
 

 

 University of Groningen

On boson condensation into an infinite number of low-lying levels
van den Berg, M

Published in:
Journal of Mathematical Physics

DOI:
10.1063/1.525445

IMPORTANT NOTE: You are advised to consult the publisher's version (publisher's PDF) if you wish to cite from
it. Please check the document version below.

Document Version
Publisher's PDF, also known as Version of record

Publication date:
1982

Link to publication in University of Groningen/UMCG research database

Citation for published version (APA):
van den Berg, M. (1982). On boson condensation into an infinite number of low-lying levels. Journal of
Mathematical Physics, 23(6), 1159-1161. https://doi.org/10.1063/1.525445

Copyright
Other than for strictly personal use, it is not permitted to download or to forward/distribute the text or part of it without the consent of the
author(s) and/or copyright holder(s), unless the work is under an open content license (like Creative Commons).

The publication may also be distributed here under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license.
More information can be found on the University of Groningen website: https://www.rug.nl/library/open-access/self-archiving-pure/taverne-
amendment.

Take-down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Downloaded from the University of Groningen/UMCG research database (Pure): http://www.rug.nl/research/portal. For technical reasons the
number of authors shown on this cover page is limited to 10 maximum.

Download date: 25-05-2023

https://doi.org/10.1063/1.525445
https://research.rug.nl/en/publications/97db8fd7-282c-4ab5-b570-8d2b5928cfc8
https://doi.org/10.1063/1.525445


On boson condensation into an infinite number of low-lying levels
M. van den Berg

Citation: Journal of Mathematical Physics 23, 1159 (1982); doi: 10.1063/1.525445
View online: https://doi.org/10.1063/1.525445
View Table of Contents: http://aip.scitation.org/toc/jmp/23/6
Published by the American Institute of Physics

http://oasc12039.247realmedia.com/RealMedia/ads/click_lx.ads/www.aip.org/pt/adcenter/pdfcover_test/L-37/920663169/x01/AIP-PT/COMSOL_JCPArticleDL_WP_042518/comsol_JAD.JPG/434f71374e315a556e61414141774c75?x
http://aip.scitation.org/author/van+den+Berg%2C+M
/loi/jmp
https://doi.org/10.1063/1.525445
http://aip.scitation.org/toc/jmp/23/6
http://aip.scitation.org/publisher/


On boson condensation into an infinite number of low-lying levels 
M. van den Berg 
Institute/or Theoretical Physics, State University o/Groningen, P. O. Box BOO, Groningen, The Netherlands 

(Received 20 November 1981; accepted for publication 25 January 1982) 

The complicated structure of the condensate of a free boson gas in two dimensions with mixed 
boundary conditions is examined. 

PACS numbers: 05.30.Jp 

I. INTRODUCTION AND THEOREM 

It has been shown in recent papers l
•
2 that there exist 

three types of condensation in the free boson gas: 
(I) Macroscopic occupation of a finite number of 

single-particle levels. 
(II) Macroscopic occupation of an infinite num

ber of single-particle levels. 
(III) Nonextensive condensation (no levels ma-

croscopically occupied). 
In this paper we will present an example of type II. Let B L be 
a finite region in R d with volume L d and let E I < E f <E t· .. 
be the spectrum of the single-particle Hamiltonian H L; then 
[if we assume that exp( - (3H L ) is trace-class] the mean num
ber (n k ) L of particles per volume in the k th state for a free 
boson gas is given by (in the grand canonical ensemble3

) 

(nk)L =_1_ /(L) , 
L d e71k - t(L) 

( 1) 

where 1Jf = E t - E t and t (L ) is the positive solution of 

(2) 

P is the mean number of particles per unit volume. The ther
modynamic limit is the limit in which L __ 00 and the number 
density P is kept fixed. If the spectrum of HL is such that the 
critical density Pc, defined by 

