clarify the condition for `1(l, n) to be positive or
negative. In the following, let l and n be as in Lemma 3.1 and
assume that there is no l2 6= l which satisfies both Lemma 3.1 and
equation (3.3) (with l1 = l).
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The first Lyapunov coefficient `1 corresponding to a Hopf bifurca-
tion at FH is given by the following invariant expression:

`1(FH) =
1

2ω0
Re
[
〈p, C(q, q, q̄)〉 − 2〈p, B(q, A−1B(q, q̄))〉

+〈p, B(q̄, (2iω0In −A)−1B(q, q))〉
]

, (B.5)

where A is the Jacobian and B and C are multilinear functions
obtained via the Taylor expansion of the nonlinear part of (2.1a)
(Kuznetsov, 2004). The vectors q and p are complex eigenvectors
of A and A>, respectively, and have to be taken such that q is as-
sociated with the eigenvalue which crosses the imaginary axis at
FH(l, n) and which has positive imaginary part ω0, while p is its
adjoint eigenvector. In other words, q and p have to be eigenvec-
tors corresponding to λn−l and λ̄n−l, respectively. We will specify
them later on. Furthermore, note that the inner product on Cn is
defined such that it is antilinear in the first component, i.e.

〈x, y〉 :=
n−1

∑
k=0

x̄kyk.

In this section we consider the case of the Hopf bifurcation of
the equilibrium xF for the l-th eigenvalue pair and we will sim-
plify formula (B.5) to an analytic expression that depends on the
variables l and n only and whose sign is easily determined. We
do this by taking advantage of the fact that the Jacobian at xF is
circulant. The first step is to simplify the expression as much as
possible in a general setting. Next, we fill in all the known terms
specific to our system. In the last part we determine for which
combination of l and n we have either a positive or a negative
Lyapunov coefficient, proving the remaining part of Theorem 3.5.

b.2.1 Simplifying the expression

First of all, note that by a change of coordinates, y j = x j − F
(which translates the equilibrium xF to the origin), we can write
the Lorenz-96 model (2.1) in the following form:

ẏ = Ay + 1
2 B(y, y), y ∈ Rn, (B.6)
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where A is the n× n circulant Jacobian matrix at the origin and
B : Rn × Rn → Rn is a bilinear map whose k-th component is
given by

Bk(x, y) = xk−1(yk+1 − yk−2) + yk−1(xk+1 − xk−2). (B.7)

Since the cubic terms are absent in our model, we can immedi-
ately simplify (B.5) to

`1 =
1

2ω0
Re [−2〈p, B(q, A−1B(q, q̄))〉

+ 〈p, B(q̄, (2iω0In −A)−1B(q, q))〉]. (B.8)

We split this equation into two components as follows:

`1 =
1

2ω0
Re[−2`1,a + `1,b],

where

`1,a := 〈p, B(q, A−1B(q, q̄))〉 (B.9)

`1,b := 〈p, B(q̄, (2iω0In −A)−1B(q, q))〉. (B.10)

In the Lorenz-96 case the matrix A is circulant for the trivial
equilibrium xF and therefore unitarily equivalent with a diagonal
matrix D (Gray, 2006):

A = UDU∗, where UU∗ = U∗U = I.

Here, the diagonal entries of D are the eigenvalues of A and
the columns of U are the eigenvectors of A in the same order.
Moreover, since the matrix A is real, we have that A> = UD∗U∗

which means that

Av = λv ⇔ A>v = λ̄v.

Since q and p are eigenvectors corresponding to the (n − l)-th
eigenvalue of A and A>, respectively, this means that at the eigen-
value crossing we have

Aq = λn−lq = iω0q and A>p = λ̄n−lp = −iω0p,
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so that we can take

q = p = vn−l, (B.11)

the normalised eigenvector (2.11) of A corresponding to the (n− l)-
th eigenvalue. This fact already shows that the only values we
need to compute formula (B.8) are FH,ρ j, and ω0, which are all
determined by the choice of l and n.

elimination of inverse matrices The next step is to re-
move the inverse matrices in formula (B.8). The fact that the eigen-
vectors of A form a unitary matrix implies that we can express any
x ∈ Cn in terms of the eigenvectors of A using a standard Fourier
decomposition

x =
n−1

∑
j=0
〈v j, x〉v j.

This makes it easy to determine how A and its inverses act on any
vector x:

Ax =
n−1

∑
j=0

λ j〈v j, x〉v j,

A−1x =
n−1

∑
j=0

〈v j, x〉
λ j

v j,

(2iω0In −A)−1x =
n−1

∑
j=0

〈v j, x〉
2iω0 − λ j

v j,

where we used the relation A−1 = UD−1U∗ in the second line.
In the following we will implement these relations in both equa-
tions (B.9) and (B.10). Note that up to this step, we only used the
property that A is normal.

first component `1,a By the bilinearity of the operator B,
the linearity of the inner product in the second component and the
expression for the inverse of A, the first part of the first Lyapunov
coefficient (B.9) can be written as

`1,a = 〈p, B(q, A−1B(q, q̄))〉 = 〈p, B(q,
n−1

∑
j=0

1
λ j
〈v j, B(q, q̄)〉v j)〉
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= 〈p,
n−1

∑
j=0

1
λ j
〈v j, B(q, q̄)〉B(q, v j)〉

=
n−1

∑
j=0

1
λ j
〈v j, B(q, q̄)〉〈p, B(q, v j)〉.

In the Lorenz-96 case, the inner product terms in the last line
become

〈v j, B(q, q̄)〉 =
n−1

∑
k=0

v̄k
j (qk−1(q̄k+1 − q̄k−2) + q̄k−1(qk+1 − qk−2)) ,

〈p, B(q, v j)〉 =
n−1

∑
k=0

p̄k

(
qk−1(v

k+1
j − vk−2

j ) + vk−1
j (qk+1 − qk−2)

)
,

(B.12)

by equation (B.7).
We can fill in the explicit relations from the equations (2.11)

and (B.11), i.e. vk
j = ρk

j /
√

n and pk = qk = vk
n−l, to obtain

〈v j, B(q, q̄)〉 = 1
n
√

n
(ρ−2

l − ρ
−1
l − ρl + ρ2

l )
n−1

∑
k=0

ρ−k
j ,

〈p, B(q, v j)〉 =
1

n
√

n

(
ρl(ρ j − ρ−2

j ) + ρ−1
j (ρ−1

l − ρ
2
l )
) n−1

∑
k=0

ρk
j .

