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JOURNAL OF MATHEMATICAL PHYSICS VOLUME 9, NUMBER 11 NOVEMBER 1968 

Narrow Resonance Saturation of Sum Rules: A Nonuniqueness Theorem 

D. ATKINSON* 
Istituto di Fisica dell' Universita, Roma 

(Received 30 January 1968) 

It is shown that, !f th~ superconvergence relations appertaining to a two-particle scattering process 
are saturated by an mfiDlte tower of resonances of mass mJ, where J is the spin, then mJ must increase 
less quickly than.J in all cases. With this observation, it is shown that the complex of all the super
convergence relatIOns for. all the processes a,v,) :+- a(J2) --+ .a(J.) + a(J.), where a(J) is the spin-J member 
of the same tower of particles, possesses an mfiDlty of solutIOns for the coupling constants. It is concluded 
th~t t.he su,Perconvergence relations are incomplete, and need to be supplemented by some new physical 
pnnclple, If th.ey are to be of any practical use. A possible exception to this rule is when all but a finite 
num?er of resl?ues are co?strained .to be positive, with no negative coefficient from the isospin crossing 
matnces. In thiS case, a gIVen solutIOn may be unique if mJ increases not more quickly than Jt. 

1. INTRODUCTION 

The use of superconvergent sum rules for two
particle scattering amplitudes has been attended by a 
certain number of practical successes. l The super
convergence relations are generally evaluated by 
inserting only the resonance contributions, and these 
often in the "15 function approximation." The advan
tage is that simple relations between coupling constants 
can be obtained and these sometimes agree with 
experiment. 2 However, there are cases where dis
agreement has been found3 and the reason for this 
may be sought at different levels. The simplest possi
bility is that an insufficient number of states has been 
added to the sum rule to "saturate" it; the hope may 
be entertained that the disagreement will disappear 
if a few more states are included. Indeed, a given 
superconvergence relation can always be saved by 
adding a few high-mass states whose couplings to the 
external particles are unknown experimentally. 

On the other hand, for a given superconvergent 
system, there exists in general an infinite number of 
sum rules; and the addition of higher states should be 
such as to be at least approximately consistent with 
this infinity of equations. Some interest has been 
evinced lately in such infinite systems with, corre
spondingly, an infinite number of saturating states.4 

Interest may center on the algebraic structure of any 
solution,5 if such exists, or may concentrate rather 

• Present address: Rutherford High Energy Laboratory, Didcot, 
Berks., England. 

1 M. Gell-Mann, Phys. Rev. 125, 1067 (1962). 
• S~ Fubini, G. Furlan, and C. Rossetti, Nuovo Cimento 40A, 

1171 (1965). 
• M. B. Halpern, Phys. Rev. 160, 1441 (1967). 
4 K. Bardakci, M. B. Halpern, and G. Segre, "Perturbative 

Approach to Superconvergence Relations and Current Algebra," 
Berkeley Preprint, 1967; M. Gell-Mann, D. Horn, and J. Weyers, 
"Representation of Current Algebra at Infinite Momentum: 
Solution of the Case in which Isotopic Spin Factors Out," Cali
fornia Institute of Technology Preprint, 1967. 

5 K. Bardakci and G. Segre, Phys. Rev. 159, 1263 (1967). 

upon finding a particular solution.4 In this latter case, 
the question of uniqueness is important. It has 
recently been shown6 that, if the saturating states have 
a mass spectrum that increases less rapidly than the 
spin, then the superconvergence relations for spinless 
external particles or for pseudoscalar-vector scattering 
yield equations between the couplings that have an 
infinite number of solutions. This suggests that the 
superconvergence relations, at least in the one
particle Q-function approximation, may be empty, 
since the class of solutions is very wide. 

The hope remained that, when all the superconver
gence relations corresponding to all possible external 
particles are taken into account, there may be a 
unique solution, or at least a small number of solu
tions. The purpose of this paper is to investigate this 
complete system of superconvergence relations; the 
result is to dash the hope: the infinite set of super
convergence relations still has aninfinity of solutions 
for the couplings in most cases. 

In greater detail, the model examirred in this 
paper is that of an infinite tower of particles char
acterized by a mass spectrum mJ that increases 
indefinitely with the spin J. Let al, a2, a3, a4 be the 
spin Sl, S2, S3, S4 members of this tower. Then the 
superconvergence relations for the scattering al + 
a2 ->- a3 + a4 are considered in the approximation of 
saturation by the same infinite tower of resonances. 
All the relations, corresponding to all possible 
external particles a l , a2, a3, a4, are considered 
together as one complicated set of simultaneous 
quadratic equations for the couplings. 

In Sec. 2, the detailed structure of the super
convergence relations for general external spins is 
given. These relations are saturated by the tower of 

• D. Atkinson and M. B. Halpern, "Construction of Solutions to 
Superconvergence Relations," Berkeley Preprint, 1967. 
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resonances-and it is shown that this leads to a set 
of equations for the coupling constants, each equation 
involving an infinite series which must sum to zero 
identically for a continuum of values of the momentum 
transfer. However, it is a physical requirement that 
the superconvergence relation should not hold for 
arbitrarily large (spacelike) momentum transfers, and 
this is interpreted as meaning that the infinite series 
over coupling constants must diverge for sufficiently 
large momentum transfers. However, this can only 
happen if the mass spectrum mJ increases less quickly 
than J, as is shown in Appendix E. Under these 
conditions, it is shown in Sec. 3 that for given 
external spins, an infinite number of solutions can be 
found for the couplings, in general. The proof relies 
on a theorem of P6lya, which is given in Appendix A. 
In Sec. 4, it is shown that, because of the extreme 
nonuniqueness of the solution for given external 
spins, it is possible to order the infinite set of sets of 
equations, corresponding to all the different external 
spins possible, in such a way that one can find solu
tions of each set of equations which are consistent 
with all the other set of equations. 

The proof up to this point takes no account of 
any constraint of positivity which may occur, since, in 
some equations, some couplings occur as their squares, 
which must be positive or zero. However, there are 
cases where these squares of coupling constants are 
multiplied by positive isospin crossing-matrix elements, 
and where they always occur in conjunction with 
other squares of coupling constants, which are 
multiplied by negative crossing-matrix elements, in 
such a way that the whole term may be positive or 
negative. To these cases the proof applies without 
modification. In Sec. 5, it is shown that if there are 
sign restrictions on some terms, but in such a way 
that there should be an infinite number of positive 
and an infinite number of negative terms, then if 
there exists one solution of the system, there exists an 
infinite number of solutions. In Sec. 6, it is shown that 
this weakened theorem can even be extended to the 
case where every term is required to be positive, but 
in this case only if mJ increases more quickly than 
J!. 

If the members of the tower are imagined to lie on a 
Regge trajectory !X(t), then the results may be re
phrased: In order that the superconvergence relation 
should not hold for arbitrary momentum transfer, 
!X(t) must increase more rapidly than t!. If !X(t) 
increases more rapidly than t! but less rapidly than t, 
then it has been shown in all cases that any solution of 
the complex of superconvergence relations cannot be 
unique. Except in the case of all positive terms, this 

restriction to a trajectory that increases less quickly 
than linearly need not be made. 

It would appear, then, that attempts at finding 
global solutions to superconvergence relations must 
be abandoned, unless these can be supplemented by 
new physical requirements that pick out one from the 
infinity of solutions. However, in this latter case, it 
would seem that the brunt of the restriction must fall 
on these new requirements, since the superconvergence 
relations are permissive to the point of vacuity. Indeed, 
one can adopt the view that, in passing from a 
crossing-symmetric dispersion relation to a super
convergence relation, one has completely lost contact 
with the physical solution. 

A possible exception to these negative considera
tions is provided if one takes seriously the failure of 
the proof in the case that !X(t) increases linearly (or 
faster) in t, and all the residues in some superconver
gence relation are constrained to be positive. In this 
domain the possibility of a unique solution remains 
open. Indeed, the fact that a linear Regge trajectory 
is picked out as the slowest rate of increase that is 
compatible with the possibility of a unique solution is, 
perhaps, of some interest. 

