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In (B6) and (BlO) the two determinants are the same except the first column. If we add these two determinants 
we get [see (B4)] 

N(/-t, r) + N(/-t, r) = (djdr)'D(/-t, r) 
and finally 

K(r, r) = (djdr)'D(/-t, r) . 
'D(/-t, r) 
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Existence of Solutions of Crossing-Symmetric Nj D Equations * 
DAVID ATKINSON 

Department of Physics, University of California, Berkeley, California 

(Received 3 March 1967) 

A fixed-point theore~ is applied to the N( D equations of rr:, scattering? for which crossing is satisfied 
exactly by the ~bsorpt.lve part of the a,:!phtude, up to a fimte, but arbitrary cut off. It is found that 
ghost-free solutIOns eXist, If the subtractIOn constants are not too large, but that these solutions are not 
unique, since the CastilIejo-DaIitz-Dyson ambiguity is not resolved by the requirement of crossing 
symmetry. 

1. INTRODUCTION 

THIS work is an initial attempt to answer the 
question as to whether the S-matrix equations l have 

solutions. In the following pages, the partial-wave 
N/ D equations for the system 7T7T -+ 7T7T, 2 with full 
crossing symmetry for the absorptive parts of the 
amplitudes up to a finite, but arbitrary cut off, are 
considered from the standpoint of a fixed-point 
theorem.3 It is found that solutions exist, if the 
CastiIIejo-Dalitz-Dyson (CDD)4 pole inhomoge
neities are not too large, but that these CDD 
ambiguities are not resolved by the requirement of 
crossing symmetry. 

It has been suggested in the past that the S-matrix 
requirements may be so stringent that no solutions 
exist, and that soluble simple models are impermissible 
approximations of the exact equations. The results of 
this paper go some small way towards a resolution of 
this uncertainty. The crossing-symmetric N/ D equa
tions do have solutions, but these possess the CDD 
ambiguity. Hence one might expect simple "boot-

* Research supported in part by the Air Force Office of Scientific 
Research, Office of Aerospace Research, under Orant No. AF
AFOSR-232-66, January 1967. 
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strap" models to make some limited sense; but one 
should not necessarily expect them to be free from 
all undetermined parameters. 

The fact that at least one solution of the 7T7T 

equations exists should not be a surprise to readers 
of the numerical work of Chew, Mandelstam, and 
Noyes.5 Their "S-dominant" solution is an example 
of the regular type of solution that is the concern of 
this paper. Nothing will be said for, or against the 
existence of a "P-dominant" singular type of solution.6 

However, that is not to say that the present work is 
necessarily divorced from the undoubted existence of 
the p-meson. It is possible that the "physical" 
solution is a regular solution containing a CDD pole 
in the P wave; and reasons for expecting this are 
collated in the Conclusion of this paper. This would 
mean that the p-meson parameters are incalculable in 
a one-channel 7T7T system, although one may be able 
to calculate them from suitable many-channel 
equations. 

In an interesting paper, 7 Lovelace showed that if 
the crossing-symmetric partial-wave equations possess 
a solution, then it is locally unique if there are no 
CDD poles, and not unique if there are CDD poles. 

5 O. F. Chew, S. Mandelstam, and H. P. Noyes, Phys. Rev. 119, 
478 (1960). 

6 O. F. Chew and S. Mandelstam, Nuovo Cimento 19, 752 (1961). 
7 C. Lovelace, "Tests for the Uniqueness of the Physical Universe: 

An Application of Nonlinear Functional Analysis to S-Matrix 
Theory," CERN Preprint TH 689 (1966). 
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The present work agrees with Lovelace's results; but 
it goes further, in that it proves the existence that was 
an explicit assumption of the earlier work. This is not 
a trivial point, for while there is no doubt that the 
universe exists (Wittgenstein notwithstanding), it is 
not clear that, at some level of approximation, it is 
a solution of the S-matrix equations. 

In this paper, only the one-channel 7T7T system will 
be considered, although an inelasticity factor will be 
included. For convenience, it is assumed that this 
inelasticity is everywhere bounded, and that it satisfies 
certain smoothness conditions to be specified later. 
These conditions could certainly be relaxed. It is 
known that the effect of other channels may not be 
fully incorporated in the inelasticity factor, and that 
one-channel COO poles may be required. 8 •9 •10 The 
many-channel system, as well as the complications of 
spin, will be considered in a later work, but it is 
expected that the same general results will apply. 

In Sec. 2, the crossing-symmetric NI D equations 
are reformulated in such a way that infinite scattering 
lengths are excluded, and the COO ambiguity is 
introduced so that the D function always remains 
finite in the physical region. This reformulation is a 
convenience for the ensuing proof. In Secs. 3 and 4, 
it is shown that the equations comprise a bounded, 
continuous, nonlinear mapping of a set of functions 
in a Banach space into a compact subset of the space. 
Under these conditions, the Schauder fixed-point 
principle, which is explained in Appendix A, asserts 
the existence of a solution. To aid the reader in a 
preliminary comprehension of the outlines of the 
proof, a few nonrigorous remarks concerning an 
iterative method of solution may be in order. The 
work of Sec. 3 may be regarded as a demonstration 
that, if the starting function for an iteration of the 
crossing-symmetric equations is not too large, then 
every iterate is bounded. In fact, each iterate may be 
represented by a point, its norm, in this case simply 
its maximum value. According to the proof of Sec. 3, 
the infinite number of points representing an infinite 
iteration would all be contained in a finite segment of 
the real line. By the Bolzano-Weierstrass theorem, 
there must be at least one point of accumulation on 
this line segment. Sec. 4 is devoted to the demonstra
tion that at least one such point of accumulation is in 
fact the image of a solution of the system. To be able 
to assert that there is a "point of accumulation" in 

8 E. J. Squires, Nuovo Cimento 34,1751 (1964). 
• M. Bander, P. W. Coulter, and G. L. Shaw, Phys. Rev. Letters 

14, 270 (1965). 
10 D. Atkinson, K. Dietz, and D. Morgan, Ann. Phys. (N.Y.) 

37,77(1966). 

the Banach space of iterates, just as there is one on the 
line segment on which the norms were plotted, one 
must show that the iterates belong to a compact 
subset of the space. This is done in Sec. 4. However, 
this is not enough to demonstrate the existence of a 
solution, for there might be two points of accumula
tion in the space, and the iteration might jump 
alternately from the vicinity of one point to that of the 
other. Under these conditions one would not have 
found a solution. However, this possibility can be 
excluded by showing that the equations comprise the 
action of a continuous operator. This demonstration 
is also contained in Sec. 4. In Sec. 5, it is shown that, 
if the COO parameters satisfy certain restrictions, 
then the partial-wave amplitudes have no ghosts. 

2. CROSSING-SYMMETRIC N/D EQUATIONS 

In this section, the crossing-symmetric equations of 
Chew and Mandelstam2 are rewritten in a form more 
convenient for the nonlinear analysis of Secs. 3 and 4. 

Let the scattering amplitude in a state of isospin I 
and angular momentum I be Af(s) , where s is the 
usual invariant energy square. Then an NI D decom
position will be assumed in the form 

A{(s) = (s - 4/i)ZN{(s)1 D{(s), (2.1) 

where ft is the pion mass. One can write down unsub
tracted dispersion relations for N{ (s) and D[ (s): 

N{(s) = pres) + 1 fO -!i- 1m A{(s') 
7T -A S - S 

X D{(s')(S' - 4ft2rZ, (2.2) 

D{(s) = Q[(s) _1 ('Xl ~ (S' - 4ft2)t 
7T J41'2 S' - S s' 

x R[(s')N{(s')(s' - 4ft2Y. (2.3) 

In these equations, a cutoff has been imposed on the 
left-hand cut, at s = -A. The absorptive part 
1m Af(s) is to be determined for -A < s ~ 0 by 
crossing. The inelasticity function Rf(s) satisfies 

1m A{(s) = R{(s) IAUs)12 (2.4) 

and this is supposed given. It would seem at first that 
the D equation might require subtractions in general, 
and that the functions pres), Qf(s) could be arbitrary 
holomorphic functions. It will be shown, however, 
that Eq. (2.2) can be written without subtractions, if 
one allows pres) and Q{(s) to contain poles. For 
suppose a certain decomposition (2.1) existed in 
which N{(s) = O(s") for s ~ 00, with 0': > -I. Then 
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a new decomposition could be defined by the replace
ments 

I( ) N{(s) 
Nl S -+ n 

IT (s - sr) 
r=l 

D{(s) 
Di(s) -+ ----'....:.....:.-

n 

·IT (s - sr) 
r=l 

(2.5) 

where the Sr are arbitrary, real, and distinct points 
satisfying 0 < Sr < 2ft2, and where n is any integer 
greater than oc + I. Thus, the new integral in Eq. (2.3) 
will converge with no subtractions (assuming that 
R[(s) is bounded); pres) and Q[(s) will be modified by 
the replacements (2.5). Since the new N{(s) and the 
integral in Eq. (2.2) tend to zero as s -+ 00, it follows 
that P{ (s) can be at most a sum of poles. If Q[ (s) ++ 0, 
as s -+ 00, a further replacement of the form (2.5) 
can be made, including a sufficient number of factors 
so that the modified Q[(s) does tend to zero, and can 
thus be at most a sum of poles. 

