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Networks and continuous behavior: the practice

2.1 Introduction

Social actors, such as people, organizations and countries, simultaneously shape,

and are shaped by, their social context. The social structure among a group of

actors can be summarized in a social network, in which the nodes represent the

social actors and the ties (directed edges between pairs of nodes) represent a

social relation. In studying the dynamics of social networks, we cannot ignore

the dynamics of the individual attributes of social actors. For example, a person

may select his friends based on their political opinion, but his own opinion may

also be influenced by his friends.

In recent years, the stochastic actor-oriented model (Snijders, 2001) has become

a standard tool for the analysis of longitudinal social network data. The exten-

sion of this model for the investigation of the co-evolution of network structure

and relevant actor attributes allows for the simultaneous study of selection and

influence processes and has greatly extended its applicability (Snijders et al.,

2007; Steglich et al., 2010).

The stochastic actor-oriented model can be used to test hypotheses about the

tendencies of social actors that govern network and attribute dynamics. A basic

assumption of the model is that a co-evolving actor attribute is measured on

an ordinal scale with a limited number of categories. Under this assumption,

the network and attribute evolution can be represented in a common statistical

framework (that is, by a continuous-time Markov chain with a discrete outcome

space). However, restricting the co-evolving attribute to a limited number of

This chapter is currently under revision for resubmission to Sociological Methodology.
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12 the practice

categories has proven to be a practical limitation in several studies, because of

the necessity to discretize attributes measured on a very fine-grained or contin-

uous scale. It may not always be evident how to discretize. Moreover, di↵erent

discretizations may lead to di↵erent results.

In a study of the development of body weight of adolescents and their friend-

ships, for example, De la Haye, Robins, Mohr, and Wilson (2011) split the

dependent attribute, body mass index, in ordered categories to make their anal-

ysis feasible. Flashman (2012) measured scholastic achievement on a continuous

scale, and later transformed it to a five-point scale for the same purpose. Some

other continuous variables that had to be treated similarly are job satisfaction

(Agneessens and Wittek, 2008), self- and peer-reported aggression and victim-

ization (Dijkstra, Gest, Lindenberg, Veenstra, and Cillessen, 2012), and physical

activity (Gesell, Tesdahl, and Ruchman, 2012).

Many monetary and physical attributes are measured by continuous variables.

Psychological scales often assume the existence of one or more latent continuous

dimensions, measured on a fine-grained categorical scale. For corporate actors,

performance indicators can be composed of various underlying variables and

reflect the many decisions taken in an organization. In all these cases, the

discretization of continuous variables would involve arbitrary choices (number

and width of categories) and could lead to loss of information. In a non-network

setting, continuous variables are often analyzed in linear models. Linear models

o↵er a wealth of methodological possibilities that have been better developed

than for models for discrete data and are more straightforward. In this chapter,

we propose an extension of the stochastic actor-oriented model that opens up

the connection to linear modeling.

The proposed extension represents the evolution of continuous actor attributes,

in mutual dependence with the changing social network, by a stochastic di↵er-

ential equation model. Stochastic di↵erential equations model the evolution of

continuous variables in continuous time. They have been applied extensively,

for example in econometrics and financial mathematics (e.g., Fouque, Papanico-

laou, and Sinclair, 2000). To non-network panel data in the social sciences they

have been applied as well, though to a lesser extent (e.g., Hamerle, Singer, and

Nagl, 1993; Oud and Singer, 2008; Oravecz, Tuerlinckx, and Vandekerckhove,

2011; Voelkle et al., 2012).

In this chapter we present the case of a single co-evolving continuous attribute

and develop the model for data collected at two points in time. We first intro-

duce stochastic di↵erential equation models. We then present the definition of

the stochastic actor-oriented model for the co-evolution of a social network and



2.2 stochastic differential equations 13

a continuous actor attribute. We briefly outline the way in which the model pa-

rameters are estimated and discuss the substantive interpretation of the model

and its parameters. We illustrate the method by a study of the co-evolution of

friendship and psychological distress among adolescents. The chapter concludes

with a discussion of the main points raised and directions for further research.

In this chapter we focus on the basic principles and the interpretation and ap-

plication of the modeling approach. For a discussion of the higher-dimensional

attribute case and a more technical review of the method, we refer to Chapter 3.

There the mathematical details of the model for the analysis of a co-evolution

process based on more than two waves of data are elaborated.

2.2 Stochastic di↵erential equations

This section gives a brief introduction to stochastic di↵erential equation models

by a simple example. Øksendal (2000) and, in a more applied way, Iacus (2008)

give general treatments of the topic.

A di↵erential equation model is a continuous-time model describing the evo-

lution of a continuous variable. In a continuous-time model, time is not an

explanatory variable. Instead, the model as a whole, with time as an index vari-

able, explains the dynamics underlying an evolutionary process (for example,

people do not change weight because of time, but over time). Coleman (1964,

1968) first proposed the use of ordinary (i.e., non-stochastic) di↵erential equa-

tions for modeling sociological phenomena that change over time. Such models

quickly became a standard part of the toolbox of mathematical sociologists

(Blalock, 1969; Beltrami, 1993). Applications include the study of inequality in

socioeconomic careers (Rosenfeld and Nielsen, 1984) and the study of change in

academic achievement and the role of school e↵ects in this process (Sørensen,

1996).

The general form of an ordinary di↵erential equation1 modeling the evolution

of a variable z is:
dz(t)

dt
= f(z(t), u(t)). (2.1)

This equation models the change in z, expressed by its derivative, as some

function f of a set of explanatory variables u, that can be constant or time-

dependent, and the value of z itself. A simple example of an ordinary di↵erential

equation is
dz(t)

dt
= az(t) + b. (2.2)

1We only focus on first-order di↵erential equations, that is, higher order derivatives are
not included in the equation.



14 the practice

t

z

- ba

(a) The unstable situation: a > 0.

t

z

- ba

(b) The stable situation: a < 0.

Figure 2.1: The behavior of solutions to di↵erential equation (2.2).

The only function z(t) that satisfies this di↵erential equation is

z(t) = z0e
at +

b

a
(eat � 1), (2.3)

where z0 denotes the value of z at time t = 0. This function is called the

solution of equation (2.2). Parameter a is a feedback parameter; it represents

the influence of z(t) on its own rate of change. The stability of the solution

(2.3) is determined by feedback parameter a. If a is positive, z(t) will increase

(or decrease) at an ever-increasing rate (see Figure 2.1a). If a is negative, z(t)

will converge to the equilibrium value �b/a of the solution (see Figure 2.1b).

In the latter, stable situation, z(t) is the weighted mean of its initial value z0

and the equilibrium value �b/a for any time t. Empirical growth processes are

usually stable. However, the situation of explosive growth of social processes

also has considerable theoretical interest (Sørensen, 1978).

Di↵erential equation (2.2) describes a deterministic process; given an initial

value z0, it spells out the complete evolution of z. It also describes a very

smooth process (see Figure 2.1). In many applications, however, the evolution

processes of the variables of interest behave erratically. In those cases, models

that allow for random disturbance in the process are more appropriate. Stochas-

tic di↵erential equation models do exactly this by including an error term in

the di↵erential equation (Øksendal, 2000).

Let Z(t) be a continuous random variable. A stochastic di↵erential equation

model, similar to the deterministic model (2.3), is

dZ(t) = [aZ(t) + b] dt+ g dW (t), Z(0) = z0, t � 0. (2.4)

where W (t) is the standard Wiener process (also known as Brownian motion), a

continuous-time error process. For reasons discussed below, the usual notation
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is not in terms of the derivatives dZ(t)/dt, but of the infinitesimal increments

dZ(t). Parameter a again determines the stability of the system2, while di↵usion

coe�cient g is related to the amount of random disturbance. LetN (µ, ⌫) denote

a normal distribution with mean µ and variance ⌫. The standard Wiener process

is a stochastic process characterized by the following three properties: first, its

initial valueW (0) = 0; second, W (t) is continuous with probability 1; and third,

W (t) has independent increments W (t)�W (s) that are N (0, t�s) distributed,

for 0  s < t. This last property means that for all non-overlapping time

intervals [t1, t2] and [t3, t4], the random variables W (t2) �W (t1) and W (t4) �

W (t3) are statistically independent. Note that, as a consequence of the first

and third property, W (t) is N (0, t) distributed. Moreover, even though W (t)

is continuous with probability 1, it is nowhere di↵erentiable. This is the reason

why equation (2.4) does not contain a standard derivative operator. In fact,

equation (2.4) is a short-hand notation for the stochastic integral equation

Z(t) = z0 +

Z t

0

[aZ(s) + b] ds+

Z t

0

g dW (s), (2.5)

where the second integral is an Itô stochastic integral (Øksendal, 2000). An

intuitive interpretation of equations (2.4) and (2.5) is that in a small time

interval of length �t the stochastic process Z(t) changes its value by an amount

that is normally distributed with mean [aZ(t) + b]�t and variance g
2�t and

that is independent of the past behavior of the process. The solution to equation

(2.4) is

Z(t) = z0e
at +

b

a
(eat � 1) + g

Z t

0

e
a(t�s) dW (s). (2.6)

Unlike z(t) in equation (2.3), Z(t) is a random variable, normally distributed

with mean

E
�
Z(t)

�
= z0e

at +
b

a
(eat � 1) (2.7)

and variance

var
�
Z(t)

�
=

g
2

2a
(e2at � 1). (2.8)

Figure 2.2a shows the solution of ordinary di↵erential equation (2.2) for a = �2,

b = 6 and z0 = 0. The figure also shows 50 sample paths (realizations) of the

solution to stochastic di↵erential equation (2.4) with g = 1. The sample paths

fluctuate around the solution of (2.2), as E(Z(t)) = z(t) by equations (2.3) and

(2.7). Figure 2.2b shows the variance of the 50 sample paths in Figure 2.2a.

