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4
WAV E S T R U C T U R E S

A fluid is said to be hydrodynamically unstable when
small perturbations of the flow can grow spontaneously,
drawing energy from the mean flow. At a supercriti-

cal Hopf bifurcation an equilibrium loses its stability and gives
birth to a periodic orbit. In the context of a fluid this can be
interpreted as a steady flow becoming unstable to an oscillatory
perturbation, such as a travelling or stationary wave. Hopf bi-
furcations are found in many geophysical models as the first bi-
furcation which destabilises a steady flow (Dijkstra, 2005; Lucar-
ini et al., 2007; Sterk et al., 2010; Broer, et al., 2011).

In the previous chapter we have shown that the stable equilibria
in the Lorenz-96 model eventually lose stability through a super-
critical Hopf bifurcation for both F > 0 and F < 0. The number of
periodic attractors that will be generated depends on the parity of
n and ranges from one up to four.

In this chapter, we first explain how to obtain an approximation
of the periodic attractor born at a Hopf bifurcation, which enables
us to derive spatiotemporal properties of the waves in the Lorenz-
96 model. This is used to show that the periodic attractors born at
the mentioned Hopf bifurcations have the physical interpretation
of either a travelling wave or a stationary wave, depending on the
dimension and the sign of F:
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86 wave structures

] For F > 0, we show in section 4.2 that periodic attractors indeed
represent travelling waves, as suggested by Lorenz.

] For F < 0, the situation is more intricate, as is demonstrated
in section 4.3. If the dimension n is odd, then the periodic
attractor is again a travelling wave. However, for even values
of n the resulting periodic attractors represent stationary waves.

Meanwhile, we address the question how the spatiotemporal
properties — such as their period and wave number — and the
symmetry of these waves depend on the dimension n and whether
these properties tend to a finite limit as n→ ∞. The results in this
chapter give a comprehensive picture of wave propagation in the
Lorenz-96 model.

Moreover, we have seen in section 3.3.4 that pitchfork bifur-
cations give rise to multistability of attractors in the Lorenz-96

model. Apart from that, we discuss another bifurcation scenario
by which multiple stable periodic attractors with different spatio-
temporal properties coexist for the same values of the paramet-
ers n and F. In this case the Hopf-Hopf bifurcations in the unfold-
ing (2.13) are involved as organising centres — see section 3.2.

The results of this chapter are included in (Van Kekem & Sterk,
2018a; Van Kekem & Sterk, 2018b; Van Kekem & Sterk, 2018c).

4.1 approximation of periodic orbit

Consider a general geophysical model in the form of a system of
ordinary differential equations:

ẋ = f (x,α), x ∈ Rn. (4.1)

In this equation, α ∈ R is a parameter modelling external circum-
stances, such as forcing. Assume that for the parameter value α0

the system has an equilibrium x0. This means that f (x0,α0) = 0
and hence x0 is a time-independent solution of equation (4.1).
In the context of geophysics x0 represents a steady flow and its
linear stability is determined by the eigenvalues of the Jacobian
D f (x0,α0). An equilibrium changes stability when eigenvalues of
the Jacobian cross the imaginary axis upon variation of the para-
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meter α. Dijkstra (2005) provides an extensive discussion of the
physical interpretation of bifurcation behaviour.

Assume that D f (x0,α0) has two eigenvalues ±ω0i on the ima-
ginary axis. This indicates the occurrence of a Hopf bifurcation, i.e.
the birth of a periodic solution from an equilibrium that changes
stability. Under suitable non-degeneracy conditions the Hopf bi-
furcation is supercritical, which means — supposed that the equi-
librium x0 is stable for α < α0 and unstable for α > α0 — that a
stable periodic orbit exists for α > α0 (Kuznetsov, 2004). For small
values of ε =

√
α− α0 the periodic orbit xP that is born at the

Hopf bifurcation can be approximated by

xP(t) = x0 + εRe
[
veiω0t]+O(ε2) (4.2)

= x0 + ε
(

cos(ω0t)Re(v)− sin(ω0t) Im(v)
)
+O(ε2),

see Beyn, et al. (2002). Without loss of generality we may as-
sume that the corresponding complex eigenvectors v of the matrix
D f (x0,α0) have unit length. In the context of geophysical applic-
ations this first-order approximation of the periodic orbit can be
interpreted as a wave-like perturbation imposed on a steady mean
flow.