2. SUPERCONVERGENCE RELATION FOR 
GENERAL SPINS 

It is the purpose of this section to set out the 
superconvergence relations that exist for a general 
scattering a1 + a2 --+ a3 + a4 , where the particle ap 

has spin sP' P = 1, 2, 3, 4.7 For definiteness, the 
particles may be supposed to lie on some Regge 
trajectory, although this is not necessary to the proof. 
It will be convenient to consider the ensemble of all 
possible two-particles to two-particle scattering within 
this Regge family. Let 

be a helicity amplitude for the reaction 

(2.2) 

where s is the invariant square of the energy, t is the 
invariant square of the momentum transfer, and 
Ap , P = 1, 2, 3, 4 are the helicities. For a fixed value 
of s, the amplitude (2.1) has, in general, certain zeros 
and singularities, in the complex t plane, of a purely 
kinematical nature, which may be removed by dividing 
by the factor 

[cos (8s/2)]IA'Hfl . [sin (8s/2)]ll,-lfl, (2.3) 

7 T.L. Trueman and G.C.Wick, Ann Phys. (N.Y.) 26,322 (1964); 
T. L. Trueman, Phys. Rev. Letters 17, 1198 (1966); L. L. Wang, 
Phys. Rev. 142, 1187 (1966). 
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where 
(2.4) 

and where 

cos () = 2st + S2 - SM2 + (m~ - m~)(m~ - m:) 

s {[s - (m1 + m2)2][s - (m1 - m2)2][s - (ma + m4)2][s - (ma - m4)2])!' 
(2.5) 

Here mp is the mass of particle ap , p = 1, 2, 3, 4, and 

M2 = m~ +m~ + m; + m~. (2.6) 

In the unphysical region of reaction (2.2) s R:! 0, 
t -- 00, one expects the asymptotic behavior 

f(s, t; A)""'" ta!s), (2.7) 

where ~(s) is identified as the location of the right-most 
singularity in the angular momentum plane associated 
with the partial-wave helicity amplitude. Now the 
kinematical factor (2.3) has the asymptotic behavior 
(1--00) 

t1A,H/1/2 . t IA,-AII/2. (2.8) 

This may be written t a , where 

(J == max [iAl - A21, IAa - A41]. (2.9) 

Collecting these results, one sees that the following 
amplitude is free from kinematical singularities: 

[cos «()s/2W IA,H/I . [sin «()s/2)]-IA,-AII. f(s, t; A), (2.10) 

and that it has the asymptotic behavior ta(s)-a for fixed 
sand t -- 00. Particular interest attaches to the cases 
where 

(J > ~(s) + 1 (2.11) 

for the same range of s values including s = O. By 
the Froissart theorem, one has ~(O) ~ 1, and in some 
cases, where no particle with the quantum numbers of 
the channel (2.2) exists, it may be the case that ~(O) 
is much less than unity. However, in such a case the 
leading singularity may not be a pole, but a many
particle angular-momentum branch point. Neverthe
less, in a reaction involving high spins, either in the 
initial or in the final states (or both), it will generally 
be possible to find some helicity amplitudes for which 
the maximum helicity flip (J is so large that (2.11) is 
satisfied. For such a choice of helicities, one may 
apply the Cauchy theorem to the amplitude (2.10) 
in the complex t plane at fixed s: 

fr dt[cos «()./2)]-I AiH/I . [sin «()./2)]-I Ai-A/I • f(s, t; A), 

(2.12) 

where the contour r is shown in Fig. 1. The right-hand 
cut comes from the t channel, 

(2.13) 

and the branch point 10 is given by 

to = [lowest two-particle threshold in I channel]. 

(2.14) 
The left-hand cut comes from the u channel, 

iia + a2 -- iiI + a4, 

and the branch point Uo is 

(2.15) 

Uo = M2 - S - [lowest two-particle threshold in 

u channel]. (2.16) 

In some cases it is possible that Uo is larger than to, so 
that the cuts overlap, but this alters none of the 
arguments. In writing Eq. (2.12), it was assumed that 
there were no bound states. If these do contribute to a 
particular amplitude, the right-hand side of Eq. (2.12) 
will be the sum of the residues of all these bound-state 
poles. The subsequent proof is scarcely altered, and 
all the results apply. 

The condition (2.11) implies that the integrand of 
(2.12) decreases more rapidly than t-1-< for some 
€ > 0, so that the contour r may be deformed to 
infinity, and the only remaining contributions are the 
integrals of absorptive parts over the I and u cuts. It 
will be convenient to concentrate attention first upon 
the contribution from the t cut, viz., 

r <Xl dt 1m {[cos «()./2)tIA,Htl 
Jto 

X [sin «()s/2)]-IA,-AII . f(s, t; A)}. (2.17) 

With s R:! 0, the integrand is in an unphysical region 
for reaction (2.2), but a physical (or mainly physical) 
region for reaction (2.13). Thus it is necessary to use 
the helicity crossing matrices to express the s-channel 
amplitudes in terms of the I-channel amplitudes. Let 

F(s, t; !-la, !-ll; !-l4, !-l2) == F(s, t;!-l) (2.18) 

be a helicity amplitude for the reaction (2.13). Here t 
is the invariant energy square, s is the square of the 

FIG. 1. Contour of 
integration for super
convergence relation. 
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momentum transfer, and f-l'P' P = 1,2,3,4, are the 
helicities. The connection between (2.18) and (2.1) is 

l(s, t; A) = f3 I K(s, t; A; f-l)F(s, t; f-l). (2.19) 

all possible t-channel helicities, f-l1' f-l2' f-la, f-l4' and K 
is the helicity crossing matrix, viz., 

4 

K(s, t; A; f-l) = II d~~,;..cX'P)' (2.20) 
'P~1 

Here f3 is the isospin crossing matrix, the sum is over where 

with 

[~~l ~ [~ 
1 0 

~l[~} 0 0 

0 0 

0 1 

[fJ ~ [~ 
0 

m~J 0 0 

0 0 

0 

and where d~,;. is the standard representation of the 
rotation group, which can be written 

dB ( ) = [(S + a)! (s - a)!r [cos ( /2)]P.+/l1 
/l,J. X (+)' ( _ )' X ST. ST. 

X [sin (X/2)]I;'-/l1 . pl~-;;/l','H/l'(cos X), (2.22) 

where 
a = max (1.1.1, If-ll), 

T = min (1.1.1, If-ll), 

and P,:/(x) is the Jacobi polynomial defined by 

pa/(x) = 2-J f (J + IX) (J + (3) 
m~O m J-m 

(2.21) 

X (x - l)J-m(x + l)m. (2.23) 

The t channel amplitude F(s, t; f-l) can be expanded 
in partial waves: 

F(s, t; f-l) = I (2J + l)d~'/l,(et)F At; f-l), (2.24) 
J 

where 
(2.25) 

where FJ(t; f-l) is a partial-wave amplitude, and where 

2st + t2 - tM2 + (m~ - m~)(m; - mi) 
(2.26) 

For the sake of simplicity, it will be supposed that 
there is just one resonance in each partial-wave 
amplitude FAt; f-l), namely, the spin-J member of the 
same Regge family to which the external particles 
belong. (For simplicity, no account will be taken of 
the fact that a given Regge family only contributes to 
alternate partial waves. This point can be allowed for 
very easily.) However, it is easy to extend the treatment 
to the case of more than one resonance in each wave. 
Moreover, any particular resonance may be suppressed 
by letting its coupling to the external particles tend to 
zero. The contribution of the graph of Fig. 2 to the 
partial-wave helicity amplitude may be written 

y(S2' S4' J)y(Sl' Sa, J)C(t;f-l; J)/(m~ - t), (2.27) 

where yea, b, c) is the coupling at the vertex formed 
by the particles of spin a, b, c and where C(t; f-l; J) 
is a kinematical factor that depends on the helicities, 
f-l1' f-l2' f-la, f-l4' Lastly, mJ is the mass ofthe resonance, 
i.e., the mass of the spin-J particle. This mass, is, 

strictly speaking, complex, but the "t5-function 
approximation" consists in writing the imaginary 
part of (2.27) as 

7Ty(S2' S4' J)y(Sl' Sa, J)C(f-l; J)t5(t - m~), (2.28) 

where mJ is now the real mass, and where C(f-l; J) == 
C(m~ ; f-l; J). This is the only contribution to the 
superconvergence relation that is retained. 

In general, of course, there can be more than one 
coupling constant at a vertex (a, b, c), say, and these 

i 
t 

FIG. 2. Exchange of spin-J particle in 
t channel. 
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FIG. 3. Exchange of spin-J particle in 
u channel. 

couplings will contribute with different kinematical 
factors to the different helicity amplitudes. However, 
it is not the case that there are as many couplings as 
there are helicity states of the external particles. 
Indeed, in some cases there will be no possible 
couplings, if only zeroth and first derivatives of the 
field operators are allowed in the Lagrangian. In this 
paper, it is proposed to show that there exist an 
infinite number of solutions to the superconvergence 
relations for the nonzero couplings. For thi&. purpose 
it will be sufficient to select a vertex (a, b, c) for which 
at least one coupling is possible, and to set all the 
coupling constants except one to zero. It will be shown 
that an infinite number of solutions exists even with 
this severe constraint. It is to be expected that there 
are eyen more solutions when this artificial require
ment is removed. 

The t contribution to the superconvergence relation, 
Eq. (2.17), reads 

f3 I (2J + 1) I [cos (Os/2)]-I).i+Atl[sin (Os/2)]-I).;-).tl 
J /l 

X K(s, t; A; fl) . d~'/l/Ot)Y(S2' S4' J) 

X Y(SI' S3' J)C(fl; J)/t=mJ" (2.2~) 
There is a similar contribution from the u channel 
(i.e., the left-hand cut in the complex t plane, at fixed 
s), viz., 

y I (2J + 1) I [cos (Os/2)]-I).'+).fl[sin (0s/2)]-I).'-'\tl 
J v 

x K(s, u; A; v)d~,v/Ou)y(S2' S3,]) 

X Y(SI, S4 ,])C( v; J)/u=mJ" (2.30) 

where VI' v2 , V3 , V4 are the helicities in the u channel 
and 0 u is the same function of sand u == M2 - S - t 

as Ot is of sand t [Eq. (2.26)]. Here y is the isospin 
crossing matrix from the s to the u channel. 