By considering increasing numbers of sample paths, we see that their variance

converges to equation (2.8).
2Note that stability for ordinary and stochastic di↵erential equations are related, but

not equivalent concepts. See Has’minskǐi (1980) for a (technical) discussion of the stochastic
stability of di↵erential equations.
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(a) The solution to ordinary di↵erential
equation (2.3) and 50 sample paths for
stochastic di↵erential equation (2.4).

●

●

t

va
r(Z

(t)
)

0 1 2 30.
0

0.
1

0.
2

0.
3

0.
4

50 samples
500 samples
5000 samples
theoretical variance
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Figure 2.2: Exploring stochastic di↵erential equation (2.4) (a = �2, b = 6,
g = 1, z0 = 0).

Empirical growth processes are usually stable. In this case (a < 0), for increas-

ing values of t the distribution of Z(t) approaches a normal distribution with

mean �b/a, as in the deterministic case, and variance � g2

2a . This variance rep-

resents a balance between the di↵usion coe�cient g and the damping feedback

a. In the example, the mean in the equilibrium is 3 and the variance is 0.25

(see also Figure 2.2). See the Appendix for an application of model (2.4) to real

data.

Ordinary di↵erential equations have been around since Leibniz and Newton in

the beginning of the 17th century and stochastic di↵erential equations since

Bachelier and Einstein in the beginning of the 20th century. However, even

though ordinary di↵erential equations have met and become close to sociology

through Coleman (1968), for their stochastic counterparts a similar encounter

is still to take place. Stochastic di↵erential equations are well established in

other disciplines, such as physics and economics, but related contributions to

the social science literature have mainly been technical (e.g., Bergstrom, 1984;

Oud and Jansen, 2000; Oud and Delsing, 2010; Singer, 1998, 2012). Substantive

applications, like Reinecke, Schmidt, and Weick (2005), are rare; most applica-

tions merely serve as illustration. The introduction to continuous-time modeling

by means of stochastic di↵erential equations by Voelkle et al. (2012) aims to

narrow the gap between statistical theory and social scientific practice, aimed

at psychologists. In this chapter, stochastic di↵erential equation models will be

combined with models for the evolution of social structures, opening them up
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to a new world of sociological questions.

2.3 Stochastic actor-oriented model

The stochastic actor-oriented model represents network and attribute co-evo-

lution as an emergent group-level result of interdependent attribute changes

and network changes (Snijders, 2001; Snijders et al., 2007). One important

characteristic of the model is its assumption that changes occur continuously

in time. This means that in a real-valued time interval changes can occur at

any time point. For the models discussed by Snijders (2001) and Snijders et al.

(2007), a change is always a discrete jump (one tie change or one category change

in an attribute value), and on a finite interval only finitely many jumps will

occur. The idea of continuous-time models for network evolution was already

advocated by Holland and Leinhardt (1977) and Wasserman (1977).

In the stochastic actor-oriented model, we assume the observations of the net-

work and actor attributes at discrete time points to be the outcomes of an

underlying continuous-time Markov process. We model the evolution of a con-

tinuous dependent actor variable by a stochastic di↵erential equation and the

network evolution by a continous-time Markov chain (Norris, 1997). These

models components are discussed in Sections 2.3.2 and 2.3.3. Both processes

satisfy the Markov property, which states that given a current state of the net-

work and actor attributes, their future is independent of their past. Together

they form a co-evolution model (Section 2.3.4). In the next section, we present

the notation necessary to define the stochastic actor-oriented model.

2.3.1 Notation and data structure

The outcome variables for which the co-evolution model is defined are the dy-

namic network and the dynamic actor attributes. The network is defined by its

node set {1, . . . , n}, representing the network actors, and the binary tie vari-

ables Xij, representing a directed relation between actors; Xij = 1 and Xij = 0

respectively indicate the presence and absence of a tie from actor i to actor j.

The relation is assumed to be nonreflexive, i.e., Xii = 0 for i = 1, . . . , n. The

network as a whole is represented by the n⇥ n adjacency matrix X = (Xij).

The actor attributes are continuous variables and measured on an interval scale.

We will specify the stochastic actor oriented model for a single co-evolving

continuous attribute. The vector Z contains the attribute variables for the n

actors; Zi denotes the attribute of actor i. Time dependence in the model is

indicated by denoting X = X(t) and Z = Z(t).
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The data we consider are network-attribute panel data; the network and the

attribute data are collected at two points in time, t0 and t1. The data are indi-

cated by lower case letters. We thus observe networks x(t0), x(t1) and attributes

z(t0), z(t1). The stochastic model components are indicated by uppercase let-

ters, whereX(t) denotes the network model and Z(t) the attribute model. Time

t runs between t0 and t1. The state of the model is given by Y (t) = (X(t), Z(t)).

Although they are often not mentioned explicitly, exogenous actor covariates

and dyadic covariates (characteristics of pairs of actors) may also be part of the

state Y (t). We assume this throughout the section.

2.3.2 Attribute evolution model

Stochastic di↵erential equation (2.4) describes the change in an attribute, but

does not include any information on what may have brought this change about.

In our model, the dynamics of the attribute of an actor i may depend on charac-

teristics of i (e.g., individual covariates, network position) and on characteristics

of others in the network. We model these dependencies through the elements of

the input vector ui(t) = (ui1(t), . . . , uir(t)) in the stochastic di↵erential equation

dZi(t) = [aZi(t) + b
>
ui(t)]dt+ g dWi(t), Zi(t0) = zi(t0). (2.9)

If ui(t) itself does not depend on Zi(t), the solution to this equation – similar

to solution (2.6) – is given by

Zi(t) = e
a(t�t0)zi(t0) +

Z t

t0

e
a(t�s)

b
>
ui(s) ds+

Z t

t0

e
a(t�s)

g dWi(s). (2.10)

The parameters in vector b = (b1, . . . , br) represent the strength of the e↵ects

in input ui(t). By default the model includes the unit variable ui1(t) = 1,

which has a role equivalent to that of the intercept in a linear regression model.

Other e↵ects may include constant actor attributes, like gender or height. These

variables, being respectively binary and continuous, may be included directly in

the stochastic di↵erential equation. Categorical actor attributes can be included

through ways known from linear regression, for example using dummy coding.

The previous are examples of exogenous e↵ects. However, the focus of research

questions in network-attribute co-evolution studies is usually on how the local

network of an actor, and the characteristics of the actors to whom he is con-

nected (that is, his ‘alters’) a↵ect his attribute dynamics. We can model how

an actor is influenced by his alters by combining information on the current

network state and the current attribute values of the alters. Examples of local

network e↵ects are:



2.3 stochastic actor-oriented model 19

1. Outdegree e↵ect : the e↵ect of the number of outgoing network ties,

ui2(x) =
P

j xij = xi+

2. Isolate e↵ect : the e↵ect of being an isolate in the network, i.e., having no

incoming our outgoing ties (I{A} = 1 if A is true, I{A} = 0 if A is false),

ui3(x) = I{xi+ = x+i = 0}

3. Average alter e↵ect : an e↵ect representing social influence, defined as 0 if

actor i has no alters (xi+ = 0), otherwise as the average centered attribute

value of actor i’s alters,

ui4(x) =
P

j xij(zj � z̄)/xi+,

4. Maximum alter e↵ect : another e↵ect representing social influence, defined

as the maximum of the centered attribute values of actor i’s alters,

ui5(x) = maxj{xij(zj � z̄)}

In the above, z̄ is the mean observed attribute value. Centering the attribute

values in the e↵ects gives meaning to the zero e↵ect for actors without alters.