(B.13)

Note that the sums at the end of both equations are conjugate to
each other. We can use a result from finite geometric series and
the fact that ρn

j = 1 to compute

n−1

∑
k=0

ρk
j =

1− ρn
j

1− ρ j
= 0, for j 6= 0 mod n. (B.14)

For j = 0, we have that ρ0 = 1 and so the sum becomes

n−1

∑
k=0

ρk
0 =

n−1

∑
k=0

1 = n.

In brief, we found that

n−1

∑
k=0

ρk
j =

 n if j = 0 mod n,

0 otherwise.
(B.15)
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Thus, equations (B.13) are equal to 0 for all j but 0. Hence, only
the term for j = 0 is left in the summation for `1,a, which then
reduces to

`1,a(l, n) =
1
n

1
λ0

(ρ−2
l − ρ

−1
l − ρl + ρ2

l )(ρ
−1
l − ρ

2
l )

= − 1
n
(ρ−3

l − ρ
−2
l + 2ρ1

l + ρ3
l − ρ

4
l − 2).

In the computation of formula (B.8) we only need the real part
of the last expression. It mainly consists of powers of ρl, so Euler’s
formula yields

Re `1,a(l, n) = − 1
n

Re
[
ρ−3

l − ρ
−2
l + 2ρ1

l + ρ3
l − ρ

4
l − 2

]
= − 1

n

(
2 cos( 2πl

n )− cos( 4πl
n )

+ 2 cos( 6πl
n )− cos( 8πl

n )− 2
)

= − 4
n

sin2( 3πl
n )
(

cos( 2πl
n )− 1

)
. (B.16)

second component `1,b The second part of the first Lya-
punov coefficient (B.10) can be simplified similarly. Using the bi-
linearity of the operator B, the linearity of the inner product in the
second component and the expression for the inverse matrix, we
obtain

`1,b = 〈p, B(q̄, (2iω0In −A)−1B(q, q))〉

=
n−1

∑
j=0

〈v j, B(q, q)〉〈p, B(q̄, v j)〉
2iω0 − λ j

.

In the case of the Lorenz-96 model, each of the inner product parts
can be written as

〈v j, B(q, q)〉 =
n−1

∑
k=0

2v̄k
j (qk−1(qk+1 − qk−2)) ,

〈p, B(q̄, v j)〉 =
n−1

∑
k=0

p̄k

(
q̄k−1(v

k+1
j − vk−2

j ) + vk−1
j (q̄k+1 − q̄k−2)

)
,

by a small adjustment of equations (B.12).
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As before, we can replace p, q and v by powers of ρ times a
constant:

〈v j, B(q, q)〉 = 2
n
√

n
(1− ρ3

l )
n−1

∑
k=0

ρ−k
j ρ−2k

l , (B.17)

〈p, B(q̄, v j)〉 =
1

n
√

n

(
ρ−1

l (ρ j − ρ−2
j ) + ρ−1

j (ρl − ρ−2
l )
) n−1

∑
k=0

ρk
jρ

2k
l .

The summand of the sum in the second equation can be written
as ρk

jρ
2k
l = ρk

j+2l. Formula (B.15), with j replaced by j + 2l, then
shows that

n−1

∑
k=0

ρk
j+2l =

 n if j + 2l = 0 mod n,

0 otherwise.

The sum in the first equation of (B.17) gives exactly the same result,
by conjugacy. Therefore, in both cases only the terms with j =

n− 2l are nonzero:

〈vn−2l, B(q, q)〉 = 2√
n

(
1− ρ3

l

)
,

〈p, B(q̄, vn−2l)〉 =
1√
n

(
ρ−3

l − 1
)

.

These results reduce `1,b to

`1,b(l, n) =
2√
n (1− ρ

3
l )

1√
n (ρ
−3
l − 1)

2iω0(l, n)− λn−2l(l, n)

=
2
n

ρ−3
l + ρ3

l − 2

2iω0(l, n)− λ2l(l, n)
. (B.18)

Note that — as with the first component — the summation and
indices j disappeared.

Again, we need the real part of (B.18) only. This is a bit more
complicated than in the case of `1,a. First of all, we can reduce the
numerator to
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ρ−3
l + ρ3

l − 2 = e6πil/n + e−6πil/n − 2

= cos( 6πl
n ) + i sin( 6πl

n ) + cos(−6πl
n ) + i sin(−6πl

n )− 2

= 2 cos( 6πl
n )− 2

= −4 sin2( 3πl
n ).

We can take the real part of the complex denominator easily
via Re

( 1
a+bi

)
= a

a2+b2 . Thus we find, using the expressions (B.2)
and (B.3),

Re

[
1

2iω0(l, n)− λ2l(l, n)

]
=

1− f (2l,n)
f (l,n)(

1− f (2l,n)
f (l,n)

)2
+
(

g(2l,n)
f (l,n) −

2g(l,n)
f (l,n)

)2

= −
2 cos( 2πl

n ) + 2 cos( 4πl
n )− 1

4 cos( 2πl
n )− 4 cos( 4πl

n ) + 9
.