Equations (2.2) and (2.3) are not explicit in one 
respect: N{(s)(s - 4ft2)1 must tend to zero as 
s -+ 00. To avoid the introduction of I nonlinear 
moment conditions, another transformation will be 
made. At the same time the variable s will be replaced 
by the symmetric, dimensionless variable 

s - 4ft2 
W == 2 

2ft 
(2.6) 

The final transformation is 
I 

n{(w) == IT (s - sr)N{(s), (2.7) 
r=l 

I 

IT (s - sr) 
dI( ) - r=l DI( ) 

I W = 2 I IS, 
(s - 4ft ) 

(2.8) 

where, again, the sr are arbitrary points in (0, 2ft2). 
It follows from Eq. (2.1) that 

A[(s) = n{(w)Jd[(w) (2.9) 

and the new equations are 

nf(w) = p[{w) + .1 J~-l ,dw' oc{( -w') drew'), 
1T -A W - w 

(2.10) 

I I 1 lioo 
dw' 

dl(w) = ql(w) + ( 1)1 - - , 
w- 1T1W-W 

X p(w')r{(w')n{(w'), (2.11) 
where 

pew) == [(w - I)J(w + 1)]i, 

r{(w) == R{(s), 

A. == 1 + AJ2ft2, 

oci( -w) == 1m A{(s), s < O. 

(2.12) 

The threshold condition has been made automatic by 
the introduction of the lth order pole in the d equation. 
A more general form of the d equation would contain 
a term t{_l(W)(W - I)-l in place of (w - 1)-1, where 
t{_l(W) is an (1- I)th-order polynomial. This poly
nomial could be removed by dividing n[(w) and drew) 
by t{_l(W), which would effect a modification in the 
forms pi(w) and qi(w). It has been shown that pi(w) 
and qi (w) can be written as sums of poles at arbitrary 
positions in the interval (-1, 0), 

I ~ Rr PI(W) = £., --, (2.13) 
r=lW - Pr 

/l T. 
q{(w) = L __ r_, (2.14) 

r=lW - Tr 

where ft, Y, Rr , Tr , Pr' Tr can all depend on I and I. 
In the more general form, pi(w) and qr(w) would 
contain poles also at the sites of the zeros of the 
polynomial t{-l (w) that was introduced above. If 
none of these zeros lies in the physical region (1,00), 
there is no difficulty in generalizing the proof; this is 
left to the interested reader. In this paper, it will be 
supposed that each of the Pro Tr lies in the interval 
[-I, 0]. Since A[ (s) has no poles (i.e., there are no 
bound states in the 7T7T system), then for every pole 
of pf(w) there must occur, at the same position, a pole 
of q{ (w). Hence, q[ (w) has at least as many poles as 
has p[( w). The fact that pi (w) and q{( w) are arbitrary 
constitutes the COO ambiguity. Poles of q[(w) that do 
not correspond to poles of pi(w) may be called COO 
poles of the first kind ("classical COO poles"), 
whereas coincident poles of pi(w) and q[(w) could 
be referred to as COO poles of the second kind. 
They correspond to simultaneous subtractions of the 
Nand D equations in the formulation in which no 
poles are allowed in N. 

It is necessary that Eqs. (2.10) and (2.1l) be modi
fied slightly for the two S-wave amplitudes. In the 
form of Eq. (2.11), it is not possible to exclude a zero 
of dl (w) at the threshold ([) = I (i.e., an infinite S-wave 
scattering length). Since such an eventuality would 
vitiate the subsequent proof, a simple pole is retained 
in the d equation at threshold, with a cancelling pole 
in the n equation. Thus, for the S waves one has 

a l 

n~(w) = p~(w) + -
w-l 

1 I-1 
dw' 1(') dI( ') + - OCo ([) ([), 

1T -A W' - W 

1 
d~(w) = q~(w) +-

w-l 

1 100 

dw' (') I( ') I( ') - - , P ([) ro w no w , 
1T1W-W 

(2.15) 

(2.16) 
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where al is the S-wave scattering length for isospin [. 
The left-hand cut discontinuity cx.f ( - w) is to be 

determined by crossing symmetry. The usual crossing 
relation2 is 

1 2 "" 
ImA[(s) = 2 LPII' L (2/'+ 1) 

s - 411 1'=0 1'=0 
r (1'+1')even 

14/12-. ( 2S') 
X ds'Pl 1 + 2 

41'2 S - 4ft 

X PI' 1 + 2 1m AI' (s ) ( 2S) 1', 

s' - 4,u 
(2.17) 

for 02 s 2 -A, where it is known that the infinite 
series converges only when s > -9,u2. The isospin 
crossing matrix is 

[

i:. 2 H] 
PII' =! 1 _3:. 

3" -1 3" 

(2.18) 

Equation (2.17) is now rewritten in terms of cx.f (w), 
and the substitution of - w for w is made through
out. It will be convenient to introduce the quantity 
:=';:(w') by the following definition: 

1m Ar(s') == [ w' - 1 ]21'+!:=.r(W') (2.19) 
2(A - 1) 

for 1 ~ w' < 00. The factor (w' - 1)21'+112 is the 
known threshold behavior of 1m Ans'), and the 
denominator 2(A - 1) is introduced as a convergence 
factor, as will become clear later. Actually, it will only 
be necessary to work with :='f(w') in the range 
1 ~ w' ~ A. Then Eq. (2.17) has the form 

1 2 L lCi) 
cx.{(w) = -- L PII' L dw' 

w + 1 l' =0 I' =0 1 
(I' +l')even 

X P (1 - 2 w' + 1) P ,(1 _ 2 w - 1) 
I W + 1 1 W' - 1 

X w - :=,~'(w')(2/' + 1) [( ' 1)]21'+! 
2(A - 1) 1 , 

(2.20) 

where the partial-wave series has been cut off at 
l' = L. It is felt that an attempt to extend the proof 
to L = 00 would probably be fruitless within the 
framework of the N/ D equations, since the rate of 
convergence of the Legendre series depends on the 
positions of the boundaries of the double-spectral 
functions. 2 This information is not contained in the 
N/ D equations. Accordingly, any attempt to encom
pass an infinite number of crossed waves would have 
to employ the analyticity in s ® t, and would probably 
progress the more simply by not taking recourse to 
partial-wave projections at all. Such considerations lie 

outside the scope of the present work. It will be 
shown that, under certain conditions, solutions exist 
for arbitrary, but finite A and L. However, one would 
expect that any physically sensible solution, if such 
exists, would have A ~ ~l' (i.e., A ~ 9,u2) and L not 
too large. 

Lastly, since the absorptive part on the right-hand 
cut can be expressed in terms of Nand D, one has 

:='{(w) = [2(A - 1)]2l+! 
w-l 

p( w )r{( w )[n{( w )]2 
X (2.21) 

[£[(W)]2 + [p(w)r{(w)n{(w)]2 

for 1 ~ w ~ A, where 

£{(w) = Re drew), w 2 1. (2.22) 

The object is to study the nonlinear system of Eqs. 
(2.10), (2.11), (2.15), (2.16), (2.20), and (2.21) for 
n[(w) and drew). Of these equations, only (2.lO) and 
(2.16) involve negative values of w. This disparity can 
be removed for 12 1 by substituting Eq. (2.11) into 
Eq. (2.12), thus obtaining the following integral 
equation for n[(w): 

n[(w) = p[(w) + v[(w) + h{(w) 

+ _ dw' I I 
11"" FI(w') - FI(w) 

'Tf' 1 W' - W 

X p(w')r[(w')n{(w'), (2.23) 
where 

F I( ) _ ! 1A dw' 1(') I W - cx.1 W , 
'Tf' 1 W' + w 

hl(W) = (-lY t' dw' cx.{(w') 
1 'Tf' J w' + w (w' + 1)1' 

l( ) _ ~ 1A dw' 1(') ~ Tr 
V z W - , cx.1 W £." • 

'Tf' lW +w 7=IW -orr 

The corresponding equation for the S waves is 

a l 

n~(w) = w _ 1 + p~(w) + v~(w) + hi(w) 

1 1"" FI(w') - FI(W) + _ dw' 0 0 

'Tf' 1 W' - W 

X p( w')r~( w')n~( w'). 