The zero e↵ect equals the e↵ect for actors with average alters. A lot of e↵ects

have already been defined for discrete attribute variables in the stochastic actor-

oriented modeling framework (Ripley et al., 2018). Many of these allow for a

straightforward generalization to the case of continuous attributes. How to

best represent mechanisms such as social influence depends on the context of a

particular study.

Discrete-time consequences

Stochastic di↵erential equations describe how continuous variables may evolve

over time. They express a rate of change. However, observations are usually

made at discrete time points, two in the case of our model. The distribution

of the continuous variables at a certain time point t is fully determined by the

stochastic di↵erential equation and the initial conditions at t0, yet it is gener-

ally impossible to derive its explicit expression. Bergstrom (1984) addressed

this problem for systems of linear stochastic di↵erential equations that model

the co-evolution of multiple continuous variables. He showed that, under cer-

tain conditions, discrete-time observations exactly satisfy a system of stochastic

di↵erence equations. His so-called exact discrete model links the discrete-time

parameters to the continuous-time parameters.

Model (2.9) is the one-dimensional case of the model addressed by Bergstrom

(1984). For this model, the exact discrete model reduces to an expression very

similar to what we have seen in the section on stochastic di↵erential equations
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(see, e.g., Oud and Jansen, 2000). Let zi,t denote the attribute value and ui,t

the values of the e↵ects in the input vector of actor i at time t. The exact

discrete model states that after a time �t the value of the attribute of actor i

is given by

zi,t+�t = A�tzi,t +B�tui,t + wi,�t, (2.11)

where wi,�t can be considered as the random error caused by the error process

over �t time, with a N (0, Q�t) distribution, and where

A�t = e
a�t

, B�t =
1
a(e

a�t
� 1)b>, Q�t =

1
2a(e

2a�t
� 1)g2. (2.12)

In the derivation of di↵erence equation (3.6), it is assumed that the r e↵ects

in ui are constant between t and t + �t. In some cases, for example if the

average alter e↵ect is included in the model, this assumption clearly does not

hold. In Section 2.3.4, we will reflect on consequences of this approximation on

the co-evolution model.

2.3.3 Network evolution model

We here give a short definition of the stochastic actor-oriented model. For a

detailed discussion, we refer to Snijders (2001; 2005). A characteristic property

of the model is its actor-oriented architecture. Changes in the network are

modeled as choices made by actors about their outgoing ties. In other words,

actors control the ties they send. We assume that, at any given moment, all

actors act conditionally independently of each other given the current state of

the network and attributes of all actors. Moreover, actors are assumed to make

only one tie change at a time. Similar to many other agent-based models, the

model is based on local rules for actor behavior. It combines the strengths of

agent-based simulation and statistical modeling (Snijders and Steglich, 2015).

The stochastic actor-oriented model decomposes the network evolution process

into two stochastic subprocesses. The first subprocess models the speed by

which the network changes or, more precisely, the rate at which each actor

in the network gets the opportunity to change one of his outgoing ties. The

second subprocess models the mechanisms that determine which particular tie

is changed, when the opportunity arises. In the following, we specify both

subprocesses.

For each actor i the waiting time until the next opportunity to make a tie

change is exponentially distributed with a parameter given by a rate function

�i. The waiting time until any of the actors makes a change is exponentially

distributed with rate �+ =
Pn

i=1 �i. The rate function �i may depend on the



2.3 stochastic actor-oriented model 21

state Y (t). In the remainder of the chapter, we assume constant and equal rate

functions for all actors (�1 = . . . = �n = �). This implies that change activity

is homogeneous over actors. The extension to non-constant rate functions is

straightforward and has been implemented (Snijders, 2005; Ripley et al., 2018).

If actor i has the opportunity to make a network change, he or she can either

choose to maintain the status quo or to change a tie to one of the other actors.

In terms of adjacency matrices, the set of potential new states comprises the

current state x itself and the n� 1 matrices that deviate from x in exactly one

non-diagonal element in row i. Let x(±ij) denote the adjacency matrix equal to

x, in which entry xij is changed into 1� xij. By definition, let x(±ii) = x. The

adjacency matrix corresponding to the new network will thus be of the form

x
(±ij) with j 2 {1, . . . , n}.

The choice of actor i depends on the so-called objective function fi(x, z) that

takes into account the potential new network state, the current state of the

attributes, and actor and dyadic covariates. Actor i chooses that x
(±ij) for

which fi(x(±ij)
, z)+✏j is highest, where the ✏j are random variables representing

unexplained change. Although it is not mentioned explicitly in the notation,

the ✏j are independently generated for each next actor’s choice. We assume the

✏j to follow a standard Gumbel distribution – a convenient standard assumption

(McFadden, 1974) – and thus the probability that actor i chooses x(±ij) as the

next network state is of the form

exp(fi(x(±ij)
, z))Pn

h=1 exp(fi(x
(±ih), z))

. (2.13)

The objective function is defined as a weighted sum of network e↵ects sik(x, z),

fi(x, z) =
X

k

�ksik(x, z). (2.14)

Parameter �k indicates the strength of the kth e↵ect, controlling for all other

e↵ects in the objective function. The e↵ects represent the actor-level mech-

anisms governing network change, as the e↵ects in ui(t) in equation (2.9) do

for attribute change. Steglich et al. (2010) and Ripley et al. (2018) provide

an overview of the many e↵ects that are currently implemented for stochastic

actor-oriented models. Basic examples are the outdegree e↵ect, defined by the

number of outgoing ties si1(x) =
P

j xij, the reciprocity e↵ect, the number of

reciprocated ties si2(x) =
P

j xijxji, and the transitivity e↵ect, the number of

transitive triplets si3(x) =
P

j,h xijxihxhj. These model the density, the level of

reciprocation and the level of transitive closure (e.g., ‘befriending the friends of

my friends’) in a network.



22 the practice

E↵ects may also depend on actor attributes or covariates. The ego e↵ect of an

attribute, for example, is defined as the the product of the attribute value and

the outdegree of actor i, si4(x, z) = zi

P
j xij. The alter e↵ect of the attribute

is defined as si5(x, z) =
P

j xijzj. These e↵ects can be used to assess the

di↵erential tendency of actors with high attribute values to send (ego e↵ect) or

to receive (alter e↵ect) network ties. They are used in the empirical study in

this chapter. The mathematical definition of the other e↵ects included in this

study (see Section 2.6.2) can be found in Ripley et al. (2018).

2.3.4 Integration of network and attribute model

The complete specification of the network-attribute co-evolution model consists

of the rates �i defining the pace of the network change, the objective function

(2.14) modeling the mechanisms by which actors make network changes, and the

exact discrete model (2.11), corresponding to a stochastic di↵erential equation.

The stochastic di↵erential equation models both the pace and the direction of

change in the continuous actor attributes.

In the co-evolution model, the network evolves in ‘jumps’ of one tie change,

while the actor attributes evolve gradually. We can combine this by using the

exact discrete model to evaluate how much the attributes have evolved between

two consecutive tie changes. Using this idea, a simulation of the co-evolution

process can be set up that consists of the following steps:

1. Set t = 0, x = x(t0), z = z(t0) and ui = ui(x, z) for all actors i.

2. Sample �t from an exponential distribution with rate �+.

While t+�t < 1,

3. Sample ci from a N (A�tzi + B�tui, Q�t) distribution, set zi = ci for

all actors i.

4. Select actor i 2 {1, . . . , n} according to probabilities �i/�+.

5. Select alter j 2 {1, . . . , n} according to probabilities (3.9).

6. Set t = t +�t and x = x
(±ij) and update ui = ui(x, z) for all actors

i.

7. Sample new �t from an exponential distribution with rate �+. Re-

turn to step 3.

In the simulation, a waiting time until a new network change is drawn (steps

2 and 7), the actor attributes are updated (step 3), the actor who will make a
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change is determined (step 4), and the tie change is determined (step 5). To

reach t = 1, the attributes of all actors are updated for a final time (step 3).

The choice for a simulation time length of 1 is arbitrary. The actual time t1� t0

between the two observations is captured in the rate �i and the parameters of

the stochastic di↵erential equation. The definitions of A�t, B�t and Q�t in the

above simulation scheme are as in (2.12).

For simulation purposes we assume that ui is constant between consecutive

tie changes at times t and t + �t. This is not always true. The network is

constant between t and t+�t, so any e↵ects in ui that are functions of only the

network and individual and dyadic covariates are constant between t and t+�t.

