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Chapter 2

Symmetry approach

In the present chapter we study Hamiltonian monodromy in n degrees of freedom
integrable Hamiltonian systems with a Hamiltonian Tn−1 action. We show that
orbits with S1 = T1 isotropy are associated to non-trivial monodromy and we give
a simple formula for computing the Hamiltonian monodromy matrix in this case.
We conclude the chapter with a discussion of the spatial champagne bottle.

2.1 Complexity one torus actions

Consider an integrable Hamiltonian system on a connected 2n-dimensional sym-
plectic manifold (M,Ω) and let F be the integral map. Everywhere in this chapter
and unless stated otherwise we assume that the following assumptions hold.

Assumptions 2.1.1. The integral map F : M → Rn is assumed to satisfy the
following properties.

(1) F is proper, that is, for every compact set K ⊂ Rn the preimage F−1(K) is
a compact subset of M .

(2) The integral map F is invariant under a Hamiltonian Tn−1 action.
(3) The Tn−1 action is free on F−1(R), where R ⊂ image(F ) is the set of the

regular values of F .

Examples of systems that satisfy these assumptions are given, for instance, by
semi-toric systems [32,87,97]. We note that we do not assume that the momentum
map associated to the Hamiltonian action is proper.

Remark 2.1.2. Hamiltonian Tn−k actions on symplectic 2n manifolds are called
complexity k torus actions. Classification of symplectic manifolds with such ac-
tions has been studied by Delzant in [24] (k = 0), and Karshon and Tolman in [58]
(k = 1). We note that for integrable systems with a complexity 0 torus action,
monodromy is always trivial.
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16 CHAPTER 2. SYMMETRY APPROACH

The Hamiltonian monodromy of the map F along a simple closed curve γ ⊂ R
is determined by n− 1 free integer parameters.

In Section 2.2 we prove that these parameters coincide with the Euler numbers
of the principal bundle ρ : F−1(γ) → F−1(γ)/Tn−1 and show how to compute
them in terms of the singular orbits (with T1 isotopy group) of the Tn−1 action;
see Theorems 2.2.6 and 2.2.9.

In the case of n = 2 degrees of freedom, orbits with T1 isotropy are the fixed
points of the circle action, and the theorems show how the monodromy index is
determined in terms of these fixed points; see Theorem 2.2.14. We note that this
case corresponds to the setting of Chapter 1, and that our proofs in this chapter
do not rely on the energy levels. Instead, Stokes’s theorem and the curvature form
of the Tn−1 action will be used.

In Section 2.3 we illustrate the obtained results on the geometric monodromy
theorem and a few specific examples of integrable (n = 2 and n = 3) degrees of
freedom systems.

In Section 2.4 we prove Theorem 2.2.6, which relates monodromy to the Euler
numbers.

In Section 2.5 we study the spatial champagne bottle [6]. Specifically, we show
that the Hamiltonian monodromy in the planar champagne bottle is related to
the non-triviality of the regular flowers found in the spatial problem, where no
Hamiltonian monodromy is present.

2.2 Hamiltonian monodromy and Euler numbers

Consider a regular simple closed curve γ ⊂ R and assume that the fibers F−1(ξ),
where ξ ∈ γ, are connected. By the Arnol’d-Liouville theorem, we have the n-torus
bundle

F : Eγ → γ, Eγ = F−1(γ), (2.1)

Take a fiber F−1(ξ0), ξ0 ∈ γ, and let Tn−1 be any orbit of the Hamiltonian Tn−1

action on F−1(ξ0). We choose a basis (e1, . . . , en) of the integer homology group
H1(F−1(ξ0)) so that (e1, . . . , en−1) is a basis of H1(Tn−1). Since the Hamiltonian
Tn−1 action is globally defined on Eγ , the generators ej , j = 1, . . . , n− 1, are also
globally defined, that is, they are preserved under the parallel transport along γ.
It follows that the Hamiltonian monodromy matrix of the bundle F : Eγ → γ with
respect to the basis (e1, . . . , en) has the form

1 · · · 0 m1

...
. . .

...
...

0 · · · 1 mn−1

0 · · · 0 1

 .

We call ~m = (m1, . . . ,mn−1) ∈ Zn−1 the monodromy vector.
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Digression: curvature form

Let us recall how the curvature form is defined. For a detailed exposition of the
theory we refer to Postnikov [84].

Consider an arbitrary principal Tn−1 bundle ρ : E → B. The structure group
Tn−1 is isomorphic to the direct product of n− 1 circles:

Tn−1 = {(eiϕ1 , . . . , eiϕn−1) | ϕj ∈ R} ⊂ Cn−1.

The (commutative) Lie algebra TeTn−1 can thus be identified with iRn−1.
Let A# denote the fundamental vector field generated by A ∈ iRn−1 and let

R?g denote the pull-back of the right shift Rg : E → E.

Definition 2.2.1. A connection one-form σ on ρ : E → B is a iRn−1-valued
one-form on E such that σ(A#) = A and R?g(σ) = Adg−1σ = σ.

Remark 2.2.2. A connection form separates the tangent spaces of E into vertical
and horizontal subspaces. It exists if B is paracompact.

Let {Uα}α∈I be a trivialization cover of B.

Definition 2.2.3. On each trivialization chart Uα define the curvature form F by
the following formula:

F|Uα = ds?α(σ),

where sα : Uα → E is a section and s?α denotes the pull-back.

Remark 2.2.4. Since Tn−1 is commutative, the curvature form F is a well-defined.
It is a closed 2-form whose cohomology class does not depend on the choices made.

