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Chapter 4
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Abstract

There is mounting evidence that the initial mass function (IMF) in massive
early-type galaxies (ETGs) is not the same as the Milky Way IMF. In this
work we apply a hierarchical Bayesian framework for stellar population
synthesis (SPS) to a set of stacked SDSS spectra of ETGs binned as function
of their stellar velocity dispersion. We combine this Bayesian framework
with the MIX library, a combination of two stellar libraries: MILES and
the VIS arm of the X-shooter Spectral Library (XSL). When we apply
the model to the data, we include multiple single stellar populations, a
flexible IMF, and variable abundance patterns. We test different model
ingredients (response functions, isochrones, regularization schemes and IMF
parameterizations) that we compare on the basis of the Bayesian evidence.
For a single power law IMF, we find an IMF slope that increases from
α∼ 2.1 for σ = 170 km s−1 to α∼ 2.6 for σ = 320 km s−1 (with α = 2.35
being a Salpeter IMF). These results are consistent with previous results
that are derived with an independent code. When using a double power
law IMF with a break at 0.5 M�, we find an almost constant high-mass
IMF slope α2∼ 2.5 and a low-mass IMF slope that increases from α1∼ 1.3
to α1∼ 2.4 as a function of velocity dispersion. In almost all cases we
find that the double power law IMF is preferred over the single power law
IMF. However, the uncertainties in the model, in particular the response
functions of Na, make it hard to establish the absolute scale of the relation
between IMF slope(s) and velocity dispersion or the exact shape of the
IMF.
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4.1 Introduction

The distribution of stellar masses resulting from a star formation event is
described by the initial mass function (IMF) dN/dM . Salpeter (1955)
introduced the concept of an IMF and determined that for the solar
neighbourhood it could be described with a single power law dN/dM ∝
M−α between 0.4 M� and 10 M�. More precise measurements of the IMF
based on star counts later showed that the Milky Way IMF becomes flatter
below M . 0.5 M� and can be described by a broken power law (Kroupa
et al. 1993; Kroupa 2001) or a lognormal distribution extended with a
power law (Chabrier 2003). Note, however, that most studies measure the
present-day mass function (PDMF) and not the IMF. The PDMF includes
the effects of stellar evolution, the star formation history (SFH) of the
considered object and sometimes dynamical evolution leading to stellar
mass segregation.

Studies of the IMF in different environments of the Milky Way seem to
indicate that the Galactic IMF is universal (Bastian et al. 2010). Beyond
the Local Group, star counts are not possible any more and measurements
of the IMF have to resort to more indirect methods. Most of these studies
focus on early-type galaxies (ETGs) because these objects are relatively
simple in terms of their SFH and less contaminated by ongoing star
formation than late-type galaxies. Increasing evidence from spectroscopic
studies suggests that in these ETGs the IMF becomes more bottom-heavy
for galaxies with a higher mass/velocity dispersion (Conroy & van Dokkum
2012b; Spiniello et al. 2012; Ferreras et al. 2013; La Barbera et al. 2013)
or metallicity (Mart́ın-Navarro et al. 2015). These results are confirmed
by dynamical and gravitational lensing studies that infer higher mass-to-
light ratios for these ETGs than the Milky Way-value (Treu et al. 2010;
Graves & Faber 2010; Cappellari et al. 2012; Conroy & van Dokkum 2012b;
Lyubenova et al. 2016). However, in contrast to these results Smith et al.
(2015) and Newman et al. (2016) have found a number of lensed ETGs that
are consistent with the Milky Way IMF.

The IMF is a fundamental quantity in many astrophysical studies.
Mass-to-light ratios of galaxies, chemical evolution and nucleosynthesis, the
population of stellar remnants and the energy balance of the interstellar
medium all depend on the assumed IMF, which is often considered to be
universal and similar to the Milky Way. If the IMF is not universal, this
may have important consequences for galaxy properties derived under the
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assumption of a universal IMF, such as the SFH and the chemical evolution
(Ferré-Mateu et al. 2013; Fontanot et al. 2017). It is therefore crucial to
establish the shape of the IMF and its possible variations with other galaxy
properties such as the stellar mass or velocity dispersion. If the IMF is not
universal, this is expected to be related to a change in the local properties
of the star forming interstellar medium (e.g., Larson 1998; Chabrier 2003).
Since these properties may change as a function of time, the IMF of a single
galaxy may be different for various episodes of star formation. If this is the
case, the IMF (PDMF) that we measure is actually the superposition of
the different IMFs that characterize the SFH of the galaxy.

Star formation is a complex physical process that involves gravity,
turbulence, radiation and magnetic fields. Developing a theoretical model
for this process is challenging, and therefore the origin of the IMF is
far from being understood (Krumholz 2014; Offner et al. 2014). Several
attempts have been made to relate the IMF with local properties of the
star-forming interstellar medium such as the pressure or the Mach number
(e.g Hennebelle & Chabrier 2008; Krumholz 2011; Hopkins 2012, 2013).
The link between these local properties and the typical conditions of star
formation might help to explain the observed non-universality of the IMF.
Conversely, accurate measurements of the IMF can provide important
constraints for star formation theories.

Inferring the IMF from the spectrum of an unresolved galaxy is not
straightforward, however. To determine the IMF of an unresolved stellar
population through spectroscopy, one has to model its spectrum through a
stellar population synthesis model (SPS). SPS models have been developed
to transform the observable properties of a galaxy into physical properties
that are not directly observable such as its SFH, chemical composition
(often described by a metallicity and abundance pattern) and IMF. The
first models were developed by Tinsley (1968), and nowadays a variety
of different SPS models are available (e.g. Bruzual & Charlot 2003; Le
Borgne et al. 2004; Maraston 2005; Conroy & van Dokkum 2012a; Vazdekis
et al. 2015; Dries et al. 2016). All stellar population models consist of at
least three ingredients: stellar evolution models (i.e. isochrones), a spectral
library of stars and an IMF.

Of particular interest when inferring the IMF through a SPS model
is the contribution of low-mass dwarfs (M < 0.5 M�) to the integrated
spectrum. The relative contribution of these stars to an optical spectrum
is at most ∼10% for a 13 Gyr old single stellar population (SSP) with a
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rather extreme bottom-heavy IMF (i.e. a single power law with α = 3.0),
but for a Kroupa IMF it is limited to only a few percent (Dries et al. 2016,
DTK16 hereafter). However, the total mass in these stars represents ∼27%
and ∼47% for a Kroupa IMF and a Salpeter IMF, respectively, between
0.1 M� and 100 M�, making these stars very important in dynamical and
lensing studies (Treu et al. 2010; Graves & Faber 2010; Cappellari et al.
2012; Conroy & van Dokkum 2012b; Lyubenova et al. 2016).

The already small contribution of low-mass dwarfs to the integrated
spectrum is complicated even further by their spectral similarity to K and
M giants. However, a number of (gravity- and pressure-sensitive) spectral
features are known to be sensitive to either dwarfs or giants (Wing &
Ford 1969; Faber & French 1980; Gorgas et al. 1993; Worthey et al. 1994;
Schiavon et al. 1997a,b; Cenarro et al. 2003; Schiavon 2007; Spiniello et al.
2014), and these features provide important constraints for inferring the
IMF and separating the relative contributions from dwarfs and giants.

Most SPS models assume a parameterization of the IMF and then
determine the most likely values of one or two IMF slopes that are the
free parameters within that parameterization. These maximum-likelihood
IMF slopes define the ratio between dwarf and giant stars. Strikingly
different IMF parameterizations may, however, result in similar dwarf-to-
giant ratios (Clauwens et al. 2016). Measuring IMF slopes within a given
parameterization of the IMF therefore does not directly reveal the shape
of the IMF (which is fixed a priori by the IMF parameterization). DTK16
and Conroy et al. (2017) have developed more direct approaches to measure
the contribution of individual mass bins to the integrated spectrum.
Nevertheless, the priors in these models still rely on a parameterization
of the IMF, resulting in restrictions on the allowed range of IMF shapes.

Another ingredient of SPS models that can affect the inference of the
IMF is the assumption that the spectra of ETGs can be modelled as an
SSP, with all stars formed at a single epoch. The typical SFH of an ETG,
however, is expected to be characterized by an initial peak representing an
old stellar population followed by an extended tail with a small amount
of more recent star formation, as observed by e.g. Kaviraj et al. (2008),
Monachesi et al. (2012) and McDermid et al. (2015). Dries et al. (2018)
have shown that when their model is applied to a set of composite stellar
population (CSP) mock spectra and only one SSP is used in the fit, the
inferred IMF slopes are biased to a value that is too high (i.e. contains too
many low-mass stars), typically inferring a slope that is ∼0.2 larger than
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its real slope. When the spectra are modelled by multiple SSPs, typically
two to three, this bias disappears.

One of the advantages of the hierarchical Bayesian framework developed
by DTK16 and extended by Dries et al. (2018) (DTKPS18 hereafter) is
that it allows one to compare different model ingredients on the basis
of the Bayesian evidence. In this paper we extend the work of DTK16
and DTKPS18 by including variable abundance patterns and apply the
hierarchical Bayesian framework to a set of stacked Sloan Digital Sky Survey
(SDSS) spectra of ETGs, as function of their stellar velocity dispersion. We
use a variety of different model ingredients to infer the IMF from these
spectra and compare different ingredients on the basis of the Bayesian
evidence. Among these ingredients there are up to four SSPs to model
the spectra, two different sets of isochrones, response functions of various
elements, two different parameterizations of the IMF and two different
regularization schemes. Moreover, we introduce a new stellar library in
our model: the MIX library, which is a combination of the MILES library
(Sánchez-Blázquez et al. 2006) and the VIS arm of the X-shooter Spectral
Library (Chen et al. 2011).

In Section 4.2.1 we describe the hierarchical Bayesian framework
developed by DTK16 and extended by DTKPS18. The application of
the model to real data requires us to introduce two new features into
the model: response functions for non-solar abundance ratios and local
covariance structures, which we describe in Section 4.2.2. In Section 4.3
we introduce the MIX library and describe how we prepare the library for
using it in the Bayesian SPS framework. The SDSS data to which we apply
the model is described in Section 4.4. In Section 4.5 we report our results
and conclusions.

