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ABSTRACT
Massive and diffuse haloes of hot gas (coronae) are important intermediaries between cos-
mology and galaxy evolution, storing mass and angular momentum acquired from the cosmic
web until eventual accretion on to star-forming discs. We introduce a method to reconstruct
the rotation of a galactic corona, based on its angular momentum distribution (AMD). This
allows us to investigate in what conditions the angular momentum acquired from tidal torques
can be transferred to star-forming discs and explain observed galaxy-scale processes, such as
inside-out growth and the build-up of abundance gradients. We find that a simple model of an
isothermal corona with a temperature slightly smaller than virial and a cosmologically moti-
vated AMD is in good agreement with galaxy evolution requirements, supporting hot-mode
accretion as a viable driver for the evolution of spiral galaxies in a cosmological context. We
predict moderately sub-centrifugal rotation close to the disc and slow rotation close to the
virial radius. Motivated by the observation that the Milky Way has a relatively hot corona
(T � 2 × 106 K), we also explore models with a temperature larger than virial. To be able
to drive inside-out growth, these models must be significantly affected by feedback, either
mechanical (ejection of low angular momentum material) or thermal (heating of the central
regions). However, the agreement with galaxy evolution constraints becomes, in these cases,
only marginal, suggesting that our first and simpler model may apply to a larger fraction of
galaxy evolution history.

Key words: galaxies: evolution – galaxies: haloes – intergalactic medium – galaxies: spiral.

1 IN T RO D U C T I O N

Observational clues for the existence of large haloes of hot
(T ∼ 106 K) diffuse (n ∼ 10−4 cm−3) gas (coronae) around mas-
sive (Milky Way like) spiral galaxies date back to Spitzer (1956),
although these structures have been unambiguously detected, in
X-ray emission, only recently (e.g. Anderson & Bregman 2011;
Dai et al. 2012; Bogdán et al. 2013a,b; Miller & Bregman 2015).
It seems plausible that galactic coronae extend to radii compa-
rable to the virial radius and contain a mass equal to or larger
than that of the embedded galaxies (e.g. Fukugita & Peebles 2006;
Gatto et al. 2013; Anderson, Churazov & Bregman 2016). Struc-
tures with these properties had also been predicted by early galaxy
formation theories (Rees & Ostriker 1977; White & Rees 1978),
although the initial picture has since then been shown to depend
quite strongly on the details of radiative cooling (Binney 1977;

� E-mail: gabriele.pezzulli@phys.ethz.ch

Birnboim & Dekel 2003; Dekel & Birnboim 2006) and feedback
(e.g. Binney 2004; Cantalupo 2010). One clear point is that, in
order to exist at the present epoch, galactic coronae must cool in-
efficiently (either because the cooling times are large, or because
cooling is somehow compensated or inhibited), on time-scales com-
parable to the Hubble time. As a consequence, it is plausible that
they condense on to the galaxies at their centres only very grad-
ually, sustaining, for cosmological time-scales, the moderate but
persistent levels of star formation that are commonly inferred for
the discs of spiral galaxies (e.g. Fraternali & Tomassetti 2012; Paci-
fici et al. 2016). The reason why coronal condensation is much
more effective for spirals than for ellipticals is still unclear and
could be related either to cooling–suppressing mechanisms be-
ing especially powerful in early-type galaxies (e.g. McNamara &
Nulsen 2007; Ciotti, Ostriker & Proga 2010; Gaspari, Brighenti
& Temi 2012), or to some form of positive star formation feed-
back active in spirals (e.g. Marinacci et al. 2010; Hobbs, Read &
Nicola 2015; Armillotta, Fraternali & Marinacci 2016) or to both
effects.
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If galaxy discs acquire a significant part of their mass from coro-
nae, then coronae must contain much angular momentum. In fact,
accreting mass without accreting angular momentum would lower
the average specific angular momentum of a disc, forcing it to shrink
with time. This is at variance with discs of spiral galaxies actually
increasing in size while growing in mass (inside-out growth), as sup-
ported by a wide variety of observations (e.g. Barden et al. 2005;
Gogarten et al. 2010; Muñoz-Mateos et al. 2011; González
Delgado et al. 2014), by chemical evolution models (e.g. Boissier
& Prantzos 1999; Chiappini, Matteucci & Romano 2001; Mollá
& Dı́az 2005) and by cosmological simulations (e.g. Pilkington
et al. 2012; Aumer, White & Naab 2014). Moreover, independent
observations indicate inside-out growth to be a continuous pro-
cess, still active today for most star-forming galaxies (e.g. Williams
et al. 2009; Wang et al. 2011; Pezzulli et al. 2015; Ibarra-Medel
et al. 2016), which suggests that these galaxies are in continu-
ous need for fresh supply of high angular momentum gas. As all
extended structures, coronae will have acquired angular momen-
tum from cosmological tidal torques (e.g. Peebles 1969; Barnes &
Efstathiou 1987). Taking into account that dark matter and baryons
should have experienced similar tidal torques until the moment of
their incorporation on galactic haloes (e.g. Fall & Efstathiou 1980),
the global specific angular momentum of a typical galactic corona
should be similar to that of the dark matter (or slightly larger, see
Teklu et al. 2015 and references therein), which has been estimated
to be somewhat larger than that of the disc (Dutton & van den
Bosch 2012; Romanowsky & Fall 2012). There is therefore, in
principle, enough angular momentum, in the hot gaseous haloes, to
sustain the ongoing inside-out growth of discs. Whether this angu-
lar momentum is distributed, within these huge structures, in such
a way to be actually available to sustain disc growth is, however,
far from obvious. Addressing this problem, with relatively simple
calculations, is the main goal of this paper.

1.1 Preliminary considerations

For inside-out growth to be continuously fed by coronal accretion,
the disc must be, at any time, in contact with coronal material with a
specific angular momentum l that is larger than the average specific
angular momentum of the disc ldisc. Dynamical stability bounds
the specific angular momentum l of the corona to increase with
cylindrical radius R and therefore the relevant material is stored
outside some crossing radius Rcross defined by

l(Rcross) = ldisc . (1)

If Rcross is small (comparable to the disc size), coronal gas with suf-
ficiently large angular momentum is in contact with the galaxy and,
if the physical conditions for condensation are met, the accretion of
this gas can sustain the inside-out growth of the disc. Conversely,
if Rcross is large (comparable to the virial radius), the disc is only in
contact with gas with l < ldisc, the accretion of which would cause
the disc to shrink.

A small Rcross requires a relatively large rotation velocity of the
corona (comparable to that of the disc), at least in the inner regions.
Observations of coronal rotation are very challenging, mainly be-
cause of the poor spectral resolution of the current X-ray instru-
mentation (Miller, Hodges-Kluck & Bregman 2016). None the less,
recent estimates (Hodges-Kluck, Miller & Bregman 2016) indicate
that the inner corona of the Milky Way rotates at Vcor � 180 km s−1:
this is smaller than, but comparable to the rotation velocity of
the Galactic disc (Vdisc � 240 km s−1, Schönrich 2012). The fact
that Vcor < Vdisc is perfectly consistent with basic hydrodynamic

considerations: if the gas is hot enough, pressure gradients can pro-
vide significant support against gravity, implying lesser need of
centrifugal support and slower rotation than that of the cold gas
in the disc. On the other hand, the fact that the lag is small (Vcor

� Vdisc, rather than Vcor � Vdisc) implies that, at least in the inner
regions, the corona is still significantly supported by rotation and
has a dynamically significant angular momentum. A small, though
non-vanishing, difference between Vcor and Vdisc is also indepen-
dently suggested by chemical evolution arguments. It has long been
known that any difference between the rotation velocity of the disc
and that of the gas accreting on it inevitably induces a systematic
radial gas flow within the disc, with a strong and testable impact on
chemical evolution (Mayor & Vigroux 1981; Lacey & Fall 1985;
Pitts & Tayler 1989). Recent studies of this effect (Bilitewski &
Schönrich 2012; Pezzulli & Fraternali 2016) have predicted that, to
match the chemical properties of our Galaxy, the hot gas around the
Milky Way must rotate at ∼70–80 per cent of the rotation velocity
of the disc, in very good agreement with the later observational
findings of Hodges-Kluck et al. (2016).

A scenario in which Vcor � Vdisc, at least near to the disc, is
therefore supported by independent arguments. On the other hand,
a condition of near corotation cannot be extrapolated to the whole
structure of the corona; because the corona is far more extended
than the disc, Vcor � Vdisc everywhere would imply a global angular
momentum of the corona far in excess of what is allowed by tidal
torque theory. The simple picture therefore arises that, to be compat-
ible with both galaxy evolution and cosmology, the corona should
rotate relatively fast (mildly sub-centrifugally) in the inner regions
(on scales comparable to size of the disc, say ∼10 kpc) and much
slower in the outer ones (on scales comparable to the virial radius,
say ∼100 kpc). This is a prediction, which will be confirmed or
refuted by future observations of the kinematics of coronae around
the Milky Way and external galaxies (see Miller et al. 2016 on future
observational prospects in this direction).

While waiting for observational advances, we can make a step
forward and try to understand whether, in addition to the collection
of arguments given above, there is also a coherent physical pic-
ture which can explain why galactic coronae should rotate in that
particular way. One way to address this question is to analyse the
output of cosmological hydrodynamical simulations. Teklu et al.
(2015) find that the specific angular momentum of the hot gas rises
steeply with radius in the inner regions and more slowly in the outer
parts, as expected for a declining rotation velocity profile. More
studies of this kind would be useful to understand the robustness of
these results with respect to the adopted numerical scheme and on
prescriptions of sub-grid physics and in particular feedback. In this
paper, we try to address the same problem from an analytic point of
view.

