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Chapter 4

Output regulation of flow networks with
input and flow constraints

Abstract

In this chapter we show how techniques that were proven useful in the previous chap-
ters can be adapted, to study the (optimal) coordination of general flow networks with
storage capabilities at the nodes. Particularly, we show how a class of high voltage di-
rect current (HVDC) networks fit within the considered model of a flow network. The
control objective is to regulate the measured output (e.g storage levels or voltages) to-
wards the desired value. In contrast to Chapter 2 and Chapter 3, the subsystems at the
nodes are not ‘output strictly incrementally passive’ (i.e. the nodes are undamped), po-
sing new challenges to the controller design. We present a distributed controller that
dynamically adjusts the node injections and flows, to achieve output regulation in the
presence of an unknown disturbance, while satisfying given input and flow constraints.
Optimal coordination among the inputs, minimizing a suitable cost function, is achieved
by exchanging information over a communication network. Exploiting an incremental
passivity property, the desired steady state is proven to be globally asymptotically stable
under the closed loop dynamics. In addition to the study of a multi-terminal HVDC
network, a study on a district heating system shows the the effectiveness of the proposed
solution.

4.1 Flow networks

Consider a network of physically interconnected undamped dynamical systems. The
topology of the system is described by a graph G = (V, E), where V = {1, ..., n} is
the set of nodes and E = {1, ...,m} is the set of edges connecting the nodes. We
represent the topology by its corresponding incidence matrix B ∈ Rn×m, where B is
defined by arbitrarily labelling the ends of the edges in E with a ‘+’ and a ‘−’, and
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letting

Bik =


+1 if node i is the positive end of edge k

−1 if node i is the negative end of edge k

0 otherwise.

The evolution of state xi at node i is given by1

τxi
ẋi(t) =−

∑
k∈Ni

Bikufk(t) + upi(t)− di

yi(t) = hi(xi(t)),

(4.1)

where upi(t) is the input, τxi
a constant, Ni is the set of edges connected to node i,

ufk(t) is the flow on edge k, yi = hi(xi) is the measured output at node i with hi(·)
a continuously differentiable and strictly increasing function and di is a constant
unknown disturbance. We can represent the complete network compactly as

τxẋ =− Buf + up − d
y = h(x).

(4.2)

System (4.2) has been studied in various settings where the state x is often identified
with the storage or inventory at the nodes. We provide two case studies where
system (4.2) is applicable in Section 6 of this chapter.

4.2 Optimal regulation with input and flow constraints

In this section we discuss the control objective and the various input and flow con-
straints under which the objective should be reached. We start with discussing the
two control objectives. The first objective is concerned with the output y = h(x) in
(4.2), at steady state.

Objective 4.2.1 (Output regulation). Let y ∈ R(h(x)) be a desired constant setpoint,
then the output y = h(x) of (4.2) asymptotically converges to y, i.e.

lim
t→∞

‖h(x(t))− y‖ = 0. (4.3)

Any constant steady state x that satisfies h(x) = y necessarily implies that system
(4.2) satisfies

0 =− Buf + up − d. (4.4)

1We assume that on every node i there is an input upi. An extension towards the partial absence
of inputs can be achieved by following a similar argumentation as is presented in this chapter (Trip,
Scholten and De Persis 2017b).
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Premultiplying both sides of (4.4) with 1T results in

0 = 1Tup − 1T d, (4.5)

such that at a steady state the total input to the network needs to be equal to the
total disturbance. Since any up solving (4.5) is not unique when n ≥ 2, it is natural
to wonder if the total input can be coordinated optimally among the nodes. To this
end, we assign a strictly convex linear-quadratic cost function Ci(upi) to each node
of the form

Ci(upi) =
1

2
qiu

2
pi + riupi + si, (4.6)

with qi ∈ R>0 and si, ri ∈ R. The total cost can be expressed as

C(up) =
∑
i∈V

Ci(upi)