Pc = lim lim ~ L (e71f - t ) - I, 
,11 L~oo L k 

(3) 

is finite, then condensation of type I, II, or III takes place if 
P > Pc' In the case when HL = - ~ /2 (with Dirichlet or 
Neuman conditions on the boundary aB L of B L) the critical 
density Pc is finite only for d> 2. However, if we impose 
attractive boundary on the eigenfunctions, then Pc is finite 
for all dimensions d = 1,2, .. · . This was noticed by Robin
son4 and discussed in detail by Landau and Wilde.s The rea
son that Pc is finite in this case is that the attractive boundary 
conditions cause a gap in the single-particle spectrum: 

Ef - Et >g, for somej> 1 and all L >Lo. (4) 

It was noticed before by Bijl, De Boer, and Michels6 that a 
gap in the spectrum will change the thermodynamical 
properties. 

In this paper we will take HL = - ~ /2 and impose 
position-dependent boundary conditions. We will see that 
they lead to condensation of type II for d = 2 and of type I 
for d = 1, d = 3, .... If the boundary conditions are position
independent, then there is condensation for P > Pc of type I 

only (as in Ref. 4). Let us take for BL the cuboid 

BL = IXE R d:O <XI <L, ... , 0 <Xd <L l 
and let the boundary conditions be 

a¢ 
- = - 0' ¢ for XI = L,O <x2 <L, ... ,O <Xd <L, 
aXI 

¢ = 0 for any other point ofthe boundary. 

(5) 

(6) 

The boundary conditions are said to be attractive if 0' < O. We 
have expressed all lengths in units (/3~/m)1/2, where/3is the 
inverse of the temperature times Boltzmann's constant. Let 
I <P t I be the eigenfunction of the Laplacian in B L with 
boundary conditions (6) so that 

-~~<Pt=Et<Pt· 

Then 

<P L = (~)d 12 (1 _ sin2L (2Ek, )1/2) - 112 
k L 2L (2Ed1/2 

d 1Tk X· 
xsinx l(2Ek,)1/2 II sin--'-I , 

j~2 L 
d rr k 2 

Ef: = Ek, + L --2-
1 

j~2 2L 

k = (ki" .. ,kd)' 

k j = 1,2,3, .. · (i = 1, ... ,d), 

and I Ek , l are the positive solutions for E of 

tanL (2E)1/2 = - (2E)1/2/0', 

(7) 

(8) 

(9) 

ordered so thatE, <E2 <E3 .•.. ForO'< - IlL andL>I, the 
spectrum is approximately given by 

Ek , -(rr/2L 2) (k, - W, kl = 2,3,· .. , (10) 

while there is a bound state with energy 
EI - -~/2. 

Our main result is the following: 

(11) 

Theorem: For P <Pc, t (L ) tends to the positive solution 
of 

00 t n 

P= ~ e- nif12. 
n~1 (217'n)d 12 

For P > Pc, t (L ) tends to 1 as follows: 

t (L ) - 1 - 1/ AL 2, d = 2, 

tIL )-1 - 1/(p - Pc)L d, d = 1,3, .. ·, 
00 e - nif/2 

Pc = L (2 )dI2' 
n~1 17'n 

(12) 

(13) 
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and A is the unique solution of 

I (r (k~ -1)+~)-1 =P-PC' 
k,=1 2 A 
We see that due to (13) and (1) 

I, <) {[(r/2)(k~-I)+1/A]-1 
1m nk L= 

1,--.00 0, 

kl = 1, k2 = 1,2,3,... } 
d=2, 

kl = 2,3,···, k2 = 1,2,.·· 

I. <) {p-Pc, 
1m nk L = 

1,--..., 0, 
k = (1, ... ,1)} 

d #2. 
k #(1, ... ,1) 

(14) 

(15) 

It follows that in two dimensions there is macroscopic occu
pation of an infinite set of low-lying single-particle states 
(condensation of type II) whereas in 1,3,4,.·· dimensions only 
the ground state is macroscopically occupied (type I). 