Our starting point is the angular momentum distribution (AMD)
of the corona, defined as the amount of mass M per unit specific
angular momentum l:

ψ : = dM

dl
. (2)

The zeroth- and first-order moments of ψ coincide with the total
mass and average specific angular momentum, respectively:

M1 =
∫ +∞

0
ψ(l) dl

(3)

l1 = 1

M1

∫ +∞

0
lψ(l) dl,
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while the shape of the function contains a much larger (in prin-
ciple, infinitely larger) amount of additional independent informa-
tion, which can be used to study the details of rotating structures.
Classical studies (e.g. Mestel 1963; Fall & Efstathiou 1980) have
made ample use of this idea to understand the problem of galaxy
formation. More recently, the AMD has been a key in clarifying
the local nature of the angular momentum problem in the forma-
tion of galaxy discs (e.g. van den Bosch, Burkert & Swaters 2001;
Maller & Dekel 2002). Here we use the AMD, together with the
equations of rotating hydrodynamic equilibrium, to break the local
degeneracy between pressure support and rotational support: this al-
lows us to reconstruct what the density and rotation velocity should
be, as a function of radius, for a given AMD. We initially assume
that the gas has a primordial AMD and is in isothermal equilibrium
in a logarithmic potential, then we investigate the consequences of
progressively relaxing these assumptions. We assume throughout
barotropic equilibrium (i.e. that pressure and density are stratified
on the same surfaces). The most general case of baroclinic (i.e.
non-barotropic) equilibrium is left for a future investigation.

1.2 Overview

The rest of the paper is structured as follows. In Section 2, we
introduce our formalism. In Section 3, we explain our method to
reconstruct a configuration of rotating equilibrium given its AMD.
In Section 4, we apply our method to a cosmologically motivated
AMD and compare model predictions with the requirements of
coronal-accretion-driven inside-out growth. In Sections 5, 6 and 7,
we explore how our models respond to some observationally and
theoretically motivated changes on the coronal temperature and
AMD and to deviations from isothermality. In Section 8, we demon-
strate the robustness of our approach with respect to the choice of the
gravitational potential. Section 9 further discusses the consequences
and the limits of our investigation. Our findings and conclusions are
summarized in Section 10.

2 BA S I C E QUAT I O N S A N D M O D E L S

2.1 Starting equations

Let the corona around a spiral galaxy be modelled, in first approx-
imation, as isothermal gas in rotating equilibrium in a logarithmic
potential:

�(R, z) = V 2
d ln

(√
R2 + z2

r̃

)
, (4)

where (R, z) are cylindrical coordinates, r̃ is an arbitrary radius
and Vd is the (constant) rotation velocity of a disc in centrifugal
equilibrium in the potential (4). We will relax the isothermal hy-
pothesis in Section 7 and discuss the other limits of our assumptions
in Sections 8 and 9.

If the density in the equatorial plane at some radius R is equal to
ρ0(R), then, from vertical hydrostatic equilibrium, we have

ρ(R, z) = ρ0(R)e
− �(R,z)−�(R,0)

c2
s = ρ0(R)

(
1 +

( z

R

)2
)− a

2

, (5)

where c2
s is the isothermal ‘sound speed’ squared (defined as the

constant ratio between pressure and density) and the constant

a: =
(

Vd

cs

)2

= 3Tvir

T
(6)

is inversely proportional to the temperature T of the corona. For the
virial temperature Tvir, we adopt the definition

Tvir: = μmp

3kB
V 2

d = 1.37

(
Vd

240 km s−1

)2

106 K, (7)

where kB is the Boltzmann constant and μ= 0.59 is the average mass
per particle in units of the mass of the proton mp, as appropriate for
a completely ionized plasma with helium mass abundance Y = 0.25.
Note that Tvir is the temperature at which a non-rotating isothermal
gas in equilibrium in the logarithmic potential (4) has a kinetic
energy equal to the one prescribed by the virial theorem, in the
absence of additional forces.1

The projected surface density at radius R is

�(R) = 2
∫ +∞

0
ρ(R, z)dz = 2χRρ0(R), (8)

where the dimensionless constant

χ =
∫ +∞

0
(1 + x2)−a/2 dx (9)

is finite for a > 1, or T < 3Tvir, which sets a first upper limit to the
temperature of the corona for an isothermal solution to exist in a
logarithmic potential. We will see, however, that a more stringent
limit comes from requiring a finite total mass.

The isothermal assumption implies that the rotation velocity V
of the corona is a function of the (cylindrical) radius R only (the
Poincaré–Wavre theorem, e.g. Tassoul 2000). Such a function also
determines the local shape of the equatorial density distribution ρ0

by means of the radial equation of hydrodynamic equilibrium in the
equatorial plane, which can be written as

d ln ρ0

d ln R
(R) = a(w2(R) − 1), (10)

where

w(R): = V (R)

Vd
= l(R)

RVd
(11)

is the ratio of the rotation velocity V of the corona to the rotation
velocity Vd of the disc, while

l(R) = RV (R) (12)

is the specific angular momentum of the corona at radius R. Note
in particular from equation (10) that the corona rotates slower than
the disc whenever its equatorial density is a decreasing function of
radius.

From equation (8), the mass enclosed inside a cylindrical surface
of radius R obeys

dM

dR
(R) = 2πR�(R) = 4πχR2ρ0(R) . (13)

Taking equations (10) and (13) into account, mass convergence at
large radii requires

− 3 > lim
R→∞

d ln ρ0

d ln R
(R) ≥ −a, (14)

1 This is immediately seen if the virial theorem is stated in the form K =
x · ∇�/2, where bars indicate averages, the dot indicates a scalar product,
K is kinetic energy, � the potential and x the position vector (see e.g.
equation 3–27 of Goldstein 1980). In the absence of rotation, the average
kinetic energy per particle equals that of thermal motion, which is 3kBT/2.
If the gas rotates, the kinetic energy of thermal motion is only a part of the
total kinetic energy and therefore the temperature must be smaller than the
virial value, unless the system is subject to additional forces.
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which implies a > 3, or T < Tvir. This again indicates the virial value
as an upper limit to the coronal temperature, as already derived from
the virial theorem (see footnote 1). Note, however, that equilibrium
models with a super-virial temperature (1 < T/Tvir < 3) can also be
conceived, but they require truncation at finite radius and pressure
confinement by an external medium. The latter obviously breaks the
isolation of the system, with the consequence that the virial theorem
does not apply.

Mass convergence at small radii, on the other hand, sets a lower
limit to the central rotation velocity of the corona:

w(0) ≥
√

1 − 3

a
=

√
1 − T

Tvir
, (15)

which is well defined in self-consistent sub-virial models, where
a > 3 (we will discuss the super-virial case in Sections 3.2 and 3.3).
Note that in practice the ‘central’ velocity w(0) above is better
understood as an estimate of the inner rise of the rotation of the
corona, due to deviations of the potential from a logarithmic shape
at small radii (see e.g. Marinacci et al. 2011 and Section 8 below).

Note finally that the constant χ , defined in equation (9), decreases
monotonically from 1 to 0 as a increases from 3 to +∞ (that
is, as the temperature decreases from Tvir to 0). Therefore, from
equation (13), the mass within the cylindrical radius R never ex-
ceeds that contained within an equal spherical radius by an ideal
spherical distribution with radial profile ρ0 (the equality holding
for the virial temperature). The opposite happens for super-virial
solutions (1 < a < 3), where χ > 1.

2.2 Physical scales

The equations in Section 2.1 can be put in dimensionless form if
two physical scales are introduced alongside the velocity Vd (or,
equivalently, the virial temperature Tvir), associated with the grav-
itational potential (4): the total mass M1 and the average specific
angular momentum l1 of the corona, which are related to the AMD
(2) by equation (3). We define, as a consequence, some scales for
length and density:

R1: = l1

Vd
ρ1: = M1

4πχR3
1

, (16)

and the dimensionless variables

λ: = l

l1
s: = R

R1
y: = ρ0

ρ1
. (17)

Note that the dimensionless rotation velocity w, defined in
equation (11), is related to the variables above by the equation

w(s) = λ(s)

s
(18)

and that the denominator in the definition of ρ1 is chosen such that
the mass contained within the dimensionless radius s is

M(s) = M1

∫ s

0
ŝ2y(ŝ) dŝ . (19)

Note that R1 is the radius where the specific angular momentum
of the disc equals the average specific angular momentum of the
corona l1.

As discussed in Section 1, l1 is expected to be a few times the
specific angular momentum of the disc ld:

l1 � ld. (20)

Table 1. Main dimensionless variables used in this work.

Symbol Meaning Defining
equation

a Inverse temperature (6)
s Cylindrical radius (17)
w Rotation velocity (11)
λ Specific angular momentum (17)
y Equatorial density (17)
g Inverse AMD (26)
h Equatorial enthalpy (60)
k̃ Politrope normalization (68)

If the mass surface density of the disc is approximated by an expo-
nential with scalelength Rd, then

ld = 2VdRd (21)

and therefore, from equations (16), (20) and (21), the ratio

R1

Rd
= 2

l1

ld
(22)

is also expected to be of the order of a few. The scaling radius R1

is therefore comparable to the size of the disc. Since the corona
is much larger than this, any sensible model must extend to some
dimensionless radius smax significantly larger than unity.

For our fiducial Milky Way like models, we will adopt
Rd = 2.5 kpc (Schönrich & Binney 2009 and references therein)
and ld = 0.6 l1 (Romanowsky & Fall 2012), implying R1 = 8.3 kpc,
coincidentally very close to the solar radius. Note that we have cho-
sen values of Rd and ld that are appropriate to the stellar component
alone; this is reasonable for the Milky Way, in which the contribu-
tion of the cold gas to the total mass and angular momentum of the
disc is negligible. We will also assume that the corona has a size
comparable to the virial radius Rvir ∼ 200 kpc (Dehnen, McLaugh-
lin & Sachania 2006), corresponding, in dimensionless units, to
smax = 24. We emphasize however that, thanks to our dimension-
less formulation, our models can be straightforwardly re-scaled to
other choices of the fiducial values, either for the Milky Way or for
external galaxies.

A list of the most important dimensionless variables used in this
paper is given in Table 1, for reference. The last three entries will
be defined in following sections.