However, if ui contains an e↵ect, such as the average alter e↵ect, that depends

on the attribute values zj of other actors j 6= i in the network, the assumption

is no longer valid, as the zj evolve between t and t+�t. Fortunately, since �t

is generally very small, the errors introduced by this approximation are small

as well, as is shown in a simulation study in Chapter 3.

2.4 Estimation

Stochastic actor-oriented models are generally too complicated for likelihoods

or estimators to be written in a closed form expression, which makes maximum

likelihood estimation and Bayesian estimation complex. Although methods for

maximum likelihood estimation (Snijders, Koskinen, and Schweinberger, 2010)

and Bayesian estimation (Koskinen and Snijders, 2007) have been developed

for models for discrete dependent attribute variables, the most straightforward

way to estimate the model parameters is by a method of moments procedure.

This procedure is computationally less intensive. It is described in detail by

Snijders (2001) and Snijders et al. (2007), and can be sketched as follows.

For each parameter ✓k in the model, a statistic Sk is selected that captures

the variability in the data accounted for by this parameter. According to the

method of moments (e.g., Bowman and Shenton, 1985), parameter estimates are

the values for which the expected data given the parameters and the observed

data are most similar. Recall that Y (t) = (X(t), Z(t)) denotes the state of the

model at time t. Formally, the method of moments estimator ✓̂ is the value of

✓ for which

E✓̂ S(Y (t0), Y (t1)) = S(y(t0), y(t1)), (2.15)

where ✓ = (✓k) and S = (Sk) denote all parameters in the model and their

corresponding statistics. This expression is referred to as the moment equation.
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In the context of the network-attribute co-evolution model, parameters are es-

timated from panel data. In the moment equation, we can therefore condition

on the observed initial state y(t0). This amounts to not modeling the initial

state and thus making no assumptions about it. The parameter estimates ✓̂ are

defined as the solution to the conditional moment equation

E✓̂{S(Y (t0), Y (t1)) | Y (t0) = y(t0)} = S(y(t0), y(t1)). (2.16)

The conditional expectations in this equation cannot be calculated explicitly,

except for some trivially simple models. Therefore, parameter estimates are ob-

tained by a stochastic iterative procedure, which is based on the Robbins-Monro

1951 algorithm and elaborated by Snijders (2001). This procedure exploits the

property that stochastic actor-oriented models can be used to simulate a co-

evolution process. Therefore, given an initial state y(t0) and parameters ✓, the

state Y (t1) can be simulated and the conditional expectation in (2.16) can be

approximated. The standard errors of ✓̂ are obtained as the square roots of the

diagonal elements of the approximate covariance matrix

cov(✓̂) ⇡ D
�1
✓ ⌃✓(D

�1
✓ )> (2.17)

(Bowman and Shenton, 1985). Here D✓ denotes the matrix of partial derivatives

of the statistics S with respect to the parameters ✓, and ⌃✓ is the covariance

matrix of the statistics. Matrices D✓ and ⌃✓ are evaluated at the estimate ✓̂

through simulations.

2.4.1 Statistics for the conditional moment equation

For each of the parameters in the stochastic actor-oriented model, we need to

select an appropriate statistic for the conditional moment equation (2.16). For

the parameters in stochastic di↵erential equation (2.9), the attribute part of the

model, we propose the statistics

feedback a

X

i

Zi(t1)zi(t0), (2.18)

attribute e↵ect bk
X

i

Zi(t1)uik(t0), (2.19)

di↵usion g

X

i

(Zi(t1)� zi(t0))
2
. (2.20)

In Chapter 3, we derive these statistics from an autoregression model that is

closely related to di↵erential equation (2.9). In case e↵ects ui(t) are constant

over the period of analysis, the statistics are the su�cient statistics for model

(2.9), i.e, no other statistic can be calculated from the same observed data
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that provides additional information about the values of the parameters. In

this particular situation, the method of moments and the maximum likelikood

estimators for these parameters are equal. For the parameters in the network

part of the model, Snijders (2001) proposed the statistics

network rate �

X

i,j

|Xij(t1)� xij(t0)|, (2.21)

network e↵ect �k

X

i

sik(X(t1), y(t0)), (2.22)

where y(t0) = (x(t0), z(t0)). An important feature of the stochastic actor-

oriented model is its applicability in studies where peer influence, which is a

network e↵ect on attribute dynamics, and social selection, an attribute e↵ect

on network dynamics, both could play a role (Steglich et al., 2010). By means of

cross-lagged statistics, selection and influence are disentangled (Snijders et al.,

2007). The statistic (2.19) for a parameter bk can express how an earlier state

of the networks and the attributes – ui(t0) may depend on y(t0) – a↵ects the

later state Z(t1) of the attributes. The statistic (2.22) for a parameter �k can

express how an earlier state of the attributes z(t0) a↵ects the later state of

the network X(t1). Note, however, that distinguishing selection and influence

requires strong assumptions on the parametrization of a social process or on

the adequacy of the covariates used, or both. Shalizi and Thomas (2011) show

that these strong parametric assumptions or strong substantive knowledge are

necessary to rule out latent homophily as a causal factor.

2.5 Interpretation

The model presented in Section 2.3 by itself is not based in a substantive theory.

It is a mathematical model. However, considering the model in the light of

certain theories and fundamental ideas, such as the ones discussed below, may

help to understand it. Moreover, doing so may inspire new ideas about the social

mechanisms driving the dynamic process the model aims to represent. One of

those fundamental ideas is that social actors try to optimize their state under

certain constraints. Social actors often face the world with limited resources and

limited rationality (Simon, 1957): a lack of knowledge, foresight and (cognitive)

skills. In the following, we interpret both the network and the attribute model

in this framework.

In the network evolution model, actors evaluate their local network structure

and, by changing their ties, try to reach a structure that they evaluate more

positively. Mathematically, the actors’ choices are modeled as based on the
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maximization of an objective function with a random component. Actors do

not take into account how others will respond to their choices. In this sense,

they act ‘myopically rationally’ (Steglich et al., 2010). This mathematically

convenient assumption keeps the network evolution model relatively simple.

The limited foresight can be interpreted as a form of bounded rationality.

The model for the evolution of continuous actor attributes can be regarded as

being inspired by the same principle of optimization under constraints. Sup-

pose the attribute reflects a predictor, or component, of utility. In case the

attribute is a financial or a performance measure a utility interpretation is very

appropriate, and for other types of attributes such an interpretation may follow

indirectly. For example, in studies with BMI as co-evolving attribute (e.g., De

la Haye et al., 2011), an actor’s satisfaction with his current BMI might be the

underlying utility, which is revealed in his observed BMI value. Fully ratio-

nal actors would aim to maximize their utility, subject to certain constraints.

Mathematically, they could write down their utility function, set its derivative

equal to zero, and thus obtain their maximum utility and decide to adopt the

corresponding attribute value.

The latter approach is of course more a thought experiment than a realistic ac-

tion principle. First, because of their bounded rationality, the actors’ perception

of utility is rarely complete. Utility functions constitute simple models for social

action. Second, social actors rarely adjust fully in the short run, because they

are subject to constraints hindering rapid change (Tuma and Hannan, 1984).

Third, continuous attributes of social actors often reflect the consequences of

multiple decisions (e.g., BMI is a consequence of eating decisions, physical ac-

tivity, etc.). A sizable instantaneous change is, by the nature of the continuous

variable, often not possible. Instead of considering maximizing behavior, we

therefore may prefer to think of adjustive behavior (Simon, 1957). Actors grad-

ually modify their behavior in order to change their attributes continuously in

the desired direction, subject to certain constraints.

Stochastic di↵erential equation (2.9) represents such adjustive behavior. This

equation states that the rate of change in variable Z depends linearly on its

own level and on the level of a set of input variables. The former relation is

referred to as linear feedback. In empirical growth processes, negative feedback

(i.e., a stable system) is the common situation (Sørensen, 1978).

Coleman (1968) o↵ers two explanations of negative feedback. The first is related

to the regression to the mean phenomenon, first described by Galton (Stigler,

1997), which is common in studies of change. Repeated measurements on the

same subject often reveal that those far from the mean on the first measurement

tend to be closer to the mean at a later moment. If values increase when below
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the mean and decrease when above the mean, they are part of an equilibrating,

or stable, process. If this is the case, the value of the feedback parameter is

negative. Regression to the mean can be an artifact of random measurement

error, but in many cases also occurs when the measurements are accurate (Tuma

and Hannan, 1984).