4.2 Model description

We use the hierarchical Bayesian framework developed by DTK16 and
DTKPS18. In this work we introduce two additional features, response
functions for non-solar abundance ratios and local covariance structures
(i.e. a varying pattern of random and systematic errors on the spectrum),
that allow us to improve the modelling of real galaxy spectra. We will first
provide a short summary of the original model and then describe the new
features that we introduce.
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4.2.1 Hierarchical Bayesian framework

Apart from the effects of extinction, the spectrum of a galaxy is essentially
the sum of the spectra of the stars that it contains. Following DTK16 and
DTKPS18, this is expressed through a linear system of equations,

g = Sw , (4.1)

in which g is the spectrum of the galaxy, S is a matrix with a representative
set of stellar spectra, and w is a vector with the number of stars for each of
the templates in S. For an SSP, the spectra in S are defined by an isochrone
as a function of age t and metallicity [Fe/H], and an abundance pattern ~α,
so that S = S(t, [Fe/H], ~α). The IMF,

ξ(M) ≡ dN

dM
, (4.2)

and the vector w (weights hereafter) are related through

ξ(mj) =
wj

mhigh −mlow
, (4.3)

and vice versa through

wj =

mhigh∫
mlow

ξ(M)dM, (4.4)

where wj is the number of stars for template j and mlow and mhigh are the
boundaries of the mass bin corresponding to this template.

The basic idea of the model developed by DTK16 is to infer the IMF of
a stellar population through a regularized linear inversion of Equation 4.1.
Regularization is necessary to ensure positive weights and realistic stellar
mass distributions in case the inversion is ill determined. In DTK16 the
inversion of Equation 4.1 is regularized by imposing a prior on the IMF.
The prior on the IMF is derived from an assumed IMF parameterization,
e.g. a (single) power law IMF, that is characterized by a set of non linear
parameters pi,0 (e.g., slope and normalization for a single power law IMF).
The IMF parameterization can be translated into a prior on the weights
w0(pi,0) through Equation 4.4. Combining the likelihood with the prior on
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the weights, Equation 4.1 can now be solved by minimizing

M(w |g ,S,w0,C
−1
pr ) =

1

2
(Sw − g)TC−1

D (Sw − g)

+ λ · 1

2
(w −w0)TC−1

pr (w −w0),

(4.5)

where C−1
D is the inverse noise covariance matrix and C−1

pr is the inverse co-
variance matrix describing the shape of the Gaussian-distributed deviations
of the weights from the prior. The first and second terms in Equation 4.5
correspond to, respectively, the likelihood and the prior and are balanced
by the regularization parameter λ. The regularization parameter is chosen
such that it optimizes the posterior probability but with an additional prior
that prevents negative weights. If the IMF indeed follows the exact prior
shape (for example a single power law), then the regularization penalty
in Equation 4.5 goes to zero and the equation reduces to the usual fully
parametric maximum-likelihood case.

The non-linear parameters related to the IMF prior and the age,
metallicity and abundance pattern of the SSP, which define the stellar
templates in S, can be sampled via Markov Chain Monte Carlo (MCMC)
sampling techniques. For every sample of these parameters, we calculate the
most probable weights by minimizing Equation 4.5, and different samples
of these parameters can be compared on the basis of the Bayesian evidence
(MacKay 1992). At the second level of inference (model comparison),
we can marginalize over the weights, ages, metallicities and IMF prior
parameters and compare different models on the basis of the evidence (e.g.
different IMF parameterizations or different isochrones).

In DTKPS18 the model of DTK16 was updated and extended with a
number of features that we also include in this work. These additional
features are allowing for multiple SSPs when fitting a spectrum, including
the velocity dispersion as a free parameter in the model, the inclusion of a
multiplicative polynomial in the fit and an adaptive covariance matrix.
Since these additional features increase the computational time-scales
significantly, DTKPS18 have also developed a parameterized version of the
code that does not include a linear inversion of the weights but instead
compares the prior spectrum g0 = Sw0 directly to the data g by varying
the parameters that govern the IMF shape. This version of the code is much
faster than the original version. When we infer the parameters related to
a certain spectrum, we first use the parameterized version of the code to
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determine the velocity dispersion and the most likely ages and metallicities
of the SSPs included in the fit. Then, we fix the velocity dispersion and
the ages and metallicities of the SSPs and run the full version of the model
that also optimizes for the shape of the IMF and allows it deviate from the
shapes of the prior model. Both the parameterized and the full version of
the code are implemented as a pipeline of cosmoSIS (Zuntz et al. 2015).
Evidences are calculated with Multinest (Feroz & Hobson 2008; Feroz
et al. 2009, 2013). Multinest also provides a posterior sample which, if
necessary, is refined with emcee (Foreman-Mackey et al. 2013).

For more details with respect to the hierarchical Bayesian framework
and the additional features of the code we refer the reader to DTK16 and
DTKPS18.

4.2.2 New features: abundance and error patterns

In Section 4.5 we apply our model to a set of stacked SDSS spectra.
The galaxies corresponding to these spectra are mostly ETGs. ETGs
are expected to have different abundance patterns than the Milky Way
and are known to be alpha-enhanced (e.g. Trager et al. 2000a; Johansson
et al. 2012; Conroy et al. 2014). These differences in abundance patterns
can potentially affect the inference of the IMF (Conroy & van Dokkum
2012a). To account for these differences, we introduce response functions
for a number of elements in the model. Since we are now dealing with real
data, there are certain regions of the spectrum that are less reliable (e.g.
regions affected by strong telluric absorption lines). Therefore, we include
local covariance structures that allow the model to down-weight less reliable
parts of the spectrum.

4.2.2.1 Response functions

Response functions describe the relative change of a spectrum as a
consequence of a change in the chemical abundance pattern. In principal,
response functions of a given element can affect the entire spectrum and not
only the lines of that element. We use the response functions of Conroy &
van Dokkum (2012a) and Conroy et al. (submitted). These response func-
tions1 are based on the ATLAS model atmosphere and spectrum synthesis
package (Kurucz 1970, 1993) and are derived for various elements. The re-

1Downloaded from https://github.com/cconroy20/alf/tree/master/infiles

https://github.com/cconroy20/alf/tree/master/infiles
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sponse functions are available for SSPs with ages t = {1.0, 3.0, 5.0, 9.0, 13.0}
Gyr, metallicities [Fe/H] = {−1.5,−1.0,−0.5, 0.0, 0.2} and Salpeter and
Kroupa IMFs.

To prepare the response functions for use in the models we first rebin
them to the wavelength scale of the data. Then we linearly extrapolate
the response functions to t = 13.5 Gyr and [Fe/H] = 0.4. This ensures
that the ages and metallicities of the isochrones that we consider (see
Section 4.3.5) are located within the age-metallicity grid of the response
functions, and we can use bilinear interpolation to interpolate between
the response functions. For every element considered, there is a response
function that corresponds to an increase of 0.3 dex in the abundance of that
element and a response function that corresponds to a decrease of 0.3 dex.
Every age-metallicity combination of the isochrones corresponds to an SSP,
and for each of these combinations we use bilinear interpolation to create
two response functions (increase/decrease) for every element considered.
When we include the response function of a given element X in the model,
we sample the abundance variation [X/Fe] in dex as an additional free
parameter and use linear interpolation between a response function that
is a straight line at 1.0 (i.e. no change in the model spectrum) and the
response function at +/-0.3 dex to account for an increase/decrease of
[X/Fe]. Subsequently, the stellar templates in S are multiplied with the
response functions of the corresponding age-metallicity interpolated to a
value of [X/Fe] dex. If we use multiple SSPs, we use a different response
function for every SSP. Since the computational time scales for running the
model are already significant, we want to minimize the number of extra
parameters that we have to sample. Therefore, we currently only consider
the response functions of the alpha elements Mg, Ca, Ti and Si and the
response function of Na. The models from which the response functions are
derived are smoothed to 100 km s−1. Therefore, the spectra of the stellar
templates in S are also smoothed to σ = 100 km s−1. Note that we use the
parameter [X/Fe] to quantify the relative strength of the response functions,
we do not aim to use this parameter to establish the absolute scale of the
abundance variations.

The response functions that we use in this work were calculated for SSPs
with a Salpeter IMF. This is a simplification of a more complicated problem.
In principle, to correctly account for abundance variations one needs to
apply response functions to the individual stellar templates in matrix S.
However, these individual stellar response functions are not available to us,
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and therefore this approach is not feasible in the current work but might
be implemented in a future update of the code. The average difference
between response functions derived under the assumption of a Salpeter
IMF and response functions derived under the assumption of a Kroupa
IMF are, however, in general relatively small for Mg, Ca and Si although
significantly higher for Ti and Na. These differences are also higher for
higher metallicities.

4.2.2.2 Additional local covariance

When we model the spectrum of a galaxy, certain regions of the spectrum
are characterized by higher uncertainties due to e.g. telluric absorption.
Moreover, the stellar templates in the model currently do not allow us
to correctly account for emission lines in the spectrum. We model these
additional uncertainties by introducing two local covariance structures as
a function of wavelength: a boxcar covariance structure and a Gaussian
covariance structure. The boxcar structure can be used to add local
covariance to strong telluric regions, while the Gaussian structure can be
used to add local covariance to emission line regions. Both structures are
characterized by three free parameters. For the boxcar these parameters are
the amplitude of the additional noise, the central wavelength and the width
over which the variance is allowed to vary, while for the Gaussian the width
is replaced by the standard deviation. In principle we can include these as
free parameters in the model, but this will increase the computational time
scales significantly. Therefore, we currently choose not to vary the local
covariance structures and add them only if necessary.

4.3 The MIX stellar population models

The MIX stellar population models are based on the MIX library, a
combination of the MILES library (Sánchez-Blázquez et al. 2006) and the
X-shooter Spectral Library (Chen et al. 2011, Lyubenova et al., in prep.).
Here we describe the construction of the MIX stellar population models. In
Section 4.3.1 we describe how we prepare the X-shooter Spectral Library
(XSL) for building population synthesis models. Then we describe how
we combine XSL and MILES into the single MIX library in Section 4.3.2.
Since there are relatively few M dwarfs in XSL, we extend XSL with an
additional set of M dwarfs from the ESO X-shooter archive which we discuss
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in Section 4.3.3. In Section 4.3.4 we discuss how we correct the MIX
library for uncertainties in the extinction and the stellar parameters by
an internal optimization procedure. Finally, in Section 4.3.5 we describe
how we combine the MIX libary with two different sets of isochrones to
form the MIX stellar population models.

4.3.1 The X-shooter Spectral Library

XSL is a library of stellar spectra observed with the X-shooter spectrograph
(Vernet et al. 2011) on ESO’s VLT. The X-shooter spectrograph consists of
three arms (UVB, VIS and NIR) and allows one to take a spectrum from
the ultraviolet to the near-infrared (∼300-2500 nm) in a single exposure.
Spectra in the XSL have a moderate resolution of ∼10,000 and are selected
to provide a good coverage of the Hertzsprung-Russell (HR) diagram. The
data reduction and calibration of XSL are described in Lyubenova et al.
(in prep.). Currently, the library contains 815 spectra of 679 unique stars.
These spectra are flux-calibrated and corrected for telluric absorption.