For n = 2, the integral
i

2π

∫
Eγ/Tn−1

F

is given by the pairing of the Euler class i
2πF with the base manifold Eγ/Tn−1.

This pairing is necessarily an integer, and it coincides with the Euler number
introduced in Definition 1.2.2. In the case of arbitrary n, the cohomology class
i

2πF is given by the Euler classes of the circle bundles ρ : Eγ/Tn−2
l → Eγ/Tn−1.

Remark 2.2.5. (Terminology) If n = 2, the cohomology class i
2πF is also known

as the first Chern class of the circle bundle and i
2π

∫
Eγ/Tn−1 F is also known as

the Chern number. We choose the name Euler for two reasons. The first reason
is that the Euler number can naturally defined for Seifert fibrations, whereas the
Chern number is defined only for (complex vector or associated principal) bundles.
Another reason is that there is another Chern class introduced by Duistermaat
in [27], which obstructs the existence of a global section of F : F−1(R) → R. We
note that it can happen that the Chern class in the sense of Duistermaat is trivial,
while the Tn−1 bundle is not.
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Let us now come back to the context of integrable systems.
Since the Tn−1 action is free on Eγ ⊂ F−1(R), the monodromy vector ~m is

defined and we have the principal bundle ρ : Eγ → Eγ/Tn−1 with respect to the
reduction map ρ : M → M/Tn−1. We note that Eγ/Tn−1 is a 2-torus since it
is an orientable circle bundle over γ. Since Eγ/Tn−1 is compact, there exists a
curvature form F and thus the Euler numbers i

2π

∫
Eγ/Tn−1 F are defined.

Theorem 2.2.6. Let F : M → Rn be a proper integral map of an integrable
system on M invariant under a Hamiltonian Tn−1 action. Consider a regular
simple closed curve γ ⊂ R such that the fibers F−1(ξ), ξ ∈ γ, are connected and
such that the Tn−1 action is free on Eγ = F−1(γ).

Then the monodromy vector ~m is determined by the Euler numbers of the
bundle ρ : Eγ → Eγ/Tn−1; specifically,

~m =
i

2π

∫
Eγ/Tn−1

F.

Proof. Different proofs of this fact are given in Section 2.4.

Remark 2.2.7. In the case of n = 2 degree of freedom systems, Theorem 2.2.6 is
essentially due to [11]. The result given in [11] states that the n-mark of a marked
molecule with a free circle action is given by the Euler number. We note that the
importance of this result for Hamiltonian monodromy was not emphasized.

Remark 2.2.8. Recall that the monodromy vector ~m depends on the choice of
the generators (e1, . . . , en−1). The generators (e1, . . . , en−1) result in a basis of
the Lie-algebra TeTn−1 = iRn−1. In Theorem 2.2.6 we implicitly assume that the
curvature form F is written with respect to this basis.

We will now use Theorem 2.2.6 in order to show that the Hamiltonian mon-
odromy of the bundle F : Eγ → γ is related to the orbits of the Tn−1 action with
S1 isotropy. In particular, we prove the following result.

Theorem 2.2.9. Let F and γ be as in Theorem 2.2.6. Assume, moreover, that
the following conditions hold.

(1) There exists a 2-disk U in the image of F with ∂U = γ.
(2) The preimage F−1(U) is a closed sub-manifold (with boundary) of M .
(3) The Tn−1 action is free in F−1(U) outside ` orbits p1, . . . , p` ∈ F−1(U) with

S1 isotropy.
Then

~m =
i

2π

∑̀
k=1

∫
S2
k

F, (2.2)

where S2
k is an arbitrarily small sphere around the point ρ(pk) in the reduced space

F−1(U)/Tn−1.
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Proof. Take sufficiently small open balls Vk ⊂ F−1(U)/Tn−1 around ρ(pk) such
that the complement

B =
(
F−1(U)/Tn−1

)
\
⋃̀
k=1

Vk

is a compact connected manifold with boundary. Observe that by construction
the boundary ∂B is the disjoint union of the spheres S2

k = ∂Vk, k = 1, . . . , `, and
the 2-torus Eγ/Tn−1.

Let E = ρ−1(B). Then the bundle ρ : E → B is principal. Let F denote its
curvature 2-form. Theorem 2.2.6 implies that

~m =
i

2π

∫
Eγ/Tn−1

F,

and a direct application of Stokes’ theorem gives

~m =
i

2π

∑̀
k=1

∫
S2
k

F.

Remark 2.2.10. Since the spheres S2
k can be chosen to be arbitrary small, the

monodromy vector ~m is determined by the behavior of the Tn−1 action near the
singular orbits pk.

Remark 2.2.11. In the case n = 2, the assumption (2) from Theorem 2.2.9 can
be omitted as it always holds. Moreover, in this case the singular orbits p1, . . . , p`
with S1 isotropy are simply the fixed points of the S1 = T1 action.

Up to the end of this section we assume that F and γ satisfy the conditions of
Theorem 2.2.9. Our goal is to obtain expressions for ~m that can be more easily
used in applications. First, consider the simplest case n = 2.

2.2.1 The case of 2 degrees of freedom

Let us recall the definition of positive and negative singular points of a circle action
from Section 1.2.

Definition 2.2.12. A singular point P of a circle action on M is called positive
if the action can be written as (z, w) 7→ (e−itz, eitw) in a coordinate chart having
the positive orientation with respect to the orientation of M (in our case, the
orientation is given by the symplectic form). Similarly, a singular point P is called
negative if the action can locally be written as (z, w) 7→ (eitz, eitw).
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Remark 2.2.13. We recall that if the circle action is free outside the fixed points,
then each fixed point is either positive or negative because of the slice theorem [4,
Theorem I.2.1] (see also [9]). It follows that the circle action defines (respectively)
the anti-Hopf or the Hopf fibration on a small 3-sphere

S3
ε = {(z, w) ∈ C2 | ε = |z|2 + |w|2}

around the fixed point. Here (z, w) ∈ C2 are linearized coordinates.

