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a b s t r a c t

In this paper, we introduce a preconditioning strategy for unsymmetric shifted linear sys-
tems (A + αI)x = b, which is a generalization of the scheme proposed by Bellavia et al.
(2011). By modifying the nonzero entries in the LDU factorization of A, we give a series
of preconditioners with the same sparsity pattern as the seed preconditioner. Theoretical
analyses show that when α → 0 or ∞, the eigenvalues of the preconditioned systems will
cluster about 1. Some practical examples, including non-Hermitian eigenvalue problems
arising from the convection diffusion equation, are given to illustrate the efficiency of the
preconditioners.

© 2014 Elsevier Ltd. All rights reserved.

1. Introduction

When numerically solving some scientific and engineering problems, we often need to solve systems of the form

(A + αI)x = b, (1)

where A ∈ Rn×n is a nonsingular sparse matrix, I is the n × n identity matrix, and α > 0. For example, for the well-known
heat equations with Dirichlet boundary conditions, Eq. (1) will be obtained with A a real symmetric positive definite ma-
trix [1], if some implicit difference methods are used. Eq. (1) also arises from non-Hermitian eigenvalue problems with A a
nonsymmetric matrix [2,3].

As special cases of sequences of large linear systems, the shifted linear systems (1) can be solved by iterative methods
assuming one has a good preconditioner. However, as Duintjer Tebbens and Tuma [4] mentioned, computing a sequence of
preconditioners for individual systems separately can be very expensive. Hence, efficiently preconditioning such systems
will be a key step in thewhole computation. So far,many preconditioner updating techniques for sequences of linear systems
have arisen [1,4–12]. Particularly, updating strategies are considered for (1) with A symmetric positive definite in [1,5,6],
and symmetric positive semidefinite in [12].

For symmetric positive definite A, Bellavia et al. has presented a competitive preconditioning technique in [1]. By
modifying the nonzero entries of the LDU factorization of A, they gave preconditioners which can mimic the diagonal of the
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shifted matrix and preserve its overall qualitative behavior. This preconditioning scheme has two theoretical merits. Firstly,
the obtained preconditioners have the same sparsity pattern as the seed preconditioner. Secondly, when the parameter
α → 0 or +∞, the eigenvalues of the preconditioned systems will cluster around 1. Also this updating strategy has
worthwhile computational features. As it preserves the sparsity pattern of L, has a low computational cost, and does not
require tuning any algorithmic parameters, except for those possibly used when building a preconditioner of A. However,
this scheme is only suitable when A is symmetric positive definite.

In [1], a preconditioner is built in two steps. Let A be symmetric positive definite, α > 0, and A = LDLT with

D = diag(d1, d2, . . . , dn), di > 0, i = 1, 2, . . . , n. (2)

The first step is to build the preliminary preconditionerPα = (L + E)D(L + E)T ,

where E = diag(e1, e2, . . . , en) is an unknown diagonal matrix to be determined. In order to preserve the behavior of the
diagonal elements, it is appropriate to take (Pα)ii = (A + αI)ii, i = 1, 2, . . . , n. Because di > 0, it is evident that ei =√
1 + α/di − 1 always exists for i = 1, 2, . . . , n. Hence, the second step of building the final preconditioner, namely mod-

ifyingPα to

Pα = (L + E + F)D(L + E + F)T (3)

is feasible, where Fij = xjlij, 2 ≤ i ≤ n, 1 ≤ j < i is strictly lower triangular, with xj some coefficients to be determined so
that limα→+∞ Pα ij < +∞. However, when A is not positive definite, ei may not exist in real field since 1 + α/di is possibly
negative. Hence the preconditioner would not exist at the first step.

Bellavia et al. have extended the idea of [1] to the nonsymmetric case in [11]. In this approach, letting A = LDU , a
preconditioner P∗

α = LαDαUα for A + αI is obtained by updating L,D,U as follows:

Lα = I + off(L)S, Dα = D + αI, Uα = I + S off(U),

where S = diag(s1, . . . , sn), si = |di|/(|di| + α), and off(X) is the matrix with zero diagonal and the same off-diagonal
entries as X . By some computations, we know P∗

α has the form

P∗

α(ii) =

i−1
k=1

s2k likuki(dk + α) + di + α;

P∗

α(ij) =

j−1
k=1

s2k likukj(dk + α) + sjlij(dj + α), i > j;

P∗

α(ij) =

i−1
k=1

s2k likukj(dk + α) + siuij(di + α), i < j.