(2.24) 

(2.25) 

(2.26) 

(2.27) 

Finally, the equation for E[(w), the real part of 
drew), is obtained by taking the principal value of the 
integral in Eq. (2.11) for I 2 1, and in Eq. (2.16) for 
1=0. 

3. BOUNDEDNESS OF THE N/D EQUATIONS 

The Eqs. (2.11), (2.16), (2.20), (2.21), (2.23), and 
(2.27) can be construed as one nonlinear equation 
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for S[(w) in terms of itself: 

S{(w) = OS{(w), (3.1) 

where 0 is a nonlinear operator that summarizes the 
equations cited above. 

One can define the following norm for any bounded, 
real function F(w): 

IIF(w)11 == max IF(w)l. (3.2) 
l:Sw<oo 

All the functions possessing such a norm form a 
Banach space, and it will be the object of the ensuing 
proof to show that there exists a positive number Z 
such that, under certain conditions to be precised, 
a solution of Eq. (3.1) exists, satisfying 

(3.3) 

Since S:(w) is only used in the interval 1 ::::;; w::::;; A 
(below the cutoff), it is convenient to set it identically 
to zero for A < w < 00. 

The demonstration will be based on the Schauder 
fixed-point principle. Let Af(w) be defined by 

Af(w) == OS{(w). (3.4) 

It is shown in this section that a Z exists, such that, 
if S[(w) is any function satisfying Eq. (3.3), then 

(3.5) 

In Sec. 4, it will be shown that 0 is a continuous 
operator, and that the set of all functions Af(w), 
defined by Eq. (3.4), is compact. Then, according to 
the Schauder principle, Eq. (3.4) has at least one 
fixed point, that is to say, Eq. (3.1) has at least one 
solution, and it satisfies Eq. (3.3). This is explained 
more fully in Appendix A, where the reader is also 
reminded of the meanings of some of these terms. 

A. Boundedness of ex 

The first part of the proof is to show that a Z exists 
such that Eq. (3.3) implies Eq. (3.5). The first step in 
this program is to obtain a bound for IX[(W), given by 
Eq. (2.20), assuming that Eq. (3.3) holds for some Z. 
Hence, one has 

Z2 2 L ('" 

11X{(w)1 ::::;; w + 1 I~oIPII'1 I~O J1 dw' (21' + 1) 
(I'+I')even 

( 
w - 1 ) [ w' - 1 ]21'+! 

X PI' 2-- -1 . 
w' - 1 2(A - 1) 

(3.6) 

To obtain this result, observe that 1 ::::;; w' ::::;; w implies 

-1 < 1 _ 2 w' + 1 < 1 __ 4_ 
- w+l- w+l 

and 

so that 

and 

w-l 
-00::::;;1-2--<-1 

w' -1 - , 

IpI (
1 - 2 ~ : n I ::::;; 1 

Ip!'(1 - 2 :' ~ ~)I = P!'(2 :' ~ 11 - 1), 
which is positive definite. 

It is then easy to show that, for 1 ::::;; w ::::;; A, 

I IX{(W) I < 12Z2 
§. ! I' X ,(21' + 1), i

oo dx 00 P ( ) 

1 (x + l)'I'=o(x + 1)21 
(3.7) 

where several trivial maximizations have been per
formed, and where the upper limit of the partial-wave 
series L has been replaced by 00. The series and 
integral can be performed analytically (Appendix C), 
and the result gives 

IlXf(w)I < 8Z2 (3.8) 
for 1 ::::;; w ::::;; A. 

B. Boundedness of F, h, and v 

From the definitions (2.24) and (3.8), one finds 

W{(w) I < 8(A - 1)Z2 (3.9) 
TrW 

for any 1 ::::;; w < 00. Not only does Eq. (3.8) ensure 
that F{(w) is bounded, it also guarantees its (Holder) 
smoothness. Specifically, 

I I _ I " FI(w') - FI(w) 1 1). dw" 
W' - W - -:;;: l(W" + w)(w" + w') 1X1(W), 

(3.10) 
so that 

I 

F{(w) - F~(W') I < 8(A - 1~Z2 
w - W TrWW 

(3.11) 

Similarly, Eq. (2.25) yields 

Ih{(w)1 < 8(A - 1)Z2!, 
TrW 2 

(3.12) 

since / ~ 1, and (2.26) gives 

Iv[(w)1 < 8(A - I)Z2 q, (3.13) 
TrW 

where 

q = max II i ~ II::::;; max i ITrl (3.14) 
(I,n r=l W - 'Tr (I,n r=l 
'*0 1*0 

(remember that the COO pole positions and residues 
are functions of I, I, and that 'Tr < 0). 



2286 DAVID ATKINSON 

C. Boundedness of n 

F or the cases I ~ 1, the integral Eq. (2.23) is 
Fredholm. One can assert the existence and square 
integrability of nf( w) if unity is not an eigenvalue 
of the kernel 

1 F{(w') - F{(w) ( ') I( ') -, P w r 1 w . 
7T W - W 

From Eq. (3.11) one sees that 

IT" dw dw' I.! F{(W'~ - F{(w) p(w')r{(w')12 
J1 7T w - w 

64(A - 1)2r2Z4 
< 4 ,(3.15) 

7T 

where 

r = max Ilr{(w)ll. (3.16) 
1,1 

The left-hand side ofEq. (3.15) is an upper bound for 
1 / A~, where Ao is the smallest eigenvalue of the kernel. 
Hence, if one requires 

2 

Z2 < 8(A ~ l)r' (3.17) 

the existence and square integrability of n[(w) are 
assured. Equation (2.23) implies that 

Inf(w) - pi(w) - view) - h[(w)12 

~ r'" dW'['! F{(W'~ - F[(w) p(w')r[(w')]
2 

J1 7T w - W 

X 1'" dw'[ni(w')]2 

~ 64(A - 1)2r2Z4..!.. r'" dw'[ni(w,)]2, (3.18) 
7T

4 w2 
J1 

where Schwartz's inequality has been used. Since the 
integral on the right-hand side of Eq. (3.18) exists, 
the inequality implies that wni,n(w) is bounded. In 
fact, 

Iwn[(w)1 ~ Iwp{(w)1 + Iwvf(w)1 

where 

thus, 

where 

+ Iwhi(w)1 + x Ilwn;(w)ll, (3.19) 

_ 8(A - l)r Z2 1 
x = 2 < 

7T 

Ilwnf(w)11 ~ p +(7TlrXq + t)x, 
I-x 

II v R II p = max w! __ r_ 

/:/0 r=l W - Pr 
v 

(3.20) 

(3.21) 

~ max! IRrl. (3.22) 
1.1 r=l 
1*0 

For the S wave, the relevant integral equation is 
(2.27). This is not Fredholm, since the inhomogeneous 

term aII(w - 1) is not square integrable. 
difficulty can be circumvented by defining 

This 

(
w 1)1 

qJ&(w) == w ~ 1 n&(w) (3.23) 

for then Eq. (2.27) is transformed into the following 
Fredholm equation: 

qJ&(w) = 1&(w) + So'" K&(w, w') dw' qJ&(w'), (3.24) 

where 

1&(w) = (: ~ ~)! 

and 

x [~ + p&(w) + v&(w) + M(w)], (3.25) 
w-l 

K&(w, w') = .! (W - l)f F&(W'~ - F&(w) 
7T w+l w-w 

(
W' + 1)1 I( ') X ro w . 
w' - 1 

(3.26) 

Now, 

Ii'" dw dw'KMw, W')2 

< x2 r'" dw (~)! r'" dw' (~)! 
J o} w + 1 Jl W,2 W' - 1 

< 4x2
; . (3.27) 

it will actually be convenient to require 
o 

x < 2-2 (3.28) 
(see Eq. (3.32) below). Then one can certainly assert 
the existence and square integrability of qJ&( w). 
Condition (3.28) is of course stronger than (3.20). 