For those combinations of AI' A2 , A3 , A4 for which 
the superconvergence condition (2.11) holds, the sum 
of the two contributions (2.29) and (2.30) is zero. 
Notice first that the relation may only hold for some 
of the possible isospin states in the s channel, since 
a(s) certainly depends on the isospin. Secondly, some 

of the relations may be trivial, due to cancellation of 
the t and u contributions. This occurs, for instance, 
if all four external particles are the same scalar, 
isoscalar boson, and in many other cases also. In 
other cases, the t and u channels are identical, but add 
constructively, as in the s-channel isospin-zero super
convergence relation for the elastic scattering of 
identical scalar, isospinor bosons. 

These detailed considerations are not of immediate 
concern. It is the present purpose to consider all the 
nontrivial superconvergence relations for given exter
nal particles aI, a2, a3, a4. In general, there will be a 
set of relations between the coupling constants 

Y(S2' S4' J), Y(SI' S3, J), Y(S2' S3' J), Y(SI' S4, J), 

for all physical J, corresponding to the various 
superconvergent combinations of s-channel helicities 
and isospin. Some of these couplings may be the same, 
if some of the external particles are identical; and 
some couplings will certainly be the same, if the 
internal particles belong to the same family as the 
external particles, for example, 

Y(S2' S4' J) = y(J, S4' S2), 

and these equalities must be taken into account. 
The superconvergence relation, for a given s

channel isospin I and given helicities A may be 
written 

I {I AAs; A; fl)g~ + I BJ(s; A; V)h j } = 0, (2.31) 
J /l v 

where 

AAs; A; fl) == [cos Os/2rl)';+Atl[sin 0s/2rl).;-).tl 

x K(s, t; A; fl)C(fl, J)d~'l'lOt)/t=m}' (2.32) 

BAs; A; v) == [cos Osf2]-I).i+Atl[sin Os/2]-I).;-)./1 

X K(s, u; A; v)C(v, J)d~,v!(Ou)/u=m/' (2.33) 

I - '" f3 (2J + 1) 1'( ) 1'( ) gJ = £., 1,1' Y S2' S4' J Y SI' Sa , J, (2.34) 
I' 

h~ == I YI,1'(2J + l)yI'(S2' S3' J)y1'(SI' S4' J). (2.35) 
I' 

The superconvergence relation is assumed to hold in 
some neighborhood of s = 0, so that Eq. (2.31) is 
equivalent to an infinite number of equations for the 
quantities g5 and h5 . 

It is convenient to set to zero separately the t
channel and u-channel contributions, when these are 
distinct. Thus 

I g~ I AAs; A; fl) = 0, (2.36) 
J /l 

I h~ I BAs; A; v) = O. (2.37) 
J v 
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This is not necessary, but it will simplify the ensuing 
algebra. The fact that it is possible to find solutions 
of Eqs. (2.36) and (2.37) indicates how very far the 
equation (2.31) is from possessing a unique solution. 
It will in fact only be necessary to consider Eq. (2.36) 
for all possible external spins Sl' S2' Sa, S4' since this 
will then entail all Eqs. (2.37). 

It is necessary now to convert Eq. (2.36), which is 
valid for a continuum of values of s, into a discrete 
infinity of equations. This can be done by expanding 
LI' AAs; Il; fl) about a point S = So, at which it is 
analytic, in a Taylor series, say 

00 

L AAs; Il; fl) = L An.J(Il)(s - so)n. (2.38) 
I' n=O 

Thus Eq. (2.36) may be written 

<Xi 

L (s - sot L g~An.AIl) = 0. (2.39) 
n=O J 

Since this series converges uniformly for Is - sol 
small enough, it follows that each coefficient of 
(s - so) must vanish independently, i.e., 

L g~An.AIl) = 0, (2.40) 
J 

for n = 0, 1, 2, ... , and all permissible I, Il. 
It is the purpose of this paper to study the solubility 

of Eq. (2.40). This depends upon the asymptotic 
behavior of An All) as J -+ 00, as will be shown in the 
next section, ~nd so it is of interest to calculate this 
explicitly. If it is assumed that the mass spectrum 
increases indefinitely, i.e., 

m~ ----+ 00, (2.41) 
J-+oo 

then, from Eq. (2.32), this limit may be calculated 
explicitly to be 

Anjll) f"o"J EnCll)[JjmJ]2nF All), (2.42) 
J-+oo 

where E and F are two functions that are given in 
Appendix C. The important point is that En(ll) does 
not depend on J and FAA) does not depend on n. 
Hence 

lim [An.AIl)j Ano.AIl)] 
J-+(f) 

= [En(ll)jEnP)] lim [mJfJr<no-nl. (2.43) 
J-+oo 

If no > n, this limit is zero only if 

lim [mJfJ] = 0. (2.44) 
J-+ 00 

This is a key equation, the derivation of which was the 
goal of this rather long section. 

3. SOLUTION FOR GIVEN EXTERNAL SPINS 

In this section it will be shown how Eq. (2.40) 
can be solved for the g~ , for any given mass spectrum 
mJ that satisfies (2.41) and (2.44). It will then be 
shown that, once the g's are known, the coupling 
constants yea, b, c) can be obtained from Eq. (2.34). 
All this applies to the superconvergence relations 
appropriate to given external spins Sl, S2' Sa, S4' 

In Sec. 4, it is shown that simultaneous solutions for 
all external spins can be constructed. 

F or a given s-channel isospin I and helicity state 
1.., Eq. (2.40) reads 

(f) 

L a(n, J)g(J) = 0, n = 0, 1,2, ... , (3.1) 
J=O 

where 
a(n, J) == An,AIl) (3.2) 

and 

g(J)==g}, (3.3) 

and where, according to Eqs. (2.43) and (2.44), 

lim [a(n, J)ja(no, J)] = 0, all n < no. (3.4) 
J-+oo 

In Appendix A, it is shown that, under these condi
tions supplemented by the observation that a(O, J) ¥: ° 
for an infinite number of values of J, an infinite 
number oflinearly independent, absolutely convergent 
solutions g(J) exists. The proof was originally invented 
by P6lyaB thirty years ago. 

It is the case, then, that one can find a solution for 
given s channel helicities. The question now is whether 
solutions g(J) can be found which simultaneously 
satisfy Eq. (2.40) for all permissible values of the 
helicities Il. The fact that this is possible hinges upon 
the observation that, for given spins Sl' S2, sa, S4' 

there is only a finite number of possible helicity 
combinations Il. Suppose that these combinations are 
ordered in some way, and set 

(3.5) 

where q takes on the values q = 1, 2, ... , Q, say, 
thus exhausting all the permissible ways of combining 
the S channel helicities. For any value of q, the corre
sponding condition (3.4) holds. This means that the 
equations 

00 for L a(n, J; q)g(J) = 0, 
J=O and 

can be reordered as 

00 

n = 0, 1,2,' ", 

q = 1,2,'" ,Q; 
(3.6) 

L A(n', J)g(J) = 0, n' = 0, 1,2, .. " (3.7) 
J=O 

8 G. P6Iya. Commentarii Math. Helvetici 11, 234 (1938-9). 
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where A(n', J) is equal to one of the a(n, J, q), in such 
a way that each of the distinct equations (3.6) occurs 
once, and only once, in (3.7), and such that 

lim [A(n, J)/A(no, J)] = 0, (3.8) 
J .... oo 

for all n < no. It is, strictly speaking, not clear that 
one can preserve the P6lya condition (3.8) when 
interleaving the different equations (3.6), since one 
might find two of Eqs. (3.6) with the same asymptotic 
behavior, say 

a(n1' J; Q1)/a(n2, J; Q2) ~ const (3.9) 
J .... oo 

or perhaps this ratio might oscillate, with no definite 
limit. This point is taken up in Appendix D, where it is 
shown that, even if this happens, one can find an 
equivalent set of equations (3.7) for which this 
"coincidental" asymptotic behavior does not obtain. 
It follows then that one can construct an infinite set 
of absolutely convergent solutions g(J) to Eq. (3.7), 
that is to say, to the complete set (3.6). 

It remains to be shown that, given a set of solutions 
gj, according to Eq. (2.34), viz., one can always solve 
for the individual y's: 

I ~ l' I' gJ = (2J + 1) k {J I,I'Y (S2' S4' J)y (Sl' Sa, J). (3.10) 
l' 

However, this is very straightforward, for the crossing 
matrix satisfies 

{J2 = 1 (3.11) 

so that (3.10) can be inverted to give 

(21 + 1)yl'(S2' S4 ,J)yl'(Sl' S3,J) = I {JI"Ig~. (3.12) 
I 

It may be that not all values of I yield superconver
gence relations (this depends on the detailed dynamical 
assumptions), but in that case there are more y's than 
g's, so that Eq. (3.10) can again be solved for the 
y's, this time nonuniquely. 

4. SOLUTION COMBINING ALL 
EXTERNAL SPINS 

It has been shown that, for given external spins 
Sl' S2' Sa, s" solutions can be found to the super
convergence conditions (2.40), where gS is given by 
(2.34). These equations may be written 

I I An,AI, I'; A)yI'(S2' S" J)yI'(Sl' S3' J) = 0, (4.1) 
J l' 

where 
An,J(/' I'; A) ;: (21 + 1){JI,I'An,J(A). (4.2) 

The problem now is to show that solutions of the 
whole set of Eqs. (4.1), for all possible external spins, 
can be found which are consistent with one another. 

