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Introduction

One historical line of the present work starts in the 1850s when J. Liouville proved
that it is sufficient to find n independent functions in involution to integrate a given
Hamiltonian system with n degrees of freedom. In the XIXth century it was also
observed that in various examples of integrable Hamiltonian systems the functions
in involution give rise to invariant tori and that a neighborhood of any such torus
admits action-angle coordinates. The precise mathematical result was given much
later by Arnol’d in [1, 3] (Arnol’d-Liouville theorem).

The geometric point of view on integrable systems was further developed by the
mathematicians Duistermaat, Fomenko, Nekhoroshev, Smale, Weinstein, and by
others in the 1970-1980s. Their works laid a foundation to a completely new field in
mathematical physics. One major direction in this field was founded by Cushman
and Duistermaat. Its history starts with the discovery of a certain ‘holonomy’
effect, which appears in integrable systems when one tries to construct a set of
global action coordinates. Locally, such coordinates exist by the Arnol’d-Liouville
theorem, whereas globally this is not necessarily the case. The corresponding
obstruction was introduced by Duistermaat in his work [27] in 1980 and it is
commonly referred to as Hamiltonian monodromy or simply as monodromy.

In order to see non-trivial monodromy, it is customary to look at the so-called
energy-momentum map (also known as the integral map) of an integrable system
with two degrees of freedom. The energy-momentum map is defined on the phase
space of the system by a pair of functions in involution: the Hamiltonian function,
which encodes the dynamics of the system, and the momentum, which encodes
the symmetry associated to the Hamiltonian. For instance, the energy-momentum
map of the spherical pendulum has the form

F = (H,J) : T ∗S2 → R2,

where H = K+V is the Hamiltonian (sum of the kinetic and the potential energy)
of the pendulum and the integral J is the component of the angular momentum
about the gravitational axis.

vii



viii INTRODUCTION

The map F defines a fibration of the phase into regular two-dimensional tori
and a number of critical fibers, where the differential dF does not have a full rank.
The situation is depicted in Fig. 1, where the bifurcation diagram of the spherical
pendulum, that is, the set of the critical values of F , is shown.

J

H   

γ

Figure 1: Bifurcation diagram of the spherical pendulum. The image of the energy-
momentum map F is shaded gray. The critical values at the boundary of image(F )
correspond to Huygens’s horizontal periodic solutions. The isolated critical value
is the projection of the unstable equilibrium, when the pendulum is at the top of
the sphere.

For monodromy, a crucial property of the diagram is the presence of the isolated
critical value, which corresponds to the unstable equilibrium when the pendulum
is at the top of the sphere. The presence of such a critical value implies that the set
R of the regular values of F is not simply connected: the curve γ shown in Fig. 1
cannot be shrunk to a single point within the set R. As a result, the torus fibration
F : F−1(γ) → γ is not necessarily trivial. It turns out that F : F−1(γ) → γ is a
non-trivial torus bundle with the monodromy matrix

M =

(
1 1
0 1

)
∈ SL(2,Z), (1)

which means that the preimage F−1(γ) can be obtained from the direct product
γ × T 2 by re-gluing the fibers using the monodromy matrix M . This result was
established by Duistermaat in his work [27] and was shown to be incompatible
with the existence of smooth action coordinates along γ.
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Hamiltonian monodromy was later found to be non-trivial in various other
fundamental integrable problems of physics and mechanics, such as the Lagrange
top [22], the hydrogen atom in crossed fields [18], the Jaynes-Cummings model [83]
and the two-center problem [70, 99]. The notion of Hamiltonian monodromy was
also generalized in several different directions, including the cases of

i. quantum [17, 95]

ii. fractional [79] and

iii. scattering [5, 30] monodromy.

One important result on Hamiltonian monodromy is the geometric monodromy
theorem [67,74,75,105], which relates Hamiltonian monodromy to special isolated
singularities of the energy-momentum map. The singularities are of the so-called
focus-focus type and are similar to the unstable equilibrium found in the spherical
pendulum. Specifically, the theorem states that the monodromy around a singular
focus-focus fiber is always non-trivial and is given by the number of the focus-focus
points on this fiber; see Fig. 2. For instance, in the case of the spherical pendulum
the critical fiber contains only one focus-focus point. Hence, the off-diagonal entry
in Eq. (1) is equal to 1. We note that the geometric monodromy theorem is valid
also in the quantum case [95].

Figure 2: A focus-focus fiber with one singular point (a pinched torus).

There are a few different ways to prove the geometric monodromy theorem.
For instance, the theorem can be proven by looking at the variation of the rotation
number [96] or by applying methods from symplectic geometry [106]. In Chapter 1,
after giving basic definitions in the theory of Hamiltonian systems, we give a new
proof of the theorem, which is based on the topological approach proposed by F.
Takens in [92]. Specifically, we show how the energy levels H−1(h) and their Euler
numbers manifest the non-triviality of monodromy in the focus-focus case.



x INTRODUCTION

The approach that we develop in Chapter 1 applies more generally to integrable
two degree of freedom systems that are invariant under a circle action. However,
this approach does not directly generalize to systems with n ≥ 3 degrees of freedom
since it hinges on the use of the energy levels. In Chapter 2 we demonstrate that
the symmetry alone is sufficient for the computation of monodromy. This will allow
us to give a unified approach to Hamiltonian monodromy, which is applicable to
integrable systems with many degrees of freedom and isolated singularities of a
more general type than in the focus-focus case.

In Chapter 3 we consider a more general setting of fractional monodromy and
Seifert manifolds. Passing to such manifolds allows us to generalize the obtained
results on Hamiltonian monodromy, to generalize the known results on fractional
monodromy (see the work [35] and references therein), and to make a connection
to Fomenko-Zieschang theory. Our final theorems proven in this chapter can be
summarized as follows.

� Fractional monodromy can naturally be defined for closed Seifert manifolds
with an orientable base of genus g > 0.

� For such a Seifert manifold, the corresponding Euler number and the order
of the deck group completely determine fractional monodromy.

� In the case of integrable systems, the Euler number can be computed in
terms of the fixed points of the circle action.

We note that the importance of deck groups for fractional monodromy was
observed in [35], where it was defined for a different covering. The importance of
Seifert manifolds for integrable systems was discovered by Fomenko and Zieschang
in the 1980’s. In the context of fractional monodromy this was made more explicit
by Bolsinov et al. in [10]. The question of why and how is the Euler number related
to monodromy (Hamiltonian or fractional) is resolved in the present work.

In Chapter 4 we start with the discussion of general scattering theory, mostly
following the work of Knauf [61]. Then we show how this theory can be adapted for
the context of Liouville integrability. In particular, we propose a general definition
of a reference Hamiltonian for scattering and integrable systems and generalize the
notion of scattering monodromy [5,30] to this setting. We note that (unlike in the
cases of Hamiltonian and fractional monodromy) the Liouville fibrations which are
considered here are necessarily non-compact.

In Chapter 5 we apply our methods to the spatial Euler two-center problem.
We consider the scattering case of positive energies (the gravitational problem in
the case of negative energies was studied in [33, 99]) and show that in this case
the problem has non-trivial scattering monodromy of two different types (pure
and mixed scattering monodromy) as well as non-trivial Hamiltonian monodromy.
Our results show that Hamiltonian and mixed scattering monodromy remain in the
limiting case of the Kepler problem and that Hamiltonian monodromy is present
also in the spatial free flow.
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Chapter 1

Monodromy and Morse theory

In this chapter we show that Hamiltonian monodromy of an integrable two degree
of freedom system with an S1 symmetry can be computed by applying Morse
theory to the Hamiltonian of the system.

1.1 Preliminaries

Let us start with collecting a number of basic definitions and results in the theory
of integrable systems. For a detailed exposition of the theory we refer to one of
the following books [2, 11,20,62].

Definition 1.1.1. A Hamiltonian system (with n degrees of freedom) is a triple
(M,Ω, H) consisting of a symplectic 2n-manifold M , a symplectic structure1 Ω on
this manifold and a smooth function H : M → R. The manifold M is called the
phase space of the system and the function H is called the Hamiltonian.

The dynamics of a given Hamiltonian system (M,Ω, H) is defined by Hamil-
ton’s equations

dx

dt
= XH , ω(XH , ·) = −dH,

where x denotes a set of local coordinates. For instance, if the manifold M = R2n

and Ω =
∑
dpi ∧ dqi is the canonical symplectic form, then Hamilton’s equations

can be written as

dqi
dt

=
∂H

∂pi
and

dpi
dt

= −∂H
∂qi

.

We note that by Darboux’s theorem [11], one can always find local coordinates in
which Hamilton’s equations have the above form.

1A symplectic structure on a manifold is, by definition, a closed and non-degenerate 2-form.
The class of symplectic manifolds, that is, manifolds that admit a symplectic structure, contains,
among others, orientable 2-surfaces, R2n and cotangent bundles.

1



2 CHAPTER 1. MONODROMY AND MORSE THEORY

A fundamental notion in the context of Hamiltonian systems is the notion of
Liouville integrability.

Definition 1.1.2. A Hamiltonian system (M,Ω, H) is called Liouville integrable
(or simply integrable) if there exist smooth and almost everywhere independent
functions F1 = H, . . . , Fn in involution:

{Fi, Fj} = Ω(XFi , XFj ) = 0.

The latter means that for each i and j, the function Fi is invariant with respect
to the Hamiltonian flow of Fj (that is, with respect to the flow of XFj ).

Remark 1.1.3. Historically, the notion of Liouville integrability is based on a re-
sult by J. Liouville [68], which states that the existence of n independent functions
in involution is sufficient in order to locally integrate a given Hamiltonian system
with n degrees of freedom (by quadratures). Various systems, such as the Kepler
problem, the Euler two-center problem, the problem of n ≤ 3 point vortices, Euler,
Lagrange and Kovalevskaya tops, are integrable in the Liouville sense.

For a given integrable system (M,Ω, H) and the functions F1 = H, . . . , Fn in
involution, we have the following map

F = (F1, . . . , Fn) : M → Rn,

which is called the integral map (or the energy-momentum map) of the system.
The integral map F defines a fibration 2 of M into the invariant sets F−1(ξ) (the
fibers of F ). The geometry of this fibration in a neighborhood of a compact and
regular fiber is described in the following classical result.

Theorem 1.1.4. (Arnol’d-Liouville theorem [1,3]) Let F be an integral map of an
integrable system with n degrees of freedom. Let F−1(ξ) be a connected, compact
and regular fiber. Then

� The fiber F−1(ξ) is an n-dimensional torus (a Liouville torus);

� In a small neighborhood of the Liouville torus F−1(ξ), the Liouville fibration
is fiber-wise diffeomorphic to the trivial torus bundle Pr: Dn × Tn → Dn;

� In the neighborhood Dn × Tn of F−1(ξ) one can construct a set of action-
angle coordinates

I ∈ Dn and ϕ mod 2π ∈ Tn, Ω = dI ∧ dϕ.

In particular, the motion given by H is quasi-periodic on the torus F−1(ξ).

Proof. A proof of this theorem can be found in [2, 11,62].

2The so-called (singular) Liouville fibration of the system.



1.1. PRELIMINARIES 3

Let F : M → Rn be an integral map of an integrable Hamiltonian system.
Assume that the fibers F−1(ξ) of F are compact and connected. We observe that
the restriction map

F : F−1(R)→ R,

where R ⊂ image(F ) is the set of the regular values of the map F , is a Lagrangian
torus bundle. This means that each fiber F−1(ξ) of this bundle is a Lagrangian 3

submanifold of M and that a neighborhood of F−1(ξ) is a direct product Dn×Tn.
The trivialization is achieved by the action-angle coordinates.

We note that the bundle F : F−1(R) → R is not necessarily globally trivial.
Obstructions to the triviality of this bundle were identified by Duistermaat in [27].
One such obstruction, which prevents the existence of global action coordinates,
is called Hamiltonian monodromy. It is defined as follows.

Observe that the n Poisson commuting functions Fi give rise to a global Rn
action on M which preserves the fibers of F . For each ξ ∈ R, the stabilizer of the
Rn action on F−1(ξ) is a lattice Znξ ⊂ Rn. The union of these lattices covers the
base manifold R:

p :
⋃

Znξ → R.

There is the following definition.

Definition 1.1.5. (Duistermaat [27]) Hamiltonian monodromy is defined as the
covering homomorphism

π1(R, ξ0)→ AutZnξ0 ' GL(n,Z)

that is induced by the covering map p :
⋃
Znξ → R. For each element γ of the

fundamental group π1(R, ξ0), the corresponding automorphism Mγ ∈ GL(n,Z) is
called the Hamiltonian monodromy matrix along γ.

It can be shown that the determinant of the matrix Mγ equals 1.

Remark 1.1.6. (Homology) Each fiber F−1(ξ) can be identified with the quotient
space Rn/Znξ , which is an n-torus. In particular, the lattice Znξ0 can be identified

with the integer homology group H1(F−1(ξ0)). Each element γ ∈ π1(R, ξ0) acts
via a ‘parallel transport’ of integer homology cycles ci ∈ H1(F−1(ξ0)). Indeed, the
action coordinates I = (I1, . . . , In) in Theorem 1.1.4 can be defined by

Ii =
1

2π

∫
ci

α,

where ci are independent cycles on a Liouville torus and the form α is a primitive
one-form in Dn × Tn, that is, α is such that dα = Ω. Since each Liouville torus
is Lagrangian, the action coordinates depend only on the homology classes of the
cycles ci.

3A submanifold N of a symplectic manifold (M,Ω) is called Lagrangian if it is isotropic, that
is, if the symplectic form Ω vanishes on N , and of maximal dimension dim N = dim M/2.



4 CHAPTER 1. MONODROMY AND MORSE THEORY

Remark 1.1.7. (Hamiltonian monodromy of Lagrangian bundles) We note that
Definition 1.1 naturally extends to the setting of arbitrary Lagrangian torus bundle
(when R is not necessarily a subset of Rn). Instead of the Rn action on M that is
given by the Poisson commuting functions Fi, one should consider the action of the
cotangent spaces of T ∗R on the fibers of the Lagrangian torus bundle; see [27,69]
and Section 3.1 for details.

Remark 1.1.8. (Topological definition of monodromy) Topologically, one can
define Hamiltonian monodromy along a loop γ as monodromy of the torus (in the
non-compact case — cylinder) bundle over this loop. More precisely, consider a
Tn-torus bundle

F : F−1(γ)→ γ, γ = S1.

It can be obtained from the trivial bundle [0, 2π]×Tn by gluing the boundary tori
via a homeomorphism f , called the monodromy of F . In the context of integrable
systems (when F is the energy-momentum map and γ is a loop in the set of the
regular values) the matrix of the push-forward map

f? : H1(Tn)→ H1(Tn)

coincides with the monodromy matrix along γ in the above sense. It follows that
monodromy can be defined for any (not necessarily Lagrangian) torus bundle.
Note that the non-triviality of monodromy implies that the bundle is non-trivial.
The converse statement does not hold in general.

Since Duistermaat’s work [27], non-trivial Hamiltonian monodromy has been
found in various integrable systems. The list of examples includes the (quadratic)
spherical pendulum [8, 20, 27, 34], the Lagrange top [22], the Hamiltonian Hopf
bifurcation [29], the champagne bottle [6], the Jaynes-Cummings model [83], the
Euler two-center and the Kepler problems [33,70,99] and other integrable systems.
A number of different approaches to monodromy, which range from the residue
calculus to algebraic and symplectic geometry, have been developed. The very first
topological argument that allows to detect non-trivial monodromy has been given
by R. Cushman in the case of the spherical pendulum. Specifically, he observed
that, in this case, the energy levels H−1(h) for large values of the energy h are not
diffeomorphic to the energy levels near the minimum where the spherical pendulum
is at rest. This property is incompatible with the triviality of monodromy; see [27]
and Section 1.3 for more details.

Cushman’s argument demonstrates that the Hamiltonian monodromy in the
spherical pendulum is non-trivial, but it does not compute it. His argument had
been sleeping for many years until F. Takens proposed an idea of applying Morse
theory to the Hamiltonian (of a two-degree of freedom systems with a circle action)
for the computation of the monodromy [92]. The purpose of the present chapter
is to explain and prove Takens’s idea; generalizations will be considered later in
Chapters 2 and 3. The starting point of our discussion (of compact monodromy)
is Takens’s index theorem established in [92].
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1.2 Takens’s index theorem

We consider an oriented 4-manifold M and a smooth Morse function H on this
manifold. We recall that H is called a Morse function if for any critical (= singular)
point x of H the Hessian

∂2H

∂xi∂xj
(x)

is non-degenerate. We shall assume that H is a proper function (preimages of
compact sets are compact) and that it is invariant under a smooth circle action
G : M × S1 →M that is free outside the critical points of H.

Remark 1.2.1. (Context of integrable systems) In the context of integrable sys-
tems the function H is given by the Hamiltonian of the system or another first
integral, while the circle action comes from the (rotational) symmetry. We shall
discuss some specific examples later on.

For any regular level Hh = {x ∈ M | H(x) = h} the circle action gives rise to
a circle bundle

πh : Hh → Bh, Bh = Hh/S1.

By definition, the fibers π−1
h (b) of this bundle πh are the orbits of the circle action.

The question that was addressed by Takens is how the Euler number (also known
as the Chern number) of this bundle changes as h passes a critical value of H.
Before stating his result we shall make a few remarks on the Euler number and
the circle action.

First, we note that the manifolds Hh and Bh are compact and admit an induced
orientation. Since the base manifold Bh is 2-dimensional, the (principal) circle
bundle πh : Hh → Bh has an ‘almost global’ section

s : Bh → π−1
h (Bh)

that is not defined at most in one point b ∈ bh. Let α be a (small) loop that
encircles this point.

Definition 1.2.2. The Euler number e(h) of the principal bundle πh : Hh → Bh
is the winding number of s(α) along the orbit π−1

h (b). In other words, e(h) is the
degree of the map

S1 = α→ s(α)→ π−1
h (b) = S1,

where s(α) → π−1
h (b) is induced by a retraction of a tubular neighborhood of

π−1
h (b) onto π−1

h (b).

Remark 1.2.3. We note that the Euler number e(h) is a topological invariant of
the bundle πh : Hh → Bh which does not depend on the choices made; for more
details see the [48,84].
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Now, consider a singular point P of H. Observe that this point is fixed under
the circle action. From the slice theorem [4, Theorem I.2.1] (see also [9]) it follows
that in a small equivariant neighborhood of this point the action can be linearized.
Thus, in appropriate complex coordinates (z, w) ∈ C2 it can be written as

(z, w) 7→ (eimtz, eintw), t ∈ S1,

for some integers m and n. By our assumption, the circle action is free outside the
(isolated) critical points of the Morse function H. Hence, near each such critical
point the action can be written as

(z, w) 7→ (e±itz, eitw), t ∈ S1,

in appropriate complex coordinates (z, w) ∈ C2. The two cases can be mapped to
each other through an orientation-reversing coordinate change.

Definition 1.2.4. We call a singular point P positive if the local circle action
is given by (z, w) 7→ (e−itz, eitw) and negative if the action is given by (z, w) 7→
(eitz, eitw) in a coordinate chart having the positive orientation with respect to
the orientation of M .

Remark 1.2.5. The circle action (z, w) 7→ (eitz, eitw) defines the Hopf fibration
on the sphere

S3 = {(z, w) ∈ C2 | 1 = |z|2 + |w|2}.
The S1 action (z, w) 7→ (e−itz, eitw) defines a fibration which can be transformed
to the Hopf fibration through an orientation-reversing coordinate change. If an
orientation is fixed and the circle action is given by (z, w) 7→ (e−itz, eitw), then
we talk about an anti-Hopf fibration [94].

Lemma 1.2.6. The Euler number of the Hopf fibration is equal to −1, while for
the anti-Hopf fibration it is equal to 1.

Proof. Consider the case of the Hopf fibration (the anti-Hopf case is analogous).
Its projection map h : S3 → S2 is defined by h(z, w) = (z : w) ∈ CP1 = S2. Put

U1 = {(u : 1) | u ∈ C, |u| < 1} and U2 = {(1 : v) | v ∈ C, |v| < 1}.

Define the section sj : Uj → S3 by the formulas

s1((u : 1)) =

(
u√
|u|2 + 1

,
1√
|u|2 + 1

)
and s2((1 : v)) =

(
1√
|v|2 + 1

,
v√
|v|2 + 1

)
.

Now, the gluing cocycle t12 : S1 = U1 ∩U2 → S1 corresponding to the sections s1

and s2 is given by
t12((u : 1)) = exp (−iArgu).

If follows that the winding number equals −1 (the loop α in Definition 1.2.2 is
given by the equator S1 = U1 ∩ U2 in this case).
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Theorem 1.2.7. (Takens’s index theorem [92]) Let H be a proper Morse function
on an oriented 4-manifold. Assume that H is invariant under a circle action that
is free outside the critical points. Let hc be a critical value of H containing exactly
one critical point. Then

e(hc + ε) = e(hc − ε)± 1.

Here the sign is plus if the circle action defines the anti-Hopf fibration near the
critical point and minus otherwise, if the action defines the Hopf fibration.

Proof. The idea is to apply Morse theory to the function H. The role of the Euler
characteristic will be played by the Euler number. We note that the Euler number
is additive.

From Morse theory [77], we have that the manifold H−1(−∞, hc + ε] can be
obtained from the manifold H−1(−∞, hc − ε] by attaching a handle Dλ ×D4−λ,
where λ is the index of the critical point on H−1(hc). In other words,

H−1(−∞, hc + ε] ' H−1(−∞, hc − ε] ∪Dλ ×D4−λ,

and Dλ ×D4−λ is glued to H−1(hc − ε) along Sλ−1 ×D4−λ. We can choose the
handle to be invariant with respect to the circle action [101]. It follows that

H−1(hc + ε) ' (H−1(hc − ε) \ Sλ−1 ×D4−λ) ∪Dλ × S4−λ−1.

We note that Dλ×S4−λ−1∪Sλ−1×D4−λ is the boundary S3 = ∂(Dλ×D4−λ) of
the handle. Since the circle action is free outside the critical points of H, the Euler
number e(S3) = ±1, depending on whether the circle action defines the anti-Hopf
or the Hopf fibration on S3; see Lemma 1.2.6. The equality

e(hc + ε) = e(hc − ε) + e(S3) = e(hc − ε)± 1

concludes the proof.

Remark 1.2.8. We note that (an analogue of) Theorem 1.2.7 holds also when
the Hamiltonian function H has k > 1 isolated critical points on a critical level.
In this case

e(hc + ε) = e(hc − ε) +

k∑
i=1

εk,

where εk = ±1 corresponds to the kth critical point. As we shall show later, the
result holds even in the case whenH has degenerate, but still isolated, singularities;
cf. Remark 3.4.7.

Remark 1.2.9. By the continuity, the (integer) Euler number is locally constant.
This means that if [a, b] does not contain critical values of H, then e(h) is the
same for all the values h ∈ [a, b]. On the other hand, by Theorem 1.2.7, the Euler
number e(h) changes when h passes a critical value.
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1.3 Morse theory approach to monodromy

The goal of the present section is to show how Takens’s index theorem can be
used to compute Hamiltonian monodromy. First, we demonstrate our method on a
famous example of a system with non-trivial monodromy: the spherical pendulum.
Then, we give a new proof of the geometric monodromy theorem along similar
lines. Finally, we show that the jump in the energy level Euler number manifests
non-triviality of Hamiltonian monodromy in the general case.

1.3.1 Spherical pendulum

The spherical pendulum describes the motion of a particle moving on the unit
sphere

S2 = {(x, y, z) ∈ R3 : x2 + y2 + z2 = 1}

in the linear gravitational potential V (x, y, z) = z. The corresponding Hamiltonian
system is given by

(T ∗S2,Ω|T∗S2 , H|T∗S2), where H =
1

2
(p2
x + p2

y + p2
z) + V (x, y, z)

is the total energy of the pendulum and Ω is the standard symplectic structure.
We observe that the function J = xpy − ypx (the component of the total angular
momentum about the z-axis) is conserved. It follows that the system is Liouville
integrable. The bifurcation diagram of the energy-momentum map

F = (H,J) : T ∗S2 → R2,

that is, the set of the critical values of this map, is shown in Fig. 1.1.
From the bifurcation diagram we see that the set R ⊂ image(F ) of the regular

values of F (the shaded area in Fig. 1.1) is an open subset of R2 with one puncture.
Topologically, R is an annulus and hence π1(R, f0) = Z. We note that the puncture
(the black dot in Fig. 1.1) corresponds to an isolated singularity; specifically, to
the unstable equilibrium of the pendulum.

Consider the closed path γ around the puncture that is shown in Fig. 1.1.
Since J generates a Hamiltonian circle action on T ∗S2, any orbit of this action
on F−1(γ(0)) can be transported along γ. Let (a, b) be a basis of H1(F−1(γ(0))),
where b is given by the homology class of such an orbit. Then the corresponding
Hamiltonian monodromy matrix along γ is given by

Mγ =

(
1 mγ

0 1

)
for some integer mγ . It was shown in [27] that mγ = 1 (in particular, global action
coordinates do not exist in this case). Below we shall show how this result follows
from Theorem 1.2.7.
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J

H   

γ
γ1

γ2

H= 1 + ε

H= 1− ε

Figure 1.1: Bifurcation diagram for the spherical pendulum, the energy levels, the
curves γ1 and γ2, and the loop γ around the focus-focus singularity.

First we recall the following argument due to Cushman, which appears in [27]
and which shows that monodromy along γ is non-trivial.