Finally, by substituting these intermediate results in equation (B.18),
the real part of the second component `1,b is equal to

Re `1,b(l, n) =
8
n

sin2( 3πl
n )

2 cos( 2πl
n ) + 2 cos( 4πl

n )− 1

4 cos( 2πl
n )− 4 cos( 4πl

n ) + 9
. (B.19)

b.2.2 Sign of the first Lyapunov coefficient

Observe that both main components Re `1,a and Re `1,b only de-
pend on l and n. So, combining equations (B.16) and (B.19) gives
an expression of the first Lyapunov coefficient (B.8) merely in
terms of l and n:

`1(l, n) =
1

2ω0(l, n)
Re[−2`1,a(l, n) + `1,b(l, n)]

=
sin(πl

n )

2 cos(πl
n )

(
8
n

sin2( 3πl
n )
(

cos( 2πl
n )− 1

)
+

8
n

sin2( 3πl
n )

2 cos( 2πl
n ) + 2 cos( 4πl

n )− 1

4 cos( 2πl
n )− 4 cos( 4πl

n ) + 9

)

=
4
n

tan(πl
n ) sin2( 3πl

n )·

·
5 cos( 2πl

n ) + 8 cos( 4πl
n )− 2 cos( 6πl

n )− 8

4 cos( 2πl
n )− 4 cos( 4πl

n ) + 9
, (B.20)
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where l should be taken such that 0 < l < n
2 , l 6= n

3 . It is easy to see
already that `1 = 0 if we would choose l = 0 or n

3 and, moreover,
that for fixed n we have liml→n/2 `1(l, n) = −∞, by the tangent
function. Figure B.2 shows these properties in the (continuous)
graph of formula (B.20).

0
y0

2 π
n

0

y0

2 π
n

n

6

n

3

n

2

0

Figure B.2: Plot of the reduced first Lyapunov coefficient `1(l, n) of equa-
tion (B.20) as a continuous function for general n ≥ 4 and l ∈

[
0, n

2
)
.

The shape remains the same up to scaling for different n. The part
of the plot around the nontrivial zero y0

2πn is magnified in the box,
showing that `1 is only positive for l ∈ (0, y0

2πn).

Equation (B.20) is a useful and easy way to compute the first
Lyapunov coefficient. In order to conclude whether the bifurca-
tion is sub- or supercritical, we need to show which combinations
of l and n yield a positive or negative value of `1(l, n).

Firstly, observe that the factors in front of the quotient in (B.20)
are always positive, either by the square or by the fact that the tan-
gent function is positive for 0 < l

n <
1
2 . Secondly, it is easy to check

that the denominator of the big quotient of (B.20) is positive on the
entire domain. It remains to determine where the numerator of
the quotient is positive or negative. Let

L(y) := 5 cos y + 8 cos 2y− 2 cos 3y− 8 (B.21)
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be the numerator defined as a continuous function in y ∈ [0,π],
where we replaced 2πl

n by the variable y — see figure B.3. Its
derivative satisfies

L′(y) = sin y
(

24 cos2 y− 32 cos y− 11
)

.

It is easy to see that L′(y) has a zero if sin y = 0 or if the second
order polynomial 24x2 − 32x − 11, obtained by the substitution
x = cos y, has a zero. In the first case we have zeros at y = 0
and y = π, which give a global and a local maximum of L(y).
The polynomial in the second case has exactly two zeros, namely
x± = 2/3±

√
65/72. However, only x− is a true solution of L′(y),

since the value x+ lies outside the range of the cosine function.
Hence, ymin = arccos

(
2/3−

√
65/72

)
gives the global minimum

of L(y) — see figure B.3. These three solutions are the only zeros
of L′(y) on the domain [0,π]. It follows that the sign of L′(y) on
each of the intervals (0, ymin) and (ymin,π) does not change.

In order to determine the zeros of L(y), let us consider first the
interval (0, ymin). Observe that the derivative L′ is negative on this
interval (because L′

(
π
2
)
= −11, for example). Since L(0) = 3, this

means that L can have at most one zero on the interval (0, ymin).
Likewise, L′(y) > 0 for all y ∈ (ymin,π) (by the fact that L′

( 2π
3
)
=

11
2

√
3). Since L(π) = −3, this implies that L has no zero on

(ymin,π), while it should have at least one zero on the entire

0 y0
π

3

π

2
ymin

2 π

3

5 π

6
π

-15

-10

-5

0

Figure B.3: Plot of the numerator L(y) in (B.21) for y ∈ [0,π]. This also
indicates where the first Lyapunov coefficient `1 is positive or negative,
since it has the same sign as L(y).
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interval (0,π). Consequently, there exists exactly one solution
y0 ∈ (0, ymin) such that L(y0) = 0, namely y0 ≈ 0.5545 and,
moreover, we have that

L(y)

 > 0 if y ∈ (0, y0),

< 0 if y ∈ (y0,π).

This can also be seen in figure B.3.
We can conclude from the preceding results that the simplified

expression (B.20) is positive for l
n < y0

2π and negative for l
n >

y0
2π ,

where y0
2π ≈ 0.0883. Therefore, the first Lyapunov coefficient `1

itself is positive for any l
n ∈ (0, y0

2π ) and negative for l
n ∈

(
y0
2π , 1

2

)
\

{ 1
3} — see figure B.2.

q.e.d.

b.3 proofs by center manifold reduction

In the main text of this thesis we exploited the symmetry of the
model to prove the existence of pitchfork bifurcations. Here, we
present alternative proofs of Theorem 3.14 (pitchfork bifurcations
for all even n) and Lemma 3.18 (pitchfork bifurcations for n =

4) using a center manifold reduction (Guckenheimer & Holmes,
1983; Wiggins, 2003; Kuznetsov, 2004). This results in explicit nor-
mal forms of pitchfork bifurcations, showing that the bifurcations
are supercritical. In both cases we use exactly the same procedure;
therefore, in the proof of Lemma 3.18 we only show the resulting
normal form.

b.3.1 Proof of Theorem 3.14

Let n ∈ N be even and consider the n-dimensional Lorenz-96

model (2.1a). Before we start our computations, we point out
that — in contrast to the standard notation — we number the
equations of the Lorenz-96 model with j running from 0 to n− 1
and we will do this whenever it applies throughout this proof for
practical reasons.
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transformations of the system First, we translate the
equilibrium xF to the origin by y j = x j− F and set α = F+ 1

