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Chapter 1

Introduction

V
arious social and technological developments have resulted in an increased
share of renewable generation within our energy mix, posing significant chal-

lenges to the planning and operation of the existing (energy) networks. Although
the shift towards more sustainable energy generation can be seen throughout the
whole energy chain, it is the effect on the electricity network that received most at-
tention. Besides the fact that the availability of electricity is essential to our modern
society, it is the physical nature of the grid that poses unique and difficult challenges.
Traditionally, power networks addressed uncertainty of demand, by controlling the
supply. However, due to the increased share of volatile and uncontrollable sources,
like wind and solar energy, the uncertainty of the generation side needs to be mana-
ged as well. Within such management, the IT-infrastructure plays an important role,
and therefore, future ‘smarter’ grids cannot be longer regarded as a pure physical
network, and requires the incorporation of the cyber-infrastructure into the physical
model. As the resulting cyber-physical network will consist of many small devices,
addressing the stability of such a network becomes more difficult. Modeling each
individual device is infeasible, yet their combined response must be accurately des-
cribed. It is therefore important to derive general properties of systems, without
explicitly modelling each component in detail, that are useful to study and improve
the stability of the overall network. Furthermore, the collective behaviour of the
network must be close to optimal to avoid inefficiencies, and requires coordina-
tion among the individual parts. This requires the development of new distributed
control schemes that exploit the, widely distributed, sensors and actuators. It is in-
feasible for a centralized controller to address every controllable load individually,
yet actions taken by local controllers must be consistent with global performance
objectives. Although contributions from many disciplines are required to make the
energy chain more sustainable, the field of system and control theory can provide
an important role in creating a reliable network due to its holistic view on the whole
system. This work particulary contributes to the establishment of system theoreti-
cal properties of the physical power network, the cyber network, and its intercon-
nection. This enables the design op distributed controllers that improve the stability
of the network, while increasing the (economic) efficiency of its operation.
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1.1 Outline of this thesis

This thesis consists of three main parts, each addressing a particular aspect of the
the distributed control of smart grids. Every part consists of a separate introduction
and a statement of its contributions. Part I, focusses on the design of distributed
controllers, achieving output regulation in a network, by optimally allocating the
inputs in distribution networks. Chapter 1 (high voltage networks) and Chapter 2
(microgrids), discuss electrical networks, where the considered output of the system
is the frequency deviation. In Chapter 3, a general class of flow networks is studied
that includes the model of a high voltage direct current network. The considered
model differs particularly from the aforementioned chapters in that the network
does not dissipate energy. The stability analysis in this part, as well as in Part II
and Part III, relies foremost on an incremental passivity property of the underlying
network, the internal model principle and an invariance principle. A continuous
consensus algorithm is employed to achieve the desired optimality features. In Part
II, we continue studying high voltage networks and incorporate the generation side
in a more realistic manner. Commonly, the generation side is modelled by a second
order turbine-governor system. Since the turbine-governor system does not enjoy
a useful passivity property, the stability analysis is more challenging. We propose
two methods. First, in Chapter 4, an overall dissipation inequality is developed for
the combined generator and turbine-governor dynamics. Second, in Chapter 5, a
sliding mode control strategy is employed to constrain the turbine-governor to a
manifold where a passivity property is recovered. Part III relaxes the requirement
of continuous communication between the controllers to achieve optimality. Par-
ticularly, we study the interconnected continuous physical system and the discrete
communication layer, leading to hybrid dynamics of the overall cyber-physical sy-
stem. In Chapter 6 we study a centralized control scheme, whereas in Chapter 7 we
study a distributed setting. Eventually, we provide some conclusions and directions
for future research.

1.2 List of publications
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Conference publications
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frequency regulation in power grids,” Proceedings of the 2014 21st International
Symposium on Mathematical Theory of Networks and Systems (MTNS), pp.
577–583, Groningen, the Netherlands, 2014. (Chapter 2)

• S. Trip, M. Bürger and C. De Persis – “An internal model approach to frequency
regulation in inverter-based microgrids with time-varying voltages,” Proceedings of
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Angles, CA, USA, 2014. (Chapter 3)
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• S. Trip and C. De Persis – “Optimal frequency regulation in nonlinear structure
preserving power networks including turbine dynamics: an incremental passivity
approach,” Proceedings of the 2016 American Control Conference (ACC), pp.
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works with second order turbine-governor dynamics,” Proceedings of the 15th Eu-
ropean Control Conference (ECC), pp. 916–921, Aalborg, DK, 2016. (Chapter
5)

• M. Cucuzella, S. Trip, C. De Persis and A. Ferrara – “Distributed second or-
der sliding modes for Optimal Load Frequency Control,” Proceedings of the 2017
American Control Conference (ACC), pp. 3451–3456, Seattle, WA, USA, 2017.
(Chapter 6)

• S. Trip, M. Cucuzella, A. Ferrara and C. De Persis – “An energy function based de-
sign of second order sliding modes for Automatic Generation Control,” Proceedings
of the 2017 IFAC World Congress, pp. 12118–12123, Toulouse, FR, 2017.