As before, Schwartz's inequality gives 

IqJ&(w) - 1~(wW 

~ 1"'IK[(W, w'W dw'l"'lqJ&(W'W dw' 

~ 4X2

2 
r"'lqJ&(w'Wdw'. (3.29) 

w J 
In this case II qJ&(w) II does not exist, because //(w) 
d

. 0 
Iverges at w = I. However, the quantity 

(w - l)n~(w) = (w - 1)1(w + l)fqJMw) (3.30) 
is bounded. In fact, 

I(w - l)nMw)1 

~ lall + I(w - l)p&(w)1 + I(w - l)v&(w)1 

+ I(w - 1) hi(w) I + 2x (w - l)t(w + 1)! 
w 

x II(w - l)n&(w)11 [r'" ~w' oJ! 
J (w' - 1) (w' + 1)" 

~ a + Po + !: (qo + t)x + 2~ x II(w - l)n&(w) II 
r ' 

(3.31) 
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where 

and 

Thus, 

Po = ~!.~ [t IRrl]I~O' 
qo = ~!.~ [Ttl I Trl] I~O' 

a = max laII. 
1~O.2 

II(w _ l)n~(w)11 ~ a + Po + (7T/r!(qo + t)x. 
1 - 22X 

D. Lower Bound for E 

(3.32) 

A difficulty involved in finding a bound for E is that 
it is defined by means of a principal-value integral. 
Thus, it is not enough for wn[(w) [or (w - l)n~(w)] 

to be bounded, one must also have boundedness of 
the derivative of n[(w). However, a bound for this 
derivative can be obtained, since n[(w) satisfies the 
integral Eq. (2.23) (the cases ,~ 1 are treated first), 
and the bounded ness of its first derivative is guaran
teed by that of the second derivative of F{(w). The 
latter can be deduced from the form of Eq. (2.24). 

In order to calculate the bound on E{(w), it will 
be necessary first to remove the principal value 
integral. One has 

1 
E~(w) = (w _ 1)1 + q{(w) 

1 I"" dw' I( , ( , I , -- -,rlw)pw)nl(W) 
7T 1 W 

w 100 

dw' I( ') ( ') n{(w') - n;(w) 
- - -, r l w P w , 

7Tl W w-w 

I( ) P f"" dw'r{(w')p(w') 
- wn l w -

7T 1 w'( w' - w) 
(3.33) 

which is algebraically equivalent to the real part of 
Eq. (2.11). However, here the only singular integral 
involves the known function r[(w). It is supposed that 
r[ (w) is sufficiently smooth that the. following quantity 
exists: 

II 
P i"" dw'r{(w')p(w') II B == max - . 

1.1 7T 1 w'(w' - w) 
(3.34) 

To obtain a bound on the second integral in Eq. 

where several trivial maximizations have been per
formed, for example, 

II __ '_[F{(W") - F{(O) _ F{(w") - F{«(I)')JI 
0) - W' w" - W 0/' - (I)' 

W I In IlIA d ", I 
- - 0( W 
- 7T 1 (w'" + OJ)( w'" + w')( w'" + OJ") I ( )1 

7TX 1 
<---,-" 

r (1)(1) (I) 
(3.36) 

when Eq. (3.21) is combined with Eq. (3.36), one finds 

I 
n;{w) - n~(w') 1< _1_, p + {7T/r)(q + t)x. (3.37) 

w - w OJ OJ 1 - x 

Inequality (3.37) can now be used in conjunction with 
Eq. (3.33) to give, for all 1 ~ w < 00, 

< q + (2r + B) P + (7Tjr)(q + t)x. (3.38) 
7T 1 - x 

The crucial point about this inequality is that the 
right-hand side is constant, whereas 1j(w - 1)1 tends 
to infinity as w -- l. Thus, I(w - 1)IE{{w)1 has a 
lower bound for some finite region including threshold, 
that is to say the equations have been written in such 
a way that an infinite scattering length is excluded 
(this is necessary for the subsequent proof). Clearly 
such?n eventuality would not be excluded for the 
S wave, if the same inequality (3.38) were used for it, 
unless an upper bound were set on the COO pole 
residues in the I = 0 equation, or unless a sign 
restriction were imposed upon these residues. This 
is a possible modus probandi. However, it necessarily 
excludes, at the outset, the possibility of an S-wave 
resonance, and in the present paper the alternative 
procedure, summarized by Eqs. (2.16) and (2.27), is 
adopted. 

For I ~ 1, Eq. (3.38) implies 

I(w - l)IE{«(I)1 > 1 - «(I) - 1)1~ 

for all I ~ w ~ (IJI' (3.39) 
(3.33) one returns to Eq. (2.23), which implies where 

I 
n{(w) - n~(w') I ~ P + (7T/r)(; + t)x 

w-w ww 

ll""d ,,7TX X 1 (") I( ") Ilwnt(w)11 + - w - --, -II P w r! w ,,' 
7T 1 r www w 

(3.35) 

~ == (2r + B)P + {7T/r)(q + l)x + q. (3.40) 
7T 1 - x 

and (WI - 1)1 is any number less than In. One can 
choose 

(3.41) 
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where v is a number larger than unity that will be so that 
specified later. Thus, for 1 ::;; w ::;; w!, I(w - l)E~(w)1 < Ijvo (3.49) 

I(w - 1)IE;(w)1 > 1 - «(VI - lY' = ~. (3.42) for alII::;; w::;; 6'10 , where 
v 

This inequality will be of great importance in the 
application of the fixed-point principle. 

For the S wave, there is the difficulty that n~(w) is 
not necessarily bounded at threshold. Hence, instead 
of the quantity (3.37), one uses 

I 
(w - l)n~(w) - «(~' - l)nMw') I 

w-w 
3 

{2 
TTX rea + Po) + [22 - (8 - TT)X](qo + t)} 1. < Po + -r- ~. - , 
22r 1-22x w 

(3.43) 
this inequality follows from Eq. (2.27) much as Eq. 
(3.37) follows from Eq. (2.23). Then the equation for 
Et(w) is written 

E~(w) = _1_ + q~(w) _ 1. (00 dw' r~(w') 
w - 1 TT Jl W' 

(w' - l)n~(w') 0) food' r~(w') X - - W --"-'----'-----; 
(W,2 - U~ TT 1 W'(W,2 - 1)~ 

(w' - l)n~(w') - (0) - l)n~(w) 
X ~--~-=~--~--~~~ , 

w - 0) 

P foo - 0)(0) - l)n~( w) - dO)' 
TT 1 

r~(w') 1 
X l' (3.44) 

0)'(0),2 - U" 0)' - 0) 

One can show that 

P foo do/ 1 + -)2 
w - < ----"-

TT 1 (W'2 - l)!w'(w' - w) 2 

1 < w < 00. (3.45) 
Accordingly, it is supposed that r!(w') is sufficiently 
smooth that a number Bo exists, such that 

B = max [O)!!. (00 dO)' r~(w') 1 J 
o 1=0,2 TT Jl W'(W,2 - 1)~ w' - w . 

(3.46) 
Then one can deduce the following inequality from 
Eq. (3.44): 

(3.47) 

where 

'0 = qo + rp02~ 

{ ( 
r rTTX) + (a + Po) Bo + 2! + 2 + TTX(qo + t) 

X [~o + ;! - (4 - ~)xJ}/(1 - 2~x) (3.48) 

and Vo is any number greater than unity. The develop
ment ofEqs. (3.47)-(3.50) is an obvious parallel to that 
of Eqs. (3.39)-(3.42). 

E. Boundedness of A 

It can now be shown that A{ (w), defined by the 
right-hand side of Eq. (2.21), is bounded. The cases 
I ~ 1 will be treated first. It is clear that a bound 
exists away from threshold. Specifically, 

1 [2(1. - 1)J 21+! 1 Al(O) = 
0) - 1 p( 0) )r{( 0) 

[p(w)r{(w)n{(w)t 
X (3.51) 

[E{(W)]2 + [p(0)r{(w)n{(0)]2 

so that, for (VI::;; 0) ::;; A, 

IA[(w)1 ::;; [2~A - 1)J21+!(~1 + I)!. (3.52) 
WI - 1 WI - 1 

The quantity WI is defined by Eq. (3.41), and it will be 
seen later that 

Hence, 

IA;(w)1 < 3![2(A - 1)]2l+!(OJ I - 1)-21 

= 3![2(A - 1)]2l+! 

