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Abstract

We	address	theoretically	whether	and	under	what	conditions	Schelling's	celebrated	result	of	'self-organized'	unintended	residential	segregation	may	also	apply	to	school	segregation.	We	propose	here	a
computational	model	of	school	segregation	that	is	aligned	with	a	corresponding	Schelling-type	model	of	residential	segregation.	To	adapt	the	model	for	application	to	school	segregation,	we	move	beyond
previous	work	by	combining	two	preference	arguments	in	modeling	parents'	school	choice,	preferences	for	the	ethnic	composition	of	a	school	and	preferences	for	minimizing	the	travelling	distance	to	the	school.
In	a	set	of	computational	experiments	we	assessed	the	effects	of	population	composition	and	distance	preferences	in	the	school	model.	We	found	that	a	preference	for	nearby	schools	can	suppress	the	trend
towards	self-organized	segregation	obtained	in	a	baseline	condition	where	parents	were	indifferent	towards	distance.	We	then	investigated	the	joint	effects	of	the	variation	of	agents'	'tolerance'	for	out-group
members	and	distance	preference.	We	found	that	integrated	distributions	were	preserved	under	a	much	broader	range	of	conditions	than	in	the	absence	of	a	preference	for	nearby	schools.	We	conclude	that
parents'	preferences	for	nearby	schools	may	be	an	important	factor	in	tempering	for	school	choice	the	segregation	dynamics	known	from	models	of	residential	segregation.
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	Introduction

1.1 Schelling's	model	of	residential	segregation	(Schelling	1969,	1971,	1978)	shows	that	the	high	level	of	ethnic	(or,	racial,	in	the	American	terminology)	residential	segregation	observed	in	many	modern	cities	can	be
an	unintended	outcome	of	the	residential	choices	of	individuals	who	have	only	the	"mild"	ethnic	preference	to	not	be	outnumbered	too	much	by	other	ethnic	groups	in	their	local	residential	neighborhood.	However,
Schelling's	result	has	hardly	influenced	the	study	of	other	social	segregation	phenomena,	most	notably	not	in	the	debated	field	of	school	segregation	(e.g.	Sohoni	and	Saporito	2009;	Van	Houtte	and	Stevens	2009;
Logan	et	al.	2008).	We	make	a	first	step	to	advance	existing	work	based	on	Schelling	into	the	field	of	school	segregation	and	to	explore	similarities	and	differences	between	residential	and	school	segregation
dynamics	with	an	alignment	(Axtell	et	al.	1996;	Rouchier	et	al.	2008)	of	simple	theoretical	models	of	both	phenomena.

1.2 In	Schelling's	model,	integrated	residential	distributions	are	typically	unstable,	even	when	individuals	are	largely	tolerant	of	other	ethnic	groups	in	their	neighborhood,	but	prefer	not	to	belong	to	too	small	a	minority.
If	residents	of	a	small	local	minority	leave	a	neighborhood,	this	changes	the	local	ethnic	mix	such	that	members	of	their	ethnic	group	become	even	more	likely	to	leave,	which	eventually	pushes	the	residential
distribution	away	from	instable	integration	towards	stable	segregation.	This	self-reinforcing	"preference	dynamics"	(Clark	and	Fossett	2008)	can	generate	much	more	segregation	than	would	be	needed	to	satisfy
individuals'	ethnic	preferences,	an	undesired	outcome	from	the	individuals'	perspective,	with	potentially	severe	negative	societal	consequences.	Similar	preference	dynamics	may	underlie	the	high	level	of	ethnic
school	segregation	that	can	be	found	in	many	Western	countries	nowadays	(Logan	et	al.	2008;	Baker	et	al.	2011).

1.3 School	segregation	refers	to	the	disproportionate	concentration	of	ethnic	minorities	in	certain	schools	and	is	a	scientifically	as	well	as	politically	contested	topic	(Sohoni	and	Saporito	2009;	Van	Houtte	and	Stevens
2009;	Logan	et	al.	2008;	Bovens	and	Trappenburg	2006;	Karsten	et	al.	2006;	Karsten	et	al.	2003;	Saporito	2003).	For	example,	in	2006,	about	50%	of	primary	schools	in	the	4	biggest	Dutch	cities	were	considered
"black	schools",	having	more	than	50%	non-western	ethnic	minority	pupils,	a	proportion	that	far	exceeded	the	national	average	of	14%	(CBS	2007).	In	particular,	studies	of	school-choice	dynamics	point	to	the
phenomenon	of	"white	flight"	as	a	possible	cause.	Both	for	the	U.S.	(e.g.	Logan	et	al.	2008;	Sohoni	and	Saporito	2009)	as	well	as	for	Western-European	countries	( Kristen	2008;	Karsten	et	al.	2006),	the	evidence
suggests	that	parents	of	the	dominant	ethnic	group	tend	to	choose	schools	outside	of	the	local	neighborhoods	with	relatively	high	concentrations	of	ethnic	minorities.	Researchers	and	politicians	alike	are	concerned
about	the	negative	societal	consequences	of	school	segregation	for	inequality	and	integration	of	minorities	(e.g.Karsten	et	al.	2006;	Moody	2001).

1.4 Empirical	research	on	parents'	school-choice	motives	suggests	a	potential	for	preference	dynamics.	A	survey	study	for	the	Netherlands	(Karsten	et	al.	2003)	found	that	one	of	the	most	important	choice	motives	for
native	Dutch	parents	is	whether	the	school	comprises	children	with	the	same	cultural	background	"as	us"	(see	also	Coenders	et	al.	2004).	If	parents	were	to	choose	schools	solely	based	on	such	preferences,
preference	dynamics	might	ensue	which	could	explain	the	high	levels	of	school	segregation	observed	in	Dutch	primary	schools.	However,	theories	of	preference	dynamics	in	residential	segregation	cannot	be
readily	generalized	to	school	segregation.	Given	the	strong	residential	segregation	in	Western	countries,	schools	would	be	segregated	even	without	preference	dynamics,	if	school-choosers	primarily	minimize
distance	between	home	and	school.	In	fact	studies	of	micro-level	school-choice	motives	revealed	that	parents	deem	both	ethnic	composition	and	distance	important	(Bell	2009;	Denessen	et	al.	2005;	Kristen	2008;
Karsten	et	al.	2006;	Karsten	et	al.	2003;	Coenders	et	al.	2004;	Saporito	2003).	Parents'	preference	for	nearby	schools	may	even	curb	self-organized	segregation	because	it	discourages	"flight"	to	more	distant	but
ethnically	more	desirable	schools.	But	whether	that	actually	happens	depends	on	a	complex	interplay	of	parents'	choice	behavior	with	the	residential	composition	of	their	own	and	neighboring	neighborhoods,	as
well	as	the	capacity,	geographical	locations	and	current	composition	of	available	schools.

1.5 The	complexities	of	school-choice	dynamics	cannot	simply	be	addressed	within	existing	models	of	preference	dynamics	in	residential	segregation	(e.g.	Clark	and	Fossett	2008;	Fossett	2006a;	Grauwin	et	al.	2009;
Hatna	and	Benenson	2012;	Macy	and	van	de	Rijt	2006;	Stauffer	and	Solomon	2007;	Vinkovic	and	Kirman	2006;	Zhang	2004a,	2004b).	When	it	comes	to	school-choice	dynamics,	we	need	to	distinguish	between
the	residential	location	of	a	household	which	defines	the	distances	to	available	schools	as	well	as	the	ethnic	composition	of	the	residential	neighborhood,	and	the	ethnic	composition	of	the	schools	that	children	from
this	household	attend.	Schools	may	recruit	their	membership	from	the	local	and	surrounding	local	neighborhoods,	but	when	parents	prefer	to	choose	more	distant	schools	for	their	children,	schools	can	also	have
an	ethnic	composition	that	differs	from	that	of	the	local	residential	neighborhood.	This,	however,	can	only	happen	when	parents	feel	that	the	schools'	features,	in	particular	its	ethnic	composition,	are	sufficiently
desirable	to	compensate	for	the	costs	of	increased	distance	between	home	and	school.	This	balancing	between	distance	and	ethnic	composition	is	a	feature	not	included	in	models	of	residential	segregation.
Accordingly,	we	propose	here	a	model	of	school	segregation	that	includes	both	elements	and	combines	them	with	ethnic	preference	dynamics	similar	to	those	known	from	models	of	residential	segregation
dynamics	based	on	Schelling's	work.	In	this	paper,	we	want	to	study	whether	the	basic	features	of	the	Schelling	dynamic	hold	up	when	residential	choices	are	replaced	with	school	choices.	That	is:	would	strong
segregation	also	arise	despite	mild	ethnic	preferences	when	individuals	choose	between	schools	given	a	fixed	residential	location,	rather	than	changing	their	residential	locations?	We	will	address	this	theoretically