Observe that for the case n = 2, each term in the sum in the right hand side of
Eq. (2.2) is the Euler number of a Hopf or an anti-Hopf fibration. By Lemma 1.2.6,
the Euler number of the Hopf fibration equals −1, while for the anti-Hopf fibration
it equals 1. We thus get the following result.

Theorem 2.2.14. Let F and γ be as in Theorem 2.2.9 with n = 2. Then the
Hamiltonian monodromy of the 2-torus bundle F : Eγ → γ is given by the number
of positive singular points minus the number of negative singular points in F−1(U).

Remark 2.2.15. Note that Theorem 2.2.14 does not require that the singular
points are focus-focus singularities of F .

2.2.2 The case of n ≥ 2 degrees of freedom

In this section we provide two approaches for computing the monodromy vector
~m in the case n ≥ 2.

The first approach is to reduce the number of degrees of freedom and apply
techniques from Section 2.2.1. First, let us reformulate Theorem 2.2.6 as follows.
Consider the subgroup Tn−2

l of Tn−1 defined by

Tn−2
l = {(eiϕ1 , . . . , eiϕn−1) | ϕl = 0; ϕj ∈ R, j 6= l}. (2.3)

Let i
2πFl be the Euler class of the circle bundle ρ : Eγ/Tn−2

l → Eγ/Tn−1. Then
we have the following equality

ml =
i

2π

∫
Eγ/Tn−1

Fl. (2.4)

Let J lk, k = 1, . . . , n − 2, be smooth functions on M such that their Hamiltonian
vector fields generate the Tn−2

l action. Denote by J lc the common level set of J lk:

J lc = {J l1 = c1, . . . , J
l
n−2 = cn−2}.

Suppose that there exists a regular J lc such that F−1(U) ⊂ J lc. Symplectic re-
duction with respect to the Tn−2

l action yields a 2 degree of freedom Hamiltonian
system on J lc/T

n−2
l . From Eq. (2.4), it follows that ml gives the monodromy along

γ in the reduced system, and one can apply Theorem 2.2.14 to determine ml.
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Remark 2.2.16. The reduction method just described can be applied only when
the functions J lk are constant on F−1(γ). In specific cases one can use the fact
that the monodromy along γ depends only on its homotopy type [γ] in F−1(R) to
find an appropriate γ and generators J lk so that this condition holds.

The second approach starts from Eq. (2.2). We want to compute the integrals
i

2π

∫
S2
k
F, where 1 ≤ k ≤ `. Represent the acting torus Tn−1 as a direct prod-

uct Tn−1 = S1
1 × · · · × S1

n−1 in such a way that the isotropy group of pk is S1
1.

This representation leads to a new basis (e′1, . . . e
′
n−1, en) of H1(F−1(ξ0)) (cf. the

beginning of Section 2.2).
Consider the subgroup Tn−2

l of Tn−1 defined as in (2.3). Suppose l > 1. Then
the circle bundle ρ : ρ−1(Vk)/Tn−2

l → Vk is trivial since Vk is contractible. Now
suppose l = 1. It follows from the slice theorem that S1

1 acts on the quotient
ρ−1(Vk)/Tn−2

1 linearly as

(z, w) 7→ (e±itz, eitw), t ∈ S1
1,

in appropriate coordinates (z, w). In accordance with Definition 2.2.12 we propose
the following definition.

Definition 2.2.17. We call the orbit pk positive with respect to the Tn−1 action
if the S1

1 action on the quotient ρ−1(Vk)/Tn−2
1 is given by (z, w) 7→ (e−itz, eitw)

and negative otherwise.

Remark 2.2.18. There is a canonical orientation on the quotient ρ−1(Vk)/Tn−2
1

induced by the symplectic form Ω.

With the above conventions we have

i

2π

∫
S2
k

F = (±1, 0, . . . , 0)t (2.5)

depending on whether the singular orbit pk is positive or negative for the Tn−1

action.
Note that we made a specific choice of the basis of the Lie algebra of the acting

torus Tn−1 when we represented it as a direct product Tn−1 = S1
1 × · · · × S1

n−1.
The basis (e1, . . . , en−1) associated to the monodromy vector ~m corresponds, in
general, to a different basis of the Lie algebra. It can be checked that in the latter
basis Eq. (2.5) becomes

i

2π

∫
S2
k

F = ±~uk,

where ~uk = (u1
k, . . . , u

n−1
k ) ∈ Zn−1 is such that e′1 =

∑n−1
j=1 u

j
kej . In other words,

the coefficients (u1
k, . . . , u

n−1
k ) are the expansion coefficients of the isotropy group

pk with respect to the generators (e1, . . . , en−1).
We get the following theorem.
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Theorem 2.2.19. Let F and γ be as in Theorem 2.2.9 with n ≥ 2 arbitrary.
Then the Hamiltonian monodromy of the n-torus bundle F : Eγ → γ is given by

~m =
∑̀
k=1

±~uk,

where the sign for the k-th term depends on whether the orbit pk is positive or
negative with respect to the Tn−1 action.

2.3 Examples

In this section we use Theorems 2.2.14 and 2.2.19 to compute the Hamiltonian
monodromy of torus bundles in concrete examples.