2 . This
transforms system (2.1) into

ẏ j = (y j−1 + α− 1
2 )(y j+1 − y j−2)− y j, j = 0, . . . , n− 1, (B.22)

whose equilibrium is fixed at the origin for all α and has the same
eigenvalues (2.9) and eigenvectors (2.11) as xF. The eigenvalues
are now expressed in terms of α:

λ j(α) = −1 + (α− 1
2 )
(

exp
(
−2πi j

n

)
− exp

(
4πi j

n

))
, (B.23)

and, in particular, λn/2(α) = −2α. Observe that λn/2 = 0 at
α = 0, which corresponds to FP = − 1

2 . Furthermore, for general j
the eigenvalues satisfy Re λ j(0) = −1− 1

2 (cos 2π j
n − cos 4π j

n ) ≤ 0,
where we have equality only in case of j = n

2 . This means that the
equilibrium is stable before the bifurcation at α = 0. Note that we
can write system (B.22) in the form of equation (B.6).

The next step is to transform system (B.22) into canonical form.
The transformation matrix T has the eigenvectors v j as its columns,
so that

T jk =
1√
n
ρ

j
k =

1√
n
ρk

j = Tkj,

and hence, T is a symmetric matrix. Since T is also unitary (Gray,
2006), its inverse is obtained by taking its complex conjugate, i.e.
T−1 = T, or, in terms of its entries,

(T−1) jk = T jk =
1√
n
ρ̄

j
k =

1√
n
ρ

j
n−k. (B.24)

Note that we can allow negative indices j and k for both entries
T jk and (T−1) jk, due to the properties of the roots of unity.

The coordinate change y = Tw then transforms system (B.22)
into its eigenbasis. This gives the system

ẇ = Dw + h(w), (B.25)

where w = (w0, . . . , wn−1) ∈ Rn, D is the diagonal matrix with the
eigenvalues (B.23) on the diagonal obtained via

D = T−1AT,
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and the function h : Rn → Rn gives the nonlinear part of the
transformed system computed by

h(w) =
1
2

T−1B (Tw, Tw) , (B.26)

with B given by the bilinear map (B.7).

the center manifold Next, consider the system (B.25) ex-
tended by an equation for the parameter α,{

ẇ = Dw + h(w),

α̇ = 0,
(B.27)

and let λn = 0 be the eigenvalue associated to the ‘variable’ α.
The critical components of this system are the components that
correspond to the eigenvalue λ j for which we can have Re λ j = 0.
In our case, this can be satisfied only if j = n

2 or n, meaning that
we have two critical components (wn/2 and α) and n− 1 noncritical
components (w j, j 6= n

2 ). Define u := wn/2, then the critical part of
system (B.25) is given by{

u̇ = ẇn/2 = λn/2(α)wn/2 + hn/2(w) = −2αu + hn/2(w),

α̇ = 0,
(B.28)

where h j(w) denotes the j-th component of the n-dimensional
function h.

Let ϕ : R2 → Rn−1 be a smooth function in u and α such that
ϕ(0, 0) = 0 and ϕu(0, 0) = 0. The center manifold Wc

α is locally
defined for small |α| as

Wc
α = {(u,ϕ(u,α)) : u ∈ R, |u| < ε},

where ε > 0 is sufficiently small. To restrict the dynamics of (B.22)
to the one-dimensional center manifold, we set w j = ϕ j(u,α), with
j 6= n

2 . For general j, we write h̃ j(u,ϕ(u,α)) as short-hand notation
for the function h j with each noncritical component wk, k 6= n

2 ,
replaced by the corresponding component ϕk(u,α) of ϕ:

h̃ j(u,ϕ(u,α)) := h j (ϕ0, . . . ,ϕn/2−1, u,ϕn/2+1, . . . ,ϕn−1) .
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The critical part (B.28) then becomes a smooth system for small |α|,

{
u̇ = −2αu + h̃n/2(u,ϕ(u,α)),

α̇ = 0.
(B.29)

Due to the tangent property of the center manifold, the func-
tion ϕ should be at least of order 2 in u and α (Kuznetsov, 2004).
Therefore, we propose a power series form for each component of
the function ϕ, i.e.

ϕ j(u,α) = a ju2 + b juα+ c jα
2 +O(‖u,α‖3),

for all j = 0, . . . , n− 1, j 6= n
2 . We then have that

ẇ j =
∂ϕ j

∂u
(u,α) · u̇ +

∂ϕ j

∂α
(u,α) · α̇

=
∂ϕ j

∂u
(u,α) ·

(
−2αu + h̃n/2(u,ϕ(u,α))

)
,

by equation (B.29). On the other hand, by system (B.27) the fol-
lowing holds:

ẇ j = (Dw + h(w)) j = λ jw j + h j(w) = λ jϕ j(u,α) + h̃ j(u,ϕ(u,α)).

Hence, for each j = 0, . . . , n− 1, j 6= n
2 , the function ϕ j should

satisfy the equality

λ jϕ j(u,α) + h̃ j(u,ϕ(u,α)) =
∂ϕ j

∂u
(u,α) ·

(
−2αu + h̃n/2(u,ϕ(u,α))

)
(B.30)

which can be solved for its coefficients a j, b j and c j.

computation of the center manifold In order to solve
equation (B.30) we need to determine the function h from for-
mula (B.26) — all other terms are already known. Firstly, the k-th
component of the vector Tw yields:

(Tw)k =
n−1

∑
l=0

Tklwl =
1√
n

n−1

∑
l=0

ρk
l wl.