(3.53) 

X { __ V __ [(2r + B) P + (TTjr)(q + t)x + qJ}2 
v-I TT I-x 

(3.54) 
for WI ::;; w ::;; A, I = 1, 2, ... L. 

A bound can also be obtained in the range 1 ::;; 
0) ::;; WI by using the fact that E{(w) has no zero in this 
interval. Equation (3.51) is rewritten 

1. [2(.1. - l)fl+! 
A1(w) = ! 

(0) + 1) 

X r{(w)[n[(w)]2 

[(w - 1)IE{(w)]2 + [(w - 1)lp(w)r{(w)n{(O)W' 

(3.55) 

Hence, with the help of Eqs. (3.21), (3.42), one has 

IA{(w)1 < 2:. [2(A. _ 1)]2l+![V P + (TTjr)(q + t)XJ2 
2! 1 - x 

(3.56) 
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for I ~ 01 ~ WI' Thus, Eqs. (3.54) and (3.56) imply 
that A{(w) is bounded throughout I ~ 01 ~ A. 

For the S wave, Eq. (3.52) becomes 

IN(w)1 < [2(.1. _ 1)]!(wO + I)! (.I. - I)l 
o Wo - I (wo - 1)2 

< 6!(J. - 1)2[~ ~o]~ (3.57) 
'110 - 1 

for Wo ~ OJ ~ A, where Eq. (3.50) has been used, 
and it has been assumed that Wo > 2 (this condition 
can be checked later from Eqs. (3.68)-(3.70». 

In the range I ~ 01 ~ wo, Eq. (3.55) is written 
(for I = 0) in the form 

A~( (1) = [2(.1. - 1)]! 
(01 + 1)! 

r~(w)[(w - l)n~(w)]2 
X --------~~~--~~~~--~---

[(01 - I)E~(OJ)]2 + l(w - l)p(w)r~(w)n~(wW 

(3.58) 
Then, Eqs. (3.32) and (3.49) yield 

I AMw) I < rCA - 1)![VO a + Po + (7T/r)(qo + t)X]2 
1 - 2!x 

(3.59) 

F. Conditions for a Bounded Mapping 

In this subsection, it will be shown that values of 
Z and v exist such that, for any Sf (01) that satisfies 
Eq. (3.3), the right-hand sides of the inequalities 
(3.54), (3.56), (3.57), and (3.59) are all less than 
Z2. It will follow then that Eq. (3.5) holds. 

As usual, the cases I ~ I are considered first. It 
will be shown that, for a general v > I, a Z exists such 
that the right-hand side of Eq. (3.56) is less than 
Z2. Then it will be shown that v can be chosen 
sufficiently large to ensure that the right-hand side of 
Eq. (3.54) is also less than Z2. 

The first step, then, is to show that a Z exists such 
that 

where the left-hand side here is the square root of the 
right-hand side of Eq. (3.56). Upon using the defi
nition (3.20), and rearranging the terms, one finds 

feZ) == AZ3 + BZ2 
- Z + C < 0, (3.61) 

where 

A = 8(.1. - l)r, 
7T

2 
(3.62) 

(3.63) 

(3.64) 

Notice that A, B, C are positive. The question is 
whether a positive Z exists for which this cubic 
polynomial is negative. 

In Appendix B, it is shown that a sufficient condi
tion for feZ) to be negative for a range of positive Z 
values is 

C < 1 
4(B2 + 4A)! 

(3.65) 

or, in terms of the coefficients (3.62)-(3.64), 

1 
P < 22L+5(A _ 1)2L+!rv2[(q + t)2 (3.66) 

+ 2-(2L+1)(A _ 1)-(2L+!)V-2]' 

That is to say, the upper bound on the residues of the 
poles in the n equation must not be too large. This 
is the type of condition one might have expected. 

It is shown in Appendix B that when Eq. (3.65) is 
satisfied, thenf(Z) is negative for 

Z = 2(B2 ~ 4A)' (3.67) 

or, using Eqs. (3.62), (3.63), one finds 

Z = 7T/2LH(l _ 1)J.+~rlv[(q + !)2 

+ r(2L+1)(l _ 1)-(2L+i)v-2]!. (3.68) 

With this value for Z, and any v > I, it has been 
shown that Eq. (3.3) implies that the right-hand side 
of Eq. (3.56) is less than Z2. The next stage is to show 
that v can be chosen so that the right-hand side of Eq. 
(3.54) is also less than Z2, i.e., to show that 

612L(A - 1)L+l 

x _'11_ [(2r + B)P + (1T/r)(q + t)x + q] < Z. 
v-I 7T i-x 

(3.69) 

By comparing this with Eq. (3.60), one sees that this 
is accomplished by the following definition: 

6
1 

[(2r ) q] v - 1 == r' -; + B + P . (3.70) 

This value of v is inserted into Eqs. (3.66) and (3.68). 
Then it has been shown that 

IAf(w)1 < Z2 (3.71) 

for I ~ 01 ~ l, 1= 1,2, ... L. 
It remains to be shown that the S wave satisfies the 

same bound. The bound (3.59) can be seen to be less 



2290 DAVID ATKINSON 

than (3.56), term by term, if 

and if 

a + Po :$; [2(.1. - l)]Lp, 

qo :$; [2(.1. - l)]Lq, 

1 - 2i!x 
'110 = v . 

I-x 

(3.72) 

(3.73) 

In a similar way, it can be shown that the bound 
(3.57) is less than (3.54), if the following inequalities 
are satisfied: 

+ < 2L(A 1)L-1 '110 - 1 B + 2r/7T a Po _ - -- ! p, 
'11- 1 Bo + r2- + r7Tx/2 

qo + t :$; 2L(A - I)L-1:0 ~ : 

B + 2r/7T (1) 
X ! q+2' 

Bo + 3r2- - (4 - 7T/2)x 

(3.74) 

At this point, it is possible to check the inequality 
(3.53). 

Hence, it has been shown that Z, v, and '110 can be 
chosen such that, if the conditions (3.66), and the 
stronger of Eqs. (3.72) and (3.74) are satisfied, then 
II Af(w) II is bounded by Z2 for alii = 0, 1, ... L. 

4. CONTINUITY AND COMPACTNESS 

It has been shown in the previous section that if 
conditions (3.66), (3.72), (3.74) are satisfied, and if Z 
is given by Eqs. (3.68) and (3.70), then the operator 
() maps the set of functions (3.3) into the set (3.5). In 
this section, it will be shown that this mapping is 
continuous, and that the functions A{(w) constitute 
a compact set. 

To demonstrate the continuity, one has to show 
that, for any E > 0, there exists a 15 > 0 such that for 

all S[(w), stew), satisfying Eq. (3.3), for which 

IIS{(w) - S{Cw)11 < 15, (4.1) 
one has 

II()S{Cw) - ()Sf(w)II < E, (4.2) 
i.e., 

IIA{(w) - A{(w)1I < E. (4.3) 

It is therefore enough to show that a number P 
exists such that 

IIA{(w) - A{(w)II < P IIS{(w) - S{(w)11 (4.4) 

for arbitrary S[(w), Stew) satisfying Eq. (3.3); for 
then, given an E > 0, one need only choose 15 = E/P 
to ensure that Eq. (4.4) follows from Eq. (4.1). The 
cases I ~ 1 will be treated explicitly. 

From Eq. (2.20) one has, following a treatment 

analogous to that leading to Eq. (3.8), 

Io:{(w) - Ii {(w) I < 8 IIS{(w} - S{(w)ll. (4.5) 

Then, from Eq. (2.23), 

In[(w) - n{(w)1 

:$; Iv{(w) - v{(w)1 + Ih{(w) - h{(w)1 

+ 1 roo dw'p(w')r{(w') 1 F{(W'~ - F{(w) n{(w') 
7T J1 w - W 

_ t{(w') - P{(w) ~1( ')1 ' nz w . 
w - w 

(4.6) 

On using Eqs. (2.24)-(2.26), one finds 

Iwn{(w) - wn{(w) I < PI IIS{(w) - S{(w)ll, (4.7) 

where 

PI == 8(.1. - 1)[q +.! + rp/7T + (q + t)xJ(1 _ X)-I. 
7T 2 I-x 

(4.8) 

In a similar way, it follows from Eq. (3.33) after 
some algebra, that 

IE{(w) - t{(w) I :$; P2 IIS{(w) - S{(w)lI, (4.9) 

where 

(4.10) 

Lastly, one has 

[
2(.1. l)J 2l+! 