In this paper, mainly following the approach in [1], we generalize the idea in [1] to the case of unsymmetric A by
modifying the matrices E and F in (3). Our updating technique, compared with that of [1], has the same merits and similar
properties. Other than simultaneously updating the matrices L,D,U , we only regulate the nonzero entries of L,U to obtain
an approximation of LDU + αI . Moreover, by simple comparisons, one would find in the next section the entries of P∗

α are
quite different from those obtained by our strategy as long as one of di, i = 1, 2, . . . , n is negative.

The rest of the paper is organized as follows. In Section 2, we present our preconditioning scheme, and give some pre-
liminary analyses of the strategy. In Section 3, we bound the eigenvalues of the preconditioned linear systems when α is
small or large enough. Some numerical experiments are presented to examine the behavior of our preconditioners. Lastly,
we draw some conclusions and outline our future work.

2. Updating strategy for unsymmetric seed preconditioner

In this section, we consider updating the seed preconditioner based on an incomplete factorization of A. For the sake of
simplicity, we suppose the complete factorization A = LDU has been obtained. Similar results can be derived in the case of
an incomplete factorization A ≈ LDU . Furthermore, we temporarily assume that α + di ≠ 0, i = 1, 2, . . . , n to ensure the
existence of preconditioners. And for the case of α + di = 0 in practical problem, we will give some remedies to make our
scheme feasible.

Let A = LDU , where D has the same form as (2), but di may be negative. Then, similar toPα , our modified preliminary
preconditioners can be taken asPα = (L + E1)D(U + E2), (4)

where E1 has the same form as E, and

E2 = diag(e′

1, e
′

2, . . . , e
′

n) (5)
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with e′

i = sign(αdi)ei, i = 1, 2, . . . , n. Similar to the process in the above section, let Pα ii = (A + αI)ii, then we have

ei =


1 + α/di − 1, if αdi > 0,
−α/di, if αdi < 0.

(6)

From (4) (5) (6) we can easily get Pα ii = aii + α, and

Pα ij =

j−1
k=1

likdkukj + lijdj(1 + e′

j) = aij + lijdje′

j, i > j, (7)

Pα ij =

i−1
k=1

likdkukj + (1 + ei)diuij = aij + eidiuij, i < j. (8)

Consequently, from (6) we can obtain

lim
α→+∞

Pα ij − aij = ∞. (9)

In order to ease the above difference between A + αI and P̂α , as in [1], let

ri =


1/

1 + α/di − 1, αdi > 0;

−


−α/di/(1 +


−α/di), αdi < 0.
(10)

Then, by (6) (10), it is clear that

lim
α→0

ei = 0, lim
α→+∞

ei = ∞; lim
α→0

ri = 0, lim
α→+∞

ri = −1. (11)

Now, by using (10), we can further modify the preliminary preconditioner (4) as follows:
Let

Pα = (L + E1 + F1)D(U + E2 + F2), (12)

where E1, E2 are the same in (4), and

F1(ij) = rjlij, 2 ≤ i ≤ n, 1 ≤ j < i;
F2(ij) = riuij, 1 ≤ i < j, 2 ≤ j ≤ n.

Then, we can easily get

Pα(ii) =

i−1
k=1

(rk + 1)2likdkuki + (1 + ei)di(1 + e′

i);

Pα(ij) =

j−1
k=1

(rk + 1)2likdkukj + (rj + 1)lijdj(1 + e′

j), i > j;

Pα(ij) =

i−1
k=1

(rk + 1)2likdkukj + (1 + ei)di(ri + 1)uij, i < j.

(13)

Let △A = Pα − (A + αI), we have

△Aii =

i−1
k=1

((rk + 1)2 − 1)likdkuki;

△Aij =

j−1
k=1

((rk + 1)2 − 1)likdkukj + (rj + 1)lijdj(1 + e′

j) − lijdj, i > j;

△Aij =

i−1
k=1

((rk + 1)2 − 1)likdkukj, i < j.

