
 

 

 University of Groningen

A geometric approach to differential-algebraic systems
Megawati, Noorma

IMPORTANT NOTE: You are advised to consult the publisher's version (publisher's PDF) if you wish to cite from
it. Please check the document version below.

Document Version
Publisher's PDF, also known as Version of record

Publication date:
2017

Link to publication in University of Groningen/UMCG research database

Citation for published version (APA):
Megawati, N. (2017). A geometric approach to differential-algebraic systems: from bisimulation to control by
interconnection. University of Groningen.

Copyright
Other than for strictly personal use, it is not permitted to download or to forward/distribute the text or part of it without the consent of the
author(s) and/or copyright holder(s), unless the work is under an open content license (like Creative Commons).

The publication may also be distributed here under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license.
More information can be found on the University of Groningen website: https://www.rug.nl/library/open-access/self-archiving-pure/taverne-
amendment.

Take-down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Downloaded from the University of Groningen/UMCG research database (Pure): http://www.rug.nl/research/portal. For technical reasons the
number of authors shown on this cover page is limited to 10 maximum.

Download date: 25-05-2023

https://research.rug.nl/en/publications/46980c8f-a61a-40dd-a513-503bd15cbd3d


512350-L-sub01-bw-Megawati512350-L-sub01-bw-Megawati512350-L-sub01-bw-Megawati512350-L-sub01-bw-Megawati
Processed on: 10-8-2017Processed on: 10-8-2017Processed on: 10-8-2017Processed on: 10-8-2017 PDF page: 1PDF page: 1PDF page: 1PDF page: 1

A GEOMETRIC APPROACH TO

DIFFERENTIAL-ALGEBRAIC SYSTEMS

FROM BISIMULATION TO CONTROL BY INTERCONNECTION

Noorma Yulia Megawati



512350-L-sub01-bw-Megawati512350-L-sub01-bw-Megawati512350-L-sub01-bw-Megawati512350-L-sub01-bw-Megawati
Processed on: 10-8-2017Processed on: 10-8-2017Processed on: 10-8-2017Processed on: 10-8-2017 PDF page: 2PDF page: 2PDF page: 2PDF page: 2

The research described in this dissertation has been carried out at the Johann
Bernoulli Institute for Mathematics and Computer Science (JBI), Faculty of Mathe-
matics and Natural Sciences, University of Groningen, The Netherlands.

This dissertation has been completed in partial fulfilment of the requirements of
the Dutch Institute of Systems and Control (DISC) for graduate study.

The work presented in this dissertation is supported by the Directorate General of
Higher Education (DIKTI), The Ministry of Research, Technology, and Higher
Education of Indonesia.

A geometric approach to differential-algebraic systems:
From bisimulation to control by interconnection
Noorma Yulia Megawati
PhD Thesis University of Groningen

Cover by Raymond Nainggolan
Printed by Ipskamp Printing

ISBN (printed version): 978-94-028-0731-8
ISBN (electronic version): 978-94-034-0052-5



512350-L-sub01-bw-Megawati512350-L-sub01-bw-Megawati512350-L-sub01-bw-Megawati512350-L-sub01-bw-Megawati
Processed on: 10-8-2017Processed on: 10-8-2017Processed on: 10-8-2017Processed on: 10-8-2017 PDF page: 3PDF page: 3PDF page: 3PDF page: 3

A geometric approach to
differential-algebraic systems:

From bisimulation to control by interconnection

PhD thesis

to obtain the degree of PhD at the
University of Groningen
on the authority of the

Rector Magnificus Prof. E. Sterken
and in accordance with

the decision by the College of Deans.

This thesis will be defended in public on

Friday 15 September 2017 at 11.00 hours

by

Noorma Yulia Megawati

born on 29 July 1986
in Sleman, Indonesia



512350-L-sub01-bw-Megawati512350-L-sub01-bw-Megawati512350-L-sub01-bw-Megawati512350-L-sub01-bw-Megawati
Processed on: 10-8-2017Processed on: 10-8-2017Processed on: 10-8-2017Processed on: 10-8-2017 PDF page: 4PDF page: 4PDF page: 4PDF page: 4

Supervisors
Prof. A.J. van der Schaft
Prof. H.L. Trentelman

Assessment committee
Prof. M.K. Çamlıbel
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Chapter 1

Introduction

This thesis is devoted to the geometric theory of systems described by differential-
algebraic equations. The description of a complex dynamical system usually arises
from the interconnection of system components, which generally leads to a descrip-
tion of the system involving both differential equations and algebraic equations in
the state variables. These systems are called differential-algebraic equation (DAE)
systems, and are also known as singular, descriptor or implicit systems.

In the first part of this thesis we will focus on the analysis of linear DAE
systems. In particular, we will extensively study the equivalence of DAE systems by
bisimulation. Also we will study the disturbance decoupling problem for a particular
class of DAE systems.

In the second part of the thesis, we will study the control by interconnection
problem of a standard input-state-output system, based on an abstraction system.
An abstraction system is a lower-dimensional system whose external behavior (with
respect to a given set of input and output variables) contains the external behavior
of the original system. Abstraction systems generally include internal disturbances,
modelling the non-determinism arising from abstraction.

We will study the control by interconnection problem for the abstraction system,
with particular emphasis on the canonical controller, which is defined as an DAE
system arising from the interconnection of the abstraction system and a given
specification system. Next we will investigate how the controller system developed
for the abstraction system can be applied to the original system, and how this leads
to a closed-loop system that is simulated by the given specification system.

In the rest of this chapter we will introduce the problems to be studied in this
thesis in more detail. We finish with an outline of the thesis, together with the
references to the publications on which the chapters are based.