Before we can use the spectra for population synthesis models, we have
to shift the spectra to their rest frame and to correct for Galactic extinction.
The effect of Galactic extinction is stronger in the UVB arm than it is in the
VIS arm. Moreover, there is a significant number of cool stars for which
the signal-to-noise ratio (SNR) in the UVB is relatively low. When we
apply an extinction correction to these spectra, this will amplify the noise
in the spectra and potentially affect the inference of the parameters that we
derive on the basis of these models. Apart from the extinction correction,
the response curve in the overlap region between the UVB and the VIS
arm (about 5500-6000 Å) shows features that are related to the dichroic
that splits the incoming light between the two arms. Therefore, it is not
straightforward to combine the spectra of the UVB and the VIS arm.

Considering the problems in the overlap region between the UVB and
the VIS arm and the uncertain extinction correction in the UVB arm, we
choose not yet to use the UVB arm in this work. Instead, we extend the
VIS arm to the blue by using the MILES stellar library. Note that we
do not need the NIR arm for the analysis in this work because the SDSS
spectra only extend to ∼ 9200 Åİn the rest of this section we discuss the
stellar parameters, the rest frame correction and the extinction correction
of the spectra in the VIS arm.
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4.3.1.1 Stellar parameters and radial velocities

The stellar parameters (effective temperature Teff , surface gravity log g and
metallicity [Fe/H]) of the stars in XSL are determined by Arentsen et al.
(in prep.). These stellar parameters are determined using ULySS (Koleva
et al. 2009) with the MILES interpolator of Prugniel et al. (2011) and
the improvements on this interpolator by Sharma et al. (2016). Arentsen
et al. (in prep.) determine two sets of stellar parameters: the first set
is determined from the UVB arm in the wavelength range 4000-5500 Å
and the second set is determined from the VIS arm in the wavelength
range 6000-7400 Å. The medians of the absolute differences between the
two sets of stellar parameters are ∆ log Teff = 0.007, ∆ log g = 0.17 and
∆[Fe/H] = 0.10. In general, the stellar parameters derived from the UVB
arm are considered to be more reliable than those derived from the VIS
arm. However, for cooler stars there can be little flux in the UVB arm,
resulting in low SNRs. Therefore, we use the parameters derived from the
VIS arm below Teff = 4000 K, and the parameters derived from the UVB
arm for the other spectra.

As a by-product of the determination of the stellar parameters, Arentsen
et al. (in prep.) also derive radial velocities of the stars in the UVB and
the VIS arms. We use the radial velocities derived from the VIS arm to
shift the spectra in the VIS arm to rest frame. For 49 spectra there are no
stellar parameters and/or radial velocities available. We do not use these
spectra and in total 766 spectra remain for the construction of the MIX
library. Figure 4.1 shows the HR diagram of all the XSL stars for which
parameters have been determined. The stars are coloured by metallicity.

4.3.1.2 Extinction correction

To correct the stars in XSL (in this work only the VIS spectra) for Galactic
extinction we assume a Cardelli extinction curve (Cardelli et al. 1989) with
RV = 3.1. For a given value of the extinction in the V -band AV , the
Cardelli extinction law allows us to calculate the extinction curve A(λ)
that we can use to de-redden our observations.

Extinction can be highly variable and changes as a function of position
on the sky. Although extinction maps exist that provide the extinction for
a given line of sight (Schlegel et al. 1998; Schlafly & Finkbeiner 2011), the
extinction also depends on the distance. In that respect it would be better
to use 3D extinction maps (Sale et al. 2014), but this requires accurate
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Figure 4.1 – HR diagram of the XSL stars with the (original) parameters of Arentsen et
al. (in prep.). The stars are coloured by metallicity. The circles correspond to the stars
in XSL and the squares to the additional M-dwarfs from the ESO X-shooter archive.

knowledge of the distance to the observed object. Since we do not have this
information for all our stars and 3D extinction maps are not available for all
directions, we do not use extinction maps to determine the values of AV for
the XSL stars. Instead, we calibrate the spectra against the MILES library
to find the AV -values. As we will later on combine XSL and MILES into
the MIX library, this is a natural choice that ensures consistency between
the two libraries although there might overall still be some uncertainties in
the extinction correction.

The stars in XSL are partly chosen to overlap with the MILES library.
For the 197 spectra that XSL has in common with the MILES library, we
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use the extinction values derived for the MILES stars in Sánchez-Blázquez
et al. (2006) to de-redden the spectra. We compare the remaining spectra
against an interpolated MILES spectrum with the stellar parameters of the
XSL spectrum. The interpolated spectrum is created with the interpolator
described in DTK16 without the additional polynomial correction. We then
optimize AV by minimizing the residual between the XSL spectrum and the
interpolated MILES spectrum in the wavelength range 6000-7000 Å. We use
the resulting optimal value of AV to de-redden the XSL spectrum.

Note that the AV -values that we derive in this section are only used as
starting values that allow us to build a first version of the MIX interpolator.
In Section 4.3.4 we describe how we optimize this interpolator internally
and derive new values of AV to build a consistent interpolator.

4.3.2 The MIX library

The spectra in the MIX library are based on the VIS spectra of XSL
which are extended towards the blue by using interpolated MILES spectra.
We smooth the VIS arm spectra of XSL with a Gaussian kernel to a
velocity dispersion of σ = 100 km s−1 to match the resolution of the
response functions. The original resolution of the VIS arm is assumed
to have a constant value of 10,640 (FWHM)2. For each of the XSL
spectra, we interpolate a MILES spectrum with the stellar parameters
of the XSL star using the MILES interpolator of DTK16 (without the
polynomial correction). The XSL parameters are based on the ULySS
MILES interpolator and should therefore be consistent with the MILES
parameters. The interpolated MILES spectra are also smoothed to a
velocity resolution of σ = 100 km s−1 with a (variable) Gaussian kernel.
Then we divide the wavelength range of the final MIX spectrum into three
regions. Below 6000 Å we use the interpolated MILES spectrum, between
6000 and 6500 Å we use linear interpolation between the interpolated
MILES spectrum and the VIS spectrum and above 6500 Å we use the VIS
spectrum. In the overlap region between 6000 and 6500 Å the weight of the
interpolated MILES spectrum decreases linearly from one to zero whereas
the weight of the VIS spectrum increases linearly from zero to one.

The wavelength range of the MIX library and the three different regions
that we distinguish are summarized in Table 4.1. The MIX library contains
815 spectra of which 766 with stellar parameters and radial velocities.

2https://www.eso.org/sci/facilities/paranal/instruments/xshooter/inst.html
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Table 4.1 – Overview of which spectra are used in the different wavelength regions of
the MIX library.

λstart λend spectrum

3540.5 6000 interpolated MILES spectrum
6000 6500 linear interpolation between interpolated

MILES spectrum and VIS spectrum
6500 10000 VIS spectrum

However, we a priori remove 69 spectra from the library that are not
suitable for interpolation (carbon stars, spectra with emission lines and
spectra with low SNRs). This leaves a total of 697 spectra that we use
as stellar templates. To these we will still add some additional M dwarf
spectra.

4.3.3 Additional M dwarfs

The stars that are present in XSL do not provide a good coverage of the
main sequence M dwarfs. Therefore, we extend the VIS arm of XSL
with a number of additional M dwarfs from the ESO X-shooter archive.
These additional M dwarfs are selected from ESO programs 385.D-0200
(chromospheric structure of low-mass stars, PI A. Reiners), 088.D-0556
and 092.D-0300 (observations of M dwarf secondaries, PI V. Neves). We
only select spectra for which we can find literature values for their effective
temperature and their surface gravity. This leaves a total of 23 additional
M dwarfs. We use these literature parameters as an initial estimate for
the optimization procedure described in Section 4.3.4. For their extinction
we assume an initial guess of AV = 0.0 motivated by the fact that these
stars are faint and therefore are expected to be relatively close to the Solar
System.

After downloading the raw data from the ESO archive, we reduce the
spectra with the same pipeline as the other XSL stars. However, for
the archive M dwarf spectra there are no wide-slit spectra available, and
therefore we have to use a different approach for the flux calibration. In
particular, we use the SDSS M dwarf templates provided by Bochanski
et al. (2007). First, we shift the spectra of the XSL M dwarfs to the rest
frame and smooth the spectra to the resolution of SDSS. Then we select
the best-fitting SDSS template from Bochanski et al. (2007) where we allow
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for a third-order multiplicative polynomial in the fit. After selecting the
best-fitting SDSS template, we correct the XSL M dwarf with a third-
order polynomial to absorb the continuum mismatch with the template.
We expect that this correction (at least partially) removes issues with the
continuum of the M dwarf related to the flux calibration and extinction.

As a final step, the reduced and flux calibrated VIS spectra of the M
dwarfs from the archive are combined with an interpolated MILES spectrum
as described in Section 4.3.2. With these additional M dwarfs the MIX
library now contains 720 spectra. The improved coverage of the low-mass
main-sequence is clearly shown in Figure 4.1, which shows the HR diagram
of XSL together with the additional M dwarfs from the archive.

Although the MILES library also suffers from a poor coverage of the M
dwarf region, we only use the interpolated MILES spectrum below 6500 Å.
Since M dwarfs have much more flux in the red/NIR part of the spectrum,
the flux level in the MILES wavelength region is expected to be relatively
small. Therefore we are confident that the small number of M dwarfs in
the MILES library is not a problem for the MIX library.

4.3.4 Optimizing the MIX library

By combining the extinction-corrected rest frame spectra of the VIS arm of
XSL with an interpolated MILES spectrum below 6500 Å, we have created
a first version of the MIX library. We use these spectra to build an initial
version of the MIX interpolator, which is described in Section 4.3.4.1.

Uncertainties in the extinction-correction values and the stellar param-
eters that we use affect the quality of the interpolator. Therefore, we
apply an internal optimization procedure with the extinction and small
deviations in the stellar parameters as free parameters. The aim of this
optimization procedure is to build a consistent interpolator. We describe
the optimization procedure and the quality of the interpolator in Section
4.3.4.2.

4.3.4.1 MIX interpolator

A spectral interpolator can be used to interpolate between stars in a stellar
library and to create a spectrum for an arbitrary set of stellar parameters.
For the MIX interpolator we use almost the same interpolation algorithm as
in DTK16. This is a local interpolation algorithm based on Vazdekis et al.
(2003). Basically, in the three-dimensional space of θ (with θ = 5040/Teff),
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log g and [Fe/H], the algorithm first selects stars in the eight cubes that
surround the requested interpolation point. Then, a weighting scheme is
applied to combine the spectra of the selected stars into an interpolated
spectrum. For more details on the interpolation mechanism, we refer the
reader to DTK16 and Vazdekis et al. (2003).

There are two differences though between the interpolator in DTK16
and the MIX interpolator. First, the interpolator of DTK16 uses the MILES
library, and here we apply the interpolation algorithm to the MIX library.
Therefore, we change the maximum density of stars in the grid ρM (see
DTK16) to the value of the MIX library. Second, we do not weigh the
spectra by their SNR because we do not have a single SNR-value for the
combined XSL and (interpolated) MILES spectrum.