(14)

By (11), we can immediately get

lim
α→0

|△Aij| = 0, 1 ≤ i, j ≤ n; lim
α→+∞

|△Aij| < C, 1 ≤ i, j ≤ n, (15)

where C is a finite constant.
From (15) we have limα→0 Pα = A, and when α → ∞, the difference between Pα and A + αI will be tiny relative to

A + αI itself. In the next section, we will give some theoretical analyses about the eigenvalues of P−1
α (A + αI).
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3. Analysis of the preconditioner Pα

In this section, we analyze the distribution of eigenvalues of the matrix P−1
α (A + αI) when α is small or big enough, and

discuss the effect of an incomplete LU factorization on the preconditioners. In the following, ∥ · ∥∞ denotes infinity norm of
a matrix.

Theorem 1. For α ≠ 0, the matrix △A = Pα − (A + αI) satisfies

lim
α→0

∥△A∥∞ = 0. (16)

Proof. This can be straightly derived by (13) (14) (15). �

Theorem 2. For all α ≠ 0, if the matrix △A has rank n − k, then the preconditioned matrix P−1
α (A + αI) has an eigenvalue

at 1 with multiplicity at least k. Furthermore, all the remaining eigenvalue λ satisfies

lim
α→0

|λ − 1| = 0, (17)

and

lim
α→∞

|λ − 1| = 0. (18)

Proof. Let

P−1
α (A + αI)x = λx,

where x is an unit eigenvector corresponding to λ, then

(A + αI)x = λ(A + αI + △A)x.

Because rank(△A) = n − k, we know △Ax = 0 has k linearly independent roots, this means that P−1
α (A + αI) has an

eigenvalue at 1 with multiplicity at least k.
For the remaining eigenvalues, we analyze the eigenvalues of matrix P−1

α (A + αI) − I . It is evident that

P−1
α (A + αI) − I = −P−1

α △A,

hence

ρ(P−1
α (A + αI) − I) ≤ ∥P−1

α △A∥∞ ≤ ∥△A∥∞∥P−1
α ∥∞, (19)

where ρ(•) is the spectral radius of matrix •.
By (16) and (19), we can easily get

lim
α→0

ρ(P−1
α (A + αI) − I) = 0,

hence, (17) is proved.
When α → +∞, because

P−1
α = (I + (A + αI)−1

△A)−1(A + αI)−1,

using Neumann series, we get

P−1
α =


s

k=0

(−1)k((A + αI)−1
△A)k + Rs+1


(A + αI)−1,

where Rs+1 is the remainder term in the Neumann series satisfying

∥Rs+1∥∞ ≤ ∥(A + αI)−1
∥
s+1
∞

∥△A∥
s+1
∞

/(1 − ∥(A + αI)−1
△A∥∞)

≤ ∥(A + αI)−1
∥
s+1
∞

∥△A∥
s+1
∞

/(1 − ∥(A + αI)−1
∥∞∥△A∥∞).

By limα→+∞ ∥(A + αI)−1
∥∞ = 0, we have

lim
α→+∞

∥P−1
α ∥∞ = 0.

Consequently, by (15) and (19), we have

lim
α→+∞

ρ(P−1
α (A + αI) − I) = 0,

which leads to (18). This completes the proof of Theorem 2. �

In practical problems, we may have to use an incomplete LU factorization of A. In this case, we can analyze the error of
results between complete LU and incomplete LU factorization of A. Let A = LDU + Λ, then, according to Theorem 1, we can
immediately get
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Table 1
Characteristics of test problems from the convection diffusion equation.

Matrix p1 p2 p3 n dA condest drop β

A1 1 2 250 961 5.0e−3 5.3e+4 1e−2 0
A2 1 2 30 961 5.0e−3 4.1e+3 5e−3 0
A3 100 100 1000 9801 3.0e−4 9.0e+3 1e−2 0

Theorem 3. Let △A = Pα − (LDU + Λ + αI), then, the matrix △A satisfies

lim
α→0

∥△A∥∞ = ∥Λ∥∞. (20)

From (20) we see that, on condition that the error A− LDU is small enough, Pα is expected to be a good preconditioner as
α → 0.When α → +∞, by (11) (14) we can easily get limα→0 △Aii/(A+αI)ii = 0, and limα→0 △Aij/(A+αI)ij = Cij, where
Cij is some constant related to Λij. Therefore, combining with Theorem 2, we can still expect Pα to be efficient as α → +∞.