by	means	of	Agent	Based	Modeling	(ABM)	[1]	(Nikolai	and	Madey	2009;	Macy	and	Willer	2002).	For	this	purpose,	we	first	align	our	simple	model	of	school	segregation	with	a	Schelling-type	model	of	residential
segregation,	including	some	modifications	of	Schelling's	original	model	proposed	in	recent	follow-up	research	(Zhang	2004a,	2004b).	In	both	models,	agents	represent	households	with	a	residential	location.	In	the
school-choice	model,	the	residential	location	is	fixed	and	agents	face	the	choice	of	sending	their	child	to	one	out	of	a	set	of	available	schools	with	a	known	location	and	ethnic	composition.	In	the	residential	model,
agents	can	change	where	they	live	and	can	choose	between	a	set	of	available	residential	locations	with	known	location	and	local	ethnic	composition.	In	the	school	model,	next	to	ethnic	preferences,	we	also	include
preferences	for	nearby	schools.	However,	to	explore	differences	and	similarities	between	the	dynamics	of	both	models,	we	first	compare	the	residential	model	to	a	school	model	with	ethnic	preferences	only,	before
adding	the	new	element	of	distance	preferences	to	the	school	model.

1.6 We	follow	in	our	residential	model	the	cellular	grid	modeling	of	the	residential	space	that	is	typically	employed	in	studies	in	the	wake	of	Schelling	(e.g.	Hegselmann	and	Flache	1998;	Zhang	2004a,	2004b).
Residential	neighborhoods	are	in	these	models	often	seen	as	small	and	overlapping,	but	each	agent	or	household	has	a	unique	local	neighborhood	different	from	all	other	neighborhoods.	Our	school	model	without
preferences	for	nearby	schools	can	be	seen	as	similar	to	a	different	strand	of	residential	segregation	models,	that	follow	Schelling's	"bounded	neighborhood"	model	(Schelling	1978;	see	also	Hatna	and	Benenson
2012)	also	used	in	Fossett's	simulation	studies	of	residential	segregation	(Fossett	2006a,	2006b;	Fossett	and	Warren	2005;	Clark	and	Fossett	2008).	In	a	bounded	neighborhood	model,	the	residential	space	is
divided	into	blocks	(bounded	neighborhoods)	typically	comprising	a	number	of	households	considerably	larger	than	the	size	of	small,	local	von	Neuman	or	Moore	neighborhoods	that	are	often	used	in	cellular
models	of	segregation	dynamics	(e.g.	Hegselmann	and	Flache	1998).	The	households,	or	agents,	evaluate	the	attractiveness	of	the	ethnic	composition	of	a	residential	location	in	terms	of	the	composition	of	the
entire	bounded	neighborhood	into	which	the	location	falls.	In	a	similar	vein,	we	assume	in	our	school	model	that	the	size	of	a	school	considerable	exceeds	the	size	of	small	local	neighborhoods	and	that	all	parents
whose	children	attend	a	school	"see"	the	same	ethnic	composition	of	the	school	and	evaluate	the	school's	attractiveness	in	terms	of	it.	An	important	difference	that	remains	between	bounded	neighborhood	models
and	our	school	model	is	that	in	our	school	model	the	residential	location	of	a	household	is	fixed,	while	the	school	that	the	child	from	that	household	attains	can	be	changed	as	outcome	of	school	choice.	This	adds	to
the	model	the	distance	between	home	and	school	as	a	new	element	of	agents'	utility	function	that	has	not	been	addressed	before	in	studies	of	segregation	dynamics.

	The	models

2.1 In	both	models,	the	residential	and	the	school	model,	households	have	a	current	residential	location	on	a	cellular	grid	and	an	ethnicity.	For	simplicity,	only	two	ethnic	groups	(A	and	B)	are	distinguished	and
households	are	assumed	to	have	exactly	one	child	for	which	a	school	needs	to	be	chosen.	For	a	detailed	view	and	a	better	understanding	of	the	models	we	show	in	the	annexes	flowcharts	of	the	sequence	of	steps
in	the	process	modeled.

2.2 In	the	initial	set-up	of	our	model	we	generate	households,	neighborhoods	and	–	for	the	school	model	–	schools.	The	school	neighborhood	or	'catchment	area'	is	modeled	as	the	geographic	region	that	is	nearer	to
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the	focal	school	than	to	any	other	school	and	is	used	to	initially	populate	the	school.	In	the	residential	model,	the	local	residential	neighborhood	is	modeled	as	a	diamond-shaped	neighborhood,	approximating	a
circular	region	around	the	residential	location.	A	household	has	an	ethnic	preference	for	the	ethnic	composition	of	its	school	or	residential	neighborhood.	Each	school	has	a	fixed	number	of	"slots"	and	is	placed	on	a
certain	geographical	location	on	the	rectangular	grid.	Geographic	space	is	represented	by	a	two	dimensional	grid	with	100x100	locations,	embedded	on	a	torus.	Each	location	can	hold	a	household	or	a	school,	but
some	locations	are	left	empty	to	allow	for	movement	across	neighborhoods	or	schools.	To	simplify	terminology,	we	use	in	the	following	"local	unit"	when	we	refer	to	either	a	residential	neighborhood	(in	the
residential	model)	or	school	(in	the	school	model),	and	correspondingly	we	use	"local	composition"	to	refer	to	the	ethnic	mix	within	the	neighborhood	of	the	local	unit.

2.3 To	represent	school	neighborhoods	(or,	catchment	areas),	we	construct	in	the	school	model	so-called	"irregular	cells"	surrounding	schools	by	means	of	Voronoi	diagrams	(e.g.	Flache	and	Hegselmann	2001;
Hegselmann	et	al.	2000;	Wilensky	2006).	These	cells	encompass	all	geographical	locations	that	are	nearer	to	the	focal	school	than	to	any	other	school	in	terms	of	Euclidian	distance.	To	generate	the	Voronoi
diagram	we	use	randomly	assigned	locations	for	the	schools	as	so-called	"generator"	points.	Throughout,	we	use	25	schools	with	Voronoi	cells	superimposed	on	the	100x100	cellular	grid.	The	size	of	a	school	is
determined	by	the	number	of	geographical	locations	encompassed	by	its	neighborhood.	Figure	1	shows	an	example	of	the	construction	of	school	neighborhoods.

Figure	1.	Voronoi	diagram	representing	randomly	distributed	schools	with	surrounding	catchment	areas.	Each	Voronoi	cell	represents	a	school	neighborhood	whose	size	is	determined	by	the	number	of
geographical	locations	encompassed	by	the	cell.	A	school	is	located	at	the	center	of	each	cell.

2.4 We	want	to	know	whether	ethnic	preferences	have	a	similar	effect	on	school	segregation	as	they	have	on	residential	segregation	and	how	this	is	affected	by	a	simultaneous	preference	for	a	short	distance	between
home	and	school.	To	model	the	ethnic	preference	component	of	agents'	preference	function	we	build	on	previous	work	by	Zhang	(2004)	and	use	a	single-peaked	linear	function	that	maps	the	local	proportion	of
members	of	the	same	group	on	the	attractiveness	of	the	school	or	residential	location	for	an	agent.	An	example	is	depicted	in	figure	2.