Cushman’s argument. First observe that the point {p = 0, z = −1} is the
global and non-degenerate minimum of H on T ∗S2. From the Morse lemma, we
have that H−1(1 − ε) is homeomorphic to the 3-sphere S3. On the other hand,
H−1(1+ε) is homeomorphic to the unit cotangent bundle T ∗1 S

2. It follows that the
monodromy index mγ 6= 0. Indeed, the energy levels H−1(1 + ε) and H−1(1− ε)
are isotopic, respectively, to F−1(γ1) and F−1(γ2), where γ1 and γ2 are the curves
shown in Fig. 1.1. If mγ = 0, then the preimages F−1(γ1) and F−1(γ2) would be
homeomorphic, which is not the case. �

Using Takens’s index theorem 1.2.7, we shall now make one step further and
compute the monodromy index mγ . By Takens’s index theorem, the energy-level
Euler numbers are related via

e(1 + ε) = e(1− ε) + 1

since the critical point P is of focus-focus type. Note that focus-focus points are
positive by Theorem 1.3.3; for a definition of such points we refer to [11].
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Consider the curves γ1 and γ2 shown in Fig. 1.1. Observe that F−1(γ1) and
F−1(γ2) are invariant under the circle action given by the Hamiltonian flow of J .
Let e1 and e2 denote the corresponding Euler numbers. By the isotopy, we have
that e1 = e(1 + ε) and e2 = e(1− ε). In particular, e1 = e2 + 1.

Let δ > 0 be sufficiently small. Consider the following set

S− = {x ∈ F−1(γ1) | J(x) ≤ jmin + δ},

where jmin is the minimum value of the momentum J on F−1(γ1). Similarly, we
define the set

S+ = {x ∈ F−1(γ1) | J(x) ≥ jmax − δ}.

By the construction of the curves γi, the sets S− and S+ are contained in both
F−1(γ1) and F−1(γ2). Topologically, these sets are solid tori.

Let (a−, b−) be two basis cycles on ∂S− such that a− is the meridian and b−
is an orbit of the circle action. Let (a+, b+) be the corresponding cycles on ∂S+.
The preimage F−1(γi) is obtained by gluing these pairs of cycles by(

a−
b−

)
=

(
1 ei
0 1

)(
a+

b+

)
,

where ei is the Euler number of F−1(γi). It follows that the monodromy matrix
along γ is given by the following product

Mγ =

(
1 e1

0 1

)(
1 e2

0 1

)−1

.

Since e1 = e2 + 1, we conclude that the monodromy matrix

Mγ =

(
1 1
0 1

)
.

Remark 1.3.1. (Fomenko-Zieschang theory) The cycles a±, b±, which we have
used when expressing F−1(γi) as a result of gluing two solid tori, are admissible in
the sense of Fomenko-Zieschang theory [11, 49]. It follows, in particular, that the
Liouville fibration of F−1(γi) is determined by the Fomenko-Zieschang invariant
(the marked molecule)

A∗ ri=∞, ε=1, ni A∗

with the n-mark ni given by the Euler number ei. (The same is true for the regular
energy levels H−1(h).) Therefore, our results show that Hamiltonian monodromy
is also given by the jump in the n-mark. We note that the n-mark and the other
labels in the Fomenko-Zieschang invariant are defined in the case when no global
circle action exists.
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1.3.2 Geometric monodromy theorem

A common aspect of most of the systems with non-trivial Hamiltonian monodromy
is that the corresponding energy-momentum map has focus-focus points, which,
from the perspective of Morse theory, are saddle points of the Hamiltonian func-
tion.

The following result, which is sometimes referred to as the geometric mon-
odromy theorem, characterizes monodromy around a focus-focus singularity in
systems with two degrees of freedom.

Theorem 1.3.2. (Geometric monodromy theorem, [67, 74, 75, 105]) Monodromy
around a focus-focus singularity is given by the matrix

M =

(
1 m
0 1

)
,

where m is the number of the focus-focus points on the singular fiber.

A related result in the context of the focus-focus singularities is that they come
with a Hamiltonian circle action [105,106].

Theorem 1.3.3. (Circle action near focus-focus, [105, 106]) In a neighborhood
of a singular focus-focus fiber, there exists a unique (up to orientation reversing)
Hamiltonian circle action which is free everywhere except for the singular focus-
focus points. Near each singular point, the momentum of the circle action can be
written as

J =
1

2
(q2

1 + p2
1)− 1

2
(q2

2 + p2
2)

for some local canonical coordinates (q1, p1, q2, p2). In particular, the circle action
defines the anti-Hopf fibration near each singular point.

One implication of Theorem 1.3.3 is that it allows to prove the geometric
monodromy theorem by looking at the circle action. Specifically, one can apply
the Duistermaat-Heckman theorem in this case; see [106]. A slight modification
of our argument, used in the previous Subsection 1.3.1, results in another proof of
geometric monodromy theorem, which we give below.

Proof of Theorem 1.3.2. By applying integrable surgery we can assume that the
bifurcation diagram consists of a square of elliptic singularities and a focus-focus
singularity in the middle; see [106]. In the case when there is only one focus-focus
point on the singular focus-focus fiber, the proof reduces to the case of the spherical
pendulum. Otherwise the configuration is unstable. Instead of a focus-focus fiber
with m singular points, one can consider a new S1-invariant fibration such that it
is infinitely close to the original one and has m simple (that is, containing only
one critical point) focus-focus fibers; see Fig. 1.2. As in the case of the spherical
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J

H   

Figure 1.2: Splitting of the focus-focus singularity; the complexity m = 3 in this
example.

pendulum, we get that the monodromy matrix around each of the simple focus-
focus fibers is given by the matrix

Mi =

(
1 1
0 1

)
.

Since the new fibration is S1-invariant, the monodromy matrix around m focus-
focus fibers is given by the product of m such matrices, that is,

Mγ = M1 . . .Mm =

(
1 m
0 1

)
.

The result follows.

Remark 1.3.4. (Duistermaat-Heckman) Consider a symplectic 4-manifoldM and
a proper function J that generates a Hamiltonian circle action on this manifold.
Assume that the fixed points are isolated and that the action is free outside these
points. From the Duistermaat-Heckman theorem [28] it follows that she symplectic
volume V (j) of J−1(j)/S1 is a piecewise linear function. Moreover, if j = 0 is a
critical value with m positive fixed points of the circle action, then

V (j) + V (−j) = 2V (0)−mj.

As was shown in [106], this result implies geometric monodromy theorem since the
symplectic volume can be viewed as the affine length of {J = j}. The connection to
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our approach can be seen from the observation that the derivative V ′(j) coincides
with the Euler number of J−1(j). We note that for the spherical pendulum, the
Hamiltonian does not generate a circle action, whereas the z-component of the
angular momentum is not a proper function. Therefore, neither of these functions
can be taken as ‘J ’; in order to use the Duistermaat-Heckman theorem, one needs
to consider a local model first [106]. Our approach can be applied directly to the
Hamiltonian of the system, even though it does not generate a circle action.

Remark 1.3.5. (Generalization) We observe that even if the interior of a simple
closed curve γ ⊂ R has a hole or some complicated arrangement of singularities,
the monodromy along this curve can still be computed by looking at the energy
level Euler numbers. Specifically, the monodromy along γ is given by

Mγ =

(
1 mγ

0 1

)
,

where mγ = e(h2) − e(h1) is the difference between the Euler numbers of two
(appropriately chosen) energy levels.

Remark 1.3.6. (Planar scattering) In Chapter 4, we shall show, in particular,
that a similar result holds in the case of mechanical Hamiltonian systems on T ∗R2

that are both scattering and integrable. For such systems, the roles of the compact
monodromy and the Euler number will be played by scattering monodromy and
Knauf’s scattering index [61], respectively; see Theorem 4.4.2.

1.4 Discussion

The approach that we developed in this chapter allows to compute Hamiltonian
monodromy in integrable systems with two-degrees and a circle action. However,
it does not directly generalize to integrable systems with n ≥ 3 degrees of freedom.
One reason for this is that for such systems the energy levels do not have to change
their topology for monodromy to be non-trivial.

In order to achieve such a generalization, we shall look directly at the Euler
number of F−1(γ), where γ is the curve along which the monodromy is defined.
This point of view will allow us to avoid using energy levels; we shall develop it in
Chapter 2 for the case of Hamiltonian monodromy and in Chapter 3 for fractional
monodromy.





Chapter 2

Symmetry approach

In the present chapter we study Hamiltonian monodromy in n degrees of freedom
integrable Hamiltonian systems with a Hamiltonian Tn−1 action. We show that
orbits with S1 = T1 isotropy are associated to non-trivial monodromy and we give
a simple formula for computing the Hamiltonian monodromy matrix in this case.
We conclude the chapter with a discussion of the spatial champagne bottle.

2.1 Complexity one torus actions

Consider an integrable Hamiltonian system on a connected 2n-dimensional sym-
plectic manifold (M,Ω) and let F be the integral map. Everywhere in this chapter
and unless stated otherwise we assume that the following assumptions hold.

Assumptions 2.1.1. The integral map F : M → Rn is assumed to satisfy the
following properties.

(1) F is proper, that is, for every compact set K ⊂ Rn the preimage F−1(K) is
a compact subset of M .

(2) The integral map F is invariant under a Hamiltonian Tn−1 action.
(3) The Tn−1 action is free on F−1(R), where R ⊂ image(F ) is the set of the

regular values of F .

Examples of systems that satisfy these assumptions are given, for instance, by
semi-toric systems [32,87,97]. We note that we do not assume that the momentum
map associated to the Hamiltonian action is proper.

Remark 2.1.2. Hamiltonian Tn−k actions on symplectic 2n manifolds are called
complexity k torus actions. Classification of symplectic manifolds with such ac-
tions has been studied by Delzant in [24] (k = 0), and Karshon and Tolman in [58]
(k = 1). We note that for integrable systems with a complexity 0 torus action,
monodromy is always trivial.

15
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The Hamiltonian monodromy of the map F along a simple closed curve γ ⊂ R
is determined by n− 1 free integer parameters.

In Section 2.2 we prove that these parameters coincide with the Euler numbers
of the principal bundle ρ : F−1(γ) → F−1(γ)/Tn−1 and show how to compute
them in terms of the singular orbits (with T1 isotopy group) of the Tn−1 action;
see Theorems 2.2.6 and 2.2.9.

In the case of n = 2 degrees of freedom, orbits with T1 isotropy are the fixed
points of the circle action, and the theorems show how the monodromy index is
determined in terms of these fixed points; see Theorem 2.2.14. We note that this
case corresponds to the setting of Chapter 1, and that our proofs in this chapter
do not rely on the energy levels. Instead, Stokes’s theorem and the curvature form
of the Tn−1 action will be used.

In Section 2.3 we illustrate the obtained results on the geometric monodromy
theorem and a few specific examples of integrable (n = 2 and n = 3) degrees of
freedom systems.

In Section 2.4 we prove Theorem 2.2.6, which relates monodromy to the Euler
numbers.

In Section 2.5 we study the spatial champagne bottle [6]. Specifically, we show
that the Hamiltonian monodromy in the planar champagne bottle is related to
the non-triviality of the regular flowers found in the spatial problem, where no
Hamiltonian monodromy is present.

2.2 Hamiltonian monodromy and Euler numbers

Consider a regular simple closed curve γ ⊂ R and assume that the fibers F−1(ξ),
where ξ ∈ γ, are connected. By the Arnol’d-Liouville theorem, we have the n-torus
bundle

F : Eγ → γ, Eγ = F−1(γ), (2.1)

Take a fiber F−1(ξ0), ξ0 ∈ γ, and let Tn−1 be any orbit of the Hamiltonian Tn−1

action on F−1(ξ0). We choose a basis (e1, . . . , en) of the integer homology group
H1(F−1(ξ0)) so that (e1, . . . , en−1) is a basis of H1(Tn−1). Since the Hamiltonian
Tn−1 action is globally defined on Eγ , the generators ej , j = 1, . . . , n− 1, are also
globally defined, that is, they are preserved under the parallel transport along γ.
It follows that the Hamiltonian monodromy matrix of the bundle F : Eγ → γ with
respect to the basis (e1, . . . , en) has the form

1 · · · 0 m1

...
. . .

...
...

0 · · · 1 mn−1

0 · · · 0 1

 .

We call ~m = (m1, . . . ,mn−1) ∈ Zn−1 the monodromy vector.
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Digression: curvature form

Let us recall how the curvature form is defined. For a detailed exposition of the
theory we refer to Postnikov [84].

Consider an arbitrary principal Tn−1 bundle ρ : E → B. The structure group
Tn−1 is isomorphic to the direct product of n− 1 circles:

Tn−1 = {(eiϕ1 , . . . , eiϕn−1) | ϕj ∈ R} ⊂ Cn−1.

The (commutative) Lie algebra TeTn−1 can thus be identified with iRn−1.
Let A# denote the fundamental vector field generated by A ∈ iRn−1 and let

R?g denote the pull-back of the right shift Rg : E → E.

Definition 2.2.1. A connection one-form σ on ρ : E → B is a iRn−1-valued
one-form on E such that σ(A#) = A and R?g(σ) = Adg−1σ = σ.

Remark 2.2.2. A connection form separates the tangent spaces of E into vertical
and horizontal subspaces. It exists if B is paracompact.

Let {Uα}α∈I be a trivialization cover of B.

Definition 2.2.3. On each trivialization chart Uα define the curvature form F by
the following formula:

F|Uα = ds?α(σ),

where sα : Uα → E is a section and s?α denotes the pull-back.

Remark 2.2.4. Since Tn−1 is commutative, the curvature form F is a well-defined.
It is a closed 2-form whose cohomology class does not depend on the choices made.

For n = 2, the integral
i

2π

∫
Eγ/Tn−1

F

is given by the pairing of the Euler class i
2πF with the base manifold Eγ/Tn−1.

This pairing is necessarily an integer, and it coincides with the Euler number
introduced in Definition 1.2.2. In the case of arbitrary n, the cohomology class
i

2πF is given by the Euler classes of the circle bundles ρ : Eγ/Tn−2
l → Eγ/Tn−1.

Remark 2.2.5. (Terminology) If n = 2, the cohomology class i
2πF is also known

as the first Chern class of the circle bundle and i
2π

∫
Eγ/Tn−1 F is also known as

the Chern number. We choose the name Euler for two reasons. The first reason
is that the Euler number can naturally defined for Seifert fibrations, whereas the
Chern number is defined only for (complex vector or associated principal) bundles.
Another reason is that there is another Chern class introduced by Duistermaat
in [27], which obstructs the existence of a global section of F : F−1(R) → R. We
note that it can happen that the Chern class in the sense of Duistermaat is trivial,
while the Tn−1 bundle is not.
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Let us now come back to the context of integrable systems.
Since the Tn−1 action is free on Eγ ⊂ F−1(R), the monodromy vector ~m is

defined and we have the principal bundle ρ : Eγ → Eγ/Tn−1 with respect to the
reduction map ρ : M → M/Tn−1. We note that Eγ/Tn−1 is a 2-torus since it
is an orientable circle bundle over γ. Since Eγ/Tn−1 is compact, there exists a
curvature form F and thus the Euler numbers i

2π

∫
Eγ/Tn−1 F are defined.

Theorem 2.2.6. Let F : M → Rn be a proper integral map of an integrable
system on M invariant under a Hamiltonian Tn−1 action. Consider a regular
simple closed curve γ ⊂ R such that the fibers F−1(ξ), ξ ∈ γ, are connected and
such that the Tn−1 action is free on Eγ = F−1(γ).

Then the monodromy vector ~m is determined by the Euler numbers of the
bundle ρ : Eγ → Eγ/Tn−1; specifically,

~m =
i

2π

∫
Eγ/Tn−1

F.

Proof. Different proofs of this fact are given in Section 2.4.

Remark 2.2.7. In the case of n = 2 degree of freedom systems, Theorem 2.2.6 is
essentially due to [11]. The result given in [11] states that the n-mark of a marked
molecule with a free circle action is given by the Euler number. We note that the
importance of this result for Hamiltonian monodromy was not emphasized.

Remark 2.2.8. Recall that the monodromy vector ~m depends on the choice of
the generators (e1, . . . , en−1). The generators (e1, . . . , en−1) result in a basis of
the Lie-algebra TeTn−1 = iRn−1. In Theorem 2.2.6 we implicitly assume that the
curvature form F is written with respect to this basis.

We will now use Theorem 2.2.6 in order to show that the Hamiltonian mon-
odromy of the bundle F : Eγ → γ is related to the orbits of the Tn−1 action with
S1 isotropy. In particular, we prove the following result.

Theorem 2.2.9. Let F and γ be as in Theorem 2.2.6. Assume, moreover, that
the following conditions hold.

(1) There exists a 2-disk U in the image of F with ∂U = γ.
(2) The preimage F−1(U) is a closed sub-manifold (with boundary) of M .
(3) The Tn−1 action is free in F−1(U) outside ` orbits p1, . . . , p` ∈ F−1(U) with

S1 isotropy.
Then

~m =
i

2π

∑̀
k=1

∫
S2
k

F, (2.2)

where S2
k is an arbitrarily small sphere around the point ρ(pk) in the reduced space

F−1(U)/Tn−1.
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Proof. Take sufficiently small open balls Vk ⊂ F−1(U)/Tn−1 around ρ(pk) such
that the complement

B =
(
F−1(U)/Tn−1

)
\
⋃̀
k=1

Vk

is a compact connected manifold with boundary. Observe that by construction
the boundary ∂B is the disjoint union of the spheres S2

k = ∂Vk, k = 1, . . . , `, and
the 2-torus Eγ/Tn−1.

Let E = ρ−1(B). Then the bundle ρ : E → B is principal. Let F denote its
curvature 2-form. Theorem 2.2.6 implies that

~m =
i

2π

∫
Eγ/Tn−1

F,

and a direct application of Stokes’ theorem gives

~m =
i

2π

∑̀
k=1

∫
S2
k

F.

Remark 2.2.10. Since the spheres S2
k can be chosen to be arbitrary small, the

monodromy vector ~m is determined by the behavior of the Tn−1 action near the
singular orbits pk.

Remark 2.2.11. In the case n = 2, the assumption (2) from Theorem 2.2.9 can
be omitted as it always holds. Moreover, in this case the singular orbits p1, . . . , p`
with S1 isotropy are simply the fixed points of the S1 = T1 action.

Up to the end of this section we assume that F and γ satisfy the conditions of
Theorem 2.2.9. Our goal is to obtain expressions for ~m that can be more easily
used in applications. First, consider the simplest case n = 2.

2.2.1 The case of 2 degrees of freedom

Let us recall the definition of positive and negative singular points of a circle action
from Section 1.2.

Definition 2.2.12. A singular point P of a circle action on M is called positive
if the action can be written as (z, w) 7→ (e−itz, eitw) in a coordinate chart having
the positive orientation with respect to the orientation of M (in our case, the
orientation is given by the symplectic form). Similarly, a singular point P is called
negative if the action can locally be written as (z, w) 7→ (eitz, eitw).
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Remark 2.2.13. We recall that if the circle action is free outside the fixed points,
then each fixed point is either positive or negative because of the slice theorem [4,
Theorem I.2.1] (see also [9]). It follows that the circle action defines (respectively)
the anti-Hopf or the Hopf fibration on a small 3-sphere

S3
ε = {(z, w) ∈ C2 | ε = |z|2 + |w|2}

around the fixed point. Here (z, w) ∈ C2 are linearized coordinates.

Observe that for the case n = 2, each term in the sum in the right hand side of
Eq. (2.2) is the Euler number of a Hopf or an anti-Hopf fibration. By Lemma 1.2.6,
the Euler number of the Hopf fibration equals −1, while for the anti-Hopf fibration
it equals 1. We thus get the following result.

Theorem 2.2.14. Let F and γ be as in Theorem 2.2.9 with n = 2. Then the
Hamiltonian monodromy of the 2-torus bundle F : Eγ → γ is given by the number
of positive singular points minus the number of negative singular points in F−1(U).

Remark 2.2.15. Note that Theorem 2.2.14 does not require that the singular
points are focus-focus singularities of F .

2.2.2 The case of n ≥ 2 degrees of freedom

In this section we provide two approaches for computing the monodromy vector
~m in the case n ≥ 2.

The first approach is to reduce the number of degrees of freedom and apply
techniques from Section 2.2.1. First, let us reformulate Theorem 2.2.6 as follows.
Consider the subgroup Tn−2

l of Tn−1 defined by

Tn−2
l = {(eiϕ1 , . . . , eiϕn−1) | ϕl = 0; ϕj ∈ R, j 6= l}. (2.3)

Let i
2πFl be the Euler class of the circle bundle ρ : Eγ/Tn−2

l → Eγ/Tn−1. Then
we have the following equality

ml =
i

2π

∫
Eγ/Tn−1

Fl. (2.4)

Let J lk, k = 1, . . . , n − 2, be smooth functions on M such that their Hamiltonian
vector fields generate the Tn−2

l action. Denote by J lc the common level set of J lk:

J lc = {J l1 = c1, . . . , J
l
n−2 = cn−2}.

Suppose that there exists a regular J lc such that F−1(U) ⊂ J lc. Symplectic re-
duction with respect to the Tn−2

l action yields a 2 degree of freedom Hamiltonian
system on J lc/T

n−2
l . From Eq. (2.4), it follows that ml gives the monodromy along

γ in the reduced system, and one can apply Theorem 2.2.14 to determine ml.
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Remark 2.2.16. The reduction method just described can be applied only when
the functions J lk are constant on F−1(γ). In specific cases one can use the fact
that the monodromy along γ depends only on its homotopy type [γ] in F−1(R) to
find an appropriate γ and generators J lk so that this condition holds.

The second approach starts from Eq. (2.2). We want to compute the integrals
i

2π

∫
S2
k
F, where 1 ≤ k ≤ `. Represent the acting torus Tn−1 as a direct prod-

uct Tn−1 = S1
1 × · · · × S1

n−1 in such a way that the isotropy group of pk is S1
1.

This representation leads to a new basis (e′1, . . . e
′
n−1, en) of H1(F−1(ξ0)) (cf. the

beginning of Section 2.2).
Consider the subgroup Tn−2

l of Tn−1 defined as in (2.3). Suppose l > 1. Then
the circle bundle ρ : ρ−1(Vk)/Tn−2

l → Vk is trivial since Vk is contractible. Now
suppose l = 1. It follows from the slice theorem that S1

1 acts on the quotient
ρ−1(Vk)/Tn−2

1 linearly as

(z, w) 7→ (e±itz, eitw), t ∈ S1
1,

in appropriate coordinates (z, w). In accordance with Definition 2.2.12 we propose
the following definition.

Definition 2.2.17. We call the orbit pk positive with respect to the Tn−1 action
if the S1

1 action on the quotient ρ−1(Vk)/Tn−2
1 is given by (z, w) 7→ (e−itz, eitw)

and negative otherwise.

Remark 2.2.18. There is a canonical orientation on the quotient ρ−1(Vk)/Tn−2
1

induced by the symplectic form Ω.

With the above conventions we have

i

2π

∫
S2
k

F = (±1, 0, . . . , 0)t (2.5)

depending on whether the singular orbit pk is positive or negative for the Tn−1

action.
Note that we made a specific choice of the basis of the Lie algebra of the acting

torus Tn−1 when we represented it as a direct product Tn−1 = S1
1 × · · · × S1

n−1.
The basis (e1, . . . , en−1) associated to the monodromy vector ~m corresponds, in
general, to a different basis of the Lie algebra. It can be checked that in the latter
basis Eq. (2.5) becomes

i

2π

∫
S2
k

F = ±~uk,

where ~uk = (u1
k, . . . , u

n−1
k ) ∈ Zn−1 is such that e′1 =

∑n−1
j=1 u

j
kej . In other words,

the coefficients (u1
k, . . . , u

n−1
k ) are the expansion coefficients of the isotropy group

pk with respect to the generators (e1, . . . , en−1).
We get the following theorem.
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Theorem 2.2.19. Let F and γ be as in Theorem 2.2.9 with n ≥ 2 arbitrary.
Then the Hamiltonian monodromy of the n-torus bundle F : Eγ → γ is given by

~m =
∑̀
k=1

±~uk,

where the sign for the k-th term depends on whether the orbit pk is positive or
negative with respect to the Tn−1 action.

2.3 Examples

In this section we use Theorems 2.2.14 and 2.2.19 to compute the Hamiltonian
monodromy of torus bundles in concrete examples.

2.3.1 The geometric monodromy theorem revisited

Suppose that ξ0 is a focus-focus critical value of an integrable Hamiltonian system
with 2 degrees of freedom. Let ` be the number of the focus-focus points on the
singular fiber corresponding to ξ0 and let γ be a small circle around ξ0. Recall
that there is the following result, which describes the Hamiltonian monodromy
around a focus-focus singularity.

Theorem 2.3.1. (Geometric monodromy theorem, [67, 74, 75, 105]) Hamiltonian
monodromy around a focus-focus singularity is given by the matrix

M =

(
1 m
0 1

)
,

where m is the number of the focus-focus points on the singular fiber.

Recall also that in a neighborhood of the focus-focus singular fiber there exists
a Hamiltonian circle action that is free outside the fixed focus-focus points; see
Theorem 1.3.3. Given the existence of this circle action, the geometric monodromy
theorem follows directly from Theorem 2.2.14.

Proof of Theorem 2.3.1. Let z = q1 + ip1 and w = q2 + ip2, where (q1, p1, q2, p2)
are as in Theorem 1.3.3. Then the local chart (z, w) is positively oriented with
respect to the orientation induced by Ω = dq1 ∧ dp1 + dq2 ∧ dp2. It can be checked
that the S1 action near each focus-focus point has the form (z, w) 7→ (e−itz, eitw).
It follows from Lemma 1.2.6 that each focus-focus point is positive.