2.3 A simple example: coronae with a constant rotation
velocity

To gain some insight, we briefly consider here the simplest possible
situation, in which the corona has a constant rotation velocity V.
This is also useful to give a more quantitative description of some
of our qualitative arguments of Section 1.1. From equations (2), (10)
and (13) and from the requirement that the total mass M1 be finite,
a constant rotation velocity also implies a power-law equatorial
density distribution ρ0, truncated at a maximum radius Rmax, and
a power-law AMD ψ , truncated at a maximum specific angular
momentum lmax. In formulae:

V (R) = wVd ∀R

ρ0(R) =
{

ρ0,1

(
R
R1

)−q

R < Rmax

0 R > Rmax

ψ(l) =
{

ψ1

(
l
l1

)p

l < lmax

0 l > lmax .

(23)
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The shape of the AMD (parametrized by p), together with the tem-
perature parameter a, completely determines the solution, by defin-
ing the value of all the other involved quantities:

q = 2 − p

w = V

Vd
=

√
1 + p − 2

a

smax = Rmax

R1
= 2 + p

1 + p

1

w
(24)

λmax = lmax

l1
= 2 + p

1 + p

ρ0,1

ρ1
= (1 + p)2+p

(2 + p)1+p
w1+p

ψ1l1

M1
= (1 + p)2+p

(2 + p)1+p
,

where we have also made use of the relations (3). Note that p > −1
is required by mass convergence at small radii and specific angu-
lar momenta. Models with −1 < p < 2 have a radially declining
equatorial density and sub-centrifugal rotation (w < 1). By contrast,
models with p > 2 have a vanishing central density and a positive
radial pressure gradient, leading to vortex-like solutions with super-
centrifugal rotation (w > 1). The dividing case p = 2 corresponds to
a corona with uniform equatorial density and in perfect corotation
with the disc everywhere.

From the third equation of (24) we immediately see that, in this
model, a corona with a sensible size (smax � 1, see Section 2.2)
can generally be achieved only if its rotation velocity is negligible
(w � 1). However, as we have summarized in Section 1.1, this
is in tension both with direct observations and with indirect in-
ference from chemical evolution. Furthermore, w � 1 would im-
ply Rcross � R1 (see equation 1), which is inconsistent with the
requirement that the corona be a source of angular momentum
for the disc: if accreting mass from a corona according to equa-
tions (24), the disc would decrease its average specific angular
momentum and therefore shrink with time, rather than growing
inside-out.

Remarkably, besides any consideration about galaxy evolution,
there is an independent reason to discard a model with constant w:
according to (23), a constant rotation velocity implies a power-law
AMD, which, as we will discuss in more detail in Sections 4 and 6, is
substantially dissimilar to those predicted by cosmological models.
We therefore seek a method to build other solutions, appropriate to
more general AMDs.

3 TH E I N V E R S I O N PRO B L E M : S T RU C T U R E
A N D K I N E M AT I C S F RO M A G I V E N A N G U L A R
MOMENTUM D ISTRIBUTION

In order to consider more general situations, we address here the
inversion problem of reconstructing the structure and the kinematics
of the corona from knowledge of its AMD ψ . This is a technical
section. The reader mostly interested in the applications may wish
to skip it and go directly to Section 4.

Taking the definitions (2) and (11) into account, equations (13)
and (10) can be rewritten as

dl

dR
(R) = 4πχR2 ρ0(R)

ψ(l(R))
(25)

dρ0

dR
(R) = a

ρ0(R)

R

((
l(R)

RVd

)2

− 1

)
.

The definitions (17) and the dimensionless variable

g(λ): = M1

l1ψ(l1λ)
(26)

allow the system (25) to be put in dimensionless form:

dλ

ds
(s) = s2y(s)g(λ(s))

(27)
dy

ds
(s) = a

y(s)

s

((
λ(s)

s

)2

− 1

)
.

At least the second of equations (27) is singular at the origin,
which requires an asymptotic analysis for small values of s. Note
that part of the singularity is due to the centrifugal barrier l2/R3,
implying that the issue could not be avoided with a different choice
of the potential.

We start by isolating the behaviour of the function g for small
values of λ:

g(λ) = g1λ
−pG(λ), (28)

with g1 > 0 and G(0) = 1. The parameter p is chosen to be consistent
with the particular case of Section 2.3. Note that the condition
p > −1 for the convergence of mass holds in the general case, since
it only depends on the behaviour of ψ for small values of l.

We then look for a solution of (27) in the form

λ(s) = λ1s
αA(s)

(29)
y(s) = y1s

βB(s),

with λ1 > 0, y1 > 0 and A(0) = B(0) = 1. Substituting in the first
equation of (27) and taking the limit for s → 0 one gets

β = (1 + p)α − 3
(30)

y1 = αλ
1+p
1

g1
,

while from the second equation we have

λ2
1 lim

s→0
s2(α−1) = 1 + (1 + p)α − 3

a
. (31)

Equation (31) can be satisfied for α ≥ 1. Two branches of solu-
tions arise depending on whether α = 1 or α > 1.

3.1 Cold branch

If α = 1, then from (30) and (31)

β = p − 2 (32)

and

λ1 =
√

1 + p − 2

a
, (33)
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which is well defined for sufficiently large a:

a > 2 − p, (34)

i.e. by equation (6), for sufficiently small temperatures, which jus-
tifies the name cold branch for this class of solutions.

The expansion (29) then reduces to

λ(s) = λ1 sA(s)
(35)

y(s) = λ
1+p
1

g1
sp−2B(s),

with A(0) = B(0) = 1 and λ1 given by equation (33). Note that, for
small values of s, the rotation velocity and the density depend on p
as in the toy model of Section 2.3.2 To compute the full structure of
the corona, we need equations for the functions A and B. These are
found by inserting equations (28) and (35) into equations (27):

dA

ds
(s) = 1

s

(
B(s)A−p(s)G(λ1sA(s)) − A(s)

)
(36)

dB

ds
(s) = (a + p − 2)

B(s)

s
(A2(s) − 1).

These equations are also singular at s = 0. A solution valid very
near to the origin can be found considering the perturbations fields
δA and δB defined by

A: = 1 + δA
(37)

B: = 1 + δB.

To the linear order and for small values of s, δA and δB are governed
by the equations

d(δA)

ds
(s) = G′

0λ1 + δB(s) − (1 + p)δA(s)

s
(38)

d(δB)

ds
(s) = 2(a + p − 2)

δA(s)

s
,

which, requiring δA(0) = δB(0) = 0, admit the general solution

δA(s) = A1 s + A2s
ε

(39)
δB(s) = B1 s + B2s

ε,

where

ε = 1

2

(√
(1 + p)2 + 8(a + p − 2) − (1 + p)

)

A1 = G′
0λ1

6 − p − 2a
(40)

B1 = 2(a + p − 2)A1

B2 = 2(a + p − 2)A2

ε

and A2 is an integration constant. Note that ε is always well defined
and positive when the condition (34) is met. The solution (39),
computed at some very small but positive s � 1, can be used as
the initial condition for an ordinary numerical integration of the
system (36). The constant A2 can then be fixed a posteriori by
requiring a boundary condition to be met at large radii.

2 From equations (18) and (35), in the cold branch w(0) = λ1.

3.2 Hot branch

For α > 1, equations (30) and (31) give

a = 3 − (1 + p)α (41)

and

β = −a . (42)

Note that inserting α > 1 into equation (41) gives

a < 2 − p, (43)

which is complementary to the condition (34) and therefore jus-
tifies the name hot branch for this second class of solutions. The
expansion (29) reads

λ(s) = λ1s
αA(s)

(44)

y(s) = α
λ

1+p
1

g1
s−aB(s),

with A(0) = B(0) = 1 and arbitrary λ1 > 0. Note that, in contrast
with the cold branch case, the rotation velocity always vanishes in
the origin and the inner slope of the density profile is a function
of the temperature alone (in particular, it is independent on p). The
equations for A and B are, in this case,

dA

ds
(s) = α

s

(
B(s)A−p(s)G(λ1s

αA(s)) − A(s)
)

(45)
dB

ds
(s) = aλ2

1s
2α−3A2(s)B(s),

with a and α related by equation (41). The system (45) is, again,
singular at s = 0. Near the origin, the perturbation fields δA and δB,
defined as in equation (37), obey the system

d(δA)

ds
(s) = αG′

0λ1s
α−1 + α

δB(s) − (1 + p)δA(s)

s
(46)

d(δB)

ds
(s) = aλ2

1s
2α−3.

The field δB is trivially given by

δB(s) = B1s
2(α−1) (47)

with

B1 = aλ2
1

2(α − 1)
, (48)

while three sub-cases must be considered for δA:

δA(s) = α

(3 + p)α − 2
B1s

2(α−1) (49)

if G′
0 = 0 or if α < 2 (a > 1 − 2p),

δA(s) = G′
0λ1

2 + p
sα (50)

if G′
0 �= 0, and α > 2 (a < 1 − 2p) and finally

δA(s) = G′
0λ1 + B1

2 + p
s2 (51)

if α = 2 (a = 1 − 2p).
The full solution is computed with a similar strategy to the cold

branch case, with the difference that now λ1 (rather than A2) is the
integration constant, to be fixed by an outer boundary condition.
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3.3 Remark

By equations (34) and (43), the critical value of a (or the critical
temperature) marking the transition between the cold and the hot
branch is a function of p and can therefore vary, even for a fixed
potential, if different AMDs ψ are considered. However, since the
integrability of ψ at small l requires p >−1, the hot-branch solutions
(equation 43) are always super-virial (a < 3) and therefore cannot
stand in isothermal equilibrium without confinement by an external
medium (see Section 2.1). The cold branch, which contains all the
sub-virial and some of the super-virial solutions, is therefore suffi-
ciently general, as long as one is interested in unconfined isothermal
solutions with finite mass.

4 A M I N I M A L C O S M O L O G I C A L LY
MOTIVATED MODEL

Here, we apply our reconstruction method to a cosmologically moti-
vated AMD. We consider the class of exponentially truncated power
laws, which has been found to provide a good description for both
dark matter and hot gas in cosmological simulations (Sharma &
Steinmetz 2005):

ψ(l) = ψ0,p

(
l

l1

)p

e−ωpl/l1 , (52)

where

ψ0,p = (1 + p)1+p

�(1 + p)

M1

l1
(53)

ωp = 1 + p

and � is the complete gamma function. For small values of l, the
distribution (52) is similar to that of Section 2.3, but at large l it has
a gradual rather than a sharp truncation.