• S. Trip and C. De Persis – “Communication requirements in a master-slave control
structure for optimal load frequency control,” Proceedings of the 2017 IFAC World
Congress, pp. 10519–10524, Toulouse, FR, 2017. (Chapter 7)
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2016. (Chapter 2)

1.3 Notation

Let 0 be the vector or matrix of all zeros of suitable dimension and let 1n be the vec-
tor containing all ones of length n. A diagonal matrix, with diagonal elements given
by vector x, is denoted by diag(x) and occasionally by [x]. We define R(f(x)) to be
the range of function f(x). A steady state solution to system ẋ = f(x), satisfying
0 = f(x), is denoted by x, i.e. 0 = f(x), except in Chapter 2, where x denotes also
a solution to the regulator equations. In case the argument of a function is clear
from the context, we occasionally write f(x) as f(·) or f . Let A be a matrix, then
Im(A) is the image ofA and Ker(A) is the kernel of A. In case A is a positive definite
(positive semi-definite) matrix, we write A ∈ Rn×n>0 (A ∈ Rn×n≥0 ), or A > 0 (A ≥ 0).
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Similarly, for negative definite (negative semi-definite) matrices. Lastly, we denote
the cardinality of a set V as |V|.

1.4 Preliminaries

In this section a minimum amount of preliminaries are provided, that are useful
to the development of the various results appearing in this thesis. An important
topic that is left out here, is a discussion on power networks. The considered po-
wer network models in this thesis are standard, and derivations as well as further
discussions can be found in e.g (Machowski et al. 2008) and (Kundur et al. 1994).

1.4.1 Nonlinear systems

We suppose the reader is familiar with standard notions for the analysis and con-
trol of nonlinear system, and foremost with dissipative systems (Willems 2007).
For detailed discussions on nonlinear systems, the textbooks (van der Schaft 1999),
(Haddad and Chellaboina 2008) and (Sepulchre et al. 1997), provide excellent star-
ting points. We merely recall a few essential definitions and results, starting with
‘incremental passivity’.

Definition 1.4.1 (Incremental passivity, (Pavlov and Marconi 2008)). Consider the
system

ẋ = f(x, u)

y = h(x),
(1.1)

with state x ∈ Rn input u ∈ Rm and output y ∈ Rm. We say that (1.1) is incremen-
tally passive if there exists a continuous differentiable, positive definite, radially unbounded,
storage function S(x1, x2) : R≥0 × R2n → R≥0 such that for any two inputs u1(t) and
u2(t) and any two solutions of system (1.1) x1(t), x2(t) corresponding to these inputs, the
respective outputs y1(t) = h(x1(t)) and y2(t) = h(x2(t)) satisfy the inequality

Ṡ = ∂S
∂x1

f(x1, u1) + ∂S
∂x2

f(x2, u2) ≤ (y1 − y2)T (u1 − u2). (1.2)

The following extension will be useful as well.

Definition 1.4.2 (Output strictly incremental passivity). We say that (1.1) is output
strictly incrementally passive if in Definition 1.4.1, (1.3) is replaced by

Ṡ = ∂S
∂x1

f(x1, u1) + ∂S
∂x2

f(x2, u2) ≤ −ρ(y1 − y2) + (y1 − y2)T (u1 − u2), (1.3)

where ρ(y1 − y2) : R2n → R≥0 is a positive definite function.
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Note that in Definition 1.4.1, the storage function S is required to be radially
unbounded, which is absent in (Pavlov and Marconi 2008, Definition 1). To accom-
modate the possibility that S is not radially unbounded, we introduce the following
definition:

Definition 1.4.3 (Incremental cyclo-passivity). We say that (1.1) is incrementally cyclo-
passive if in Definition 1.4.1, (1.3) the incremental storage function S is not required to be
radially unbounded.