Remark. In order to implement our preconditioners in practical problems, we should particularly deal with the following
three possible cases:

(1) di + α = 0, which leads to 1 + e′

i = 0, hence Pα a singular matrix;
(2) A is close to singular or ill-posed, for example, the condition number of A is very large;
(3) the drop tolerance which is used to compute the incomplete LDU factorization of A is very small, and hence the

factorization A ≈ LDU is very expensive.

In these three cases, we consider A+αI = A+βI + (α −β)I , with β a fixed positive real number taken in advance, then
select the factorization of A + βI as the seed preconditioner, and treat α − β as the variable. The choice of β is not unique,
this can be a tentative step in practical problems. Generally, wemay choose β so that the LU factorization of the seedmatrix
is cheap under a suitable drop tolerance.

Figs. 1–2 shows some eigenvalue plots of preconditioned shifted systems with matrix add20, which comes from circuit
simulation problem and is taken from the University of Florida Sparse Matrix Collection [13](details can be seen in Table 5
in the next section). In order to examine Theorem 3, we respectively take droptol = 10−1 and droptol = 10−2 in the ILU
factorization of the seed matrix A. Among all these plots, the left correspond to droptol = 10−1, and the right are obtained
by taking droptol = 10−2.

In these plots, it is clear that when α is big enough, our preconditioner leads to clustered eigenvalues, the freezing pre-
conditioner, however, results in much more scattered eigenvalues. Similarly, when α → 0, the eigenvalues corresponding
to our preconditioner also cluster, these are in agreement with (17) and (18).

Furthermore, comparing with the case of droptol = 10−1, we find that the distributions of eigenvalues corresponding to
droptol = 10−2 are more concentrated around 1.

4. Numerical examples

In this section, using MATLAB 7.1, we give some numerical experiments to show the behavior of our preconditioners.
Besides illustrating the case of nonsymmetric matrices, we also check this preconditioner scheme in the case of symmetric
indefinitematrices. In all these experiments, the right-hand sides of system (1) are always assumed to be obtained by taking
exact solution x = (1, 1, . . . , 1)T . We use the GMRES as the iterative method, the first initial guess is always an all-zero
vector, the stopping criteria is

∥rk∥2/∥r0∥2 ≤ 10−6,

or when a maximum of 2400 iterations is reached, where rk is the residual vector at the kth iteration.
We should stress that, when some cases mentioned in remark 1 arise, we rewrite A+ αI = A+ βI + (α − β)I and select

A + βI as the seed matrix.
In our experiments, we compare our preconditioner (denoted by UP) with recomputing the preconditioner(RP), freezing

the preconditioner (FP), and no preconditioner (NP). In order to check the case of α → 0 and +∞, we take α = 10−i, i =

−2, −1, 0, 1, 2, 3, 4, 5 for all these four techniques. In these tables, Pre time is the time for building the preconditioner, Iter
time is the time used to iteratively solve the preconditioned system, overall time is the time for solving all the shifted linear
systems in the experiment, and it includes the Iter time and Pre time for all α, ∗ indicates a GMRES failure. Since we are
focusing on the behavior of preconditioner updates, the time needed to compute the seed preconditioner is excluded from
the total time.

In the following tables, Tables 1 and 5 give detailed information of the matrices used in our experiments, including the
dimension n, condition number (denoted by ‘‘condest’’), density (denoted by ‘‘dA’’) which is obtained by dividing the number
n2 by the number of non-zero elements in each matrix, the drop tolerance drop which is used to compute the incomplete
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Fig. 1. Eigenvalues distribution of preconditioned system associated with matrix add20(α = 10−5).

LDU factorization of A or A+βI (the factorization based on a drop tolerance can be seen in [14,15]), and β is the real number
selected to determine the seed matrix.

Our first test problem is the matrix coming from the constant coefficient convection diffusion equation of the form
−△u + 2p1ux + 2p2uy − p3u = f in [0, 1]2;
u = g on ∂[0, 1], (21)
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Table 2
Results obtained with RP, FP, NP and UP on the sequence of shifted systems associated with A1 .