In the statement that ‘values increase when below the mean and decrease when

above the mean’ lies no clue about the process causing these changes. There-

fore, secondly, Coleman (1968) argues that when negative feedback exists, there

is a chain of e↵ects with an odd number of negative e↵ects. For example, the

negative feedback chain Z ! Y1 ! Y2 ! Z could contain one or three negative

e↵ects. In case of positive feedback, such a chain would contain an even num-

ber of negative e↵ects. In the di↵erential equation, Z substitutes the variables

involved in cycles leading back to itself, in the example Y1 and Y2. Coleman

(1968) refers to cycles that are all series of connected variables. When the se-

quence of intermediate relations is not such a linear series, the feedback may

be better explained by an intermediate system S of relations between variables:

Z ! S ! Z. Elaborating the chains through which feedback occurs in the

context of a particular study can be a way to further substantive theory devel-

opment.

2.6 Example: co-evolution of friendship and distress

To illustrate the techniques introduced in this chapter, we explore the dynamics

of friendship networks and psychological distress among adolescents. Psycho-

logical distress can be indicative of depression and anxiety disorders. It is more

prevalent among girls than among boys and highly correlated with feelings of

loneliness (Koenig, Isaacs, and Schwartz, 1994). Social factors play an im-

portant role in psychological distress. For example, Petersen, Sarigiani, and

Kennedy (1991) found a close relationship with parents to have a protective

e↵ect. A good parent-adolescent relationship was found to mediate the e↵ect of

changes experienced in early adolescence, such as pubertal growth or a change

in the family (e.g., a divorce), on depressive mood. Hill, Gri�ths, and House

(2015) adopted a network approach and studied the transmission of mood (low

versus healthy) in a static social network of adolescents. They found that friend-

ship between adolescents reduces the incidence and prevalence of depression.

Reversely, if an adolescent experiences psychological distress, this may also af-

fect his or her behavior towards others. In this spirit, Schaefer, Kornienko, and

Fox (2011) studied the role of depression in changing friendship network struc-
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tures. Their stochastic actor-oriented model analysis showed that depressed

adolescents withdraw from friendships over time.

Here, we present an explorative study of the interdependent dynamics of friend-

ships and psychological distress. We simultaneously assess how distress struc-

tures friendship networks, and whether having friends has a protective e↵ect on

distress. We also explore whether and how the distress level of an adolescent is

a↵ected by the distress levels of his or her friends.

2.6.1 Sample and procedure

Data were collected by the fourth author (Doddema, 2014) among students in

their third year of secondary school (ninth grade) in the north of the Nether-

lands. Three times during the school year, the students completed a paper-and-

pencil questionnaire. Before the actual data collection, the questionnaire was

tested in a pilot study. The surveys took place in November 2013, when most

of the students were 14 or 15 years old, and in February and May 2014. In the

following, we study the data from the first two measurements.

The panel consisted of a cohort of 125 students (64 boys), of whom three were

relocated to a di↵erent school over the course of the study and two had no

permission of their parents to participate. Of the 125 students, 117 participated

in the first wave and 113 in the second. A total of 109 students participated in

both waves.

The students were asked about several topics such as hobbies, attitudes towards

school and alcohol use. Moreover, we administered the Kessler 10 Psychological

Distress Scale (K10) to measure their psychological distress (Kessler, Andrews,

Colpe, Hiripi, Mroczek, Normand, Walters, and Zaslavsky, 2002). The K10

scale contains 10 items such as ‘In the past two weeks, how often did you feel

tired out for no good reason?’ and has been shown to be highly correlated

with the presence of depressive or anxiety disorders (Furukawa, Kessler, Slade,

and Andrews, 2003). The items in the K10 scale were selected out of 45 items,

based on their di�culty and discrimination as assessed in item response theory

models. The items were selected to represent the entire range of distress and

to discriminate along that continuum (Kessler et al., 2002). In our sample, the

internal consistency reliability of the K10 scale was good, with a Crohnbach’s

alpha of 0.89. This value is very similar to the 0.92 reported by Kessler et al.

(2002).

The K10 scale uses five response options for each question, ranging from ‘none

of the time’ to ‘all of the time’, which are scored from one through five. Total
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scores, the sum over the 10 items, are in practice commonly classified into four

levels of psychological distress: low (< 20), moderate (20� 24), high (25� 29)

and very high (> 29). All students completed the entire scale, except for nine

who missed one or two of the items. In our analyses, we use the students’

average values over their non-missing items.

The students also provided information on several social relations, such as

friendship, hanging out after school, and dislike. We assessed the friendship

network among the students by asking them to name up to twenty friends from

their year group. Three students in the first wave and one student in the sec-

ond wave indicated more than twenty friends on their questionnaire. These

students may have had a di↵erent interpretation of the ‘friend’ concept from

most students, but it is clear whom they do not call their friends. Therefore, in

these cases the non-friend information was retained and the friendship nomina-

tions were treated as missing data; a similar procedure was followed by Light,

Greenan, Rusby, Nies, and Snijders (2013).

To deal with missing data, a method is used that uses completed data to allow

for meaningful simulations, but minimizes the e↵ect of the required imputation

on the estimation results (Huisman and Steglich, 2008; Ripley et al., 2018). The

value 0 is imputed for missing tie variables at the first measurement, as social

networks are generally sparse. Missing ties at the second measurement are set

to the value observed at the first measurement. The imputed tie variables are

not used in the calculation of the statistics for the moment equation.

2.6.2 Plan of analysis

We analyze the data using the stochastic actor-oriented model introduced in

Section 4. In the following, we first discuss the friendship dynamics model by

specifying the e↵ects in the network objective function. Then we present several

operationalizations of the e↵ect of friends on distress and discuss how we will

study these and elaborate the set-up of the stochastic di↵erential equation for

the dynamics of psychological distress. Finally, we discuss how we assess the

goodness of fit of our co-evolution model.

Friendship model

We assess the e↵ects of psychological distress on friendship evolution by in-

cluding an ego and an alter e↵ect of distress in the network objective function.

These e↵ects measure the di↵erential tendency of students with higher distress
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to nominate friends and to receive friendship nominations, respectively. We in-

clude an interaction e↵ect of ego’s and alter’s distress, measuring the di↵erential

attractiveness of distressed students for those students who experience distress

themselves. A positive parameter would be indicative of homophily based on

psychological distress. We also include the e↵ects of gender (ego, alter, same)

and class comembership.

The changes in the friendship network are assumed to depend also on endo-

geneous network processes, which are modeled using purely structural e↵ects,

functions of the network structure only. The outdegree e↵ect serves as an in-

tercept for the formation of network ties, and forms the basis of the network

objective function. Other structural e↵ects in the model are the tendency to

reciprocate friendship nominations (reciprocity) and the tendency for actors to

befriend the friends of their friends (transitivity) or to form friendship cycles

(cyclicity). For the latter two, we use the gwesp (geometrically weighted edge-

wise shared partners) definition of these e↵ects (Hunter, 2007), as these often

result in a better fit and in better convergence in stochastic actor-oriented mod-

els. We also include the interaction e↵ect between reciprocity and transitivity

(Block, 2015), in the form of interaction reciprocity ⇥ transitivity (gwesp).

We include the e↵ect of current popularity (number of incoming ties, indegree)

on receiving friendship nominations and that of current network activity (num-

ber of outgoing ties, outdegree) on nominating friends. Finally, we include the

outdegree popularity e↵ect, the e↵ect of sending friendship nominations on be-

ing popular. As the e↵ect of an additional tie is likely to decrease with the

number of ties, we use the square roots of the in- and outdegree in these e↵ects.

Distress model

Although previous research suggests that having friends has a protective e↵ect

on psychological distress, the mechanisms through which this occurs remain

unexplored. Table 2.1 presents three possible operationalizations of the e↵ect

of having friends on distress and the corresponding hypotheses. We expect that

the e↵ect of an additional friend decreases with the number of friends who were

mentioned already. Therefore, for the e↵ects in Table 2.1 we use the square

root of the degrees in the model instead of the raw degrees.

Adolescents may also be a↵ected by the distress of their friends. This can be

modeled in various ways. For example, having at least one friend who experi-

ences little distress may be beneficial for an adolescent’s distress level. In this

case, a person’s distress level could increase when his or her least distressed

friend becomes more distressed (minimum alter e↵ect). An alternative could be
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Table 2.1: Possible operationalizations of the e↵ect of having friends on distress.

E↵ect Example Hypothesis Sign

Outdegree
Having many friends leads to
lower distress.

�

Reciprocated degree
Having many friends who also
mention you as their friend
leads to lower distress.

�

Non-reciprocated
degree

Having many friends who do
not mention you as their
friend leads to higher distress.

+

that having a very distressed friend has a large impact on someone’s distress.