The spatiotemporal properties of this wave can now be deter-
mined by the vectors x0, v and the frequency ω0. For example, its
period can be approximated by (Beyn et al., 2002)

T(ε) = T0 +O(ε2) = 2π
ω0

+O(ε2). (4.3)

Likewise, the spatial wave number can be derived from v. Here,
the spatial wave number should be interpreted as the spatial fre-
quency of the wave, which measures the number of ‘highs’ or
‘lows’ on the latitude circle — see for example (Lorenz & Emanuel,
1998).

4.2 travelling waves for positive F

In Theorem 3.5 we have shown that Hopf and Hopf-Hopf bifur-
cations occur in the Lorenz-96 model at FH = 1/ f (l, n), provided
that n ≥ 4. These bifurcations are associated to the l-th eigenvalue
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pair {λl,λn−l} with l an integer such that 0 < l < n
2 , l 6= n

3 . From
the eigenvalues that cross the imaginary axis and the correspond-
ing eigenvectors we can determine the physical characteristics of
the periodic orbit that arises after a Hopf bifurcation. In this case
equation (2.9) gives

λl = −ω0i = λ̄n−l with ω0 =
cos πl

n

sin πl
n

,

where we take ω0 to be the absolute value of the imaginary part
at the bifurcation value, by convention. For ε =

√
F− FH suffi-

ciently small, equation (4.2) provides a good approximation of the
periodic orbit, which is explicitly given by

xP(t) = F +
√

F− FH Re
[
vle

iω0t]+O(ε2),

for the nonlinear system (2.1). This formula allows us to deter-
mine the physical properties of the wave.

4.2.1 Spatiotemporal properties

Using equation (2.11), we can write the j-th component of xP(t)
for each j = 0, . . . , n− 1 as

xP, j(t) = F +

√
F− FH

n
cos

(
ω0t− 2π j

n
l
)
+O(ε2), (4.4)

which is indeed the expression for a travelling wave. In this ex-
pression the integer l — which is the index of the eigenvalue pair
— plays the role of spatial wave number and 2π j

n is the discrete lon-
gitude. The temporal frequency of the wave is given by ω0 which
implies that its period is approximated by

T = 2π tan πl
n , (4.5)

by equation (4.3). The level curves of xP, j(t) are given by the lines
ω0t − 2π j

n l = constant, which are decreasing in the ( j, t)-plane.
This implies that waves travel in the direction of decreasing j.

The spatiotemporal properties of the periodic orbits are further
explored in figure 4.1 by means of so-called Hovmöller diagrams
(Hovmöller, 1949). In these diagrams the value of the variables
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Figure 4.1: Hovmöller diagrams of periodic attractors in the Lorenz-96

model for various dimensions n and parameter value F = 1.2 right
after the first Hopf bifurcation. The value of x j(t) is plotted as a func-
tion of t and j. For visualisation purposes linear interpolation between
x j and x j+1 has been applied in order to make the diagram continu-
ous in the variable j. Note that both the period and the wave number
depend on the choice of n.

x j(t) is plotted as a function of time t and “longitude” j. Clearly,
the waves are travelling in the direction of decreasing j and their
wave number increases with n. Furthermore, it is easy to see that
a small l implies a small period and a large wave length (i.e. a
long and fast wave), whereas a larger l gives a larger period and a
smaller wave length (i.e. a short and slow wave).

Note that supercritical Hopf bifurcations of an unstable equilib-
rium will result in an unstable periodic orbit. Therefore, not all
waves that are guaranteed to exist by Theorem 3.5 will be visible
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in numerical experiments. Proposition 3.7 shows that the first bi-
furcation for F ≥ 0 is supercritical and, therefore, the periodic
orbit that emerges at the first Hopf bifurcation will be stable close
to the bifurcation. Furthermore, its wave number l+1 (n) increases
linearly with n. In the limit n → ∞ the following relations hold
for the wave number (3.8) and the period:

Proposition 4.1. In the limit n→ ∞, the period of the periodic attractor
born at the first Hopf bifurcation tends to a finite limit

T∞ = lim
n→∞

2π tan

(
πl+1 (n)

n

)
= 2π tan( 1

2 arccos( 1
4 )) ≈ 4.8669.

Similarly, the quotient of n with the wave number l+1 (n) satisfies

lim
n→∞

n
l+1 (n)

=
2π

arccos( 1
4 )
≈ 4.7668. (4.6)

Proof. Both results follow immediately from the fact that

lim
n→∞

2πl+1 (n)
n

= arccos( 1
4 ),

by the maximum of f̃ (y) = cos y− cos 2y, combined with equa-
tion (4.5).

q.e.d.