2.3.1 The geometric monodromy theorem revisited

Suppose that ξ0 is a focus-focus critical value of an integrable Hamiltonian system
with 2 degrees of freedom. Let ` be the number of the focus-focus points on the
singular fiber corresponding to ξ0 and let γ be a small circle around ξ0. Recall
that there is the following result, which describes the Hamiltonian monodromy
around a focus-focus singularity.

Theorem 2.3.1. (Geometric monodromy theorem, [67, 74, 75, 105]) Hamiltonian
monodromy around a focus-focus singularity is given by the matrix

M =

(
1 m
0 1

)
,

where m is the number of the focus-focus points on the singular fiber.

Recall also that in a neighborhood of the focus-focus singular fiber there exists
a Hamiltonian circle action that is free outside the fixed focus-focus points; see
Theorem 1.3.3. Given the existence of this circle action, the geometric monodromy
theorem follows directly from Theorem 2.2.14.

Proof of Theorem 2.3.1. Let z = q1 + ip1 and w = q2 + ip2, where (q1, p1, q2, p2)
are as in Theorem 1.3.3. Then the local chart (z, w) is positively oriented with
respect to the orientation induced by Ω = dq1 ∧ dp1 + dq2 ∧ dp2. It can be checked
that the S1 action near each focus-focus point has the form (z, w) 7→ (e−itz, eitw).
It follows from Lemma 1.2.6 that each focus-focus point is positive.

Remark 2.3.2. In the work [106] of Zung (cf. Cushman and Duistermaat [21])
monodromy was generalized to the case of integrable non-Hamiltonian systems of
bi-index (2, 2). By definition, an integrable non-Hamiltonian systems of bi-index
(2, 2) is a 4-dimensional symplectic manifold M with 2 vector fields Xj and 2
functions Jj such that [Xj , Xl] = 0 and Xj(Jl) = 0.
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Just as in the Hamiltonian case, one can define monodromy for the integral
map F = (J1, J2), define the notion of a (possibly degenerate) focus-focus critical
value and prove the existence, in a tubular neighborhood of a the singular fiber,
of a system-preserving S1 action; see [106]. The S1 action turns out to be free
outside fixed points.

It can be shown (for instance, by applying the topological results of Chapter 3)
that Theorem 2.2.14 is applicable to this setting and, thus, the monodromy around
a possibly degenerate focus-focus critical value is given by the number of positive
singular points minus the number of negative singular points, cf. [21] and [106].
Note that negative singular points might appear which means that some of the
Euler numbers in Eq. (2.2) will be equal to −1.

2.3.2 Quadratic spherical pendula

Consider a particle moving on the unit sphere

S2 = {(x, y, z) ∈ R3 : x2 + y2 + z2 = 1}

in a quadratic potential V (z) = bz2 + cz. The corresponding Hamiltonian system
(T ∗S2,Ω|T∗S2 , H), where H = 1

2 〈p, p〉 + V (z) is the total energy, is called the
quadratic spherical pendulum [34]. This system is integrable since the z component
J of the angular momentum is conserved. Moreover, the function J generates a
global Hamiltonian S1 action on T ∗S2. As we change the parameters b and c of the
potential, the system goes through different regimes characterized by qualitatively
different bifurcation diagrams of the integral map F = (H,J). In [34] these regimes
were classified as follows:

Type O The image of F has one isolated critical value that lifts to a pinched
torus containing one focus-focus point (Figure 2.1). The spherical pendulum
V (z) = z belongs to this category.

Type II The integral map F has two focus-focus critical values, isolated in the
set of the critical values (Figure 2.1). Each such critical value lifts to a singly
pinched torus.

Type I The set R of regular values consists of two disjoint regions (Figure 2.1).
Fibers of F over points in the outer region are T 2 while fibers over points
in the inner region are disjoint unions of two T 2. We call the inner region
‘island’. The common boundary of the two regions consists of critical values
of F . Fibers of F over the transversally hyperbolic critical values at the top
of the island are the topological product of a figure ‘eight’ with S1. At the
two top ends of the island these fibers degenerate to cuspidal tori, see [37].
The fiber over the lowest point of the island is the disjoint union of a torus
and a single point P . The latter is an elliptic-elliptic singularity for the
integrable system. The remaining transversally elliptic critical fibers at the
boundary of the island are the disjoint union of a torus and an S1.



24 CHAPTER 2. SYMMETRY APPROACH

pt

T 2

S 1

T 2
pinched

Type 0

J

   H

T 2

S 1

T 2
pinched

Type II

pt

T 2

S 1

ptt T 2

Bitorus

S 1 t T 2
T 2 t T 2

Type I Type I

γ1
γ2

Figure 2.1: Bifurcation diagrams for the qualitatively different regimes of the
quadratic spherical pendulum. Top: type O, type II. Bottom: type I, paths in a
type I system.

Hamiltonian monodromy of type O and II systems is standard. For any path
in the image of the integral map that once encircles exactly one focus-focus critical
value, the Hamiltonian monodromy matrix is

M =

(
1 1
0 1

)
.

Monodromy of type I systems is determined in [34] using the observation that
such systems can be obtained through a sub-critical Hamiltonian Hopf bifurcation
of type O systems; the (local) bifurcation does not affect the (global) geometry
of the torus bundle. A different way to compute Hamiltonian monodromy in this
case is to apply the results of Chapter 1; see, in particular, Remark 1.3.5. Below
we demonstrate how Theorem 2.2.14 can be used for this purpose. We note that
type I systems do not admit focus-focus points and their monodromy cannot be
determined by the geometric monodromy theorem.

Consider the path γ2 shown in Figure 2.1. There is the following result.
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Proposition 2.3.3 ( [34]). The Hamiltonian monodromy along γ2 is given by the
matrix

Mγ2 =

(
1 1
0 1

)
.