[A{(w) - A{(w)] = - p(w)r{(w) 
w-l 

x [n{(w)t{(w)]2 - [n{(w)E{Cw)]2 

[C{(w)C{(W)]2 ' 
(4.11) 

where 

C{(w) == {[E{(W)]2 + [p(w)r[(w)n{(w)]2}!, (4.12) 

and similarly for C[(w). The last factor in Eq. (4.11) 
can be written 

tent + nE)[(n + n)(t - E) + (t + E)(n - n)] 

[CC]2 

where arguments and indices have been omitted. Use 
is then made of the inequality 

I E{(w)/C{(w) I :$; 1, (4.13) 
so that one has 

IA{(w) - M(w)1 

:$; [2(.1. - 1)]2l+!(W + l)!r{(w)(w _ 1)-21 

~[n{(w) + n!(w)J{n{(w) +~n{(w) IEl(w) _ t'(W) I 
2 C{(w) C{(w) C{(w)C{Cw) z I 

[
_1 _1 J 1 ~1} + C{(w) + cl(w) Inz(w) - nz(w)l· (4.14) 
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In the interval 1 ~ w S WI' one sees that the 
bound (3.42) implies 

I(w - l)IC{(w)1 > 1 (4.15) 
v 

and similarly for (w - 1)1C[(W). Hence, in this 
interval one can absurb the factor (w - 1)-21 in Eq. 
(4.14) into the factors IjC{(w) and IjC{(w), at least 
two of which occur for each term. Hence, 

IA{(w) - A{(w)1 < Palnf(w) - ii{(w) I 

+ P4 IE{(w) - [{(w) I (4.16) 

for 1 ~ w ~ wI' where 

P
a 

= [20. _ 1)]21+i2!rv2 P + (7T/r)(q + l)x, 
1 - x 

P _ (- l)IP + (7T/r)(q + t)x p 
4- VWI- a' 

1-x 

Equations (4.7), (4.9), and (4.16) imply 
I - I -1'::'[ IAl(w) - A/(w)1 < (P1P4 + P2Pa) II'::'l(W) - '::'1 (w)11 

( 4.17) 

for 1 ~ w ~ WI' This is part of the demonstration of 
Eq. (4.4). It is necessary now to show a similar bound 
for the interval WI ~ w ~ A. 

In the interval WI S w ~ A, the factor (w - 1)-21 
in Eq. (4.14) is no longer an incipient source of 
difficulty, since it is finite. However, the inverses of the 
quantities C{(w), C[(w) are potential problems, since 
these inverses can, in general, become unbounded. 
A zero of C{(w) corresponds to a simultaneous zero 
of E{(w) and n{(w) [see Eq. (4.12)], that is to say, to 
an extinct bound stateY If such a coincidence occurs 
in the region WI ~ w S A, the proof of the continuity 
of the operator fJ breaks down. It will be shown that 
the COO poles p{(w) and q[(w) can be chosen in such 
a way that no extinct bound states occur in the physical 
region, so that 1C{(w)1 has a lower bound, whence the 
continuity of fJ can be deduced'. There will still be a 
continuum of possibilities for the COO parameters. 
In this section, it is shown that p[ (w) can be chosen so 
that n[(w) has no zeros in the physical region, so that 
In{(w)1 and, hence, I C{(w) I have lower bounds. It will 
then be possible to complete the existence proof for 
the amplitude A[(w). However, it will be shown in 
Sec. 5 that this is not sufficiently general to exclude 
ghosts (i.e., poles of A{(w) on the physical sheet) in all 
cases. In that section it will be shown that the zeros of 
E{ (w) and n[ (w) can be made to alternate in the 
physical region, in such a way that c{(w) always 
has a lower bound, and that A{(w) has no ghosts. 

11 D. Atkinson and M. B. Halpern, Phys. Rev. 149, 1133 (1966). 

For the present, it will be shown how p{(w) can be 
chosen so that n[ (w) has no zeros in the physical 
region. This will be of use in the more general treat
ment of Sec. 5. The integral Eq. (2.23) can be manip
ulated to give 

Iwn{(o) - wp{(w)1 

< x[~ (q + l) + a 7T xi] 
I' 2LH(A - I)L+4rv 

1 1 ~. 

7T{1 + x~/[2L+2(A - 1)L+4rv(q + l)]} 
< a • (4.18) 

22L+5(A - t)2LHv2(q + l)r 

The function wp{(w) is a rational function that can 
be written, in general, as the quotient of two vth
order polynomials. The roots of the denominator lie 
in the interval -1 < w < O. The roots of the numer
ator give the zeros of wp{(w). Hence, if p[(w) is 
chosen such that none of the zeros of mp{ (w) are in the 
physical region 1 ~ w < 00, then wp{(w) will have an 
invariable sign throughout the region, and so Iwpf(w)1 
will have a nonzero lower bound, say min Iwp[(w)l. 

6f 
Since v - 1 > ,i [see Eq. (3.70)], it follows that 

np 
qjp can be made so large that the right-hand side of 
Eg. (4.18) is smaller than min Iwp[(w)l. Then Eq. 
(4.18) implies that lom[(w)1 is always greater than the 
difference between min Iwp{(w)1 and the right-hand 
side. Let 1); be this lower bound for Iwn[(w)1 in 
1 ~ w < 00, for all J, I. Hence, Eg. (4.12) implies 

IC{(w)1 > p(w1)1); (4.19) 

for all wl ~ w ~ A, and similarly for C{(w). Hence, 
Eg. (4.14) gives 

IA{(w) - M(w)1 < P~ Inf«(lj) - n{(w)1 
+ P~ IE{(w) - E{(w) I (4.20) 

for WI ~ w ~ A, where 

P~ = [2~A - 1)]2l+~2r(W; _ l)I 
W l - 1 

X [ (
-) 1]-2 P + (7T/r)(q + l)x 

p W l 1)1 , 
1 - x 

P' _ [ (. -) 1]-1 P + (7Tjr)(q + §)x P' 
4 - P WI 1)/ a, 

1-x 
and so 

IA{(m) - A{«(v)I < (PIP~ + P2P~) IISi(w) - ~[(w)11 
(4.21 ) 

for WI S w S },. The reader who has persevered to 
this point can be safely left to supply a parallel proof 
for the S wave. 
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Inequalities (4.17) and (4.21) are equivalent to 
Eq. (4.4), if one defines 

P ==: max [P1P4 + P 2P3 , PIP~ + P2P~1. (4.22) 

With this definition, the continuity of e is proven. 

A. Compactness 

I t has been shown that e maps the set of functions 
that satisfy Eq. (3.3), say T, into itself. It is the purpose 
of this section to show that e actually maps T into a 
compact subset of itself, say T'. That is, if S{ (w) 
belongs to T, one must show that A{(w) belongs to 
T'. This can be done, according to Arzela's theorem, 
by showing that the functions AI(W) are equi-con
tinuous. These ideas are explained in Appendix A. 

To demonstrate the equi-continuity of A[(w), it is 
enough to show the equi-continuity of nf(w) and 
(w - l)IE{(w), since the denominator in Eq. (3.55), 
namely [(w - 1)lC{(w)]2, has a uniform lower bound 
in 1 ::;; w ::;; A. It is easy to show from Eq. (2.23) that 
nf(w) is equi-continuous, since each of the terms on 
the right-hand side is equi-continuous. For example, 
one can see that the kernel is equi-continuous as 
follows: Since ocf(w) is uniformly bounded for S;(w) 
in T, and since nf(w) is uniformly bounded, as· the 
work of Sec. 3 shows, and since the integral in Eq. 
(2.23) converges uniformly with respect to w, it 
follows that this integral is equi-continuous. In a 
similar way, it can be shown, from Eq. (3.33), that 
'(w - 1)IE{(w) is equi-continuous, if it is supposed 
that r{ (w) is such that 

!:. [00 dw'r{(w)p(w') 

Tr J1 (I)'(w' - w) 

is continuous with respect to (I). 
Thus, it has been shown that Af(w) is equi-con

tinuous for all ,¥- 0; and the reader may easily 
fabricate a similar proof for the S wave. Hence, e 
maps T into a compact subset of itself, and the 
Schauder fixed-point principle is accordingly appli
cable to the N/ D system. Under the restrictions on 
p[(w) and q[«(I) which have been specified, one can 
now assert the existence of a solution. However, in 
general there will be zeros of d{ (w) on the physical 
sheet of w. The purpose of the next section is to show 
that, by making somewhat more stringent require
ments on the COO pole parameters, one can ensure 
that all the zeros of d{ (w) are on unphysical sheets. 
This involves a generalization of the requirement that 
nf (w) has a constant sign in 1 ::;; w < 00; but the 
essential point, that (w - 1)IC[(W) has a uniform 
lower bound, is retained. 