Proposition 4.1 explains the features that can be observed in the
figures 4.1 and 4.2. Figure 4.1 shows periodic attractors with dif-
ferent period and wave number that emerge from the first Hopf
bifurcation. Figure 4.2 shows a graph of their period and wave
number as a function of n. The period of the periodic attractor
is computed via the theoretical formula (4.5) for l = l+1 (n), with
n ∈ [4, 100], i.e. exactly at the bifurcation value FH(l+1 , n). The spa-
tial wave number l+1 (n) is the index of the corresponding eigen-
value pair, given by equation (3.8). Note that the period of the
waves indeed settles down on the value T∞ as n → ∞, whereas
the spatial wave number increases linearly with n, as predicted by
Proposition 4.1.

Remark 4.2. Note that the fact that the wave number of the pe-
riodic attractor increases linearly with n indicates in particular
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Figure 4.2: At FH > 0, the equilibrium xF loses stability through a
(Hopf-)Hopf bifurcation and a periodic attractor is born which rep-
resents a travelling wave. The period of the periodic attractor at the
Hopf bifurcation value FH is computed using equation (4.5); the spa-
tial wave number l+1 (n) is given by equation (3.8). Note that the spatial
wave number is unbounded, whereas the period tends to a finite limit.

that the Lorenz-96 model cannot be obtained by discretising a
pde, contrary to what is sometimes claimed (Basnarkov & Ko-
carev, 2012; Reich & Cotter, 2015). The same also applies to pe-
riodic attractors for negative F — see case 1 in section 4.3.1. ¶

4.2.2 Symmetric waves

For positive forcing the first bifurcation of xF is not induced by
symmetry. Nevertheless, the fact that the index l1 varies with the
dimension results in a lot of different periodic orbits that can have
various or no symmetry and their own route to chaos. Below, we
will give a condition for which a periodic orbit has symmetry.

In order to check the symmetry of periodic orbits, we perform
the following numerical experiment. For a given dimension n we
follow the stable attractor for increasing or decreasing F. We fix
the value of the parameter F and integrate the system long enough
to obtain an attractor. After that, we check for repetition of the
coordinates of the attractor. The number of different coordinates
is then the dimension of the invariant subspace that contains the
stable attractor. Finally, we raise or lower F with a small step.
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Using this method, we investigated a few particular cases where
it is observed that the periodic orbit is symmetric. For instance,
for dimensions n = 5k, k = 1, . . . , 10, a pattern of attractors is
observed that are all invariant under γ5

n, which implies that they
are contained in Fix(G5

n) and inherit their properties partly from
the attractor of n = 5 — see section 5.2.2. This is confirmed by
the plots in figure 4.3, that shows the symmetry of the periodic
orbits for dimensions n = 5k, k = 1, . . . , 12. It can be seen that
for n = 55 and 60 a symmetric attractor in Fix(G5

n) becomes stable
after a non-symmetric attractor has disappeared.

Similarly, in e.g. n = 8, resp. n = 12 periodic orbits are observed
with wave number l = 2, resp. l = 2 and 3 that are contained in
Fix(G4

8), resp. Fix(G6
12) and Fix(G4

12) — see figure 4.4. In the same
figure we show that for n = 28 an attractor (with wave number
l = 6) exists that is contained in Fix(G14

28).
We therefore conjecture that when the spatial wave number l of

a periodic orbit xP(t) and the dimension n satisfy gcd(l, n) = g > 1,
then xP(t) ∈ Fix(Gn/g

n ), i.e. the periodic orbit generated through
the first Hopf bifurcation is symmetric. This phenomenon can be
explained by the fact that such a wave splits into g parts, where
each part constitutes a wave with wave number l/g that corres-
ponds to the wave in n/g. Note that this also includes the case
where gcd(l, n) = l, which is mentioned in (Lorenz, 2006b). Peri-
odic orbits with such a feature can arise in many dimensions, even
if they are unstable as they emerge from a later Hopf bifurcation
of the trivial equilibrium. Occurrence of symmetric attractors has
its consequences for the formation of patterns — see section 5.2.