B.3 proofs by center manifold reduction 167

The k-th component of the bilinear form B with two equal entries
is obtained using equation (B.7):

Bk(x, x) = 2xk−1(xk+1 − xk−2),

and so

Bk(Tw, Tw) = 2(Tw)k−1 ((Tw)k+1 − (Tw)k−2)

=
2√
n

n−1

∑
l=0

ρk−1
l wl

(
1√
n

n−1

∑
m=0

ρk+1
m wm −

1√
n

n−1

∑
m=0

ρk−2
m wm

)

=
2
n

n−1

∑
l=0

n−1

∑
m=0

ρk−1
l ρk−2

m (ρ3
m − 1)wlwm

=
2
n

n−1

∑
l=0

n−1

∑
m=1

ρk−1
l ρk−2

m (ρ3
m − 1)wlwm, (B.31)

where we used the fact that ρ j
0 = 1 to exclude the case m = 0 in

the last equality. By equations (B.24) and (B.31), we obtain the j-th
component of the function h as

h j(w) =
1
2
(T−1B (Tw, Tw)) j =

1
2
√

n

n−1

∑
k=0

ρk
n− jBk(Tw, Tw)

=
1

n
√

n

n−1

∑
k=0

ρk
− j

(
n−1

∑
l=0

n−1

∑
m=1

ρk−1
l ρk−2

m (ρ3
m − 1)wlwm

)
. (B.32)

From the last line, we collect all terms of ρ with a power of k
and observe that ρk

− jρ
k−1
l ρk−2

m = ρk
l+m− jρ

−1
l ρ−2

m . Recall from for-

mula (B.14) that this implies that the summation of ρk
l+m− j over k

is nonzero only if l+m− j = 0 mod n, or, equivalently, if l = j−m
for 1 ≤ m ≤ j or if l = n + j−m for j < m < n. Hence, we can
remove the summation over k in equation (B.32), replace the sum-
mation over l by a factor n and express its summand in terms of
m for each of these two cases. It follows that

h j(w) =
1√
n

(
j

∑
m=1

ρ−1
j−mρ

−2
m (ρ3

m − 1)w j−mwm

+
n−1

∑
m= j+1

ρ−1
n+ j−mρ

−2
m (ρ3

m − 1)wn+ j−mwm

)
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=
ρ−1

j√
n

(
j

∑
m=1

(ρ2
m − ρ−1

m )w j−mwm

+
n−1

∑
m= j+1

(ρ2
m − ρ−1

m )wn+ j−mwm

)
.

In particular, choosing j = 0 yields the function

h0(w) =
ρ−1

0√
n

n−1

∑
m=1

(ρ2
m − ρ−1

m )wn+ j−mwm

=
2√
n

w2
n/2 +

1√
n

n−1

∑
m=1

m 6=n/2

(ρ2
m − ρ−1

m )wn−mwm, (B.33)

while for j = n
2 we obtain

hn/2(w) = − 1√
n

(
n/2

∑
m=1

(ρ2
m − ρ−1

m )wn/2−mwm+

+
n−1

∑
m=n/2+1

(ρ2
m − ρ−1

m )wn+n/2−mwm

)

= − 2√
n

w0wn/2 −
1√
n

n/2−1

∑
m=1

(ρ2
m − ρ−1

m )wn/2−mwm

− 1√
n

n−1

∑
m=n/2+1

(ρ2
m − ρ−1

m )wn+n/2−mwm. (B.34)

By substituting w j we obtain the desired function h̃n/2 to plug in
into equation (B.29) to obtain an explicit expression for the system
restricted to its center manifold,

u̇ = −2αu− 2√
n
ϕ0u +O(‖u,α‖4),

α̇ = 0,

where the summation parts are not shown because they contain
only terms of order four and higher in u and α, since ϕk is of
order 2 and higher for general k.

To obtain the complete expression for the center manifold up
to third order, we only need to solve formula (B.30) for j = 0.
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First, we determine the left-hand-side of equation (B.30) using
equation (B.33):

λ0ϕ0(u,α) + h̃0(u,ϕ(u,α)) = −a0u2 − b0uα− c0α
2

+
2√
n

u2 +O(‖u,α‖3),
(B.35)

using again the fact that, for general k, ϕk is of order 2 and higher
in u and α. Secondly, the right-hand-side of equation (B.30) be-
comes

∂ϕ0

∂u
(u,α) ·

(
−2α+ h̃n/2(u,ϕ(u,α))

)
=

= (2a0u + b0α)

(
−2αu− 2√

n
(a0u2 + b0uα+ c0α

2)u
)

+O(‖u,α‖4)

= −2(2a0u + b0α)αu +O(‖u,α‖4), (B.36)

by equation (B.34) and showing only terms of order three.
Now, we can equate formulae (B.35) and (B.36) and compare

the terms with the same order in u and α. Observe that equa-
tion (B.35) contains second order terms, while equation (B.36) has
only terms of order three and higher. It follows that the coeffi-
cients of ϕ0 should be taken as follows:

a0 =
2√
n

, b0 = 0, c0 = 0,

and so

ϕ0(u,α) =
2√
n

u2 +O(‖u,α‖3).

Finally, system (B.22) restricted to its center manifold is then given
byu̇ = −2αu− 4

n
u3 +O(‖u,α‖4),

α̇ = 0,
(B.37)

which is the normal form of the supercritical pitchfork bifurcation.
q.e.d.
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b.3.2 Proof of Lemma 3.18

Consider system (2.1) with n = 4. To obtain the center manifold,
we need the transformed system with y j = x j − ξ1

k for all j =

1, . . . , 4 (where k = 0, 1 represent the choice of one of the equilibria
ξ1

0,1) and α = F− FP,2 = F + 3. The procedure is exactly the same
as in the alternative proof of Theorem 3.14 — see appendix B.3.1
— and therefore will not be repeated. We obtain the following
normal form of a pitchfork bifurcation:

u̇ = a(α)u + b(α)u3,

with

a(α) =
α(18
√

5
√

5− 2α+ α)
54(−5 + 2α)

,

b(α) =
1

135(23 + 3
√

5)(−5 + 2α)

(
450(145 + 61

√
5)

+α(
√

5− 2α(854 + 406
√

5)− 180(145 + 61
√

5))
)

.