It must be pointed out that the simulations of Sharma & Steinmetz
(2005) were non-radiative. While neglecting radiative processes is
obviously unreasonable to study galaxy formation, this approach
gives the cleanest prediction of the outcome of gravitational pro-
cesses – in particular, tidal torques – which are primarily responsible
for the shape of the AMD of structures. The distribution (52) should
therefore be considered as a first-order description for a dark matter
halo, as well as for the baryons that have yet to experience signifi-
cant cooling (essentially, our definition of a cosmological corona).
Non-gravitational processes can none the less have an impact on
the AMD of the hot halo and in particular to increase the average
specific angular momentum of the hot gas with respect to its pri-
mordial value (e.g. Maller & Dekel 2002); for this reason we will
also consider, in Section 6, strong modifications to the ‘primordial’
AMD above.

Sharma & Steinmetz (2005) also found the hot gas to have a
slightly larger average specific angular momentum l1 with respect
to the dark matter, even in the absence of non-gravitational pro-
cesses. This result is, however, more controversial (e.g. van den
Bosch et al. 2002; Chen, Jing & Yoshikaw 2003) and still lacks
a clear physical explanation. In more recent non-radiative simula-
tions, Sharma, Steinmetz & Bland-Hawthorn (2012) found the ratio
between the average specific angular momenta of the hot halo and of
the dark matter to oscillate with time, in response to merger stages,
with a moderate excursion (typically 20 per cent) around unity. In
the rest of this section, we will assume that l1 is equal to the average
specific angular momentum of the dark matter. We recall, however,
that, as for all our fiducial values, the effect of other choices can al-

ways be drawn out from our models straightforwardly by re-scaling
(see Section 2.2).

We now focus on equation (52) and in particular on the elementary
case p = 0, which is among the most common values found in the
simulations by Sharma & Steinmetz (2005) and Sharma et al. (2012)
and is also in agreement with the asymptotic behaviour of ψ , for
small l, found in the dark matter only simulations of Bullock et al.
(2001). For p = 0, equations (52)–(53) are simply reduced to the
exponential AMD:

ψ(l) = M1

l1
e−l/l1 . (54)

In principle, the method described in Section 3 can be applied
to the distribution (54), fixing the integration constant to meet the
boundary condition l(R) → +∞ for R → +∞. This would be,
however, complicated in practice (for our method requires a neces-
sarily finite numerical integration) and not really physically mean-
ingful (because real structures will always have a maximum specific
angular momentum). For our practical application, we therefore
consider a modified version of (54), to account for a maximum
value of l.

The general truncated exponential AMD reads

ψ(l) =
{

ψ0e−ω l
l1 l < lmax

0 l > lmax,
(55)

where the three parameters ψ0, ω and lmax are subject to the two
constraints that the total mass is M1 and the average specific angular
momentum is l1 (equation 3), leaving just one degree of freedom.
The one-dimensional family of consistent models is conveniently
parametrized by the quantity ξ : = ωlmax/l1, in terms of which, im-
posing the conditions (3), the three parameters can be written as

ω = 1 − ξe−ξ

1 − e−ξ

λmax: = lmax

l1
= ξ (1 − e−ξ )

1 − (1 + ξ )e−ξ
(56)

P : = ψ0l1

M1
= 1 − (1 + ξ )e−ξ

(1 − e−ξ )2
.

The parameter ξ can assume all non-negative real values. When
ξ varies from 0 to +∞, ω increases from 0 to 1, λmax from 2 to
+∞ and P from 1/2 to 1. Note that the limits ξ → 0 and ξ →
+∞ correspond, respectively, to the uniform distribution (the case
p = 0 in Section 2.3) and to the non-truncated exponential (54), as
expected.

We consider here three values ξ = 2.0, ξ = 3.5 and ξ = 6.0, cor-
responding, respectively, to λmax = 2.9, λmax = 3.9 and λmax = 5.9,
which are the average and 1σ interval found by Bullock et al.
(2001). Following the fiducial scaling of Section 2.2, we choose
smax = 24, corresponding to Rmax = 200 kpc. Note that, since the
specific angular momentum is always an increasing function of ra-
dius, the effect of changing smax at fixed λmax is qualitatively similar
to that (explicitly explored here) of changing λmax at fixed smax. For
the average angular momentum of the disc, we adopt the fiducial
scaling ld = 0.6 l1 inferred by Romanowsky & Fall (2012), as also
described in Section 2.2.
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Figure 1. Kinematic properties of a sub-virial isothermal corona with an exponential AMD. Radial profiles are given for the rotation velocity (left), in units
of the velocity of the disc Vd, and for the specific angular momentum (right), in units of the average specific angular momentum of the disc ld, for three
sub-virial values of the temperature parameter a = 4 (top), a = 5 (middle) and a = 6 (bottom). Shaded areas enclose the dependence on boundary conditions,
adopting the average (solid line) and 1σ scatter in maximum specific angular momentum from Bullock et al. (2001). In the right-hand panels, the horizontal
and vertical dashed lines and the labels highlight the radius Rcross out of which coronal gas with l > ld is stored. In these models, the rotation velocity declines
with radius, from moderately sub-centrifugal (V � Vd) on galactic scales to dynamically negligible (V � Vd) close to the virial radius. At low R, the specific
angular momentum rises steeply with radius, so that the coronal gas with l > ld, which is needed to sustain inside-out growth, is in direct contact with the disc
and available for accretion.

4.1 Kinematics

In Fig. 1, the rotation velocity and specific angular momentum
profiles are shown for three sub-virial values of the temperature
parameter a > 3.

With a small dependence on the temperature and on λmax, the
kinematic properties of these models are similar. In the inner re-
gions, the rotation velocity is lower than, but comparable to, the
velocity of the disc and then it gently declines to much lower values
at large radii. This is in agreement with the expected behaviour (see

Section 1.1). The inner rotation is between 70 and 80 per cent of
the rotation velocity of the disc, as suggested by chemical evolution
models of the Milky Way (Bilitewski & Schönrich 2012; Pezzulli
& Fraternali 2016). Assuming Vd = 240 km s−1 (Schönrich 2012),
this corresponds to V = 168–192 km s−1, in very good agreement
with the observational estimate of Hodges-Kluck et al. (2016). The
specific angular momentum increases steeply in the inner regions
and more gently in the outskirts. The steep inner rise allows l to
become larger than the disc average ld already at quite small radii
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Figure 2. Equatorial density profile for different values of the temperature
parameter a. The change of slope at large radii ensures a finite total mass,
which is a property of sub-virial models. Note that the scaling density ρ1 is
lower for models with higher temperature (see text).

s ∼ 1, or, in our Milky Way scaling, at about the solar radius (see
Section 2.2). This is quantified by Rcross, as defined in equation (1)
and shown in Fig. 1. As explained in Section 1.1, the important
consequence of the described behaviour is that, in these models,
the disc is directly in contact with coronal material that is rich
enough in angular momentum to be a source for the inside-out
growth of the disc. Note that the inner parts of the angular mo-
mentum profiles, on which the conclusion above is based, are fairly
insensitive to the choice of the boundary condition, as shown in
Fig. 1 by the shaded regions and by the narrow range of Rcross at
fixed temperature. We also point out that the decrease of Rcross with
decreasing temperature is related to a corresponding increase of the
central rotation velocity, which was expected already on the ba-
sis of the simple estimate in equation (15). We emphasize that the
match between model behaviour and expectations, obtained here
under minimal assumptions, is not obvious: we will see, in the next
sections, that the same agreement is not easily recovered – and
sometimes completely lost – when more complicated situations are
considered.

4.2 Density distribution

Fig. 2 shows the radial profile of the dimensionless equatorial den-
sity y = ρ0/ρ1 for different values of the temperature parameter
a (the dependence on λmax is negligible). All the models follow,
in the inner parts, the same power-law ρ0 ∝ R−2, as implied by
equation (35) with p = 0. Note that, if extrapolated indefinitely,
this slope would correspond to an infinite total mass (equation 13).
However, the profile naturally steepens at large radii in an integrable
way, with a slope that is a function of the temperature. This is read-
ily understood from equation (10): considering the decay of w with
radius (Fig. 1), the asymptotic behaviour of the equatorial density
for large radii is ρ0 ∝ R−a. Note that the common normalization of
the profiles in Fig. 2 is only apparent, since the density scaling fac-
tor ρ1 is a decreasing function of the temperature (cfr. equations 16
and 9). The (trivial) consequence is that higher temperature coronae
are more diffuse.

In Fig. 3, the two-dimensional map of the density is shown for
the case a = 6 (T = 0.5 Tvir) and λmax = 3.9, the vertical den-
sity decline being computed by means of equation (5). Note that
this model has significant deviations from spherical symmetry, al-

Figure 3. Two-dimensional map of the density in the meridional plane for
the model with a = 6 and λmax = 3.9. The density normalization is chosen so
that the total mass equals the maximum theoretical value (see text). Contours
are shown in steps of 1 dex, the outermost being for a particle number density
n = 10−6 cm−3. The prominent depression near the rotation axis is related
to the assumption of barotropic equilibrium (see Section 9.1).

though, as we will discuss in Section 9.1, the most prominent feature
(the very low density funnel near the rotation axis) may disappear
if less restrictive assumptions on the thermodynamic state of the
gas are made. The predictions close to the equator are also likely
inaccurate, since at small heights |z| the cosmological corona will
be overwhelmed by material belonging to the disc, or ejected by
the disc as a consequence of multiple supernova explosions (e.g.
Melioli et al. 2009; Marasco et al. 2015). The most informative
region of the plane is therefore the one at intermediate heights
and cylindrical radii. To allow for a comparison with observations,
we use here physical, rather than dimensionless, units for the den-
sity. According to equation (16), this requires an assumption on
the total mass of the corona M1. In this plot, we assume that the
halo of the Milky Way has a mass Mhalo = 1.5 × 1012 M� (Piffl
et al. 2014 and references therein), that the cosmic baryon fraction
is �b/�m = 0.155 (Planck Collaboration XVI 2014) and that the
corona contains a fraction fhot = 0.7 of the total theoretical baryonic
budget: M1 = fhotfbarMhalo. This is the maximum possible mass of
the corona, if we allow for 30 per cent of the baryons in the form
of stars and cold gas, as appropriate for Milky Way sized galaxies
(Dutton et al. 2010). Obviously, different choices of fhot or Mhalo

would affect the model densities in proportion. With the adopted
scaling, the total particle number density, at a galactocentric dis-
tance of 70 kpc, is n ∼ 10−4 cm−3, in agreement with the estimate
of Gatto et al. (2013) based on ram-pressure stripping of satellite
galaxies. At the distance and latitude of the Large Magellanic Cloud
(LMC) (50 kpc, 33deg) the particle density is n ∼ 10−3 cm−3, sim-
ilar to the line-of-sight average density inferred from LMC pulsar
dispersion measures (Anderson & Bregman 2010 and references
therein). Since the model density increases approaching the disc,
this value is in tension with observations, though a more quantita-
tive assessment of this point would require an appropriate model of
the disc–corona interaction at small |z|, which is difficult to achieve
for the reasons mentioned above.