Remark 2.3.2. In the work [106] of Zung (cf. Cushman and Duistermaat [21])
monodromy was generalized to the case of integrable non-Hamiltonian systems of
bi-index (2, 2). By definition, an integrable non-Hamiltonian systems of bi-index
(2, 2) is a 4-dimensional symplectic manifold M with 2 vector fields Xj and 2
functions Jj such that [Xj , Xl] = 0 and Xj(Jl) = 0.
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Just as in the Hamiltonian case, one can define monodromy for the integral
map F = (J1, J2), define the notion of a (possibly degenerate) focus-focus critical
value and prove the existence, in a tubular neighborhood of a the singular fiber,
of a system-preserving S1 action; see [106]. The S1 action turns out to be free
outside fixed points.

It can be shown (for instance, by applying the topological results of Chapter 3)
that Theorem 2.2.14 is applicable to this setting and, thus, the monodromy around
a possibly degenerate focus-focus critical value is given by the number of positive
singular points minus the number of negative singular points, cf. [21] and [106].
Note that negative singular points might appear which means that some of the
Euler numbers in Eq. (2.2) will be equal to −1.

2.3.2 Quadratic spherical pendula

Consider a particle moving on the unit sphere

S2 = {(x, y, z) ∈ R3 : x2 + y2 + z2 = 1}

in a quadratic potential V (z) = bz2 + cz. The corresponding Hamiltonian system
(T ∗S2,Ω|T∗S2 , H), where H = 1

2 〈p, p〉 + V (z) is the total energy, is called the
quadratic spherical pendulum [34]. This system is integrable since the z component
J of the angular momentum is conserved. Moreover, the function J generates a
global Hamiltonian S1 action on T ∗S2. As we change the parameters b and c of the
potential, the system goes through different regimes characterized by qualitatively
different bifurcation diagrams of the integral map F = (H,J). In [34] these regimes
were classified as follows:

Type O The image of F has one isolated critical value that lifts to a pinched
torus containing one focus-focus point (Figure 2.1). The spherical pendulum
V (z) = z belongs to this category.

Type II The integral map F has two focus-focus critical values, isolated in the
set of the critical values (Figure 2.1). Each such critical value lifts to a singly
pinched torus.

Type I The set R of regular values consists of two disjoint regions (Figure 2.1).
Fibers of F over points in the outer region are T 2 while fibers over points
in the inner region are disjoint unions of two T 2. We call the inner region
‘island’. The common boundary of the two regions consists of critical values
of F . Fibers of F over the transversally hyperbolic critical values at the top
of the island are the topological product of a figure ‘eight’ with S1. At the
two top ends of the island these fibers degenerate to cuspidal tori, see [37].
The fiber over the lowest point of the island is the disjoint union of a torus
and a single point P . The latter is an elliptic-elliptic singularity for the
integrable system. The remaining transversally elliptic critical fibers at the
boundary of the island are the disjoint union of a torus and an S1.
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Figure 2.1: Bifurcation diagrams for the qualitatively different regimes of the
quadratic spherical pendulum. Top: type O, type II. Bottom: type I, paths in a
type I system.

Hamiltonian monodromy of type O and II systems is standard. For any path
in the image of the integral map that once encircles exactly one focus-focus critical
value, the Hamiltonian monodromy matrix is

M =

(
1 1
0 1

)
.

Monodromy of type I systems is determined in [34] using the observation that
such systems can be obtained through a sub-critical Hamiltonian Hopf bifurcation
of type O systems; the (local) bifurcation does not affect the (global) geometry
of the torus bundle. A different way to compute Hamiltonian monodromy in this
case is to apply the results of Chapter 1; see, in particular, Remark 1.3.5. Below
we demonstrate how Theorem 2.2.14 can be used for this purpose. We note that
type I systems do not admit focus-focus points and their monodromy cannot be
determined by the geometric monodromy theorem.

Consider the path γ2 shown in Figure 2.1. There is the following result.
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Proposition 2.3.3 ( [34]). The Hamiltonian monodromy along γ2 is given by the
matrix

Mγ2 =

(
1 1
0 1

)
.

Proof. Let D2 be the 2-disk with ∂D2 = γ2. Then in the preimage F−1(D2) there
is only one fixed point of the global S1 action induced by J , namely, the elliptic-
elliptic point P . Since the function J does not depend on the parameters b and
c, and P is positive when it is a focus-focus point (in type O systems) we deduce
that P is also positive with respect to the S1 action in type I systems. It is left to
apply Theorem 2.2.14.

Remark 2.3.4. Since P is an elliptic-elliptic point of the integrable system (H,J)
there exists a T2 action in its neighborhood. Thus one can consider two S1 actions
in a neighborhood of P such that P is positive with respect to one and negative
with respect to the other. Nevertheless, to apply Theorem 2.2.14 we must consider
an S1 action defined on F−1(D2) and the only such action is the global S1 action
generated by J . Therefore, checking whether P is positive or negative must be
done with respect to the global S1 action.

Note that the path γ2 does not cross any critical values of F . However, we
can also consider closed paths, such as γ1 in Figure 2.1, that encircle the curve
of hyperbolic critical values and cross the curves of elliptic critical values. Then
the preimage F−1(γ1) consists of two connected components [34,37]. One of these
components is diffeomorphic to S3 while the other is the total space of a T 2 bundle
over γ1.

Proposition 2.3.5 ( [34]). The Hamiltonian monodromy of the T 2 bundle over
γ1 is given by the matrix

Mγ1 =

(
1 1
0 1

)
.

Proof. Consider the preimage of the interior of γ1 and of the island. This preimage
is a smooth manifold containing a fixed point P of the S1 action. Cut out a small
4-ball around P to get a manifold E, invariant under the S1 action. The quotient
E/S1 is a 3-manifold with boundary T 2 tS2. Applying Eq. (2.4) we find that the
monodromy is

i

2π

∫
T 2

F =
i

2π

∫
S2

F = 1.

Remark 2.3.6. Alternatively, to compute monodromy along γ1 one can switch
from working with values of F in R2 to the corresponding bifurcation complex.
This was pointed out in [37]. Each point in the bifurcation complex corresponds to
exactly one connected component of the singular fibration defined by F . Theorem
2.2.14 holds also in this setting.
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2.3.3 Monodromy in the 1:1:(−2) resonance

In this subsection we apply our results to an integrable system with 3 degrees of
freedom and a Hamiltonian T2 action.

Consider the Hamiltonian system (R6, dq ∧ dp,H) defined by the Hamiltonian

H = Re(z1z2z3) + |z1|2|z2|2.

Here we introduced complex coordinates zk = qk + ipk, k = 1, 2, 3. The system
is called 1:1:(−2) resonance due to the fact that H Poisson commutes with the
resonant 1:1:(−2) oscillator ; see [39]. Here by the resonant 1:1:(−2) oscillator we
mean the following function

N =
1

2
(|z1|2 + |z2|2)− |z3|2.

Let

J =
1

2
(|z1|2 − |z3|2), L =

1

2
(|z1|2 − |z2|2),

and note that N = 2J −L. It can be checked that L,N and H Poisson commute.
Hence the map

F : R6 → R3 : F = (L,N,H)

is the integral map of an integrable system on R6. Furthermore, the Hamiltonian
flows of integrals J and L define an effective Hamiltonian T2 action Φ: T2×C3 →
C3. This action is given by the formula

Φ(t1, t2, z) = ( z1 exp[i(t1 + t2)], z2 exp[−it2], z3 exp[−it1] ).

The corresponding bifurcation diagram has the form shown in Figure 2.2. For
each pair of values (N,L) there is a minimum permissible value of the energy,
giving a surface S of critical values of F . The image of the integral map (N,L,H)
consists of values above S. In the interior of the image of F the only critical values
are the sets

C1 = {(s, s, 0) : s > 0}, C2 = {(s,−s, 0) : s > 0}, C3 = {(−s, 0, 0) : s > 0},

and the origin.
The fundamental group of the set of the regular values is isomorphic to the free

product Z ∗ Z. Its generators are closed paths γ1 encircling C1 and γ2 encircling
C2. We want to find the Hamiltonian monodromy matrices Mγ1 and Mγ2 .

Recall from Section 2.2 that in a basis (eJ , eL, e) of H1(T 3), with eJ and eL the
generators corresponding to the flow of XJ and XL respectively, the Hamiltonian
monodromy matrices have the form

Mγk =

1 0 m
(k)
1

0 1 m
(k)
2

0 0 1

 ,

where m
(k)
1 and m

(k)
2 are integers.



2.3. EXAMPLES 27

Figure 2.2: BD for 1:1:(−2) resonance

Proposition 2.3.7. The integers m
(k)
j are as follows:

m
(1)
1 = 1, m

(1)
2 = −1, m

(2)
1 = 1, and m

(2)
2 = 0.

Proof. Let us compute m
(1)
1 and m

(1)
2 first. Since Mγ1 depends only on the homo-

topy type of γ1, we can assume that γ1 lies on a constant L = ε, ε > 0, plane. Let
U1 be the interior of γ1 in the plane L = ε. Since ε > 0 is a regular value of L,
the preimage F−1(U1) is a submanifold of R6. The T2 action is free everywhere
in F−1(U1) except for one singular orbit

p1 = {(z1, z2, z3) | z2 = z3 = 0 and |z1|2 = ε}.

The isotropy group of p1 is S1 and it corresponds to the flow of J −L. Therefore,
the generator of the isotropy is written in the basis (eJ , eL) as (1,−1)t. From

Theorem 2.2.19, it follows that m
(1)
1 = 1 and m

(1)
2 = −1.

Analogously we can compute m
(2)
1 and m

(2)
2 . In this case, we assume that γ2

lies on a constant L = −ε, ε > 0, plane. Just as before we let U2 be the interior
of γ2 in the plane L = −ε. It can be checked that the only singular orbit of the
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T2 action in F−1(U2) is

p2 = {(z1, z2, z3) | z1 = z3 = 0 and |z2|2 = ε}.

The isotropy group of p2 is also S1 and it corresponds to the flow of J , thus
the generator of the isotropy is written in the basis (eJ , eL) as (1, 0)t. Direct

application of Theorem 2.2.19 yields m
(2)
1 = 1 and m

(2)
2 = 0.

Remark 2.3.8. Resonances n:n:(−m) are studied in [39] in more detail. In par-
ticular, the monodromy of the 1:1:(−2) resonance is computed there with the help
of symplectic reductions.

2.4 Different proofs of the main theorem

In this section we give two different proofs of Theorem 2.2.6. The first proof makes
a connection to the rotation number. The second proof is based on a specific choice
of trivializations; it will be discussed in a more general setting of integrable systems
with complexity k torus actions

2.4.1 Proof 1

First, we observe that it is sufficient to consider the case n = 2. Indeed, one can
reduce the torus bundle over γ by a Tn−2 action. Let the energy-momentum map

F = (H,J)

be such that the circle action is given by the Hamiltonian flow ϕtJ of J . Let F−1(ξ)
be a regular torus (ξ ∈ R). Consider a point x ∈ F−1(ξ) and the orbit of the circle
action passing through this point. The trajectory ϕtH(x) leaves the orbit of the
circle action at t = 0 and then returns back to the same orbit at some time T > 0.
The time T = T (ξ) is called the first return time. The rotation number Θ = Θ(ξ)
is defined by ϕ2πΘ

J (x) = ϕTH(x). There is the following result.

Theorem 2.4.1. (Monodromy and rotation number, [20]) The Hamiltonian mon-
odromy of F : F−1(γ)→ γ is given by(

1 m
0 1

)
∈ SL(2,Z),

where −m is the variation of the rotation number Θ.

Proof. First we note that since the flow of J is periodic on F−1(γ), the monodromy
matrix is of the form (

1 m′

0 1

)
∈ SL(2,Z)

for some integer m′.



2.4. DIFFERENT PROOFS OF THE MAIN THEOREM 29

Choose a smooth branch of the rotation number Θ on γ \ ξ0. Define the vector
field XS on F−1(γ \ ξ0) by

XS =
T

2π
XH −ΘXJ . (2.6)

By the construction, the flow of XS is periodic. However, unlike the flow of XJ ,
it is not globally defined on F−1(γ). Let α1 and α0 be the limiting cycles of this
vector field on F−1(ξ0), that is, let α0 be given by the flow of the vector field XS

for ξ → ξ0+ and let α1 be given by the flow of XS for ξ → ξ0−. Then

α1 = α0 +mbξ0 ,

where −m is the variation of the rotation number along γ. Indeed, if the variation

of the rotation number is −m, then the vector field T (ξ0)
2π XH−Θ(ξ0)XJ on F−1(ξ0)

changes to T (ξ0)
2π XH − (Θ(ξ0)−m)XJ after ξ traverses γ. Since α1 is the result of

the parallel transport of α0 along γ, the result follows.

We are now ready to prove Theorem 2.2.6.

Proof. Take an invariant metric on F−1(γ). Define a connection one-form σ of
the principal T1 bundle ρ : Eγ → Eγ/T1 as follows:

σ(XJ) = i and σ(XH) = σ(e) = 0,

where e is orthogonal to XJ and XH . Since the flows ϕtH and ϕτJ commute, σ is
indeed a connection one-form.

By the construction,

i

2π

(∫
α0

σ −
∫
α1

σ

)
= − im

2π

∫
bξ0

σ = m.

Since α0 t α1 bounds a cylinder C ⊂ F−1(γ \ ξ0), we also have

m =
i

2π

∫
C

dσ =
i

2π

∫
Eγ/S1

F.

The result follows.

2.4.2 Proof 2

We shall now give a different proof in a somewhat more general setting than the
setting of Section 2.2. Specifically, we consider an integrable Hamiltonian system
F = (F1, . . . , Fn) defined on a connected 2n-dimensional symplectic manifold M
and we assume that F is proper and invariant under a Hamiltonian Tk action,
where k ≤ n − 1. The Tk action is assumed to be free on F−1(R), where R ⊂
image(F ) is the set of the regular values of F .
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Consider a regular simple closed curve γ ⊂ R and assume that the fibers

F−1(ξ), ξ ∈ γ,

are connected. Recall that, being compact, connected and invariant under the
Rn action (generated by the flows of XFj ), these fibers are homeomorphic to a
n-torus. Specifically,

F−1(ξ) = Rn/Znξ ,

where Znξ is the isotropy group of the Rn action on F−1(ξ). The lattice Znξ can

be identified with H1(F−1(ξ)) for each ξ ∈ γ.

Let γ be parametrized by an angle coordinate χ and let (e1(0), . . . , en(0)) be
a basis of Znχ=0. Extend this basis into a smooth family

(e1 = e1(χ), . . . , en = en(χ)),

where χ ∈ (−ε, π + ε) and (e1(χ), . . . , en(χ)) is a basis of Znχ. Analogously define
the family

(e′1 = e′1(χ), . . . , e′n = e′n(χ)),

where χ ∈ (π − ε, 2π + ε). By the construction,

e1 = e′1, . . . , en = e′n when χ = 0.

Because of the Tk action we can assume that e1, . . . , ek are globally defined. In
particular,

e1 = e′1, . . . , ek = e′k when χ = π. (2.7)

Generally speaking, (e1, . . . , en) are not globally defined since monodromy of the
bundle F : F−1(γ) → γ can be non-trivial. The corresponding monodromy ma-
trix, which is a transformation matrix between the bases (e1(π), . . . , en(π)) and
(e′1(π), . . . , e′n(π)), has the form(

E M
O N

)
∈ SL(n,Z). (2.8)

Here the (E,O)t block corresponds to Eq. (2.7), that is, E is the k × k identity
matrix and O is the (n−k)×k zero matrix, and the matrices M = (mlj), N = (nji)
are unknown.

Consider a smooth section of the bundle F : F−1(γ)→ γ. Let (ϕ1, . . . , ϕn) be
angle coordinates on F−1(−ε, π + ε) corresponding to this section and the family
(e1, . . . , en). Analogously define (ϕ′1, . . . , ϕ

′
n). Since e1 = e′1, . . . , en = e′n when

χ = 0, we also have

ϕ1 = ϕ′1, . . . , ϕn = ϕ′n when χ = 0.
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From (2.8), it follows that

ϕl = ϕ′l +

n−k∑
i=1

mliϕ
′
i+k and ϕk+j =

n−k∑
i=1

njiϕ
′
k+i, (2.9)

when l ≤ k, j ≤ n− k and χ = π.
Let U1 = F−1(−ε, π+ε)/Tk and U2 = F−1(π−ε, 2π+ε)/Tk. Define a section

s1 : U1 → F−1(−ε, π + ε) by the following rule:

(χ, ϕk+1, . . . , ϕn) 7→
(
χ,

n−k∑
j=1

ϕk+jek+j

)
.

Analogously, define a section s2 : U2 → F−1(π − ε, 2π + ε) given by

(χ, ϕ′k+1, . . . , ϕ
′
n) 7→

(
χ,

n−k∑
j=1

ϕ′k+je
′
k+j

)
.

We will need the following lemma.

Lemma 2.4.2. Let σ be a connection one-form on ρ : Eγ → Eγ/Tk. Define a loop
γ′k+j ⊂ F−1(π)/Tk by setting ϕ′k+i = 0, i 6= j. Then the columns ~mj of the matrix
M satisfy

~mj =
i

2π

∫
γ′k+j

s?1(σ)− s?2(σ).

Proof. On the one hand, recall that on F−1(π) we have

e′k+j =

k∑
i=1

mijei +

n−k∑
i=1

nijek+i.

Therefore,

s2|γ′k+j = ϕ′k+je
′
k+j =

k∑
i=1

mijϕ
′
k+jei +

n−k∑
i=1

nijϕ
′
k+jek+i.

On the other hand, Eq. (2.9) implies

s1|γ′k+j =

n−k∑
i=1

ϕk+iek+i =

n−k∑
i=1

nijϕ
′
k+jek+i.

Thus

s2|γ′k+j = s1|γ′k+j +

k∑
i=1

mijϕ
′
k+jei.
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We see that the cocycle t12 : U1 ∩ U2 → Tk corresponding to the sections s1 and
s2 is given by the vector(

exp (im1jϕ
′
k+j), . . . , exp (imkjϕ

′
k+j)

)
= exp(i~mjϕ

′
k+j).

Hence, the compatibility condition

s?2(σ) = s?1(σ) + t−1
12 dt12 = s?1(σ) + i~mj dϕ

′
k+j

implies

i

2π

∫
γ′k+j

s?1(σ)− s?2(σ) =
~mj

2π

∫
γ′k+j

dϕ′k+j = ~mj .

Analogous to the loop γ′k+j ⊂ F−1(π)/Tk, we have a loop γk+j ⊂ F−1(π)/Tk
defined by ϕk+i = 0, i 6= j.

Remark 2.4.3. Suppose that γ′k+j = γk+j . Then the generator ek+j is globally

defined on the quotient Eγ/Tk. It spans a 2-torus T 2
j ⊂ Eγ/Tk. We can thus form

the principal Tk bundle ρ : ρ−1(T 2
j )→ T 2

j . Let F be its curvature form.

Theorem 2.4.4. Assume that γk+j = γ′k+j for some j ≤ n− k. Let T 2
j and F be

as in Remark 2.4.3. Then the column ~mj of the matrix M satisfies

~mj =
i

2π

∫
T 2
j

F.

Proof. Consider the cylinders C1 = [0, π]×γk+j and C2 = [π, 2π]×γk+j . Lemma 2.4.2
implies

~mj =
i

2π

∫
∂C1

s?1(σ)− s?2(σ) =
i

2π

∫
∂C1

s?1(σ) +
i

2π

∫
∂C2

s?2(σ).

Therefore

~mj =
i

2π

∫
C1

ds?1(σ) +
i

2π

∫
C2

ds?2(σ) =
i

2π

∫
T 2
j

F.

We now observe that Theorem 2.2.6 follows directly from Theorem 2.4.4. In-
deed, in Theorem 2.2.6 we consider a Hamiltonian Tn−1 action, that is k = n− 1.
The quotient Eγ/Tn−1 is a 2-torus since it is an orientable circle bundle over the
curve γ. It follows that γn = γ′n and T 2

1 = Eγ/Tn−1. This completes the proof of
Theorem 2.2.6.
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2.5 Spatial champagne bottle

The purpose of this section is to give a possible answer to a question posed in
the work [7] concerning monodromy in the planar and spatial champagne bottle.
Specifically, it was observed in [7] that the non-trivial Hamiltonian monodromy in
the planar champagne bottle disappears when one considers the spatial analogue
of the problem. It was also observed in the same paper that the regular fibers of
the Casimir map in the spatial problem have a non-trivial Euler number. We show
how this non-triviality in the spatial champagne bottle is related to the non-trivial
Hamiltonian monodromy found in the planar case.

The spatial champagne bottle system is a Hamiltonian system on T ∗R3 defined
by the Hamiltonian

H =
1

2
(p2
x + p2

y + p2
z) + r4 − r2,

where r =
√
x2 + y2 + z2. The components of the angular momentum vector J =

(jx, jy, jz) are conserved. Hence the spatial champagne bottle is a superintegrable
system. The regular part of the isotropic fibration

F = (H,J) : T ∗R3 → R2

has a simply connected base. It follows that the monodromy in trivial in the spatial
champagne bottle system (at variance with the planar case [6]). The corresponding
coisotropic fibration is defined by the Casimir map

c = (H, |J |) : T ∗R3 → R2.

The regular coisotropic fibration is topologically trivial; see Fig.2.3. On the other
hand, the regular fibers c−1(h, |j|) (also called flowers) are topologically non-
trivial. They are diffeomorphic to the total space of a principal torus bundle with
non-vanishing Euler class. We show that this alone explains the appearance of the
monodromy in the planar system.

It can be checked (see [7]) that the above torus bundle decomposes as

c−1(h, |J |) = P 3 × S1 → P 3 π→ S2.

Here (h, |J |) is a regular value of c, P 3 is a real projective space, P 3×S1 → P 3 is
the projection onto the first factor, and π : P 3 → S2 is the orbit map induced by
the flow of jz. It is convenient to identify P 3 with the orbit of the rotation group
SO(3) containing the point P defined by x = py = 1 and y = z = px = pz = 0.
Then P 3 can be viewed as the unit cotangent bundle T ∗1 S

2 of the 2-sphere S2 =
{(x, y, z) : x2 + y2 + z2 = 1}. Each element A ∈ P 3 has thus the following formx px jx

y py jy
z pz jz

 ,
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|J|

H   

Figure 2.3: The image of the Casimir map c = (H, |J |). The regular values of this
map are shaded gray. The critical values are shown in black.

where ~x = (x, y, z) ∈ S2 and ~p = (px, py, pz) with p2
x + p2

y + p2
z are orthogonal

as vectors in R3. In this representation the projection π : P 3 → S2 assigns to a
matrix A ∈ P 3 its last row.

Now consider the unit 3-sphere in T ∗R3 defined by

S3 = {(~x, ~p) ∈ T ∗R3 | z = pz = 0, x2 + y2 + p2
x + p2

y = 1}.

The 3-sphere S3 is the total space of the circle bundle π : S3 → S2 induced by the
flow of jz. We observe that S3 is also a 3-sphere around the isolated focus-focus
point in the planar system. In particular, the Euler number

e(S3) = 1.

By our results, this manifests non-trivial Hamiltonian monodromy in the planar
champagne bottle. On the other hand, the Euler number of (P 3, π, S2) equals 2.
Thus both bundles (P 3, π, S2) and (S3, π, S2) have non-vanishing Euler class. Our
goal is to show that this is not a coincidence.
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Define the map f̂ : P 3 → S3 by the formula

f̂(~x, ~p) =
1

λ
(x, y, px, py),

where λ =
√
x2 + y2 + p2

x + p2
y. Up to the factor 1/λ, the map f̂ is a restriction

of the projection map that sends the spatial system to its planar subsystem by
forgetting the (z, pz) coordinates.

Clearly, f̂ is a bundle map. Hence there exists a map f : S2 → S2 such that
the following diagram commutes

P 3 f̂−−−−→ S3yπ yπ
S2 f−−−−→ S2

Lemma 2.5.1. The map f has degree 2.

Proof. Let (u, v) be coordinates on the sphere S2 = π(P 3) coming from stereo-
graphic projection

z =
2u

1 + u2 + v2
, pz =

u2 + v2 − 1

1 + u2 + v2
, jz =

2v

1 + u2 + v2
.

Let (w1 : w2) be homogeneous coordinates on the sphere S2 = π(S3) defined by
w1 = x+ iy and w2 = px + ipy.

With respect to the coordinates (u, v) on π(P 3) and the complex coordinate
w = w1/w2 on π(S3), the map f can be written as

f(u, v) =
1

2r2

(
u(r2 − 1) + iv(r2 + 1)

)
,

where r2 = u2 + v2. The Jacobian determinant of f is

det Jf =
u4 + 2u2(1 + v2) + (v2 − 1)2

(u2 + v2)2

and hence indeed deg f = 2.

We infer that (P 3, π, S2) is a pullback bundle. In particular, if i
2πF is the Euler

class of (S3, π, S2) then f∗( i
2πF) is the Euler class of (P 3, π, S2). As a corollary,

we get the following relation on Euler numbers

i

2π

∫
S2

f∗(F) =
i deg(f)

2π

∫
S2

F. (2.10)

Thus the flower c−1(h, |J |) is topologically nontrivial iff the planar champagne
bottle system has monodromy.
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Remark 2.5.2. More geometrically, the relation (2.10) on Euler numbers can be
seen as follows. Let R2 be defined by x = y = px = py = 0. It consists of the fixed
points of the S1 action generated by jz. Then the linking number of P 3 and R2

is nonzero iff the linking number of S3 and R2 is nonzero. These linking numbers
are 2 and 1 respectively. The same is true if one replaces S3 by the corresponding
torus bundle in the planar system with non-trivial monodromy.