4.3 travelling and stationary waves for negative F

4.3.1 Spatiotemporal properties

In section 3.3.4, we have shown that in almost all dimensions a
supercritical Hopf bifurcation occurs for F < 0, which is preceded
by zero, one or two pitchfork bifurcations, depending on the di-
mension. Here, we focus on the spatiotemporal properties of the
resulting periodic orbits in each case. For odd values of n, the peri-
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Figure 4.3: Plot of the dimension m of the invariant subspace Fix(Gm
n )

that contains the global attractor for various dimensions n = 5k, k =

1, . . . , 12, and positive F. In any dimension up to n = 50 an attractor is
generated through a Hopf bifurcation which is contained in Fix(G5

n).
For n = 55 and 60 first an attractor without symmetry dominates, but
for some larger values of F an attractor in Fix(G5

n) becomes globally
stable again.
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Figure 4.4: As Figure 4.3, but with various dimensions and positive F. For
n = 8 and 12 the global attractor corresponds to the one for n = 4. A
similar phenomenon occurs for dimensions n = 14 and 28.

odic attractors represent again travelling waves — similar to F > 0.
However, for n = 6 and F < 0 stationary waves occur, as will be
shown analytically. By means of numerical experiments we show
that stationary waves occur in general for even n and F < 0.
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case 1 : no pitchfork bifurcations For odd dimensions,
we have proven that the first bifurcation for F < 0 is a supercritical
Hopf bifurcation — see Proposition 3.21. A stable periodic orbit
appears for F < FH, which can be approximated again — for ε =√

FH − F sufficiently small — by formula (4.4), where we have to
change

√
F− FH into

√
FH − F, since the periodic orbit exists for

F < FH.
The wave number of the periodic orbit from the first Hopf bifur-

cation for F < 0 equals the index l−1 (n) =
n−1

2 of the corresponding
eigenvalue pair. As in the case F > 0, the wave number increases
linearly with n, but at a faster rate. Now, we can prove the follow-
ing for the period (4.5) of the wave:

Proposition 4.3. The period of the periodic attractor born at the first
Hopf bifurcation for F < 0 is given by

T = 2π tan
(
π(n− 1)

2n

)
= O(4n). (4.7)

Proof. The result is obtained as follows: using l’Hopital’s 0/0 rule
gives

lim
x→π/2

(π2 − x) tan(x) = lim
x→π/2

(π2 − x) sin(x)
cos(x)

= lim
x→π/2

− sin(x) + (π2 − x) cos(x)
− sin(x)

= 1.

Substituting x = π/2− π/2n yields

lim
n→∞

2π tan
(
π
2 −

π
2n

)
4n

= 1,

which in particular implies that

2π tan
(
π
2
− π

2n

)
= O(4n),

which is an estimation of the exact period by equation (4.5).
q.e.d.
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Figure 4.5: Periods — computed by equation (4.7) — of the periodic at-
tractor that appears after the first Hopf bifurcation of the equilibrium
xF for F < 0 and odd values of the dimension n.

The fact that the period of the waves scales with n implies that
— contrary to the case F > 0 — the period increases monotonically
with n and does not tend to a limiting value as n → ∞ — see
figure 4.5.

case 2 : one pitchfork bifurcation In the case of n =

4k + 2, k ∈ N, two supercritical Hopf bifurcations occur for the
equilibria ξ1

0,1 after a supercritical pitchfork bifurcation — see fig-
ure 3.4. For n = 6, the Jacobian (3.23) of the equilibrium ξ1

0 at
the Hopf bifurcation point F′H(6) = −

7
2 has eigenvalues equal to

±i
√

3 — see section 3.3.4. Numerical experiments with Mathe-
matica (Wolfram Research, 2016) show that the matrix J − i

√
3I

has a null vector of the form

v =
(

v0 v1 v0e2πi/3 v1e2πi/3 v0e−2πi/3 v1e−2πi/3
)>

,

where we can take

v0 = 6
√

2 + 2i,

v1 = 3
√

2 + 5
√

3− (5 +
√

6)i.
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Hence, using equation (4.2), the periodic orbit ξ1
P(t) — that origi-

nates from ξ1
0 via the Hopf bifurcation — can be approximated for

small F′H − F as

ξ1
P,0(t) =

−1 +
√
−1− 2F
2

+
ε
‖v‖ Re v0ei

√
3t +O(ε2),

ξ1
P,1(t) =

−1−
√
−1− 2F
2

+
ε
‖v‖ Re v1ei

√
3t +O(ε2),

ξ1
P,2(t) =

−1 +
√
−1− 2F
2

+
ε
‖v‖ Re v0ei(

√
3t+2π/3) +O(ε2),

ξ1
P,3(t) =

−1−
√
−1− 2F
2

+
ε
‖v‖ Re v1ei(

√
3t+2π/3) +O(ε2),

ξ1
P,4(t) =

−1 +
√
−1− 2F
2

+
ε
‖v‖ Re v0ei(

√
3t−2π/3) +O(ε2),

ξ1
P,5(t) =

−1−
√
−1− 2F
2

+
ε
‖v‖ Re v1ei(

√
3t−2π/3) +O(ε2).