5 A SUPER-VI RI AL MODEL

Until now, we have disregarded models with T ≥ Tvir because
they violate the virial theorem in isolation (see footnote 1).
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Figure 4. Similar to Fig. 1, but for a super-virial value of the temperature parameter a = 1.85, suggested for the corona of the Milky Way by X-ray observations.
In this model, the rotation velocity is dynamically negligible everywhere. The specific angular momentum rises very slowly with radius, so that the material
with l > ld, which would be needed to sustain inside-out growth, is stored far away from the disc and is not available for accretion. The vertical shaded region
in the right-hand panel highlights a larger dependence of Rcross on boundary conditions, compared to the sub-virial case.

However, recent X-ray observations (Henley & Shelton 2013) indi-
cate that the Milky Way is surrounded by hot gas with a temperature
T = (2.22 ± 0.63) × 106 K, significantly larger than the virial tem-
perature Tvir = 1.37 × 106 K, estimated from equation (7) assuming
Vd = 240 km s−1 (Schönrich 2012). This suggests that the corona
of the Milky Way may be super-virial, at least in the innermost
regions, where the density is higher and most of the X-ray emission
originates (see also Fukugita & Peebles 2006), and justifies con-
sidering models with T ≥ Tvir (a ≤ 3). Here, we focus on the case
T = 1.62 Tvir (a = 1.85), which corresponds to the median observed
temperature of the corona of the Milky Way.3

The results of the calculation, reported in Fig. 4, are very dif-
ferent to the sub-virial models of Fig. 1. The rotation velocity now
vanishes in the origin and increases very slowly with radius, re-
maining smaller than 0.2 Vd virtually everywhere. This model is not
substantially different from a model with a constant and very low
rotation velocity, which, as discussed in Sections 1.1 and 2.3, is un-
able to sustain the inside-out growth of a galaxy disc. This is most
clearly seen in the right-hand panel: the specific angular momen-
tum increases with radius much more slowly than in the sub-virial
case. As a consequence, it becomes larger than the average specific
angular momentum of the disc ld only at a radius of 90–100 kpc,
too far away to be accessible for direct accretion on to the disc.

In this model, the rotation velocity is dynamically negligible
everywhere. As a consequence, the density distribution (not shown)
is similar to the classical, spherically symmetric, distribution usually
assumed by non-rotating models of galactic coronae. According to
equation (10), the density slope is almost constant d ln ρ0/d ln R �
−a = −1.85. This value is intermediate between the slope (−2)
of our sub-virial models (Section 4.2) and the slope (−1.5) of the
recent non-rotating model of Miller & Bregman (2015).

The failure of this model in storing significant angular momen-
tum in the inner regions can be easily understood. Increasing the

3 The reader interested in technical aspects may notice that with p = 0, as ap-
propriate to the AMD (55), models in the range 2 < a < 3 (Tvir < T < 1.5 Tvir)
fall into the cold branch (Section 3.1) and have a finite central rotation ve-
locity V(0), though smaller than in the sub-virial case a > 3 (see equation 33
and footnote 2). The value a = 1.85 considered here falls into the hot branch
and can be treated as described in Section 3.2.

temperature has the effect of progressively moving mass towards
the outer regions of the corona. For a fixed AMD, the angular mo-
mentum is bound to follow the mass, with the result that the bulk of
the angular momentum will also be stored far away from the disc
and become inaccessible to accretion. In the next two sections, we
investigate whether a corona as hot as observed for the Milky Way
can be made compatible with being a driver of inside-out growth,
by relaxing some of our assumptions, namely a ‘primordial’ AMD
(Section 6) and isothermality (Section 7).

6 T H E E F F E C T O F A G A L AC T I C W I N D

In Sections 4 and 5, we have seen that gas accretion from a sub-
virial corona with a cosmologically motivated AMD can sustain
the inside-out growth of a Milky Way like spiral galaxy, while a
corona with a super-virial temperature cannot, for it would only
be able to provide material with too small angular momentum. It
can be argued, however, that inside-out growth of the disc could be
achieved also in the super-virial case, if a different AMD, richer in
high angular momentum gas, is considered.

The problem of excessive accretion of low angular momentum
material is well known from numerical studies of galaxy formation
in a cosmological context (e.g. Navarro & Steinmetz 1997). A very
popular solution is to invoke strong galactic winds, powered by star
formation or a central active galactic nucleus (AGN), to expel large
masses of gas from the halo (e.g. Governato et al. 2010). Crucially,
if the material removed from the halo preferentially comes from the
innermost parts, where the gas has the lowest angular momentum,
the remaining material will have a significantly modified AMD and,
in particular, a larger average specific angular momentum (Maller
& Dekel 2002; Brook et al. 2011). The disappearance of the inner
low angular momentum gas will cause the remaining gas, with large
angular momentum, to fall towards the central regions, coming in
contact with the disc where it could be accreted to sustain inside-out
growth. If angular momentum is conserved in the process, the in-
falling material would also increase its rotation velocity, producing
an inner fast-spinning corona, as suggested by recent observations
and required by chemical evolution constraints (see Section 1.1).

To model the preferential expulsion of low angular momentum
gas, we multiply our ‘primordial’ AMD (55) by a modulating
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Figure 5. Similar to Fig. 4, but assuming that a Galactic wind expelled the low angular momentum material from the halo, leaving a surviving mass equal to a
fraction m = 0.4 (upper panels) or m = 0.1 (lower panels) of the initial value. Note that in these models the average specific angular momentum of the corona
is larger than l1 (see text). The rotation velocity is high in the centre, but declines very steeply with radius. The angular momentum rises relatively slowly and
even the model with the most extreme feedback (m = 0.1) is only marginally compatible with driving inside-out growth, since l becomes larger than ld only at
the edge of the Galactic disc.

function θ , which suppresses the low angular momentum part of
the distribution, while leaving (asymptotically) unaltered the high
angular momentum part:

ψθ = θψ
(57)

θ (λ) =
(

λ
λ0

)p

1 +
(

λ
λ0

)p ,

with p > 0 and λ0 > 0.
To model the effect of feedback in the most favourable condi-

tions for inside-out growth, we consider here extreme values of the
parameters. We choose p = 2, which forces the central rotation
velocity to be as large as the centrifugal speed w(0) = λ1 = 1.4

We then fix λ0 by requiring the residual mass (the integral of ψθ

in 57) be some fraction m of the original mass M1 (the integral of
ψ). We consider two values m = 0.4 and m = 0.1. If 30 per cent
of the original baryonic mass is condensed into stars and cold gas
(Dutton et al. 2010), these values correspond to the disc having
ejected from the halo, in the form of winds, an amount of gas equal
to, or double, its own mass, respectively. A residual coronal mass

4 Note that, with p = 2, the super-virial value a = 1.85 falls in the cold
branch, so that equation (33) applies (see Section 3.3).

equal to 10 per cent of the total baryonic budget is also the lowest
observational estimate derived by current (non-rotating) models of
the corona of the Milky Way (e.g. Miller & Bregman 2015) and can
therefore be considered as an extreme case. The average specific
angular momentum of the surviving part of the corona is ∼1.6 l1

for m = 0.4 and ∼2l1 for m = 0.1, with a negligible dependence on
λmax. The extreme case, in which the hot gas has twice the specific
angular momentum of the dark matter, is in good agreement with
recent cosmological simulations including feedback in the form of
massive, high (larger than escape) velocity winds (Teklu et al. 2015).

The results of this model, with the same value a = 1.85 es-
timated in Section 5, are given in Fig. 5. The rotation velocity
is (by construction) very high in the centre, but falls off very
rapidly with radius. As a consequence, the inner angular mo-
mentum profile is steeper than in the super-virial model without
winds (Fig. 4) but still not as steep as in the minimal sub-virial
models (Fig. 1). As expected, the removal of low-l material en-
hances the ability of the corona to provide the disc with fresh
high angular momentum gas. However, only in the most extreme
model (m = 0.1) does the angular momentum rise rapidly enough
to become larger than the disc average at reasonably small radii
and, even in the extreme case, this happens only at a radius of
∼15 kpc, close to the outer edge of the Galactic disc. We con-
clude that, even when pushing the effect of mechanical feedback
to an extreme, an isothermal corona with T � 2 × 106 K is, at
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most, marginally consistent with being able to sustain inside-out
growth.

We emphasize that the negative conclusion above is specific to
models with a large temperature. As we have seen in Section 4,
sub-virial models easily succeed in matching the inside-out growth
requirement already with a primordial AMD (m = 1, in the present
formalism) and any modification of the type (57) (due to a wind,
or simply to the fact that the disc condensed out of relatively low-l
material) would further enhance the ability of the corona to sustain
the inside-out growth of the disc.