=
1

2
uTpQup + rTup + s,

(4.7)

where Q = diag(q1, . . . , qn), r = (r1, . . . , rn)T and s = Σni=1si. Minimizing (4.7)
while satisfying the equilibrium condition

0 =− Buf + up − d, (4.8)

gives rise to the following optimization problem:

minimize
up,uf

C(up)

subject to 0 = −Buf + up − d.
(4.9)

It is possible to explicitly characterize the solution to (4.9), similarly as we have done
in Lemma 2.3.1:

Lemma 4.2.2 (Solution to optimization problem (4.9)). The solution to (4.9) is given by

up = Q−1(µ− r), (4.10)

where

µ =
11T

1TQ−11
(d+Q−1r). (4.11)

Remark 4.2.3 (Identical marginal costs). Note that we can rewrite (4.10) as

µ = Qup + r, (4.12)

and that µ ∈ Im(1). It follows that at the solution to (4.9) we have that for all i ∈ V the
so-called marginal costs qiupi + ri are identical.
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We are now ready to state the second control objective.

Objective 4.2.4 (Optimal feedforward input). The input at the nodes asymptotically
converge to the solution to (4.9), i.e.

lim
t→∞

‖up(t)− up‖ = 0, (4.13)

with up as in (4.10).

We now turn our attention to possible constraints on the input and the flows
under which the objectives should be reached. First, in physical systems the input
up is generally constrained by a minimum value (often zero, preventing a negative
input) and maximum value, representing e.g. a production capacity.

Constraint 4.2.5 (Input limitations). The inputs at the nodes satisfy

u−p <up(t) < u+
p for all t ≥ 0, (4.14)

where u−p , u+
p ∈ Rn are constant vectors and the inequalities hold componentwise.

Second, the flows on the edges are often constrained to be unidirectional and to
be within the capacity of the edges.

Constraint 4.2.6 (Flow capacity). The flows on the edges satisfy

u−f <uf (t) < u+
f for all t ≥ 0, (4.15)

where u−f , u
+
f ∈ Rm are constant vectors and the inequalities hold componentwise.

Note that physical limitations and safety requirements demand that the con-
straints should be satisfied for all time and not only at a steady state.

Remark 4.2.7 (Unconstrained case). The unconstrained case can be regarded as a par-
ticular example of the considered setting. This is obtained by taking as a lower and upper
bound for upi, ufi respectively −∞ and∞.

Before we design a distributed control scheme in the next section, we assume
that the considered problem is feasible.

Assumption 4.2.8 (Feasibility). For a given d, its corresponding up given by (4.10) satis-
fies u−p < up < u+

p , and there exists a, possibly non-unique, u−f < uf < u+
f that satisfies

0 =− Buf + up − d. (4.16)
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4.3 Controller design

In this section we propose distributed input and flow controllers that satisfy the va-
rious objectives and constraints discussed in the previous section, whereas the sta-
bility of the closed loop system is discussed in the next section. For convenience we
summarize the objectives and constraints yielding the following controller design
problem.

Problem 4.3.1 (Controller design problem). Design distributed controllers that regulate
inputs up at the nodes and the flows uf on the edges, such that

lim
t→∞

‖h(x(t))− y‖ = 0

lim
t→∞

‖up(t)− up‖ = 0,
(4.17)

where up is as in (4.10). Furthermore,

u−p <up(t) < u+
p

u−f <uf (t) < u+
f ,

(4.18)

should hold componentwise for all t ≥ 0.

First, we focus on the input controller. Inspired by the result in (Trip and De Persis
2016a) (see also Section 8.5), where a similar control problem is considered in the set-
ting of power networks, we propose the controller

τθ θ̇ =− g(θ) + φ− (h(x)− y)

τφφ̇ =− φ+ g(θ)− βQLcom(Qφ+ r)

up = g(θ),

(4.19)

where Lcom is the Laplacian matrix reflecting the communication topology, β ∈ R>0

and g(θ) : Rn → Rn is a mapping with suitable properties that will be discussed in
Assumption 3 below. Note that only information on qiφi+ ri needs to be exchanged
among neighbours. As we will discuss in the stability analysis in the next section,
controller (4.19) ensures that g(θ) converges to φ, whereas the communication term
ensures that additionally at steady state a consensus is obtained in the marginal
costs, i.e. Qg(θ)+r ∈ Im(1). In order to guarantee that all marginal costs converge to
the same value we make the following assumption on the communication network.