Proof. Let D2 be the 2-disk with ∂D2 = γ2. Then in the preimage F−1(D2) there
is only one fixed point of the global S1 action induced by J , namely, the elliptic-
elliptic point P . Since the function J does not depend on the parameters b and
c, and P is positive when it is a focus-focus point (in type O systems) we deduce
that P is also positive with respect to the S1 action in type I systems. It is left to
apply Theorem 2.2.14.

Remark 2.3.4. Since P is an elliptic-elliptic point of the integrable system (H,J)
there exists a T2 action in its neighborhood. Thus one can consider two S1 actions
in a neighborhood of P such that P is positive with respect to one and negative
with respect to the other. Nevertheless, to apply Theorem 2.2.14 we must consider
an S1 action defined on F−1(D2) and the only such action is the global S1 action
generated by J . Therefore, checking whether P is positive or negative must be
done with respect to the global S1 action.

Note that the path γ2 does not cross any critical values of F . However, we
can also consider closed paths, such as γ1 in Figure 2.1, that encircle the curve
of hyperbolic critical values and cross the curves of elliptic critical values. Then
the preimage F−1(γ1) consists of two connected components [34,37]. One of these
components is diffeomorphic to S3 while the other is the total space of a T 2 bundle
over γ1.

Proposition 2.3.5 ( [34]). The Hamiltonian monodromy of the T 2 bundle over
γ1 is given by the matrix

Mγ1 =

(
1 1
0 1

)
.

Proof. Consider the preimage of the interior of γ1 and of the island. This preimage
is a smooth manifold containing a fixed point P of the S1 action. Cut out a small
4-ball around P to get a manifold E, invariant under the S1 action. The quotient
E/S1 is a 3-manifold with boundary T 2 tS2. Applying Eq. (2.4) we find that the
monodromy is

i

2π

∫
T 2

F =
i

2π

∫
S2

F = 1.

Remark 2.3.6. Alternatively, to compute monodromy along γ1 one can switch
from working with values of F in R2 to the corresponding bifurcation complex.
This was pointed out in [37]. Each point in the bifurcation complex corresponds to
exactly one connected component of the singular fibration defined by F . Theorem
2.2.14 holds also in this setting.
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2.3.3 Monodromy in the 1:1:(−2) resonance

In this subsection we apply our results to an integrable system with 3 degrees of
freedom and a Hamiltonian T2 action.

Consider the Hamiltonian system (R6, dq ∧ dp,H) defined by the Hamiltonian

H = Re(z1z2z3) + |z1|2|z2|2.

Here we introduced complex coordinates zk = qk + ipk, k = 1, 2, 3. The system
is called 1:1:(−2) resonance due to the fact that H Poisson commutes with the
resonant 1:1:(−2) oscillator ; see [39]. Here by the resonant 1:1:(−2) oscillator we
mean the following function

N =
1

2
(|z1|2 + |z2|2)− |z3|2.

Let

J =
1

2
(|z1|2 − |z3|2), L =

1

2
(|z1|2 − |z2|2),

and note that N = 2J −L. It can be checked that L,N and H Poisson commute.
Hence the map

F : R6 → R3 : F = (L,N,H)

is the integral map of an integrable system on R6. Furthermore, the Hamiltonian
flows of integrals J and L define an effective Hamiltonian T2 action Φ: T2×C3 →
C3. This action is given by the formula

Φ(t1, t2, z) = ( z1 exp[i(t1 + t2)], z2 exp[−it2], z3 exp[−it1] ).

The corresponding bifurcation diagram has the form shown in Figure 2.2. For
each pair of values (N,L) there is a minimum permissible value of the energy,
giving a surface S of critical values of F . The image of the integral map (N,L,H)
consists of values above S. In the interior of the image of F the only critical values
are the sets

C1 = {(s, s, 0) : s > 0}, C2 = {(s,−s, 0) : s > 0}, C3 = {(−s, 0, 0) : s > 0},

and the origin.
The fundamental group of the set of the regular values is isomorphic to the free

product Z ∗ Z. Its generators are closed paths γ1 encircling C1 and γ2 encircling
C2. We want to find the Hamiltonian monodromy matrices Mγ1 and Mγ2 .

Recall from Section 2.2 that in a basis (eJ , eL, e) of H1(T 3), with eJ and eL the
generators corresponding to the flow of XJ and XL respectively, the Hamiltonian
monodromy matrices have the form

Mγk =

1 0 m
(k)
1

0 1 m
(k)
2

0 0 1

 ,

where m
(k)
1 and m

(k)
2 are integers.
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Figure 2.2: BD for 1:1:(−2) resonance

Proposition 2.3.7. The integers m
(k)
j are as follows:

m
(1)
1 = 1, m

(1)
2 = −1, m

(2)
1 = 1, and m

(2)
2 = 0.

Proof. Let us compute m
(1)
1 and m

(1)
2 first. Since Mγ1 depends only on the homo-

topy type of γ1, we can assume that γ1 lies on a constant L = ε, ε > 0, plane. Let
U1 be the interior of γ1 in the plane L = ε. Since ε > 0 is a regular value of L,
the preimage F−1(U1) is a submanifold of R6. The T2 action is free everywhere
in F−1(U1) except for one singular orbit

p1 = {(z1, z2, z3) | z2 = z3 = 0 and |z1|2 = ε}.

The isotropy group of p1 is S1 and it corresponds to the flow of J −L. Therefore,
the generator of the isotropy is written in the basis (eJ , eL) as (1,−1)t. From

Theorem 2.2.19, it follows that m
(1)
1 = 1 and m

(1)
2 = −1.