7 TH E E F F E C T O F A T E M P E R ATU R E
G R A D I E N T

We investigate here the effect of relaxing our assumption that the
corona is exactly isothermal. As already noted in Section 5, obser-
vational determinations of the temperature of the Galactic corona
are dominated by the signal coming from the innermost region and
do not rule out the existence of a temperature gradient in the radial
direction. It is therefore possible that only the inner parts of the
corona have been heated to a super-virial temperature, maybe as a
consequence of feedback. In this view, a model with a temperature
gradient might be considered as an (equally extreme) alternative to
the model of Section 6: rather than being mechanically advected out
of the halo in the form of a wind, the energy released by feedback
processes may be deposited into the inner parts of the corona in the
form of thermal energy and then gradually radiated away, leaving
the AMD unaltered. Note also that, in contrast with the isother-
mal super-virial case, a model with a temperature gradient does not
need, in general, to be confined by an external medium.

To model a temperature gradient, we assume that the coronal gas
obeys a relation of the form

P = kργ (58)

with k > 0 and 1 < γ ≤ 5/3. The case γ = 5/3 is for an isen-
tropic configuration (and in this case the constant k is a function
of the specific entropy), γ = 1 (excluded here) would be appropri-
ate to the isothermal case, while γ > 5/3 would make the mod-
els prone to convective instability (e.g. Tassoul 2000). Note that
equation (58) is still a barotropic prescription (i.e. with density and
pressure stratified on the same surfaces) and therefore implies (as
in the isothermal case) that the rotation velocity V is a function of
the cylindrical radius R alone. The more general case of baroclinic
rotating equilibria (see e.g. Barnabè et al. 2006) is left for future
investigations.

Equation (5) for the vertical density profile is replaced by

ρ(R, z) = ρ0(R)

(
1 − 1

2h(R)
ln

(
1 +

( z

R

)2
)) 1

γ−1

, (59)

where

h(R): = kγ

γ − 1

(ρ0(R))γ−1

V 2
d

(60)

is the dimensionless equatorial specific enthalpy (we use this name
for simplicity, although it would be strictly appropriate only in the
isentropic case). Note that the enthalpy h is proportional to the
temperature T:

h = γ

3(γ − 1)

T

Tvir
. (61)

Note also that the density vanishes (together with its first vertical
derivative), at a maximum height

zmax(R) = R
√

e2h(R) − 1 . (62)

The projected surface density profile is given by

�(R) = 2
∫ zmax(R)

0
ρ(R, z) dz = 2Rρ0(R)F (h(R)), (63)

where

F (h): = h

∫ 1

0
x

1
γ−1

e2h(1−x)

√
e2h(1−x) − 1

dx . (64)

The radial equation of hydrodynamic equilibrium in the equato-
rial plane is easily written in terms of the specific enthalpy

dh

dR
(R) = w2(R) − 1

R
, (65)

with the usual meaning of w.
We now proceed as in the isothermal case, making use of the

same dimensionless variables, with the difference that the scaling
density is now defined simply as ρ1 = M1/(4πR3

1). In this way, we
come to the dimensionless system

dλ

ds
(s) = s2y(s)F (h(s))g(λ(s))

(66)
dh

ds
(s) = w2(s) − 1

s
,

where the functions y and w appearing on the right-hand side are
related to the unknowns λ and h by the invertible relations:

λ = sw
(67)

h = k̃yγ−1,

where

k̃: = γ

γ − 1

ρ
γ−1
1

V 2
d

k (68)

is a dimensionless version of the constant k in equation (58).
A proper asymptotic analysis of equations (66) is much more

complex than in the isothermal case. We circumvent this difficulty
pretending that there is a very small inner isothermal core, out of
which equations can be integrated numerically straightforwardly.
Because of equation (58) and recalling that γ > 1, a constant tem-
perature in the core also implies a constant density and pressure
there. Following what we already know from the isothermal case,
this in turn implies that the core is in corotation with the disc (w = 1)
and that the AMD is proportional to λ2 there, formally in contrast
with our hypotheses. However, as long as the enclosed mass of the
core is small, this modification of the AMD can be regarded as ir-
relevant from the point of view of the mass and angular momentum
budget (in significant contrast with our isothermal ‘wind’ models)
and we can therefore safely adopt this simplification.

Since this experiment is intended as an alternative to the wind
model of Section 6, we use here the ‘primordial’ AMD (55).
We use a small core radius Rc = 1 kpc and a core temperature
Tc = 2.22 × 106 K, while k is chosen to match the outer boundary
condition λ(smax) = λmax. To model the effect of small deviations
from isothermality, we use γ = 1.1, close to the isothermal value
γ = 1. On the other extreme, the isentropic value γ = 5/3 is far
from isothermal and implies a much stronger temperature gradient:
for this model, we had to fix a significantly larger core temperature
Tc = 6 Tvir, to prevent the temperature from vanishing at a radius
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Figure 6. Equatorial temperature profile for two very different politropic
models: close-to-isothermal (γ = 1.1, solid black line) and isentropic
(γ = 5/3, dotted blue line). The horizontal dashed line is the virial temper-
ature of the Milky Way, according to the definition (7).

smaller than smax. The equatorial temperature profiles for these two
models are shown in Fig. 6. Observational evidence in favour of
a moderate temperature gradient, similar to that of our γ = 1.1
model, has recently been found, for the Milky Way, based on the
comparison of oxygen emission lines in different ionization stages
(Miller & Bregman 2015).

The kinematic properties of the two models are shown in Fig. 7.
The isentropic model (γ = 5/3) shows only little improvement with

respect to the isothermal model of Fig. 4. This is mainly because of
the very large temperatures required in the inner regions in this case,
which locally exacerbate the consequences of having a hot corona
(cfr. Section 5). On the other hand, we find that the model with a
mild temperature gradient (γ = 1.1) gives results that are, in the
inner region, pretty similar to those of the extreme wind model (cfr.
Fig. 5, lower panels): in particular, the specific angular momentum
becomes equal to the disc average close to the edge of the disc. The
(quite unexpected) conclusion is that very different strategies to
modify our models (according to very different kinds of feedback)
have a similar impact on the kinematics of a super-virial corona:
in the most favourable conditions, they only bring it to marginal
consistency with being a possible driver of the inside-out growth of
the disc.

To facilitate comparisons, in Table 2 we give, for all the models
considered so far, the radius Rcross at which the specific angular mo-
mentum of the corona becomes larger than the average specific an-
gular momentum of the disc (in Figs 1, 4, 5 and 7, the radius at which
the horizontal dashed line is crossed). Lower values of Rcross indicate
that the disc is more likely to grow inside-out as a consequence of
coronal accretion. The minimal models (with a tidal-torque-driven
AMD and sub-virial temperatures) have Rcross < 10 kpc, irrespec-
tive of the details, while in all the other cases Rcross is significantly
larger.

Caution is obviously necessary in drawing conclusions. However,
assuming that the observation of a super-virial temperature of the
inner corona of the Milky Way is correct, the fact that it is so difficult

Figure 7. Similar to Fig. 1, but assuming a temperature gradient as in Fig. 6. The close-to-isothermal model (γ = 1.1) is similar to the extreme wind model
(m = 0.1 in Fig. 5) in being marginally consistent with inside-out growth. In the isentropic model (γ = 5/3), instead, the high-l coronal gas is far away from
the disc.
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Table 2. For each model in this paper, the radius Rcross is given at which the
specific angular momentum of the corona becomes larger than the average
specific angular momentum of the disc (cfr. Figs 1, 4, 5 and 7). Ranges
(min–max) quantify the dependence on boundary conditions. The smaller
Rcross, the easier for the disc to accrete coronal gas with large specific angular
momentum, which is needed to sustain inside-out growth.

Model Figure Rcross (kpc)
Min Max

Minimal
a = 4 1 8.8 9.3
a = 5 1 7.2 7.5
a = 6 1 6.6 6.8

Supervirial
No wind, isothermal 4 89 100
Wind (m = 0.4) 5 26 32
Wind (m = 0.1) 5 15 16
Politropic (γ = 1.1) 7 16 17
Politropic (γ = 5/3) 7 67 73

to reconcile it with the expectations of an inside-out growing model
may be suggestive that the radial growth of the Milky Way is,
at the present epoch, approaching a halt. Even if confirmed, it is
difficult to say whether this property is general or peculiar to our
Galaxy. Caution in generalizations is particularly needed, especially
considering the large observed scatter in the instantaneous radial
growth rates of the discs of spiral galaxies, in a range of stellar
masses comparable to that of our Galaxy (Pezzulli et al. 2015).

8 TH E I M PAC T O F T H E C H O I C E O F T H E
POTENTIAL

We finally assess here the impact of relaxing our approximation
of a spherically symmetric logarithmic potential. As a test-bed for
comparisons, we will focus on the case of a sub-virial isothermal
corona with a primordial AMD (see Section 4).

If the potential � is an arbitrary function of cylindrical coordi-
nates (R, z), equations (25) generalize to

dl

dR
(R) = 4πχ (R)R2 ρ0(R)

ψ(l(R))
(69)

dρ0

dR
(R) = 1

c2
s

ρ0(R)

R

((
l(R)

R

)2

− V 2
cen(R)

)
,

where cs is the isothermal sound speed (as in Section 2), while the
dimensionless factor χ is no longer constant (as in equation 9), but
a function of radius

χ (R): = 1

R

∫ +∞

0
exp

(
−�(R, z) − �(R, 0)

c2
s

)
dz (70)

and finally Vcen is the velocity of centrifugal equilibrium at the
equator

Vcen(R): =
√

R
∂�

∂R
(R, 0), (71)

which is a constant in the case of a logarithmic potential (equation 4),
but a function of R in more general cases.