4.3.4.2 Optimization procedure

As a next step we check the quality of the interpolator. To do this we
compare the original spectrum with the interpolated spectrum for each
star in the library. The star for which we make this comparison is not part
of the dataset of the interpolator. We define the residual RS as

RS =
abs(Sor − Sint)

Sor
, (4.6)

with Sor the original spectrum and Sint the interpolated spectrum. When
we determine the residual, we exclude strong telluric regions. For the first
version of the MIX interpolator, the average residual is 3.4%. This is a
relatively high average residual compared to the signal that we aim to
detect3. In part this is related to uncertainties in the extinction values
and the stellar parameters that we use. Therefore, we apply an internal
optimization procedure where we allow for variations in these parameters.

The internal optimization procedure consists of two iterations. Since we
consider the extinction to be more uncertain than the stellar parameters, in
the first iteration we only optimize the extinction. We start by selecting the
star with the largest residuals and we remove this star from the interpolator
dataset. Then we optimize the extinction AV by minimizing the residual

3According to the MIX models, for an old SSP (12.6 Gyr) the relative contribution of
low-mass stars (M ≤ 0.5 M�) to the integrated spectrum is between 2.5 and 4.0% for an
IMF that varies between Kroupa and Salpeter. This number becomes lower if there are
younger components that contribute to the integrated flux due to residual star formation
in the considered object.
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RS between the original and the interpolated spectrum. Note that when we
change AV , this only affects the VIS spectrum of XSL while the interpolated
MILES spectrum is left unchanged. We repeat this procedure for all stars
in the library from the star with the highest residual to the star with the
lowest residual. Each of the stars is only optimized once.

The second iteration is very similar to the first iteration, but now we
also allow for small deviations in the stellar parameters. Since we optimize
four parameters at once and there may be degeneracies between them, we
use an MCMC approach to find the most likely combination of parameters.
This is a rather sensitive procedure because changing the stellar parameters
of one star affects the interpolated spectra of the surrounding stars as
well. Therefore, we only allow for small deviations in the stellar parameters
limited to ∆ log Teff = 0.02, ∆ log g = 0.10 and ∆[Fe/H] = 0.2. We only
change the parameters of one star at a time. After optimizing ∼70 stars, the
average residual converges to a value that is stable. Since we prefer to use
the original parameters as much as possible, we stop the second iteration
after 70 stars have been optimized. Figure 4.2 shows which stars in the HR
diagram of XSL have been optimized. The majority of the optimized stars
are found in the upper part of the HR diagram, a region characterized by
uncertain and variable phases of stellar evolution. In this region, it may not
be sufficient to interpolate stars on the basis of only three parameters (see
also Mouhcine & Lançon 1999; Lançon & Wood 2000; Lançon & Mouhcine
2002). Therefore, the stellar parameters derived in this region may not
be accurate. Potentially this introduces a bias on the interpolated spectra
in this region but the optimization procedure at least ensures that the
interpolator is consistent.

Apart from the 70 stars for which we optimize the stellar parameters and
extinction in the second iteration, we have identified 26 spectra (including
four of the additional M dwarfs) for which there was still a significant
residual between the original spectrum and the interpolated spectrum after
the optimization. We removed these spectra from the library to ensure that
they do not affect the quality of the interpolator. Including the additional
M dwarfs, the total number of spectra in the optimized MIX library is 694.

After applying the optimization procedure described in this section, the
average residual between the original spectra and the interpolated spectra
as defined in Equation 4.6 is 1.7%. In Figure 4.3 we show two examples of
a comparison between the original spectrum of a star and its interpolated
spectrum.
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Figure 4.2 – Result of the optimization procedure of the MIX library. In addition to
optimizing the extinction, we use the MIX interpolator to improve the stellar parameters
of 70 stars. Only small variations in these parameters are allowed. The stars for which
we optimized the stellar parameters are indicated by orange squares.

4.3.5 Stellar templates

For the analysis in this work we use two different sets of isochrones: the
Parsec isochrones (Bressan et al. 2012) and a set of stitched isochrones
very similar to the isochrones described in Conroy & van Dokkum (2012a).
The stellar parameters (log Teff , log g and the Johnson V-band magnitude)
of these isochrones define the stellar templates of our model. We use the
most recent version of the Parsec isochrones, which includes the thermally
pulsating-asymptotic giant branch (TP-AGB) tracks from Marigo et al.
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Figure 4.3 – Comparison between the original spectrum (black) and the interpolated
spectrum (red) of two stars in the MIX library. The parameters of the star in the left
panel (one of the additional M-dwards) are Teff = 3134 K, log g = 4.9 and [Fe/H] = 0.0
while the parameters of the star in the right panel are Teff = 4946 K, log g = 2.8 and
[Fe/H] = 0.1. The residual between the original spectrum and the interpolated spectrum
is shown in the bottom panels in blue.

(2013) and Rosenfield et al. (2016) and the improved treatment of low-
mass stars described in Chen et al. (2014). The stitched isochrones that we
use in this work are based on Conroy & van Dokkum (2012a) and have been
developed with the idea in mind that there is no single set of isochrones that
is optimized for all phases of stellar evolution. For M < 0.17 M� we use
the Lyon isochrones derived from the NextGen models (Baraffe et al. 1998;
Hauschildt et al. 1999). Between M = 0.17 M� and the tip of the red giant
branch (RGB) we use the Dartmouth isochrones and for the horizontal
branch (HB) and the asymptotic giant branch (AGB) we use the Padova
isochrones (Marigo et al. 2008).

The stellar parameters of low-mass stars change very little as a function
of age. Therefore, we use the average values of log Teff , log g and V
magnitude as a function of age for the Lyon isochrones. Assuming a
low-mass cut-off (LMCO) of 0.1 M� (see e.g. Barnabè et al. 2013) this
gives us stellar parameters for stars with M = 0.1, 0.11, 0.13 and 0.15
M� for all the isochrones (these mass data points are the same for all
isochrones between 0.1 M� ≤ M ≤ 0.17 M�). The Lyon isochrones are
defined for metallicities of [Fe/H] = −2.0,−1.5,−1.3,−1.0,−0.5 and 0.0.
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For intermediate metallicities we interpolate between the stellar parameters
of these isochrones whereas for [Fe/H] > 0.0 we (linearly) extrapolate the
stellar parameters of the templates at the mass data points of the Lyon
isochrones.

As in Conroy & van Dokkum (2012a), we ensure a monotonic increase
in the mass along the isochrone by shifting the mass scale of the Padova
isochrones such that they match the mass scale of the Dartmouth isochrones
at the point where the two are joined together. For more details with
respect to these stitched isochrones and the rationale behind choosing
this particular combination we refer the reader to Conroy & van Dokkum
(2012a).

The Parsec isochrones and the stitched isochrones that we use in the
model are defined for the same age-metallicity grid. That age-metallicity
grid ranges from log t = 9.175 to log t = 10.125 (i.e. 1.5 – 13.3 Gyr)
with ∆ log t = 0.025 and from [Fe/H] = −1.4 to [Fe/H] = 0.4 with
∆[Fe/H] = 0.05. Figure 4.4 shows the youngest and oldest isochrones at
solar metallicity for both sets of isochrones.

As a final step, we combine the stellar parameters of the isochrones
with the (optimized) MIX interpolator to create the stellar templates for
the model. The interpolated spectra are rebinned to the wavelength grid
of the SDSS data that we aim to fit in this paper.

4.4 The data

We apply our model to a set of stacked SDSS spectra of ETGs (see Section
4.5) selected from SDSS DR 12 (Alam et al. 2015) and similar to Spiniello
et al. (2014). In the selection process we adopt the following selection
criteria. We require that:

1. The equivalent width of Hβ and [O iii]4959 is less than 0.5 to avoid
strong emission lines.

2. The redshift is z ≤ 0.05 so that both NaI and CaT are covered by all
spectra.

3. The median SNR of the spectrum is more than 20 per angstrom (over
the complete wavelength range) to increase the final SNR of the stack.
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Figure 4.4 – Youngest and oldest isochrones in the adopted age-metallicity grid for the
two sets of isochrones considered in this work. The solid black line corresponds to a
Parsec isochrone with t = 13.3 Gyr, the dashed magenta line to a Parsec isochrone with
t = 1.5 Gyr, the dashed orange line to a stitched isochrone with t = 13.3 Gyr and the
solid green line to a stitched isochrone with t = 1.5 Gyr. The blue circles correspond to
the stars in the MIX library. All isochrones in this figure correspond to solar metallicity.

4. The weight of the de Vaucouleurs’ component in the composite fit
of the surface brightness profile is equal to one in the SDSS g and r
bands. This ensures the selection of ETGs.

At the selection stage, the galaxies are divided into six different velocity
dispersion bins which are summarized in Table 4.2.

After the selection of the spectra, we stack the spectra in each of the
velocity dispersion bins. In order to do this, we first shift the galaxy spectra
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Table 4.2 – Overview of stacked SDSS spectra in six different velocity dispersion bins.
The minimum and maximum velocity dispersion of each bin are indicated by σmin and
σmax whereas ngal represent the number of galaxies in each bin. SNRstack corresponds
to the median SNR of the stacked spectrum and is calculated as the median of the flux
divided by the median of the error over the complete wavelength range.

name σmin [km s−1] σmax [km s−1] ngal SNRstack

SDSS170 140 170 1004 1128
SDSS200 171 200 737 1054
SDSS230 201 230 439 889
SDSS260 231 260 231 687
SDSS290 261 290 81 410
SDSS320 291 320 19 206

to the rest frame and normalize the spectra in the wavelength range λ =
5400−5600 Å. Then the spectrum of each galaxy is smoothed to the highest
velocity dispersion of the corresponding bin so that all spectra in a given bin
have the same velocity dispersion. To create the stacked spectrum sstack,
every spectrum in a bin is assigned a weight

w =
1

var
, (4.7)

with var the variance. Note that the variance is a vector so that different
bins can have different weights. The stacked spectrum is then calculated
as

sstack =

∑
i
w is i∑
i
w i

, (4.8)

and the corresponding error spectrum estack as

estack =
1√∑
i
w i

. (4.9)

Table 4.2 provides an overview of the six stacked SDSS spectra resulting
from the stacking procedure, the number of galaxies that was used in each
of these bins and their stacked SNRs. Figure 4.5 shows the six stacked
SDSS spectra smoothed to the same velocity dispersion of 350 km/s and
the difference between the SDSS spectra and the average spectrum of the
stacked spectra.
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Figure 4.5 – Overview of the six stacked SDSS spectra considered in this work. The top
panel shows the spectra that are binned as a function of velocity dispersion. Also shown
are two zoom-ins, the first zoom-in shows the NaD-region and the second zoom-in the
calcium triplet. All the spectra are smoothed to 350 km/s. The bottom panel shows the
difference between the six SDSS spectra and the average spectrum of these six spectra.
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Table 4.3 – Options for the different model ingredients.

model ingredient options

isochrones stitched, Parsec
regularization scheme identity, 1/w2

0

IMF prior parameterization SPL, DPL, DPL with prior
abundance variations Mg, Ca, Si, Ti, Na

4.5 Results

In this section we apply our model with a variety of different ingredients
to the stacked SDSS spectra discussed in Section 4.4. For all the different
runs that we carry out, we include a tenth-order multiplicative polynomial
in the fit of both the parameterized version and the full version of the code
(see Section 4.2). To account for the redshift range of our galaxy sample
and to ensure that all wavelength bins have a sufficient number of galaxies,
we cut all spectra above 8800 Å.