α GMRES iterations Pre time Iter time
RP FP NP UP RP UP RP FP NP UP

1e−5 57 55 ∗ 52 0.0067 0.0050 0.0304 0.0367 ∗ 0.0345
1e−4 53 55 ∗ 55 0.0070 0.0063 0.0319 0.0339 ∗ 0.0372
1e−3 78 97 ∗ 135 0.0068 0.0049 0.0473 0.0589 ∗ 0.0801
1e−2 20 34 2240 40 0.0066 0.0047 0.0103 0.0225 0.8753 0.0287
1e−1 27 177 1408 ∗ 0.0057 * 0.0132 0.1037 0.5476 ∗

1e+0 4 179 24 ∗ 0.0028 * 0.0033 0.1054 0.0109 ∗

1e+1 3 ∗ 7 ∗ 0.0024 * 0.0031 ∗ 0.0037 ∗

1e+2 3 ∗ 3 ∗ 0.0019 * 0.0030 ∗ 0.0023 ∗

Overall time RP FP NP UP

0.1824 ∗ ∗ ∗

Table 3
Results obtained with RP, FP, NP and UP on the sequence of shifted systems associated with A2 .

α GMRES iterations Pre time Iter time
RP FP NP UP RP UP RP FP NP UP

1e−5 12 12 1076 12 0.0043 0.0034 0.0082 0.0081 0.4520 0.0077
1e−4 12 12 1279 12 0.0043 0.0031 0.0086 0.0091 0.4885 0.0084
1e−3 12 12 1238 12 0.0039 0.0037 0.0090 0.0093 0.4765 0.0085
1e−2 11 11 361 11 0.0040 0.0037 0.0078 0.0076 0.1411 0.0079
1e−1 8 9 71 7 0.0034 0.0033 0.0051 0.0065 0.0298 0.0055
1e+0 4 19 20 9 0.0032 0.0032 0.0044 0.0132 0.0094 0.0073
1e+1 3 33 7 5 0.0030 0.0036 0.0035 0.0237 0.0046 0.0032
1e+2 2 36 3 3 0.0027 0.0034 0.0029 0.0255 0.0027 0.0031

Overall time RP FP NP UP

0.0783 0.1030 1.6046 0.0790

where p1, p2 and p3 are positive constants. by [16], when using the finite difference method with a 5-points stencil on a
uniform grid, we can obtain a linear system with them2

× m2 coefficient matrix

A =


T (δ − 1)I

−(δ + 1)I T (δ − 1)I
. . .

. . .
. . .

. . .
. . . (δ − 1)I

−(δ + 1)I T


where

T =


4 − σ γ − 1

−γ − 1 4 − σ γ − 1
. . .

. . .
. . .

. . .
. . . γ − 1

−γ − 1 4 − σ

 ,

δ = p1h, γ = p2h, σ = p3h2 and h = 1/(m + 1).
For this convection diffusion matrix, when finding its eigenvalues using inverse iterative methods, we will get shifted

linear systems (1).
Now, we test our preconditioners using this matrix. The parameters in (21) and the corresponding information of the

obtained matrices are listed in Table 1.
Table 2 shows that FP, NP and UP are all failed because the preconditioned GMRES fails for some α values. In this case,

UP cannot be covered by the previous theoretical analysis. On the contrary, in Tables 3, 4, UP is efficient on all these chosen
α values. In fact, in these two tables, we find the behaviors of UP are better than FP and NP, and are almost equal to RP in
terms of iterations and CPU time.

Furthermore, in Table 3 we see the iterations is reduced gradually with the increase of α when α ≥ 1, this is because,
according to Theorem 2, increasing alpha causes the eigenvalues of the preconditioned system to cluster about 1, and hence
makes the problem easier for GMRES to solve.

Our second set of test sequences is built by shifting two sparse unsymmetric matrices and three symmetric indefinite
matrices from [13].
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Fig. 2. Eigenvalues distribution of preconditioned system associated with matrix add20(α = 102).

Table 5 gives detailed information of these matrices, and Tables 6–10 give the iterative results. In Figs. 3–5 we give
the convergence curves of GMRES method, they respectively correspond to the convection diffusion matrix A2, add20 and
bcsstm36 with α = 10−2.

Furthermore, in order to verify Theorem 3, we repeat the experiment with matrix Poisson3Daby respectively taking drop
tolerance as 10−2 and 0.005, the results are given in the Tables 11 and 12.
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Table 4
Results obtained with RP, FP, NP and UP on the sequence of shifted systems associated with A3 .