Analogously we can compute m
(2)
1 and m

(2)
2 . In this case, we assume that γ2

lies on a constant L = −ε, ε > 0, plane. Just as before we let U2 be the interior
of γ2 in the plane L = −ε. It can be checked that the only singular orbit of the
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T2 action in F−1(U2) is

p2 = {(z1, z2, z3) | z1 = z3 = 0 and |z2|2 = ε}.

The isotropy group of p2 is also S1 and it corresponds to the flow of J , thus
the generator of the isotropy is written in the basis (eJ , eL) as (1, 0)t. Direct

application of Theorem 2.2.19 yields m
(2)
1 = 1 and m

(2)
2 = 0.

Remark 2.3.8. Resonances n:n:(−m) are studied in [39] in more detail. In par-
ticular, the monodromy of the 1:1:(−2) resonance is computed there with the help
of symplectic reductions.

2.4 Different proofs of the main theorem

In this section we give two different proofs of Theorem 2.2.6. The first proof makes
a connection to the rotation number. The second proof is based on a specific choice
of trivializations; it will be discussed in a more general setting of integrable systems
with complexity k torus actions

2.4.1 Proof 1

First, we observe that it is sufficient to consider the case n = 2. Indeed, one can
reduce the torus bundle over γ by a Tn−2 action. Let the energy-momentum map

F = (H,J)

be such that the circle action is given by the Hamiltonian flow ϕtJ of J . Let F−1(ξ)
be a regular torus (ξ ∈ R). Consider a point x ∈ F−1(ξ) and the orbit of the circle
action passing through this point. The trajectory ϕtH(x) leaves the orbit of the
circle action at t = 0 and then returns back to the same orbit at some time T > 0.
The time T = T (ξ) is called the first return time. The rotation number Θ = Θ(ξ)
is defined by ϕ2πΘ

J (x) = ϕTH(x). There is the following result.

Theorem 2.4.1. (Monodromy and rotation number, [20]) The Hamiltonian mon-
odromy of F : F−1(γ)→ γ is given by(

1 m
0 1

)
∈ SL(2,Z),

where −m is the variation of the rotation number Θ.

Proof. First we note that since the flow of J is periodic on F−1(γ), the monodromy
matrix is of the form (

1 m′

0 1

)
∈ SL(2,Z)

for some integer m′.
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Choose a smooth branch of the rotation number Θ on γ \ ξ0. Define the vector
field XS on F−1(γ \ ξ0) by

XS =
T

2π
XH −ΘXJ . (2.6)

By the construction, the flow of XS is periodic. However, unlike the flow of XJ ,
it is not globally defined on F−1(γ). Let α1 and α0 be the limiting cycles of this
vector field on F−1(ξ0), that is, let α0 be given by the flow of the vector field XS

for ξ → ξ0+ and let α1 be given by the flow of XS for ξ → ξ0−. Then

α1 = α0 +mbξ0 ,

where −m is the variation of the rotation number along γ. Indeed, if the variation

of the rotation number is −m, then the vector field T (ξ0)
2π XH−Θ(ξ0)XJ on F−1(ξ0)

changes to T (ξ0)
2π XH − (Θ(ξ0)−m)XJ after ξ traverses γ. Since α1 is the result of

the parallel transport of α0 along γ, the result follows.

We are now ready to prove Theorem 2.2.6.

Proof. Take an invariant metric on F−1(γ). Define a connection one-form σ of
the principal T1 bundle ρ : Eγ → Eγ/T1 as follows:

σ(XJ) = i and σ(XH) = σ(e) = 0,

where e is orthogonal to XJ and XH . Since the flows ϕtH and ϕτJ commute, σ is
indeed a connection one-form.

By the construction,

i

2π

(∫
α0

σ −
∫
α1

σ

)
= − im

2π

∫
bξ0

σ = m.

Since α0 t α1 bounds a cylinder C ⊂ F−1(γ \ ξ0), we also have

m =
i

2π

∫
C

dσ =
i

2π

∫
Eγ/S1

F.

The result follows.

2.4.2 Proof 2

We shall now give a different proof in a somewhat more general setting than the
setting of Section 2.2. Specifically, we consider an integrable Hamiltonian system
F = (F1, . . . , Fn) defined on a connected 2n-dimensional symplectic manifold M
and we assume that F is proper and invariant under a Hamiltonian Tk action,
where k ≤ n − 1. The Tk action is assumed to be free on F−1(R), where R ⊂
image(F ) is the set of the regular values of F .
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Consider a regular simple closed curve γ ⊂ R and assume that the fibers

F−1(ξ), ξ ∈ γ,

are connected. Recall that, being compact, connected and invariant under the
Rn action (generated by the flows of XFj ), these fibers are homeomorphic to a
n-torus. Specifically,

F−1(ξ) = Rn/Znξ ,

where Znξ is the isotropy group of the Rn action on F−1(ξ). The lattice Znξ can

be identified with H1(F−1(ξ)) for each ξ ∈ γ.

Let γ be parametrized by an angle coordinate χ and let (e1(0), . . . , en(0)) be
a basis of Znχ=0. Extend this basis into a smooth family

(e1 = e1(χ), . . . , en = en(χ)),

where χ ∈ (−ε, π + ε) and (e1(χ), . . . , en(χ)) is a basis of Znχ. Analogously define
the family

(e′1 = e′1(χ), . . . , e′n = e′n(χ)),

where χ ∈ (π − ε, 2π + ε). By the construction,

e1 = e′1, . . . , en = e′n when χ = 0.