(4.8)

Note that if ε =
√

F′H − F is sufficiently small, then ξ1
P, j(t) is al-

ways positive (resp. negative) for j = 0, 2, 4 (resp. j = 1, 3, 5). This
implies that the periodic orbit represents a stationary wave rather
than a travelling wave. The period of the wave is T = 2π/

√
3 and

the spatial wave number equals 3. These spatiotemporal proper-
ties are clearly visible in the left panel of figure 4.6, that displays
this wave.

We omit the expression for the first-order approximation for
the stable periodic orbit originating from ξ1

1, since it is almost
identical to equation (4.8): only the numerators 1−

√
−1− 2F and

1 +
√
−1− 2F need to be interchanged. Hence, the two coexisting

stable waves that arise from the two Hopf bifurcations of the equi-
libria ξ1

0 and ξ1
1 have the same spatiotemporal properties, but they

differ in spatial phase. This is indeed visible in the Hovmöller
diagrams in figure 4.6. These results show how the pitchfork bi-
furcation changes the mean flow and hence also the propagation
characteristics of the wave.

The question is whether stationary waves persist for dimen-
sions n > 6. To that end we conducted the following numerical
experiment. For all even dimensions 6 ≤ n ≤ 50 we used the
software package Auto-07p to continue numerically the equilib-
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Figure 4.6: As figure 4.1, but for two periodic attractors for n = 6 and F =

−3.6. These attractors are born at Hopf bifurcations of the equilibria
xP,1 (left) and xP,2 (right) at F′H = −7/2. Note that the waves are
stationary — i.e. they do not travel ‘eastward’ or ‘westward’. The
pitchfork bifurcation changed the mean flow which in turn changes
the propagation of the wave.

rium xF for F < 0 while monitoring the eigenvalues to detect bi-
furcations. At each pitchfork bifurcation we performed a branch
switch in order to follow the new branches of equilibria and de-
tect their bifurcations. Once the first Hopf bifurcation is detected
we can compute the period of the wave by equation (4.3) from the
eigenvalue pair ±ω0i that crosses the imaginary axis. It turns out
that if n = 4k + 2 for some k ∈ N, then the period of the peri-
odic attractor that is born at F′H(n) increases almost linearly with
n: fitting the function T(n) = α+ βn to the numerically computed
periods gives α = 0.36 and β = 0.59 — see figure 4.7.

Besides, the n components of the equilibria ξ1
0,1 that undergo

the Hopf bifurcations alternate in sign, as formula (3.19) shows.
Therefore, sufficiently close to the Hopf bifurcation the compon-
ents ξ1

P,0(t), . . . , ξ
1
P,n−1(t) of both periodic orbits will also altern-

ate in sign. Hence, the resulting stationary waves consists of
n/2 “troughs” and “ridges” which means that their wave num-
ber equals n/2.

case 3 : two pitchfork bifurcations If n equals n = 4k,
k ∈ N, then — after two subsequent pitchfork bifurcations — the
four equilibria ξ2

j , 0 ≤ j ≤ 3 exhibit a supercritical Hopf bifurca-
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Figure 4.7: Periods of the periodic attractor that appears after the first
Hopf bifurcation of a stable equilibrium for F < 0 and even values of
the dimension n. For clarity the cases n = 4k and n = 4k+ 2 have been
marked with different symbols in order to emphasize the differences
between the two cases.

tion simultaneously — see figure 3.5. Since this case is not analyt-
ically tractable, we perform a similar numerical experiment as for
case 2, but now for all even dimensions 4 ≤ n ≤ 48. We obtain
that for these n — contrary to n = 4k + 2 — the period of the
periodic attractor that appears after the Hopf bifurcation settles
down and tends to 1.92 as n → ∞ — see figure 4.7. The results
of these experiments — combined with the results in section 3.3.4
— reveal that the cases n = 4k and n = 4k + 2 are different both
qualitatively and quantitatively.

In spite of the aforementioned quantitative differences, the wave
numbers depend in the same way on n. Indeed, numerical invest-
igation shows that in this case the n components of the equilibria
ξ2

j , 0 ≤ j ≤ 3, that undergo a Hopf bifurcation alternate in sign as
well. Therefore, sufficiently close to the Hopf bifurcation the com-
ponents ξ2

P,0(t), . . . , ξ
2
P,n−1(t) of each periodic orbit will alternate

in sign and, hence, their wave numbers equal n/2 again.