In this case, an adolescent’s distress level could increase when his or her most

distressed friend becomes more distressed (maximum alter e↵ect). Note that

who the least or most distressed friend is, can change over time. A third op-

tion is that the adolescent is a↵ected by the average distress level of his friends

(average alter e↵ect). In this case, the positive e↵ect of the healthy individuals

and the negative e↵ect of the unhealthy individuals are assumed to even each

other out. The average alter e↵ect is a common operationalization of social

influence in studies using the stochastic actor-oriented model. The idea of us-

ing a (weighted) average alter e↵ect to model influence goes back to classical

sociological models (e.g., French, 1956; Abelson, 1964). See Flache, Mäs, Feli-

ciani, Chattoe-Brown, De↵uant, Huet, and Lorenz (2017) for a recent overview

of formal models of social influence.

The potential e↵ects of friends on distress, discussed above, cannot all be esti-

mated simultaneously. The outdegree is the sum of the reciprocated degree and

the non-reciprocated degree. Therefore, the three degree-related e↵ects would

not be identifiable. Moreover, in general the power to detect network evolution

e↵ects is larger than the power to detect attribute evolution e↵ects, as the num-

ber of data points is of the order n2 for the network and of the order n for the

attributes. For the study of influence processes, the current sample is relatively

small (Stadtfeld, Snijders, Steglich, and Van Duijn, ress). Given the size of

our data, it is impossible to disentangle the di↵erent influence e↵ects. The ‘full

model’ is not estimable and hence model selection by backward elimination is

not possible. This procedure would have to start out with a model that includes

all e↵ects of interest and stepwise remove e↵ects that are insignificant according

to some criterion.
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Instead, we first estimate a basic model and assess the e↵ects of friends on

distress by testing their parameters (H0 : ✓ = 0) without estimating them,

using score-type tests. The basic model for the distress dynamics includes only

the e↵ect of gender and is defined as

dZi(t) = [aZi(t) + b0 + b1 vi]dt+ g dWi(t), (2.23)

where vi = 0 for male and vi = 1 for female students.

The score-type test is a generalized Neyman-Rao score test that is implemented

for stochastic actor-oriented models, using the method of Schweinberger (2012).

Score-type tests indicate whether and which of the tested e↵ects will improve a

model, when included. When performing score-type tests, the other parameters

in a model are still estimated. In our case, the basic model is formed by model

(2.23) and the friendship evolution model specified earlier in this section.

We conduct our score-type tests in two steps. First, we consider the alternative

degree-related e↵ects on distress. Second, we consider the alternative influence

e↵ects. For our final co-evolution model, we include one of the e↵ects of friends

on distress (the one for which most support is found, irrespective of its sign) in

model (2.23). To reduce the danger of capitalization on chance we test groups

of similar e↵ects jointly, and only then consider the individual tests.

Goodness of fit of the final model

Finally, we assess the goodness of fit of the model (cf. Hunter, Goodreau, and

Handcock, 2008; Ripley et al., 2018). We check whether, apart from the network

configurations explicitly fitted, other statistics of the network structure at wave

2 are adequately represented by the model. We consider the in- and outdegree

distribution, the distribution of geodesic distances (shortest paths between ac-

tors in the network) and the triad census (all possible network configurations

on three actors; see Holland and Leinhardt (1976)) in 1000 networks simulated

under the estimated model. Based on the 1000 simulated data sets, we also

check whether the distress distribution at wave 2 is adequately represented by

the model, as well as the change in distress between wave 1 and wave 2.

2.6.3 Results

Descriptive results

The students mention on average around 11 friends (see Table 2.2). A high

proportion of the friendship ties is reciprocated, as is common for friendship
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networks. We use the Jaccard index to assess how stable the network is over

time. The Jaccard index is defined as N11/(N01 +N10 +N11), where Nhk is the

number of tie variables with value h in one wave and k in the next. A Jaccard

index of 0.56 is su�ciently high to consider the observed networks as part of an

evolution process (Ripley et al., 2018).

To quantify how similar friends in the network are in terms of their psychological

distress, we use Moran’s I as a measure of network autocorrelation (Moran,

1948). This measure is based on the cross-products of continuous attributes of

actors who are connected in a network. The network autocorrelation is very

low in both waves. Visual inspection of the friendship networks supports the

observation that the networks do not show evidence of clustering based on

psychological distress (see Figure 2.3).

Table 2.2 shows that, on average, psychological distress among girls is higher

than among boys. This is in line with earlier findings (e.g., Kessler, 2003).

Between wave 1 and wave 2 the average distress level of the boys remains ap-

proximately constant, while that of the girls slightly decreases.

Figure 2.4 shows the change in the students’ distress between the two waves.

For the illustration, the distress classification introduced in Section 2.6.1 was

scaled down to the range of 1 to 5. We see that change occurs between distress

classification categories, but that the larger part (56%) of the change occurs

within the categories (gray areas in the figure). As our aim is to model all

changes, we study distress as a continuous variable (the average value over non-

missing K10 items). In this way, the distress data does not depend on the choice

of cut-o↵ scores for the distress classification.

Table 2.2: Descriptive statistics of the friendship network and distress scores.

Wave 1 Wave 2

Number of students present 117 113
Average degree 11.2 10.6
Proportion of ties reciprocated 0.69 0.68
Network autocorrelation (psychological distress) 0.059 0.032
Jaccard index – 0.56
Average (sd) psychological distress – boys 1.94 (0.65) 1.99 (0.67)
Average (sd) psychological distress – girls 2.31 (0.71) 2.19 (0.68)

Notes. Average outdegree represents the average number of outgoing network ties. The
autocorrelation measure used is Moran’s I. The theoretical range of distress is 1–5.
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Score-type test results

Table 2.3 shows the results of the score-type tests. The results of the joint

tests suggest that students are a↵ected by the distress level of their friends, but

show no evidence of an e↵ect of having friends on distress. Therefore we do not

include a degree-related e↵ect in the final model.

The sign of most test statistics matches the expected direction of the e↵ect, but

none of the one-parameter tests are significant at the 0.05 level. The upper half

of Table 2.3 shows that the results for the reciprocated and the non-reciprocated

degree e↵ects di↵er in sign. This suggests that distinguishing them is better

than considering their sum as a general outdegree e↵ect.

In the lower half of Table 2.3, the negative sign of the test statistic for the

average alter e↵ect is somewhat surprising. It can be understood in light of

the descriptive result that the network autocorrelation, measuring the distress

similarity between friends, decreases between the two waves. Moreover, the sign

of the e↵ect is not very reliable as the standard error is large, which is indicated

by the large p-value.

Most evidence is found for the minimum alter e↵ect. This e↵ect will be included

in the final model. The tested e↵ects in Table 2.3 are not controlled for one

another. Moreover, the estimates in the rest of the model are not controlled for

the tested e↵ects. In the following section, we discuss the results of the final

model, in which all parameters are estimated simultaneously.

Figure 2.3: Friendship network at wave 1. Dark-colored nodes represent highly
distressed individuals. White nodes with a dashed border represent individ-
uals who were not present during data collection. The color of the ties is
based on clique overlap (Everett and Borgatti, 1998): darker ties indicate co-
embeddedness in more cliques.
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Results of the co-evolution model

Table 2.4 shows the final model results. We find that students with higher

psychological distress tend to send fewer friendship nominations (distress ego).

They are less active in this respect. However, they are not less popular as

friends; they do not tend to receive fewer nor more friendship nominations

(distress alter). Also, we do not find that the di↵erential attractiveness of

students with high distress is higher for students who themselves also experience

high distress (distress ego ⇥ distress alter).

Students have a tendency to reciprocate friendship ties and to prefer relation-

ships with their friends’ friends (positive transitivity). Cycles in networks are

inherently non-hierarchical; in a cycle everyone is in a similar position (one in-

coming tie, one outgoing tie). The negative cyclicity parameter in Table 2.4

therefore indicates the existence of local hierarchies in the friendship network.

The tendency to nominate others as friends decreases with the number of friends

a student already has (negative outdegree activity). Finally, being of the same

gender and in the same class are both significant predictors of friendship forma-

tion. We do not find evidence that girls are more active than boys in sending

friendship nominations or more popular as nominees.
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Figure 2.4: Change in psychological distress for boys (circles) and girls
(squares). The dashed lines separate the classifications low (L), moderate (M),
high (H) and very high (VH) distress. A small amount of random noise was
added to the wave 2 distress scores of students with equal change patterns, to
avoid overlap.
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Table 2.3: Results of the score-type tests of the e↵ect of friendship structure
and friends’ distress score on distress.