Suppose first that the complete set of sets of equa
tions be ordered as follows: 

(a) 
Sl =S2=S3=S,=0, so that (4.1) involves only 

[yl'(O, 0, JW; 

(b) 

Sl=I{S2=0=S, involving yI'(I, 0, J)yl'(O, 0, J), 

S3=0 s2=1, s,=O involving [yI'(1, 0, J)]2; 

(c) 

r~o~s' involving yI'(2, 0, J)yI'(O, 0, J), 
sl=2 involving yl'(2, 0, J)yl'(1, 0, J), -0 s2=1, s,=O S3-

s2=2, S4=0 involving [yI'(2, 0, J)]2; 

(d) 

r~o~s' involving l'(I, 1, J)yI'(O, 0, J), 

sl:1 s2=1, s,=O involving yI'(1, 1, J)yl'(l, 0, J), 

1'( l' s3- 1 s2=2, s,=O involving y 1,1, J)y (2,0, J), 

s2=1, s,=1 involving [yl'(1,1,J)]2; 

and so on. 
By this method, all sets of equations are enumerated. 

The difficulty is that, for example, once yl' (1, 0, J) 
has been determined by the first equation (b) above, 
it must then be shown to be consistent with the last 
equation (b), the second equation (c), and so on, and 
similarly for all the other couplings, each of which 
occurs an infinite number of times. Moreover, even in 
determining yl' (1, 0, J) from (b), not every term is 
free, since yI'(I, 0, 0) must agree with yI'(O,O, 1), 
determined at stage (a), in the solution for yl'(O, 0, J). 

Nevertheless, it can be shown that these strin
gent cross-consistency conditions can be more than 
matched by the extreme indeterminacy of anyone 
equation, in such a way that in fact there exist an in
finity of solutions for the entire system. To show this, 
one should recall that a given set of equations can, 
in general, be solved even if an infinite set of the cou
plings are set identically equal to zero, so long as an 
infinite set are left free. 

Let Sq represent the infinite set of integers 

Sq;: {q, 2q, 22q, 23q, ... }, (4.3) 

where q is a prime number. Evidently there exists an 
infinite set of disjoint sets Sq corresponding to all the 
prime numbers q. Suppose now that a particular 
solution be constructed for yl' (0, 0, J), from stage (a) 
above, in which every yI' (0, 0, J) is set equal to zero, 
except for those values of J belonging to Sa. This is 
possible because S3 is an infinite set. Next, yI' (1, 0, J) 
is determined from the first equation (b), where 
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yI' (0,0, J) is already known, and thus is part of the 
coefficient. Moreover, for a given nonzero yI' (0, 0, J), 
the P6lya condition for the system reads 

lim [An.AI, I'; A)YI'(O, 0, J)]/ 
J .... oo 

[Ano,J(I, 1'; A)yI'(O, O,J)] = ° (4.4) 

for n < no, and the coupling yI' (0, 0, J) cancels out, 
giving 

lim [An.J(I, I'; A)/Ano.AI, 1'; A)] = 0, (4.5) 
J .... oo 

which is implied by Eq. (2.44), as has already been 
indicated. Hence, an absolutely convergent solution 
of (b) can be obtained, for those yI'(1, 0, J) which 
multiply nonzero yI' (0, 0, J). All the other yI' (1, 0, J) 
are left arbitrary, and this is the crucial point, for now 
the last equation (b) can be solved for yI' (1, 0, J) by 
first injecting the known values for J belonging to S3' 
This gives a known inhomogeneous term in the 
equations. It is convenient also to set all yI' (1, 0, J) 
to zero, except when J belongs to S3 and S5' Then the 
last equation (b) can be solved for the unknown 
/ (1,0, J), for J in S5' The presence of the inhomo
geneous term does not alter P6lya's proof at all; the 
presentation in Appendix A is given for a completely 
arbitrary inhomogeneous term. 

The next steps should be clear. The first equation 
(c) serves to determine yI'(2, 0, J) for J belonging to 
S3' and the second for J belonging to S5' The last 
equation is satisfied by setting yI' (2, 0, J) equal to 
zero, except for J belonging to S3' S5' S7' and thus 
determining the coupling for J in S7' Then / (1, 1, J) 
is determined for J in S3' S5' S7 , successively, from the 
first three equations (d), and then for J in S11 from the 
last equation, with yI' (1, 1, J) = ° for all other values 
of J. This process can be continued indefinitely. 

Three comments may be added. It is the case that, 
when one solves a given equation for a coupling con
stant yI' (S1' S3' J), for J belonging to a given set S'I>' 
not all these couplings are free, since yI' (S1' S3' J) = 
yI' (S1' J, S3), for example, and, for small enough J, 
the latter quantity may already have been determined 
at an earlier stage. However, it is easy to see that, at 
each stage, there is only a finite number of such terms. 
These then can be added to the inhomogeneous term, 
leaving an infinite number of couplings with which to 
solve the equation. 

The second point concerns the convergence of the 
infinite series constituting the inhomogeneous terms 
that are present at the last steps of each of the stages 
(b), (c), (d),···. In stage (c), for instance, it is 
necessary to find a solution yI' (2, 0, J) at the first step 
that converges so quickly that the corresponding 

inhomogeneous term at the second and third steps 
also converge. However, since series solutions can be 
constructed that converge arbitrarily quickly, there is 
no difficulty in ensuring this. No further convergence 
requirements are made on yI' (2,0, J) after stage (c), 
since, at later stages, this coupling is always multiplied 
by some new coupling, which can be constructed to 
satisfy the later convergence requirements. 

The third point is that the purist might object that 
an enumeration of the infinite set of infinite sets of 
equations has not been given, since it seems that one 
must first solve an infinite set of equations at stage (a) 
before starting stage (b), and so on. However, this 
objection can be overcome by solving first a finite 
number of the equations at stage (a), a la P6lya, then 
a finite number at stage (b), using only those values of 
yI' (0,0, J) already determined, then some more 
equations (a), some more (b), and a first set (c), and so. 
This technique involves a slight generalization of the 
P6lya technique, since the inhomogeneous terms at the 
later steps of stages (b), (c), and (d) are never com
pletely known. This paper will not be burdened by the 
details of this generalization, which is straightforward 
and is left to the reader. 

5. SIGN RESTRICTIONS ON RESIDUES 

Up to this point, no account has been taken of any 
possible requirement of positivity of squares of 
couplings. For instance, if S1 = S2, and S3 = S4' so 
that the t channel scattering is elastic, then Eq. (2.34) 
becomes 

(5.1) 

If the particles are isoscalars, {Jo,o = 1, and there is 
the strong requirement that all the g~ must be positive 
(or zero). This would generally not be observed by the 
solutions constructed by the P6lya method. On the 
other hand, if the particles were isospinors and a 
superconvergence relation existed only for the I = ° 
channel, then one would have 

g~ = (2J + l){ -HyO(S1' S3' J)]2 + t[y'(S1' S3' J)]2} 

(5.2) 

and there would be no sign restriction for the g~, so 
that the analysis of the preceding sections would 
a pply directly. Similarly, if the particles were iso
vectors, and the superconvergence relation arose for 
the 1= 2 channel, one would have 

g~ = (2J + 1){![yO(s1' S3' J)]2 - t[y1(S1' S3, J)]2 

+ -Hy2(S1' S3' J)]2}, (5.3) 

and again there is no sign restriction. 
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If, further, SI = Sa and the initial and final particles 
in the t channel are identical, then the Pauli principle 
is operative. Thus, in the isospinor example, only odd 
partial waves contribute to the state I = 0 and only 
even waves to 1= 1, if the particles are bosons (the 
reverse obtaining for fermions). In this case one would 
have 

° {!(2J + l)[y\sl' SI, J)]2 for J even, 
g = (54) 

J -i(2J + l)[yO(sl' SI, J)]2 for J odd, . 

and here the constraint is that g~ must be positive/ 
negative for J even/odd. Similarly, in the isovector 
case (again for bosons), one has 

{

(2J + l){t[yO(sl' SI, J)]2 

g~ = + i[y2(SI' SI, JW} for J even, 

-(2J + l)t[yl(SI' SI, J)]2 for J odd, 
(5.5) 

and so the same sign restrictions apply. 
It can be shown in some of these cases that solutions 

exist that satisfy the sign restrictions. 6 However, 
what will be shown in this section is slightly weaker 
than an existence theorem, but for practical purposes 
it is equivalent. It will be shown that, if an infinite 
number of the g~ are constrained to be positive (or 
zero), and an infinite number negative, as in the 
examples (5.4) and (5.5) above, then, if one solution 
exists, so do an infinite number of solutions. Thus there 
is an infinite number of solutions or there are none 
at all. The more difficult case that all the g5 are con
strained to be positive, as in the isoscalar example, 
will be taken up in the next section. 

If one solution G5- of the system 
00 

L An.AA)G5 = 0 (5.6) 
J=O 

exists, that satisfies the positivity constraints, then it is 
shown in Appendix B that an infinite number of 
solutions exists. This proof depends on the assumption 
that An.J(A) becomes positive-semidefinite for J 
sufficiently large. In the present case, this is true, since 
the analysis of Appendix C shows that An,J(A) has a 
definite limiting behavior. Should this limit have the 
wrong sign for a given n, the equation (5.6) for that n 
can be multiplied throughout by -1. The proof of 
Appendix B then applies. It proceeds by showing 
first that an intermediate solution g~ exists, satisfying 

00 

L An.AA)g5- = 0, (5.7) 
J=O 

and such that, for every J, either g5 has the required 
sign or, if not, then Ig51 < IG51. Under these circum
stances, it is easy to see that 

G'j == G5 + g5 (5.8) 

is a new solution that satisfies the sign requirements. 
There exists an infinite number of such solutions. 