Assumption 4.3.2 (Communication network). The graph reflecting the communication
topology is undirected and connected.
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Now let us focus on the flow controller. We consider a controller of the following
form

τλλ̇ = BT (h(x)− y)

uf = f(λ),
(4.20)

whereB is again the incidence matrix reflecting the topology of the physical network
and f(λ) : Rn → Rn is a mapping with suitable properties discussed in Assumption
3 below. Note that the flow controller on edge k only requires information of its
adjacent nodes. Together with the information exchange among neighbours in (4.19)
we have that the proposed control scheme is indeed fully distributed.

The proposed controller guarantees that constraints (4.14) and (4.15) are satisfied by
properly selecting f(λ) and g(θ). Since we have that up = g(θ) and uf = f(λ), the
following assumption is sufficient to ensure that the inputs and flows do not exceed
their limitations.

Assumption 4.3.3 (Bounded controller outputs). Mappings g(θ) and f(λ), in respecti-
vely (4.19) and (4.20) are continuously differentiable and strictly increasing, satisfying

u−f < f(λ) < u+
f

u−p < g(θ) < u+
p ,

(4.21)

where the inequalities hold componentwise. Moreover, g(θ) and f(λ) are such that uf ∈
R(f(λ)) and up ∈ R(g(θ)), with uf and up as in Assumption 4.2.8.

Note that Assumption 4.3.3 is not restrictive as it includes e.g. ξ(z) = z in ab-
sence of any constraints and also the constraint enforcing functions ξ(z) = tanh(z),
ξ(z) = arctan(z) (see also the case studies in Section 4.5).

Before we analyse the stability of the system we investigate the properties of the
steady state. To do so, we write system (4.2) in closed loop with controllers (4.19)
and (4.20), obtaining

τxẋ =− Bf(λ) + g(θ)− d

τλλ̇ = BT (h(x)− y)
(4.22a)

τθ θ̇ =− g(θ) + φ− (h(x)− y)

τφφ̇ =− φ+ g(θ)− βQLcom(Qφ+ r).
(4.22b)

We will now show that under Assumptions 4.2.8–4.3.3 there exists at least one ste-
ady state of system (4.22). Moreover, all steady states of system (4.22) satisfy the
control objectives.
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Lemma 4.3.4 (Satisfying objectives 1 and 2). Let Assumptions 4.2.8, 4.3.2 and 4.3.3
hold, then there exists a steady state of system (4.22). Moreover, all steady states satisfy
h(x) = y and g(θ) = up, where up is the optimal control input given by (4.10).

Proof. Due to Assumption 4.2.8 and 4.3.3 we have that there exists a λ and θ such
that

0 = −Bf(λ) + g(θ)− d, (4.23)

where g(θ) = up and up as in (4.10). Moreover, from y ∈ R(h(x)), there exists a x
such that

0 = h(x)− y. (4.24)

When we additionally take φ = up it is immediate to veriy that

0 =− Bf(λ) + g(θ)− d
0 = BT (h(x)− y)

0 =− g(θ) + φ− (h(x)− y)

0 =− φ+ g(θ)− βQLcom(Qφ+ r),

(4.25)

is satisfied and proves existence of a steady state. We will now show that (4.25)
necessarily implies that h(x) = y and g(θ) = up. From 0 = BT (h(x)− y), it follows
that h(x)− y = c1(t)1, where c1(t) ∈ R is a function. It follows that

g(θ)− φ = c1(t)1. (4.26)

