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Conclusions

In the present PhD thesis we studied (generalized) monodromy in integrable
Hamiltonian systems. We mainly considered the following three different types
of monodromy, which typically appear in such systems: Hamiltonian, fractional,
and scattering monodromy. We provided new general methods which allow one
to compute these invariants in many concrete examples of integrable Hamiltonian
systems. Moreover, we established connections to Morse theory, Seifert manifolds,
scattering theory, and other fields. Below we give a short summary of the results
and state a few open problems.

In Chapters 1 and 2 we studied Hamiltonian monodromy. In Chapter 1 we
considered integrable two-degree of freedom systems

F = (H,J) : M → R2

such that H is a proper Morse function and J generates a global Hamiltonian circle
action. Extending results of F. Takens, we showed that Hamiltonian monodromy
in such systems can be computed by looking at how the Euler number of the
energy level H−1(h) changes as h passes a critical value of H. In particular, we
gave a new proof of the geometric monodromy theorem using this Morse theory
approach and improved upon Cushman’s argument.

In Chapter 2 we generalized the obtained results to integrable Hamiltonian
systems F : M → Rn with a Tn−1 action. We showed that if the path γ, along
which Hamiltonian monodromy is defined, is such that

� there exists a 2-disk D ⊂ image(F ) with γ = ∂D and

� the only singular orbits in F−1(D) are orbits with S1 isotropy,

then the latter completely determine the Hamiltonian monodromy of the n-torus
bundle. Suppose, in particular, that the phase space M and the Tn−1 action are
fixed and write F in the form (J1, . . . , Jn−1, H), where J1, . . . , Jn−1 are momenta
for the Tn−1 action and H is the Tn−1 invariant energy function which can be
varied. Then our results imply that the only way in which H affects Hamiltonian
monodromy is by determining whether there exist paths γ encircling critical values
corresponding to singular Tn−1 orbits with S1 isotropy; if such paths exist then the
monodromy for the n-torus bundle over γ depends only on these singular orbits
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of the Tn−1 action. We note that this point of view is different from the usually
adopted approaches to Hamiltonian monodromy, which have until now focused on
the behavior of the integral map F near its singularities.

We concluded Chapter 2 with a study of the spatial champagne bottle system.
We gave a possible answer to a question posed in [7] concerning the absence of
Hamiltonian monodromy in the spatial system and the presence of Hamiltonian
monodromy in its planar subsystem.

An interesting open problem in the context of Chapter 2 is to understand what
happens in the case of Hamiltonian Tn−k actions.

In Chapter 3 we generalized the results on Hamiltonian monodromy obtained
in the previous chapters to a more general setting of fractional monodromy and
Seifert fibrations and made a connection to Fomenko-Zieschang theory. We showed
that the parallel transport can naturally be defined for closed Seifert manifolds
with an orientable base. Moreover, we proved that the parallel transport group
is determined by the deck group of the associated Seifert fibration and that the
corresponding fractional monodromy matrix is given by the Euler number of this
fibration. We also showed that for integrable Hamiltonian systems with a circle
action, the Euler number can be computed by looking at the behavior of the circle
action near its fixed points.

We note that in the case of Hamiltonian monodromy the fixed points have
weights 1:(±1). In the case of fractional monodromy fixed points with weights
m:n, mn 6= ±1, may appear. The existence of such weights m:n implies the
existence of points with non-trivial isotropy groups Zm or Zn. These points are
projected to one-parameter families of critical values of the corresponding integral
map F . These families contain essential information about the geometry of the
singular fibration given by F . However, for Hamiltonian monodromy such critical
families are ‘invisible’ since the curves γ along which Hamiltonian monodromy is
defined do not cross any critical values. In the fractional case the curves γ are
allowed to cross critical values of F . Using the Seifert fibrations points of view, one
can define and compute fractional monodromy along γ without having to analyze
the types of the singularities of the map F . This shows that also in the fractional
case the circle action is more important for monodromy than the precise form of
the integral map F .

Here there are a few problems one can address. One interesting problem is to
generalize our results on fractional monodromy to the case of quantum systems.
Another problem is related to fractional monodromy in classical integrable systems
without a circle action. It is not known to us when, for a given (graph) manifold,
fractional monodromy is defined. A related problem, which is partially solved in
this work, is to give an algorithm that reconstructs fractional monodromy from a
given marked molecule.

In Chapter 4 we adapted the general potential scattering theory for the context
of Liouville integrability. We proposed a definition of a reference Hamiltonian for
scattering and integrable systems and defined scattering invariants with respect
to such reference Hamiltonians. Our leading example of a scattering invariant is
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scattering monodromy. We showed that for planar systems with a rotationally
symmetric potential and the free flow as a reference, our notion of scattering
monodromy gives the classical result. Moreover, in the case of planar systems,
we made an explicit connection of scattering monodromy to the corresponding
scattering map and Knauf’s index.

This leaves the study of other scattering invariants open. A particular question
that would be interesting to solve is to find a scattering invariant which is defined
for systems with n degrees of freedom and which is related to Knauf’s index in a
similar way as scattering monodromy in the case of scattering integrable systems
with n = 2 degrees of freedom.

In Chapter 5 we applied the approach developed in Chapter 4 to the spatial
Euler two-center problem. We considered the scattering case of positive energies.
We showed that the problem admits the following two reference Hamiltonians:

Hr1 =
1

2
p2 − µ1 − µ2

r1
and Hr2 =

1

2
p2 − µ2 − µ1

r2
.

Moreover, we computed the scattering monodromy matrices with respect to these
reference Hamiltonians. Our results showed that scattering monodromy appears
in two different types, namely, as pure and mixed scattering monodromy, that
Hamiltonian and mixed scattering monodromy remain non-trivial in the limiting
case of the Kepler problem, and that Hamiltonian monodromy is non-trivial also
for the spatial free flow.

An interesting problem in this context is to relate the modified action difference
considered in Remark 5.4.9 to the non-existence of a globally smooth phase shift
in the quantum system. We note that the action difference as well as scattering
monodromy depend on the choice of a reference system. It would be interesting to
understand what are the possible reference systems for the Euler problem (apart
from the reference systems given by Hr1 and Hr2) and, more generally, for a given
scattering integrable system.