Next, it must be shown that the analysis of Sec. 4 
carries through, so that if one solution exists when all 
the different superconvergence relations are taken into 
account, then one can find an infinite number of such 
solutions. Let rea, b, c) be the given coupling constant, 
where the isospin superscript I' has been dropped, and 
consider the enumeration of equations given in Sec. 4. 
Instead of finding a solution [yeO, 0, J)]2 at stage (a) 
in which every term is zero unless J is in class Sa, one 
first sets [yeO, 0, J)]2 = - [reo, 0, J)]2 for all J not in 
Sa. This constitutes an inhomogeneous term in the 
stage (a) equation, which can then be solved for the 
remaining [yeO, 0, J)]2, i.e., for J in Sa, by the method 
of Appendix B, such that, within Sa, [yeO, 0, J)]2 
either is positive or it is less than the corresponding 
[reO, 0, J)]2. Then 

[r'(0, 0, J)]2 = [reO, 0, J)]2 + [yeO, 0, J)]2 (5.9) 

is a new solution of the stage (a) equation; moreover, 

r'(O, 0, J) = 0 for J not in Sa. 

The first equation of stage (b) is solved for the 
product r'(1,o,J)r'(O,O,J), where r'(O,O,J) is 
known, thus determining r' (1, 0, J) for J in Sa. 
A solution y(l, 0, J) of stage (b), step 2, is obtained 
by setting 

[y(l, 0, J)]2 

= {[r'(I,O,J)]2- [r(1,0,J)]2 forJinSa, (5.10) 
- [r(1, 0, J)]2 for J not in Sa, Ss 

as the inhomogeneous term, and solving for 

[y(I,0,J)]2, 

J in Ss, as in Appendix B, such that this quantity 
either is positive or is smaller than the corresponding 
[r(1, 0, J)]2. Then the following solution satisfies the 
positivity requirements. [Since the particles are not 
identical in this case, possessing different spins, there 
would be no Pauli principle, and so no sign restriction, 
since [y(l, 0, J)]2 would always occur in isospin 
combinations like Eqs. (5.2), (5.3). However, there are 
cases in which the special construction of this section 
would be necessary-for example, stage (d)]: 

[r'(l, 0,J)]2 = [r(1, 0,J)]2 + [y(1, 0,J)]2. (5.11) 

Note that this definition agrees with the solution of 
stage (b), step 1, for fin S3, and that r'(l, O,J) = 0 
for J not in S3' Ss. Hence stages (a) and (b) have been 
completely satisfied, and one can then treat stage (c) 
in a similar manner, and so on. This completes the 
proof that if one solution of the complete system 
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exists, then one can construct an infinite number of 
solutions. 

6. POSITIVE-DEFINITE RESIDUES 

In this section the purpose is to study a system where 
all the residues g~ are constrained to be positive. 
Examples are any of the diagonal terms for isoscalar 
scattering, the 1= 1 componentofisospinorscattering, 
the 1= 0 component of isovector scattering. In any 
given situation, not all of these cases might yield 
superconvergence relations, but there are certainly 
some high spin amplitudes that should do so. 

Suppose, then, that gJ is to be positive or zero, 
and is to satisfy 

~ An,AA)gJ = O. (6.1) 
J 

It is easy to see that no nontrivial solution is possible 
if all the An,J(A) are positive. However, when the 
external particles have spin, a finite number of the 
coefficients are negative. 

A proof of nonuniqueness is often possible along 
the lines of the previous section. Thus, if one solution 
exists 

(6.2) 

one can attempt to find another gJ' such that IgJI ~ 
IGJI, and then 

(6.3) 

is a new solution that satisfies the positivity require
ment. The difference between this case and that of 
Sec. 5 is that there is no guarantee that such a solution 
gJ can be found. The reason lies in a rather subtle 
shortcoming of the P6lya proof. Although solutions 
g J can be constructed that cause the series 

~ IAn,J(A)gJI (6.4) 
J 

to converge arbitrarily quickly, it is not the case that 
gJ' considered as a function of J, can be made to 
decrease arbitrarily quickly with J. In fact, there is a 
limiting behavior for this function. If the given 
solution G J tends to zero less quickly than this 
"P6lya limit," then an infinite number of solutions 
may be constructed, as in the preceding section. If, 
on the other hand, the given solution does not tend to 
zero less quickly than this, then it may be unique. 
At any rate, the P61ya construction cannot be used to 
find new solutions. 

What is shown in this section is that, if 

lim [J!/mJ] = 0, (6.5) 
J-+oo 

then, if one solution exists, so do an infinite number 
of solutions. If one thinks of the states as lying on a 

Regge trajectory, then condition (6.5) is equivalent to 
asserting that the solutions are nonunique if the 
trajectory increases less rapidly than linearly in t. 
If the trajectory increases more rapidly than this and a 
solution exists, then it may be unique. 

In Appendix E it is shown that, if the mass spectrum 
has a power-law dependence 

(6.6) 

then, in order that the superconvergence relation 
should not hold for arbitrarily large s (which consti
tutes a physical requirement), one has 

a < 2, (6.7) 

that is, the Regge trajectory !X(t) must increase more 
quickly than tl. (This fact was first pointed out by 
Grodsky et aJ.9) If condition (6.7) is satisfied, then a 
solution GJ of (6.2) must satisfy 

G J "" exp [ - K/-a
/
2

] , (6.8) 
J-+ 00 

where K is a positive constant. This is also shown in 
Appendix E. 

In Appendix F it is shown that the fastest rate of 
decrease of a P6lya solution GJ , when (6.7) is satisfied, 
is 

gJ "" exp [-BJ!], (6.9) 
J-+oo 

where B is a positive constant. Evidently (6.9) is a 
faster rate than (6.8) whenever 

a> 1, (6.10) 

i.e., whenever the Regge trajectory increases less 
quickly than linearly. Under these circumstances, any 
given solution cannot be unique. 
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APPENDIX A: POLYA'S THEOREM 

In this appendix, it will be shown that the system of 
equations 

00 

L a(n, J)g(J) = ben), n = 0, 1,2, ... , (AI) 
J=O 

has an infinity of linearly independent solutions g(J) 
if the coefficients a(n, J) satisfy the condition 

lim la(n, J)/a(no, J)I = 0, for no = 1, 2, 3, ... 

and all n < no, (A2) 

• I. T. Grodsky, M. Martinis, and M. ~wi~cki, Phys. Rev. Letters 
19,332 (1967). 
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and if the first row a(O, J) contains an infinity of non
zero elements. Moreover, all the infinite sums in 
Eq. (AI) can be made absolutely convergent. That is, 

00 

! la(n, J)g(J)1 (A3) 
J=O 

exists for n = 0, 1, 2, .... The sequence of numbers 
ben), n = 0, 1, ... , can be quite arbitrary. 

The proof follows closely that given by Cooke10 ; 

but it is hoped that the presentation given here will be 
more readily comprehensible. The method of proof is 
by construction. 

A particular solution g(J), J = 0, 1, 2, ... , is built 
up successively by partially satisfying more and more 
of Eqs. (AI), until eventually all the equations are 
completely satisfied. It is a most important observa
tion that any number, even an infinite number, of the 
g(J) can be set equal to zero, on condition that an 
infinite number are nonzero. 

The zeroth stage in the construction of a typical 
solution consists in picking two integers e and Jo such 
that e < Jo, and a(O, e) =F 0, a(O, Jo) =F 0. Then gee) 
is given any arbitrary value and g(Jo) is determined 
by the equation 

a(O, e)g(e) + a(O, Jo)g(Jo) = b(O), (A4) 
i.e., 

g(Jo) = [b(O) - a(O, e)g(e)]/a(O, Jo). (AS) 

To avoid triviality, it is required that the term in 
square brackets be nonvanishing. Thus, it is conven
ient to pick gee) = ° if b(O) =F 0, and gee) =F ° if 
b(O) = 0. Lastly, one defines g(J) = ° for all J that 
satisfy 0::;;; J::;;; Jo, except for J = e and J = Jo• 
Then it is clear that the n = ° equation has been 
partially satisfied, viz., 

Jo 
! a(O, J)g(J) = b(O). (A6) 
J=O 

The first stage consists in determining a number J1 

with J1 > Jo, and the values of g(J) for J = Jo + 1, 
Jo + 2, ... ,J1 , such that Eq. (AI) is partially satisfied 
up to J = J1 for n = ° and n = 1, i.e., 

J1 

! a(n, J)g(J) = ben), for n = 0, 1. (A7) 
J=O 

This is done without altering the g(J) , J = 0, 1,2, ... , 
Jo, that were determined at the zeroth stage. In the 
second stage, the first three equations, those for 
n = 0, 1, 2, are satisfied up to some J = J2 (J2 > JJ, 
and so on. Eventually any given equation is satisfied 
up to an arbitrarily high order. 