Substituting this in the last equation of (4.25) yields

0 = c1(t)1− βQLcom(Qφ+ r)

= c1(t)Q−11− βLcom(Qφ+ r).
(4.27)

Premultiplying both sides of the previous equation by 1T yields

0 = c1(t)1TQ−11. (4.28)

Since Q is a diagonal matrix with only positive elements, it follows that c1(t) = 0

and that h(x) = y. As a consequence we have that φ = g(θ) such that

0 =− βQLcom(Qg(θ) + r). (4.29)

Since also

0 =− βQLcom(Qup + r), (4.30)
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we have that g(θ) = up + c2(t)Q−11, where c2(t) ∈ R is a scalar. Premultiplying the
first equation of (4.25) by 1T and exploiting that 1T (up − d) = 0 yields

0 = 1T (up + c2(t)Q−11− d)

= c2(t)1TQ−11,
(4.31)

such that c2(t) = 0 and consequently g(θ) = up. �

4.4 Stability analysis

In this section we analyze the stability of the closed-loop system (4.22). The analysis
is foremost based on LaSalle’s invariance principle and exploits useful properties
of interconnected incrementally passive systems (Definition 1.4.1). Throughout the
coming discussion we will regularly use a storage function containing the term

U(z) =

∫ z

z

ξ(y)− ξ(z)dy, (4.32)

where z ∈ R. We can show that U(z) is radially unbounded, i.e. lim‖z‖→∞ U(z) =

∞, under suitable restrictions on ξ. In fact, a sufficient condition on ξ is that it is
strictly increasing as we will show below.

Lemma 4.4.1 (Radial unboundedness). Let ξ(z) be a strictly increasing continuous
function, then U(z) as in (4.32) is radially unbounded.

Proof. First, consider the case where z → ∞. Since ξ(z) is strictly increasing and
continuous we have that there exists a z+ > z, such that ξ(z) − ξ(z) > ε, for ε > 0

and z > z+. We have that

lim
z→∞

U(z) = lim
z→∞

∫ z

z

ξ(y)− ξ(z)dy,

=

∫ z+

z

ξ(y)− ξ(z)dy + lim
z→∞

∫ z

z+

ξ(y)− ξ(z)dy

≥
∫ z+

z

ξ(y)− ξ(z)dy + lim
z→∞

∫ z

z+

εdy

=∞.

(4.33)

A similar argument holds for the case where z → −∞. �

We now proceed with establishing the incremental passivity property of (4.22a).
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Lemma 4.4.2 (Incremental passivity of (4.22a)). Let Assumptions 4.2.8, 4.3.2 and 4.3.3
hold. System (4.22a) with input g(θ) and output h(x) is an incrementally passive system,
with respect to (x, θ, λ) satisfying

0 =− Bf(λ) + g(θ)− d
0 = BT (h(x)− y).

(4.34)

Namely, there exists a radially unbounded storage function S1(x, x, λ, λ) which satisfies the
following incremental dissipation equality

Ṡ1 = (h(x)− h(x))T (g(θ)− g(θ)), (4.35)

along the solutions to (4.22a).

Proof. Consider the storage function

S1 =
∑
i∈V

τxi

∫ xi

xi

hi(y)− hi(xi)dy

+
∑
i∈E

τλk

∫ λk

λk

fk(y)− fk(λk)dy.

(4.36)

Since hi(xi) and fk(λk) are strictly increasing functions we have, exploiting Lemma
3, that S1 is radially unbounded. Furthermore, we have that along the solutions to
(4.22a) S1 satisfies

Ṡ1 = (h(x)− h(x))T τxẋ+ (f(λ)− f(λ))T τλλ̇

= (h(x)− h(x))T (−Bf(λ) + g(θ)− d)

+ (f(λ)− f(λ))TBT (h(x)− y)

= (h(x)− h(x))T (−(Bf(λ)− f(λ)) + (g(θ)− g(θ))

+ (f(λ)− f(λ))TBT (h(x)− y)

= (h(x)− h(x))T (g(θ)− g(θ)),

(4.37)

where we have exploited (4.34) in the last equality and that h(x) = y. �

We now prove a similar result for (4.22b).