The definition of ‘incremental cyclo-passivity’ is particularly useful, if we can can
only establish that the incremental storage function S(x1, x2) is positive definite at
a point (x1, x2). Often it is useful to establish incremental passivity with respect to a
particular solution (often the steady state solution), and we introduce the following
definition:

Definition 1.4.4 (Incremental passivity with respect to a particular solution). We say
that (1.1) is incrementally passive with respect to a particular solution x2(t), with input
u2(t) satisfying

ẋ2 = f(x2, u2)

y2 = h(x2),
(1.4)

if in Definition 1.4.1, the dissipation inequality holds with respect to the particular solution
x2(t), instead of any solution to (1.1).

In case incremental passivity is established with respect to a steady state solu-
tion, (1.4) becomes

0 = f(x, u)

y = h(x).
(1.5)

Remark 1.4.5 (Equilibrium independent passivity). Note that the definition above shows
similarities with the definition of ‘equilibrium independent passivity’ (Hines et al. 2011).
However, the ‘integrator system’

ẋ = u (1.6)

y = x, (1.7)

is not equilibrium independent passive, as the definition in (Hines et al. 2011) requires that
for a given u, there exists a unique x, such that (in this case) 0 = u. On the other hand,
(1.6) is according to our definition ‘incrementally passive with respect to the steady (x, u)

satisfying 0 = u’, as can be established by considering the incremental storage function
S = 1

2 (x− x)T (x− x).
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Until now we considered dynamical systems with input u. One of the objecti-
ves of this work is to design (feedback) controllers, obtaining eventually a closed
loop system. We recall three lemmas that will be essential to study the asymptotic
behaviour of the closed loop (autonomous) system.

Lemma 1.4.6 (Stability (Sepulchre et al. 1997)). Let 0 be an equilibrium of system

ẋ = f(x), (1.8)

and suppose that f is locally Lipschitz continuous. Let S : Rn → R≥0 be a continuous
differentiable, positive definite and radially unbounded function S(x) such that

Ṡ =
∂S(x)

∂x
f(x) ≤ 0. ∀x ∈ Rn (1.9)

Then, x = 0 is globally stable and all solutions to (1.8) converge to the set E where Ṡ = 0.

Lemma 1.4.7 (LaSalle’s invariance principle, (Sepulchre et al. 1997)). Let Ω be a posi-
tive invariant set of

ẋ = f(x). (1.10)

Suppose that every solution starting in Ω converges to a set E ⊂ Ω and let M be the largest
invariant set contained in E. Then, every bounded solution starting in Ω converges to M
as t→∞.

Lemma 1.4.8 (Convergence to a constant vector (Haddad and Chellaboina 2008)).
Consider the system

ẋ = f(x), (1.11)

and let Ω be an open neighborhood of f−1(0). Suppose the positive orbit of (1.11) is bounded
for all x ∈ Ω and assume that there exists a continuously differentiable function S : Ω→ R

such that

Ṡ =
∂S(x)

∂x
f(x) ≤ 0, ∀x ∈ Ω. (1.12)

If every point in the largest invariant subset M of

{x ∈ Ω :
∂S(x)

∂x
f(x) = 0} (1.13)

is Lyapunov stable, then 1.11 converges to a constant vector.



18 1. Introduction

1.4.2 Optimization

The optimization problems we consider are convex, and we exploit a few standard
properties of this class of problems. For a more detailed discussion on the topic of
convex optimization, possibly in relation to networks, the reader can consult e.g.
(Boyd and Vandenberghe 2004) and (Bertsekas 1998). We present a few basic, but
essential, results from (Boyd and Vandenberghe 2004) that are tailored to our needs.
Consider the optimization problem

min
x
C(x)

s.t Ax− b = 0,
(1.14)

with C(x) a strictly convex function.

Assumption 1.4.9 (Feasibility). There exists a solution x? to (1.14), with optimal value
of p? = C(x?).

Definition 1.4.10 (Lagrangian function). The Lagrangian function of (1.14) is

L(x, λ) = C(x)− λT (Ax− b), (1.15)

where λ is the Lagrange multiplier.

Based on the definition of the Lagrangian function, we can formulate the so-
called ‘dual problem’.

Definition 1.4.11 (Dual problem). The dual problem of (1.14) is

max
λ

g(λ), (1.16)

with

g(λ) = min
x
L(x, λ). (1.17)

The optimal value is given by d? = g(λ?).

In case p? = d?, we say that strong duality holds. For the considered case we
have that strong duality always holds, if the primal problem is feasible.

Lemma 1.4.12 (Slater’s condition). Strong duality holds if (1.14) is feasible.

Having formulated the primal and the dual problem, one can obtain the follo-
wing results that are useful to explicitly characterize the solution to (1.14).
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Lemma 1.4.13 (Saddle point). Let Assumption 1.4.9 hold. x? is optimal for (1.14) and λ?

is optimal for (dual problem) if and only if (x?, λ?) is a saddle point of (1.15), i.e.