The Nth stage will be described in detail. This then 
constitutes an inductive construction for the entire 

10 R. G. Cooke, Infinite Matrices and Sequence Spaces (MacMillan 
and Co., Ltd., London, 1950). 

sequence {g(J)}. At the (N - l)th state, a number 
J N-l has been determined such that 
I n-1 

! a(n, J)g(J) = ben), for n = 0, 1, ... , N - 1. 
J=O 

(A8) 

The Nth stage consists in determining J Nand g(J), for 
J = I N- 1 + 1, I N- 1 + 2, ... ,IN , such that 
IN 

! a(n, J)g(J) = ben), for n = 0, 1, ... ,N, (A9) 
J=O 

i.e., such that one more equation is partially satisfied. 
It follows, by subtraction of Eq. (A8) from Eq. (A9), 
that 

IN 

! a(n, J)g(J) = 0, for n = 0, 1, ... , N - 1, 
J=JN-1+1 

(AI0) 
and 

IN 

! a(N, J)g(J) = beN). (All) 
J=O 

There are here (N + 1) equations and, in general, it 
would be possible to satisfy them by introducing 
(N + 1) new g(J) , which would then be determined by 
the equations. However, it is convenient to introduce 
(N + 2) new g(J)-one more than necessary-in order 
to expedite the proof of absolute convergence, as will 
appear. 

It will be shown how to choose (N + 1) numbers, 
ko, kl' k2' ... ,kN, such that 

I N- 1 < ko < kl < ... < kN < I N , (AI2) 

and such that 
N 

! a(n, k1»g(k1» = -a(n, J N)g(J N), 

and 
N 

1>=0 

! a(N, k1»g(k1» 
1>=0 

IN-1 

for n = 0, 1, 2, ... , N - 1, (A 13) 

= beN) - ! a(N, J)g(J) - a(N, J N)g(J N). (AI4) 
J=O 

It can be seen that Eq. (A13) and Eq. (AI4) are 
equivalent to Eq. (AW) and Eq. (All), if one defines 
g(J)=O for IN_1<J<JN, except for J=k1>' 
p = 0, 1, 2, ... , N. 

The crucial step in the whole proof is t9 define 
g(JN ) so that the right-hand side ofEq. (AI4) vanishes. 
That is, one sets 

{ 

IN-1 } 
g(J N) = [a(N, J N)]-l beN) - J~O a(N, J)g(J) . 

(A1S) 

Thusg(JN) is defined in terms of the g(J), J = 0, 1, 
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2, ... ,J N-I' that have already been determined at 
earlier stages. 

With this definition, Eq. (A13) and Eq. (AI4) take 
the form 

N 
L a(n, kp)g(kp) 
p~o 

and 

= - [a(n, J N)/a(N, J N»){ beN) - :~: a(N, J)g(J)}, 

for n = 0, 1, ... , N - 1, (A16) 

N 

L a(N, kp)g(kp) = 0. (AI7) 
p=o 

This is a system of (N + 1) inhomogeneous equations, 
which can be solved for the unknown g(k p ), P = 
0, 1, ... , N, on condition that the matrix 

a(O, ko) a(O, k l ) a(O, k N)-

a(I, ko) a(l, k l ) a(1, kN) 

A= (A18) 

_a(N, k o) a(N, kN) 

has a nonvanishing determinant. The first task is to 
show that k o, kl' ... , k N can always be chosen so 
that this is indeed the case. 

The determinant would be zero if one row were a 
constant multiple of another. However, this is only a 
sufficient, not a necessary, condition for the vanishing 
of the determinant. A necessary and sufficient condi
tion is that a line.ar relation exist between the rows, 
that is, 

coa(O, k p) + c1a(I, k p) + ... + cNa(N, k p) = 0, 

for all p = 0, 1, ... ,N, (AI9) 

where not all of the cn ' n = 0, 1, ... , N, vanish. It 
will be shown that the kp can be chosen so that no 
such relation (AI9) exists, so that in fact the deter
minant of A [Eq. (AI8») can be made nonzero. 

The only way in which a relation of the form (A19) 
could be inescapable would be if a relation of the form 

coa(O, J) + c1a{l, J) + ... + cNa(N, J) = ° (A20) 

were to exist for all J > J N-I , for otherwise one could 
choose, say, kN such that (AI9) were violated for 
p = N. It will be shown that (A20) cannot hold for all 
J> I N - 1 , unless Co = C1 = ... = cN = 0. This con
stitutes the proof that the kp can be chosen such that 
det A #- 0. 

With any J for which a(N, J) #- 0, one can write 

Eq. (A20) as 

CN = coa(O, J)/a(N, J) 

+ ... + C N-1a(N - 1, J)/a(N, J). (A21) 

Because of condition (A2), it follows that the right
hand side of this equation tends to zero as J - 00; 
therefore, if (A2l) is to hold for all J > I N- 1 , it is 
clear that the only possibility is cN = 0. Hence Eq. 
(A20) reduces to 

coa(O, J) + c1a(1, J) + ... + CN_1a(N - 1, J) = 0. 

(A22) 

In the same way, it may be shown successively that 

CN-I = 0, CN-2 = 0, ... , C1 = 0. (A23) 

Finally, since it was originally assumed also that the 
first row a(O, J) contains an infinity of nonzero mem
bers, and therefore certainly a nonzero member for 
J> J N-I' it follows that Co = 0. This completes the 
proof that the kp can be chosen so that the system 
[(AI6) and (AI7») is nonsingular (i.e., det A #- 0). 

With a suitable choice of kp, the solution of Eq. 
(AI6) and Eq. (AI7) can accordingly be written 

g(ko) r a(O, J N)/a(N, J N) 

a(l, J N)/a(N, J N) 

a(N - 1, J N)/a(N, J N) 

° 
X {b(N) - :~: a(N, J)g(J)}, (A24) 

where the inverse matrix A-I exists and is independent 
of the value of I N , which has not yet been chosen. 
Because of the condition (A2), it is possible to make 
the column vector in Eq. (A24), and hence the g(kp), 
arbitrarily small; and in particular one can, by 
making I N large enough, cause the sum 

N 

L la(n, kp)g(kp)1 
p~o 

to be as small as one pleases for any given n. Lastly, 
g(JN ) was defined by Eq. (AI5), so that one has 

la(n, J N)g(J N)I 

= la(n, J N)/a(N, J N)I 'ib(N) - :t1a(N, J)g(J)i 

(A25) 

and this also can be made arbitrarily small by making 
J N large enough, but only for n = 0, I, ... , N - 1. 
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In fine, it has been shown that, given any EN > 0, 
numbers ko, kl' ... , k N, J N, exist, such that, if 
Eq. (A8) holds, then Eq. (A9) is true; moreover, 

IN 

I la(n, J)g(J)1 < EN, n = 0, 1, ... ,N - 1, 
J=JN-l+l 

(A26) 

where it should be recalled that g(J) has been set to 
zero forJN_1 < J < IN,J~ kp,p = 0, 1,···, N. 

This completes the description of the Nth state in the 
construction of a solution. It is only necessary to 
choose the sequence {EN}, N = 0, 1,2,···, to be 
such that the series 

(A27) 

converges, in order to be sure that the sum (A3) 
exists for any n, for then 

<Xl <Xl 

I la(N, J)g(J)1 < I Em 
J=JN+l m=N+l 

for N = 0, 1, 2, . . .. (A28) 

It should not be necessary to labor the point that the 
construction is nonunique, that there exist, in fact, 
an infinity of linearly independent, absolutely con
vergent solutions. 

APPENDIX B: POSITIVITY CONSTRAINTS 

In this section it will be shown that the system of 
equations (AI) for which condition (A2) holds, 
possesses either no solution or an infinite number of 
solutions when the following positivity condition is 
satisfied by the coefficients: 

(i) For any n, there exists a I n , such that 

a(n, J) ~ 0, for all J > I n ; 

and when the following" constraint is imposed on the 
solutions: 

(ii) g(ap) ~ 0, g(Tp) ~ 0, for p = 0, 1,2,··· , 
where {a p }. {Tp} are two infinite disjoint sets that 
exhaust the set of nonnegative integers. 

For suppose that at least one solution {G(J)} 
satisfies constraint (ii), so that 

<Xl 

I a(n, J)G(J) = ben), n = 0, 1,2, . . .. (BI) 
J=O 

Then one may proceed to construct a solution of the 
system 

<Xl 

I a(n, J)g(J) = 0, n = 0, 1,2, ... , (B2) 
J=O 

after the manner of Appendix A, but with ben) = 0. 
At the zeroth stage, c is chosen to be ao and g(c) is 
given an arbitrary positive value. If a(O, ao) > 0, then 
Jo is chosen to be T b ; but if a(O, ao) < 0, Jo is chosen 

to be ab , where b is chosen to be so large that a(O, Jo) > 
0. Then g(Jo) is given by 

a(O, c)g(c) + a(O, Jo)g(Jo) = ° (B3) 

so that g(c) and g(Jo) satisfy constraint (ii). As in 
Appendix A, one requires 

g(J) = 0, for ° ~ J < Jo, J ~ c. (B4) 

As the Nth stage of the construction, as in Eq. 
(AI5), one has 

IN-l 

g(J n) = - [a(N, J N)]-l I a(N, J)g(J). (B5) 
J=O 

Now J N can be chosen to be T d or ad' depending on 
whether 

IN-l 

I a(N, J)g(J) (B6) 
J=O 

is positive or negative, where d is so large that 

a(N,JN ) > 0, (B7) 

which is always possible [condition (i)]. Then g(JN ) 

satisfies constraint (ii). [Note that, if expression (B6) 
is zero, I N may be chosen to be Td or ad.] 