E↵ect expected statistic p

Friendship structure
Outdegree � �0.13 0.90
Reciprocated degree � �0.18 0.86
Non-reciprocated degree + 0.012 0.99
Joint test (df = 3) 3.03 0.39

Friends’ distress
Maximum alter + 1.08 0.28
Minimum alter + 1.89 0.058
Average alter + �0.59 0.56
Joint test (df = 3) 6.44 0.092

Notes. The test statistic for the (one-sided) one-parameter tests is
standard normally distributed. For the joint tests, the test statistic
follows a chi-squared distribution with the indicated degrees of free-
dom. The ‘expected’ column represents our expectations about the
sign of the e↵ects.

We now turn to the results for the distress dynamics model. Table 2.4 shows

that the minimum alter e↵ect is significant, that is, if a student’s least distressed

friend becomes more distressed, he or she will become more distressed him/her-

self. There is no significant e↵ect of gender on the changes in psychological

distress. Finally, we find a significant feedback e↵ect. Section 2.5 provided

some general explanations of negative feedback. In this illustration, it is likely

that some important predictors of change in psychological distress are missing

from our model (e.g., di�cult home situation or being bullied). Appendix A il-

lustrates how the distress model can be build up stepwise, to provide the reader

with an idea of how adding variables changes parameter estimates.

Goodness of fit

The network goodness of fit of the model is shown in Figure 2.5. The figures

show that the in- and outdegree distribution and the distribution of geodesic dis-

tances in the networks simulated under the estimated model are captured fairly

well, although the p-values corresponding to the fit of the in- and outdegree

distribution are small, indicating significant deviations. The lack of fit in the

triad census (Holland and Leinhardt, 1976), depicted in Figure 2.5d, is mostly

due to an underestimation of the number of 120D triads (triads containing the
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Table 2.4: Stochastic actor-oriented model of friendship and distress dynamics.

estimate (s.e.)

Friendship dynamics
rate 11.86 (0.86)\

outdegree �3.20 (0.40)\

reciprocity 2.81 (0.46)⇤

transitivity (gwesp) 1.80 (0.26)⇤

cyclicity (gwesp) �0.81 (0.30)⇤

transitivity (gwesp) ⇥ reciprocity �0.025 (0.13)
indegree popularity 0.006 (0.10)
outdegree popularity �0.16 (0.11)
outdegree activity �0.11 (0.04)⇤

female ego 0.075 (0.080)
female alter 0.087 (0.080)
same gender 0.29 (0.08)⇤

same class 0.36 (0.09)⇤

distress ego �0.19 (0.07)⇤

distress alter 0.033 (0.071)
distress ego ⇥ distress alter 0.050 (0.14)

Distress dymamics
feedback a �0.43 (0.10)⇤

intercept b0 1.79 (0.34)\

error g 0.44 (0.05)\

female b1 �0.084 (0.10)
minimum alter b2 1.02 (0.30)⇤

⇤
p-value < 0.05. \These e↵ects are not tested, as the hypothesis
H0 : ✓ = 0 is irrelevant.

ties i � j, k ! i, k ! j for actors i, j, k), which represent a hierarchical struc-

ture, and an overestimation of the number of 120C triads (i � j, i! k, k ! j).

The latter is unexpected, as 120C triads are the non-gwesp representation of

the interaction e↵ect between transitivity and reciprocity. The gwesp version

of this e↵ect is part of the model, but apparently does not fit the 120C triads

well. The other triadic configurations are captured well by the model.

The distress goodness of fit is shown in Figure 2.6. The statistics used in the

goodness of fit analysis are the distress scores at wave 2 and the change scores,

both rounded to the nearest half. The fit of the distress distribution at wave 2

is reasonable (p = 0.38). The general shape of the distribution is captured, with

the exception that the number of students with a distress score between 1.25 and

1.75 is underestimated and the number of students with a distress score between
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2.25 and 2.75 is overestimated (Figure 2.6a). Because our grade dynamics model

imposes no lower or upper limits, in some simulations we observe distress scores

smaller than 1, even though the original distress scale ranges between 1 and

5. Figure 2.6b shows an adequate fit of the distribution of change in distress

scores, even though the corresponding p-value is small (p = 0.012). The one

student with a reduction in distress of �2.1 scale points is an outlier not fitted

by the model. This outlier for the statistic �2 in Figure 2.6b, which has little

variation in the simulations, has a large e↵ect on the goodness of fit p-value.

This illustrates that goodness of fit p-values should be interpreted with care,

and always with consideration of goodness of fit figures. Note that in cumulative

distributions, the deviations depicted in Figure 2.6 would be smoothed away to

some extent.

Interpretation of the distress dynamics model

The estimated parameters in the distress dynamics model represent the strength

of e↵ects on change in distress. Using the exact discrete model, presented in

Section 2.3.2, we can assess the implication of this model on expected change

trajectories. Considering these change trajectories will help in interpreting the

size of the estimated parameters.

Let zmin{i} denote the minimum distress value of the friends of a student i, and

assume (for sake of this exposition) that it is constant. Recall that vi denotes

the gender of student i (0 = male, 1 = female). Given the estimates in Table

3.4, it follows from exact discrete model (3.6) that

E(Zi(t) | zi(0)) = e
�0.43t

zi(0) +
1

�0.43(e
�0.43t

� 1)(1.79� 0.084 vi + 1.02 zmin{i})

= 0.65t zi(0) + (1� 0.65t)(4.19� 0.20 vi + 2.39 zmin{i}),

(2.24)

where t runs between 0 and 1. This expression represents the expected distress

trajectory for a student i between the first and second measurement. We see

that this expected value is a weighted average of the student’s initial distress

score zi(0) and his theoretical equilibrium value 4.19�0.20 vi�2.39 zmin{i}. The

variation about the expected value E(zi(t) | zi(0)) is

var(Zi(t) | zi(0)) =
1

�0.86(e
�0.86t

� 1)0.442 = 0.23(1� 0.42t). (2.25)

Figure 2.7a shows the extent of this variation in 50 sample trajectories for

one student. Note that we assume the variation to be the same for all students,

much like the homoscedasticity assumption in a regression analysis. Figure 2.7b

shows the e↵ect of the minimal distress level of a student’s friends on distress.
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Figure 2.5: Goodness of fit plots for network statistics based on 1000 networks
simulated with the parameters estimated on the original data. The numbers
and solid line represent the values observed at wave 2. The p-values correspond
to the Mahalanobis distance of the average simulated values to the observed
values.
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Figure 2.6: Goodness of fit plots for distress statistics based on 1000 data sets
simulated with the parameters estimated on the original data. The number and
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In the data, the minimal distress values among friends at the first measurement

ranged between 1 and 2.2. We see that a di↵erence of one scale point makes

a considerable di↵erence for the expected distress trajectories. However, com-

pared to the random variation in Figure 2.7a the di↵erences in Figure 2.7b are

not very large.

As shown by the above exposition, the continuous-time parameters are best

interpreted in terms of their discrete-time consequences. Interpreting the value

of �0.084 for the gender parameter b1 by itself is di�cult. The ratio �b1/a =

�0.20 indicates the size of the gender di↵erence in the theoretical equilibrium.

The equilibrium coe�cients �bi/a are a more fundamental entity than the bi

(Nielsen and Rosenfeld, 1981). The substantive interpretations of these coef-

ficients can be done according to the same logic as for coe�cients in a linear

regression model. Also, the equilibrium variance, � g2

2a = 0.23, is easier to inter-

pret than the parameter g, as it corresponds directly to the total intra-individual

variance (Oravecz et al., 2011).

Nevertheless, the process we are studying is far from being in equilibrium, and

focusing on the equilibrium coe�cients may not be all-revealing. Therefore, we

also evaluate the discrete-time consequence of the continuous-time model after

one observation period:

E(Zi(1) | zi(0)) = e
a
zi(0) +

1
a(e

a
� 1)(b0 + b1 vi + b2 zmin{i})

= 0.65 zi(0) + 1.47� 0.07 vi + 0.84 zmin{i},
(2.26)

where the minimal distress of the friends is taken to be a constant value, and

var(Zi(1) | zi(0)) = 0.14, and so the corresponding standard deviation is 0.37.

The coe�cient e
a = 0.65 can be interpreted as representing the memory of

the process, the dependence of Zi(1) on zi(0) (Nielsen and Rosenfeld, 1981).

The gender coe�cient �0.07 is much smaller than the equilibrium coe�cient

�b1/a = �0.20, due to the weight 1 � e
a. The peer influence coe�cient 0.84

means that an increase of one scale point in the initial minimum distress of

a student’s friends would result in an expected increase in the student’s own

distress of 0.84 scale point during the observation period. Note, however, that

the actual peer e↵ect has likely deviated somewhat from this, as in reality zmin{i}

was not constant.