Figure	2.	Ethnic	preference	for	composition	of	neighborhood	or	school.	M	is	a	constant	factor	representing	the	desirability	of	100%	own	ethnic	group,	and	f	represents	the	fraction	of	in-group	members	of	the
neighborhood	or	school	population	that	is	optimal	for	the	agent.

2.5 The	illustrated	function	peaks	at	n=f	p	where	f	is	the	optimal	fraction	of	the	total	number	of	agents	(p)	in	the	local	composition.	Notice	that	the	agents	can	actually	prefer	a	certain	level	of	local	ethnic	integration
above	perfect	segregation,	reflecting	the	aggregate-level	empirical	pattern	in	studies	on	residential	preferences	in	the	U.S.	(Clark	and	Fossett	2008).	More	technically,	on	the	left	side	of	n=f	p,	the	function	is	linearly
increasing,	whereas	on	the	right	side	of	this	point,	it	is	linearly	decreasing.	Agents	always	obtain	a	utility	of	zero	if	the	local	composition	comprises	only	out-group	members,	and	they	obtain	a	utility	of	M	>	0	when
the	local	composition	comprises	only	in-group	members.

2.6 Formally,	we	model	ethnic	preference	P	with	the	function	given	in	equation	(1).

(1)

where	p	is	the	total	number	of	agents	in	the	neighborhood	or	school,	and	x	the	local	number	of	agents	of	the	own	group.

2.7 In	the	school	model,	agents	can	evaluate	a	school	not	only	in	terms	of	its	ethnic	composition,	but	also	in	terms	of	the	distance	between	their	residential	location	and	the	school.	More	explictly,	an	agent's	utility	U	for
the	school	chosen	is	obtained	from	a	Cobb-Douglas	utility	function.	Technically,

(2)

where	α	is	a	parameter	which	controls	how	much	weight	is	put	on	the	ethnicity	preference	(P)	relative	to	the	distance	preference	(D).	P	is	obtained	from	equation	(1),	D	represents	the	"nearness"	of	the	school,
implemented	as	the	mirror	image	of	the	geographical	distance	between	residential	location	of	the	household	and	the	school.	Technically,	the	nearness	of	school	i	to	agent	j,	Di,j,	is	given	by

(3)

where	distmax	is	a	maximum	distance	that	serves	as	normalization	factor	and	dist	school(i),agent(j)	is	the	distance	between	the	agent's	residential	location	and	the	school.	Throughout	this	paper,	we	assume	distmax	to
be	the	maximum	distance	between	two	locations	in	the	geographical	space.	For	a	two	dimensional	grid	with	N	×	N	locations	embedded	on	a	torus	distmax	=	N/√2.

2.8 In	the	actual	decision	function,	the	utility	an	agent	would	obtain	from	choosing	a	certain	residential	location	(or	school),	is	compared	against	a	satisfaction	threshold	represented	by	a	further	model	parameter	(T).
Only	when	P	<	T	is	the	agent	assumed	to	be	sufficiently	dissatisfied	with	the	residential	location	or	school	to	consider	whether	to	move	to	a	different	location	(or	change	school).	With	this,	we	follow	Schelling's
original	approach	in	assuming	that	agents	are	"satisficing"	(Simon	1956).

2.9 We	first	implemented	a	simple	Schelling	type	model	(Model	0)	of	residential	segregation,	then	followed	by	two	school	segregation	models	without	(Model	1)	and	with	distance	preferences	(Model	2).	In	all	models,
ethnic	groups	can	differ	in	their	ethnic	preferences,	but	are	assumed	to	be	homogenous	internally.	Distance	preferences	are	meaningless	in	model	0	and	are	not	taken	into	account	in	model	1,	i.e.	α	=	1	in	both
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models.	Throughout,	all	agents	are	initially	assigned	a	random	location	in	the	world.

2.10 Residential	model	and	school	model	are	alike	in	most	features	of	model	initialization	and	model	dynamic.	The	following	applies	to	both	models	unless	explicitly	noted	otherwise.	The	maximum	number	of	agents
populating	the	model	is	Nmax	=	10.000.	Population	size	is	throughout	assumed	to	be	N	=	8700,	a	value	that	falls	within	a	broader	range	of	filling	rates	for	which	we	found	sufficient	movement	of	agents	to	obtain
model	convergence	in	reasonable	time.	The	distribution	across	the	ethnic	types	A	and	B	is	varied	in	the	simulation	experiments.	In	every	round	of	the	simulation,	500	randomly	chosen	agents	can	change	their
location	(or	school).	However,	the	number	of	agents	that	actually	change	their	location	is	limited	by	the	number	of	free	spaces.	More	precisely,	for	each	selected	agent,	we	calculate	satisfaction	with	the	current	local
unit	chosen	based	on	the	utility	function	given	by	equations	(1)	and	(2),	the	current	local	ethnic	composition	and	their	ethnic	preferences.	In	the	residential	model,	we	define	an	agent's	neighborhood	as	being	a
diamond-shaped	neighborhood	of	the	residential	location.	The	neighborhood	encompasses	the	set	of	locations	whose	center	points	fall	within	a	certain	Euclidian	distance	around	the	center	point	of	the	focal	cell.	In
figure	3	we	illustrate	the	neighborhood	for	a	radius	r	=	3.	The	local	proportion	of	in-group	and	out-group	members	is	calculated	relative	only	to	the	numbers	of	cells	(or	"slots"	of	a	school)	that	are	actually	occupied.

Figure	3.	The	squares	with	grey	color	show	the	cells	that	fall	within	the	residential	neighborhood	of	the	black	center	cell	for	a	radius	of	r	=
3.

2.11 If	the	satisfaction	with	the	local	composition	falls	below	the	satisfaction	threshold	T	then	the	agent	will	move	to	a	random	location	where	his	requirements	are	satisfied,	if	one	is	available.	In	the	residential	model,	this
new	location	is	selected	out	of	a	maximum	of	100	randomly	chosen	empty	locations.	In	the	school	model,	all	schools	that	still	have	empty	slots	are	considered	in	random	sequence.	The	agent	will	move	to	the	first
found	location	out	of	the	locations	investigated	for	which	his	utility	exceeds	the	threshold	T.	If,	however,	a	satisfactory	location	is	not	found	in	the	locations	that	were	searched,	the	search	will	continue.	We	included
the	assumption	that	the	search	can	continue	in	order	to	model	the	notion	that	in	adaptive	decision	making	actors	adapt	not	only	their	behavior	but	also	their	aspirations	over	time	to	the	experiences	they	make	(e.g.
Macy	&	Flache	2002;	Bendor	et	al.	2003).	More	concretely,	when	dissatisfied	agents	find	no	alternative	satisfactory	location	they	will,	in	the	residential	model,	randomly	select	another	100	empty	locations	to	be
inspected.	In	the	school	model,	all	schools	which	still	have	empty	slots	are	re-considered.	In	this	second	pass,	the	agent	will	move	in	both	models	if	the	utility	that	would	be	obtained	at	the	inspected	location
exceeds	the	utility	derived	at	the	current	location,	even	if	the	utility	at	the	destination	would	fall	below	the	satisfaction	threshold	T.	In	other	words	the	agent	will	move	to	the	first	location	he	finds	where	he	is	happier.
If	a	better	location	is	not	found	then	the	agent	will	stay.	Within	one	round	the	agents	investigating	a	new	location	calculate	their	utility	function	based	on	the	population	distribution	that	is	present	at	the	beginning	of
the	round.	This	models	the	assumption	that	agents	who	attain	moving	options	within	the	same	round	take	their	decisions	quasi	simultaneously.	An	agent	is,	however,	unable	to	move	to	a	location	or	occupy	a	slot	at
a	school	that	has	been	claimed	by	another	agent	in	the	same	round.	All	agents	will	move	simultaneously	to	their	selected	locations	or	new	schools	at	the	end	of	the	round.