Because of the Tk action we can assume that e1, . . . , ek are globally defined. In
particular,

e1 = e′1, . . . , ek = e′k when χ = π. (2.7)

Generally speaking, (e1, . . . , en) are not globally defined since monodromy of the
bundle F : F−1(γ) → γ can be non-trivial. The corresponding monodromy ma-
trix, which is a transformation matrix between the bases (e1(π), . . . , en(π)) and
(e′1(π), . . . , e′n(π)), has the form(

E M
O N

)
∈ SL(n,Z). (2.8)

Here the (E,O)t block corresponds to Eq. (2.7), that is, E is the k × k identity
matrix and O is the (n−k)×k zero matrix, and the matrices M = (mlj), N = (nji)
are unknown.

Consider a smooth section of the bundle F : F−1(γ)→ γ. Let (ϕ1, . . . , ϕn) be
angle coordinates on F−1(−ε, π + ε) corresponding to this section and the family
(e1, . . . , en). Analogously define (ϕ′1, . . . , ϕ

′
n). Since e1 = e′1, . . . , en = e′n when

χ = 0, we also have

ϕ1 = ϕ′1, . . . , ϕn = ϕ′n when χ = 0.



2.4. DIFFERENT PROOFS OF THE MAIN THEOREM 31

From (2.8), it follows that

ϕl = ϕ′l +

n−k∑
i=1

mliϕ
′
i+k and ϕk+j =

n−k∑
i=1

njiϕ
′
k+i, (2.9)

when l ≤ k, j ≤ n− k and χ = π.
Let U1 = F−1(−ε, π+ε)/Tk and U2 = F−1(π−ε, 2π+ε)/Tk. Define a section

s1 : U1 → F−1(−ε, π + ε) by the following rule:

(χ, ϕk+1, . . . , ϕn) 7→
(
χ,

n−k∑
j=1

ϕk+jek+j

)
.

Analogously, define a section s2 : U2 → F−1(π − ε, 2π + ε) given by

(χ, ϕ′k+1, . . . , ϕ
′
n) 7→

(
χ,

n−k∑
j=1

ϕ′k+je
′
k+j

)
.

We will need the following lemma.

Lemma 2.4.2. Let σ be a connection one-form on ρ : Eγ → Eγ/Tk. Define a loop
γ′k+j ⊂ F−1(π)/Tk by setting ϕ′k+i = 0, i 6= j. Then the columns ~mj of the matrix
M satisfy

~mj =
i

2π

∫
γ′k+j

s?1(σ)− s?2(σ).

Proof. On the one hand, recall that on F−1(π) we have

e′k+j =

k∑
i=1

mijei +

n−k∑
i=1

nijek+i.

Therefore,

s2|γ′k+j = ϕ′k+je
′
k+j =

k∑
i=1

mijϕ
′
k+jei +

n−k∑
i=1

nijϕ
′
k+jek+i.

On the other hand, Eq. (2.9) implies

s1|γ′k+j =

n−k∑
i=1

ϕk+iek+i =

n−k∑
i=1

nijϕ
′
k+jek+i.

Thus

s2|γ′k+j = s1|γ′k+j +

k∑
i=1

mijϕ
′
k+jei.
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We see that the cocycle t12 : U1 ∩ U2 → Tk corresponding to the sections s1 and
s2 is given by the vector(

exp (im1jϕ
′
k+j), . . . , exp (imkjϕ

′
k+j)

)
= exp(i~mjϕ

′
k+j).

Hence, the compatibility condition

s?2(σ) = s?1(σ) + t−1
12 dt12 = s?1(σ) + i~mj dϕ

′
k+j

implies

i

2π

∫
γ′k+j

s?1(σ)− s?2(σ) =
~mj

2π

∫
γ′k+j

dϕ′k+j = ~mj .

Analogous to the loop γ′k+j ⊂ F−1(π)/Tk, we have a loop γk+j ⊂ F−1(π)/Tk
defined by ϕk+i = 0, i 6= j.

Remark 2.4.3. Suppose that γ′k+j = γk+j . Then the generator ek+j is globally

defined on the quotient Eγ/Tk. It spans a 2-torus T 2
j ⊂ Eγ/Tk. We can thus form

the principal Tk bundle ρ : ρ−1(T 2
j )→ T 2

j . Let F be its curvature form.

Theorem 2.4.4. Assume that γk+j = γ′k+j for some j ≤ n− k. Let T 2
j and F be

as in Remark 2.4.3. Then the column ~mj of the matrix M satisfies

~mj =
i

2π

∫
T 2
j

F.

Proof. Consider the cylinders C1 = [0, π]×γk+j and C2 = [π, 2π]×γk+j . Lemma 2.4.2
implies

~mj =
i

2π

∫
∂C1

s?1(σ)− s?2(σ) =
i

2π

∫
∂C1

s?1(σ) +
i

2π

∫
∂C2

s?2(σ).

Therefore

~mj =
i

2π

∫
C1

ds?1(σ) +
i

2π

∫
C2

ds?2(σ) =
i

2π

∫
T 2
j

F.

We now observe that Theorem 2.2.6 follows directly from Theorem 2.4.4. In-
deed, in Theorem 2.2.6 we consider a Hamiltonian Tn−1 action, that is k = n− 1.
The quotient Eγ/Tn−1 is a 2-torus since it is an orientable circle bundle over the
curve γ. It follows that γn = γ′n and T 2

1 = Eγ/Tn−1. This completes the proof of
Theorem 2.2.6.