Chapter 3

Fractional monodromy and Seifert
manifolds

The notion of fractional monodromy was introduced by Nekhoroshev, Sadovskíı
and Zhilinskíı as a generalization of Hamiltonian (‘integer’) monodromy in the
sense of Duistermaat from torus bundles to singular torus fibrations. In the present
chapter we generalize the results obtained in Chapters 1 and 2 to this singular
case and make a connection to Fomenko-Zieschang theory. In particular, we show
that fractional monodromy can be described in terms of the Euler number of an
appropriately chosen Seifert fibration and that this number can be computed in
terms of the fixed points of the circle action.

3.1 Parallel transport and fractional monodromy

As we have seen in the previous chapters, Hamiltonian monodromy is intimately
related to the singularities of a given integrable system. However, this invariant
is defined for the non-singular part F : F−1(R)→ R of the possibly singular torus
fibration F : M → Rn that comes with the system. An invariant that generalizes
Hamiltonian monodromy to singular torus fibrations was introduced in [79] and it
is called fractional monodromy. Before defining this invariant, let us make a few
preliminary remarks.

In this chapter, we work in the setting of singular Lagrangian fibrations, which
is slightly more general than the setting of integrable systems.

Definition 3.1.1. Let M be a symplectic manifold and B be a manifold of half the
dimension of M . A smooth map F : M → B will be called a (singular) Lagrangian
fibration if for almost all x ∈M , we have that Ker(dFx) is a Lagrangian subspace1

of TxM. Note that, in this case, the differential dFx is surjective.

1A subspace W of a symplectic vector space V is called Lagrangian if it is isotropic, that is,
if the symplectic form vanishes on W , and of maximal dimension dim W = dim V/2.

37



38 CHAPTER 3. MONODROMY AND SEIFERT MANIFOLDS

Proposition 3.1.2. (Weinstein, [102]) An integral map defines a (possibly sin-
gular) Lagrangian fibration. Conversely, for a (singular) Lagrangian fibration
F : M → B and a chart (U, χ) of B, the composition map F ◦ χ defines an inte-
grable system on F−1(U) ⊂M .

Proof. In the non-singular case, we have that all the fibers F−1(ξ) are Lagrangian,
and the result is proven in [102]. The singular case is similar.

It follows from Proposition 3.1.2 that one can define Hamiltonian monodromy
of a Lagrangian torus bundle essentially in the same way as in Chapter 1.

Specifically, consider a Lagrangian torus bundle F : M → B. Let T ∗B be the
cotangent bundle of B. Observe that there is an action of the cotangent spaces of
T ∗B on the fibers of the bundle F , which, in every chart (V, χ) is given by the Rn
action of F ◦ χ. For each ξ ∈ B, the stabilizer of this action on the fiber F−1(ξ)
is a lattice Znξ ⊂ T ∗ξ B. Since

F−1(ξ) ' T ∗ξ B/Znξ ,

the lattice Znξ can be identified with the first integer homology group H1(F−1(ξ)).
The union of these lattices gives rise to the covering

Pr: P =
⋃

Znξ → B.

The notions of parallel transport of homology cycles and Hamiltonian monodromy
can be defined in terms of this covering as follows.

Definition 3.1.3. Let γ : [0, 1]→ B be a continuous path and c ∈ H1(F−1(γ(0)))
be a homology cycle. Let γ̃ be the lift of γ to the covering space P that starts at c.
The parallel transport of c along γ is the homology cycle γ̃(1) ∈ H1(F−1(γ(1))).

Definition 3.1.4. (Duistermaat [27]) The Hamiltonian monodromy of the bundle
F is defined as the automorphism of Znξ0 ' H1(F−1(ξ0)) that is induced by the
parallel transport.

In order to define fractional monodromy, we need the following generalized
version of parallel transport, which is essentially due to [35,51].

Definition 3.1.5. Let X be a manifold with the boundary ∂X consisting of two
connected components X0 and X1. The cycle α1 ∈ H1(X1) is a parallel transport
of the cycle α0 ∈ H1(X0) along X if

(α0,−α1) ∈ ∂∗(H2(X, ∂X)),

where ∂∗ is the connecting homomorphism of the exact sequence

· · · → H2 (X)→ H2 (X, ∂X)
∂∗−→ H1 (∂X)→ H1 (X)→ · · ·
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idα0 α1

Figure 3.1: Parallel transport along X.

Remark 3.1.6. For compact 3 manifolds Definition 3.1.5 can be reformulated
as follows (see [52]): α1 is a parallel transport of α0 along X if there exists an
oriented 2-dimensional submanifold S ⊂ X that ‘connects’ α0 and α1:

∂S = S0 t S1 and [Si] = (−1)iαi ∈ H1(Xi);

see Fig. 3.1. We note, however, that even for compact 3-manifolds it might happen
that, for a given homology cycle, the parallel transport is not defined or is not
unique. As we shall show later, for Seifert manifolds (with an orientable base) the
parallel transport is unique; see Theorem 3.3.5.

The following lemma shows that, in the case of Lagrangian torus bundles,
Definitions 3.1.3 and Definition 3.1.5 of the parallel transport are equivalent.

Lemma 3.1.7. Let F : M → B be a Lagrangian torus bundle and γ : [0, 1] → B
be a continuous path. Set

X = {(x, t) ∈M × [0, 1] : F (x) = γ(t)}. (3.1)

Then (α0,−α1) ∈ ∂∗(H2(X, ∂X)) if and only if the cycle α1 is a parallel transport
of α0 in the sense of Definition 3.1.3.

Proof. By homotopy invariance, we can assume that γ is smooth and regular. Let
t0 ≤ . . . ≤ tn be a sufficiently fine partition of [0, 1]. Then, for each i, we have

γ([ti, ti+1]) ⊂ Vi,

where Vi ⊂ B is a small open neighborhood. By the Arnol’d-Liouville theorem, the
two notions of parallel transport along γ|[ti,ti+1] coincide. The result follows.
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Remark 3.1.8. Assume, in addition, that γ is a simple curve. If γ(0) 6= γ(1),
then the manifold X in (3.1) is homeomorphic to F−1(γ). If γ(0) = γ(1), then
the manifold X is obtained from F−1(γ) by cutting along the fiber F−1(ξ0).

Following the works [79] and [35], we define fractional monodromy as follows.
Consider a (possibly singular) Lagrangian fibration F : M → B. In what follows
we assume that the map F is proper, so that we have a (singular) torus fibration.
Let γ = γ(t) be a continuous closed curve in F (M) such that the space

X = {(x, t) ∈M × [0, 1] : F (x) = γ(t)}

is connected and such that ∂X = X0 tX1 is a disjoint union of two regular tori
X0 = F−1(γ(0)) and X1 = F−1(γ(1)). Set

H0
1 = {α0 ∈ H1(X0) | α0 can be parallel transported along X}.

Definition 3.1.9. If the parallel transport along X defines an automorphism of
the group H0

1 , then this automorphism is called fractional monodromy along γ.

Remark 3.1.10. We note that the notion of the parallel transport in the sense
of Definition 3.1.3 is not defined when γ crosses critical values of F . Instead, the
more general Definition 3.1.5 is used.

Since the work [79], fractional monodromy has been found in various examples
of m:(−n) resonant systems [35,78,86,91]. It was observed by Bolsinov et al. [10]
that in such systems the circle action defines a Seifert fibration on a small 3-sphere
around the equilibrium point and that the Euler number of this fibration is equal
to the number appearing in the corresponding matrix of fractional monodromy.
The question that remained unresolved is why this equality holds.

We note that in Chapter 2 we have essentially answered this question for 1:(−1)
resonant systems — in such systems we typically have Hamiltonian monodromy.
In the present chapter we give a complete answer to the question by proving the
following results; see Sections 3.3 and 3.4.

(i) Fractional monodromy can be naturally defined for closed Seifert manifolds
(with an orientable base of genus g > 0).

(ii) Fractional monodromy is determined by the deck group and the Euler
number of the associated Seifert fibration.

(iii) In the case of integrable systems, the Euler number can be computed in
terms of the fixed points of the circle action.

The results (ii) and (iii) generalize our results of the previous Chapters 1 and 2
and, in particular, Theorem 2.2.6, thus demonstrating that for both Hamiltonian
and fractional monodromy the circle action is more important than the precise
form of the integral map F . Together with the result (i), this will allow us to
both define and compute fractional monodromy for a much larger class of m:(−n)
resonant systems and also for other systems where it has not been observed before;
see Section 3.5.
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We note that the notion of a deck group was important also for the work [35],
where it was defined for a different covering map.

The importance of Seifert fibrations in integrable systems was discovered by
Fomenko and Zieschang in the 1980’s. In their classification theorem [11,49] Seifert
fibrations play a central role: regular isoenergy surfaces of integrable nondegener-
ate systems with 2 degrees of freedom admit decomposition into families, each of
which has a natural structure of a Seifert fibration. In the case of a global circle
action there is only one such family, which has a certain label associated to it,
the so-called n-mark [10, 11]. We note that the n-mark coincides with the Euler
number that appears in Theorem 2.2.6 and is related to this number in the general
case; see Remark 3.2.6. Our results in this chapter therefore show how exactly the
n-mark determines fractional monodromy.

3.2 1:(−2) resonant system

Here, as a preparation to the more general setting of Sections 3.3 and 3.4, we
discuss the famous example of a Hamiltonian system with fractional monodromy
due to Nekhoroshev, Sadovskíı and Zhilinskíı [79].

Consider R4 with the standard symplectic structure ω = dq ∧ dp. Define the
energy by

H = 2q1p1q2 + (q2
1 − p2

1)p2 +R2,

where R = 1
2 (q2

1 + p2
1) + (q2

2 + p2
2), and the momentum by

J =
1

2
(q2

1 + p2
1)− (q2

2 + p2
2).

A straightforward computation shows that the functions H and J Poisson
commute, so that the map F = (H,J) : R4 → R2 defines an integrable Hamiltonian
system. Moreover, the function J defines a Hamiltonian circle action on R4 which
preserves this system.

The bifurcation diagram of the map F is depicted in Figure 3.2. From the
structure of the diagram we observe that the Hamiltonian monodromy is trivial.
Indeed, the set

R = {ξ ∈ image(F ) | ξ is a regular value of F}

is contractible. In particular, every closed path in R can be deformed to a constant
path within R. Non-triviality appears if one considers the closed curve γ that is
shown in Fig. 3.2. Specifically, there is the following result.

Theorem 3.2.1. ( [79]) Let (a0, b0) be an integer basis of H1(F−1(γ(t0))), where
γ(t0) ∈ R and b0 is an orbit of the circle action. The fractional monodromy along
the curve γ is given by

2a0 7→ 2a0 + b0, b0 7→ b0.

In particular, the parallel transport is unique and H0
1 is spanned by 2a0 and b0.
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J

     H

γO
Curled T2

Regular T2

Orbit S 1

ξcr

ξ0

Figure 3.2: The bifurcation diagram of the 1:(−2) resonant system. Critical values
are colored black; the set R is shown gray; the closed curve γ around the origin
intersects the hyperbolic branch of critical values once and transversely.

Remark 3.2.2. (Matrix of fractional monodromy) When written formally in the
integer basis (a0, b0), the parallel transport has the form of the rational matrix(

1 1/2
0 1

)
∈ SL(2,Q),

called the matrix of fractional monodromy.

Since the pioneering work [79], various proofs of Theorem 3.2.1 appeared; see
[14,36,91,93] and [35]. Below, as a preparation to Sections 3.3 and 3.4, we give a
new proof of this theorem, which is based on the singularities of the circle action.
Our proof shows that

� the fixed point 0 ∈ R4 of the circle action given by J and

� the deck group Z2 associated to the action

manifest the presence of fractional monodromy in this 1:(−2) resonant system.
Later we show that a similar kind of result holds in a general setting of Seifert
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b

a

Figure 3.3: Cycles (a, b)

manifolds; see Section 3.3, and, in particular, in the setting of Hamiltonian systems
with m:(−n) resonance; see Section 3.5.1.

Proof of Theorem 3.2.1. In complex coordinates z = p1 + iq1 and w = p2 + iq2

the circle action given by the momentum J has the form

(t, z, w) 7→ (eitz, e−2itw), t ∈ S1. (3.2)

We note that the origin is fixed under this action and that the punctured plane

P = {(q, p) | q1 = p1 = 0 and q2
2 + p2

2 6= 0}

consists of points with Z2 isotropy group. This implies that the Euler number of
the Seifert 3-manifold F−1(γ), where γ is as in Fig. 3.2, equals 1/2 6= 0. Indeed,
Stokes’ theorem implies that the Euler number of F−1(γ) coincides with the Euler
number of a small 3-sphere around the origin z = w = 0. The latter Euler number
equals 1/2 because of (3.2).

Lemma 3.2.3. Let Z2 = {1,−1} denote the order two deck subgroup of the acting
circle. The quotient space F−1(γ)/Z2 is the total space of a torus bundle over γ.
Its monodromy is given by (

1 1
0 1

)
∈ SL(2,Z).
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Figure 3.4: Curled torus

Proof. Let ξ ∈ γ ∩ R. Then the fiber F−1(ξ) is a 2-torus. Since the S1 action is
free on this fiber, the quotient F−1(ξ)/Z2 is a 2-torus as well.

Consider the critical value ξcr ∈ γ. Its preimage F−1(ξcr) is the so-called curled
torus; see Fig. 3.4.

Remark 3.2.4. (Representation of a curled torus) Take a cylinder over the figure
‘eight’, as shown in Fig. 3.3. Glue the upper and lower halves of this cylinder after
rotating the upper part by the angle π. The resulting singular surface is a curled
torus, show in Fig. 3.4.

In this case there is a ‘short’ orbit b of the S1 action, formed by the fixed
points of the Z2 action. The ‘short’ orbit passes through the tip of the cycle a; see
Fig. 3.3. Other orbits are ‘long’, that is, principal. From this description it follows
that after taking the Z2 quotient only half of the cylinder survives and, thus,

F−1(ξcr)/Z2

is topologically a 2-torus. From the structure of the neighborhood of the curled
torus in F−1(γ), that is, from the description of the A∗ atom [49], it follows that

F : F−1(ξ)/Z2 → γ

is a torus bundle. In order to complete the proof of Lemma 3.2.3, it is left to apply
Theorem 2.2.6. Indeed, since the Euler number of F−1(γ) equals 1/2, the Euler
number of F−1(γ)/Z2 equals 1.
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Remark 3.2.5. We note that the symplectic form on a neighborhood O of F−1(γ)
does not descend to the Z2-quotient space. Therefore, the fibration F : O/Z2 → R2

does not carry a natural Lagrangian structure. In particular, the parallel transport
in the sense of Definition 3.1.3 is not defined. Instead, the topological definition
of monodromy is used; see Remark 1.1.8 and Definition 3.1.5.

From Lemma 3.2.3 we infer that the parallel transport along the curve γ in
the Z2-quotient space has the form

ar0 7→ ar0 + br0, b
r
0 7→ br0,

where the cycles ar0 = a0/Z2 and br0 = b0/Z2 from the induced basis of the group
H1(F−1(γ(t0))/Z2). Observe that a0 is not affected by the quotient map, whereas
the orbit b0 becomes ‘shorter’: 2br0 ' b0. It follows that the parallel transport in
the original space has the form

2a0 7→ 2a0 + b0, b0 7→ b0.

The results, Theorem 3.2.1, follows.

Remark 3.2.6. (Fomenko-Zieschang theory) Lemma 3.2.3 can be reformulated
by saying that the n-mark of the loop molecule associated to γ is equal to 1. The
molecule has the form shown in Fig. 3.5. Note that the A∗ atom corresponds to
the curled torus, Fig. 3.4. A similar statement holds for higher-order resonances.
Interestingly, one can change the marks (reglue the fibers) of the loop molecule
associated to γ in such a way that fractional monodromy (a) is not defined or (b)
is still defined, but the molecule does not admit a global circle action.

A ∗
r=∞
ε= 1
n= 1

Figure 3.5: The loop molecule associated to γ.
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3.3 Parallel transport along Seifert manifolds

In this section we study parallel transport along Seifert manifolds. The obtained
results will be applied to fractional monodromy in Section 3.4.

3.3.1 Seifert fibrations

We start with recalling the notions of a Seifert fibration and its Euler number.
For a more detailed exposition we refer to [48].

Definition 3.3.1. Let X be a compact orientable 3-manifold (closed or with
boundary) which is invariant under an effective fixed point free S1 action. Assume
that the S1 action is free on the boundary ∂X. Then

ρ : X → B = X/S1

is called a Seifert fibration. The manifold X is called a Seifert manifold.

Remark 3.3.2. From the slice theorem [4, Theorem I.2.1] (see also [9]) it follows
that the quotient B = X/S1 is an orientable topological 2-manifold. Seifert fibra-
tions are also defined in a more general setting when the base B is non-orientable;
see [48, 56]. However, in this case there is no S1 action and the parallel transport
is not unique; see Remark 3.3.7. We will thus consider the orientable case only.

Consider a Seifert fibration

ρ : X → B = X/S1

of a closed Seifert manifold X. Let N be the least common multiple of the orders
of the exceptional orbits, that is, the orders of non-trivial isotropy groups. Since
X is compact, the number N is well defined. Denote by ZN the order N subgroup
of the acting circle S1. The subgroup ZN acts on the Seifert manifold X. We have
the branched covering map h : X → X ′ = X/ZN , the subgroup ZN being the deck
group of this covering, and the commutative diagram

X X ′

B

h

ρ
ρ′

with ρ′ defined via ρ = ρ′ ◦ h. By the construction, ρ′ : X ′ → B is a principal
circle bundle over B. We denote its Euler number by e(X ′).

Definition 3.3.3. The Euler number of the Seifert fibration ρ : X → B = X/S1

is defined by e(X) = e(X ′)/N.
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Remark 3.3.4. We note that a closed Seifert manifoldX can have non-isomorphic
S1 actions with different Euler numbers. Indeed, let m and n be co-prime integers.
Consider the S1 action

(t, z, w) 7→ (eimtz, e−intw), t ∈ S1,

on the 3-sphere S3 = {(z, w) | |z|2 + |w|2 = 1}. Then the Euler number of the
fibration ρ : S3 → S3/S1 equals 1/mn. Despite this non-uniqueness, we sometimes
refer to e(X) as the Euler number of the Seifert manifold X. This should not be
a cause of confusion since it will be always clear from the context what is the
underlying S1 action.

Below we show that the Euler number of a Seifert fibration is an obstruction
to the existence of a trivial parallel transport; see Definition 3.1.3.

3.3.2 Parallel transport

Consider a Seifert fibration ρ : X → B = X/S1 such that the boundary ∂X =
X0tX1 consists of two 2-tori X0 and X1. Take an orientation and fiber preserving
homeomorphism f : X0 → X1. Any homology basis (a0, b0) of H1(X0) can be then
mapped to the homology basis

(a1 = f?(a0), b1 = f?(b0))

of H1(X1). In what follows we assume that b0 is equal to the homology class of a
(any) fiber of the Seifert fibration on X0. Let

X(f) = X/ ∼, X0 3 x0 ∼ f(x0) ∈ X1,

be the closed Seifert manifold that is obtained from X by gluing the boundary
components using f .

Finally, let N be the least common multiple of nj — the orders of the excep-
tional orbits. With this notation we have the following result.

Theorem 3.3.5. The parallel transport along X is unique. Only linear combi-
nations of Na0 and b0 can be parallel transported along X and under the parallel
transport

Na0 7→ Na1 + kb1

b0 7→ b1

for some integer k = k(f), which depends only on the isotopy class of f. Moreover,
the Euler number of X(f) is given by e(f) = k(f)/N.

Proof of Theorem 3.2.1. See Section 3.6.



48 CHAPTER 3. MONODROMY AND SEIFERT MANIFOLDS

Remark 3.3.6. We note that (by the construction) X(f)/S1 has genus g > 0
and hence is not a sphere. It follows that the S1 action on X and X(f) is unique
up to isomorphism; see [52, Theorem 2.3].

Remark 3.3.7. Even if the base B is non-orientable, the group ∂∗(H2(X, ∂X)) is
still isomorphic to Z2. However, in this case, ∂∗(H2(X, ∂X)) is spanned by (b0, b1)
and (2b0, 0). It follows that no multiple of a0 can be parallel transported along X
and that the parallel transport is not unique; cf. Remark 3.2.6.

3.3.3 The case of equivariant filling

Theorem 3.3.5 shows that the Euler number of a Seifert manifold can be computed
in terms of the parallel transport along this manifold. But conversely, if we know
the Euler number and the orders of exceptional orbits of a Seifert manifold, we
also know how the parallel transport acts on homology cycles. In applications
the orders of exceptional orbits are often known. In order to compute the Euler
number one may then use the following result.

Theorem 3.3.8. Let M be a compact oriented 4-manifold that admits an effective
circle action. Assume that the action is fixed-point free on the boundary ∂M and
has only finitely many fixed points p1, . . . , p` in the interior. Then

e(∂M) =
∑̀
k=1

1

mknk
,

where (mk, nk) are isotropy weights of the fixed points pk.

Remark 3.3.9. Recall that near each fixed point pk the S1 action can be linearized
as

(t, z, w) 7→ (eimktz, e−inktw), t ∈ S1, (3.3)

in appropriate coordinates (z, w) that are positive with respect to the orientation
of M . The isotropy weights mk and nk are co-prime integers. In particular, none
of them is equal to zero.

Remark 3.3.10. In the above theorem neither M nor ∂M are assumed to be
connected. The orientation on ∂M is induced by M .

Proof of Theorem 3.3.8. Eq. (3.3) implies that for each fixed point pk there exists
a small closed 4-ball Bk 3 pk invariant under the action. Denote by Z the manifold
Z = M \

⋃`
k=1Bk. Let N be a common multiple of the orders of all exceptional

orbits in M and ZN be the order N subgroup of the acting circle S1. Set

X = Z/ZN and Y = Z/S1.

Denote by Pr: X → Y the natural projection that identifies the orbits of the
S1/ZN action. By the construction the triple (X,Y,Pr) is a principal circle bundle.



3.4. APPLICATIONS TO INTEGRABLE SYSTEMS 49

Because of the slice theorem [4] the spaces X and Y are topological manifolds
(with boundaries). The boundary ∂Y is a disjoint union of the closed 2-manifold
B = ∂M/S1 and the 2-spheres S2

k = ∂Bk/S1. Let iB : B → Y and ik : S2
k → Y be

the corresponding inclusions.
Denote by eY ∈ H2(Y ) the Euler class of the circle bundle (X,Y,Pr). By

the functoriality i∗B(eY ) and i∗k(eY ) are the Euler classes of the circle bundles
(Pr−1(B), B,Pr) and (Pr−1(S2

k), S2
k,Pr), respectively. Hence

〈eY , iB(B)〉 = 〈i∗B(eY ), B〉 = Ne(∂M)

and analogously

〈eY , ik(S2
k)〉 = 〈i∗keY , S2

k〉 =
N

mknk
.

The equality

〈eY , iB(B)−
∑̀
k=1

ik(S2
k)〉 = 〈eY , ∂Y 〉 = 0

completes the proof.

3.4 Applications to integrable systems

Consider a singular Lagrangian fibration F : M → R over a 2-dimensional manifold
R. Assume that the map F is proper and invariant under an effective S1 action.
Take a simple closed curve γ = γ(t) in F (M) that satisfies the following regularity
conditions:

(i) the fiber F−1(γ(0)) is regular and connected;

(ii) the S1 action is fixed-point free on the preimage E = F−1(γ);

(iii) the preimage E is a closed oriented connected submanifold of M .

Remark 3.4.1. Note that, generally speaking, F−1(γ(t)), t ∈ [0, 1], is neither
smooth nor connected.

From the regularity conditions it follows that

X = {(x, t) ∈M × [0, 1] : F (x) = γ(t)}

is a Seifert manifold with an orientable base. This manifold can be obtained from
the Seifert manifold E = F−1(γ) by cutting along the fiber F−1(γ(0)). We note
that the boundary ∂X = X0 tX1 is a disjoint union of two tori.

Let e(E) be the Euler number of E and N denote the least common multiple
of nj — the orders of the exceptional orbits. Take a basis (a, b) of the homology
group H1(X0) ' Z2, where b is given by any orbit of the S1 action. Then the
following theorem holds.
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Theorem 3.4.2. Fractional monodromy along γ is defined. Moreover, (Na, b)
form a basis of the parallel transport group H0

1 and the corresponding isomorphism
has the form b 7→ b and Na 7→ Na+ kb, where k ∈ Z is given by k = Ne(E).

Proof. Follows directly from Theorem 3.3.5.

Remark 3.4.3. Theorem 3.4.2 tells us that the Euler number e(E) and the least
common multiple N completely determine fractional monodromy along γ.

Remark 3.4.4. Let i0 : X0 → X and i1 : X1 → X denote the corresponding
inclusions. Observe that, in our case, the composition

i−1
1 ◦ i0 : H1(X0,Q)→ H1(X0,Q)

gives an automorphism of the first homology group H1(X0,Q). In a basis of
H1(X0,Z) the isomorphism i−1

1 ◦ i0 is written as 2× 2 matrix with rational coeffi-
cients, called the matrix of fractional monodromy [93]. We have thus proved that
in a basis (a, b) of H1(M0), where b corresponds to the S1 action, the fractional
monodromy matrix has the form(

1 e(E) = k/N
0 1

)
∈ SL(2,Q).