2.12 For	the	school	model	in	particular,	we	assume	each	agent	has	one	child	that	initially	is	enrolled	at	the	closest	school,	the	school	located	at	the	generator	point	of	the	Voronoi	cell	in	which	the	residential	location	of
the	household	falls.	This	means	that	initially	the	composition	and	filling-rate	of	a	school	is	representative	of	its	neighborhood.

Segregation	indices

2.13 To	quantify	segregation	in	both	models,	we	devised	a	set	of	measures	based	on	the	dissimilarity	index	(Massey	and	Denton	1988).	This	index	expresses	how	much,	taken	across	a	set	of	local	units,	the	ethnic
composition	of	the	local	unit	differs	from	the	population	composition	on	average.	Maximal	segregation	occurs	when	the	index	obtains	a	value	of	one,	the	theoretical	lower	bound	is	zero.	Equation	(4)	shows	how	the
basic	measure	of	the	dissimilarity	index	is	calculated.

(4)

In	equation	(4),	Nix	expresses	the	number	of	members	of	ethnicity	"x"	(A	or	B)	of	the	local	unit	"i"	(neighborhood	or	school)	and	Nx	is	the	number	of	members	of	that	group	in	the	overall	population.	For	the	school
model,	we	use	schools	as	local	unit	for	calculating	the	index	that	we	refer	to	as	the	"school	segregation	index".	For	comparison	with	the	school	model,	we	distinguish	two	segregation	measures	for	the	residential
model	which	are	differently	"fine	grained".	The	"variable	neighborhood	index"	uses	the	neighborhood	defined	by	the	radius	r	that	agents	use	to	evaluate	neighborhood	composition.	Finally,	the	"school-neighborhood
index"	takes	school-neighborhoods	as	local	unit,	for	comparison	with	the	school	segregation	index.

	Results

3.1 Schelling's	model	shows	that	theoretically,	segregation	may	arise	even	in	conditions	where	a	non-segregated	distribution	would	satisfy	all	individuals.	We	wanted	to	know	whether	and	under	which	conditions	this
also	applies	for	the	school	model.	To	begin	with,	we	compare	the	residential	model	to	the	school	model	without	distance	preferences.	The	school	model	without	distance	preference	is	similar	to	a	"bounded
neighborhood"	version	of	the	residential	model	and	should	thus	produce	similar	results.	To	assess	this,	we	first	describe	a	baseline	experiment	in	which	we	compare	the	school	model	without	distance	preferences
with	the	residential	model	and	identify	the	conditions	under	which	the	behaviors	of	both	models	align.	Then,	we	explore	whether	the	effects	that	we	found	without	distance	preferences	hold	up	when	we	introduce
preferences	for	nearby	schools	into	the	school	model,	under	various	different	conditions.

Baseline	experiment

3.2 To	establish	a	baseline	for	comparison,	we	began	by	simulating	a	prototypical	residential	segregation	dynamic.	We	chose	an	ethnic	population	composition	and	preference	parameters	such	that	individuals	of	both
groups	would	be	satisfied	if	the	local	ethnic	composition	at	their	residential	location	equals	the	overall	ethnic	composition	of	the	population.	For	this,	we	assumed	that	members	of	both	groups	reach	their	maximal
utility	of	U=1	with	70%	in-group	members	(i.e.	fa	=	fb	=	0.7).	Furthermore,	they	reach	a	utility	of	U=M=0.8	with	100%	in-group	members.	To	assure	that	these	segregationist	preferences	are	"mild",	we	set	the
satisfaction	threshold	to	T=0.4.	As	figure	4	below	illustrates,	both	groups	can	still	be	satisfied	with	a	local	out-group	majority	under	this	parameterization.
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Figure	4.	Green	line	represents	the	preference	function	for	group	B	with	peak	at	pb	=	1-fb.	(Mb	=	0.8,	fb	=	0.7).	The	red	line	represents	the	preference	function	for	group	A	with	peak	at	pa	=	fa.	(Ma	=	0.8,	fa	=	0.7).
The	blue	line	illustrates	the	satisfaction	threshold	T	=	0.4.

3.3 Figure	4	shows	that	for	group	A,	utility	falls	below	the	satisfaction	threshold	T	only	when	the	local	proportion	of	group	A	members	is	less	than	pa,min	=	fa	*	T	=	0.28,	while	group	B	members	will	only	be	dissatisfied
when	the	proportion	of	group	A	members	exceeds	pa,max	=	1	−	T	fb	=	0.72	(for	a	formal	derivation	see	further	below	and	proof	in	the	appendix,	local	equilibrium	condition	A).	To	obtain	for	the	baseline	simulation	an
initial	condition	where	both	groups	can	be	satisfied	when	the	local	ethnic	mix	is	representative	of	the	overall	population	distribution,	we	assumed	that	groups	A	and	B	have	equal	size.	Finally,	following	most
previous	work	on	Schelling-type	residential	segregation	dynamics,	agents	focus	in	the	residential	model	on	a	local	environment	that	represents	only	a	small	part	of	the	overall	world.	We	set	the	radius	for	the
residential	neighborhood	to	r	=	1.5,	creating	local	neighborhoods	that	encompass	only	8	neighbors	or	0.08%	of	all	cells	of	the	world.

3.4 Starting	from	a	randomly	mixed	initial	population	we	found	that	segregation	establishes	after	~	300	rounds	and	then	stabilizes.	This	pattern	is	prototypical	for	Schelling-type	models	of	residential	segregation.	Figure
5	shows	the	final	distribution	of	agent-types	across	space	in	a	prototypical	run.	After	300	rounds,	the	average	proportion	of	neighbors	of	the	own	type	had	increased	to	67%	from	an	initial	50%.	While	the	average
neighborhood	composition	falls	within	the	acceptable	range	for	both	groups,	this	average	does	not	reflect	the	actual	segregation.	After	300	iterations,	the	proportion	of	agents	for	whom	the	local	composition	falls
outside	of	the	range	that	is	acceptable	for	both	groups	has	increased	to	approximately	38%	from	an	initial	29%.	Moreover,	86%	of	the	free	locations	have	a	local	composition	that	falls	outside	this	range,	showing
that	further	moves	are	likely	to	increase	segregation.

Figure	5.	State	of	the	neighborhoods	after	300	iterations.	Initial	50%-50%	population	mix,	8700	agents,	f	=	0.7,	M	=	0.8	T	=	0.4.

3.5 Segregation	increases	in	this	condition	beyond	the	initial	random	mix	because	initially	not	every	local	residential	neighborhood	is	a	perfectly	representative	sample	of	the	population	mix.	Local	residential
neighborhoods	contain	only	up	to	8	out	of	the	8700	agents	of	the	population.	Thus,	there	are	initially	a	number	of	agents	for	whom	the	proportion	of	group	A	members	in	their	local	residential	neighborhood	does	not
fall	within	the	acceptable	range.	We	approximated	the	probability	that	at	a	randomly	chosen	location	the	initial	proportion	of	group	A	members	falls	outside	of	the	acceptable	interval	[0.28,	0.72]	with	the	cumulative
density	function	of	the	binomial	distribution.	This	yields	a	probability	of	approximately	0.29.	This	suggests	that	the	number	of	agents	that	are	not	satisfied	with	their	initial	residential	neighborhood	is	large	enough	to
set	off	a	cascade	of	consecutive	migrations	in	which	local	neighborhoods	then	develop	gradually	higher	concentrations	of	either	A	or	B	agents.

3.6 Next	we	investigated	whether	a	similar	segregation	dynamic	would	arise	from	the	school	segregation	model	without	distance	preferences	(α=	1)	under	otherwise	identical	conditions.	At	the	outset,	every	household
from	a	school-neighborhood	assigned	its	one	child	to	the	neighborhood's	school	so	that	schools	mirrored	the	randomly	mixed	initial	ethnic	composition	of	neighborhoods.	We	found	that	there	was	virtually	no
change	in	the	ethnic	composition	over	time.	Schools	remain	ethnically	integrated	throughout.