5. CONDITIONS FOR THE 
ABSENCE OF GHOSTS 

In the previous sections, it has been shown that the 
crossing symmetric N/ D equations have solutions, if 
certain conditions are satisfied. The main result of 
~nterest is probably the fact that the COO ambiguity 
IS not resolved by the requirement of crossing sym
metry for the absorptive part. However, in general, a 
solution of an arbitrary N/D system will have ghosts; 
and so one might suggest that the COO ambiguity 
may be resolved, after all, if one takes into account 
the physical requirement that the D function has no 
zeros. Indeed, it is the case that a "strong" COO pole 
i~ often associated with a nearby ghost, so the tempta
tIOn to equate a ghost-free solution with the absence 
of COO po\'es is particularly strong. 

H is the purpose of this section to dispel that idea, 
and to show that some COO poles are consistent with 
the requirement of no ghosts. The physical reason for 
this is rather clear. If the COO pole is in, or near, 
the physical region, the associated zero of the D 
function can be displaced in a complex direction into 
the unphysical sheet. If the sign of the N function is 
correct, this zero wiIl correspond to a resonance. This 
is not merely an academic possibility. The p-meson 
?ccurs in the I = I, J = 1 state, and the fO-meson 
In. 1= 0, J = 2. Moreover, there is rather strong 
eVIdence12 now for a broad (J resonance in I = 0 
J = O. Any, or all of these states may be associated 
with a COO pole. There is even some circumstantial 
evidence that this is the case for the p-meson, as is 
discussed in the next section. 

There are several different ways in which one could 
define an N/ D system which is free from ghosts. The 
~ol~owing. demonstration will be a sketch only, since 
It IS not Intended to be part of the existence proof, 
and no attempt will be made to set up general condi
tions for the absence of ghosts. 

Equation (3.43) yields, by a sequence which parallels 
that leading to Eq. (3.48), 

!
E[(W) _ 1 _ q{(W)! 

(w - 1)1 

< (2r + B) P + (Tr/r)(q + t)x (5.1) 
Tr 1 - x 

for I¥- O. The rational function (w - 1)-1 + qI(w) 
can be written, in general, as the quotient of \wo 
(ft + 1- l)th-order polynomials, which will possess 
(ft + I - 1) zeros. F or large q[( (I), this rational 
function will be larger than the right-hand side of 

12 C. Lovelace, R. M. Heinz, and A. Donnachie, Phys. Letters 22 
332 (1966). ' 
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aHowed CIrcles for zeros of d~(w) 

/!~ 
-------.~-----r---

I wi 
I 
I 
I 
I 

Gi '" 8 '" (i)~.
'.' ~"'-/ // 
allowed intervals for zeros of n~(w) I 

I 
I 
I 
I 

FIG. I. Interleaving zeros of n{)w) and E{(w). X = Zero of n{(w), 
0= Zero of E{(w), 0 = Zero of d{(w) (on the unphysical sheet). 

Eq. (5.1), except in a finite, calculable circle sur
rounding each of the (ft + 1- 1) zeros mentioned 
above. Within each circle there will be, somewhere, 
a zero of E{(w), corresponding to the zero of 
(w - 1)-z + q[ (w) at its center. The object is to show 
that the zero can be displaced from the center of the 
circle onto the unphysical sheet. Suppose that q[( w) is 
chosen so that all the zeros of (w - 1 )-Z + q[ (w) lie 
along the physical region 1 S w S 00. Moreover, 
suppose that these zeros are sufficiently separated that 
the circles, centered about each one of them, within 
which a zero of Ef(w) lies, do not overlap. Then, 
IE{(w)1 has a lower bound outside the union of all 
these circles. 

Suppose that Wo is a typical (real) zero of E{(w). 
Then, drew) can be expanded about w = Wo to give 

drew) ~ -ir{(wo)p(wo)n[(wo) + (w - wo) 

x {E{'(wo} - i[r{(wo)p(wo)n[(wo)]'} (5.2) 

for w ~ woo Hence, drew) = 0 for 

irf( wo)p( wo)nf (wo) 
w - Wo ~ I' I I' (5.3) 

Ez (wo) - i[rz(wo)p(wo)nz(wo)]' 

Hence, the imaginary part of this is 
I I I' 

rz(wo)p(wo)nz(wo)Ez (wo) (54) 
1m w ~ I' 2 I I 2 • • 

[Ez (wo)] + ([rz(wo)p(wo)nz(wo»)'} 

If nI(wo) and E['(wo) have opposite signs, then Imw 
is negative, and the zero of drew) is on the unphysical 
sheet. Since E[(w) has a succession of simple zeros at 
each of the points wo, it follows that the sign of 
E{'(w) alternates from one zero of Ef(w) to the next. 
Hence, it must be shown that p[(w), the inhomoge
neous term in the n equation, can be chosen in such 
a way that n[(w) alternates in sign between the zeros 
of E{(w), so that n[(wo)E{'(wo) can be made always 
negative. It must be shown, therefore, that n[(w) can 
be forced to have real zeros that interleave those of 
E{(w). 

It has already been noted that q can be made 
sufficiently large to ensure that the right-hand side of 
Eq. (4.22) is smaller than wp[(w), except in the imme
diate vicinity of one of the v zeros of this rational 
function. Suppose that wp[(w) is chosen so that its 
zeros lie in the physical region, in such a way that they 
interleave the zeros of (w - 1)-z + q[ (w). For this 
to be possible, it must be supposed that (w - l)-Z + 
q[(w) , when written out as a rational fraction, has a 
numerator of order not greater than (v + 1), rather 
than the maximum of (flo + 1- 1). This can certainly 
be done. While this means that the centrifugal term 
(w - l)-Z imposes a restriction on the COO pole 
residues, it is equally clear that it does not determine 
them. Suppose, more particularly, that the zeros of 
wpf (w) are made to lie in those intervals of the real 
axis where no zeros of E[(w) may lie. Around each 
zero of wp{(w), one may specify an interval within 
which a (real) zero of nf(w) must lie. By making q 
large enough, one can ensure that this interval is so 
small that none of the intervals in which nf (w) has a 
zero overlap any of the intervals in which Ef (w) has a 
zero. Hence, the zeros of n[(w) and E{(w) alternate, 
and so all the zeros of d{ (w) can be made to lie on the 
unphysical sheet. This sketch may be made more 
transparent by a reference to Fig. 1. 

It is clear that the function Cr(w), defined in Eq. 
(4.12), has a uniform lower bound throughout 
Wz S w < 00, since the zeros of nf(w) and E{(w) lie 
in mutually exclusive intervals. Hence, the continuity 
and compactness proofs of Sec. 4 are not disrupted. 

6. CONCLUSION 

In this paper it has been shown that, under certain 
conditions, the crossing-symmetric N/ D equations 
have solutions. These conditions may be summarized 
by saying that the inhomogeneous terms in the 
amplitude (the N-pole terms divided by the D-pole 
terms) must not be too large. In the special case that 
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there are no inhomogeneities in the N equation, the 
trivial (identically zero) amplitude satisfies the N/ D 
equations. As the inhomogeneity is perturbed away 
from zero, so the solution is perturbed away from 
zero. However, in general the phase shift will not be 
identically zero in the trivial case. It will be zero, 
modulo TT, and will suffer a discontinuity of TT at each 
zero of the D function, if any such occur in the 
physical region. As the N function discontinuities are 
increased from zero, these abrupt changes by TT are 
replaced by continuous, resonant phase shifts. 

No attempt has been made in this paper to find the 
largest bounds under which the existence proof will 
work. In particular, the bound (3.6), in which all the 
cancellations caused by the oscillations of 

P!(I _ 2 w' + I) 
(1)+1 

in Eq. (2.20) have been ignored, is particularly poor. 
There can be no doubt that a more detailed account 
of this cancellation would relax considerably the 
permitted bounds on the inhomogeneities. Presumably, 
certain maximal bounds exist, below which the 
existence of a solution would be provable. 