In certain cases we can easily compute the parameter e(E) = k/N, as is ex-
plained in the following theorem.

Theorem 3.4.5. Assume that γ bounds a compact 2-manifold U ⊂ R such that
F−1(U) has only finitely many fixed points p1, . . . , pl of the S1 action. Then

e(E) =

l∑
k=1

1

mknk
,

where (mk, nk) are the isotropy weights of the fixed points pk.

Proof. Follows directly from Theorem 3.3.8.

Remark 3.4.6. For the case of standard monodromy, Theorem 3.4.5 agrees with
Theorem 2.2.14, which considers only the case mk = 1 and nk = ±1 and which
states that the monodromy parameter is given by the sum of positive singular
points (nk = 1) of the Hamiltonian S1 action minus the number of negative singular
points (nk = −1).

Remark 3.4.7. Theorem 3.3.8, when applied to the context of singular La-
grangian fibrations, tells us more than Theorem 3.4.5. Indeed, consider smooth
curves γ1 and γ2 that are cobordant in R. Theorem 3.3.8 allows to compute

e(F−1(γ1))− e(F−1(γ2)),
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which is the difference between the Euler numbers of F−1(γ1) and F−1(γ2). This
difference shows how far is fractional monodromy along γ1 from fractional mon-
odromy along γ2. Theorem 3.4.5 is recovered when γ1 is cobordant to zero.

Combining Theorems 3.4.2 and 3.4.5 together one can compute fractional mon-
odromy in various integrable Hamiltonian systems. We illustrate this in the fol-
lowing Section 3.5.

3.5 Examples

3.5.1 Resonant systems

In this section we consider m:(−n) resonant systems [35,78,86,91], which are local
models for integrable 2 degrees of freedom systems with an effective Hamiltonian
S1 action. Our approach to these systems is very general. Moreover, it clarifies a
question posed in [10, Problem 61], cf. Remark 3.2.6.

Definition 3.5.1. Consider R4 with the canonical symplectic structure dq ∧ dp.
An integrable Hamiltonian system

(R4, dq ∧ dp, F = (J,H))

is called a m:(−n) resonant system if the function J is the m:(−n) oscillator

J =
m

2
(q2

1 + p2
1)− n

2
(q2

2 + p2
2).

Here m and n be relatively prime integers with m > 0.

We note that for every m:(−n) resonant system there exists an associated
effective S1 action that preserves the integral map F = (J,H). Indeed, the induced
Hamiltonian flow of J is periodic. In coordinates z = p1 + iq1 and w = p2 + iq2

the action has the form

(t, z, w) 7→ (eimtz, e−intw), t ∈ S1. (3.4)

Assume that the integral map F = (J,H) is proper. Let γ = (J(t), H(t)) be a
simple closed curve satisfying the assumptions (i)-(iii) from Section 3.4.

Remark 3.5.2. We note that, in this case, the assumptions (i)-(iii) can be reduced
to the following more easily verifiable conditions

(i') the fiber F−1(γ(0)) is regular and connected;

(ii') the preimage E = F−1(γ) is connected;

(iii') for all t the following holds: H ′(t)dJ − J ′(t)dH 6= 0.
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Proof. Under (i')-(iii'), the space E = F−1(γ) is the boundary of the compact
oriented manifold F−1(U), where U is the 2-disk bounded by the curve γ. Hence,
E is itself compact and oriented. It is left to note that the S1 action is fixed-point
free on E.

Let (a, b) be a basis of the integer homology group H1(F−1(γ(0)) such that b
is given by any orbit of the S1 action. There is the following result (cf. [35]).

Theorem 3.5.3. Let U be the 2-disk in the (J,H)-plane that is given by ∂U = γ.
If (0, 0) ∈ U , then the parallel transport group H0

1 is spanned by mna and b. The
matrix of fractional monodromy has the form(

1 1/mn
0 1

)
∈ SL(2,Q).

If (0, 0) /∈ U , then the parallel transport group H0
1 is spanned by Na and b, where

N ∈ {1,m, n,mn}. The matrix of fractional monodromy is trivial.

Proof. In view of Theorems 3.4.2 and 3.4.5, we only need to determine the least
common multiple N.

Let (0, 0) ∈ U . In this case the fixed point q = p = 0 of the S1 action belongs
to F−1(U) ⊂ R4. Orbits with Zm and Zn isotropy group emanate from this fixed
point and necessarily ‘hit’ the boundary F−1(γ). It follows that the least common
multiple is N = mn.

Let (0, 0) /∈ U . In this case the fixed point q = p = 0 of the S1 action does not
belong to F−1(U) ⊂ R4. However, γ might intersect critical values of F that give
rise to exceptional orbits in E = F−1(γ) with Zm or Zn isotropy group. It follows
that the least common multiple is N = 1, m, n or mn.

Remark 3.5.4. If mn < 0, then the fixed point z = w = 0 of the S1 action
is necessarily at the boundary of the corresponding bifurcation diagram. Hence
non-trivial monodromy (standard or fractional) can only be found when mn > 0.
Because of Theorem 3.5.3, non-trivial standard monodromy can manifest itself
only when m = n = 1.

Example 3.5.5. An example of such a 1:−1 resonant system can be obtained by
considering the Hamiltonian

H = p1q2 + p2q1 + ε(q2
1 + p2

1)(q2
2 + p2

2).

The bifurcation diagram of the integral map F = (J,H) has the form shown in
Fig. 3.6. From Theorem 3.5.3 we infer that the monodromy matrix along γ has
the form (

1 1
0 1

)
∈ SL(2,Z).
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J

     H

O
γ

Figure 3.6: Bifurcation diagram of a 1:(−1) system. The set of regular values
is shown gray; the critical values are colored black; the isolated critical point
O = (0, 0) lifts to the singly pinched torus F−1(O).

Example 3.5.6. An example of a m:(−n) resonant system with non-trivial frac-
tional monodromy is the specific 1:(−2) resonant system, which has been intro-
duced in [79]. The system is obtained by considering the Hamiltonian

H = 2q1p1q2 + (q2
1 − p2

1)p2 + εR(q, p)2,

where ε > 0 and R = R(q, p) is the 1:(2) oscillator. The bifurcation diagram of
the integral map F = (J,H) has the form shown in Fig. 3.2. In this case the set
of regular values is simply connected and, thus, standard monodromy is trivial.
Let the curve γ be as in Fig. 3.2. From Theorem 3.5.3 we infer that the parallel
transport group H0

1 is spanned by 2a and b, and that the fractional monodromy
matrix has the form (

1 1/2
0 1

)
∈ SL(2,Q).

This system is discussed in greater detail in Section 3.2.
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3.5.2 A system on S2 × S2

Let (x1, x2, x3) and (y1, y2, y3) be coordinates in R3. The relations

{xi, xj} = εijkxk, {yi, yj} = εijkyk and {xi, yj} = 0

define a Poisson structure on R3×R3. The restriction of this Poisson structure to
S2 × S2 = {(x, y) : |x| = |y| = 1} gives the canonical symplectic structure ω.

J

   H

γ2 γ1

P4P3P2P1

Fcr

Curled T 2 Curled T 2

Orbit S 1

γ3

Figure 3.7: Bifurcation diagram of the integral map F . The set of regular values
shown gray; the critical values are colored black. All regular fibers are 2-tori.
Curled T 2 contains one exceptional (‘short’) orbit of the S1 action. Critical fibers
Fcr contain two such orbits. They can be obtained by gluing two curled tori along
a regular orbit of the S1 action.

We consider an integrable Hamiltonian system on (S2 × S2, ω) defined by the
integral map F = (J,H) : S2 × S2 → R2, where

J = x1 + 2y1 and H = Re{(x2 + ix3)2(y2 − iy3)}.

It is easily checked that the functions J and H commute, so F is indeed an integral
map. The bifurcation diagram is shown in Fig. 3.7.

Even without knowing the precise structure of critical fibers of F , we can
compute fractional monodromy along curves γ1, γ2 and γ3, shown in Fig. 3.7.
Specifically, assume that γi(0) = γi(1) lifts to a regular torus.

Theorem 3.5.7. For each γi, the parallel transport group is spanned by 2ai and
bi, where (ai, bi) forms a basis of H1(F−1(γi(0)) and bi is given by any orbit of
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the S1 action. The fractional monodromy matrices have the form(
1 1/2
0 1

)
for i = 2, 3 and

(
1 1
0 1

)
for i = 1.

Proof. Consider the case i = 2. The other cases can be treated analogously.
The curve γ2 intersects the critical line H = 0 at two points ξ1 and ξ2. Let
ξ1 < P2 < ξ2 on H = 0. The critical fiber F−1(ξ1), which is a curled torus,
contains one exceptional orbit of the S1 action with Z2 isotropy. The critical fiber
F−1(ξ1) contains two such orbits. Finally, observe that the point

(1, 0, 0)× (−1, 0, 0) ∈ S2 × S2,

which projects to P2 under the map F , is fixed under the S1 action and has
isotropy weights m = 1, n = 2. Since F−1(γ2) is connected, it is left to apply
Theorems 3.4.2 and 3.4.5.

3.5.3 Revisiting the quadratic spherical pendulum

The example of the system on S2 × S2 discussed above shows that the fractional
monodromy matrix along a given curve γ1 could be an integer matrix even if
standard monodromy along γ1 is not defined. Here we show that the same phe-
nomenon can appear when the isotropy groups are either trivial or S1, that is,
when the S1 action is free outside fixed points. We demonstrate this on quadratic
spherical pendulum, which was discussed in Section 2.3.2.

Let S2 be the unit sphere in R3 with coordinates (x, y, z). We recall that the
Hamiltonian system on T ∗S2 defined by the Hamiltonian function

H =
1

2
〈p, p〉+ V (z),

where V (z) = bz2 + cz, is called the quadratic spherical pendulum [34]. This
system is completely integrable since the z component J of the angular momentum
is conserved. Moreover, J generates a global Hamiltonian S1 action on T ∗S2. For
a certain range of b and c, the bifurcation diagram of the integral map F = (J,H)
has the form shown in Fig. 3.8.

Let γ1 and γ2 be as in Fig. 3.8. Assume that the starting point γi(0) = γi(1)
lifts to a regular torus.

Theorem 3.5.8. For each γi, the parallel transport group coincides with the whole
homology group H1(F−1(γi(0)). The fractional monodromy matrices have the form(

1 1
0 1

)
for i = 1 and

(
1 0
0 1

)
for i = 2.
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J

     H

T 2

γ1

γ2

{
P
}
t T 2

Bitorus

S 1 t T 2

T 2 t T 2

Figure 3.8: Bifurcation diagram of the integral map F . The set of regular values
shown gray. The critical values are colored black. The points in the interior of the
‘island’ are regular and lift to the disjoint union of 2 tori.

Proof. Consider the case i = 1. The other case can be treated similarly. The
S1 action is free on the connected manifold F−1(γ1). The Euler number of this
manifold equals 1. Indeed, the elliptic-elliptic point

P = (0, 0, 1)× (0, 0, 0) ∈ T ∗S2 ⊂ T ∗R3,

which projects to the point F (P ) ∈ int(γ1), is fixed under the S1 action and has
isotropy weights m = 1, n = 1. It is left to apply Theorems 3.4.2 and 3.4.5.

Remark 3.5.9. From Theorem 3.5.8 it follows that all homology cycles can be
parallel transported along γi, i = 1, 2. Even though this situation is very similar
to the case of standard monodromy, the monodromy along γi is fractional. We
note that such examples have not been considered until now.

3.6 Proof of the main theorem

In the present section we use the notation introduced in Section 3.3. The result,
that is, Theorem 3.3.5, will follow from Lemmas 3.6.1, 3.6.3, 3.6.4, and 3.6.5 which
are given below.
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X0/S1 X1/S1

Aj

Pr(p1)

Pr(pj)

Pr(pM )

Γ

b

b

b

Figure 3.9: The base manifold X/S1.

Lemma 3.6.1. There exists k ∈ Z such that (Na0, Na1 + kb1) and (b0, b1) belong
to ∂∗(H2(X, ∂X)).

Proof. Let ZN be the order N subgroup of S1. The quotient X ′ = X/ZN , which is
given by the induced action of the subgroup ZN , is the total space of the principal
circle bundle

Pr ′ : X ′ → X/S1.

We note that this bundle is, moreover, trivial. Indeed, the base X/S1 has a
boundary and is, thus, homotopy equivalent to a graph.

Let bri = bi/ZN , i = 0, 1. Then (ai, b
r
i ) forms a basis of H1(Xi/ZN ). There is

a unique parallel transport of the cycles a0 and br0 along X ′. Indeed, take a global
section

s : X ′/S1 → X ′ with s(X0/S1) = a0.

Then S = s(X ′/S1) is a relative 2-cycle that gives the parallel transport of a0. In
order to transport the cycle br0 take a smooth curve Γ ⊂ X/S1 connecting X0/S1

with X1/S1 and define the relative 2-cycle by (Pr ′)−1(Γ).

Remark 3.6.2. In what follows we assume that Γ is a simple curve that does
not contain the singular points Pr(p1), . . . ,Pr(pM ), where Pr: X → X/S1 is the
canonical projection; see Fig. 3.9.

From above it follows that the parallel transport in the reduced space has the
form a0 7→ a1 + kbr1 and br0 7→ br1 for some k ∈ Z. The parallel transport of the
cycles (a0, b

r
0) in the reduced space lifts to the parallel transport of the cycles
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(Na0, b0) along X in the original space. Indeed, let π : X → X ′ be the quotient
map, given by the action of ZN . The preimage

π−1((Pr ′)−1(Γ)) = Pr−1(Γ)

transports b since Γ does not contain the singular points Pr(pj). In order to
transport Na take π−1(S). Since π : π−1(S) → S is a branched N -covering, see
Fig. 3.10, the preimage π−1(S) is a relative 2-cycle that transports Na. The result
follows.

z

z2
Z2

a

a

a

a + kbr

2a + kb

Figure 3.10: An example of the covering map π : π−1(S) → S. Here the Seifert
manifold X contains only one exceptional orbit with Z2 isotropy (N = 2); the
base X/S1 ∼= S is a ‘cone with a hole’.

This following lemma shows that the parallel transport along X is unique.

Lemma 3.6.3. Suppose that (0, c) ∈ ∂∗(H2(X, ∂X)) for some c ∈ H1(X1). Then
we have c = 0.

Proof. This statement was essentially proved in [35] (see §7.1 therein). For the
sake of completeness we provide a proof below.

Since X is an orientable 3-manifold, the rank of the image ∂∗(H2(X, ∂X)) is
half of the rank of H1(∂X) ' Z2 ⊕ Z2. Hence

rk ∂∗(H2(X, ∂X)) = 2.
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As a subgroup of a free abelian group H1(∂X), the image ∂∗(H2(X, ∂X)) is a free
abelian group and thus is isomorphic to Z⊕ Z.

From Lemma 3.6.1 we get that α = (Na0, Na1 + kb1) and β = (b0, b1) belong
to ∂∗(H2(X, ∂X)). Suppose that parallel transport along X is not unique. Then
there exists an element

η = (0, c) ∈ ∂∗(H2(X, ∂X))

with c 6= 0. Since α and β are linearly independent over Z, we get l1α+ l2β = l3η,
where lj are integers and l3 6= 0. But l1Na0 + l2b0 = 0, so l1 = l2 = 0 and we get
a contradiction.

The set H0
1 of cycles α ∈ H1(X0) that can be parallel transported along X

forms a subgroup of H1(X0). Since Na0 and b0 can be parallel transported along
X, the group H0

1 is spanned by La0 and b0 for some L ∈ N, which divides N . Our
goal is to prove that L = N . The proof of this equality is based on the important
Lemma 3.6.4 below.

Let E be a closed Seifert manifold which is obtained from X by identifying the
boundary tori Xi via an orbit preserving diffeomorphism that sends a0 to a1 and
b0 to b1.

Lemma 3.6.4. The Euler number e(E) of the Seifert manifold E satisfies

e(E) =
k

N
.

Proof. Consider the action of the quotient circle S1/ZN on the quotient space
E′ = E/ZN . Since E′ is a manifold and the action is free, we have a principal
bundle (E′, B = E/S1,Pr ′). Let

U1
∼= [0, ε]× S1

be a cylindrical neighborhood of X0/S1 in X/S1 with {0} × S1 ∼= X0/S1. Define

U2 = B \ U1.

We already know that if X ′ = X/ZN then (X ′, X/S1,Pr ′) is a trivial circle bundle.
Observe that E′ is obtained from X ′ by identifying the boundary tori X ′0 and

X ′1 via a diffeomorphism induced by the ‘monodromy’ matrix

(
1 k
0 1

)
. Hence

there exist cross sections s1 : U1 → E′ and s2 : U2 → E′ such that s2 = s1 on
the boundary circle {ε} × S1 and s1 = eikϕs2 on {0} × S1, where the circle is
parametrized by an angle ϕ.

Let f : [0, 2π]→ [0, 1] be a smooth function such that f |[0,δ] = 1 and f |[2δ,2π] =
0. Define a continuous function h : [0, ε]× S1 → [0, 2δ] by the following formula

h(φ, ϕ) =
ε− φ
ε

ϕf(ϕ).
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Let D2 = (0, ε)× (δ, 2π). Define new cross sections s′1 : U1 → E′ and s′2 : B \D2 →
E′ as follows

s′1 = s1 · eikh and s′2 =

{
s2 on U2,

s′1 otherwise.

Observe that s1(0×S1) = s2(0×S1)+kb, where b corresponds to the S1 action.
If δ > 0 is small enough, then s1(0× S1) is homological to s′1(0× S1). Hence

s′1(0× S1) = s′2(0× S1) + kb.

But s′1(∂D2 + 0× S1) = s′2(∂D2 + 0× S1). Therefore

s′2(∂D2) = s′1(∂D2) + kb.

Thus, e(E′) = k and

e(E) =
1

N
e(E′) =

k

N
.

Lemma 3.6.5. The parallel transport group H0
1 is spanned by the cycles Na0 and

b0.

Proof. We have already noted that H0
1 is spanned by La0 and b0 for some L ∈ N,

which divides N . In order to prove the equality L = N it is sufficient to prove
that for every j the number L is a multiple of nj (the order of the exceptional
orbit pj).

The image of the exceptional fiber pj under the projection Pr: E → B = E/S1

is a single point Pr(pi) on the base manifold B. Cutting E along the torus X0
∼= X1

results in the manifold X. The quotient X/S1 is obtained from B by cutting along
an embedded circle. Consider an annulus Aj ⊂ X/S1 that contains X0/S1 and
exactly one singular point Pr(pj); see Fig 3.9.

Clearly, the preimage Ej = Pr−1(Aj) is a Seifert manifold with only one ex-
ceptional fiber. From the definition of the parallel transport it follows that there
exists a relative cycle S ⊂ Ej such that one of the connected components of S is
La0. In other words, La0 can be parallel transported along Ej .

Let us identify the boundary tori of Ej via an orbit preserving diffeomorphism.
Then the result of the parallel transport of La0 along Ej is l1a0 + l2b0. Since the
parallel transport is unique, see Lemma 3.6.3, we have

Nl1a0 +Nl2b0 = NLa0 = LNa0 = LNa0 + Lmjb0, (3.5)

where mj ∈ Z. Let ej denote the Euler number of the Seifert manifold Ej . From
Lemma 3.6.4 it follows that

mj/nj = ej (mod 1).

In particular, mj and nj are relatively prime. Eq. (3.5) implies Nl2 = Lmj . Since
nj divides N , it also divides L.



Chapter 4

Topological invariants of scattering

Up until now we studied integrable systems with compact invariant fibers. In
this chapter we mainly discuss the non-compact case. Specifically, we show how
topological scattering can be studied in scattering systems that are also integrable.
In particular, we generalize the notion of scattering monodromy to such systems
and make a connection to Knauf’s scattering degree.

4.1 Preliminaries

Scattering theory is of great importance to our understanding of nature. It allows
one to study small or inaccessible objects, such as atoms and molecules or distant
celestial bodies, via the known dynamics of test waves and particles. Many of
the most important advances in elementary particle physics, which range from
Rutherford’s model of the atomic nucleus to the recent discovery of the Higgs
boson, come from scattering.

The first theoretical approach to quantum scattering goes back to Born’s paper
Zur Quantenmechanik der Stoßvorgänge [13], published in 1926. Surprisingly,
the corresponding classical scattering problem (of particles in a Newtonian force
field) was only addressed forty years later in the works of Cook [16], Hunziker [54]
and Simon [90]. Since then, the framework of classical potential scattering has
been drawing more and more attention; see [53, 61] and the more recent works
[5, 30,38,63].

In Section 4.2 we discuss certain qualitative aspects of scattering theory fol-
lowing the works [61,62]. In Section 4.3 we explain how the theory can be adapted
for the context of scattering systems that are also integrable in the Liouville sense.
In particular, we generalize the notion of scattering and non-compact monodromy
to such systems and make a connection to Knauf’s scattering degree of an energy
h scattering map. Our leading examples are planar scattering systems and the
Euler two-center problem. In Chapter 5 we discuss the Euler problem in detail.

61
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4.2 Classical scattering theory

In the framework of classical scattering one considers two Hamiltonian functions
H and Hr such that their flows become similar ‘at infinity’. This allows one to
compare a given distribution of particles, that is, initial conditions, at t = −∞
with their final distribution at t = +∞. To be more specific, consider a pair of
Hamiltonians on T ∗Rn given by

H =
1

2
‖p‖2 + V (q) and Hr =

1

2
‖p‖2 + Vr(q),

where the (singular) potentials V and Vr are assumed to satisfy certain decay
assumptions; see Assumptions 4.2.3.

Remark 4.2.1. In what follows we call Hamiltonians such as H,Hr scattering
Hamiltonians. The Hamiltonian Hr is called a reference Hamiltonian for H. We
note that the reference dynamics of Hr is usually chosen to be simpler than the
original dynamics of H.

For scattering Hamiltonians the comparison will be achieved in two steps. First
we shall parametrize the possible initial and final distributions using the flow of
the ‘free’ Hamiltonian H0 = 1

2‖p‖
2. Then, for a given gtH -invariant manifold, we

shall construct the scattering map, where only H and Hr are compared.

Remark 4.2.2. One reason for such a procedure is the following. As we shall see
later in Section 4.3 and Section 5.5, the ‘free’ Hamiltonian is not a natural reference
Hamiltonian for the Euler problem, unless the strengths µ1 = µ2. However, the
‘free’ Hamiltonian will be convenient for the definition of the asymptotic states.

4.2.1 Decay assumptions

In classical potential scattering the potential function V : Rn → R of a Hamiltonian
H = 1

2‖p‖
2 +V (q) is typically assumed to decay according to one of the following

estimates:

1. Finite-range: supp(V ) ⊂ Rn is compact;

2. Short-range case: |∂kV (q)| < c(‖q‖+ 1)
−|k|−1−ε

;

3. Long-range case: |∂kV (q)‖ < c(‖q‖+ 1)
−|k|−ε

.

Here c and ε are positive constants, k = (k1, . . . , kn) ∈ Nn0 is a multi-index,
|k| = k1 + . . . + kn is a norm of k and ‖q‖ denotes the Euclidean norm of q. For
instance, any Kepler potential is of long range and the same is true of the potential
found in the Euler problem.

In what follows we shall assume that the original potential V and the reference
potential Vr satisfy the following assumptions.
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Assumptions 4.2.3. We assume there exist functions Ṽ and Ṽr such that

(i) Ṽ and Ṽr are rotationally symmetric and long-range;

(ii) V − Ṽ and Vr − Ṽr are short-range.
In other words, we assume that V and Vr are short-range with respect to some
long-range rotationally symmetric potentials Ṽ and Ṽr, respectively.

Remark 4.2.4. The auxiliary functions Ṽ and Ṽr are needed to guarantee that
the asymptotic direction and the impact parameter, which are defined below, exist
and parametrize the scattering trajectories in a continuous way. This is known
to be the case for short-range potentials; see [62]. The case of potentials V from
Assumptions 4.2.3 reduces to the case of symmetric potentials and in that case
the statement follows from the conservation of the angular momentum.

4.2.2 Asymptotic states

Let P be the (regularized) phase space of H. The Hamiltonian flow gtH : P → P
partitions P into the following invariant subsets:

b± = {x ∈ P | supt∈R±‖gtH(x)‖ <∞} and s± = {x ∈ P | H(x) > 0} \ b±.

The invariant subsets

b = b+ ∩ b−, s = s+ ∩ s− and trp = (b+ \ b−) ∪ (b− \ b+)

are the sets of the bound, the scattering and the trapping states, respectively. We
note that s−, s+ and hence s = s− ∩ s+ are open subsets of P .

If the potential V satisfies the decay assumptions (see Assumptions 4.2.3), then
the following limits

p̂±(x) = lim
t→±∞

p(t, x) and q±⊥(x) = lim
t→±∞

q(t, x)− 〈q(t, x), p̂±(x)〉 p̂
±(x)

2h
, (4.1)

where h = H(x) > 0 is the energy of gtH(x), are defined for any x ∈ s± and
depend continuously on x. These limits are called the asymptotic direction and
the impact parameter of the trajectory gtH(x), respectively. We note that an
asymptotic direction is always orthogonal to the corresponding impact parameter.
Due to the gtH -invariance of p̂± and q±⊥ , we have the maps

A± = (p̂±, q±⊥) : s/gtH → AS

from s/gtH to the asymptotic states AS ⊂ Rn × Rn. Here s/gtH is the space of
trajectories in s, that is, it is a quotient space of s by the equivalence relation
where two points are considered equivalent if and only if they belong to a single
trajectory gtH(x). Similarly, one can construct the maps

A±r = (p̂±, q±⊥) : sr/g
t
Hr → AS

for the ‘reference’ Hamiltonian Hr = 1
2p

2 + Vr(q).
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4.2.3 Scattering map

Using the maps A± and A±r , we can now define the notion of a scattering map for
a given invariant submanifold R of s.