3.7 The	residential	dynamic	differs	from	the	school-choice	dynamic	in	this	initial	example	because	schools	constitute	much	larger	'local	neighborhoods'	than	the	residential	neighborhoods	with	radius	r	=	1.5	of	the
residential	model.	The	size	of	schools	varies	between	about	100	and	800	"slots".	For	this	size,	obtaining	local	concentrations	of	group	A	members	outside	the	range	that	satisfies	both	groups	is	virtually	impossible

from	a	random	start.	Approximation	of	the	probability	yields	an	approximate	probability	below	10-5	for	this	event.

3.8 Model	dynamics	differ	between	residential	and	school	model,	because	schools	recruit	their	initial	population	from	a	neighborhood	much	larger	than	the	local	residential	neighborhoods.	School	neighborhoods	are
more	representative	of	the	overall	population	mix	and	match	thus	–	in	the	baseline	condition	–	the	ethnic	preferences	of	all	parents	in	the	population.	Laurie	and	Jaggi	(2003)	reported	a	similar	result	in	their	analysis
of	the	effects	of	the	size	of	agents'	local	neighborhoods	in	their	residential	Schelling	model.	But	their	work	also	pointed	to	an	interesting	interplay	between	the	effects	of	neighborhood	size	and	the	restrictiveness	of
ethnic	preferences.	The	authors	found	that	a	larger	neighborhood	size	increases	segregation	when	agents'	satisfaction	threshold	was	relatively	low,	but	a	larger	neighborhood	size	could	increase	segregation	when
agents	had	more	demanding	ethnic	preferences.	The	larger	the	neighborhood	size,	the	more	the	local	composition	is	a	representative	sample	of	the	overall	population.	Larger	neighborhoods	thus	temper
segregation	when	the	overall	population	distribution	would	satisfy	agents	also	locally,	but	they	foster	segregation	otherwise.

3.9 To	assess	whether	the	interplay	between	ethnic	preferences,	population	composition	and	neighborhood	size	can	explain	the	differences	that	we	found	between	the	residential	model	and	the	school	model	without
distance	preferences,	we	conducted	a	simulation	experiment	in	which	we	varied	both	the	overall	population	composition	and	neighborhood	size,	leaving	ethnic	preferences	unchanged	relative	to	the	previous
experiment	(f	=	0.7,	M	=	0.8,	T	=	0.4).	Before	presenting	results	of	the	experiment	we	will,	in	the	following,	first	present	a	more	general	analysis	of	the	conditions	under	which	an	integrated	local	ethnic	composition
for	both	groups	can	be	expected	to	be	stable	when	agents	are	indifferent	with	regard	to	the	distance	from	a	school.	This	analysis	serves	to	explain	the	selection	of	conditions	that	we	compared	in	the	subsequent
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simulation	experiment.

Conditions	for	stable	ethnic	integration	without	distance	preferences

3.10 In	the	subsequent	experiment,	we	varied	both	the	ethnic	composition	of	the	population	and	the	neighborhood	size	in	the	residential	model.	The	key	idea	is	that	the	residential	dynamic	should	become	more	similar	to
the	school	choice	dynamic	when	the	size	of	residential	neighborhoods	becomes	larger.	To	assess	this,	we	distinguish	three	different	population	compositions	representing	conditions	where,	respectively,	a)	the
representative	local	mix	satisfies	well	agents	of	both	groups,	b)	representative	local	compositions	can	still	satisfy	both	groups	but	small	local	deviations	from	the	overall	ethnic	composition	suffice	to	render	at	least
one	group	dissatisfied,	and	c)	a	representative	local	composition	dissatisfies	at	least	one	group.

3.11 To	operationalize	the	three	different	compositions,	we	first	analyzed	under	which	conditions	members	from	both	groups	obtain	at	a	certain	location	a	utility	that	exceeds	their	satisfaction	threshold	T.	If	this	happens,
no	agent	will	leave	the	location.	For	simplicity,	we	assumed	that	both	groups	hold	the	same	satisfaction	threshold	and	we	impose	the	plausible	restriction	that	being	in	the	local	minority	is	suboptimal	for	both	groups
(1-fb	≤	0.5	and	fa	≥	0.5).	Furthermore,	we	neglected	the	actual	size	p	of	the	local	unit	and	considered	only	the	local	proportions	pa	and	pb	of	members	of	group	A	and	B,	respectively.	Finally,	empty	slots	are
neglected	such	that	pa	=	1-	pb.

3.12 Intuitively,	figure	4	indicates	that	simultaneous	satisfaction	of	both	groups	is	only	possible	when	the	satisfaction	threshold	(T)	falls	below	the	utility	level	that	agents	obtain	at	the	proportion	pa,x	where	both	groups
are	equally	happy	with	the	local	mix.	For	any	other	local	composition	either	group	A	or	group	B	obtains	a	lower	utility	level.	More	technically,	pa,x	is	the	proportion	of	members	of	group	A	at	which	the	left	branch	of
the	utility	function	of	group	A	intersects	with	the	right	branch	of	the	utility	function	of	group	B,	where	the	latter	utility	function	is	expressed	as	a	function	of	the	out-group	proportion	pa	=	1-	pb.	Mathematically,	the

satisfaction	threshold	T	can	only	be	below	the	utility	obtained	at	this	intersection	point	when[2]	T	≤	1/(fa+fb).

3.13 Our	analysis	of	the	conditions	for	local	integration	confirms	that	the	preference	parameters	that	we	used	in	the	baseline	experiment	allow	for	integrated	compositions.	With	fa	=	fb	=	0.7,	we	find	that	T	=	0.4	≤	1/(fa+fb)
≅	0.714.	Further	analysis	yields	the	lower	and	upper	boundaries	pa,min	and	pa,max,	respectively,	of	the	interval	within	which	utility	exceeds	T	for	both	groups.	These	boundaries	are	obtained	from	equation	(1)	as
pa,min	=	fa	T	and	pa,max	=	1	–	T	fb.	For	the	regime	in	which	both	groups	should	be	satisfied	with	representative	compositions,	we	thus	need	to	choose	a	population	composition	between	pa,min	=	fa	T	=	0.7	*	0.4	=
28%	group	A	and	pa,max	=	1	–	T	fb	=	1-0.28	=	72%	group	A.	This	leads	us	to	adopt	the	following	three	population	distribution	regimes	for	the	experiment.	An	"integration	regime"	is	imposed	with	the	even	ethnic
distribution	50-50,	a	"precarious	integration	regime"	is	generated	with	a	distribution	in	which	group	A	is	the	majority	group	in	a	70-30	mix	and,	finally,	we	impose	a	"segregation	regime"	with	an	ethnic	distribution	90-
10	in	favor	of	group	A.	Notice	that	only	with	the	"segregation	regime"	at	least	one	group	(B)	would	always	be	dissatisfied	with	a	local	distribution	representative	of	the	overall	population.

3.14 To	be	sure,	the	conditions	identified	above	are	neither	sufficient	nor	necessary	for	obtaining	an	equilibrium	for	the	dynamics	of	either	model.	The	condition	T	≤	1/(fa	+	fb)	is	not	sufficient	to	guarantee	system	stability
because	local	compositions	may	differ	from	the	global	population	mix,	as	we	have	seen	in	the	baseline	simulation	of	the	residential	model.	The	condition	is	also	not	necessary	for	a	stable	outcome,	because	fully
segregated	outcomes	can	also	be	stable	equilibria	of	the	system	as	long	as	T	≤	M	for	both	groups.	Nevertheless,	we	can	expect	that	an	integrated	initial	distribution	is	more	robust	to	the	extent	that	the	overall
composition	falls	more	into	the	interior	of	the	interval	[pa,min,	pa,max]	and	that	local	neighborhoods	in	the	residential	model	are	larger.	This	is	what	we	will	explore	next.