Even in the absence of an intrinsic velocity scale, it is useful to
put the problem in dimensionless form. To this purpose, an arbitrary
reference velocity Vd must be chosen. In the following, we adopt
Vd = 240 km s−1, which facilitates comparisons with the rest of the
paper. We then formally adopt the same positions (6), (16), (17),

(26), with the only difference that we remove the factor χ (which
is now not constant) from the definition of ρ1 (similarly to what we
did in Section 7). The system (69) can then be written as

dλ

ds
(s) = s2yχ (R1 s)g(λ(s))

(72)
dy

ds
(s) = a

y(s)

s

((
λ(s)

s

)2

−
(

Vcen(R1s)

Vd

)2
)

,

which is similar to the system (27) but for the presence of two
functions of one variable χ and Vcen, which can be tabulated, using
equations (70) and (71), for an adopted gravitational potential �

and isothermal sound speed cs.
As anticipated in Section 3, the equations are singular in the

origin, irrespective of the potential, due to the centrifugal barrier
l2/R3. Unfortunately, a general analytic treatment of the singularity
is not possible for an arbitrary potential. To overcome this, we follow
a strategy similar to that of Section 7. We make the approximation
that the equatorial density is constant within some very small radius
Rc, so that y = yc for 0 < s < sc: = Rc/R1. To be sensitive to the
effect of a rapidly rising centrifugal speed Vcen, we adopt here
a core radius Rc = 100 pc, 10 times smaller than the one used
in Section 7. The specific angular momentum at the core radius
λc = λ(sc) is assigned by imposing that the mass enclosed within
0 < s < sc coincides with the integral of the AMD in the range
0 < λ < λc.5 Then, we numerically integrate equations (72) from
the core outwards, leaving yc as a free parameter, which is fixed a
posteriori to match the desired boundary condition.

For our application, we consider a three-component gravita-
tional potential generated by a disc, a bulge and a halo, fol-
lowing the method described by Fraternali & Binney (2006).
We model the disc as a double exponential, with a scalelength
Rd = 2.5 kpc, a scaleheight hz = 300 pc and a mass Md =
4 × 1010 M�, while the bulge and the halo are modelled as
flattened double-power-law distributions, with inner slope, outer
slope, scale radius, maximum radius, aspect ratio and mass equal
to (−1, −5, 1.5 kpc, 4 kpc, 0.6, 1010 M�) for the bulge and
(−1, −3, 20 kpc, 200 kpc, 0.8, 1.5 × 1012 M�) for the halo.
Note that we do not pretend that the model above is the most
accurate mass decomposition for the Milky Way, its purpose be-
ing limited to investigating the consequences of strong devia-
tions from equation (4) with parameters that are plausible for our
Galaxy. We finally notice that, because the rotation curve of the
disc is not exactly constant, the approximation (21) for ld and
therefore for R1 can be improved. With our adopted potential,
we compute R1 = 8 kpc, slightly smaller than the fiducial value
R1 = 8.3 kpc given in Section 2.2, and we update all our scalings
accordingly.

8.1 Kinematics

In Fig. 8, the kinematic properties of the resulting model are shown
for the case a = 6 (T = 0.5 Tvir) and should be compared with the

5 In more detail, we require

1

M1

∫ l1λc

0
ψ(l) dl = yc

∫ sc

0
s2χ (R1s) ds,

where the integral in the right-hand side is evaluated after appropriately
interpolating the function χ over the relevant radial range. Note that the
optimal interpolation scheme can depend on the shape of the potential.
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Figure 8. Similar to the bottom panel of Fig. 1, but adopting a more refined choice for the gravitational potential (see text). In the left-hand panel, rotation
velocities are normalized to the reference speed Vd = 240 km s−1. The solid black line shows the speed of centrifugal equilibrium, which approximately equals
Vd only in the range 5 �R/kpc �25. In the innermost ∼5 kpc, the rotation velocity of the corona steeply rises from zero to a maximum value, as the centrifugal
speed does, because of the hydrodynamic bound V < Vcen. All other properties, including the value of Rcross, are remarkably similar to those estimated adopting
a simplified logarithmic potential.

analogous calculations for a logarithmic potential (Fig. 1, bottom
panels). The black solid line in the left-hand panel of Fig. 8 is
the radial profile of the centrifugal speed at the equator Vcen. We
recall that this also coincides with the rotation velocity of a disc
of cold gas in equilibrium in the potential �. At variance with
the logarithmic case (equation 4), where Vcen = Vd at all radii by
construction, here Vcen = 0 for R = 0. For R > 0, Vcen shows
a relatively steep rise, reaching Vcen � 240 km s−1 at R � 4 kpc,
remains approximately constant out to the observed extent of the
disc and finally undergoes a significant decline towards the virial
radius. These properties are consistent with current estimates of
the rotation curve of the Milky Way and similar external galaxies,
as well as with theoretical expectations. The red line and shaded
region show the model predictions for the rotation velocity of the
corona. At variance with the predictions for the logarithmic potential
(Fig. 1, bottom-left panel), the rotation velocity of the corona here
vanishes in the centre, as Vcen does, it quickly rises with radius,
reaching a maximum value and then it declines again, obeying
V < Vcen throughout. This behaviour is entirely explained by a basic
theoretical consideration (see Section 1.1): as long its radial pressure
gradient is directed outwards, the hot gas is bound to rotate slower
than the speed of centrifugal equilibrium; in particular, the fact that
Vcen vanishes in the origin requires V to do so as well. However,
outside an inner zone, approximately coincident with the spatial
scale of the rise of Vcen, the coronal velocity reaches a value that is
very close to that predicted under the assumption of a logarithmic
potential and in most of the radial domain the two models are
almost identical. The common behaviour at intermediate radii is
not surprising, since Vcen is constant – or approximately constant –
there in both cases, while the similarity in the outer regions is to be
ascribed to boundary conditions.

Key to the aim of this paper, the angular momentum profile is
shown in the right-hand panel of Fig. 8, to be compared with the
bottom-right panel of Fig. 1. As a consequence of the subtle differ-
ences in the rotation velocity profile, the specific angular momentum
in the innermost regions is also slightly smaller than in the case of a
logarithmic potential. At the same time (and for a very similar rea-
son), the average specific angular momentum of the disc ld, which
the profile is normalized to, is also slightly smaller (see the estimate
of R1 above). Both effects are very small and, in addition, they tend

Figure 9. Equatorial density profile for the refined model of Fig. 8 (solid
black line), compared with the approximate predictions assuming a logarith-
mic potential (dashed blue line). The analytic model is an excellent approx-
imation of the refined one, with minor discrepancies mostly at R > 100 kpc.

to compensate each other, with the result that the predicted cross-
ing radius Rcross varies by less than 2 per cent with respect to our
previous simpler estimate.

The comparison above confirms that the details of the shape of
the gravitational potential have a negligible impact in estimating the
ability of galactic coronae to sustain the inside-out growth of discs
and that the first-order approximation (4) is entirely sufficient to this
end. More refined treatments, as the one described in this section,
can however be relevant for fine comparisons of the predicted inner
rotation velocity of the hot gas with future observations with a
spatial resolution better than a few kpc.

8.2 Density distribution

For completeness, we briefly discuss here how the improved poten-
tial affects predictions of the density distribution of the corona. Fig. 9
compares the equatorial density profiles predicted, for a = 6, with
different assumptions for the potential. Note that, for consistency,
we adopt here a common definition ρ1 = M1/4πR3

1 in both cases.
The two profiles are remarkably similar to each other. Notably, the
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Figure 10. Similar to Fig. 3, but assuming the refined gravitational potential
described in Section 8. Differences are small and limited to the outermost
region. Larger effects may come from the removal of the barotropic assump-
tion (see Section 9.1).

analytic prediction for the inner slope of the density profile, which
is rigorously valid only in the limit R → 0 and for a logarithmic
potential, is very accurate also in the non-logarithmic case. This
suggests that the asymptotic expansions presented in Section 3 pro-
vide useful quick estimates of the expected coronal structure even
in the absence of a detailed knowledge of the potential. On the
other hand, in the outer regions (R > 100 kpc), the density profile
with the refined potential is slightly shallower than what predicted
using a logarithmic approximation. Since the rotation velocity at
these radii is much smaller than the centrifugal speed, the effect
can be easily understood in terms of hydrostatic equilibrium: a less
intense outer gravitational field requires smaller pressure gradients,
which, at fixed temperature, implies a shallower density profile. The
same effect can also be seen in Fig. 10, which is very similar to the
analogous Fig. 3 but for the outermost density contour.

9 D ISCUSSION

9.1 Deviations from barotropic equilibrium

A limitation of our approach comes from the assumption that the
equilibrium is barotropic (pressure and the density are stratified on
the same surfaces). As already recalled in Section 2.1, all barotropic
equilibria are forced to rotate on cylinders. Therefore, at any given
cylindrical radius R, there will be a critical height zc(R) above
which the rotation becomes supercentrifugal, implying a radially
increasing pressure (and density). This is the main reason why our
models can have very low densities (and large density gradients) at
small R and large |z| (see Figs 3 and 10). More general baroclinic
models can have a more regular behaviour near the rotation axis (e.g.
Barnabè et al. 2006), implying that our predictions in this region
should be treated with caution. We plan to address this aspect in
more detail in future work.

Real cosmological coronae will also depart, at some level, from
equilibrium (either barotropic or baroclinic). Such deviations are
dynamically important only if they involve very large velocities,
comparable to the virial speed Vd. Non-equilibrium motions of this
magnitude are indeed expected when the corona is formed, though
the associated energy should be dissipated efficiently, especially in
the inner regions where the dynamical time is shorter, and have
a small impact on the final configuration of the hot gas (e.g. Voit

et al. 2003). Primordial turbulence could also, in principle, consti-
tute a source of angular momentum mixing, therefore altering the
AMD of the hot gas. Early studies (e.g. Mestel 1963) considered
this possibility and found that the angular momentum redistribution
due to turbulent viscosity should be negligible. However, classical
arguments do not apply if significant levels of turbulence are con-
stantly maintained by continuous injection of mechanical energy by
feedback processes. Galactic fountains are expected to mix cold gas
from the disc with the hot gas in a low |z| layer of the corona, with
consequences on the angular momentum of both phases (e.g. Mari-
nacci et al. 2011). As long as the spatial extent of the fountain cycle
is moderate (1–10 kpc scale), as suggested by observations of the
extraplanar gas in nearby galaxies and in the Milky Way (e.g. Fra-
ternali et al. 2002; Oosterloo, Fraternali & Sancisi 2007; Marasco
& Fraternali 2011), then the process mainly puts the disc in contact
with its immediate surroundings, therefore leaving all our conclu-
sions unchanged. Flows with much larger spatial extent are however
sometimes invoked by cosmological simulations with very strong
feedback (e.g. Brook et al. 2012) and may be worth more theoretical
as well as observational investigation (see also Section 9.3 below).