4.3.2 Symmetric waves

Recall from section 2.3.1 that whenever x(t) is a solution of the
Lorenz-96 model, then, for any 1 ≤ j ≤ n, γ j

nx(t) is a solution as
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well. This also holds for a periodic solution xP(t) of system (2.1).
The orbits of xP(t) and γ

j
nxP(t) are either identical or disjoint by

uniqueness of solutions. In the first case both orbits differ at
most by a phase shift in time; in the second case we obtain a
new periodic solution γ

j
nxP(t) but whose spatiotemporal proper-

ties (i.e. the period and wave number) are the same as that of xP(t)
(Golubitsky et al., 1988).

In the Lorenz-96 model we observe numerically that the two or
four periodic orbits, generated through the Hopf bifurcations after
one or two pitchfork bifurcations, are indeed γn-conjugate to each
other. Because they all emerge from a different equilibrium, their
orbits must be disjoint, but they share the same spatiotemporal
properties.

To illustrate, consider case 2 in its smallest dimension, n = 6.
For F = −3.6 two disjoint periodic orbits exists, which are dis-
played in figure 4.8. The similarities between both periodic at-
tractors are clear. A comparison of their coordinates shows that
those of the right figure are shifted one place to the left with re-
spect to the left one, which implies that the periodic orbits are
γ6-conjugate. We point out that applying γ6 twice will result in
an identical periodic orbit with phase shift T/3.

An example for case 3 is given in figure 4.9, where two differ-
ent periodic attractors are displayed that are γ4-conjugate, which
means that they originate from the branches ξ2

j (F) and ξ2
j+1(F)

with 0 ≤ j ≤ 3 — see figure 3.5. This time, applying γ4 twice
to the periodic orbit from the branch of ξ2

j results in another dis-
joint periodic orbit, which originates from the γ2

4-conjugate equi-
librium ξ2

j+2, in agreement with what is found analytically — see
section 3.3.3.

In general dimensions n, the periodic orbits for F < 0 are due
to the symmetry related to each other as follows:

case 1 : If n is odd, then there exists one periodic orbit xP(t) that
satisfies γnxP(t) = xP(t + jT/n), where 1 ≤ j < n, i.e. it gets a
phase shift proportional to T/n such that after n iterations we
retrieve the orbit without phase shift.
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Figure 4.8: Time series of all coordinates x j of the two different periodic
attractors for n = 6 and F = −3.6, i.e. after the Hopf bifurcation fol-
lowing the first and only pitchfork bifurcation. The coordinates x j,
with j = 1, . . . , 6, are coloured blue, light-blue, red, purple, dark-green
and yellow-green, respectively. Observe that these attractors are γ6-
conjugate to each other.
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Figure 4.9: Time series of all coordinates x j of two periodic attractors
for n = 4 and F = −4.0, i.e. after the Hopf bifurcation following the
second pitchfork bifurcation. The coordinates x j, with j = 1, . . . , 4,
are coloured blue, red, green and black, respectively. Observe that
the periodic orbits are disjoint and γ4-conjugate to each other, which
means that they originate from the branches ξ2

k (left) and ξ2
j+1 (right)

with 0 ≤ j ≤ 3. The periodic orbits from the two other branches, ξ2
j+2

and ξ2
j+3, are obtained similarly, i.e. by applying γ4 two and three

times to the periodic orbit in the left panel.
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case 2 : For n = 4k + 2, k ∈ N, the two periodic orbits are γn-
conjugate. Applying γn twice returns the original periodic orbit
but with a phase shift equal to 2 jT/n, where 1 ≤ j < n.

case 3 : In dimensions n = 4k there are four different periodic
orbits of which three can be obtained from one by applying γn

subsequently one, two or three times, as in n = 4. Moreover,
when we apply γn four times, then the original periodic orbit
reappears with a phase shift equal to 4 jT/n, where 1 ≤ j < n.

Using the same method as in section 4.2 to investigate the sym-
metry of these periodic orbits, we observe that, in general, the
periodic orbits do not belong to any fixed-point subspace other
than Fix(Idn) = Rn, for dimensions up to 100. This might be due
to the fact that the Hopf bifurcation values F′H and F′′H are differ-
ent for each dimension, which leads to different periodic orbits
that do not inherit their properties from a lower dimension — see
section 3.3.4. However, in dimensions that are multiples of 6 we
observe a tendency for periodic attractors in Fix(G6

n) to become
stable after a while — see figure 4.10. This is observed in both
dimensions of the form n = 4k and n = 4k + 2, so it could be
the case that (even in dimensions n = 4k) this symmetric attrac-
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Figure 4.10: Plot of the dimension m of the invariant subspace Fix(Gm
n )

that contains the global attractor for various dimensions n = 6k,
k = 1, . . . , 5, and negative F. In any dimension, after one or two
pitchfork bifurcations a periodic orbit is generated with no symme-
try (i.e. contained only in Fix(Gn

n)). For slightly smaller F, a symmetric
attractor gains stability, which is any case contained in Fix(G6

n).
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tor originates (via a Hopf bifurcation) from the equilibria directly
after the first pitchfork bifurcation.