The function b(α) is negative for values of α around 0, hence both
pitchfork bifurcations at FP,2 for n = 4 are supercritical.

q.e.d.

u
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S A M E N VAT T I N G

D eze dissertatie is het resultaat van het analyseren van
het Lorenz-96 model. We zullen eerst kort de context
van dit model en het doel van ons onderzoek schetsen

voordat we een overzicht geven van de resultaten van ons onder-
zoek.

s.1 ons onderzoek

Dit proefschrift behandelt het Lorenz-96 model, een testmodel
geconstrueerd door Edward Lorenz (1917–2008) om de voorspel-
baarheid van de atmosfeer te bestuderen. Het was niet zijn doel
om een gecompliceerd en realistisch model te ontwerpen, maar
een simpel model, dat gemakkelijk te gebruiken is in numerieke
experimenten. Dit model is zo opgezet dat het tot één van de
eenvoudigste niet-triviale dynamische systemen behoort die chao-
tisch gedrag kunnen vertonen. Het beschrijft — hoewel zeer sterk
vereenvoudigd — het gedrag van een atmosferische grootheid (bij-
voorbeeld temperatuur of luchtdruk) gemeten op een cirkel van
constante breedtegraad van de aarde. Deze cirkel is verdeeld in
n gelijke sectoren, met voor elke sector een andere variabele, x j,
zodat de index j = 1, . . . , n de lengtegraad aangeeft. Op deze ma-
nier verkrijgen we een n-dimensionaal model, waarbij n — een
natuurlijk getal — de dimensie weergeeft. Het systeem kunnen
we beschrijven met een enkele vergelijking voor elke variabele:

ẋ j = x j−1(x j+1 − x j−2)− x j + F, (S.1)

met j zodanig dat j = 1, . . . , n. Vanwege de cirkel moet ook de
volgende randvoorwaarde gelden:

x j−n = x j+n = x j.

185
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Vanwege deze opzet kunnen we het Lorenz-96 model interprete-
ren als een model dat golven in de atmosfeer beschrijft. Hierin
zijn de volgende fysische mechanismen aanwezig: advectie (de
kwadratische termen), demping (de lineaire term) en externe aan-
drijving (F).

Het Lorenz-96 model (S.1) is eigenlijk een familie van dyna-
mische systemen, geparametriseerd door de discrete parameter
n ∈ N. Het hoofddoel van ons onderzoek is het begrijpen van de
dynamica van deze familie van systemen. Omdat de dynamische
eigenschappen en bifurcaties hierin heel sterk af kunnen hangen
van de dimensie, vraagt onze onderzoeksvraag in het bijzonder
welke bifurcaties behouden blijven in elke dimensie en welke dy-
namische eigenschappen stabiliseren in de limiet n→ ∞:

Onderzoeksvraag. Hoe hangen de kwantitatieve en kwalitatieve eigen-
schappen van de dynamica van het Lorenz-96 model (S.1) af van de di-
mensie n ∈ N?

Om deze vraag te beantwoorden, hebben we de symmetrie van
het model geanalyseerd en — met behulp van deze symmetrieën
— de bifurcaties van de stabiele aantrekkers bestudeerd, waarbij
we gebruik hebben gemaakt van zowel analytische als numerieke
methoden. Op deze manier hebben we een volledig overzicht ver-
kregen van de transitie van het stabiele evenwicht via verschil-
lende bifurcaties naar een of meer stabiele periodieke banen voor
elke mogelijke dimensie. Daarnaast hebben we de spatiotempo-
rele eigenschappen van deze golven onderzocht, alsmede de rou-
tes naar chaos voor positieve parameterwaarden.

Onze bijdrage vergroot het begrip van de dynamica van het
Lorenz-96 model. Dit is onder andere van belang bij het kiezen
van de juiste parameterwaarden in specifieke toepassingen van
het model. Ook laat het zien dat het model niet verkregen kan
worden door een partiële differentiaalvergelijking te discretiseren.

Hieronder geven we een kort overzicht van de belangrijkste be-
vindingen van ons onderzoek, die onze hoofdvraag grotendeels
beantwoorden.
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s.2 onze resultaten

symmetrieën Allereerst is het Lorenz-96 model in elke di-
mensie equivariant ten opzichte van een cyclische verschuiving
van de coördinaten. Dit geeft een symmetrie-groep die isomorf is
met Zn. Deze groep heeft voor elke deler m van de dimensie n een
subgroep, welke zorgt voor een invariante variëteit of deelruimte.
De dimensie van deze invariante deelruimten — genoteerd als
Fix(Gm

n ) — is precies m.
Een belangrijk resultaat van hoofdstuk 2 is dat de invariante

deelruimten ons in staat stellen om resultaten die bewezen zijn
voor een bepaalde dimensie n te extrapoleren naar alle veelvou-
den van n. Hier moet echter wel bij gezegd worden dat deze me-
thode alleen het bifurcatiepatroon en de route naar chaos geeft in
de deelruimte Fix(Gn

kn) voor alle veelvouden kn van de dimensie n.
In dit geval hebben we dus altijd te maken met een symmetrische
aantrekker. Er kunnen twee problemen optreden bij het extrapole-
ren naar hogere dimensies:

] Het is mogelijk dat een andere bifurcatie eerder optreedt dan de
geëxtrapoleerde bifurcatie, waardoor een afwijkende aantrek-
ker stabiel wordt.

] Daarnaast kan er nog een aantrekker bestaan die geen of een
andere symmetrie heeft met een andere route naar chaos.