α GMRES iterations Pre time Iter time
RP FP NP UP RP UP RP FP NP UP

1e−5 1 2 ∗ 1 0.0080 0.0081 0.0089 0.0139 ∗ 0.0087
1e−4 1 3 ∗ 1 0.0072 0.0074 0.0086 0.0153 ∗ 0.0096
1e−3 1 4 ∗ 1 0.0077 0.0079 0.0095 0.0171 ∗ 0.0080
1e−2 1 5 ∗ 1 0.0076 0.0063 0.0091 0.0195 ∗ 0.0087
1e−1 1 9 401 1 0.0088 0.0084 0.0086 0.0305 1.1400 0.0093
1e+0 1 19 57 1 0.0074 0.0070 0.0083 0.0732 0.1618 0.0082
1e+1 1 ∗ 8 1 0.0069 0.0073 0.0093 ∗ 0.0198 0.0101
1e+2 1 ∗ 4 1 0.0061 0.0053 0.0086 ∗ 0.0144 0.0092

Overall time RP FP NP UP

0.1306 ∗ ∗ 0.1295

Table 5
Characteristics of test problems from the University of Florida Sparse Matrix Collection.

Matrix Symmetry n dA condest drop β

Poisson3Da Nonsymmetric 13514 1.9e−3 8.9e+3 1e−1 0
add20 Nonsymmetric 2 395 2.3e−3 1.7e+4 1e−1 0
bcsstm35 Symmetric indefinite 30237 2.2e−5 Inf 1e−1 1
bcsstm36 Symmetric indefinite 23052 6.0e−4 Inf 1e−3 1
bcsstm37 Symmetric indefinite 25503 2.4e−5 Inf 1e−1 1

Table 6
Results obtained with RP, FP, NP and UP on the sequence of shifted systems associated with Poisson3Da.

α GMRES iterations Pre time Iter time
RP FP NP UP RP UP RP FP NP UP

1e−5 113 113 263 113 0.1044 0.0113 0.7032 0.7233 1.2996 0.6880
1e−4 111 111 247 111 0.1005 0.0129 0.6725 0.6505 1.1857 0.6753
1e−3 80 80 159 80 0.1031 0.0111 0.5096 0.5152 0.8208 0.5345
1e−2 34 35 62 34 0.0988 0.0122 0.2292 0.2349 0.3164 0.2254
1e−1 14 17 21 13 0.0762 0.0129 0.1025 0.1287 0.1129 0.0986
1 7 19 7 6 0.0284 0.0132 0.0611 0.1485 0.0346 0.0616
1e+1 4 23 4 3 0.0268 0.0143 0.0499 0.1657 0.0235 0.0509
1e+2 3 24 3 2 0.0265 0.0123 0.0501 0.1795 0.0208 0.0436

Overall time RP FP NP UP

2.9428 2.7463 3.8143 2.4781

Table 7
Results obtained with RP, FP, NP and UP on the sequence of shifted systems associated with add20.

α GMRES iterations Pre time Iter time
RP FP NP UP RP UP RP FP NP UP

1e−5 33 33 654 33 0.0031 0.0024 0.0291 0.0299 0.4500 0.0297
1e−4 30 38 350 33 0.0029 0.0021 0.0265 0.0356 0.2476 0.0309
1e−3 15 60 93 25 0.0037 0.0039 0.0138 0.0564 0.0662 0.0246
1e−2 7 86 40 15 0.0042 0.0040 0.0071 0.0805 0.0317 0.0156
1e−1 5 180 16 8 0.0031 0.0037 0.0057 0.1600 0.0121 0.0067
1 5 310 6 5 0.0026 0.0038 0.0055 0.2736 0.0048 0.0042
1e+1 4 360 3 3 0.0028 0.0033 0.0050 0.3202 0.0032 0.0039
1e+2 3 370 2 2 0.0028 0.0037 0.0045 0.3260 0.0071 0.0030

Overall time RP FP NP UP

0.1224 1.2822 0.8227 0.1455

Before analyzing the above results, we should emphasize again that, when encountering a case mentioned in remark 1,
choosing a properβ is helpful to build corresponding preconditioners and solve the linear systems. For example, in bcsstm35,
bcsstm36 and bcsstm37 which have large condition numbers, if choosing β = 0, one would find the preconditioners are
inapplicable when iteratively solving the preconditioned linear systems.

From the perspective of performance, UP and RP are basically superior to FP and NP for relatively big drop tolerance. In
terms of iterations, NP and FP need much more than RP and UP, which can be seen in Tables 6–10. Particularly, we find in
Table 9 that FP and NP may fail in some cases. In Tables 6, 7, we see the typical deteriorations of FP with the increase of α,
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Table 8
Results obtained with RP, FP, NP and UP on the sequence of shifted systems associated with bcsstm35.