We use local Gaussian covariance structures at the emission lines
[O iii]4959, [O iii]5007, [N ii]6548 and [N ii]6584. The height of these
covariance structures is chosen such that it represents an additional error
that corresponds to 3% of the average value of the spectrum, and the
standard deviation of the Gaussian structures is 2.5 Å. These values are
chosen visually to provide a good mask for the emission lines in the
fits. Furthermore, we add boxcar covariance structures in the regions
6860-6920 Å, 7160-7360 Å, 7580-7680 Å and 8130-8360 Å. These regions are
heavily contaminated by telluric absorption lines. The boxcar covariance
structures increase the rms in the telluric regions by a factor of three based
on our estimate of the uncertainties introduced by the spectral corrections.

We consider different model ingredients that we objectively compare
on the basis of the Bayesian evidence. As discussed in Section 4.3.5, we
consider two sets of stellar templates that are based on different isochrones.
When we apply the model to the data we also consider two different
regularization schemes. One regularization scheme in which C−1

pr = I, i.e.
the identity matrix, and one in which

C−1
pr,ii =

1

w0,i
2

(4.10)
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with C−1
pr,ii a diagonal matrix. We consider three different parameterizations

of the IMF prior: a single power law (SPL), a double power law (DPL) with
a break at 0.5 M� and the same DPWL with an additional prior on α2 such
that

log p(α2) = −1

2

(α2 − 2.35)2

0.152
− log(2π · 0.152). (4.11)

This additional prior allows us to constrain the degeneracy between the two
IMF slopes (see DTK16). Finally, we consider abundance variations of the
elements Mg, Ca, Si, Ti and Na using the response functions introduced
in Section 4.2.2.1. To reduce the already considerable computation time
on a 196-CPU cluster, we do not consider response functions of more than
two elements at the same time. The different model ingredients that we
consider are summarized in Table 4.3.

When we apply the model to the SDSS data we limit the number of SSPs
to nSSPs ≤ 4, since the computational time scales increase significantly when
we include an additional SSP. Note that according to DTKPS18, N = 2−3
SSPs should be sufficient to remove most of the bias on the inferred IMF,
so we expect that using Nmax = 4 is sufficient here. We then select the
number of SSPs that provides the highest evidence for every spectrum in
all the runs and we use the corresponding results in the rest of our analysis.

In total, we carry out twelve different runs with different combinations of
the model ingredients given in Table 4.3. The different runs that we consider
are given in Table 4.4. We first consider the results of run1 and run2 in
detail in Section 4.5.1. In Sections 4.5.2-4.5.5 we investigate the effect
of including several response functions and changing the isochrones, the
regularization scheme and the IMF parameterization. We assess different
models in term of the Bayesian evidence.

4.5.1 Results run1 and run2

The results of the first two runs are summarized in Table 4.5. The
only difference between these two runs is that run2 includes the response
functions of Mg and that run1 does not. If Mg is not included in the fit, the
inferred IMF slopes are slightly biased to a higher value. According to the
results in Table 4.5, the difference in log evidence between run1 and run2 is
at least more than 100 in favour of run2. This implies that there is decisive
evidence for including the response function of Mg in the fit (Jeffreys 1961).
Therefore, we include the Mg response functions in all the fits after run2.



168 Chapter 4. Hierarchical Bayesian inference of the IMF in ETGs

Table 4.4 – Overview of the different model runs and the ingredients that we use in each
of these runs.

name isochrones reg. IMF prior abundance
scheme parameterization variations

run1 stitched identity SPL -
run2 stitched identity SPL Mg
run3 stitched identity SPL Mg, Ca
run4 stitched identity SPL Mg, Si
run5 stitched identity SPL Mg, Ti
run6 stitched identity SPL Mg, Na
run7 Parsec identity SPL Mg
run8 stitched 1/w2

0 SPL Mg
run9 stitched identity DPL Mg
run10 stitched identity DPL with prior Mg
run11 stitched identity DPL with prior Mg, Ti
run12 stitched identity DPL with prior Mg, Na

Table 4.5 – Results for run1 and run2. The number of SSPs that optimizes the evidence
is indicated with nSSPs, the IMF slope with α and the strength of the Mg response
functions with [Mg/Fe].

name run nSSPs α [Mg/Fe] evidence

SDSS170 1 4 2.19+0.02
−0.02 - 12775.4

SDSS200 1 3 2.34+0.03
−0.03 - 12318.8

SDSS230 1 3 2.46+0.02
−0.02 - 11939.5

SDSS260 1 3 2.54+0.02
−0.02 - 11562.5

SDSS290 1 3 2.65+0.02
−0.02 - 11131.9

SDSS320 1 3 2.64+0.02
−0.02 - 10778.4

SDSS170 2 4 2.07+0.03
−0.03 0.07 12956.7

SDSS200 2 3 2.19+0.02
−0.02 0.10 12626.3

SDSS230 2 3 2.33+0.02
−0.02 0.13 12331.7

SDSS260 2 3 2.51+0.02
−0.02 0.15 12008.7

SDSS290 2 3 2.44+0.03
−0.03 0.17 11579.0

SDSS320 2 2 2.56+0.02
−0.02 0.18 11181.4
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We will now consider in more detail the reconstructed ages and
metallicities of the SSPs used in the fits, the reconstructed IMF and the
reconstructed spectra for run2. Since the evidence for run2 is much higher
than for run1, we will use the results of run2 as the reference model against
which we compare the results of the other runs.

4.5.1.1 SSP ages and metallicities

In Figure 4.6 we show the mass- and luminosity-weighted ages and metal-
licities resulting from the fits to the SDSS spectra. Since the luminosity-
weighted parameters are more affected by the younger components than the
mass-weighted parameters, the luminosity weighted age is younger than the
mass-weighted age and the luminosity-weighted metallicity is lower than the
the mass-weighted metallicity. Both the luminosity-weighted and the mass-
weighted ages and metallicities increase (slightly) as a function of velocity
dispersion. This is in line with previous studies of ETGs (e.g., Conroy et al.
2014). However, the absolute values of the luminosity- and mass-weighted
ages and metallicities are relatively high compared to previous studies,
whereas the increase in age that we find is relatively small. Most likely
this is related to using multiple SSPs in our fits: the younger components
of the spectra are modelled by younger SSP components of the model and
therefore the older components of the model are not biased as much by the
younger components as they would have been if we had used only one SSP.

For most of the fits in run1 and run2 the model prefers fits with three
SSPs. In Figure 4.7 we show the ages and metallicities of these SSPs for
run2. For all the fits, the main component is an old metal-rich SSP that
contributes between ∼65% and ∼80% to the integrated luminosity of the
stacked SDSS spectra in the fit. The second component in the four lowest
velocity dispersion bins is a young SSP (t ∼ 4 Gyr) that is relatively
metal-poor ([Fe/H] ∼ −0.6). For SDSS170 there is also an old metal-
poor component (t ∼ 13 Gyr, [Fe/H] ∼ −0.6) that is not inferred from
the other spectra. If we go from the lowest velocity dispersion bin to the
highest velocity dispersion bin, the relative contribution of the old metal-
rich component increases, while the relative contribution of the younger
components decreases.

Although the ages and metallicities of the SSPs used in the fits should
be related to the actual SFH of the galaxies in the stacked spectra, we note
that the actual SFH of these objects is in reality extended. In that respect,
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Figure 4.6 – Luminosity- and mass-weighted ages (panel a) and metallicities (panel b)
for run2 as a function of velocity dispersion for the stacked SDSS spectra. Errors are
based on the spacings of the age-metallicity grid of the stellar templates.
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Figure 4.7 – Ages and metallicities of the SSPs used in run2 for the most probable
number of SSPs (four SSPs for SDSS170, two SSPs for SDSS320 and three SSPs for the
other spectra). The area of the squares representing the different SSPs corresponds to
the relative contribution of that SSP to the total integrated luminosity. Also shown are
the luminosity-weighted age tL and metallicity [Fe/H]L.
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these ages and metallicities only allow us to reconstruct a coarse SFH, and
with three or four SSPs, there may be degeneracies between the ages and
metallicities of the different SSPs due to the age-metallicity degeneracy.
Nevertheless, the superposition of the SSPs used by the model in the fits
changes very little for the different runs and shows evidence for only a
small amount of more recent star formation in these galaxies. As shown in
DTKPS18, using multiple SSPs is a far better representation of such data
than a single SSP and significantly reduces biases in the IMF inference.

The relative contribution of the younger components varies between
∼17% and ∼27% in terms of luminosity. However, in terms of stellar
mass the contribution of this population is only between ∼1% and ∼7%.
Therefore, a relatively small amount of recent star formation in terms of
mass, for example due to the accretion of a low-mass satellite, may boost
the luminosity of the galaxy significantly.

4.5.1.2 IMF reconstructions

In Figure 4.8 we show the reconstructed IMF of SDSS230 with three SSPs
for run2. The IMF and the prior IMF are very similar in this case. Although
there appears to be a significant deviation for stars around 1.5 M�, the
number of stars in that particular bin is actually very small. This is both
because the contribution of that SSP to the spectrum is small and because
the mass bin is very narrow. This implies that a relatively small deviation
from the prior on the weights in terms of the absolute number of stars may
result in a large, but not significant, deviation of the IMF, since the IMF
is obtained by dividing by the width of the mass bin, which is amplified as
a consequence of the log-scale of the plot.