It can easily be shown that the infinite matrix 
a(n, J) does not have finite rank, so that an infinite 
number of the G(J) in Eq. (BI) must be nonzero. 
Hence kp, P = 0, I, ... , N, in Eqs. (AI3) and (AI4), 
with beN) = 0, may be chosen so that 

G(kp ) ~ 0, for p = 0, 1,2, ... ,N. (B8) 

Then Eq. (A24) shows that I N may be made so large 
that the g(kp ) are arbitrarily small, in particular, so 
that 

Ig(kp)1 < 'G(k p )" p = 0, I, ... ,N. (B9) 

Thus an absolutely convergent solution of Eq. (B2), 
g(J), can be constructed, each term of which satisfies 
one of the following three conditions: 

Either 
(a) g(J) = 0, or 
(b) g(J) satisfies constraint (ii), or (BlO) 
(c) 'g(J) , < 'G(J)'. 

Then, since Eqs. (BI) and (B2) imply 
<Xl 

I a(n, J)[G(J) + g(J)] = ben), n = 0, 1,2, ... , 
J=O 

it follows that 
G' (J) = G(J) + g(J) 

(Bll) 

(BI2) 

is another solution of Eq. (BI) that satisfies the 
constraint (ii). 

It is obvious, then, that if one solution of (Bl) 
exists, then so do an infinite number of solutions. 
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APPENDIX C: ASYMPTOTIC LIMITS 

The problem in this appendix is to convert Eq. 
(2.36), viz., 

00 

L gJ L AAs; A; f-t) = 0, (Cl) 
J=O fl 

where 

AJ(s; A; f-t) = [cos (Os!2)]-I)';Htl[sin (Os/2)]-I).;-).tl 

X C(f-t, J) . K(s, t; A; f-t)d;'.fl,(Ot)lt=m} (C2) 

and which holds for a continuum of s values in a 
neighborhood of s = 0, into an infinite set of discrete 
equations of the form 

(C3) 

and to study the behavior of An,AA) as J -- 00. 

Basically, the problem is reduced to an expansion 
of AAs; A; f-t) about some regular point in the com
plex s plane; and s = ° is the obvious candidate for 
such a point. The difficulty is that there are some 
"kinematical" singularities at s = 0. While these can 
be factored out for finite J, it turns out that there are 
other singularities in the limit J -- 00, which cannot be 
so factored. In view of these difficulties, which are of a 
purely formal nature, and have no fundamental 
significance, the easiest procedure is to expand about 
another fixed point s = so, close to s = 0, at which 
AAs; A; f-t) is analytic. A series expansion 

00 

L AAs; A; f-t) = L An,J(A) . (s - so)n (C4) 
fl n=O 

can be made which will converge for Is - Sol sufficiently 
small. Then Eqs. (CI) and (C4) imply 

L (s - so)n L AnjA)gJ = 0, (C5) 
n J 

and since this must hold identically in s, for Is - Sol 
small enough, it follows that Eq. (C3) must hold. 

The asymptotic behavior lim An.AA) may be most 
J~OO 

easily studied by considering the limit J -- 00 of the 
left-hand side of Eq. (C4), and then by expanding in 
this limit, since the convergence is uniform with re
spect to J. 

In the limit J -- 00, one has m} -- 00, and the first 
two terms in (C2) become 

[cos (Os/2)]-I).;Htl 

X [sin (Os/2)]-I).;-).t1It=m} r-...; pes; A)(m~)-a, (C6) 
J-+oo 

where 

p(s; A) = (-l)I).;-).tl{[s - (m! + m2)2][s - (m! - m2)2] 

x [s - (m3 + m4)2][s - (m3 - m4)2]js2}"", (C7) 

with 
(C8) 

The third term in (C2) , the helicity crossing
matrix K(s, t; A; f-t), which is given explicitly in Eq. 
(2.20), will be studied next. Now 

cos Xplt=m} 

~ (-l)2'(s + m; - m;) 
J-+oo {[s - (mp + mp)2][S - (mp - mp)2])! ' 

p = 1, 2, 3, 4. (C9) 

Thus Xplt=mJ' nas a definite limit. This must be true 
also for the whole crossing matrix, so that one may 
write 

K(s, m~; A; f-t) ~ K(s; A; f-t), (ClO) J-+oo 

where the J-independent quantity on the right is 
defined by this relation, 

The fourth term in (C2) may be written 

d;',flt(Ot)lt=m} 

= [(J + M)! (J - M) !Ji [cos (0 /2)]lfl;+fltl 
(J + N)! (J - N)! t 

X [sin (0 /2)]lfl;-fltlplfli-fltl,lfli+fltl(cos 0)1 • t J-M t t=mJ' 

where 
M = max (If-til, If-ttl), 

N = min (If-til, I f-tt I). 

(Cll) 

Each of these four terms will be considered in turn. 
The limiting behavior of the first term may be evaluated 
by using Stirling's formula. This gives 

[
(1 + M)! (J - M)!Ji~ 1 (e12) 
(J + N)! (J - N)! J-+oo . 

The second and third terms give 

[cos (Ot/2)]I!li+fltl [sin (Ot/2)]IIIi-II,llt=m} 
r-...; (_s)IIIi-IItI/2(m~)-IIIi-IItI/2. (C13) 

J-+ 00 

The Jacobi polynomial has the expansion 

plfli-IItl,IIIi+lltl(cos 0)1 • J-M t t=mJ 
J-.'II 

r-...; L Bn,Af-t)( -st(m~)-n, (C14) 
J -+00 n=O 

where 

B () = (J - M + If-ti - f-ttl) 
n,J f-t J _ M - n 

X (J - M +nlf-ti + f-ttl). (CI5) 
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It is necessary to re-expand (CI4) about s = so, 
which can be done, using 

(-s)" = (_1)n i (n,)s~-n'(s - so)'" (C16) 
,,'=0 n 

to give 

p'l'i-I'I' ' Il'i+l'll(cos 8)1 2 J-M t t=m" 

J-M 
"" Z Bn,Aflo; SO)(S - so)", (e17) 

J .... oo n=O 

(C18) 

Thus, in the limit J ---+ 00, one has 

AAs;A;flo) 
I"0o"I pes, A)( -S)'l'i-I'II/2K(s; A; flo) . (m~)-a-ll'i-"/1/2 

J .... oo 

J-M 
X Z Bn.Aflo; so)(s - so)". (C19) 

n=O 

For sufficiently small Is - sol, there is a convergent 
series expansion 

00 

pes, A)( -s)'I';-1'11/2K(s; A; flo) = Z D,(A; flo; so)(s - soY, 
r=O 

(C20) 

where it is not necessary to calculate the coefficients 
Dr; the essential point is that they are independent of 
J. Hence Eq. (CI9) becomes 

00 

AAs; A; flo) I"0o"I (m~)-a-II"-1'11/2C{f1o, J)Z(s - soY 
J .... oo ,=0 

J-M 

X Z Bn.Aflo; so) Dn_r(A; flo; so)· (C2l) 
n=r 

This limiting form can be inserted into (CI) to give 
the limiting form of (C3), with the result 

An,J(A) "" Z (m~)-a-II"-1'11/2C(flo, J) 
J .... oo I' 

J-M 

X Z Br,Aflo; so) Dr_..(A; flo; so)· (C22) 

The object now is to show that the expression (C22) 
satisfies the P6lya condition, namely, 

lim IAnj)")/AnojA)1 = 0, (C23) 
J .... oo 

for all n < no. This will be shown to hold if 

lim [mJ/J] = O. (C24) 
J .... oo 

From (CIS) one finds that 

B
7I
jflo) "" J2n+ll'i-l'fl[n! (n + Iflo; - flofl)q-l. (C2S) 

J .... oo 

Hence (CI8) yields 

Bn.Aflo; so) "" J~M (n') ( -1)'" s~'-n J'I';-I'I' 
J .... oo n'=n n 

X [n'! (n' + Iflo; - flofl)q-l[J/mJ]2n'. (C26) 

Because of the inverse factorials, the first term in the 
series dominates (since J/mJ cannot increase faster 
than J), i.e., 

Bn.Aflo; so) "" (-1)" J'I"-I'I' 
J .... oo 

x [n! (n + Iflo; - flofl)!]-1[J/mJ]2n. (C27) 

Again, in (C22) the first term, corresponding to 
r = n, dominates, giving for the asymptotic value of 
the expansion coefficients 

An.A),,) I"0o"I (m~)-C7[J/mJ]2n-I"(-1)"[n! (n + flol)!]-l 
J .... oo 

where flo' = min Iflo; - flo,l for all possible t-channel 
helicities, and where Z~ means a summation over all 
I-channel helicities consistent with Iflo; - flo,! = flo'· 

The final result follows: 

IA (A)/A (A) I "" [m /J]2(n -n) no! (no + flo')! 
.. ,J .. o,J J '( + ')' J .... oo n. n flo. 

(C29) 

and, by (C24), this tends to zero as J ---+ 00, for any 
n < no. 