α GMRES iterations Pre time Iter time
RP FP NP UP RP UP RP FP NP UP

1e−5 16 262 262 36 0.0129 0.0162 0.1326 2.0293 1.7456 0.2972
1e−4 5 65 64 17 0.0126 0.0159 0.0357 0.5042 0.4226 0.1419
1e−3 4 21 21 11 0.0152 0.0166 0.0293 0.1804 0.1514 0.0806
1e−2 4 10 10 7 0.0132 0.0150 0.0307 0.0727 0.0527 0.0499
1e−1 3 4 5 3 0.0145 0.0136 0.0254 0.0304 0.0280 0.0274
1 2 2 3 2 0.0122 0.0135 0.0232 0.0203 0.0213 0.0251
1e+1 2 3 2 2 0.0139 0.0132 0.0238 0.0266 0.0165 0.0265
1e+2 1 3 2 1 0.0154 0.0144 0.0181 0.0253 0.0149 0.0189

Overall time RP FP NP UP

0.4287 2.8892 2.4530 0.7859

Table 9
Results obtained with RP, FP, NP and UP on the sequence of shifted systems associated with bcsstm36.

α GMRES iterations Pre time Iter time
RP FP NP UP RP UP RP FP NP UP

1e−5 5 ∗ ∗ 62 0.3289 0.0273 0.0859 ∗ ∗ 0.7224
1e−4 4 852 1257 48 0.2898 0.0280 0.0688 9.2860 10.9551 0.5629
1e−3 4 145 198 22 0.2792 0.0238 0.0713 1.5959 1.8277 0.2828
1e−2 3 47 58 12 0.1844 0.0203 0.0502 0.4140 0.3853 0.1131
1e−1 3 16 20 6 0.1500 0.0252 0.0527 0.1463 0.1484 0.0681
1 3 3 8 3 0.1232 0.0206 0.0498 0.0521 0.0509 0.0506
1e+1 3 7 4 3 0.1189 0.0182 0.0502 0.0704 0.0282 0.0487
1e+2 3 8 3 2 0.1041 0.0186 0.0431 0.0780 0.0241 0.0436

Overall time RP FP NP UP

2.0505 ∗ ∗ 2.0742

Table 10
Results obtained with RP, FP, NP and UP on the sequence of shifted systems associated with bcsstm37.

α GMRES iterations Pre time Iter time
RP FP NP UP RP UP RP FP NP UP

1e−5 5 24 24 10 0.0174 0.0116 0.0304 0.1826 0.1427 0.0655
1e−4 5 9 5 5 0.0192 0.0111 0.0205 0.0506 0.0452 0.0181
1e−3 3 4 4 3 0.0169 0.0125 0.0223 0.0267 0.0195 0.0239
1e−2 2 3 3 2 0.0201 0.0107 0.0185 0.0244 0.0186 0.0157
1e−1 2 2 2 2 0.0209 0.0124 0.0201 0.0233 0.0275 0.0186
1 1 1 2 1 0.0212 0.0112 0.0121 0.0153 0.0144 0.0129
1e+1 1 2 2 1 0.0202 0.0121 0.0153 0.0183 0.0171 0.0172
1e+2 1 2 1 1 0.0189 0.0109 0.0125 0.0361 0.0115 0.0158

Overall time RP FP NP UP

0.3065 0.3773 0.2965 0.2802

Table 11
Results obtained with RP, FP, NP and UP on the sequence of shifted systems associated with Poisson3Da(drop = 1e−2).

α GMRES iterations Pre time Iter time
RP FP NP UP RP UP RP FP NP UP

1e−5 24 24 263 24 15.5731 0.0517 0.2962 0.2243 1.2932 0.2480
1e−4 23 23 247 23 15.6421 0.0573 0.2234 0.2181 1.2252 0.2271
1e−3 19 20 159 20 15.0300 0.0532 0.1900 0.1968 0.7586 0.1981
1e−2 11 17 62 15 13.9822 0.0560 0.1201 0.1757 0.3075 0.1547
1e−1 6 28 21 14 8.3384 0.0497 0.0720 0.2674 0.1116 0.1456
1 5 50 7 7 0.6026 0.0500 0.0563 0.4459 0.0353 0.0916
1e+1 4 60 4 4 0.0334 0.0499 0.0480 0.5015 0.0253 0.0633
1e+2 3 134 3 3 0.0276 0.0491 0.0434 0.9569 0.0222 0.0590

Overall time RP FP NP UP

70.2788 2.9866 3.7789 1.6043
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Table 12
Results obtained with RP, FP, NP and UP on the sequence of shifted systems associated with Poisson3Da(drop = 5e−3).