Joint	effects	of	population	composition	and	residential	neighborhood	size

3.15 In	the	next	experiment,	we	varied	the	radius	of	the	local	residential	neighborhoods	in	three	steps,	from	r	=	1.5	over	r	=	5	to	r	=	11.	These	steps	generate	neighborhoods	that,	respectively,	comprise	8,	80	and	376
locations	(0.08%,	0.8%	and	3.76%	of	all	locations,	respectively).	For	r	=	11	neighborhood	size	is	approximately	equal	to	school	sizes,	which	range	between	about	100	and	800.	For	each	radius	condition,	we	varied
the	ethnic	composition	of	the	overall	population,	changing	across	the	integration	regime	(50-50),	the	precarious	integration	regime	(70-30)	and	the	segregation	regime	(90-10).	All	other	parameters	remained	equal
to	those	we	used	in	the	baseline	experiment	(N	=	8700,	fa	=	fb	=	0.7,	Ma	=	Mb	=	0.8,	Ta	=	Tb	=	0.4	and	α	=	1).

3.16 Figure	6	presents	results	of	the	experiment	for	the	residential	model.	The	figure	shows	for	all	9	conditions	the	change	of	three	segregation	indices:	the	school-neighborhood	index,	the	variable	neighborhood	index,
and	the	dissimiliarity	index	based	on	local	neighbourhoods	with	radius	r	=	1.5.	For	reliability,	segregation	indices	are	averaged	across	100	independent	replications	per	condition.	We	find	the	variance	of	the	indices
across	the	independent	replications	to	be	in	the	order	of	0.005,	which	is	indistinguishable	on	the	displayed	plots,	this	being	the	reason	to	display	only	the	means.

Figure	6.	Segregation	indices	for	residential	model	for	three	different	radius	values:	r	=	1.5,	5,	11	and	for	three	different	ethnic	compositions:	50-50,	70-30,	90-10.	The	blue	line	is	the	variable	neighborhood	index,
the	green	line	is	the	dissimilarity	index	based	on	local	neighborhoods	with	radius	r=1.5	and	the	red	line	is	the	school	segregation	index.	(	N	=	8700,	fa	=	fb	=	0.7,	Ma	=	Mb	=	0.8	and	Ta	=	Tb	=	0.4).

3.17 The	first	row	of	figure	6	confirms	the	expectation	that	larger	neighborhood	size	suppresses	segregation	in	the	50-50	population	composition	that	we	used	in	the	baseline	experiment.	Increasing	the	radius	from	r	=
1.5	to	r	=	5	considerably	reduces	segregation	and	at	r	=	11	the	initial	randomly	mixed	condition	was	stable,	like	in	the	school	model.

3.18 Results	also	support	that	initial	integration	can	be	better	sustained	with	larger	neighborhoods	and	an	overall	population	mix	that	falls	more	into	the	interior	of	the	interval	[0.28,	0.72].	Except	for	the	smallest
neighborhood	radius	of	r	=	1.5,	segregation	increases	less	in	the	integration	regime	(50-50)	than	in	the	precarious	integration	regime	(70-30)	and	most	in	the	segregation	regime	(90-10).	Moreover,	for	all	three
regimes	the	increase	of	segregation	is	strongest	for	the	smallest	neighborhood	radius	(r	=	1.5).	Finally,	in	the	segregation	regime	representative	local	neighborhoods	cannot	be	stable	and,	accordingly,	larger
neighborhood	size	has	no	effect	on	the	stability	of	the	initial	integrated	state	across	all	three	neighborhood	sizes.	The	increase	of	the	school-neighborhood	index	in	particular	shows	that	the	segregation	occurs
increasingly	at	a	macroscopic	scale	as	neighborhoods	get	bigger.

Effects	of	population	composition	and	distance	preferences	in	the	school	model

3.19 School	choices	reflect	not	only	parents'	preferences	for	ethnic	compositions	but	also	preferences	for	nearby	schools.	Our	analysis	for	the	residential	models	has	shown	that	even	when	neighborhoods	are	as	large
as	they	are	in	the	school	model,	there	is	a	potential	for	emergent	segregation	in	the	precarious	integration	regime	and	the	segregation	regime.	But	when	parents	prefer	nearby	schools	this	may	curb	tendencies
towards	self-organized	school	segregation	if	the	initial	distribution	of	households	across	geographical	space	is	ethnically	integrated.	Households	who	are	dissatisfied	with	the	ethnic	composition	of	their	local	school
may	not	find	a	more	attractive	school	if	all	schools	with	a	more	favorable	ethnic	composition	turn	out	to	be	too	far	away.	We	wanted	to	know	whether	a	preference	for	nearby	schools	can	curb	cascades	towards
segregation	in	those	regimes.

3.20 In	a	first	experiment,	we	simulated	with	the	school	model	the	precarious	integration	condition	(population	mix	70-30)	for	which	we	know	that	a	perfectly	integrated	outcome	can	be	satisfactory	for	all	agents,	but	is
hard	to	sustain	from	a	random	start.	Across	different	conditions,	we	gradually	changed	in	steps	of	0.2	the	weight	α	that	parents	put	on	optimizing	ethnic	composition	relative	to	minimizing	distance.	The	parameter
was	varied	between	α	=	0	and	α	=	1.	Figure	7	shows	results	based	on	averages	of	100	independent	replications	per	condition.
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Figure	7.	Left	side:	Change	of	school	segregation	index;	Right	side	(bar	charts):	Ethnic	composition	and	size	of	the	25	schools	after	300	iterations	for	illustrative	single-run.	N	=	8700,	with	a	70-30	ethnic
composition	(fa	=	fb	=	0.7,	Ma	=	Mb	=	0.8,	T	=	0.4).

3.21 Figure	7	shows	how	a	preference	for	nearby	schools	can	suppress	the	trend	towards	increasing	school	segregation	that	we	observed	when	parents	were	indifferent	towards	distance,	all	other	things	being	equal.
The	results	for	α	between	and	including	α	=	0	and	α	=	0.5	show	that	the	initial	integrated	state	is	preserved.	Only	when	distance	minimization	is	less	important	to	the	simulated	parents	than	the	ethnic	composition,
we	observe	that	segregation	increases	noticeably	above	its	initial	level	of	zero.	However,	even	for	α	=	0.8,	the	dissimilarity	index	for	the	final	state	is	only	about	half	as	large	as	for	the	case	when	parents	were
assumed	to	be	indifferent	to	distance	(α	=	1.0).	This	effect	is	also	reflected	by	the	number	of	schools	that	is	ethnically	homogenous	in	the	illustrative	runs	shown	in	the	right	column.	For	the	conditions	with	α	≤	0.5,
both	groups	are	represented	at	all	schools.	However,	with	α	=	0.8,	four	schools	end	up	as	"majority	only",	and	with	α	=	1.0	this	number	has	increased	to	seven	schools.	Thus,	without	a	preference	for	nearby
schools,	also	the	school	model	can	generate	unintended	segregation	in	the	same	way	as	the	residential	model.

3.22 In	the	next	experiment,	we	compared	the	effects	of	distance	preferences	across	the	three	regimes	of	population	composition,	using	the	same	set	of	preference	parameters	for	ethnic	compositions	than	before.

3.23 Figure	8	shows	the	results	for	the	change	of	the	school	segregation	index,	for	the	three	regimes	of	the	initial	population	composition.	Per	regime,	we	simulated	three	values	for	the	weight	of	the	preference	for
nearby	schools,	α	=	1	(only	ethnic	composition	matters),	α	=	0.5	(equal	weight	for	ethnic	composition	and	distance),	and	α	=	0.2	(mainly	distance	matters).	Results	are	based	on	100	independent	replications	per
condition.