The fact that the reconstructed IMF and the prior IMF in Figure
4.8 are very similar is related to the regularization scheme that we use.
Using the identity matrix as a regularization scheme penalizes the absolute
deviation of the weights from the prior on the weights. The highest
mass bins correspond to the most luminous stellar templates. Therefore
deviating from the prior on the weights is most effective for these high
mass bins, which is why with this regularization scheme deviations between
the reconstructed IMF and the prior IMF are usually found in the highest
mass bins. However, if we use multiple SSPs in the fit, these deviations are
relatively small for this regularization scheme. The advantage of the great
similarity between the reconstructed IMF and the prior IMF is that we can
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Figure 4.8 – Reconstructed IMF of SDSS230 in run2. The orange lines correspond to
the reconstructed IMFs and the blue-dashed lines to the prior IMFs. The different panels
a-c correspond to the different SSPs used in the fit.

easily summarize our results in terms of the IMF prior parameters, e.g. one
or two IMF slopes, which allows us to compare our results more easily to
other studies. Another advantage is that this IMF prior results in realistic
mass distributions that are relatively smooth. This is not necessarily the
case for all regularization schemes. The disadvantage of this regularization
scheme is that it gives less flexibility to the model. We will mostly use
the identity matrix as a regularization scheme, but in Section 4.5.4 we
investigate the effect of using another regularization scheme.



174 Chapter 4. Hierarchical Bayesian inference of the IMF in ETGs

180 200 220 240 260 280 300 320

σ [km/s]

1.9

2.0

2.1

2.2

2.3

2.4

2.5

2.6

2.7

α

Spiniello relation

run1

run2

Figure 4.9 – Relation between velocity dispersion and IMF slope for run1 (blue data
points) and run2 (orange data points). The cyan line represents the IMF slope–velocity
dispersion relation of Spiniello et al. (2014) and the black-dashed line corresponds to a
Salpeter IMF slope.

In Figure 4.9 we show the reconstructed IMF slopes as a function of
velocity dispersion for run1 and run2 together with the IMF slope–velocity
dispersion relation found by Spiniello et al. (2014) using an adapted code
by Conroy & van Dokkum (2012a). If we do not use the response functions
of Mg, the reconstructed IMF slopes appear to be biased to a value that is
too high. Besides that, the trends that we recover for run1 and run2 are
very similar. If we compare the results of run1 and run2 with the Spiniello
et al. (2014) relation obtained using the code of Conroy & van Dokkum
(2012a), we can conclude that the recovered trends are very similar although
the result that we obtain in run2 for SDSS260 appears to be slighly high
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compared to the other results. In an absolute sense, run2 agrees better with
the Spiniello relation, which we can understand from the fact that Spiniello
et al. (2014) also take into account abundance ratio variations in the form
of an [α/Fe]-parameter. Altogether, using a completely independent code
based on full-spectrum fitting, the results in Figure 4.9 confirm earlier
results in the literature, such as those by Spiniello et al. (2014) based on the
analysis of line-strength indices, that for ETGs a relation exists between
their stellar velocity dispersion and the IMF slopes.

4.5.1.3 Reconstructed spectra

As a final step in the analysis of run1 and run2 we consider the
reconstructed spectra. In Figure 4.10 we show the reconstructed spectrum
of SDSS230 for run2 with three SSPs. Overall, the original spectrum and
the reconstructed spectrum in the top panel match well. However, we learn
more by considering the residual between the original and the reconstructed
spectrum in the lower three panels of Figure 4.10.

The shaded-orange regions in the residual-panels correspond to the error
spectrum adopted by the model. This error spectrum includes the original
error spectrum of the data, the local covariance structures for the emission
lines and the strong telluric regions and an additional global covariance b
to account for systematic uncertainties. As in DTKPS18, the extra global
covariance b is parameterized with the parameter bcov such that

b = bcov ·median (CD,old) , (4.12)

where the original covariance matrix CD,old and the new covariance matrix
CD,new relate as

CD,new = CD,old + bI. (4.13)

The SNR of the stacked spectra is very high and varies between ∼200
and ∼1100 (see Table 4.2). Since the model is not able to fit the data
to that level of accuracy, it increases the value of bcov. In all our fits
the systematic uncertainties parameterized by bcov are significantly higher
than the intrinsic uncertainties of the spectra. For SDSS320 the systematic
uncertainties are ∼1.5 times higher than the intrinsic uncertainties whereas
for SDSS170 the systematic uncertainties are ∼7 times higher than the
intrinsic uncertainties.
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Figure 4.10 – Reconstructed spectrum of SDSS230 obtained in run2 with three SSPs.
The upper panel shows the original spectrum (black) and the reconstructed spectrum
(red). The three bottom panels show the residual between the original spectrum and
the reconstructed spectrum (thin-blue line). Also shown in the residual panels are a
smoothed version of the residual (thick-blue line), the error spectrum adopted by the
model (shaded-orange region), and the residual obtained in run1 for the same spectrum
(thin-black line).



4.5. Results 177

Taking into account the different sources of uncertainty in the covariance
matrix, the residuals (thin-blue line) in Figure 4.10 are in general well
within the error spectrum adopted by the model and represented by the
shaded-orange regions. An exception to this is the sodium doublet NaD at
∼5890 Å, which does not fit well. The reconstructed spectra for the other
stacks look similar and also do not fit NaD correctly. This is consistent
with Spiniello et al. (2015) who also find that NaD is a very troublesome
line. The thick-blue line in the residual-panels corresponds to a smoothed
version of the residual. This line shows clearly that there are strong
deviations between the model and the original spectrum in the telluric
regions. However, these deviations are expected and we account for this in
the covariance matrix. At the blue end of the spectrum, the fit shows an
oscillatory pattern. We suspect that this is at least partly related to the
small flux level in these regions but there might also be issues with the flux
calibration or the response functions.

The thin-black line in the residual-panels represents the residuals of the
most probable fit of SDSS230 obtained in run1. If one carefully looks at this
line, it becomes clear that the Mg response functions help to resolve some
important issues in the region 5000-5500 Å where many iron and magnesium
lines are found.

4.5.2 Abundance variations

As a next step we investigate the effect of including the response functions
of Ca, Si, Ti and Na on the inferred IMF slope–velocity dispersion relation.
The reason for testing Ca, Si and Ti is that these elements are also alpha-
elements (like Mg), and ETGs are known to be alpha-enhanced with respect
to the Milky Way due to their different SFHs (e.g. Trager et al. 2000a;
Johansson et al. 2012; Conroy et al. 2014). We test the inclusion of the
response functions of Na because the model was not able to fit the NaD-
line correctly in run2.

In Figure 4.11 we show the IMF slope–velocity dispersion relation that
we recover for run3-run6 by including the response functions of Ca, Si, Ti
and Na. For all these runs we include the response functions of Mg as well.
We also show the results of run2 in Figure 4.11 to clearly show the effect
of including the various response functions.

Including the response functions of Ca and Si has almost no effect on the
inferred IMF slope–velocity dispersion relation, except for the data points of
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Figure 4.11 – IMF slope–velocity dispersion relations obtained by including various
response functions in the model. The cyan line corresponds to the IMF slope–velocity
dispersion relation of Spiniello et al. (2014) and the black-dashed line corresponds to a
Salpeter IMF slope.

SDSS230 and SDSS260, which are slightly lower when Ca or Si are included.
When the response functions of Ti are included, we still recover a similar
IMF slope–velocity dispersion relation, but this time the relation is more
irregular. In particular the last data point of SDSS320 is ∆α ∼ 0.3 lower
when Ti is included. Finally, if we include the response functions of Na, the
trend between IMF slope and velocity dispersion remains very similar but
is shifted lower by ∆α ∼ 0.2. To investigate this further, in Figure 4.12 we
show a zoom-in of the fit of the sodium doublet that we obtain with and
without the Na response functions. This figure clearly demonstrates that
by including the Na response functions improves the fit of the NaD region
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Figure 4.12 – Zoom-in of the original spectrum (black) and the reconstructed spectrum
(red) in the wavelength region of the sodium (Na) doublet. Panel a is without the Na
response functions and panel b with the Na response functions.

and confirms that the NaD doublet is very sensitive to [Na/Fe] variations
(e.g. Spiniello et al. 2015)

The abundance variations that we find for the different elements as
a function of velocity dispersion are shown in Figure 4.13. As expected,
the abundance of the alpha-elements Mg and Si increases as a function of
velocity dispersion. The abundance of Ca is almost constant as a function of
velocity dispersion and is close to zero. This result confirms earlier results
by, e.g., Worthey (1998), Trager et al. (2000b) and Thomas et al. (2003) who
find that Ca tracks Fe and that Ca as an alpha-element is underabundant
with respect to Mg. For Ti there appears to be a small anti-correlation
between the velocity dispersion and [Ti/Fe] which is not consistent with
the results obtained by for example Johansson et al. (2012) and Conroy
et al. (2014).

In Table 4.6 we show the evidence that we obtain after applying our
model to the stacked spectra in run2-run8. This table shows that including
the response functions of Na has the highest impact on the evidence and
that there is decisive evidence for including the Na response functions for
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Figure 4.13 – Abundance variations as a function of velocity dispersion for the elements
for which we consider the response functions. The vertical axis represents the abundance
in [X/Fe] as defined in Section 4.2.2.1.

all spectra. When Ca is included, the effect on the evidence is relatively
small except for SDSS320. For Si and Ti, the evidence for including the
corresponding response functions increases with velocity dispersion, which
is probably related to the increase/decrease of [Si/Fe]/[Ti/Fe] as a function
of velocity dispersion. Apart from Mg and Na, we find that including Ti
has the highest impact on the evidence. Since we want to limit the total
number of runs that we consider, in the remainder of this work we only
consider the response functions of Mg, Ti and Na.

All of the stacked spectra appear to be enhanced in Na and the value
of [Na/Fe] increases as a function of velocity dispersion. This confirms
earlier results by, e.g., Conroy & van Dokkum (2012b), Spiniello et al.
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(2014) and La Barbera et al. (2017), who find that ETGs require sodium-
enhanced population synthesis models. The reason for this enhancement
is not completely clear yet and may be related to the IMF, a non-solar
abundance pattern or the interstellar medium (ISM). Jeong et al. (2013)
and Park et al. (2015) conclude that for ETGs the ISM is not an important
factor and that the IMF alone cannot explain the sodium excess in these
objects. Therefore ETGs should be sodium-enhanced with respect to the
Milky Way.

One of the main concerns that we have regarding the use of the response
functions of Ti and Na is that we make the assumption that these response
functions are independent of the IMF. We only use response functions that
are derived for a Salpeter IMF, interpolate this as a function of age and
metallicity and then for every SSP apply the same response function to all
stellar templates. However, if we compare the response functions derived
for a Salpeter IMF with those derived for a Kroupa IMF we find that the
response functions are not independent of the IMF. For Mg, the response
functions for the two IMFs are relatively similar but for Ti and Na the
differences are more significant. To improve the analysis of the effect of
response functions even further, it would be better to apply individual
stellar response functions to the spectra in matrix S instead of SSP-based
response functions. Using individual response functions ensures that there
are no degeneracies between the response functions and the inferred IMF
parameters. However, these individual response functions are currently not
available to us, which is why we choose to use the SSP-based response
functions. In Appendix 4.A we investigate in more detail the consequences
of using these response functions for the parameters that we infer.