Lemma 4.4.3 (Incremental passivity of (4.22b)). Let Assumptions 4.2.8, 4.3.2 and 4.3.3
hold. System (4.22a) with input−h(x) and output g(θ) is an incrementally passive system,
with respect to (x, θ, φ) satisfying

0 =− g(θ) + φ− (h(x)− y)

0 =− φ+ g(θ)− βQLcom(Qφ+ r).
(4.38)
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Namely, there exists a radially unbounded storage function S2(θ, θ, φ, φ) which satisfies the
following incremental dissipation equality

Ṡ2 =− (g(θ)− φ)T (g(θ)− φ)− β(Qφ+ r)TLcom(Qφ+ r)

− (g(θ)− g(θ))T (h(x)− h(x))
(4.39)

along the solutions to (4.22b).

Proof. Consider the storage function

S2 =
∑
i∈V

τθi

∫ θi

θi

gi(y)− gi(θi)dy +
1

2
(φ− φ)T τφ(φ− φ). (4.40)

Since gi(θi) is a strictly increasing function we have, exploiting Lemma 3, that S2

is radially unbounded. Furthermore, we have that along the solutions to (4.22b) S2

satisfies

Ṡ2 = (g(θ)− g(θ))T τθ θ̇ + (φ− φ)T τφφ̇

= (g(θ)− g(θ))T (−g(θ) + φ− (h(x)− y))

+ (φ− φ)T (−φ+ g(θ)− βQLcom(Qφ+ r))

=− (g(θ)− φ)T (g(θ)− φ)− β(Qφ+ r)TLcom(Qφ+ r)

− (g(θ)− g(θ))T (h(x)− h(x)),

(4.41)

where we have exploited (4.38), h(x) = y, (Qφ+ r)TLcom = 0 and that φ = g(θ). �

Exploiting the previous lemmas, we are now ready to prove the main result of
this chapter.

Theorem 4.4.4 (Main result). Let Assumptions 4.2.8, 4.3.2 and 4.3.3 hold. System (4.22)
globally approaches the set where h(x) = y and where up = up as given in (4.10). Moreover,
up and uf satisfy constraints (4.14) and (4.15) for all t ≥ 0.

Proof. Satisfying constraints (4.14) and (4.15) for all t ≥ 0 follows from the design of
g(θ) and f(λ) and Assumption 3. From Lemma 4.4.2 and Lemma 4.4.3 we have that
S = S1 + S2 satisfies along the solutions to (4.22)

Ṡ =− (g(θ)− φ)T (g(θ)− φ)− β(Qφ+ r)TLcom(Qφ+ r). (4.42)

Since S is radially unbounded we can conclude that all solutions to (4.22) remain
bounded. We can therefore invoke LaSalle’s invariance principle and infer that the
system approaches the largest invariant set contained in the set where Ṡ = 0. This
set where Ṡ = 0 is characterized by

Υ = {x, λ, θ, φ|φ = g(θ), Qφ+ r ∈ Im(1)} , (4.43)
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where Qφ + r ∈ Im(1) follows from the communication graph being connected.
Bearing additionally in mind that

Qg(θ) + r ∈ Im(1), (4.44)

we have that on the invariant set that

g(θ) = g(θ) +Q−11c(t), (4.45)

where c(t) : R→ R is a function. On this set, the solutions to (4.22) satisfy

τxẋ =− Bf(λ) + g(θ) +Q−11c(t)− d

τλλ̇ = BT (h(x)− y)

τθ θ̇ =− (h(x)− y)

τφφ̇ = 0.