4.4 coexistence of multiple waves

The results of sections 3.3.4 and 4.3 show that for even n and F < 0
either two or four stable periodic orbits coexist for the same para-
meter values. This phenomenon is referred to as multistability in
the dynamical systems literature. An overview of the wide range
of applications of multistability in different disciplines of science
is given by Feudel (2008).

multistability in dimension 12 Multistability also occurs
when F > 0, but for a very different reason. For n = 12, Theo-
rem 3.2 and Proposition 3.7 imply that the first bifurcation of the
equilibrium xF for F > 0 is not a Hopf bifurcation, but a Hopf-Hopf
bifurcation — see also section 3.2.2. In section 2.2, we have intro-
duced an embedding of the Lorenz-96 model in a two-parameter
family (2.13) that unfolds the Hopf-Hopf bifurcation.

Figure 4.11 shows a local bifurcation diagram of the two-pa-
rameter Lorenz-96 model in the (F, G)-plane for n = 12 which
is numerically computed using MatCont (Dhooge et al., 2011) —
see also section 5.1.6. The Hopf-Hopf point is located at (F, G) =

(1, 0), as predicted, and act as an organising centre. In section 3.2.2
we have shown that the unfolding of this particular case is of “type
I in the simple case” as described by Kuznetsov (2004). This means
that from the Hopf-Hopf point only two curves of Neimark-Sacker
bifurcations (nss) emanate. In discrete-time dynamical systems
an ns is the birth of a closed invariant curve when a fixed point
changes stability through a pair of complex eigenvalues crossing
the unit circle in the complex plane. From a continuous-time sys-
tem — such as equation (2.13) — we can construct a discrete-time
system by defining a Poincaré return map of a periodic orbit. An
ns refers then to the birth of an invariant two-dimensional torus
when the periodic orbit changes stability by a pair of Floquet mul-
tipliers crossing the unit circle in the complex plane.
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Figure 4.11: Bifurcation diagram of the two-parameter system (2.13) in
the (F, G)-plane for n = 12. The Hopf-Hopf bifurcation point is loc-
ated at the point (F, G) = (1, 0) due to the intersection of the two
Hopf bifurcation lines H2 and H3. From this codimension two point
two Neimark-Sacker bifurcation curves NS2 and NS3 emanate which
bound a “lobe-shaped” region in which two periodic attractors coexist.
Compare with the analytical result in figure 3.1.

In order to explain the dynamics in a neighbourhood around
the Hopf-Hopf point, we now use figure 4.11 in combination with
the results in section 3.2.2 to describe the successive bifurcations
that occur for G = 0.1 fixed and increasing F. At F = 1.1 the
equilibrium xF becomes unstable through a supercritical Hopf bi-
furcation (the blue line given by H2(F) = F− 1; see equation (3.15))
and a stable periodic orbit with wave number 2 is born. At F = 1.2
the now unstable equilibrium undergoes a second Hopf bifurca-
tion (the red line given by H3(F) = 1

2 (F− 1); see equation (3.15))
and an unstable periodic orbit with wave number 3 is born. The
latter periodic orbit becomes stable at F ≈ 1.58 through a sub-
critical ns (orange curve NS3) and an unstable two-dimensional
invariant torus is born. Hence, for parameter values F > 1.58 two
stable waves with wave numbers 2 and 3 coexist until one of these
waves becomes unstable in a bifurcation. For all fixed values of
0 < G < 0.15 the same bifurcation scenario occurs, but the values
of F are different. For −0.06 < G < 0 the roles of the two Hopf
bifurcations and periodic orbits have to be interchanged — i.e. we
can exchange the wave numbers 2 and 3.
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The scenario described above shows how the presence of two
subcritical ns-curves emanating from a Hopf-Hopf bifurcation de-
termines a region of the (F, G)-plane in which two stable periodic
orbits coexist with an unstable two-dimensional invariant torus.
We will refer to this region as the “multistability lobe”. A similar
scenario has been found in, for example, dimension n = 36 — see
section 5.1.7 — and for many other dimensions — see below. Nev-
ertheless, such a phenomenon is not limited to the special case of
the Lorenz-96 model, but occurs near a Hopf-Hopf bifurcation of
type I in any dynamical system (Kuznetsov, 2004).

multistability in general Hopf-Hopf bifurcations are
abundant in the two-parameter Lorenz-96 model (2.13). The Hopf
lines described in equation (3.10) have a different slope for all
0 < l < n

2 and l 6= n
3 , and hence they mutually intersect each other.