4.5.3 Isochrones

To investigate the effect that the adopted set of isochrones might have
on the inferred IMF slope–velocity dispersion relation, we have created a
different set of stellar templates that is based on the Parsec isochrones.
In run7 we repeat run2 using the stellar templates based on the Parsec
isochrones. The comparison between the inferred IMF slope–velocity
dispersion relation for run2 and run7 is shown in Figure 4.14. For
σ ≤ 260 km s−1, the trends for both relations are similar. However, the
relation is ∆α ∼ 0.2 − 0.3 higher for the Parsec isochrones than for the
stitched isochrones. In an absolute sense, the last two data points (SDSS290
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Figure 4.14 – IMF slope–velocity dispersion relation for the two sets of isochrones
considered in run2 and run7. For all the spectra there is very strong evidence in favour of
the stitched isochrones (on average the Bayesian evidence is 124.7 higher for the stitched
isochrones, i.e. a ∼15σ preference of these isochrones over the Parsec isochrones).

and SDSS320) of the two sets of isochrones are relatively close together.
However, the trend for the two sets of isochrones is distinctly different,
showing a decrease of the IMF slope after SDSS260 for the Parsec isochrones.

There are a number of differences between the two sets of isochrones that
might be the origin of the different IMF slope–velocity dispersion relations.
First, the low-mass main-sequence tracks of the two isochrones sets are
different, as can already be seen in Figure 4.4. Second, there may be small
differences between the temperatures of the giant branches of the isochrone
sets. These offsets may result in interpolated spectra that are slightly
different. Finally, we use the V-band magnitudes of the isochrones to
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normalize the interpolated spectra. These magnitudes may also be slightly
different for the two isochrone sets. Altogether, small offsets between the
isochrone tracks and a different normalization may result in a different set
of normalized interpolated spectra. This may in turn affect the inference
of the IMF.

The advantage of the Bayesian framework that our model provides is
that we can compare the two sets of isochrones on the basis of the Bayesian
evidence. In Table 4.6 we show the evidence that we obtain in run2 and
run7 for the different spectra. This table clearly shows that for all spectra
there is very strong to decisive evidence in favour of the stitched isochrones
over the Parsec isochrones. Therefore, we will use the stellar templates
based on the stitched isochrones in the remainder of this work.

4.5.4 The regularization scheme

In Figure 4.15 we show a comparison between the inferred IMF slope–
velocity dispersion relation for run2 and run8. The only difference between
these two runs is the adopted regularization scheme as discussed at the
beginning of Section 4.5. We conclude that the IMF slope–velocity
dispersion relation is very similar for both regularization schemes.

Although the inferred IMF slope–velocity dispersion relation looks very
similar for run2 and run8, the actual reconstructed IMF for an individual
spectrum may be quite different. In Figure 4.16 we show the reconstructed
IMF of SDSS230 in run8 with four SSPs (four SSPs maximizes the evidence
in this case). If we compare Figure 4.16 with Figure 4.8, it becomes clear
that the 1/w2

0-regularization scheme of run8 gives more freedom to the
model and makes it easier to deviate from the prior.

In Table 4.6 we show the evidences that we obtain for run2 and run8.
For all spectra there is very strong to decisive evidence in favour of using
the 1/w2

0-regularization scheme. Nevertheless, we use the identity matrix
in almost all of the runs. The reason for this is that if we use the 1/w2

0-
regularization scheme, the reconstructed IMF may sometimes become very
irregular. Physically, there is no reason to expect such a very irregular IMF.
In future work, it might be worthwhile to further investigate regularization
schemes that focus more on the physical nature and smoothness of the IMF.
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Figure 4.15 – IMF slope–velocity dispersion relation for the two regularization schemes
considered in run2 and run8.

4.5.5 The IMF parameterization

Various studies rule out a single power law IMF parameterization on
the basis of constraints on the mass-to-light ratio or stellar population
analysis (e.g., La Barbera et al. 2013, 2016; Lyubenova et al. 2016).
Therefore, as a final step we investigate the effect of using a double
power law parameterization of the IMF prior instead of a single power law
parameterization. The double power law IMF parameterization that we use
is characterized by a normalization, a low-mass slope α1 and a high-mass
slope α2. The break between these two slopes is fixed at 0.5 M�, chosen to
be the same as the break between the low-mass IMF slope and high-mass
IMF slope in the Milky Way (Kroupa 2001). However, in principle this
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could also have been a free parameter of the model. In run9, the two IMF
slopes are completely free, whereas in run10, run11 and run12 we constrain
the high-mass slope with an additional prior (see Equation 4.11).

The results of run9-run12 are shown in Figure 4.17. For run9 and
run10 we recover similar trends as a function of velocity dispersion showing
an increase of the low-mass slope α1 from approximately the value of a
Kroupa IMF to the value of a Salpeter IMF, and a high-mass slope α2

that is approximately constant but steeper than the Salpeter value. When
we include the response functions of Ti, the trend for α1 remains similar
to the trends that are recovered when only Mg is included. However, the
high-mass slope now shows a relatively small decrease as a function of
velocity dispersion from slightly steeper than Salpeter to the Salpeter value.
When the response function of Na are included, the trend that we find
for the low-mass slope is similar to the previous trends but shifted to a
significantly steeper value. At the same time, the high-mass slope appears
to be much flatter and decreases as a function of velocity dispersion for
σ ≥ 230 km s−1. However, the response functions of sodium are most likely
not independent of the IMF (see also Appendix 4.A) and for a double
power law IMF parameterization it becomes even harder to disentangle the
effect of sodium enhancement from IMF variations. Therefore the results
including sodium should be considered with caution.

In Table 4.7 we show the differences in log evidence between the runs
with a double power law parameterization of the IMF and the corresponding
runs with a single power law IMF parameterization. When using the Mg
response functions, a double power law IMF is preferred in all cases over
the single power law IMF. But this is not the case for the other runs, where
there are a few cases for which a single power law is preferred. However,
if one looks closely at those cases for which the evidence in favour of the
double power law IMF is less than five, it becomes clear that for those
cases the difference between the low-mass slope and the high-mass slope is
rather small (see panel c of Figure 4.17). Therefore, it is to be expected
that also a single power law IMF will provide a good fit to the data in
those cases. Since the Bayesian framework of our model prefers models
with fewer parameters, this may result in selecting a single power law IMF
in favour of the double power law IMF. Given the strong preference for a
double power law IMF parameterization in most of our results, and that in
those cases where it is not preferred the IMF slopes are relatively close to
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a single power law IMF, we conclude that ETGs should not be modelled
with a single power law IMF, in particular for lower mass ETGs.

4.5.6 IMF shape from theoretical models of star formation

In Section 4.5.5 we have seen that there is strong evidence in favour of a
double power law IMF parameterization with respect to a single power law
IMF parameterization. Here, we investigate to what extent this result is
compatible with theoretical models of star formation.

Stars form in dense molecular cores and therefore the IMF is expected
to be related to the mass distribution of these cores, the core mass function
(CMF) (e.g., Padoan & Nordlund 2002). One of the processes that
is thought to play an important role in the process of star formation
is turbulence. Turbulence is able to support molecular clouds against
gravitational collapse on a global scale. However, dissipation of large-
scale turbulent motions to smaller scales generates supersonic shocks and
compressions which eventually may produce a filamentary structure with
high density contrasts in which locally there are regions that are unstable
against gravitational collapse (Chabrier 2003; Offner et al. 2014). Because
the effects of turbulence are multiplicative, the central limit theory predicts
that this picture of star formation naturally leads to a log-normal density
distribution with a width that increases as a function of the Mach number
M (Vazquez-Semadeni 1994; Padoan et al. 1997). The subsequent collapse
into stars is determined by gravity.

Above some characteristic mass scale, most of the cores will collapse
into stars as the masses of these cores are well above the typical Jeans
mass of the star forming medium. Due to the turbulent fragmentation of
cores and the resulting log-normal density distribution, some fraction of the
cores with masses lower than the typical Jeans mass will have densities that
are sufficiently high for gravitational collapse to occur and are therefore
able to form stars. Although in reality the process of star formation is
much more complicated than this simplified picture, assuming a simple
mapping from the CMF to the IMF the natural outcome of this description
is a Chabrier-like IMF with a log-normal distribution for the lowest stellar
masses and a power law IMF for higher stellar masses (Chabrier 2003;
Offner et al. 2014). More advanced descriptions using the (extended)
formalism of Press & Schechter (1974) result in similar mass distributions
(Hennebelle & Chabrier 2008; Hopkins 2012). The characteristic mass scale
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in this description is determined by the local properties of the star forming
medium (i.e. M) and may change for different typical environments of star
formation.

The highest-mass ETGs are thought to form the bulk of their stellar
mass at high redshift in a relatively short amount of time (e.g., Thomas
et al. 2005; McDermid et al. 2015), which would imply that a significant
fraction of their stellar mass forms in starbursts. In starburst galaxies, the
typical conditions of star formation are expected to be different than in the
Milky Way and characterized by more turbulence and therefore typically
higher Mach numbers (Downes & Solomon 1998; Westmoquette et al. 2007;
Greve et al. 2009). As a consequence of these higher Mach numbers, the
characteristic mass of the initial mass function could be shifted to lower
stellar masses and this would provide a possible explanation for the observed
non-universal IMF in these objects.

Although from a theoretical point of view intrinsically different distri-
butions, a double power law IMF and a log-normal distribution extended
with a power law for higher masses can in fact result in very similar mass
distributions (Dabringhausen et al. 2008). Therefore, when we fit the IMF
with a double power law and find an increasing low-mass IMF slope, this
may in reality be the consequence of a shift in the characteristic stellar
mass of the log-normal distribution. This is illustrated schematically in
Figure 4.18. The trends that we find of an increasing low-mass slope as a
function of velocity dispersion and an almost constant high-mass slope are
therefore consistent with a Chabrier-like IMF where the characteristic mass
of the IMF shifts to lower stellar masses for higher velocity dispersions due
to the different typical circumstances of star formation in higher velocity
dispersion ETGs.

4.5.7 Mass-to-light ratios

Finally, in Figure 4.19 we show the r-band stellar mass-to-light ratios
corresponding to the results of run2, run8 and run10. To calculate these
mass-to-light ratios we first determine the maximum-a-posteriori value of
the sampled parameters and for these values we calculate the most probable
weights. Then we multiply these most probable weights by the masses and
r-band luminosities of the stellar templates to calculate the r-band mass-
to-light ratio. We assume a low-mass cut-off of 0.1 M�. The results in
Figure 4.19 clearly show that the mass-to-light ratios that we find increase
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Figure 4.18 – Schematic overview showing that a decreasing low-mass slope of a double
power law IMF is consistent with a shift in the characteristic mass of a log-normal IMF
below 1 M�. These plots are based on a Chabrier IMF (Chabrier 2003) with characteristic
masses of 0.17, 0.12, 0.07 M�.

as a function of velocity dispersion, indicating that for ETGs with a higher
velocity dispersion there is more stellar mass per unit luminosity than for
ETGs with lower velocity dispersions due to the steepening of the IMF.