Definition 4.2.5. Let R be a gtH -invariant submanifold of s and B = R/gtH .
Assume that the composition map

S = (A−)−1 ◦A−r ◦ (A+
r )−1 ◦A+

is well defined and maps B to itself. The map S is called the scattering map (w.r.t.
H,Hr and B).

Remark 4.2.6. Due to the decay Assumptions 4.2.3, the maps

A± : s/gtH → AS and A±r : sr/g
t
Hr → AS

are homeomorphisms onto their images; see [26,63]. It follows that the scattering
map S : B → B is a homeomorphism as well. Here s/gtH , sr/g

t
Hr

and B = R/gtH
are endowed with the quotient topology.

Remark 4.2.7. More generally, one can consider the map S = (A−)−1 ◦Ar ◦A+,
where Ar is some automorphism of the asymptotic states AS. In scattering theory,
however, it is customary to use a scattering Hamiltonian as a reference.

4.2.4 Knauf’s topological degree

To get qualitative information about the scattering it is useful to look at topo-
logical invariants of the scattering map. An important example in the context of
general scattering theory is Knauf’s topological degree, the notion of which was
introduced in [61] and later extended in [63,64]. We shall now recall its definition.

Consider the case when the potential V is short-range relative to Vr = 0. Let
h > 0 be a non-trapping energy, that is, a positive energy such that the energy level
H−1(h) contains no trapping states, and let R = H−1(h) ∩ s be the intersection
of the level H−1(h) with the set s of the scattering states. There is the following
result.

Theorem 4.2.8. ( [26, 61]) The scattering manifold B = R/gtH is the cotangent
bundle T ∗Sn−1, where Sn−1 is the sphere of asymptotic directions. The corre-
sponding scattering map

Sh : B → B

is a symplectic transformation of T ∗Sn−1.

Knauf’s topological degree is defined as a topological invariant of the map Sh.
Specifically, let Pr : T ∗Sn−1 → Sn−1 be the canonical projection and

Sn−1
p = T ∗p S

n−1 ∪ {∞}

be the one-point compactification of the cotangent space T ∗p S
n−1.
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Definition 4.2.9. (Knauf, [61]) The degree of the energy h scattering map Sh
(notation: deg(h)) is defined as the topological degree of the map

Pr ◦Sh : Sn−1
p → Sn−1.

Remark 4.2.10. We note that by continuity deg(h) is independent of the choice
of the initial direction p ∈ Sn−1; see [61].

The following theorem shows that for regular (that is, everywhere smooth)
potentials the degree deg(h) is either 0 or 1, depending on the value of the non-
trapping energy; see Fig. 4.1.

Theorem 4.2.11. (Knauf-Krapf, [63]) Let V be a regular short-range potential
and h > 0 be a non-trapping energy. Then

deg(h) =

{
0, h ∈ (supV,∞),

1, h ∈ (0, supV ).

q1

q2     

q1

q2     

Figure 4.1: deg(h) = 0 (left) and deg(h) = 1 (right).

Proof. We consider the case of a rotationally symmetric potential V (a proof in
the general case can be found in [63]).

Let h ∈ (supV,∞) be non-trapping. Consider the family

Vt = t · V, t ∈ [0, 1],

of regular, rotationally symmetric and short-range potentials. For each potential
Vt the energy h is non-trapping. By homotopy, we can thus assume that V = 0.
But for the Hamiltonian H0 = 1

2‖p‖
2, the scattering map Sh is the identity map

and, therefore, deg(h) = 0.
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Let h ∈ (0, supV ). In this case we cannot deform V into zero since the energy
h is trapping (for t · V ) when t · supV = h. It is possible, however, to deform V
into the step function

V0 =

{
supV, q ∈ B1(0),

0, q ∈ Rn \B1(0),

where B1(0) = {q ∈ Rn | ‖q‖ < 1} is the unit ball in Rn.
More specifically, there exists a family Vt, t ∈ [0, 1], of rotationally-symmetric

potential functions such that

1. the functions Vt depend continuously on t ∈ [0, 1];

2. each function Vt, t ∈ (0, 1], is smooth and short-range;

3. for each function Vt, t ∈ (0, 1], the energy h is non-trapping;

4. V1 = V and V0 is the step function.

The existence of such a family follows from the non-trapping assumption on the
energy h ∈ (0, supV ). For each function Vt we let deg(h)(t) be the degree of the
associated energy h scattering map.

Remark 4.2.12. The energy h scattering map of the Hamiltonian p2/2 +V0 and
the degree deg(h)(0) can be defined in the same way as before, even though V0 is
not smooth.

From assumptions 1-3 it follows that deg(h)(t) does not depend on t. Hence
we only need to consider the case of the step potential V0 and compute the degree
deg(h)(0). But the dynamics of p2/2 + V0 on the energy surface H−1(h) is that
of a billiard in Rn \ B1(0). For such a billiard the degree deg(h)(0) = 1, as can
readily be seen. The result follows.

Remark 4.2.13. For singular potentials V , such as the Kepler potential, values
different from 0 and 1 may appear; see [61].

Another way of looking at the degree deg(h) is as follows.

Remark 4.2.14. The scattering map Sh approaches the identity map ‘at infinity’.
Thus, in the planar case n = 2, it is possible to define the quotient map

S̃h =

(
1 m
0 1

)
: T 2 → T 2,

where the torus T 2 is obtained from the cylinder T ∗S1 by identifying the boundary
circles ‘at infinity’. The integer m, which classifies such quotient maps up to
isotopy, coincides with the degree deg(h).
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Remark 4.2.15. We note that Knauf’s degree is not defined for the (spatial)
Euler problem of two fixed centers. Recall that the Hamiltonian of this problem
is given by

H =
‖p‖2

2
− µ1

r1
− µ2

r2
,

where ri are the distances to the fixed centers (see Chapter 5 for more information).
It can be shown that every positive energy h is trapping in this case. Moreover, the
free flow is not a proper reference unless µ1 = µ2; see Section 4.3. Nonetheless, as
we shall show in Sections 4.3 and 5.4, for a proper choice of a reference Hamiltonian
and a scattering manifold, an analogue of Knauf’s degree can be defined.

We shall come back to Knauf’s degree in Subsection 4.4 in connection with
scattering monodromy in planar systems.

4.3 Scattering in integrable systems

The goal of the present section is to recast the above theory in the context of
Liouville integrability. The approach developed in the present section will be
applied to the Euler problem in Section 5.4.

4.3.1 Reference systems

As we have seen in Section 4.2, reference systems can be used to define a scattering
map, which is a map between the asymptotic states at t = −∞ and t = +∞ of a
given invariant manifold. For integrable systems, natural invariant manifolds are
the fibers of the corresponding integral map F and various unions of these fibers.
It is thus natural to require that the flow of a reference Hamiltonian maps the set
of asymptotic states of a given fiber of F to the set of asymptotic states of the
same fiber. This leads to the following definition.

Definition 4.3.1. Consider a scattering Hamiltonian H which gives rise to an
integrable system with the integral map F . A scattering Hamiltonian Hr will be
called a reference Hamiltonian for this system if

F

(
lim

t→+∞
gtHr (x)

)
= F

(
lim

t→−∞
gtHr (x)

)
(4.2)

for every scattering trajectory t 7→ gtHr (x).

Remark 4.3.2. Definition 4.3.1 can be generalized to the setting of scattering
and integrable systems defined on symplectic manifolds which are not necessarily
cotangent bundles. For the purposes of the present work, it is sufficient to assume
that H and Hr are as in Section 4.2. We note that Eq. (4.2) (in the case of the
fixed reference Hamiltonian Hr = 1

2‖p‖
2) appeared in a related context in [57].
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Remark 4.3.3. In scattering theory it is typically required that the flow of a
reference Hamiltonian maps the set of asymptotic states of a given energy level
to itself, which is a less restrictive assumption. On the other hand, the reference
dynamics is usually assumed to be of short range with respect to the original one.
It is important that a reference Hamiltonian in the sense of Definition 4.3.1 does
not have to satisfy this short-range property; see Remark 4.3.6 below.

Examples and discussion

A series of examples of reference Hamiltonians in the above sense is given by
rotationally symmetric potentials. This follows from the conservation of angular
momentum. In particular, the ‘free’ Hamiltonian H0 = 1

2‖p‖
2 is a reference for

any integrable system with a scattering rotationally symmetric potential. Note
that in this case the structure of an integrable system is assumed to come from
the angular momentum.

Another example is the (spatial) Euler two-center problem. It is known that
this problem is Liouville integrable; the three commuting integrals come from the
separation in elliptic coordinates; see Section 5.2 for details. Let F = (H,Lz, G)
denote the corresponding integral map. We have the following result.

Theorem 4.3.4. Among all Kepler Hamiltonians only

Hr1 =
1

2
p2 − µ1 − µ2

r1
and Hr2 =

1

2
p2 − µ2 − µ1

r2

are reference Hamiltonians of the Euler problem F = (H,Lz, G). In particular,
the free Hamiltonian is a reference Hamiltonian of the Euler problem only in the
case µ1 = µ2.

Proof. See Subsection 5.5.2.

Remark 4.3.5. The above results imply that Definition 4.3.1 is sensitive to the
choice of an integrable structure. Indeed, consider a Kepler problem with a non-
vanishing strength µ of attraction (or repulsion). Let F1 = F be the integral map
obtained from the separation in elliptic coordinates and let F2 be the integral map
that comes from the rotational symmetry. Then the Hamiltonian H0 = 1

2‖p‖
2 is a

reference Hamiltonian for the integral map F2, but it is not a reference Hamiltonian
for the integral map F1.

Remark 4.3.6. It follows from Theorem 4.3.4 that a Kepler Hamiltonian with the
strength µ1 +µ2 is not a reference for F = (H,Lz, G), no matter where the center
of attraction, resp., repulsion, is located. For the strength µ1 + µ2 and only for
this strength, the difference between the potentials is short-range. This implies
that the Møller transformations (or the wave transformations) [26, 62] are not
defined with respect to the reference Hamiltonians Hri , unless the reference flow
is appropriately modified. We note that the existence of Møller transformations
is important for the study of quantum scattering in this problem.
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4.3.2 Scattering invariants

Consider the Liouville fibration F : s → Rn. Let Hr be a reference Hamiltonian
for F such that A±(s) ⊂ A±(sr) holds. Setting R = s in Definition 4.2.5, we get
the scattering map

S : B → B, B = R/gtH .

The scattering map S allows to identify the asymptotic states of s at t = +∞ with
the asymptotic states at t = −∞. This results in a new total space sc. We observe
that under this identification the asymptotic states of a given fiber of F : s→ Rn
are mapped to the asymptotic states of the same fiber. This implies that sc is
naturally fibered by F . The resulting fibration will be denoted by

Fc : sc → Rn.

Invariants of the fibration Fc contain essential information about the scattering
dynamics; we call them scattering invariants of F with respect to Hr.

In what follows we shall mainly discuss one concrete example of a scattering
invariant, namely, scattering monodromy.

Definition 4.3.7. Assume that

Fc : sc → Rn

is a torus bundle. The (usual) monodromy of this bundle will be called scattering
monodromy of the fibration F with respect to Hr.

For the first time, the notion of scattering monodromy was introduced in [5] for
a two degree of freedom hyperbolic oscillator and, at about the same time, in [30]
for planar scattering systems with a repulsive rotationally symmetric potential.
In [38] a more general notion of non-compact monodromy, which is defined for not
necessarily scattering systems, was proposed. A related ‘billiard’ approach, which
is based on separation, was discussed in [23, 76, 85]. What has been missing until
now for scattering monodromy, is a definition which makes an explicit connection
to scattering theory and which is applicable to general scattering and integrable
systems; in particular, to systems that have many degrees of freedom and which are
not necessarily (rotationally) symmetric. Definition 4.3.7 meets these properties.
As we shall see later in Section 4.4, it can even be generalized to scattering systems
that are not integrable.

One important property of scattering monodromy in the sense of Definition 4.3.1
(unlike in the other senses) is that it depends on the choice of a reference system.
It is thus a relative invariant. For instance, in the case when the Hamiltonian Hr

is chosen to coincide with the original Hamiltonian H, Duistermaat’s Hamiltonian
monodromy is recovered. Specifically, we have the following result.

Proposition 4.3.8. In the case when Hr = H, the scattering and the Hamiltonian
monodromy matrices of F coincide.
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Proof. Follows from the construction of the fibration Fc.

Remark 4.3.9. In the case of completely integrable systems with non-compact
fibers, Hamiltonian monodromy can be defined in essentially the same way as in
Chapter 1. For instance, one can use the topological definition of monodromy
given in Remark 1.1.8. We note that non-compact fibrations appear in the Euler
problem in the case of positive energies and in various other integrable systems.
We mention the works [5, 30,38,45,65,73,104].

Remark 4.3.10. Generally speaking, scattering and Hamiltonian monodromy are
different invariants. For instance, scattering monodromy does not have to obstruct
the existence of global action-angle coordinates [5]. Nonetheless, as we shall show
in Chapter 5, it is possible that both Hamiltonian and scattering monodromy are
non-trivial at the same time. This happens, for instance, for the Kepler problem;
see Subsection 5.4.4.

In the next Subsection 4.3.3 we show that in the case of planar scattering
systems, when the potential V is symmetric and Vr = 0 gives the free flow, the
different definitions of scattering monodromy coincide. In Subsection 4.3.3 we
discuss a quantum analogue of scattering monodromy.

In Section 4.4 we show that scattering monodromy in planar scattering systems
is manifested by the jump of Knauf’s topological degree which appears when the
non-trapping energy goes from low to high values. We achieve this by making
an explicit connection to the scattering map. The latter connection shows that,
similarly to Knauf’s degree, scattering monodromy can be defined also in the
non-integrable case.

4.3.3 Connection to the deflection angle

Here we discuss the case n = 2 of planar scattering systems. The goal is to relate
our notion of scattering monodromy to the definition in terms of the deflection
angle [5, 30].

Definition 4.3.11. The total deflection angle of a scattering trajectory gtH(x) =
(q(t), p(t)) is defined by

Φ =

+∞∫
−∞

dϕ(q(t))

dt
dt,

where ϕ is the polar angle in the configuration xy-plane.

Unless stated otherwise, we assume that the decaying potentials V and Vr are
rotationally symmetric. Then the angular momentum J = xpy − ypx is conserved
(for both the original and the reference systems). It follows that

Φ(h, j) = 2

∞∫
rmin

ldr

r2
√
h−Wj(r)

, (4.3)
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where Wj(r) = j2/2r2 + W (r), W (‖q‖) = V (q), is the effective potential and
rmin is the turning point. A similar formula holds for Vr. In particular, the total
deflection angle depends only on the values (h, j) of (H,J).

Let F = (H,J) denote the integral map of the original system and

NT = {(h, j) ∈ image(F ) | F−1(h, j) ⊂ s}. (4.4)

The manifold F−1(N) is an invariant submanifold of the phase space P , which
contains no trapping states (it consists of scattering states only).

In [30], scattering monodromy along a path γ in NT is defined as the variation
of the deflection angle Φ(γ(t)) − π along this path. More generally, one can talk
about the variation of the deflection angle

δ(γ(t)) = Φ(γ(t))− Φr(γ(t)),

which is the difference between the total deflection angles of outgoing scattered
and unscattered trajectories. The connection of this approach to our definition
can be seen in the following result, which can partially be deduced from [38].

Theorem 4.3.12. The scattering monodromy along γ is given by

Mγ =

(
1 mγ

0 1

)
,

where −mγ is the variation of the deflection angle δ along γ.

Proof. We recall that the scattering map S : B → B, B = s/gtH with respect to
the Hamiltonians

H =
1

2
‖p‖2 + V (q) and Hr =

1

2
‖p‖2 + Vr(q)

gives rise to the torus fibration Fc. Let (a, b) be a basis of the homology group
H1(F−1

c (γ(t0))) such that the cycle b corresponds to the circle action given by J .
Transporting these cycles along the path γ we get b 7→ b and a 7→ a + mγb for
some integer mγ . But the difference

δ = Φ− Φr =

+∞∫
−∞

dϕ(q(t))

dt
dt−

+∞∫
−∞

dϕ(qr(t))

dt
dt,

where (qr(t), pr(t)) is a reference trajectory with the same energy and angular
momentum, can be seen as a rotation number on the fibers of Fc. It follows that
the variation of Φ− Φr along γ equals −mγ .

Corollary 4.3.13. Let Vr = 0 and γ be a path in NT . Then the scattering
monodromy index mγ equals the winding number of γ with respect to (supV, 0).
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Proof. By Theorem 4.4.1, it is sufficient to look at the variation of the deflection
angle. The computation is then similar to the one given in [30].

Without loss of generality we can assume that γ is a smooth path that intersects
the j = 0 axis at a right angle. Then it is left to show that for a non-trapping
energy h

lim
l→0+

Φ(h, j) =

{
π, when h ∈ (supV,∞)

0, when h ∈ (0, supV ).

Consider a trajectory gtH(x) = (q(t, x), p(t, x)) with j = 0 and a non-trapping
energy h > 0. The projection q(t, x) is then constrained to a straight line. We
have the following two cases.

1 h ∈ (0, supV ). In this case q(t, x) is reflected from the potential barrier when
t = min{τ | p(τ, x) = 0}. It follows that Φ(h, 0) = 0.

2 h ∈ (supV,∞). In this case the vector q̇(t, x) = p(t, x) is bounded away from
zero and its direction is constant. Hence |Φ(h, 0)| = π.

Since in both cases lim
l→0+

Φ(h, j) = |Φ(h, 0)|, the result follows.

Remark 4.3.14. We note that Corollary 4.3.13 can be proven directly from our
results on compact systems with a circle action. Specifically, we have the following
proof, which also shows that scattering monodromy coincides with non-compact
monodromy in the case when both are defined.

Another proof of Corollary 4.3.13. It is sufficient to consider the case when γ is
a simple closed curve. This follows from the homotopy invariance of scattering
monodromy and from the fact that it is multiplicative with respect to composition
of paths.

Observe that there exists a disk D ⊂ NT that bounds γ and that the scattering
map gives rise to a singular torus fibration over this disk. By the results of the
previous chapters, the (usual) monodromy of this fibration along γ is determined
by the fixed points of the circle action that project to D; see Theorem 2.2.14 and
its generalization to the topological setting in Section 3.3.

Observe that the origin is the only one fixed point of the circle action given
by J and that it is positive in the sense of Definition 2.2.12. Hence the scattering
monodromy along γ is given by

Mγ =

(
1 mγ

0 1

)
,

where mγ is equal to 1 if γ encircles the value (supV, 0) and is equal to 0 otherwise.
The result follows.
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Quantum scattering monodromy

It has been shown in [30] that the quantum scattering monodromy can be defined
in the case when V is of short range with respect to Vr = 0. In this case, one can
define the so-called phase shift, which is the quantum analogue of the deflection
angle. If the potential V is of long range (with respect to Vr = 0), then the phase
shift is not defined.

As we have seen above, for the classical scattering monodromy the short-range
assumption is not essential. In order to extend the quantum scattering monodromy
to the long-range case, one can proceed in the following two ways.

One way is to consider another symmetric potential Vr as a reference. If V
is short range with respect to Vr, then the phase shift is defined. Note that
this approach is suitable for planar systems, and gives the same result as in the
classical case. For the Euler problem, however, the situation is different in view
of Theorem 4.3.4. We shall come back to this problem in Chapter 5.

Another way is to consider a modified action difference. We demonstrate this
approach on the smoothed Kepler potential

V = W (‖q‖), q ∈ R2, and W (r) = 1/
√
r2 + 1.

Since the potential V has long-range, we have infinite action difference

I − I0 =
1

π

 ∞∫
r0

√
2h− j2/r2 − 2W (r)dr −

∞∫
r′0

√
2h− j2/r2dr

 .

Here r0 and r′0 are the turning points for V and for the free potential V0 = 0,
respectively. (In the short-range case, the action difference gives a semi-classical
approximation to the phase shift).

Following [23,85], one can consider the reduced action difference

Ired =
1

π

 R∫
r0

√
2h− j2/r2 − 2W (r)dr −

R∫
r′0

√
2h− j2/r2dr

 ,

where R is sufficiently big and does not depend on h, j and r. Equating the
reduced action Ired and J to integer multiples of ~, gives Fig 4.2.

We observe that a similar structure is obtained if one subtracts a divergent
log-term from the action difference. Specifically, instead of Ired one can consider
the modified action difference

Imod = lim
R→∞

IRmod,
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Figure 4.2: Transport around the singularity

where

πIRmod =

R∫
r0

√
2h− j2/r2 − 2W (r)dr −

R∫
r′0

√
2h− j2/r2dr − ln(2

√
2hR)√

2h
.

We note that the modified action difference is not monotone as a function of h.
However, it is monotone in a neighborhood of the focus point.

4.4 Connection to scattering map and Knauf’s degree

As before, we consider the case n = 2 of planar scattering systems and assume
that V and Vr are rotationally symmetric. Recall that by F = (H,J) we denote
the energy-momentum map of the original system and that we have the following
non-trapping set

NT = {(h, j) ∈ image(F ) | F−1(h, j) ⊂ s}. (4.5)
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Consider a regular simple closed curve γ in NT . Observe that B = F−1(γ)/gtH
is a two-torus. Let

S : B → B

be the corresponding scattering map. Note that due to the existence of the circle
action, the scattering map S is a Dehn twist, that is, the pushforward map S? is
given by (the conjugacy class of) the matrix

S? =

(
1 m
0 1

)
∈ SL(2,Z).

We have the following result.

Theorem 4.4.1. The matrix of the pushforward map associated to S coincides
with the matrix of scattering monodromy along γ.

Proof. The scattering map S allows one to consider the compactified torus bundle

Pr: F−1(γ)
c → S1 = R ∪ {∞},

where R corresponds to the time. The torus bundle F−1
c (γ) → γ has the same

total space, but is fibered over γ. Suppose that the monodromy of this bundle is
given by the matrix

M =

(
1 mγ

0 1

)
.

Then the monodromy of Pr: F−1(γ)
c → S1 is the same, for otherwise the total

spaces would be different. The result follows.

Consider the case when V has short-range and Vr = 0. Let hlow, hhigh be
non-trapping energies. Set

R = {hlow ≤ H ≤ hhigh} ∩ ({J ≤ j−α} ∪ {J ≥ j+α})

and assume that this region satisfies R ⊂ NT ; see Fig. 4.3. Finally, let γα be the
boundary of the ‘box region’

{hlow ≤ H ≤ hhigh} ∩ {j−α ≤ J ≤ j+α}.

With this notation we have the following result.

Theorem 4.4.2. The scattering monodromy along γ is given by

Mγ =

(
1 mγα

0 1

)
,

where mγα = deg(hlow)− deg(hhigh).
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     H

γ γα

H=Elow

H=Ehigh

L= j−α L= j+α

H= J= 0

Figure 4.3: Bifurcation diagram of the energy-momentum map F = (H,J), where
H = ‖p‖2/2+V (q) and V (q) = W (‖q‖) is given by W (r) = r2/(1+r4). The curves
γ and γα surround the transversally hyperbolic branch of the critical values of F .

Proof. Observe that for a non-trapping energy h > 0, the scattering map Sh has
the form of the Dehn twist

Sh =

(
1 deg(h)
0 1

)
We note that Sh is a map from a cylinder Ch = H−1(h)∩s/gtH to itself. However,
it approaches the identity map as J → ±∞. Hence, the notion of a Dehn twist is
still defined; see Remark 4.2.14.

By the previous Theorem 4.4.1, it is sufficient to prove that the scattering map
S : B → B, B = F−1(γα)/gtH has the form

S =

(
1 mγα

0 1

)
,

where mγα = deg(hlow)− deg(hhigh). We observe that the scattering manifold B
can be viewed as the result of gluing the cylinders Chlow and Chhigh along their
boundaries. The result follows.
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r

W     

J

     H

γ

H= J= 0

Figure 4.4: Left: the graph of W = r2/(1 + r4). Right: the bifurcation diagram
of the corresponding energy-momentum map F .

Example 4.4.3. Let V (q) = W (‖q‖) be given by W (r) = r2/(1 + r4). The
graph of the function W is given in Fig. 4.4. The bifurcation diagram of the map
F = (H = ‖p‖2/2 + V, J) is illustrated in Fig. 4.4.

We observe that, for the path γ shown in Fig. 4.4, the scattering monodromy
index mγ = 1. Indeed, by homotopy invariance, the scattering monodromy along
the path γ equals the scattering monodromy along γα.

4.5 Discussion

In this chapter we introduced scattering invariants for Hamiltonian systems that
are scattering and integrable in the Liouville sense. In particular, we proposed a
new definition of scattering monodromy, which applies to scattering systems with
many degrees of freedom and even without integrability.

We showed that, in planar systems with a rotationally symmetric potential
V : R2 → R and vanishing Vr = 0, our definition of scattering monodromy gives
the classical result.

Moreover, we showed that in the short-range case, the degree deg(h) and the
scattering monodromy index mγ are related via the simple formula

mγ = deg(hlow)− deg(hhigh).