This can also be seen by looking at the scaled spatial 
particle density v L defined by 

vdu) = L /(L) [cPt (Lu)]2. 
k e'lk-;(L) 

(16) 

One finds that 

lim vdu) 
1,--..., 

d=2, P>Pc' 

= d 
(17) 

(p-Pc)D(1-utl II 2sin2
1TUm +Pc, d>3, P>Pc' 

m=2 

p, d>l,p<pc' 

where UE B I and /j (1 - U I) is the Dirac delta function sup
ported on the hyperplane U 1 = 1. We see that the expressions 
[apart from (12) and (13)] are identical to the corresponding 
expressions for the free boson gas in the presence of an exter
nal field of power form in one direction (see Ref. 1). This is 
for the following reason: The attractive boundary condition 
causes a gap in the spectrum and forces the wavefunction to 
have a maximum near the attractive boundary. The same is 
true for one-particle Hamiltonian with an external potential 
with an absolute minimum at the boundary (and Dirichlet 
boundary conditions). We will give a sketch of the proof 
using the ideas of Lewis and Pule.7 

II. SKETCH OF THE PROOF 

Let/L (z) be defined by 

I" ( ) _ 1 ~ n '" - n'lf JLZ--£.,Z £., e . 
Ldn=1 {k,k,=I} 

The first step is to show that for zE[O,I] we have 

(18) 

• 00 zn 
hm/L(z)= L e- ncr12. (19) 
L~oo n = I (21Tn)d12 

This can be done using the asymptotic behavior of the E t for 

1160 J. Math. Phys., Vot. 23, No.6, June 1982 

large L given by (8) .... ,( II). Since it follows from (1) and (2) 
that for each L > 0 and P > 0 there is always a unique 
; (L lE[O, 1 )wefind that if ; (L ) tends to;E[O, 1) for L-+ 00, then 

00 rn 
P= L ~ e- ncr/2 

n = I (21Tn)d 12 

+ lim ~ I;n L e-n'lf. 
L~oo L n= I {k,k, = I} 

Since 

lim ~ I;n [ I exp -n~ (k 2_1)]d-1 
L~oo L n = I k = I 2L 

<lim_l_~;n(l+ L )d-I=O, 
L~oo L d n~1 (21Tn)1/2 

We arrive at Eq. (12). Suppose now that ;(L )-+1; then 

(20)' 

Ll d n~1 [;(L )]n {d~~" I} e - n'lt -P - Pc' (21) 

Equation (21) implies that for d = 1 we have macroscopic 
occupation of the ground state. So for d = 2 we have 

1 00 ;(L) 
J:i k~1 e,rlk' - 1)/2 _; (L) -+P - Pc, (22) 

from which it follows that; (L )-1 - 1/AL 2, where A is the 
solution of (14), For d>3 we have the following estimate: 

_I '" ;(L) 
L d £., L 

{H, = I} e'l> - ; (L ) 

;(L) 

1-;(L) 

=-d L 'I/(L) 
L (H, = I l e k - ;(L) 

k #(1. .... 1) 

1 
<-d L L 

L I H, = I l e'lk - 1 
k #11 ..... 1) 

d 00 00 (nr ) <-d L L exp --2 (k 2 - 1) 
L n=lk=2 2L 

[ "" (nr )]d - 2 X L exp --2 (k 2 _1) 
k= I 2L 

< d ~ -n,rIL' L (1 L )d-2 
J:i n~1 e (21Tn) I 12 + (21Tn)l/2 

d2
d 

L"" -n,rIL' L (1 L
d

-
2

) <-- e +----Ld n=1 (21Tn) I 12 (21Tn)ld-2)/2 ' 

which goes to zero as L-+oo. So for P >Pc 

1 ;(L) 
J:i 1- ;(L) -p -Pc' 

(23) 

(24) 

and we have macroscopic occupation of the ground state 
only (condensation of type I). 
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