9.2 Other sources of accretion

Implicit to our investigation is the assumption that the majority of
the gas accretion on to massive star-forming galaxies comes from
the slow condensation of the hot coronae which surround them.
This is expected on a variety of theoretical grounds (e.g. Birnboim
& Dekel 2003; Binney 2004; Dekel & Birnboim 2006; Nelson
et al. 2013), while direct accretion of cold (T � 104 K) gas from
the intergalactic medium is expected to be common mostly for low-
mass galaxies and during the earliest stages of galaxy formation.

Observations help to constrain the amount of residual direct ac-
cretion of cold gas on star-forming galaxies in the Local Universe
(e.g. Sánchez Almeida et al. 2014 and references therein). Some
supply of cold gas is occasionally brought to galaxy discs by minor
mergers (e.g. Sancisi et al. 2008), but the average gas accretion rate
from this channel is much smaller than what is needed to sustain the
observed levels of star formation in the local Universe (Di Teodoro
& Fraternali 2014).

Clouds of cold gas, kinematically consistent with being infalling
on to the disc (the so-called high-velocity clouds or HVCs), ex-
ist around the Milky Way (Oort 1970) as well as around exter-
nal galaxies (e.g. van der Hulst & Sancisi 1988), but they are
invariably found only a few kpc away from the disc itself (e.g.
van Woerden & Wakker 2004; Fraternali 2009), which is hard to
explain if they directly come from the intergalactic medium and
rather suggests that they are associated with the condensation of
the lower corona (Fraternali et al. 2015). HVCs are not massive
and numerous enough to contribute significant gas accretion (e.g.
Putman, Peek & Joung 2012, and references therein, though see
Lehner & Howk 2011). Larger accretion rates are associated with
intermediate-velocity clouds (IVCs), which are even more closely
connected to the disc and kinematically consistent with being con-
densed out of coronal gas (Marasco, Fraternali & Binney 2012;
Marasco, Marinacci & Fraternali 2013).

It is finally possible that a large amount of infalling cold gas is
almost invisible, either because it has a very low column density
or because it is almost completely ionized. Low column density
cold ionized gas in the haloes of nearby galaxies has been recently
detected in absorption along sight-lines of background quasars (e.g.
Churchill et al. 2013; Lehner et al. 2013; Tumlinson et al. 2013).
The total mass of this phase is uncertain, estimates being sensitive
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to the details of photoionization modelling (e.g. Werk et al. 2014;
Stern et al. 2016). Moreover, projection effects prevent to assess
whether and how much of this gas is actually falling towards the
central galaxy. The volume density is also very uncertain; we notice,
however, that the models which predict the largest mass also require
very low volume densities (two orders of magnitude below pressure
equilibrium, see the discussion in Werk et al. 2014), which would
make difficult for hypothetically infalling clouds to reach the disc
without being ablated away by interactions with the hot medium
(e.g. Binney 2004).

9.3 What long-term consequences to galaxy evolution?

As applications of our reconstruction method (Section 3), we have
presented in some detail a few examples (Sections 4 to 7), chosen
to encompass a range of very different possible situations. For each
situation, we provided an essentially qualitative assessment: some
coronal models are in principle able to sustain the inside-out growth
of an embedded disc, while some others are not.

A fully quantitative account of the role of coronal accretion in
feeding the inside-out growth of discs also requires the knowledge
of how much mass and angular momentum accretes, per unit time,
from the corona on to the disc. Furthermore, it would require a
continuum of models and a prescription to specify whether and how
they are connected in an evolutionary sequence. These goals cannot
be achieved without knowing the accretion rate (how much coro-
nal gas actually cools down on to the disc per unit time) and the
accretion profile (the radial distribution of the accretion rate). The
accretion rate and profile are determined by the local efficiency with
which coronal gas condenses on to the disc. This depends on several
intertwined factors, including density, temperature and metallicity
(e.g. Sutherland & Dopita 1993), heating sources of any kind, pho-
toionization from both the UV background and local sources (e.g.
Efstathiou 1992; Wiersma, Schaye & Smith 2009; Cantalupo 2010)
and the complex interaction of cold and hot gas at the disc/corona
interface (e.g. Fraternali 2016 and references therein), which is sen-
sitive to many poorly known physical processes (e.g. turbulence,
thermal conduction and magnetic fields) and acts at spatial scales
too small to be resolved by current cosmological simulations. Fur-
thermore, as we have seen, predictions can depend on spatially
resolved properties of thermal and mechanical feedback, which are
also far away from being theoretically or observationally well set-
tled. An adequate understanding of all these factors and of their
mutual interplay is a major challenge of modern astrophysics and
is outside the scope of this work.

Any semi-analytical model of galaxy evolution, including pre-
scriptions for one or more of the processes mentioned above, could
take advantage of the reconstruction techniques described in this pa-
per to follow the detailed evolution of the corona self-consistently.
As long as the processes involved do not vary dramatically on time-
scales shorter than the sound-crossing time of the inner corona
(typically, ∼100 Myr), then the latter would be found, at any time,
in a quasi-equilibrium state, which, thanks to our formalism, can
be computed, at each time-step, in a very efficient way.6 Very short
time-scale, out-of-equilibrium events (such as AGN-driven injec-
tions of thermal and/or mechanical energy) cannot be followed in
their detailed development and should be treated as impulsive dis-
continuities in the evolution of the AMD and/or thermal structure of

6 Each computation just requires the integration of two equations and one
optimization loop; see Section 3 for details.

the corona. The density and rotation velocity profiles of the corona,
thus found, can then be used as an input to derive, for instance, the
accretion rate and profile at the following time step according to
the chosen prescription. We also notice that this approach poten-
tially gives, as a by-product, predictions for the chemical evolution
of the disc, because of the tight relationship between abundance
gradients and the kinematics of the accreting gas (e.g. Pezzulli &
Fraternali 2016 and references therein).

Without entering into the details of any specific scenario, we
can use the examples provided in this work to outline what general
expectations for an evolutionary model should be. As long as a
corona is kept sub-virial (that is, as long as negligible energy other
than gravitational is injected into it, or if cooling is very efficient),
it should be relatively easy for coronal gas to sustain the inside-
out growth of the disc, provided that the accretion profile is such
that enough material from relatively outer regions is harvested (e.g.
Marasco et al. 2012; Bouché et al. 2013). Both accretion itself and
mechanical feedback are expected to remove low-l material from
the inner corona, further facilitating the process. Note that, to be
effective in this sense, mechanical feedback is not required to com-
pletely expel the low-l corona from the halo: ‘recycled winds’ (or
large-scale fountains) would induce the mixing of material with dif-
ferent specific angular momentum (e.g. Brook et al. 2012), altering
the shape of the AMD in the sense required to facilitate inside-out
growth (this could be modelled, for instance, as an increase of p,
in equation 52, at fixed l1). Thermal feedback, on the other hand,
would induce the expansion of the corona and the migration of
high-l gas towards far, unaccessible regions, resulting either into a
halt to the accretion or the shrinkage of the disc. The latter effect
could be prevented only if thermal energy deposition is centrally
concentrated enough, or if vigorous mechanical feedback is acting
in concert, or a combination of the two.

1 0 S U M M A RY A N D C O N C L U S I O N S

The discs of spiral galaxies are believed to be continuously accreting
mass and angular momentum from the large cosmological coronae
of hot and diffuse gas that surround them. Cosmological coronae
are indeed expected to have a specific angular momentum slightly
larger than that of the embedded galaxies, which makes them poten-
tial drivers of the angular momentum growth (or inside-out growth)
of galaxy discs. However, since coronae are so extended, it is not ob-
vious that their angular momentum is spatially concentrated enough
to be actually available for accretion.

In this paper, we investigated the link between the spatial dis-
tribution of the angular momentum of galactic coronae (which de-
termines whether a galaxy accreting from this reservoir can grow
inside-out) and the way angular momentum is distributed by mass
(the AMD, which is the quantity that is most readily predicted
by cosmological models of structure formation). We developed an
analytical method to reconstruct the kinematics and the density dis-
tribution of a hot gaseous halo in barotropic rotating equilibrium
within a galactic gravitational potential from the knowledge of its
AMD. Our method is largely insensitive to the detailed shape of
the potential, which makes it easy to implement in semi-analytical
models of galaxy evolution and allows robust predictions to be made
even in the absence of detailed mass decompositions.

We have found that a hot rotating corona is a viable driver for the
inside-out growth of a galactic disc, provided that it has an approxi-
mately exponential AMD (as predicted by tidal torque theory) and a
slightly sub-virial temperature (as expected from the virial theorem
for a rotating gas in isolation). In this minimal model, the rotation
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velocity of the corona is slightly sub-centrifugal (smaller than, but
close to, the rotation velocity of the disc) in the inner (galaxy-scale)
regions and it declines substantially towards the virial radius. The
prediction for the inner rotation velocity agrees with expectations
from chemical evolution models and also with recent observational
estimates of the kinematics of the corona of the Milky Way.

We then explored how our predictions change due to modifica-
tions of our minimal assumptions. Raising the coronal temperature
to a super-virial value moves the high angular momentum gas,
needed to sustain inside-out growth, far away from the disc, where
it is unavailable for direct accretion. Conversely, the removal of low
angular momentum gas from the corona, for instance by selective
mechanical feedback, facilitates accretion-driven inside-out growth
and can marginally compensate, in favourable conditions, the effect
of a super-virial temperature. The predictions of this scenario are
however degenerate with those of purely thermal feedback with a
moderate temperature gradient.

If applied to the Milky Way, our findings suggest that our Galaxy
may be, at the present epoch, close to the end of inside-out growth,
which is not inconsistent with the relatively low instantaneous radial
growth rates measured in nearby, relatively massive, spiral galaxies.

Future comparisons with observations of the coronae of external
spiral galaxies will help to constrain how easy or difficult is for
galactic coronae to feed the angular momentum growth of discs.
Comparing our models with the easier-to-measure coronae of ellip-
ticals would also be interesting, to assess whether and how the latter
have been shaped by the feedback mechanisms that are thought to
be responsible for the halt of their star formation.
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