The proof was based on the characterization of scattering monodromy in terms
of the scattering map. An important consequence of this characterization is that
scattering monodromy, similarly to Knauf’s degree, can naturally be defined for
scattering systems even without integrability.

In Chapter 5 we show how our point of view on scattering monodromy allows
one to define and compute this invariant for the Euler two-center problem.





Chapter 5

Scattering in Euler’s two-center
problem

In the present chapter we apply the theory developed in Chapter 4 to the spatial
Euler two-center problem. Our results show that this spatial problem has non-
trivial scattering monodromy of two different types: pure and mixed scattering
monodromy. We show that the second type is present also in the Kepler problem.

5.1 Euler’s two-center problem

The Euler problem of two fixed centers, also known as the Euler 3-body problem,
is one of the most fundamental integrable problems of classical mechanics. It
describes the motion of a point particle in Euclidean space under the influence of
the Newtonian force field

F = −DV, V = −µ1

r1
− µ2

r2
.

Here ri are the distances of the particle to the two fixed centers and µi are the
strengths (the masses or the charges) of these centers. We note that the Kepler
problem corresponds to the special cases when the centers coincide or when one
of the strengths is zero.

The (gravitational) Euler problem was first studied by L. Euler in a series of
works in the 1760s [42–44]. He discovered that this problem is integrable by putting
the equations of motion in a separated form. Elliptic coordinates, which separate
the problem and which are now commonly used, appeared in his later paper [44]
and, at about the same time, in the work of Lagrange [66]. The systematic use
of elliptic coordinates in classical mechanics was initiated by Jacobi, who used
a more general form of these coordinates to integrate, among other systems, the
geodesic flow on a triaxial ellipsoid; see [55] for more details.

Since the early works of Euler and Lagrange, the Euler problem and its gener-
alizations have been studied by many authors. First classically and then, since the

79
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works of Pauli [82] and Niessen [80] in the early 1920s, also in the setting of quan-
tum mechanics. We indicatively mention the works [15, 25, 31, 41, 89, 98, 100,103].
For a historical overview we refer to [50, 81]. In what follows we will mainly be
interested in the spatial Euler problem.

We observe that the Euler problem is a Hamiltonian system with two additional
structures: it is a scattering system and it is also integrable in the Liouville sense.
The structure of a scattering system comes from the fact that the potential

V (q)→ 0, ‖q‖ → ∞,

decays at infinity sufficiently fast (is of long range; see Section 4.2). It allows
one to compare a given set of initial conditions at t = −∞ with the outcomes at
t = +∞. Liouville integrability comes from the fact that the system is separable;
the three commuting integrals of motion are:

� the energy function — the Hamiltonian,

� the separation constant; see Section 5.2,

� the component of the angular momentum about the axis connecting the two
centers.

Separately these two structures of the Euler problem have been discussed in
the literature. Scattering has been studied, for instance, in [60, 89]. The cor-
responding Liouville fibration has been studied in [100] — from the perspective
of Fomenko theory [11, 49], action coordinates and Hamiltonian monodromy [27].
Following the point of view developed in Chapter 4, we shall consider both of the
structures together and show that the Euler problem has non-trivial scattering
invariants, which we shall call purely scattering and mixed scattering monodromy,
cf. [5, 30, 38, 61, 72]. For completeness, the qualitatively different case of Hamilto-
nian monodromy will be also discussed.

The chapter is organized as follows. The problem is defined in Section 5.2.
Bifurcation diagrams are given in Section 5.3. In Section 5.4 we discuss scattering
monodromy of the problem. Hamiltonian monodromy is addressed in Subsec-
tion 5.4.3. Additional details are presented in the miscellaneous Section 5.5.

5.2 Separation procedure and regularization

We start with the 3-dimensional Euclidean space R3 and two distinct points in
this space, denoted by o1 and o2. Let q = (x, y, z) be Cartesian coordinates in
R3 and let p = (px, py, pz) be the conjugate momenta in T ∗q R3. The Euler two-
center problem can be defined as a Hamiltonian system on T ∗(R3 \ {o1, o2}) with
a Hamiltonian function H given by

H =
‖p‖2

2
+ V (q), V (q) = −µ1

r1
− µ2

r2
, (5.1)
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where ri : R3 → R is the distance to the center oi. The strengths of the centers µi
can be both positive and negative; without loss of generality we assume that the
center o1 is stronger, that is, |µ2| ≤ |µ1|.

Remark 5.2.1. When µi > 0 (resp., µi < 0) the center oi is attractive (resp.,
repulsive). The cases µ1 6= µ2 = 0 and µ2 6= µ1 = 0 correspond to a Kepler
problem. In the case µ1 = µ2 = 0 the dynamics is trivial and we have the free
motion (t, q0, p0) 7→ (q0 + tp0, p0).

5.2.1 Separation and integrability

Without loss of generality we assume oi = (0, 0, (−1)ia) for some a > 0, so that, in
particular, the fixed centers o1 and o2 are located on the z-axis in the configuration
space. Rotations around the z-axis leave the potential function V invariant. It
follows that (the z-component of) the angular momentum

Lz = xpy − ypx (5.2)

commutes with H, that is, Lz is a first integral. It is known [41, 103] that there
exists another first integral given by

G = H +
1

2
(L2 − a2(p2

x + p2
y)) + a(z + a)

µ1

r1
− a(z − a)

µ2

r2
, (5.3)

where L2 = L2
x+L2

y+L2
z is the squared angular momentum. The expression for the

integral G can be obtained using separation in elliptic coordinates, as described
below. It will follow from the separation procedure that the function G commutes
both with H and with Lz, which means that the problem of two fixed centers is
Liouville integrable.

Consider prolate ellipsoidal coordinates (ξ, η, ϕ):

ξ =
1

2a
(r1 + r2), η =

1

2a
(r1 − r2), ϕ = Arg(x+ iy). (5.4)

Here ξ ∈ [1,∞), η ∈ [−1, 1], and ϕ ∈ R/2πZ. Let pξ, pη, pϕ = Lz be the conjugate
momenta and l be the value of Lz. In the new coordinates the Hamiltonian H has
the form

H =
Hξ +Hη

ξ2 − η2
, (5.5)

where

Hξ =
1

2a2
(ξ2 − 1)p2

ξ +
1

2a2

l2

ξ2 − 1
− µ1 + µ2

a
ξ

and

Hη =
1

2a2
(1− η2)p2

η +
1

2a2

l2

1− η2
+
µ1 − µ2

a
η.
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Multiplying Eq. (5.5) by ξ2 − η2 and separating we get the first integral

G = ξ2H −Hξ = η2H +Hη.

In original coordinates G has the form given in Eq. (5.3). Since Lz = pϕ, the
function G commutes both with H and with Lz.

5.2.2 Regularization

We note that in the case when one of the strengths is attractive, collision orbits are
present and, consequently, the flow of H on T ∗(R3\{o1, o2}) is not complete. This
complication is, however, not essential for our analysis since collision orbits, as in
the Kepler case, can be regularized. More specifically, there exists a 6-dimensional
symplectic manifold (P, ω) and a smooth Hamiltonian function H̃ on P such that

1. (T ∗(R3 \ {o1, o2}), dq ∧ dp) is symplectically embedded in (P, ω),

2. H = H̃|T∗(R3\{o1,o2}),

3. The flow of H̃ on P is complete.

This result is essentially due to [60, Proposition 2.3], where a similar statement is
proved for the gravitational planar problem. The planar problem in the case of
arbitrary strengths can be treated similarly (note that collisions with a repulsive
center are not possible). The spatial case follows from the planar case since colli-
sions occur only when Lz = 0. We note that the integrals Lz and G can be also
extended to P .

One important property of the regularization is that the extensions of the
integrals to P , which will be also denoted by H, Lz and G, form a completely
integrable system. In particular, the Arnol’d-Liouville theorem [3] applies. In
what follows we shall work on the regularized space P .

5.3 Bifurcation diagrams

Before we move further and discuss scattering in the Euler problem, we shall
compute the bifurcation diagrams of the integral map F = (H,Lz, G), that is,
the set of the critical values of this map. We distinguish two cases, depending on
whether Lz is zero or different from zero. The bifurcation diagrams are obtained
by superimposing the critical values found in these two cases. By a choice of units
we assume that a = 1.

5.3.1 The case Lz = 0

Since Lz = 0, the motion is planar. We assume that it takes place in the xz-plane.
Consider the elliptic coordinates (λ, ν) ∈ R× S1[−π, π] defined by

x = sinhλ cos ν, z = coshλ sin ν.
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The level set of constant H = h, Lz = l = 0 and G = g in these coordinates is
given by the equations

p2
λ = 2h cosh2 λ+ 2(µ1 + µ2) coshλ− 2g,

p2
ν = −2h sin2 ν − 2(µ1 − µ2) sin ν + 2g,

where pλ and pν are the momenta conjugate to λ and ν. The value (h, 0, g) is
critical when the Jacobian matrix corresponding to these equations does not have
full rank. Computation yields lines

`1 = {g = h+ µ2 − µ1, l = 0}, `2 = {g = h+ µ1 − µ2, l = 0}
and `3 = {g = h+ µ, l = 0}, where µ = µ1 + µ2,

and two curves

{g = µ coshλ/2, h = −µ/2 coshλ, l = 0},
{g = (µ1 − µ2) sin ν/2, h = (µ2 − µ1)/2 sin ν, l = 0}.

Points that do not correspond to any physical motion must be removed from
the obtained set (allowed motion corresponds to the regions where the squared
momenta are positive).

Remark 5.3.1. The corresponding diagrams in the planar problem are given in
Section 5.5; see Fig. 5.5 and 5.6. We note that in the planar case the set of the
regular values of F consists of contractible components and hence the topology of
the regular part of the Liouville fibration is trivial. Interestingly, this is not the
case if the dimension of the configuration space is n = 3.

We note that the singular Liouville foliation has non-trivial topology already in
the planar case. The corresponding bifurcations, in the sense of Fomenko theory
[11,12,46,47,49], have been studied in [59,100].

5.3.2 The case Lz 6= 0

In order to compute the critical values in this case it is convenient to use the
ellipsoidal coordinates (ξ, η). (We note that for Lz 6= 0 the z-axis is inaccessible,
so (ξ, η) are non-singular.) The level set of constant H = h, Lz = l and G = g in
these coordinates is given by the equations

p2
ξ =

(ξ2 − 1)(2hξ2 + 2(µ1 + µ2)ξ − 2g)− l2

(ξ2 − 1)2
,

p2
η =

(1− η2)(−2hη2 − 2(µ1 − µ2)η + 2g)− l2

(1− η2)2
.

The value (h, l, g) with l 6= 0 is critical when the corresponding Jacobian matrix
does not have a full rank. Computation yields the following sets of critical values:{

g = h(2ξ2 − 1) +
(µ1 + µ2)(3ξ2 − 1)

2ξ
, l2 = − (µ1 + µ2 + 2hξ)(−1 + ξ2)2

ξ

}
,
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G

Lz    

γ

0<h<hc

0<µ2 <µ1

γ

h>hc

0<µ2 <µ1

Figure 5.1: Positive energy slices of the bifurcation diagram for the spatial Euler
problem, attractive case. The black points correspond to the critical lines `i.

{
g = h(2η2 − 1) +

(µ1 − µ2)(3η2 − 1)

2η
, l2 = − (µ1 − µ2 + 2hη)(−1 + η2)2

η

}
,

where ξ > 1 and −1 < η < 1. As above, points that do not correspond to any
physical motion must be removed.

Representative positive energy slices in the gravitational case 0 < µ2 < µ1 are
given in Fig. 5.1. The case of arbitrary strengths µi is similar. The structure of
the corresponding diagrams can partially be deduced from the diagrams obtained
in the planar case; see Section 5.5.

5.4 Scattering in Euler’s problem

In this section we study scattering in the Euler problem using the reference Kepler
Hamiltonians

Hr1 =
1

2
p2 − µ1 − µ2

r1
and Hr2 =

1

2
p2 − µ2 − µ1

r2
,

identified in Theorem 4.3.4. We shall show that the Euler problem has non-trivial
scattering monodromy of two different types, namely, pure and mixed scattering
monodromy, that the Hamiltonian and the mixed scattering monodromy remain
in the limiting case of the Kepler problem, and that the Hamiltonian monodromy
is present also in the spatial free flow.
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5.4.1 Scattering map

Let F = (H,Lz, G) denote the integral map of the Euler problem. Let N be a
submanifold of

NT = {(h, l, g) ∈ image(F ) | F−1(h, l, g) ⊂ s}. (5.6)

The manifold F−1(N) is an invariant submanifold of the phase space P , which
contains scattering states only. Following the construction in Sections 4.2 and 4.3,
we can define the scattering maps S : B → B with respect to H, the reference
Kepler Hamiltonian Hr = Hr1 or Hr = Hr2 , where

Hr1 =
1

2
p2 − µ1 − µ2

r1
and Hr2 =

1

2
p2 − µ2 − µ1

r2
,

and B = F−1(N)/gtH as in Section 4.2.

Remark 5.4.1. We recall that the scattering map S is defined by

S = (A−)−1 ◦A−r ◦ (A+
r )−1 ◦A+,

where

A± = (p̂±, q±⊥) : s±/gtH → AS and A±r = (p̂±, q±⊥) : s±r /g
t
Hr → AS

map s± ⊂ P and s±r to the asymptotic states AS. Here the index r refers to a
reference system (Hr1 or Hr2 in our case).

Remark 5.4.2. We note that the potential

V = −µ1

r1
− µ2

r2

of the Euler problem is of short range with respect to to Ṽ (q) = −(µ1 + µ2)/‖q‖,
which is a Kepler potential. The reference potentials are Kepler potentials and
are therefore rotationally symmetric. It follows that the decay Assumptions 4.2.3
are met.

5.4.2 Scattering monodromy

First, we consider the case of a gravitational problem (0 < µ2 < µ1) with Hr = Hr2

as the reference Kepler Hamiltonian. The other cases can be treated similarly and
will be addressed in Subsection 5.4.4; see Table 5.1.

For sufficiently large h0 the h = h0 slice of the bifurcation diagram has the
form shown in Fig. 5.2. Let γi, i = 1, 2, 3, be a simple closed curve in

NTh0
= {(h, g, l) ∈ NT | h = h0}
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G

Lz    
γ1 γ2 γ3

h>hc

0<µ2 <µ1

Figure 5.2: Energy slice of the bifurcation diagram for the spatial Euler problem,
attractive case.

that encircles the critical line `i, where

`1 = {g = h+ (µ2 − µ1), l = 0}, `2 = {g = h+ (µ1 − µ2), l = 0} and

`3 = {g = h+ (µ1 + µ2), l = 0}.

For each γi, consider the torus bundle Fi : Ei → γi, where the total space Ei is
obtained by gluing the ends of the fibers of F over γi via the scattering map S.
We recall that scattering monodromy along γi with respect to Hr is defined as the
usual monodromy of the torus bundle Fi : Ei → γi; see Definition 4.3.7.

Remark 5.4.3. Alternatively, one can define Fi : Ei → γi by gluing the fibers
of the original and the reference integral maps at infinity. Both definitions are
equivalent in the sense that the monodromy of the resulting torus bundles are the
same.

Consider a starting point γi(t0) ∈ γi in the region where l > 0. We choose
a basis (cξ, cη, cϕ) of the first homology group H1(F−1

i (γi(t0))) ' Z3 as follows.
The cycle cξ = coξ ∪ crξ is obtained by gluing the non-compact ξ-coordinate lines
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coξ for the original and crξ for the reference systems at infinity. In other words, for
we glue the lines

p2
ξ =

(ξ2 − 1)(2hξ2 + 2(µ1 + µ2)ξ − 2g)− l2

(ξ2 − 1)2

on F−1(γi(t0)), γi(t0) = (h, g, l), and

p2
ξ =

(ξ2 − 1)(2hξ2 + 2(µ2 − µ1)ξ − 2g)− l2

(ξ2 − 1)2

on the reference fiber F−1
r (γi(t0)) at the limit points ξ = ∞, pξ = ±

√
2h. The

cycles cη and cϕ are such that their projections onto the configuration space co-
incide with coordinate lines of η and ϕ, respectively. In other words, the cycle cη
on F−1(γi(t0)) is given by

p2
η =

(1− η2)(−2hη2 − 2(µ1 − µ2)η − 2g)− l2

(1− η2)2

and cϕ is an orbit of the circle action given by the Hamiltonian flow of the mo-
mentum Lz. We have the following result.

Theorem 5.4.4. The scattering monodromy matrices Mi along γi with respect to
the reference Hamiltonian Hr and the natural basis (cξ, cη, cϕ) have the form

M1 =

1 0 0
0 1 1
0 0 1

 , M2 =

1 0 −1
0 1 1
0 0 1

 and M3 =

1 0 1
0 1 0
0 0 1

 .

Proof. Case 1, loop γ1. First we note that the cycle cϕ is preserved under the
parallel transport along γ1. This follows from the fact that Lz generates a free
fiber-preserving circle action on Ei. The cycles cξ and cη can be naturally trans-
ported only in the regions where l 6= 0. We thus need to understand what happens
at the critical plane l = 0.

Let R > 1 be a sufficiently large number. Then

E1,R = {x ∈ E1 | ξ(x) > R}

has exactly two connected components, which we denote by E+
1,R and E−1,R. We

define a 1-form α on (a part of) Ei by the formula

α = pdq − χ(ξ)pξ(h, g, l, ξ)dξ,

where χ(ξ) is a bump function such that
(i) χ(ξ) = 0 when ξ < R;
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(ii) χ(ξ) = 1 when ξ > 1 +R.
The square root function pξ(h, g, l, ξ) is assumed to be positive on E+

1,R and neg-

ative on E−1,R. By construction, the 1-form α is well-defined and smooth on Ei
outside collision points. Since

dα = dp ∧ dq = −ω on F−1(γi) ∪ F−1
r (γi) ⊂ Ei,

we have that dα = 0 on each fiber of Fi.
Consider the modified actions with respect to the form α:

Iϕ =
1

2π

∫
cϕ

α, Iη =
1

2π

∫
cη

α and Imodξ =
1

2π

∫
cξ

α.

The modified actions are well defined and, in view of dα = 0, depend only on
the homology classes of cξ, cη and cϕ. It follows that Iϕ and Iη coincide with the
‘natural’ actions (defined as the integrals over the usual 1-form pdq). We note
that the ‘natural’ ξ-action

Iξ =
1

2π

∫
cξ

pdq

diverges, cf. [30]. From the continuity of the modified actions at l = 0 it follows
that the corresponding scattering monodromy matrix has the form

M1 =

1 0 m1

0 1 m2

0 0 1

 .

Since the modified actions do not have to be smooth at l = 0, the integers m1

and m2 are not necessarily zero. In order to compute these integers we need to
compare the derivatives ∂lIη and ∂lIξ at l→ ±0.

A computation of the corresponding residues gives

lim
l→±0

∂lIη = lim
l→±0

1

2π
∂l

∫
cη

pdq =

{
0, when g < h+ µ2 − µ1,

∓1/2, when µ2 − µ1 < g − h < µ1 − µ2,

and

lim
l→±0

∂lI
mod
ξ = lim

l→±0

 1

2π
∂l

∫
coξ

pdq − 1

2π
∂l

∫
crξ

pdq

−
lim
l→±0

1

2π

∫
cξ

χ(ξ)pξ(h, g, l, ξ)dξ = 0
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(for the two ranges of g). It follows that m1 = 0 and m2 = 1.
Case 2, loop γ2. This case is similar to Case 1. The corresponding limits are

given by

lim
l→±0

(∂lIη, ∂lI
mod
ξ ) =

{
(∓1/2, 0), when µ2 − µ1 < g − h < µ1 − µ2,

(∓1,±1/2), when µ1 − µ2 < g − h < µ1 + µ1.

Case 3, loop γ3. The computation in this case is also similar to Case 1. The
corresponding limits are given by

lim
l→±0

(∂lIη, ∂lI
mod
ξ ) =

{
(∓1,±1/2), when µ1 − µ2 < g − h < µ1 + µ2,

(∓1, 0), when h+ µ1 + µ2 < g.

Remark 5.4.5. One difference between Case 3 and the other cases is the topology
of the critical fiber, around which scattering monodromy is defined. In Case 3
the critical fiber is the product of a pinched cylinder and a circle, whereas in the
other cases it is the product of a pinched torus and a real line. This implies, in
fact, that Case 3 is purely scattering, whereas in the other cases Hamiltonian
monodromy is present.

Interestingly, Theorem 5.4.4 admits the following geometric proof in the purely
scattering case.

Proof for Case 3 of Theorem 5.4.4. The action

I ′η =

{
Iη, if l ≥ 0

Iη − 2l, if l < 0.

is smooth and globally defined (over γ3). Moreover, the corresponding circle action
extends to a free action in F−1

3 (D3), where D3 ⊂ NTh0 is a 2-disk such that
∂D3 = γ3. Since there is also a circle action given by Iϕ, the result can be also
deduced from the general theory developed in [40,71].

Remark 5.4.6. We note that from the last proof it follows that the choice of
a reference Hamiltonian does not affect the result in the purely scattering case.
This agrees with the point of view presented in [38]. For the curves γ1 and γ2,
when monodromy is mixed scattering, the two reference Kepler Hamiltonians give
different results; see Table 5.1. Interestingly, for these curves, yet another result
is obtained if one puts the problem inside an ellipsoidal billiard; in this case, the
two monodromy matrices coincide with M1 in Theorem 5.4.4; see [76].

We can now prove the following theorem, which describes the scattering map
in the purely scattering case of the curve γ3.
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Theorem 5.4.7. The scattering map S : B3 → B3, where B3 = F−1(γ3)/gtH , is
a Dehn twist. The push-forward map is conjugate in SL(3,Z) to

S? =

1 0 1
0 1 0
0 0 1

 .

Proof. The proof is similar to the proof given in Theorem 4.4.1. The scattering
map S allows one to consider the compactified torus bundle

Pr: F−1(γ3)
c → S1 = R ∪ {∞},

where R corresponds to the time. The torus bundle F3 : E3 → γ3 has the same
total space, but is fibered over γ3. By Theorem 5.4.4, the monodromy of the
bundle F3 : E3 → γ3 is given by the matrix

M =

1 0 1
0 1 0
0 0 1

 .

Then the monodromy of the first bundle Pr: F−1(γ3)
c → S1 is the same, for

otherwise the total spaces would be different. The result follows.

Remark 5.4.8. It follows from the proof and our topological results on compact
monodromy that Theorem 5.4.7 holds for any µi 6= 0 and for any regular closed
curve γ ⊂ NT such that

1. The energy value h is positive on γ;

2. γ encircles the critical line {g = h + µ1 + µ2, l = 0} exactly once and does
not encircle any other line of critical values;

3. γ does not cross critical values of F .

It can be shown that such a curve γ always exists; an example is given in
Fig. 5.3. We note that the third condition can be weakened in the case −µ1 <
µ2 < 0. In this case the attraction of µ1 dominates the repulsion of µ2 and,
as a result, bound motion coexists with unbound motion for a range of positive
energies. Instead of F−1(γ) one may consider its unbounded component.

Remark 5.4.9. (Quantum scattering monodromy) As we noted before, Euler
potential is not of short range with respect to the reference Kepler potentials
given in Theorem 4.3.4. However, one can still produce a spectrum by considering
a modified action difference, in a similar way to what we did in the planar case in
Section 4.3.
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G

Lz    
γ

0<h<hc

0<µ2 <µ1

Figure 5.3: Energy slice of the bifurcation diagram for the spatial Euler problem,
attractive case.

Observe that the actions Iϕ = 1
2π

∫
cϕ
α and Iη = 1

2π

∫
cη

are well-defined and

coincide for the original and the reference systems. We choose the modified action
difference as follows

Imod = lim
R→∞

IRmod,

where

πIRmod =

R∫
ξ0

√
2(ξ2 − 1)(hξ2 + (µ1 + µ2)ξ − g)− l2

(ξ2 − 1)
dξ

−
R∫
ξ′0

√
2(ξ2 − 1)(hξ2 + (µ1 − µ2)ξ − g)− l2

(ξ2 − 1)
dξ − 2µ2 ln(2

√
2hR)√

2h
.

(We prefer this modified action difference over the one considered in Theorem 5.4.4
since in Imod the divergent log-term appears explicitly.)



92 CHAPTER 5. SCATTERING IN EULER’S TWO-CENTER PROBLEM

 Lz

    H

Figure 5.4: Transport around the singularity

An analogue of the EBK quantization yields Fig 5.4, which shows the projection
of a slice of the spectrum to the (Lz, H)-plane. The slice is defined by

Iη =

{
~(nη + 0.5), if l ≥ 0

~(nη + 0.5)− 2l, if l < 0.

The constants were chosen as follows:

µ1 = 0.7, µ2 = 0.3, ~ = 1/200 and nη = 341. �

5.4.3 Topology

As we have noted before, alongside non-trivial scattering monodromy, the Euler
problem admits also non-trivial Hamiltonian monodromy, which is an intrinsic
invariant of the system.

Here we consider the generic case of |µ1| 6= |µ2| 6= 0 in the case of positive
energies. The case of negative energies is similar — it has been discussed in
detail in [100]. The critical cases can be easily computed from the generic case by
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considering curves that encircle more than one of the singular lines

`1 = {g = h+ (µ2 − µ1), l = 0}, `2 = {g = h+ (µ1 − µ2), l = 0} and

`3 = {g = h+ (µ1 + µ2), l = 0}.

Let γi be a closed curve that encircles only the critical line `i; see Fig. 5.3. The
fibration F : F−1(γi)→ γi is a T 2 ×R-bundle. The following theorem shows that
the Hamiltonian monodromy is non-trivial along the curves γ1 and γ2 and is trivial
along γ3.