Chaos kan in beide gevallen dus al voor kleinere parameterwaar-
den optreden. Bovengenoemde fenomenen zijn daadwerkelijk waar-
genomen in ons model, zoals we dat hebben beschreven in hoofd-
stuk 5. Het benutten van de invariante deelruimten vergroot —
samen met de symmetrische aard van het Lorenz-96 model — ons
begrip van het model en zijn dynamica.

bifurcaties en golven voor F > 0 Ten tweede speelt het
volledig symmetriche evenwicht xF = (F, . . . , F) een cruciale rol in
de dynamica voor parameterwaarden F dicht bij 0. In hoofdstuk 3

tonen we aan dat dit evenwicht voor zowel positieve als negatieve
F zijn stabiliteit verliest en dat er één of meer stabiele periodieke
aantrekkers ontstaan.
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We bespreken eerst het geval F > 0. Voor F > 0 bewijzen we dat
het evenwicht xF één of meer Hopf en Hopf-Hopf bifurcaties on-
dergaat voor alle dimensies n ≥ 4. Door een exacte formule op te
stellen voor de eerste Lyapunov coëfficiënt hebben we aangetoond
dat, wanneer de eerste bifurcatie voor F > 0 een Hopf bifurcatie
is, deze dan superkritisch moet zijn. Deze formule geldt voor alle
Hopf bifurcaties van xF — inclusief de Hopf bifurcaties voor nega-
tieve F — en voor alle dimensies n.

Uit een superkritische Hopf bifurcatie ontstaat een stabiele pe-
riodieke baan. In hoofdstuk 4 laten we zien dat de stabiele pe-
riodieke banen voor F > 0 de fysische interpretatie hebben van
lopende golven. Hun ruimtelijke golfgetal is gelijk aan de index
van het eigenwaarde-paar dat door de imaginaire as gaat en stijgt
lineair met n. Hun periode convergeert echter naar een eindige
waarde als n→ ∞.

De invloed van de symmetrie op de dynamica van de Lorenz-
96 model voor positieve F is niet heel groot. De bovengenoemde
Hopf en Hopf-Hopf bifurcaties zijn geen direct gevolg van de sym-
metrie. Aan de andere kant, een periodieke attractor heeft onder
bepaalde omstandigheden een zekere symmetrie, namelijk wan-
neer zijn ruimtelijke golfgetal l een gemeenschappelijk deler heeft
met de dimensie van het model, dat is ggd(l, n) = g > 1. In dat ge-
val is de periodieke aantrekker bevat in de invariante deelruimte
Fix(Gn/g

n ). Het is in theorie mogelijk dat er meer symmetrie te
vinden is voor andere evenwichten voor F > 0 dan xF, maar het
is over het algemeen niet gemakkelijk om zulke evenwichten te
lokaliseren.

organiserend centrum In hoofdstuk 3 bewijzen we een
noodzakelijke en voldoende voorwaarde waaronder het evenwicht
xF een Hopf-Hopf bifurcatie ondergaat voor F > 0. Omdat een
Hopf-Hopf bifurcatie eigenlijk een codimensie twee bifurcatie is,
hebben we een extra parameter nodig om het type van de bi-
furcatie te kunnen bepalen en de dynamica rond het bifurcatie-
punt te ontvouwen. Daarom hebben we het twee-parameter mo-
del (2.13) geïntroduceerd, waarbij de nieuwe parameter G aan het
Lorenz-96 model is toegevoegd via een Laplace-achtige diffusie-
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term. Het oorspronkelijke Lorenz-96 model kan herkregen wor-
den door G = 0 te stellen. Door de Hopf-Hopf bifurcatie op deze
manier te ontvouwen zijn de oorspronkelijke Hopf bifurcatiepun-
ten van het evenwicht xF rechte lijnen geworden in het (F, G)-vlak.
Op de snijpunten van deze lijnen vindt dan een Hopf-Hopf bi-
furcatie plaats. We laten zien dat zo’n codimensie twee bifurca-
tiepunt fungeert als een zogenoemd organiserend centrum in het
oorspronkelijke model, wanneer het evenwicht xF onstabiel wordt
door het passeren van zo’n punt èn wanneer tegelijkertijd de pa-
rameterwaarde G dicht bij 0 ligt.

Dit kan heel mooi geïllustreerd worden aan de hand van het
speciale geval, dimensie n = 12. In dit geval ligt de Hopf-Hopf
bifurcatie op de lijn G = 0 en is zij ook precies de eerste bi-
furcatie die het evenwicht xF ondergaat in het originele model
voor F > 0. Analyse van de normaalvorm op het bifurcatiepunt
toont aan dat twee Neimark-Sacker bifurcatiekrommen voortko-
men uit het Hopf-Hopf-punt. In hoofdstuk 4 laten we zien dat
deze twee krommen een lobvormig gebied in het (F, G)-vlak om-
grenzen waarin twee stabiele lopende golven met een verschillend
golfgetal naast elkaar bestaan voor dezelfde parameterwaarden.
Dit gebied overlapt voor een deel ook de lijn G = 0, wat impli-
ceert dat in het oorspronkelijke Lorenz-96 model ook multistabili-
teit voorkomt: verschillende stabiele golven bestaan naast elkaar
voor dezelfde parameterwaarden.

In het algemeen vinden we Hopf-Hopf bifurcaties dicht bij en
aan weerszijden van de lijn G = 0 in alle dimensies n > 12. De
twee Hopf-Hopf bifurcaties die het dichtst bij de F-as liggen, ge-
nereren twee gebieden met multistabiliteit die elkaar kunnen over-
lappen en zo leiden tot het gelijktijdig bestaan van drie stabiele
golven voor G = 0 en in een interval van F-waarden. Op basis
hiervan kunnen we concluderen dat het toevoegen van een extra
parameter aan het Lorenz-96 model bijdraagt aan het verklaren
van de dynamica die we waarnemen in het oorspronkelijke mo-
del.

bifurcaties en golven voor F < 0 Voor F < 0 hangt het
bifurcatiepatroon van de stabiele aantrekker veel meer af van de
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dimensie van het model, zoals we in hoofdstuk 3 hebben laten
zien. Globaal zijn er drie verschillende gevallen te onderscheiden.
Als eerste het geval van oneven dimensies, waarbij symmetrie geen
rol speelt:

1. Voor oneven n is de eerste bifurcatie van het evenwicht xF een
superkritische Hopf bifurcatie, net als in het geval van positieve
F — zie boven. De periodieke aantrekker die door deze bifur-
catie ontstaat, is weer een lopende golf, waarvan het golfgetal
gelijk is aan (n− 1)/2 en de periode schaalt met O(4n).