(4.46)

We now argue that on the invariant set we need to have

(x− x) = 0. (4.47)

Bearing in mind that φ = g(θ) and since the solutions to (4.46) are differentiable, we
have that on the invariant set φ̇ = ∂g(θ)

∂θ θ̇. Since g(θ) is a strictly increasing mapping,
it follows that ∂g(θ)

∂θ 6= 0 and that θ̇ = 0. Therefore, h(x) = y on the invariant set and
consequently x = x.

Next we prove that on the invariant set g(θ) = g(θ). Note that it is sufficient to prove
that c(t) = 0. Since x is constant and x = x we obtain that ẋ = 0. From this, together
with (4.46) we can conclude that we approach the set where

0 =− Bf(λ) + g(θ) +Q−11c(t)− d. (4.48)

Pre-multiplying both sides with 1T yields

0 = 1T (g(θ)− d) + 1TQ−11c(t)

= 1TQ−11c(t).
(4.49)

Since Q−1 is a diagonal matrix with only positive elements, we have that c(t) = 0.
We can therefore conclude that we indeed approach the set where h(x) = h(x) and
where up = g(θ) = g(θ) = up and that the constraints (4.14) and (4.15) are satisfied
for all t ≥ 0. �
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Remark 4.4.5 (Avoiding oscillations). It is natural to compare (4.19) with a controller of
the form

τθ θ̇ =− βQLcom(Qg(θ) + r)− (h(x)− y)

up = g(θ),
(4.50)

as both admit a steady state where h(x) = y and g(θ) = up. However, in contrast to (4.22)
for which we will prove global convergence to the desired state, system

τxẋ =− Bf(λ) + g(θ)− d

τλλ̇ = BT (h(x)− y)

τθ θ̇ =− βQLcom(Qg(θ) + r)− (h(x)− y),

(4.51)

can converge (depending on Q) to a limit cycle exhibiting oscillatory behavior (Scholten
et al. 2016).

Remark 4.4.6 (Local results). Note that the global convergence result is a consequence
of the strictly increasing behavior of the nonlinear functions fk(λk), gi(θi) and hi(xi). In
case that the functions are increasing on a finite interval, a local result of Theorem 1 can be
derived. An important class of functions for which this holds are odd functions that are not
necessarily increasing on the whole domain, such as the sinusoidal function.

4.5 Case study

To illustrate how various physical systems can be regarded as a flow network and
to show the performance of the proposed controllers we consider two case studies.
The first case study considers a district heating system, whereas the second case
study considers a multi-terminal HVDC network.

4.5.1 District heating systems

Building upon the results presented in (Scholten et al. 2015), we consider a district
heating system with a topology as depicted in Figure 4.1. Each node represents a
producer, a consumer and a stratified storage tank (see Figure 4.2). The storage tank
consists of a hot and a cold layer of water, both with variable volumes. We denote
the volume of the hot layer of water at node i as xi (m3), which is also the output of
the system, i.e. hi(xi) = xi. The various nodes are interconnected via a pipe network
G. Following (Scholten et al. 2015), the dynamics for the hot layer can be derived by
applying mass conservation laws resulting in the following representation of the



4.5. Case study 85

Node 1

Node 2

Node 4

Node 3

uf1

uf4

uf2

uf3

Figure 4.1: Topology of the considered heat network. The arrows indicate the re-
quired flow directions in the heat network, while the dashed lines represent the
communication network used by the controllers.

Storage

Producer

ix

piu

id

Consumer

Node

fiu

i

Figure 4.2: A node in the district heating network.

district heating system:

ẋ = −Buf + up − d, (4.52)

where uf (m3/h) denotes the flow through the pipes. Moreover, up (m3/h) and d

(m3/h) are respectively the flows trough the heat exchangers of the producers and
the consumers. It is immediate to see that (4.52) has identical dynamics as (4.2) if we
set τx = I . The controllers (4.19) and (4.20) are therefore applicable and we study the
obtained closed-loop system. We perform a simulation over a 40 hour time interval
in which we evaluate the response to a change in demand at t = 12 and change in
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Figure 4.3: Volumes, flows and productions of the district heating system during a
40 hour period. The optimal production up as in (4.10) is indicated by dotted lines
in the lower plot.