Theorem 5.4.10. The Hamiltonian monodromy of F : F−1(γi)→ γi, i = 1, 2, is
conjugate in SL(2,Z) ⊂ SL(3,Z) to

M =

1 0 0
0 1 1
0 0 1

 .

Here the right-bottom 2× 2 block acts on T 2 and the left-top 1× 1 block on R.

Proof. The result follows from the proof of Theorem 5.4.4. For completeness, we
give an independent proof below.

After the reduction of the surface H−1(h) with respect to the flow gtH we get
a singular T 2 torus fibration over a disk Di, ∂Di = γi, with exactly one focus-
focus point. The result then follows from [67, 75, 105]. This argument applies to
both of the lines `1 and `2. Since the flow of Lz gives a global circle action, the
monodromy matrix M is the same in both cases; see [19].

Theorem 5.4.11. The Hamiltonian monodromy of F : F−1(γ3)→ γ3 is trivial.

Proof. Observe that the Hamiltonian flows of Iϕ,

I ′η =

{
Iη, if l ≥ 0

Iη − 2l, if l < 0.

and H generate a global T2 × R action on F−1(γ3). It follows that the bundle
F : F−1(γ3)→ γ3 is principal. Since γ3 is a circle, it is also trivial.

We note that Hamiltonian monodromy is an intrinsic invariant of the Euler
problem, related to the non-trivial topology of the integral map F . Interestingly,
it is also present in the critical cases:

(1) µ1 = µ2 (symmetric Euler problem) [100],
(2) µ1 or µ2 = 0 (Kepler problem) [33] and
(3) µ1 = µ2 = 0 (the free flow).
In the case of bound motion (1) and (2) are due to [100] and [33], respec-

tively. We recall that from the scattering perspective, Hamiltonian monodromy is
recovered if one considers the original Hamiltonian H also as a reference.
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γ1 γ2 γ3

Scattering monodromy w.r.t. Hr1

Generic
|µ1| 6= |µ2| 6= 0 m = −1, n = 1 m = 0, n = 1 m = 1, n = 0
Critical
−µ1 = µ2 < 0 m = −1, n = 1 m = 0, n = 1 n = 1, n = 0
0 < µ1 = µ2 m = −1, n = 2 m = 1, n = 0
µ1 = µ2 < 0 m = −1, n = 2 m = 1, n = 0
µ1 = µ2 = 0 m = 0, n = 2
0 = µ2 < µ1 n = 1 m = 0, n = 1 m = 0,
µ1 < µ2 = 0 m = −1, n = 1 m = 1, n = 1

Scattering monodromy w.r.t. Hr2

Generic
|µ1| 6= |µ2| 6= 0 m = 0, n = 1 m = −1, n = 1 m = 1, n = 0
Critical
−µ1 = µ2 < 0 m = 0, n = 1 m = −1, n = 1 m = 1, n = 0
0 = µ2 < µ1 n = 1 m = −1, n = 1 m = 1,
µ1 < µ2 = 0 m = 0, n = 1 m = 0, n = 1

Table 5.1: Scattering monodromy, general case.

These results (1)-(2) follow from the computation done in the generic case by
taking the product of the corresponding matrices. For instance, for the free flow,
the Hamiltonian monodromy is given by the product M0 = EM2, so that

M0 =

1 0 0
0 1 2
0 0 1

 .

This can also been proven by considering the quotient space with respect to the
flow of H = H0 and by applying the results of Chapters 1 and 2. Note that the
number 2 is the Euler number given by the circle associated to Lz.

We also observe that in the case of the free flow we get a quadratic spherical
pendulum (see Section 2.3.2) after reducing the Hamiltonian flow.

Proposition 5.4.12. Consider the integral map F = (H,Lz, G) in the case when
µ1 = µ2 = 0 (the free flow). Fix a positive energy and consider the integrable
system obtained after the symplectic reduction of F with respect to the free flow.
Then the reduced system is given by a quadratic spherical pendulum.

Proof. The proposition follows from the expression of Lz and G in terms of the
asymptotic direction and the impact parameter; see Eq. 4.1.
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5.4.4 General case

Here we consider the case of of arbitrary strengths µi. We observe that the scat-
tering monodromy matrices with respect to the reference Kepler Hamiltonians Hr1

and Hr2 are necessarily of the form 1 0 m
0 1 n
0 0 1


for some integers m and n. These integers (for different choices of the strengths
µi and the critical lines `i) are given in Table 5.1.

Remark 5.4.13. We note that one can compute the monodromy matrices in
the critical cases from the matrices found in the generic cases. Specifically, it is
sufficient to consider the curves that encircle more than one critical line `i and
multiply the monodromy matrices found around each of these lines. For instance,
the monodromy matrix around the curve g = h in the free flow equals the product
of the three monodromy matrices found in (any) generic Euler problem.

5.5 Miscellaneous

In this section we present the bifurcation diagrams for the planar Euler problem
and prove Theorem 4.3.4.

5.5.1 Bifurcation diagrams for the planar problem

Here we give the bifurcation diagrams of the planar Euler problem in the case of
arbitrary strengths µi. The computation has been performed in Section 5.3; more
details can be found in [25,88,100].

The computation of Section 5.3 yields the following critical lines

`1 = {g = h+ µ2 − µ1}, `2 = {g = h+ µ1 − µ2}
and `3 = {g = h+ µ}, µ = µ1 + µ2, (5.7)

and the critical curves

{g = µ coshλ/2, h = −µ/2 coshλ},
{g = (µ1 − µ2) sin ν/2, h = (µ2 − µ1)/2 sin ν}.

Points that do not correspond to any physical motion must be removed from the
obtained set. The resulting diagrams are given in Figs. 5.5 and 5.6. Here we
distinguish two cases: generic case when the strengths |µ1| 6= |µ2| 6= 0 and the
remaining critical cases.
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We note that the critical cases occur when

|µ1| = |µ2| or when µ1µ2 = 0.

In the case µ1 = −µ2 6= 0, the attraction of one of the centers equalizes the re-
pulsion of the other center, making the bifurcation diagram qualitatively different
from the cases when −µ1 < µ2 < 0 or 0 < µ2 < −µ1. However, we still have the
three different critical lines `1, `2 and `3. In the other critical cases collisions of
the lines `i occur. For instance, µ1 = 0 implies that `1 = `3 and so on. A similar
situation takes place in the spatial problem.

Figure 5.5: Bifurcation diagrams for the planar problem, generic cases |µ1| 6=
|µ2| 6= 0. Top: attractive (left), repulsive (right). Bottom: mixed.
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Figure 5.6: Bifurcation diagrams for the planar problem, non-generic cases
|µ1| = |µ2| or µ1µ2 = 0. From left to right, from top to bottom: symmetric
attractive, anti-symmetric, symmetric repulsive, free flow, attractive Kepler prob-
lem, repulsive Kepler problem.
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5.5.2 Kepler Hamiltonians

Here we prove the following result, which we have stated previously in Chapter 4.
It shows that the Euler problem has two natural reference Hamiltonians when the
strengths µ1 6= µ2 and one otherwise.

Theorem 5.5.1. Among all Kepler Hamiltonians only

Hr1 =
1

2
p2 − µ1 − µ2

r1
and Hr2 =

1

2
p2 − µ2 − µ1

r2

are reference Hamiltonians of F = (H,Lz, G). In particular, the free Hamiltonian
is a reference Hamiltonian of F only in the case µ1 = µ2.

Proof. Sufficiency. Consider the Hamiltonian Hr1 . Let

Gr1 = Hr1 +
1

2
(L2 − a2(p2

x + p2
y)) + a(z + a)

µ1 − µ2

r1
.

From Section 5.2.1 (see also Eq. (5.3)) it follows that the functions Hr1 , Lz and
Gr1 Poisson commute. This implies that any trajectory gtHr1

(x) belongs to the

common level set of Fr1 = (Hr1 , Lz, Gr1). For a scattering trajectory we thus get

Fr1

(
lim

t→+∞
gtHr1 (x)

)
= Fr1

(
lim

t→−∞
gtHr1 (x)

)
.

A straightforward computation of the limit shows that also

F

(
lim

t→+∞
gtHr1 (x)

)
= F

(
lim

t→−∞
gtHr1 (x)

)
.

The case of Hr2 is completely analogous.
Necessity. Without loss of generality we assume µ2 ≤ µ1. Let Hr = 1

2‖p‖
2 − µ

r ,
where r : R3 \ {o} → R is the distance to some point o ∈ R3, be a reference
Hamiltonian of F . We have to show that

1. µ > 0 implies o = o1 and µ = µ1 − µ2;

2. µ < 0 implies o = o2 and µ = µ2 − µ1;

3. µ = 0 implies µ1 = µ2.

Case 1. First we show that o belongs to the z axis. If this is not the case,
then, due to rotational symmetry, we have a reference Hamiltonian Hr with o =
(−b0, 0, z0) for some b0, z0 ∈ R, b0 6= 0. This reference Hamiltonian Hr has a
trajectory t 7→ gtHr (x) that (in the configuration space) has the form shown in
Figure 5.7. But for such a trajectory

Lz

(
lim

t→+∞
gtHr1 (x)

)
= 0 6=

√
2h · b0 = Lz

(
lim

t→−∞
gtHr1 (x)

)
,
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b0

b0

y

x

gtHr
(x)

o

Figure 5.7: Kepler trajectory gtHr (x) in the z = z0 plane.

where h = Hr(x) > 0 is the energy of gtHr (x). We conclude that o = (0, 0, b) for
some b ∈ R.

Next we show that bµ = a(µ1 − µ2). Consider a trajectory gtHr (x) of Hr that
has the form shown in Figure 5.8a. It follows from Eq. (5.3) that the function

Gr = Hr +
1

2
(L2 − b2(p2

x + p2
y)) + b(z + b)

µ

r

is constant along this trajectory. Thus, for Hr to be a reference Hamiltonian we
must have

(G−Gr)
(

lim
t→+∞

gtHr1 (x)

)
= (G−Gr)

(
lim

t→−∞
gtHr1 (x)

)
. (5.8)

In the configuration space, gtHr (x) is asymptotic to the ray x = c, y = 0, z ≥ 0
at t = +∞.

The other asymptote at t = −∞ gets arbitrarily close to the ray x = c, y =
0, z ≤ 0 when c→ +∞. It follows that Eq. (5.8) is equivalent to

a(µ1 − µ2)− bµ = bµ− a(µ1 − µ2) + ε,

where ε→ 0 when c→ +∞. The remaining equality b = a can be proven using a
trajectory gtHr (x) that has the form shown in Figure 5.8b.
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b

z

x

gtHr
(x)

o

+∞

a)

b

b

z

x

gtHr
(x)

o

b)

Figure 5.8: Kepler trajectories in the y = 0 plane.

b0

b0

y

x

gtHr
(x)

o

Figure 5.9: The two branches (z = z0 plane). In the repulsive case µ > 0 a Kepler
trajectory is represented by the convex branch.
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Case 2. In this case trajectories gtHr (x) of the repulsive Kepler Hamiltonian
Hr do not project to the curves shown in Figs. 5.7, 5.8a and 5.8b. However, each
of these curves is a branch of a hyperbola. The ‘complementary’ branches are
(projections of) trajectories of Hr; see Fig. 5.9. If the latter branches are used,
the proof becomes similar to Case 1.

Case 3. In this case Hr generates the free motion. Let

gtHr (x) = (q(t), p(t)), q(t) = (c, 0, t), p(t) = (0, 0, 1).

Since L2 and (px, py, pz) are conserved,

G

(
lim

t→+∞
gtHr1 (x)

)
= G

(
lim

t→−∞
gtHr1 (x)

)
implies a(µ1 − µ2) = a(µ2 − µ1) and hence µ1 = µ2.





Conclusions

In the present PhD thesis we studied (generalized) monodromy in integrable
Hamiltonian systems. We mainly considered the following three different types
of monodromy, which typically appear in such systems: Hamiltonian, fractional,
and scattering monodromy. We provided new general methods which allow one
to compute these invariants in many concrete examples of integrable Hamiltonian
systems. Moreover, we established connections to Morse theory, Seifert manifolds,
scattering theory, and other fields. Below we give a short summary of the results
and state a few open problems.

In Chapters 1 and 2 we studied Hamiltonian monodromy. In Chapter 1 we
considered integrable two-degree of freedom systems

F = (H,J) : M → R2

such that H is a proper Morse function and J generates a global Hamiltonian circle
action. Extending results of F. Takens, we showed that Hamiltonian monodromy
in such systems can be computed by looking at how the Euler number of the
energy level H−1(h) changes as h passes a critical value of H. In particular, we
gave a new proof of the geometric monodromy theorem using this Morse theory
approach and improved upon Cushman’s argument.

In Chapter 2 we generalized the obtained results to integrable Hamiltonian
systems F : M → Rn with a Tn−1 action. We showed that if the path γ, along
which Hamiltonian monodromy is defined, is such that

� there exists a 2-disk D ⊂ image(F ) with γ = ∂D and

� the only singular orbits in F−1(D) are orbits with S1 isotropy,

then the latter completely determine the Hamiltonian monodromy of the n-torus
bundle. Suppose, in particular, that the phase space M and the Tn−1 action are
fixed and write F in the form (J1, . . . , Jn−1, H), where J1, . . . , Jn−1 are momenta
for the Tn−1 action and H is the Tn−1 invariant energy function which can be
varied. Then our results imply that the only way in which H affects Hamiltonian
monodromy is by determining whether there exist paths γ encircling critical values
corresponding to singular Tn−1 orbits with S1 isotropy; if such paths exist then the
monodromy for the n-torus bundle over γ depends only on these singular orbits

103
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of the Tn−1 action. We note that this point of view is different from the usually
adopted approaches to Hamiltonian monodromy, which have until now focused on
the behavior of the integral map F near its singularities.

We concluded Chapter 2 with a study of the spatial champagne bottle system.
We gave a possible answer to a question posed in [7] concerning the absence of
Hamiltonian monodromy in the spatial system and the presence of Hamiltonian
monodromy in its planar subsystem.

An interesting open problem in the context of Chapter 2 is to understand what
happens in the case of Hamiltonian Tn−k actions.

In Chapter 3 we generalized the results on Hamiltonian monodromy obtained
in the previous chapters to a more general setting of fractional monodromy and
Seifert fibrations and made a connection to Fomenko-Zieschang theory. We showed
that the parallel transport can naturally be defined for closed Seifert manifolds
with an orientable base. Moreover, we proved that the parallel transport group
is determined by the deck group of the associated Seifert fibration and that the
corresponding fractional monodromy matrix is given by the Euler number of this
fibration. We also showed that for integrable Hamiltonian systems with a circle
action, the Euler number can be computed by looking at the behavior of the circle
action near its fixed points.

We note that in the case of Hamiltonian monodromy the fixed points have
weights 1:(±1). In the case of fractional monodromy fixed points with weights
m:n, mn 6= ±1, may appear. The existence of such weights m:n implies the
existence of points with non-trivial isotropy groups Zm or Zn. These points are
projected to one-parameter families of critical values of the corresponding integral
map F . These families contain essential information about the geometry of the
singular fibration given by F . However, for Hamiltonian monodromy such critical
families are ‘invisible’ since the curves γ along which Hamiltonian monodromy is
defined do not cross any critical values. In the fractional case the curves γ are
allowed to cross critical values of F . Using the Seifert fibrations points of view, one
can define and compute fractional monodromy along γ without having to analyze
the types of the singularities of the map F . This shows that also in the fractional
case the circle action is more important for monodromy than the precise form of
the integral map F .

Here there are a few problems one can address. One interesting problem is to
generalize our results on fractional monodromy to the case of quantum systems.
Another problem is related to fractional monodromy in classical integrable systems
without a circle action. It is not known to us when, for a given (graph) manifold,
fractional monodromy is defined. A related problem, which is partially solved in
this work, is to give an algorithm that reconstructs fractional monodromy from a
given marked molecule.

In Chapter 4 we adapted the general potential scattering theory for the context
of Liouville integrability. We proposed a definition of a reference Hamiltonian for
scattering and integrable systems and defined scattering invariants with respect
to such reference Hamiltonians. Our leading example of a scattering invariant is
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scattering monodromy. We showed that for planar systems with a rotationally
symmetric potential and the free flow as a reference, our notion of scattering
monodromy gives the classical result. Moreover, in the case of planar systems,
we made an explicit connection of scattering monodromy to the corresponding
scattering map and Knauf’s index.

This leaves the study of other scattering invariants open. A particular question
that would be interesting to solve is to find a scattering invariant which is defined
for systems with n degrees of freedom and which is related to Knauf’s index in a
similar way as scattering monodromy in the case of scattering integrable systems
with n = 2 degrees of freedom.

In Chapter 5 we applied the approach developed in Chapter 4 to the spatial
Euler two-center problem. We considered the scattering case of positive energies.
We showed that the problem admits the following two reference Hamiltonians:

Hr1 =
1

2
p2 − µ1 − µ2

r1
and Hr2 =

1

2
p2 − µ2 − µ1

r2
.

Moreover, we computed the scattering monodromy matrices with respect to these
reference Hamiltonians. Our results showed that scattering monodromy appears
in two different types, namely, as pure and mixed scattering monodromy, that
Hamiltonian and mixed scattering monodromy remain non-trivial in the limiting
case of the Kepler problem, and that Hamiltonian monodromy is non-trivial also
for the spatial free flow.

An interesting problem in this context is to relate the modified action difference
considered in Remark 5.4.9 to the non-existence of a globally smooth phase shift
in the quantum system. We note that the action difference as well as scattering
monodromy depend on the choice of a reference system. It would be interesting to
understand what are the possible reference systems for the Euler problem (apart
from the reference systems given by Hr1 and Hr2) and, more generally, for a given
scattering integrable system.





Samenvatting

Monodromie is een invariant die beschrijft hoe meetkundige objecten (zoals func-
ties of variëteiten) veranderen als ze een gesloten pad in de parameterruimte ‘door-
lopen’. Een bekend voorbeeld hiervan is Hamiltoniaanse monodromie. Deze in-
variant werd gëıntroduceerd door Duistermaat [27] als een belemmering voor het
bestaan van globale actiecoördinaten in integreerbare Hamiltoniaanse systemen.
Sindsdien is Hamiltoniaanse monodromie in veel integreerbare systemen binnen
de natuurkunde en klassieke mechanica gevonden en in verschillende richtingen
veralgemeniseerd.

In dit proefschrift bestuderen we systematisch de volgende drie verschillende
soorten monodromie: Hamiltoniaanse, fractionele en verstrooiingsmonodromie1.
We beginnen met Hamiltoniaanse monodromie in hoofdstuk 1 en 2. Daarna, in
hoofdstuk 3, bestuderen we fractionele monodromie. In hoofdstuk 4 en 5 nemen
we verstrooiingsmonodromie onder de loep. Hieronder geven we per hoofdstuk
een korte beschrijving van de resultaten.

In hoofdstuk 1 geven we een nieuw bewijs voor de bekende stelling over Hamil-
toniaanse monodromie rond een focus-focus kritiek punt. We tonen aan hoe deze
stelling volgt uit de indexstelling van Takens. In het bijzonder laten we zien hoe de
energieniveauverzamelingen H−1(h) en hun Eulergetallen de niet-trivialiteit van
de monodromie rond een focus-focus kritiek punt weergeven. De resultaten in dit
hoofdstuk laten zien dat de Morse-theorie kan worden gebruikt voor de berekening
van Hamiltoniaanse monodromie.

De benadering die we ontwikkelen in hoofdstuk 1 kan worden toegepast op
integreerbare systemen (in de zin van Liouville)

F = (H,J) : M → R2

die invariant zijn onder een S1-actie en waarvoor de Hamiltoniaan H een Morse-
functie met compacte niveauverzamelingen H−1(h) is. Deze benadering kan niet
direct worden gegeneraliseerd naar integreerbare Hamiltoniaanse systemen met
n ≥ 3 vrijheidsgraden, omdat de niveauverzamelingen H−1(h) voor deze benader-
ing van belang zijn.

1We merken op dat fractionele monodromie algemener is dan Hamiltoniaanse monodromie en
dat fractionele monodromie singuliere vezels toestaat. Verstrooiingsmonodromie (in tegenstelling
tot de twee andere invarianten) is gedefinieerd voor verstrooingssystemen met noodzakelijkerwijs
niet-compacte vezels.

107



108 SAMENVATTING

In hoofdstuk 2 tonen we aan dat de symmetrie (de S1-actie in het bovenstaande
geval) voldoende is voor de berekening van de monodromie. Door de symmetrie te
gebruiken kunnen we een uniforme benadering van Hamiltoniaanse monodromie
geven. Deze benadering kan worden toegepast op integreerbare systemen

F : M → Rn

die invariant zijn onder een Tn−1-actie. Hier wordt verondersteld dat de singuliere
banen van de Tn−1-actie S1-isotropie groepen hebben. We merken op dat in dit
geval de Hamiltoniaan geen Morse-functie hoeft te zijn.

In hoofdstuk 3 generaliseren we de resultaten over Hamiltoniaanse monodromie
naar een algemenere context van fractionele monodromie en Seifertvariëteiten.
Door Seifertvariëteiten te gebruiken, kunnen we eerdere werken over fractionele
monodromie (zie [35]) generaliseren. Bovendien kunnen we een connectie met de
Fomenko-Zieschang-theorie maken. Onze hoofdresultaten in dit hoofdstuk zijn als
volgt:

� Fractionele monodromie kan worden gedefinieerd voor alle gesloten Seifert-
variëteiten met een oriënteerbare basisruimte van geslacht g > 0;

� Fractionele monodromie wordt gegeven door de deckgroep en het Eulergetal
van de bijbehorende Seifertvariëteit;

� In het geval van integreerbare Hamiltoniaanse systemen kan het Eulergetal
worden berekend in termen van de vaste punten van de S1-actie.

We merken op dat tegenvoorbeelden aantonen dat fractionele monodromie niet
kan worden gedefinieerd voor alle driedimensionale variëteiten.

In hoofdstuk 4 beginnen we met een bespreking van de verstrooiingstheorie,
waarbij we voornamelijk het werk van Knauf [61] volgen. Vervolgens laten we zien
hoe de verstrooiingstheorie aan de context van de integreerbaarheid aangepast kan
worden. In het bijzonder definiëren we een begrip van een referentie Hamiltoniaan
voor integreerbare- en verstrooiingssytemen. Daarnaast veralgemeniseren we de
definitie van verstrooiingsmonodromie (in de zin van [5,30]) naar deze systemen en
laten een verband tussen verstrooiingsmonodromie, de verstrooiingsafbeelding en
de verstrooiingsindex van Knauf zien. Als gevolg daarvan krijgen we dat verstrooi-
ingsmonodromie ook voor niet-integreerbare systemen kan worden gedefinieerd.

In hoofdstuk 5 passen we onze methoden toe op het driedimensionale Euler-
probleem met twee vaste punten. De Hamiltoniaan is gegeven door

H =
1

2
‖p‖2 + V, V =

µ1

r1
+
µ2

r2
.

Hier geven µ1 en µ2 aan hoe sterk de aantrekkings- of afstotingskracht van de
vaste punten zijn; r1 en r2 zijn de afstanden tot de vaste punten.
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We beschouwen het geval van positieve energieën; in dit geval kunnen we de
verstrooiing waarnemen. We laten zien dat het probleem de volgende referentie
Hamiltonianen heeft

Hr1 =
1

2
‖p‖2 − µ1 − µ2

r1
en Hr2 =

1

2
‖p‖2 − µ2 − µ1

r2

en dat verstrooiingsmonodromie niet-triviaal is met betrekking tot deze referentie
Hamiltonianen. De resultaten tonen aan dat de verstrooiingsmonodromie twee ver-
schillende soorten kent, namelijk zuivere en gemengde verstrooiingsmonodromie,
en dat de gemengde verstrooiingsmonodromie in het Keplerprobleem overblijft.
Daarnaast bespreken we kwantisering en Hamiltoniaanse monodromie in het Eu-
lerprobleem. We bewijzen dat Hamiltoniaanse monodromie zelfs in het geval van
de Hamiltoniaan H0 = 1

2‖p‖
2 niet-triviaal is.
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[5] L. Bates and R. Cushman, Scattering monodromy and the A1 singularity,
Central European Journal of Mathematics 5 (2007), no. 3, 429–451.

[6] L.M. Bates, Monodromy in the champagne bottle, Journal of Applied Math-
ematics and Physics (ZAMP) 42 (1991), no. 6, 837–847.
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[85] D.A. Sadovsḱı, Nekhoroshev’s approach to hamiltonian monodromy, Regular
and Chaotic Dynamics 21 (2016), no. 6, 720–758.

[86] S. Schmidt and H.R. Dullin, Dynamics near the p : −q resonance, Physica
D: Nonlinear Phenomena 239 (2010), no. 19, 1884–1891.

[87] D. Sepe, S. Sabatini, and S. Hohloch, From Compact Semi-Toric Systems
To Hamiltonian S-1-Spaces, 35 (2014), 247–281.



BIBLIOGRAPHY 119

[88] M. Seri, The problem of two fixed centers: bifurcation diagram for positive
energies, Journal of Mathematical Physics 56 (2015), no. 1, 012902.

[89] M. Seri, A. Knauf, M. D. Esposti, and T. Jecko, Resonances in the two-
center coulomb systems, Reviews in Mathematical Physics 28 (2016), no. 07,
1650016.

[90] B. Simon, Wave operators for classical particle scattering, Comm. Math.
Phys. 23 (1971), no. 1, 37–48.
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