For comparison we also show the dynamical and spectroscopic mass-to-
light ratios of the ATLAS3D sample of ETGs (Cappellari et al. 2011) as
presented in Cappellari et al. (2013). The dynamical (total) M/L values
of the ATLAS3D sample show a much larger spread than the spectroscopic
M/L values, which might be related to the fact that the dynamical values
are derived independently from stellar evolutionary effects: this might
explain the broader range of dynamical M/L values at fixed velocity
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dispersion (McDermid et al. 2014). The trends that we find, in particular
for run10, show good agreement with the lower limits of the dynamically
derived M/L-values of the ATLAS3D sample. As the dynamical modelling
also includes the mass contribution from dark matter, this is what one
would expect.

The spectroscopicM/L values that we find are significantly smaller than
the spectroscopic M/L values of the ATLAS3D sample. The spectroscopic
M/L values of the ATLAS3D sample are based on a smooth non-parametric
SFH and a fixed Salpeter IMF. Since we find IMFs that are flatter than
Salpeter for the lower velocity dispersion bins, we also find lower mass-
to-light ratios. For the highest velocity dispersion bins, we find IMFs
closer to Salpeter, and for these bins our results are consistent with the
spectroscopic M/L values of the ATLAS3D sample. The differences between
the spectroscopic results by McDermid et al. (2014) and our results may
also be explained partly by the different apertures that were used. The
SDSS spectra that we analyse only cover the central regions of the galaxies,
whereas the ATLAS3D analysis is based on integral-field data out to one
effective radius. As a consequence, positive age gradients (i.e. increasing
age as a function of radius) in ETGs (e.g., La Barbera et al. 2012)
imply that the stellar populations of the SDSS spectra are on average
younger than the stellar populations of the ATLAS3D data. Therefore,
as a consequence of such an age gradient we will find lower M/L values due
to the higher luminosities of the younger populations.

4.6 Summary and discussion

In this paper we have performed a fully hierarchical Bayesian analysis of a
set of stacked SDSS spectra of ETGs to infer the shape of their IMF and how
it changes as function of their stellar velocity dispersion. The inference is
done via full-spectrum fitting with a CSP model that includes a nearly free-
form IMF shape, regularized via a single or broken power law, and multiple
SSPs with varying ages and metallicities. We also allow the abundance
patterns to change by varying elements for which the abundance ratio in
ETGs is expected to be different than in the Milky Way. We combine this
with an improved library of stellar templates and various evolutionary-track
models to construct the CSP models. We also allow the error covariance
matrix to vary, and test various priors for robustness of the results. All
model parameters are obtained through a nested sampling approach and



194 Chapter 4. Hierarchical Bayesian inference of the IMF in ETGs

180 200 220 240 260 280 300 320

σ [km/s]

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

lo
g(
M
/L

) 
[M

¯
/
L
¯
,r
]

run2

run8

run10

ATLAS3D log(M/L)stars

ATLAS3D log(M/L)Salp
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2011) derived by Cappellari et al. (2013).

discrete choices (e.g., the set of stellar templates, evolutionary tracks, IMF
priors and regularization schemes) are objectively ranked via the Bayesian
evidence. This approach ensures that the results that we obtain are robust
and avoids, as much as possible, subjective choices.

We extend the model of DTK16 and DTKPS18 and introduce local
covariance structures that allow us to add extra covariance to emission
lines and telluric regions to better model uncertain spectral regions.
Furthermore, we include response functions of Mg, Ca, Si, Ti and Na in the
model to account for the presumed variations in the abundance pattern of
ETGs with respect to the Milky Way. These response functions are based
on SSPs from Conroy & van Dokkum (2012a) and derived on the basis of
a Salpeter IMF.
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The framework that we have developed can in principle be combined
with any set of stellar templates. In this work, the stellar templates that we
use are based on the MIX library. The MIX library is a combination of two
stellar libraries: MILES and XSL. For every spectrum in the MIX library,
the starting point is a VIS spectrum of XSL that we shift to rest frame and
correct for extinction. We extend each of these VIS arm spectra to the blue
with an interpolated MILES spectrum. To create a consistent interpolator,
we run an optimization procedure where we allow for variations in the
extinction correction and small variations in the stellar parameters. Finally,
we combine the MIX interpolator with two different sets of isochrones to
create two sets of stellar templates: the MIX stellar population models.

As a next step, we apply the combination of the hierarchical Bayesian
framework and the MIX stellar population models to the stacked SDSS
spectra. We consider different runs of the model in which we investigate
the effect of various model ingredients, including different combinations
of response functions, different isochrones, different regularization schemes
and different parameterizations of the IMF prior.

Our main results and conclusions are the following:

• We infer that even high SNR (∼200-1100) stacked SDSS spectra of
ETGs can be robustly modelled with at most three SSP components
over a wide (σ = 170 − 320 km/s) mass range. This is in agreement
with extensive tests in DTKPS18 on mock spectra with extended
SFHs. Some residuals are left between the data and the model,
which we model with a flexible covariance matrix, but these are
unlikely associated with an un-modelled SSP and more likely due
to incompleteness of the set of templates. In particular the sodium
feature remains hard to model as found in previous studies.

• We have investigated the effect of various response functions on the
relation between IMF slope and velocity dispersion that we recover
with our model. For a single power law IMF parameterization and
when the response functions of Mg are included, we find an IMF
slope that increases from α ∼ 2.1 for σ = 170 km s−1 to α ∼ 2.6 for
σ = 320 km s−1. This result is consistent with the IMF slope–velocity
dispersion relatation found by Spiniello et al. (2014) and derived
with a completely independent code. There is decisive evidence for
including the Mg response functions in all the fits and when these
response functions are not included the inferred IMF slope–velocity
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dispersion relation is biased to a higher value by ∆α ∼ 0.2. Including
Ca, Si or Ti in combination with Mg does not change the scale of
the relation significantly, but including Na decreases the trend by
∆α ∼ 0.2− 0.3. In particular this last result may be affected by how
we model the response functions.

• When using a double power law IMF parameterization, we find a high-
mass slope that is approximately constant as a function of velocity
dispersion and slightly steeper than the Salpeter-value. We find a
low-mass slope α1 that increases as a function of velocity dispersion
from approximately the Kroupa-value to the Salpeter-value. The
only exception to this are the results that we obtain by including
the response functions of Na which suggest flatter high-mass slopes
that decrease as a function of velocity dispersion and significantly
steeper low-mass slopes. However, with the current setup of the model
drawing conclusions from the results that include the Na response
functions is not possible. Only when using IMF-dependent response
functions instead of SSP based response functions would allow us to
disentangle the effect of sodium enhancement from variations in the
IMF.

• In most cases the double power law fit is preferred over the single
power law fit. For those cases where a single power law IMF fit is
preferred, the inferred double power law IMF is actually relatively
close to a single power law and therefore the model prefers the most
simple model which is the single power law. The results that we find
are consistent with a lower characteristic mass of a log-normal IMF for
high velocity dispersion ETGs which according to theoretical models
could be related to a mode of star formation that is characterized by
more turbulence.

Having compared stacked SDSS spectra of ETGs to a wide range of CSP
models, varying the IMF shape, ages, metallicities, abundance patterns,
and evolutionary tracks, for a varying number of SSPs, we summarize our
two major results:

1. There is decisive evidence that the single power law IMF slope
increases with galaxy mass over σ∗ = 170− 320 km s−1 from α = 2.1
to α = 2.6, robust against significant changes in the models. This
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result is nearly independent from the abundance pattern variations,
which typically have impacts of ∆α . 0.2.

2. There is strong evidence that the IMF slope above 0.5 M� is
approximately constant and slightly higher than the Salpeter IMF
slope (α = 2.35) over the same galaxy mass range, when using a
double power law IMF model, but that the IMF slope varies with
galaxy mass below ∼ 0.5 M� from being consistent with a Kroupa
IMF at the lowest masses (α ∼ 1.3) to being consistent with a Salpeter
IMF for the highest mass ETGs.

Based on the above two major results, we conclude that the IMF
shape appears universal in shape above ∼0.5 M�, and non-universal below
∼0.5 M�. This appears to reconcile some of the apparent discrepancies
between various results in the literature.

Appendix 4.A SSP-based response functions

In this work we use response functions derived for SSPs, which we
interpolate as a function of age and metallicity. These response functions
are derived on the basis of an assumed Salpeter IMF. To investigate the
consequences of this assumption, we repeat run2, run5 and run6, only now
with response functions that are derived on the basis of a Kroupa IMF.

Figure 4.20 shows the IMF slope–velocity dispersion relation that we
obtain for run2, run5 and run6 with both the Salpeter and the Kroupa
response functions. For Mg, there is a small bias in the reconstructed
IMF slopes if we use the Kroupa response functions, but the trend that we
recover is very similar. The deviations that we find for Ti appear to be
more random than for Mg, even though the values of [Ti/Fe] are relatively
small. This suggests that the Ti response functions might affect spectral
regions that are also sensitive to the IMF, and therefore we have to be very
careful when interpreting these results.

With the exception of SDSS290, the inferred IMF slopes with the
Na response functions seem to become more biased for higher velocity
dispersions. Since higher velocity dispersion galaxies have higher values
of [Na/Fe] (see Figure 4.13) and NaD is known to be sensitive to IMF
variations, this result is not too surprising. It remains difficult, however,
to disentangle the effect of the response functions from variations in the
IMF. In principle this should be possible because abundance variations in
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Figure 4.20 – IMF slope–velocity dispersion relation that we infer by using different
response functions to account for abundance variations in Mg, Ti and Na. The solid
lines are derived by using the SSP-based response functions with a Salpeter IMF and the
dashed lines are derived by using the SSP-based response functions with a Kroupa IMF.

Na cause a different spectral response than variations in the IMF does.
One of the most important features that allows us to distinguish between
IMF variations and abundance variations in Na is the NaI-feature around
8190 Å, but unfortunately this line lies in a strong telluric region which
complicates the situation even further. Moreover, we have to keep in mind
that the effects of IMF variations on the spectrum are subtle. Therefore,
if we want to disentangle this from abundance variations in Na, we have
to be sure that we use the correct response functions. In principle this
implies that we should apply individual response functions to each stellar
template. However, at the moment we only have SSP-based response



4.A. SSP-based response functions 199

functions available to us. The fact that the inferred IMF slopes are in
general much closer to a Salpeter IMF than a Kroupa IMF justifies the use
of the Salpeter-based response functions throughout this work.
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