2.5. SPATIAL CHAMPAGNE BOTTLE 33

2.5 Spatial champagne bottle

The purpose of this section is to give a possible answer to a question posed in
the work [7] concerning monodromy in the planar and spatial champagne bottle.
Specifically, it was observed in [7] that the non-trivial Hamiltonian monodromy in
the planar champagne bottle disappears when one considers the spatial analogue
of the problem. It was also observed in the same paper that the regular fibers of
the Casimir map in the spatial problem have a non-trivial Euler number. We show
how this non-triviality in the spatial champagne bottle is related to the non-trivial
Hamiltonian monodromy found in the planar case.

The spatial champagne bottle system is a Hamiltonian system on T ∗R3 defined
by the Hamiltonian

H =
1

2
(p2
x + p2

y + p2
z) + r4 − r2,

where r =
√
x2 + y2 + z2. The components of the angular momentum vector J =

(jx, jy, jz) are conserved. Hence the spatial champagne bottle is a superintegrable
system. The regular part of the isotropic fibration

F = (H,J) : T ∗R3 → R2

has a simply connected base. It follows that the monodromy in trivial in the spatial
champagne bottle system (at variance with the planar case [6]). The corresponding
coisotropic fibration is defined by the Casimir map

c = (H, |J |) : T ∗R3 → R2.

The regular coisotropic fibration is topologically trivial; see Fig.2.3. On the other
hand, the regular fibers c−1(h, |j|) (also called flowers) are topologically non-
trivial. They are diffeomorphic to the total space of a principal torus bundle with
non-vanishing Euler class. We show that this alone explains the appearance of the
monodromy in the planar system.

It can be checked (see [7]) that the above torus bundle decomposes as

c−1(h, |J |) = P 3 × S1 → P 3 π→ S2.

Here (h, |J |) is a regular value of c, P 3 is a real projective space, P 3×S1 → P 3 is
the projection onto the first factor, and π : P 3 → S2 is the orbit map induced by
the flow of jz. It is convenient to identify P 3 with the orbit of the rotation group
SO(3) containing the point P defined by x = py = 1 and y = z = px = pz = 0.
Then P 3 can be viewed as the unit cotangent bundle T ∗1 S

2 of the 2-sphere S2 =
{(x, y, z) : x2 + y2 + z2 = 1}. Each element A ∈ P 3 has thus the following formx px jx

y py jy
z pz jz

 ,
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|J|

H   

Figure 2.3: The image of the Casimir map c = (H, |J |). The regular values of this
map are shaded gray. The critical values are shown in black.

where ~x = (x, y, z) ∈ S2 and ~p = (px, py, pz) with p2
x + p2

y + p2
z are orthogonal

as vectors in R3. In this representation the projection π : P 3 → S2 assigns to a
matrix A ∈ P 3 its last row.

Now consider the unit 3-sphere in T ∗R3 defined by

S3 = {(~x, ~p) ∈ T ∗R3 | z = pz = 0, x2 + y2 + p2
x + p2

y = 1}.

The 3-sphere S3 is the total space of the circle bundle π : S3 → S2 induced by the
flow of jz. We observe that S3 is also a 3-sphere around the isolated focus-focus
point in the planar system. In particular, the Euler number

e(S3) = 1.

By our results, this manifests non-trivial Hamiltonian monodromy in the planar
champagne bottle. On the other hand, the Euler number of (P 3, π, S2) equals 2.
Thus both bundles (P 3, π, S2) and (S3, π, S2) have non-vanishing Euler class. Our
goal is to show that this is not a coincidence.
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Define the map f̂ : P 3 → S3 by the formula

f̂(~x, ~p) =
1

λ
(x, y, px, py),

where λ =
√
x2 + y2 + p2

x + p2
y. Up to the factor 1/λ, the map f̂ is a restriction

of the projection map that sends the spatial system to its planar subsystem by
forgetting the (z, pz) coordinates.

Clearly, f̂ is a bundle map. Hence there exists a map f : S2 → S2 such that
the following diagram commutes

P 3 f̂−−−−→ S3yπ yπ
S2 f−−−−→ S2

Lemma 2.5.1. The map f has degree 2.

Proof. Let (u, v) be coordinates on the sphere S2 = π(P 3) coming from stereo-
graphic projection

z =
2u

1 + u2 + v2
, pz =

u2 + v2 − 1

1 + u2 + v2
, jz =

2v

1 + u2 + v2
.

Let (w1 : w2) be homogeneous coordinates on the sphere S2 = π(S3) defined by
w1 = x+ iy and w2 = px + ipy.

With respect to the coordinates (u, v) on π(P 3) and the complex coordinate
w = w1/w2 on π(S3), the map f can be written as

f(u, v) =
1

2r2

(
u(r2 − 1) + iv(r2 + 1)

)
,

where r2 = u2 + v2. The Jacobian determinant of f is

det Jf =
u4 + 2u2(1 + v2) + (v2 − 1)2

(u2 + v2)2

and hence indeed deg f = 2.

We infer that (P 3, π, S2) is a pullback bundle. In particular, if i
2πF is the Euler

class of (S3, π, S2) then f∗( i
2πF) is the Euler class of (P 3, π, S2). As a corollary,

we get the following relation on Euler numbers

i

2π

∫
S2

f∗(F) =
i deg(f)

2π

∫
S2

F. (2.10)

Thus the flower c−1(h, |J |) is topologically nontrivial iff the planar champagne
bottle system has monodromy.
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Remark 2.5.2. More geometrically, the relation (2.10) on Euler numbers can be
seen as follows. Let R2 be defined by x = y = px = py = 0. It consists of the fixed
points of the S1 action generated by jz. Then the linking number of P 3 and R2

is nonzero iff the linking number of S3 and R2 is nonzero. These linking numbers
are 2 and 1 respectively. The same is true if one replaces S3 by the corresponding
torus bundle in the planar system with non-trivial monodromy.