Filling out observation interval length t = 1 in equations (2.24) and (2.25)

facilitates interpretation (see also Oud, Folmer, Patuelli, and Nijkamp, 2012).

However, the importance of also reporting the continuous-time parameters is

stressed by examples given by, e.g., Oud and Delsing (2010) and Voelkle et al.

(2012). The continuous-time parameters are necessary to compare parameters
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between studies with di↵erent time intervals between measurements. For ex-

ample, if in Study 1 the time between two measurements was six months and

in Study 2 this interval was one year, we need to fill out t = 1 for Study 1 and

t = 0.5 for Study 2 to make a comparison possible.

Explained variance in the distress dynamics model

For stochastic actor-oriented models, a proportion of explained variance has

been proposed by Snijders (2004) based on information theory, but it is not

easily interpretable and therefore hardly applied. For the distress dynamics

model, the concept of proportion of explained variance can be defined based on

var(Zi(1) | y(0)), (2.27)

where y(0) denotes the initial friendship network and distress scores state, and

estimated from simulations. The distress dynamics model without network

dependence can be estimated as a standard regression model, and the explained

variance, usually denoted by R
2, can be determined accordingly. In that case,

we know that R2 can only increase when variables are added. This is unknown

for the current model, and a question for future research.

For a standard linear regression model written as zi = X� + ✏i, i = 1, . . . , n,

the proportion of variance explained can be summarized as

R
2 = 1�

n
V
i=1

✏i

n
V
i=1

zi

, (2.28)

with finite-sample variance operator
n
V
i=1

xi =
1

n�1

Pn
i=1(xi � x̄)2 (Gelman and

Hill, 2007, p.474). The residual ✏i indicates the deviation of observation zi from

the “best guess”, E(yi | Xi) = Xi�. Generalizing from expression (2.28), we

define

R
2 = 1�

n
V
i=1

�
zi(1)� E (Zi(1) | y(0))

 

n
V
i=1

zi(1)
(2.29)

as a measure of explained variance in the distress dynamics model. The expec-

tation E (Zi(1) | y(0)) can be estimated from simulations.

For the current model, we find that R2 = 0.51. Note that a very slowly evolving

process, i.e., where |a| is small, will likely result in a high explained variance

due to the strong dependence on the lagged values zi(0).
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2.6.4 Conclusion

The current study illustrates the statistical framework within which analyses

of the dynamics of a social network and the continuous attributes of network

actors can be conducted. We find support for the withdrawal hypothesis by

Schaefer et al. (2011). Moreover, we find that the distress level of an adolescent

increases with the distress level of his or her least distressed friend. Naturally,

who this least distressed friend is, may change over time. This finding implies

that having at least one friend who experiences little distress may be beneficial

for an adolescent’s distress level. In the score-type test, this e↵ect was not

significant, but in the final model (in which the e↵ect was not just tested, but

estimated simultaneously with the other e↵ects) it was. Of course, we have to

stress that this e↵ect was found in a three-step explorative procedure. However,

the approach presented here – considering multiple social mechanisms by which

peers can a↵ect individual behavior – is a good first step. Listing the ways

in which influence may occur in a particular context, instead of using defaults

(e.g., the average alter e↵ect), is in itself a useful endeavor.

2.7 Discussion

In this chapter, we presented a model for studying the co-evolution of social

networks and continuous attributes of network actors. The model extends the
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stochastic actor-oriented model for network evolution (Snijders, 2001). While

the model discussed by Snijders et al. (2007) and Steglich et al. (2010) requires

continuous attributes to be discretized, in the model presented here this is no

longer necessary.

The preference for either of the co-evolution models is not merely a method-

ological issue or a matter of data, but depends on the research question. For

example, even in the case when the exact amount of cigarettes smoked by stu-

dents in a high school is known, smoking behavior is best modeled on a binary

scale when the research is about peer influence on the onset of smoking. An

onset model (Greenan, 2015) in the stochastic actor-oriented modeling frame-

work would in this case match the research question better than a model with

an ordinal or continuous smoking variable. The model proposed in this chapter

o↵ers an elegant framework for statistical inference when the research concerns

the aggregate of an actor’s many decisions, expressed in a continous variable.

The attribute’s evolution is modeled by a linear stochastic di↵erential equation

model, which closely resembles (and in some cases is equivalent to) an ordinary

linear regression model. Many generalizations of the ordinary regression model

can be implemented for the stochastic di↵erential equation as well. Examples

include random e↵ect and latent variable models. In this chapter, we assumed

the network to represent one group. A study of co-evolution processes in a

population of networks (e.g., Knecht, Burk, Weesie, and Steglich, 2011) would

require a multilevel extension of the method proposed here.

The resemblance of the attribute evolution model to the ordinary linear regres-

sion model, at the same time, instills awareness of potential modeling challenges.

Questions about the validity of the linearity and homoscedasticity assumption

follow naturally. Moreover, although discretization of continuous variables is

no longer necessary due to the model extension, transformation might be. This

transformation could be aimed at improving the validity of the distributional

assumptions of the model, but could also have a substantive objective. For

example, the perception of a one-point change in distress may di↵er in di↵erent

ranges of the distress spectrum. In general, we can study transformations of

continuous actor attributes to ensure that the assumption of an interval scale

is reasonable.

We illustrated the proposed method with a study of the dynamics of friend-

ship and psychological distress among adolescents. This study integrates two

approaches considered in earlier research: the e↵ects of individual distress on

changes in the friendship network, and the e↵ect of having friends on psycho-

logical distress. We study these e↵ects simultaneously, while controlling for

endogeneous network evolution mechanisms. In our example, we find evidence
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that distressed students withdraw from friendships over time and that having

at least one non-distressed friend has a positive e↵ect on a student’s own psy-

chological distress.

We find e↵ects in the same direction when we repeat the analysis on the original

data with the distress data categorized according to the classification introduced

in Section 2.6.1. However, the e↵ects are no longer significant at the 0.05 level

(distress ego: t = �1.84, minimum alter: t = 0.33). This is in line with the

fact that categorization entails a loss of information. The general di↵erences in

results and model properties between the model for continuous attributes and

discretized continuous attributes require further exploration.

The example study illustrates how, given estimated parameters, formulas and

figures can be of help in understanding actor attribute dynamics and in the

communication of results. Moreover, the stochastic di↵erential equations do

not only give us access to average trajectories, but also to information about

uncertainty. Comparable information for discrete dynamic actor attributes in

the stochastic actor-oriented model is not obtained as straightforwardly.
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2.A Appendix: the distress model – step by step

We apply model (2.23) to the two waves of psychological distress data among

125 adolescents, discussed in Section 2.6.1. Parameters are estimated outside

the stochastic actor-oriented modeling framework, using likelihood maximiza-

tion. We estimate three models. Model 1 contains only the basic parameters:

feedback a, intercept b0 and error g. Model 2 includes the e↵ect of gender.

Model 3 adds the e↵ect of the minimum distress value of the adolescents friends,

as observed at the first measurement (t1). In Model 3, this value is taken to

be constant over the observation period. This is done solely for illustrationary

purposes; the model described in Section (2.6.2) does not make this assumption.

Table 2.5: Stochastic di↵erential equation models of distress dynamics.

Model 1 Model 2 Model 3
est. (s.e.) est. (s.e.) est. (s.e.)

feedback a �0.34 (0.088) �0.33 (0.089) �0.38 (0.10)
intercept b0 0.71 (0.19) 0.71 (0.19) 0.59 (0.31)
error g 0.54 (0.042) 0.54 (0.042) 0.54 (0.045)
female b1 �0.044 (0.11) �0.046 (0.11)
t1 minimum alter b2 0.16 (0.21)

Table 2.5 shows that adding the gender e↵ect to the model hardly changes the

parameters a, b0 and g. Including the minimum alter value at measurement 1

a↵ects the estimates of the intercept b0 and feedback a. In the full stochastic

actor-oriented model (see Table 3.4), the estimated intercept is 1.79 and the

estimated minimum alter parameter is 1.02. These values di↵er considerably

from the values given in Table 2.5. This shows that the dynamic process of peer

influence is not captured well by the simple introduction of a lagged variable.

Finally, Table 2.5 shows that adding variables to the model first increases the

feedback parameter slightly and then decreases it. This is contrary to the

intuition of Coleman (1968) that the feedback parameter is a

“surrogate for all the chains of feedback in the empirical system that

remain implicit in the formal system. As the formal system becomes

more complete, this coe�cient should approach zero. Thus the size

of the coe�cient allows a way of evaluating the completeness of any

representation on the empirical system by a system of di↵erential

equations.” (Coleman, 1968, p.441)

Adding the minimum alter e↵ect does not bring the feedback parameter closer

to zero.
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