setpoint at t = 24. The cost functions of the four producers are purely quadratic, i.e.
s = r = 0 and

Q = diag
(

10 9 7 6
)
.
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Initially the volume is identical to the first setpoint x(0) = x =
[
200 200 200 200

]T
for all t < 24. The initial demand is given by d =

[
30 30 30 30

]T
for all t < 12,

which is increased at t = 12 to d =
[
35 35 35 35

]T
The setpoint for the volume

x is increased at t = 24 to x =
[
210 210 210 210

]T
. To guarantee uni-directional

flows and positive production we require uf > 0, up > 0 and due to capacity con-
straints we additional require them to be upper bounded by 14 m3/h and 52 m3/h,
respectively. To enforce these constraints the input is designed as

ufi(λi) = 7(tanh(λi) + 1)

upi(θi) = 26(tanh(θi) + 1),

where tanh(·) is the hyperbolic tangent function. Finally we let τλ = I , τθ = I ,
τφ = 0.005 · I and β = 10.
The resulting response of the system can be found in Figure 4.3, where we can cle-
arly see the effects of the increased demand at t = 12 and change in setpoint at
t = 24. More specifically, in the upper plot we can see that the controllers indeed let
the volumes in the four storage tanks to converge towards the desired setpoints of
200m3 (t < 24) and 210m3 (t ≥ 24). In the middle plot we see that the flows in the
pipes remain within the constraint 0 < uf < 14 throughout the entire simulation.
Finally, in the bottom plot we see the production at the four nodes and the optimal
productions denoted by the dotted lines. We observe that the production converges
towards the optimal value up and satisfies 0 < up < 52 for the entire period.

4.5.2 Multi-terminal HVDC networks

As a second case study we consider multi-terminal high voltage direct current (HVDC)
networks that have been recently studied in e.g. (Andreasson et al. 2016). We as-
sume that the lines connecting the terminals are lossless such that the overall net-
work dynamics are given by

CV̇ =− Bλ+ up − d

Lλ̇ = BTV,
(4.53)

where V are the voltages at the terminals, λ are the currents through the lines, d
are uncontrollable current injections and up are controllable current injections. The
corresponding circuit is provided in Figure 4.4, where Ci is the capacitance at the
terminals and Lk is the inductance of line k. The first objective is to stabilize the
voltages around the desired setpoint V which is identical for each terminal such
that BTV = BT (V − V ). The second objective is to share the controllable current
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S1 V2

V4 V3

up1 − d1

up4 − d4

up2 − d2

up3 − d3

Figure 4.4: Topology of a four bus multi-terminal HVDC network. We take Ci =

57µF and Lk = 0.0135H . for i, k ∈ {1, . . . , 4}.

injections equally among the terminals. Although the currents over the lines follow
from physical principles and can not be independently controlled, they have the
same dynamics as (4.20) if we set τλ = L. The controllers (4.19) are applied to the
network with β = 100, Q = I, s = 0, r = 0, τθ = 100, τφ = 0.02. The topology of the
communication network is identical to the topology of the physical network. The
desired voltage is V = 165kV throughout the simulation. Initially all di have a value
of 100A. At t = 0.02s, the value of d2 increased to 140A, whereas d3 is decreased to
80A. To prevent low and high current injections during the transient we require for
all nodes that 90A ≤ upi(t) ≤ 120A is satisfied. To achieve this we let

gi(θi) = 90 + 15 (tanh(θi) + 1) , (4.54)

while fi(λi) = λi, for all i ∈ {1, . . . , 4}. The response to the change in demand is
given in Figure 4.5, from where we conclude that the voltages converge towards
their set point of 165kV , while up satisfies its constraints at all time.
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Figure 4.5: Voltages, current flows and current injections for a high voltage direct
current network. The optimal production up as in (4.10) is indicated by dotted lines
in the lower plot.