L(x?, λ) ≤ L(x?, λ?) ≤ L(x, λ?). (1.18)

Lemma 1.4.14 (First order optimality conditions). The vector x? is optimal for 1.14 if
and only if there exists a λ? such that

∇C(x?)−ATλ? = 0

Ax? − b = 0.
(1.19)

Note that ∂L(x,λ)
∂x = ∇C(x)−ATλ and ∂L(x,λ)

∂λ = Ax− b.

1.4.3 Hybrid systems

The combination of discrete and continuous time dynamics, results in a so-called
hybrid system. In this thesis we follow closely the formalism introduced in (Goebel
et al. 2012). We recall a few basic notations and concepts that are helpful to un-
derstand the exposition in Chapter 7 and Chapter 8. Foremost, we recall some de-
finitions and results that allows us to introduce an invariance principle for hybrid
systems. The considered hybrid systems are of the form

ẋ ∈ F (x) for x ∈ C
x+ ∈ G(x) for x ∈ D,

(1.20)

where

• C is the flow set,

• F is the flow map,

• D is the jump set,

• G is the jump map.

The hybrid system, with state x ∈ Rn, is denoted as H = (C,F,D,G), or briefly H.
A subset E ⊂ R≥0 × Z≥0 is a hybrid time domain if for all (T,K) ∈ E, E ∩ ([0, T ] ×
{0, . . . ,K}) =

⋃
k∈{0,...,K−1}([tk, tk+1], k) for some finite sequence of times 0 = t0 ≤

t1, . . . ,≤ tK . A function φ : E → Rn is a hybrid arc ifE is a hybrid time domain and if
for each k ∈ Z≥0, t→ φ(t, k) is locally absolutely continuous on Ik = {t : (t, k) ∈ E}.
The hybrid arc φ → dom φ → Rn is a solution to (1.20) if: (i) φ(0, 0) ∈ C ∪D; (ii) for
any k ∈ Z≥0, φ(t, k) ∈ C and (d/dt)φ(t, k) ∈ F (φ(t, k)) for almost all t ∈ Ik (recall
that Ik = {t : (t, k) ∈ dom φ}; (iii) for every (t, k) ∈ dom φ such that (t, k + 1) ∈
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dom φ, φ(t, k) ∈ D and φ(t, k + 1) ∈ G(φ(t, k). A solution to (1.20) is: nontrivial if
dom φ contains at least two points; maximal if it cannot be extended; complete if dom φ

is unbounded; precompact if it is complete and the closure of its range is compact,
where the range of φ is rge φ := {y ∈ Rn : ∃(t, k) ∈ dom φ such that y = φ(t, k)}.

Lemma 1.4.15 (Nominally well-posedness). A hybrid system H = (C,F,D,G) is no-
minally well-posed if it satisfies the following hybrid basic conditions:

1. C and D are closed subsets of Rn,

2. F : Rn ⇒ Rn is outer semicontinuous and locally bounded relative to C, C ⊂
dom F , and F (x) is convex for every x ∈ C,

3. G : Rn ⇒ Rn is outer semicontinuous and locally bounded relative to D, D ⊂
dom G.

Definition 1.4.16 (Weakly invariant). A set S ⊂ Rn is weakly invariant for system
(1.20) if it is:

1. weakly forward invariant, i.e., for any ξ ∈ S there exists a least one complete
solution φ with initial condition ξ such that rge φ ⊂ S;

2. weakly backward invariant, i.e., for any ξ ∈ S and τ > 0, there exists a least
one solution φ such that for some (t∗, k∗) ∈ dom φ, t∗ + k∗ ≤ τ , it is the case that
φ(t∗, k∗) = ξ and φ(t, k) ∈ S for all (t, k) ∈ dom φ with t+ k ≤ t∗ + k∗.

Lemma 1.4.17 (An invariance principle). Assume the hybrid system is nominally well
posed. Consider a continuous function V : Rn → R, continuously differentiable on a
neighborhood of C. Suppose that for a given U ⊂ Rn.

uC(z) ≤ 0, uD ≤ 0 for all z ∈ U. (1.21)

Let a precompact φ∗ ∈ SH be such that rge φ∗ ⊂ U . Then, for some r ∈ V (U), φ∗

approaches the nonempty set which is the largest weakly invariant subset of

Υ = V −1(r) ∩ U ∩
[
u−1
C (0) ∪

(
u−1
D (0) ∩G(u−1

D (0))
)]
. (1.22)