APPENDIX D: REORDERING THE EQUATIONS 

In Sec. 3, the set of sets of equations 

00 

Z A ... AAq)g(J) = 0, n = 0, 1, 2, .. " (DO 
J=O 

where q = I, 2, ... , Q, corresponding to the different 
permissible helicity states in the s channel, is re
ordered as a single set of equations 

00 

Z A(n', J)g(J) = 0, n' = 0, 1,2, .. '. (D2) 
J=O 

With a mass spectrum 

m~ "" r, 0 < a < 2, (D3) 
J .... oo 

and fixed helicities A, formula (C28) shows that 

for any n < no. In reordering (DI) in the form (D2), 
it is clear that the corresponding condition 

lim IA(n', J)/A(n~, J)I = 0 (DS) 
J .... oo 
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can be maintained for any n' < n~, aside from possible 
coincidences in asymptotic behavior of An.J(Aq) for 
different values of q. The maximum order of coinci
dence is Q, the number of distinct, permissible helicity 
states. The purpose of this appendix is to show that an 
equivalent system of equations (D2) can be defined 
for which all the coincidences have been removed, 
so that (DS) holds without exception. 

Consider the asymptotic expression (C28) for 
An.J(A). There will be coincident asymptotic behaviors, 
e.g., 

(D6) 

for two different values of the maximum helicity flip 
a [defined in Eq. (2.9)], say for a = a l and a = a2, 
only if 

a 
ni - n2 = -- (al - ( 2). (07) 

2-a 

But this will be possible only if the right-hand side of 
(D7) is an integer. For a general value of a, this will 
not be so, and so there will not be any coincidences 
between different values of a. To be quite certain 
about this, it is enough to require a to be irrational. 

However, a glance at Eq. (C2S) shows that all the 
coefficients corresponding to the same value of a will 
have degenerate asymptotic behaviors. Suppose that 
there are Q' such coefficients which have the behavior 

AnjAq) J:'oo A~.J(a>[l + %IKn.r(Aq)rnJ2r} (OS) 

q = 1, 2, ... , Q', where A~.J( a) is the leading term, 
common to all the Aq which have the same value of a, 
and which is given in (C2S). The higher terms are 
obtained by expanding AJCs; A; f-l) [Eq. (2.32)] in 
inverse powers of m~. Since this involves expanding 
the helicity crossing matrix K(s, t; A; f-l) in powers of 
l/t with t = m} -+ 00, it is clear from Eqs. (2.20)
(2.23) that coefficients Kn./Aq) in Eq. (DS) will be 
different for each of the four helicities AI, A2 , A3 , A4 • 

This means that the Q' sets of equations 

(D9) 

q = I, 2, ... , Q', which have the degenerate behavior 

A (A. ) ,...., j<2-a)(n-I'"/2)-aC7" C(I/. J)D (A.' 1/.' s ) 
n,J q k .' 0' 1" 0, J-+oo I' 

(D10) 

can be replaced by Q' linear combinations, one of 
which has the asymptotic behavior (DlO), i.e., that 
of A~.J(a), one of which behaves like miA~.J(a), 
one like m-4A~.J(a), and so on, until the last one 

behaves like mJ2(Q"-1)A~.J(a). Let these linear 
combinations be labeled An.AAq; a), q = I, 2, ... , 
Q', starting with the one that tends to infinity least 
quickly. Then the system 

(Dll) 

q = 1, 2, ... , Q', is equivalent to (D9), and it 
satisfies 

IA (it· a)/A (A' a)1 ,...., J-Iqo-qla (012) n,J a' no,J a' , J-+OC) 

which tends to zero as J -+ 00 for any q < qo. More
over, if a is irrational, it is guaranteed that there is no 
degeneracy of asymptotic behavior between different 
values of n or different values of a. 

Hence a complete ordering of the system (D1) in the 
form (D2), with strict observance of condition (DS), 
is possible. Notice that this is so because there is only a 
finite number of infinite sets of equations (D1),so that 
the recursive redefinitions of degenerate coefficients 
involve only a finite number of steps. 

It is clear that the restriction that "a," the exponent 
of the mass-spectrum power law, be irrational need 
not be taken seriously. This was only necessary to 
avoid the possibility of accidental coincidences 
between different n and a; since any rational can be 
approximated arbitrarily well by an irrational, for 
practical purposes this restriction may be neglected. 

APPENDIX E: PHYSICAL CONVERGENCE 
LIMITATIONS 

A typical superconvergence relation, Eq. (2.12), 
is supposed to hold only for a limited range of s 
values. This means that the infinite sum (2.36), viz., 

00 

I gJ I AJCs; A; f-l) = 0, (E1) 
J=O I' 

must converge for only a limited range also. There 
must be an So such that the infinite J sum in (E1) 
converges for s < So and diverges for s > so. In this 
appendix, it will be shown that this simple requirement 
implies a powerful restriction on both the mass 
spectrum and upon the asymptotic dependence of 
the gJ. 

From Appendix C, one has the following asymptotic 
expression for the coefficients: 

I AJCs; A;f-l) 
I' 

,....." pes, it)( _s)""/\rn~)-C7-I'"/2 
J-+oo 

x " K(s' it- II.)C(II.· J)pll'i-l'fl.llli+l'/l(cos ()\ 2 
£., "r r' J-llI t HmJ . 
I' 

(E2) 
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In the large-J limitll 

P,:"/(cosh u) ,....., teJu exp [(<X + fJ + l)uj2] X (7TJ)-* 
J--+oo 

X [sinh (u/2)]-(~+i)[cosh (uj2)]-(P+!), (E3) 

so that (E2) reduces to 

.2 AAs; A; fJ,) ,....., ts-!p(s, A)[m~]-a+!(17J)-* 
JL J--+oo 

Suppose now that the mass spectrum mJ increases 
faster than J: 

lim [JjmJ ] = O. (E5) 
J--+oo 

Then the exponential term in (E4) reduces to unity, 
and the series (El) becomes, asymptotically, 

ts-tp(s, A).2 gAm~]-a+t(17Jri. (E6) 
J 

Since the s and the J dependences have factored, it is 
clear that if this series converges for any s, it converges 
for all s, and so there cannot be an So such that (El) 
converges for s < So and diverges for s > so. Hence 
the class of mass spectra (E5) must be rejected on 
physical grounds. The same reasoning applies if 
JjmJ tends to a finite limit, for then the exponential 
factor in (E4) tends to a function only of s, and there 
is again factorization between J and s. 

Hence, in place of (E5) one must have 

lim [mJfJ] = 0, (E7) 
J--+oo 

which means that the Regge trajectory <x(t) must rise 
more rapidly than fi. Suppose that the mass spectrum 
obeys the powerlaw 

(E8) 

with a < 2. Then (El) has the asymptotic form 

117-*S-t pes, A) .2 gJJ-Q(a-t)-i exp [2si Jl-aI2]. (E9) 
J 

If this series is to converge for s < So and diverge for 
s> So, then gJ must have the asymptotic behavior 

gJ '"'-' exp [-2st· Jl-aI2]. (E10) 
J .... oo 

This formula is of use in Sec. 6. 

APPENDIX F: LIMITING BEHAVIOR OF 
POLYA SOLUTIONS 

It may not be immediately obvious, from the 
P6lya proof (Appendix A), that there is a limiting 
asymptotic behavior for the solutions g(J) of Eq. 
(AI). At the Nth stage in the construction, g(ko) , 
g(k1), ••• ,g(kN), can certainly be made as small as 
one pleases for fixed ko, kl' ... , k N simply by making 
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I N large enough. Moreover, if a(n, J) ---+ 00 as J ---+ 00, 

as in the cases of interest in this paper, then g(JN ) 

defined by (AI5) can be made indefinitely small 
simply by making I N large enough. However, this 
does not mean necessarily that g(JN ) decreases 
arbitrarily quickly as a function of J N . 

Consider Eq. (AI5) in the homogeneous case 
ben) == 0: 

IN-l 

g(J N) = - [a(N, J N)]-l .2 a(N, J)g(J). (Fl) 
J~O 

The asymptotic behavior will be governed by g(JN ), 

N ---+ 00. From Eq. (2.42), and the power-law mass 
spectrum 

m~ ,....., r, 0 < a < 2, (F2) 
J--+oo 

one has 
a(N, J) '"'-' j<2-a)N. (F3) 

In order to solve (FI) asymptotically, it is now neces
sary to know how J N depends on N. It is clear that the 
more quickly J N increases with N, the less quickly N 
increases with I N , and so the less quickly g(J N) 

decreases as a function of J N' Hence, to obtain the 
most rapid possible decrease of g(J N) with J N' one 
must choose J N to increase as slowly as possible with 
N. Now the smallest possible J N, consistent with 
the formal P6lya construction, is tN2 + 3N + 2, so 
the following class of I N dependences will yield the 
minimal g(J N) : 

(F4) 

where K is a constant satisfying K2 > t. With this 
expression the term in (Fl) corresponding to J = I n = 
K 2n2 has the asymptotic behavior 

(Njn)-(2-a)N gUn). (F5) 
The ansatz 

g(J) ,....., exp [- 2 - a J i ] (F6) 
J--+oo K 

satisfies Eq. (FI) asymptotically, for then the largest 
term of the form (F5) occurs for n = N - 1, when 
one has 

exp {(2 - a)Nlog (1-~) - 2; a K(N -l)} 
'"'-' exp {- 2 - a Jt}, (F7) 

N--+oo K 
which is consistent. Thus the most rapidly decreasing 
solution that one can construct by the P6lya method 
has the behavior (F6). It is not difficult to show that 
the full proof of Sec. 4 remains valid for a J N depend
ence as in Eq. (F4), with K sufficiently large, although 
the disjoint sets Sa need to be chosen more carefully 
than those defined by Eq. (4.3). 