There is already considerable evidence13 . 14 that 
bootstrap models of the p-meson do not succeed in 
producing a sufficiently narrow resonance. On the 
other hand, an SU(6) model of meson-meson scat
tering15 suggests that a one-channel COO pole should 
be included in the P-wave of the TTTT amplitude. It is 
clear that such a COO pole would permit a much 
narrower p resonance (although of course the p 

parameters would only be calculable in terms of the 
COD pole residues). On the other hand, it might be 
that a COD solution would not permit a sufficiently 
broad p resonance, before a ghost manifested itself in 
one of the other partial waves, perhaps the I = 0 
S wave. If, following the work of Lovelace et al.,12 
one accepts the existence of a a-meson, it may be that 
this state is engendered by the exchange of a COD 
p-meson. This is, of course, a picturesque, "bootstrap" 
manner of expression. What is really meant is that 
perhaps the a-meson will be produced in a crossing
symmetric TTTT system in which there is no COD pole 
in the S waves, but one in the P wave. The left-hand 
cut in the I = 0, I = 0 equation will be affected by the 
presence of the COD pole in the P wave. It may be 
that an upper limit on the COD pole strength, and so 
on the p-meson width, would be imposed by the 

13 J. R. Fulco, G. L. Shaw, and D. Y. Wong, Phys. Rev. 137, 
BI242 (1965). 

H F. Zachariasen and C. Zemach, Phys. Rev. 128,849 (1962). 
,. D. Atkinson and M. B. Halpern, Phys. Rev. 150, 1377 (1966). 

requirement that the a-meson pole should not encroach 
upon the physical sheet. It is not clear whether a 
COD pole would be necessary in the J = 2, 1= 0 
wave, to account for the fO-meson. 

The speculative considerations of the previous 
paragraph are in part inspired by a series of papers by 
Shirkov et al.,16,17 who examined COD branches of 
the so-called differential approximation of the TTTT 

equations. The general finding is that the p width 
cannot be made large enough, although the a-meson 
can be incorporated naturally. It is expected that an 
existence proof could be constructed for the Shirkov 
equations, and it is hoped to do this in a future work. 

However, it is rather obvious today that a satisfying 
solution of the TTTT problem cannot be given solely in 
terms of the N/D equations. In particular, it is not 
clear that the requirement of crossing for the real 
part of the amplitude would not materially reduce, 
remove, or even overdetermine the COD ambiguity. 
Hence a treatment of the Mandelstam generalized 
unitarity equations18 seems imperative, with, pre
sumably, an explicit or implicit projection of the 
leading complex angular momentum singularities. 
The difficulties in the way of such an application ofthe 
fixed-point theorem are legion, but their mastering 
would probably yield very interesting information 
concerning the permitted forms of the "strip cutoff 
function," 19 which is a manifestation of the other 
channels to which the TTTT channel is coupled, through 
unitarity. 
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APPENDIX A 

Some fundamental ideas of functional analysis are 
explained in this Appendix. The definitions and theo
rems are not given in their most general forms, but 
only in sufficient generality for the text of this paper. 

Let Sew) be a function belonging to a Banach space 
B, and let 0 be an operator mapping B into itself. 
Define 

A(w) = OS(w). (AI) 

Let T be the set of all functions S( w) for which 

(A2) 

where the left-hand side of Eq. (A2) is the norm of 

16 A. V. Efremov, D. V. Shirkov, and H. Y. Tzu, Zh. Eksperim. i 
Teor. Fiz. 41, 603 (1961), and Sci. Sinica 10, 812 (1961). 

" V. V. Serebriakov and D. V. Shirkov, Zh. Eksperim. i Teor. Fiz. 
42,610 (1962) [English trans!.: Soviet Phys.-JETP 15, 425 (1962)]. 

18 S. Mandelstam, Phys. Rev. 112, 1344 (1958). 
19 N. F. Bali, G. F. Chew, and S-Y. Chu, Phys. Rev. 150, 1352 

(1966). 
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Sew), defined in B, and Z is some number. Suppose 
that () is such that Eqs. (AI) and (A2) imply 

IIA(w)11 ~ Z2 (A3) 

for some Z. Then () is a bounded operator mapping 
T into some subset of itself, say T'. 

The operator () is said to be continuous for the 
mapping T ---+ T', if, for any 10 > 0, there exists a 
o > 0 such that ... 

IIS(w) - S(w)11 < b (A4) 
implies ... 

II()S(w) - ()S(w)11 < 10, (AS) 
... 

where Sand E belong to T. Boundedness implies 
continuity for a linear operator, but not, in general, 
for a nonlinear operator. 

A set in a Banach space, say T', is compact if every 
infinite sequence of points belonging to T' contains at 
least one subsequence that converges to some point 
of T'. 

The Fixed-Point Principle of Schauder 

If () maps T continuously into a compact subset T' 
of T, then at least one "point" S of T exists for 
which 

E(w) = ()S(w). (A6) 

Sections 3 and 4 are concerned with the application 
of this theorem to the crossing-symmetric N/ D equa
tions. The norm that defines the space B is given in Eq. 
(3.2). In Sec. 3, it is shown that a set Texists such that, 
if () maps T into T', then T'is contained in T. In Sec. 
4, it is first shown that the operator ()( T ---+ T') is 
continuous. Then it is shown that T' is compact, so 
that the Schauder principle applies. Hence, a solution 
of the crossing-symmetric equation (A6) exists. 

The proof of continuity is a direct application of the 
definition Eqs. (A4)-(AS). The compactness of T' 
is shown by using the following principle: 

Arzela's Theorem: The set T' of functions A(w), 
defined on 1 ~ w ~ A, is compact ifthefunctions A(w) 
are uniformly bounded and equi-continuous in 
I ~ w ~ A. 

The uniform boundedness follows from the work 
of Sec. 3. The functions A(w) are said to be equi
continuous if, for any 10 > 0, there exists a 0 > 0, 
such that 

(A7) 

for all Wi' W2 in the closed interval [1, A], for which 

IWl - w21 < 0 (AS) 

and for all A(w) in T'. It is this specification of 
uniformity with respect to A that constitutes the 
difference between continuity and equi-continuity. 

APPENDIX B 

Suppose that the coefficients A, B, C, are positive, 
then it is required to find a sufficient condition such 
that the polynomial 

feZ) == AZ3 + BZ2 - Z + C (B I) 

has two real, positive roots. 
Consider the quadratic 

g(Z) == AZ2 + BZ - 1 . (B2) 

This has one positive root at Z = Zl, given by 

2 
(B3) = 1· 

(B2 + 4A)2 + B 

Moreover, g(O) = -1. It follows that Zg(Z) is 
negative between Z = 0 and Z = Zl (see Fig. 2). 
Hence, feZ) will have two real, positive roots if C is 
less than the maximum value of IZg(Z)I. This condi
tion will be expressed in a strengthened form, for 
simplicity. 

Let 

Z' - 1 < Z 
1-(B2 +4A)! l' 

(B4) 

Since the chord (0, -1) to (Zl' 0) lies wholly inside the 
parabola, it follows a fortiori that the line segment 
(0, -1) to (Z~, 0) lies inside it (see Fig. 2). The 
midpoint of this segment is (Zo, -1), where 

Z - .lZ' _ 1 
o - 2 1 - 2(B2 + 4A)! . (BS) 

Hence, 

(B6) 
and 

fez ) < c _ 1 (B7) 
o 4(B2 + 4A)! . 

FIG. 2. Cubic polynomial for the N/D system. 
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Hence, a sufficient condition for two positive roots is 

C < 4(B2 ~ 4A)! . (B8) 

When this condition is satisfied,f(Zo) will be negative. 

APPENDIX C 

The generating series for the Legendre polynomials 

i WZPz(x) = (1 - 2xw + w2r! (CI) 
I~O 

certainly converges absolutely and uniformly with 
respect to x, if x and ware real numbers satisfying 

x;;::: 1, 

0< w < 1 . (C2) 
- x + (x2 + l)! 

Hence, 

z~ (21 + 1) {Xl dx(x + 1)-<2z+i)pz(x) 

(00 [(x + 1)4 - 1] dx 

= J1 (x + l)![(x + J)2(X2 + 1) + 1]~' (C3) 

where the interchange in order of sum and integral 
is permissible. It can be shown that this integral is 
less than i. Hence, 

Z~(21 + 1) ioodX(X + 1)-(21+i)pz(x) < i (C4) 

for any L. 