α GMRES iterations Pre time Iter time
RP FP NP UP RP UP RP FP NP UP

1e−5 14 14 263 14 31.7877 0.0670 0.1600 0.1540 1.2204 0.1648
1e−4 14 14 247 14 31.7474 0.0682 0.1550 0.1593 1.1276 0.1516
1e−3 12 13 159 13 31.4633 0.0684 0.1351 0.1633 0.7235 0.1535
1e−2 8 12 62 11 29.7051 0.0690 0.0980 0.1415 0.3102 0.1512
1e−1 5 24 21 13 18.6637 0.0713 0.0720 0.2628 0.1238 0.1623
1 4 45 7 7 2.7025 0.0739 0.0555 0.5295 0.0439 0.0964
1e+1 4 55 4 4 0.0726 0.0734 0.0500 0.6397 0.0326 0.0780
1e+2 3 57 3 3 0.0268 0.0671 0.0460 0.6055 0.0211 0.0638

Overall time RP FP NP UP

146.9407 2.6556 3.6031 1.5799

Fig. 3. Convergence curve associated with convection diffusion matrix A2 .

Fig. 4. Convergence curve associated with matrix add20.

especially when α > 1. In terms of total CPU time, similar performances can be found in these tables except Table 10, where
the total time of NP is more than UP, but less than RP. This is because for the matrix bcsstm37, the unpreconditioned GMRES
already works well as α increases.

To better understand the behavior of our preconditioning strategy, we further compare it with RP alone.
For the relatively big drop tolerance, RP is more efficient in terms of iterations, but not in terms of time. Remarkably,

in Tables 6, 10, compared to UP, RP costs almost equal iterative time, but its’ higher cost in recomputing preconditioner
leads to more total time. In Tables 7, 8, the more CPU time of UP is due to its slightly higher iterations and the fact that the
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Fig. 5. Convergence curve associated with matrix bcsstm36.

recomputation of the preconditioner is cheap. But in Table 9, where the Pre time of UP is obviously less than that of RP,
higher iterations of UP in case of small α results in much more time in solving the whole sequences.

Tables 6–10 also indicate that, compared to FP and NP, the good behavior of UP in iterations and total time becomesmore
and more clear when α increases. These results are also supported by Figs. 3–5.

When the drop tolerance is relatively small, the iterations of RP is slightly lower than UP, but its Pre time is much more
than that of UP, it is even no match for FP and NP. These has been partly reflected by Tables 11–12.

In addition, from Tables 6, 11 and 12 we comparatively see that, with the increase of drop tolerance, the iterations of
three preconditioners(RP, FP and UP) decreases correspondingly, these are in line with Theorem 3.

We can conclude from these examples that, in terms of CPU time and iterations, UP is better than FP and NP; Compared
with RP, when α is big enough and drop tolerance is small, UP strategy will become the winner.

However, although the results in Tables 8–10 and Fig. 5 well reflect the behavior of our preconditioner for symmetric
indefinite matrices, we still have hesitation in using it to general symmetric indefinite matrix, because our preconditioner
in itself is unsymmetric when A is indefinite matrix, and this is not a good approximation to A + αI in structure.

5. Conclusions

In this paper, we generalized the preconditioner updates presented in [1] to nonsymmetric shifted linear systems. This
preconditioner scheme is applicable for a broad range of values ofα. Theoretical analysis proved the preconditioned systems
have clustered distribution of eigenvalues when α → 0 or +∞. Numerical experiments showed that our preconditioners
perform well when used to some nonsymmetric and symmetric indefinite shifted linear systems. Additionally, compared
with recomputing preconditioner, our scheme can save a lot of Pre time when the drop tolerance is small, these can be
indicated by Tables 6, 11 and 12.

Our future work will focus on modifying entries of L,D,U , and generalizing this updating strategy to sequence (1) with
general symmetric indefinite matrix A.
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