Figure	8.	Change	of	school	segregation	index	for	three	different	regimes	of	ethnic	compositions	and	α	=	1	(red),	α	=	0.5	(blue),	α	=	0.2	(green):	50-50,	70-30,	90-10.	N	=	8700,	fa	=	fb	=	0.7,	Ma	=	Mb	=	0.8	and	T

3.24 When	only	ethnic	composition	matters	to	parents	(α	=1),	the	initially	integrated	state	persists	only	in	the	integration	regime	(50-50),	like	for	the	residential	model	with	large	neighborhood	radius.	At	this	level	of	α,	the
increase	of	segregation	observed	in	the	other	two	regimes	is	stronger	for	the	segregation	regime	(90-10)	than	for	the	precarious	integration	regime	(70-30).	This	pattern	changes,	however,	when	we	put	a	higher
weight	on	agents'	preference	for	nearby	schools.	When	distance	and	ethnic	composition	have	an	equal	weight	(α	=	0.5),	segregation	increases	above	its	initial	level	only	in	the	"segregation-regime",	while	–	as
found	in	the	previous	experiment	-	in	the	"precarious	integration	regime",	agents'	preference	for	nearby	schools	prevents	segregation.	Finally,	in	the	condition	where	agents	put	more	weight	on	the	distance	to
school	than	on	ethnic	composition	(α	=	0.2),	segregation	arises	in	none	of	the	regimes.

Joint	effects	of	agents'	"tolerance"	for	out-group	members	and	distance	preferences

3.25 Throughout	the	experiments	presented	before,	we	used	the	same	set	of	parameters	for	agents'	ethnic	preferences	and	only	varied	the	weight	of	their	preference	for	nearby	schools.	A	key	idea	in	research	based	on
Schelling's	segregation	model	is	that	segregation	can	arise	even	when	agents	are	quite	tolerant	of	the	presence	of	out-group	members	in	their	local	environment.	We	wanted	to	know	to	what	extent	our	models	can
generate	this	result,	and	whether	a	preference	for	nearby	schools	dampens	effects	of	increasing	intolerance	on	segregation.	For	this	purpose,	we	performed	for	both	the	residential	and	the	school	segregation
model	a	series	of	simulations	varying	the	optimal	fraction	of	in-group	members	f	for	both	ethnic	groups	over	the	range	of	possible	values,	from	very	tolerant	(small	f	values)	to	intolerant	(large	f	values).	More
precisely,	the	values	of	f	were	varied	for	both	groups	across	all	recombinations	of	(fa,fb)	that	resulted	from	the	values	of	f	=	0.1,	0.3,	0.5,	0.7,	0.9.	For	the	school	model,	we	compared	the	effects	of	variation	in	f
between	a	condition	in	which	only	ethnic	composition	mattered	to	agents	(α	=	1)	and	one	in	which	both	ethnic	composition	and	travelling	distance	to	school	had	equal	importance	(α	=	0.5).

3.26 The	simulations	were	performed	using	a	70-30	population	composition,	with	otherwise	the	same	parameter	values	as	used	in	the	previous	experiments	(N	=	8700	agents,	Ma	=	Mb	=	0.8,	T	=	0.4).	For	the	residential
model,	the	radius	was	set	to	r	=	1.5.	The	results	of	the	simulations	are	presented	in	figure	9,	where,	subfigures	(a)	and	(b)	show	results	for	the	residential	model	with	the	school-neighborhood	index,	and	the	variable
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neighborhood	index,	respectively.	Subfigures	(c)	and	(d)	chart	results	for	the	school	model	with	the	school	segregation	index,	without	(α	=	1)	and	with	(α	=	0.5)	preferences	for	nearby	schools,	respectively.	For
reliability,	segregation	indices	are	averaged	across	100	independent	replications	per	condition,	where	each	replication	was	run	until	segregation	stabilized.

Figure	9.	School-neighborhood	index	(a)	variable	neighborhood	index	(b)	school	segregation	index	without	preference	for	distance	(α	=	1)	(c)	and	school	segregation	index	with	preference	for	distance	(α	=	0.5)	(d)	for
different	(fa	-	fb)	combinations.	All	other	parameters	are	equal	to	the	previous	experiments.	N	=	8700,	Ma	=	M	=	0.8	and	Ta	=	Tb	=	0.4.	For	the	residential	model,	r	=	1.5.

3.27 Intuitively,	we	expect	that	segregation	increases	when	agents'	tolerance	for	out-group	members	decreases.	This	expectation	is	broadly	consistent	with	the	results	presented	in	figure	9,	but	there	are	interesting
deviations	from	the	expected	pattern.	For	school	segregation,	we	observe	in	graph	(c)	that	even	without	a	preference	for	nearby	schools	values	of	the	school	segregation	index	remain	very	low	(smaller	than	0.05)
unless	minority	members	find	an	in-group	fraction	of	fb	=	0.7	or	more	optimal.	This	reflects	how	ethnic	preferences	affect	the	probability	that	in	the	initial	random	mix	a	school	is	unacceptable	for	either	the	majority
or	the	minority	group.	From	equation	1	we	can	derive	that	with	the	threshold	of	T	=	0.4,	a	representative	school	(70%	A)	is	acceptable	for	the	majority	group	A	at	any	value	that	the	parameter	fa	can	take.	However,
this	is	different	for	the	minority	group	B.	From	the	experiments	reported	in	figure	8	we	know	that	at	fa	=	fb	=	0.7	a	perfectly	representative	school	composition	would	just	satisfy	the	minority,	but	segregation
nevertheless	unfolds	because	in	some	schools	the	initial	minority	is	slightly	smaller,	due	to	random	chance.	With	fb	=	0.5	or	smaller	this	does	not	yet	happen,	because	minority	members	are	well	satisfied	with	the
initial	mix,	but	for	fb	=	0.7	or	more	local	dissatisfaction	triggers	a	cascade	of	movements	of	minority	members	out	of	integrated	schools	which	eventually	results	in	the	high	levels	of	school	segregation	that	we	find
for	those	conditions.	In	this	region	of	the	parameter	space,	the	value	of	the	school	segregation	varies	between	0.217	(at	fa	=	fb	=	0.7)	and	0.341	(at	fa	=	0.7,	fb	=	0.9).	A	comparison	of	this	pattern	with	the	results	we
obtain	for	residential	segregation	at	local	scale	(graph	(b),	variable	neighborhood	index)	shows	that	the	results	are	qualitatively	similar	in	that	mainly	higher	fb	increases	local	residential	segregation.	At	the	same
time	we	find	that	local	residential	segregation	responds	more	smoothly	to	changes	in	agents'	preference	function	than	school	segregation	without	preferences	for	nearby	schools	does.	The	reason	is	that	the	initial
composition	of	small	local	neighborhoods	varies	more	around	the	overall	population	mix,	such	that	changes	in	agents'	tolerance	noticeably	affect	the	probability	that	in	some	local	regions	at	least	one	of	the	two
groups	is	dissatisfied	with	the	local	mix	and	starts	to	move	out.	Residential	segregation	at	the	macroscopic	scale	of	school-neighborhoods	(graph	(a),	school-neighborhood	index),	finally,	is	largely	unresponsive	to
levels	of	ethnic	tolerance	because	with	an	r=1.5	for	the	utility	function,	segregation	in	small	homogenous	regions	is	enough	to	satisfy	agents,	therefore	reducing	the	probability	of	forming	larger	homogenous
regions.	Only	when	both	groups	have	very	demanding	preferences	(f	>	0.7),	a	slight	tendency	towards	the	formation	of	larger	segregated	regions	is	noticeable	(school-neighborhood	index	>	0.1).

3.28 Subfigure	(d)	shows	how	a	preference	for	nearby	schools	suppresses	effects	of	agents'	tolerance	for	out-groups	and	prevents	segregation.	With	a	weight	of	1-α	=	0.5	of	the	distance	between	home	and	school,	the
effects	of	f	all	but	disappear.	For	all	combinations	of	fa	and	fb	segregation	levels	remain	very	low,	close	to	the	initial	level	of	segregation	obtained	for	a	random	distribution	of	agents.	This	is	particularly	remarkable
for	the	condition	of	fa	=	fb	=	0.9,	in	which	a	statistically	representative	school	is	no	longer	acceptable	for	members	of	the	minority.	(Figure	9	school	segregation	index	α	=0.5.)