This implies that the number of Hopf-Hopf points in the (F, G)-
plane grows quadratically with n, as demonstrated in Proposi-
tion 3.10. However, not all these points will have an influence
on the dynamics: if xF is already unstable, then any dynamical
object born through the Hopf-Hopf bifurcation will also be un-
stable. In what follows, we only consider the Hopf-Hopf bifurca-
tions through which xF can change from stable to unstable. We can
find such points as follows: starting from the Hopf line in equa-
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Figure 4.12: G-coordinates of Hopf-Hopf points as a function of n. Only
those Hopf-Hopf points are shown which destabilise the equilibrium
xF. For large values of n the Hopf-Hopf bifurcations are close to the
F-axis in the (F, G)-plane, which means that these points are likely to
affect the dynamics of the Lorenz-96 model for G = 0.
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Figure 4.13: Continuations of periodic orbits for three different dimen-
sions and G = 0. The period of the orbit is plotted as a function
of F. Stable (resp. unstable) orbits are indicated by solid (resp. dashed)
lines. Circles denote Neimark-Sacker bifurcations and triangles denote
period doubling bifurcations.

(a) Continuation for n = 40. The Hopf bifurcations generating the
waves with wave numbers 8, 9 and 7 occur at, respectively, F = 0.894,
F = 0.902, and F = 0.959. Clearly, for 1.15 < F < 2.79 three stable
periodic orbits coexist.

(b) Continuation for n = 60. The Hopf bifurcations generating
the waves with wave numbers 13, 12 and 14 occur at, respectively,
F = 0.891, F = 0.894, and F = 0.923. For 1.01 < F < 2.03 three stable
periodic orbits coexist.

(c) Continuation for n = 80. The Hopf bifurcations generating
the waves with wave numbers 17, 16 and 18 occur at, respectively,
F = 0.889, F = 0.894, and F = 0.902. For 0.93 < F < 2.78 three stable
periodic orbits coexist.
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tion (3.10) with l = l+1 (n) as defined by equation (3.8), we first
localise Hopf-Hopf points by computing the intersections with all
other lines. From these intersections we select those that satisfy
the condition max{Reλ j : j = 0, . . . , n− 1} = 0 — i.e. the points
at which all but two eigenvalue pairs have negative real parts.

Figure 4.12 shows the G-coordinates of these Hopf-Hopf points
as a function of n. Clearly, for large n there exist Hopf-Hopf points
which are very close to the F-axis, suggesting that the multista-
bility lobe that emanates from such points can intersect the F-
axis and hence influence the dynamics of the original Lorenz-96

model (2.1). Moreover, figure 4.12 shows that for n > 12 there
are always two Hopf-Hopf points by which xF can change from
stable to unstable. It is then possible that two multistability lobes
intersect each other, which leads to a region in the (F, G)-plane in
which at least three stable waves coexist.

Figure 4.13 shows bifurcation diagrams of three periodic orbits
as a function of F for G = 0 for n = 40, 60 and 80. For each
periodic orbit the continuation is started from a Hopf bifurcation
of the equilibrium xF. If xF is unstable, then so will be the periodic
orbit. However, when the boundary of a multistability lobe is
crossed, an ns occurs by which a periodic orbit can gain stability.
It turns out that for specific intervals of the parameter F even three
stable periodic orbits coexist. Since figure 4.12 shows that for large
values of n the Hopf-Hopf bifurcations are close to the F-axis, we
expect that the coexistence of three or more stable waves is typical
for the Lorenz-96 model.

The Hopf-Hopf bifurcation has been reported in many works.
A few examples are single-mode inversionless lasers (Wieczorek
& Chow, 2006) and in fluid dynamical models: baroclinic flows
(Moroz & Holmes, 1984), rotating cylinder flows (Marqués, et al.,
2002; Marqués, et al., 2003), Poiseuille flows (Avila, et al., 2006),
rotating annulus flows (Lewis & Nagata, 2003; Lewis, 2010), and
quasi-geostrophic flows (Lewis & Nagata, 2005). In all these ex-
amples, the coexistence of multiple waves is reported, where the
nature of these waves depends on the specific model.

u