De andere twee gevallen zijn beide voor even dimensies, waar de
symmetrie een belangrijke rol speelt. Met behulp van een stelling
over bifurcaties in Zn-equivariante dynamische systemen, hebben
we analytisch aangetoond dat het evenwicht xF een superkritische
pitchfork (hooivork) bifurcatie ondergaat voor n = 2 met para-
meterwaarde F = − 1

2 . Door gebruik te maken van de invariante
deelruimten kunnen we vaststellen dat in elke even dimensie een
pitchfork bifurcatie plaatsvindt voor xF, welke ook de eerste bi-
furcatie is voor F < 0. Na een superkritische pitchfork bifurcatie
(geïnitieerd door symmetrie) ontstaan twee geconjugeerde stabiele
evenwichten, die dezelfde eigenschappen hebben. Het verdere
verloop van deze evenwichten bij een dalende F is weer afhanke-
lijk van de dimensie, namelijk of deze deelbaar is door vier:

2. Wanneer n = 4k + 2, voor een k ∈ N, dan ondergaan beide
evenwichten — die ontstaan zijn uit de eerste pitchfork bifur-
catie op F = − 1

2 — een superkritische Hopf bifurcatie.

3. Als n = 4k, voor een k ∈ N, dan hebben de twee evenwichten
na de eerste pitchfork bifurcatie nog genoeg symmetrie over,
zodat zij een tweede pitchfork bifurcatie ondergaan op F = −3.
Dit hebben we — met behulp van bovengenoemde stelling —
aangetoond voor de laagst mogelijke dimensie, n = 4, en ge-
generaliseerd door middel van de invariante deelruimten. Alle
vier stabiele evenwichten die ontstaan uit deze tweede pitch-
fork bifurcatie ondergaan daarna een superkritische Hopf bi-
furcatie.
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In even dimensies zijn er dus — al naar gelang er één of twee
pitchfork bifurcaties hebben plaatsgevonden — twee of vier even-
wichten die tegelijkertijd een Hopf bifurcatie ondergaan. Dit heeft
tot gevolg dat er twee of vier stabiele periodieke aantrekkers naast
elkaar ontstaan. We laten numeriek zien dat deze aantrekkers sta-
tionaire golven in het model representeren. De rol van de pitch-
fork bifurcatie is het veranderen van de gemiddelde stroom (mean
flow), welke op zijn beurt de voortgang van de golf verandert. Met
andere woorden, het voorkomen van pitchfork bifurcaties voor de
Hopf bifurcatie leidt tot multistabiliteit. Dit is een tweede scenario
waarin multistabiliteit voorkomt.

Numeriek onderzoek laat ook zien dat er meer pitchfork bifur-
caties volgen als de dimensie deelbaar is door een grotere macht
van twee dan vier. Zij n een willekeurige dimensie, die we op
unieke wijze schrijven als n = 2qp, waarbij q een niet-negatief
geheel getal is en p oneven. Ons vermoeden is dan dat in het
model van dimensie n het aantal van opeenvolgende pitchfork bi-
furcaties precies gelijk is aan q. Het is echter niet eenvoudig om
dit resultaat analytisch te bewijzen, aangezien het niet haalbaar is
om expliciete formule’s op te stellen voor de evenwichten die ont-
staan na ten minste twee pitchfork bifurcaties en bovendien is hun
Jacobiaan niet langer circulant. Daarnaast wordt het bewijzen van
dynamische eigenschappen na de l-de pitchfork bifurcatie steeds
moeilijker, omdat de laagste dimensie waarin dit voorkomt gelijk
is aan n = 2l en dus exponentieel stijgt met l. Aan de andere kant,
als we eenmaal een evenwicht hebben gevonden in een bepaalde
invariante deelruimte, dan garandeert de symmetrie het bestaan
van een veelvoud aan geconjugeerde evenwichten met dezelfde
eigenschappen.

patronen Tenslotte onderzoeken we in hoofdstuk 5 de dyna-
mica van het model numeriek voor dimensies tot en met n = 100
en positieve parameterwaarden. Hierbij richten we onze aandacht
in het bijzonder op het lot van de periodieke aantrekker bij een
steeds groter wordende F. Over het algemeen zijn er verschil-
lende routes naar chaos, waaronder transities met intermitten-
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tie, periode-verdubbeling cascades en mogelijk Newhouse-Ruelle-
Takens scenario’s.

Voor de stabiele aantrekkers in dimensies n = 5k, k = 1, . . . , 10,
hebben we een patroon ontdekt: in elk van deze dimensies onder-
gaat zij een periode-verdubbeling bifurcatie. Dit fenomeen kun-
nen we verklaren met behulp van de invariante deelruimten. Ech-
ter, zoals we hierboven uitgelegd hebben, is het mogelijk dat er
nog meer bifurcaties plaats vinden in hogere dimensies die er-
voor zorgen dat een andere aantrekker stabiel wordt. Dat zien we
in dit geval ook gebeuren, want voor k = 11 wordt het patroon
doorbroken.

Daarnaast verdwijnt in dimensie n = 4 een periodieke aantrek-
ker via een fold (vouw) bifurcatie voor periodieke banen. Na deze
fold bifurcatie hebben we intermittentie gevonden, wat we zou-
den kunnen verklaren door een nabijgelegen heterocliene cyclus
tussen vier evenwichten. Een soortgelijk bifurcatie scenario heb-
ben we waargenomen voor de symmetrische aantrekker in n = 8,
die tegelijk met een niet-symmetrische aantrekker bestaat. In het
algemeen geldt dat symmetrische aantrekkers — die bevat zijn in
Fix(Gm

n ) — hun eigenschappen erven van de aantrekker in dimen-
sie m. Op die manier zorgen zij er voor dat de dynamica zich
herhaalt.

u
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