	Conclusions

4.1 We	have	developed	in	this	paper	a	stylized	model	for	school	choice	dynamics	that	builds	on	the	same	principles	as	the	well	known	Schelling	model	of	residential	segregation.	Our	analysis	of	the	differences
between	the	Schelling	type	residential	segregation	model	and	the	school	model	showed	that	integrated	distributions	that	are	in	line	with	agents'	preferences	are	much	more	robust	in	the	school	model	when	the	size
of	residential	neighborhoods	is	small	relative	to	the	size	of	the	catchment	areas	of	schools.	At	the	same	time,	when	the	overall	ethnic	composition	of	the	population	is	relatively	unfavorable	compared	to	individual
ethnic	preferences,	preference	dynamics	that	generate	high	levels	of	unintended	segregation	unfold	in	both	models	under	comparable	conditions.	For	the	school	choice	model,	these	results	reflect	Schelling's
(1978)	analysis	of	the	tipping	process	of	bounded	neighborhoods.	Bounded	neighborhoods	can	be	seen	as	similar	to	schools	in	our	school	model.	In	this	sense,	the	results	we	obtained	in	the	first	part	of	the	paper
mainly	serve	to	demonstrate	that	our	school	model	aligns	with	results	that	have	previously	been	obtained	for	residential	segregation,	as	long	as	we	neglect	parents'	preferences	for	nearby	schools.

4.2 An	important	difference	between	residential	segregation	dynamics	and	school	segregation	dynamics	is	that	parents	choose	a	school	within	some	distance	from	their	home,	while	not	changing	their	residential
location.	The	distance	of	schools	from	home	can	thus	matter	for	parents'	choices	and	be	a	factor	that	tempers	segregation	dynamics.	This	was	illustrated	by	the	results	that	we	obtained	when	we	introduced	a
preference	for	nearby	schools	in	addition	to	the	ethnic	preferences	of	the	Schelling	model.	We	found	that	this	curbed	segregation	in	an	initially	integrated	population	that	would	have	segregated	when	parents'
choices	had	only	been	driven	by	ethnic	preferences.	Similarly,	when	we	varied	the	population	composition	and	agents'	tolerance	for	outgroup	members,	we	found	that	integrated	distributions	were	preserved	under
a	much	broader	range	of	conditions	than	in	the	absence	of	a	preference	for	nearby	schools.	An	interesting	question	for	future	research	that	follows	from	this	is	whether	and	to	what	extent	the	high	levels	of	school
segregation	observed	in	many	Western	countries	are	mainly	due	to	residential	segregation	rather	than	to	'Schelling-type'	preference	dynamics.

4.3 We	deliberately	used	highly	stylized	models	to	obtain	a	clear	comparison	with	the	well-known	Schelling	dynamic.	Due	to	this,	there	are	number	of	limitations	of	our	work	that	point	to	directions	for	future	research.
To	begin	with,	we	neglected	heterogeneity	in	agents'	preferences	within	ethnic	groups,	unlike	in	Schelling's	(1978)	analysis	of	bounded	neighborhoods	where	the	distribution	of	agents'	tolerance	threshold	is	the
main	parameter	of	interest.	Our	homogeneity	assumption	may	lead	to	an	overassessement	of	the	stability	of	ethnic	integration,	because,	as	Schelling's	analysis	suggests,	even	if	a	local	ethnic	mix	satisfies	the
average	individual	of	a	group,	there	can	still	be	individual	members	with	more	demanding	preferences	who	leave	the	neighborhood	or	school	and	thus	trigger	a	cascade	towards	segregation.	Moreover,	the
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deterministic	choice	function	of	our	model	does	not	account	for	the	possibility	of	random	heterogeneity	in	agents'	preferences.	To	address	this,	future	work	should	integrate	random	utility	assumptions	similar	to
those	used	by	Zhang	(2004a)	into	our	school	segregation	model.

4.4 The	modelling	work	presented	here	is	just	the	first	step	in	a	broader	project.	In	future	research,	we	aim	to	further	elaborate	our	school	segregation	model	with	the	goal	to	make	it	applicable	for	modelling	the
dynamics	of	ethnic	school	compositions	that	actually	can	be	observed	empirically	for	primary	schools	in	the	Netherlands.	This	requires	to	further	extend	the	model	to	incorporate	a	broader	spectrum	of	preference
arguments	that	parents	are	known	to	take	into	account	from	empirical	research,	such	as	preferences	for	schools	with	perceived	high	educational	achievements	or	specific	religious	denominations.	It	also	requires
to	link	available	empirical	information	on	the	corresponding	school	characteristics	as	well	as	on	residential	ethnic	compositions,	and	geographical	locations	of	schools	and	school	neighborhoods	to	the	model.	We
believe	that	integrating	empirical	information	with	theoretical	models	of	segregation	is	a	promising	direction	to	assess	competing	explanations	of	school	segregation	(e.g.	a	preference	based	vs.	a	residential
segregation	based	account)	and	to	explore	theoretically	what	the	effects	of	policies	could	be	that	have	been	proposed	to	counter	school	segregation.

	Appendix

	A.1 We	deduce	analytically	the	conditions	under	which	given	f	and	M	for	both	groups	a	local	composition	is	satisfactory	for	both	groups.	We	assume	throughout	that	agents	are	indifferent	with	regard	to	distance,	i.e.	α
=1.

A.2 We	write	equation	(1)	separately	for	each	group.	For	group	A	this	yields:

(5)

A.3 For	group	B	we	obtain:

(6)

A.4 Also	we	impose	that	pa	+	pb	=	1	and	assume	that	both	groups	are	satisfied.	In	the	following	we	analyze,	under	which	conditions	mutual	satisfaction	can	hold.	We	also	call	mutual	satisfaction	the	condition	for	"local
equilibrium".

(7)

A.5 We	re-write	equation	(6)	as	follows:

(8)

A.6 We	distinguish	further	four	different	global	outcome	possibilities	for	equation	(3)	and	equation	(6).

A.	 For	pa	≤	fa	and	(1-pa)	≤	fb,	we	obtain:

(9)

Using	the	condition	that	both	groups	are	satisfied	for	the	given	proportions	of	ethnic	groups,	we	obtain

(10)

The	conditions	implied	by	equations	(9)	and	(10)	can	be	summarized	as	follows	for	the	parameters	fa	and	fb:

(11)

Out	of	this	we	obtain	as	follows	a	condition	for	satisfaction	of	both	groups:

leading	to	the	following	condition	for	the	local	proportions	pa	of	members	of	group	A

(12)

B.	 For	pa	≤	fa	and	(1-pa)	>	fb,	we	obtain:

(13)

Out	of	equation	(13)	together	with	the	initial	conditions	for	the	proportion	of	population	of	group	A	and	group	B,	we	write,	in	a	similar	manner	as	for	case	A,	the	local	equilibrium	condition	as	follows:
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C.	 pa	>	fa	and	(1-pa)	>	fb,	for	these	we	have	the	following:

(14)

Out	of	this	we	write	the	equilibrium	condition	as	follows:

(15)

D.	 pa	>	fa	and	(1-pa)	>	fb,	implying	that	1>(fa	+	fb)for	these	we	have	the	following:

(16)

Out	of	this	we	can	write	the	equilibrium	condition	as	follows:

(17)

A.7 We	can	thus	state	that	the	system	is	in	equilibrium	if	it	obeys	any	of	the	conditions	given	in	Eq.	12,	Eq.14,	Eq.16,	or	Eq.18	for	all	the	schools	or	neighborhoods	at	the	same	time.

A.8 We	can	assume	that	fa	=	fb;	Ma	=	Mb.	The	equilibrium	conditions	can	also	be	used	to	extract	further	conditions	for	the	parameters	f,	with	respect	to	the	threshold	T.

(18)

The	parameter	f	represents	the	percent	of	own	color	population.	We	can	safely	assume	that	f	≥	1/2	(nobody	likes	to	be	in	a	minority),	so	condition	D	is	usually	invalid.

	Notes

	1	The	C++	code	of	the	model	can	found	at	http://www.openabm.org/model/3842/version/1/view.

2	Formal	proofs	for	the	theorems	presented	in	this	section	can	be	found	in	the	appendix.
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