1.1 Bisimulation relations

The description of a complex dynamical system generally leads to a description
of the system involving both differential equations and algebraic equations in the
state variables. These systems are called differential-algebraic equation (DAE)
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2 1. Introduction

systems. DAE systems have many applications e.g. in power systems, electrical
circuits, large-scale systems, economic systems, network systems, and many more.

A fundamental concept in the broad area of systems theory, concurrent pro-
cesses, and dynamical systems, is the notion of equivalence. In general there are
different ways to describe systems (‘processes’ in computer science); each with their
own advantages and disadvantages. This calls for systematic ways to convert one
representation into another and for means to determine which system representa-
tions are ‘equal’. It also involves the notion of a minimal system representation. In
systems theory as well as in the theory of concurrent processes, the emphasis is on
determining which systems are externally equivalent; we only want to distinguish
between systems if the distinction can be detected by an external agent interacting
with these systems. This is crucial in any modular approach to the control and
design of complex systems.

Classical notions developed in systems and control theory for external equiva-
lence are transfer matrix equality and state space equivalence. In state space systems
theory two systems are called equivalent if there exists an invertible state space
transformation linking the two systems. In the behavioral approach, two systems
are called equivalent if their behaviors are equal. This notion of equivalence is
called external equivalence, see e.g. [32] and [4]. In an input-output context,
two linear systems are called equivalent if their transfer matrices are equal, see
e.g. [1, 2]. Furthermore, [24] used a generalized notion of transfer equivalence,
which is also applicable to systems for which the transfer function does not exist.
In most of the literature on DAE systems, see e.g. [10, 16, 36], two state space
systems are called equivalent if there exist two invertible transformations (one in
the state space, and one in the equation space) linking the two systems. On the
other hand, within computer science the basic notions are language equality and
bisimulation [14, 27, 44]. Among others, the notion of bisimulation in the context
of concurrency theory has been used as a mechanism to mitigate the complexity of
software verification.

Motivated by the rise of hybrid and cyber-physical systems, a re-approachment
of these notions stemming from different backgrounds has been initiated. An
extension of the notion of bisimulation to continuous dynamical systems was
explored in a series of innovative papers by Pappas and co-authors [48, 54]. In
particular, it was shown how for linear systems a notion of bisimulation relation can
be developed mimicking the notion of bisimulation relation for transition systems,
and directly extending classical notions of transfer matrix equality and state space
equivalence [58]. An important aspect of this approach in developing bisimulation
theory for continuous linear systems is that the conditions for the existence of a
bisimulation relation are formulated directly in terms of the differential equation
description, instead of the corresponding dynamical behavior (the solution set of
the differential equations). This has dramatic consequences for the complexity
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1.1. Bisimulation relations 3

of bisimulation computations, which reduce to linear-algebraic computations on
the matrices specifying the linear system descriptions, very much in the spirit
of linear geometric control theory [5, 6, 56, 66]. For extensions to nonlinear
systems exploiting corresponding nonlinear geometric theory we refer to [58].
In this thesis we will continue the development of the notion of bisimulation to
differential-algebraic (DAE) systems.

In order to extend a theory of bisimulation to DAE systems we first start with a
full characterization of the solution set of DAE systems in Chapter 3. We consider
general linear DAE systems including additional inputs which can be thought of
as internal disturbances. These disturbances are used for modelling the typical
case of ‘non-determinism’ in the abstraction system. ‘Non-determinism’ means that
the state of the system, starting from a given initial condition, and for a given
input functions may evolve into different time-trajectories. The solution concept
that we consider here is that of ordinary continuous state trajectories starting from
feasible initial conditions. Note this is different from the solution concept including
discontinuities given in e.g. [12, 15, 22, 23, 25, 50, 55]. In general, DAE systems
will not have continuous solutions for arbitrary initial conditions. The initial values
for which there exists a continuously differentiable solution are called consistent
states. In this chapter, we will define the set of all consistent states, called the
consistent subset. Differently from the standard definition of the consistent subspace,
this consistent subset is the set of initial states for which there exists a continuous
and piecewise-differentiable solution trajectory for arbitrary piecewise-continuous
input functions. We will use linear geometric control theory to fully characterize
the consistent subset and its corresponding solution trajectories.

Using the results of Chapter 3, we will develop in Chapter 4 the notion of
bisimulation relation for DAE systems including internal disturbances. The exten-
sion with respect to previous work [58] (where the linear-algebraic conditions
for bisimulation) were derived in case of ordinary differential equation models)
is non-trivial because of the following two reasons. First, since bisimulation is an
equivalence between system trajectories we need to employ the set of solution
trajectories of DAE systems, as investigated in Chapter 3. Secondly, the notion of
bisimulation relation needs to be characterized in terms of the differential-algebraic
equations, containing the conditions previously obtained for ordinary differential
equation models in [58] as a special case.

In Chapter 5, we will study a different notion of bisimulation relation for DAE
systems which is also taking into account states outside the consistent subset.
We restrict attention to DAE systems with regular matrix pencil. This regularity
assumption guarantees that the DAE system can be decoupled into an ordinary
differential equation (ODE) system and a purely algebraic equation system. Thus
any solution of a regular DAE system is the direct sum of a solution of the ODE
part and the solution of a purely algebraic part. The main idea of the notion of



512350-L-sub01-bw-Megawati512350-L-sub01-bw-Megawati512350-L-sub01-bw-Megawati512350-L-sub01-bw-Megawati
Processed on: 10-8-2017Processed on: 10-8-2017Processed on: 10-8-2017Processed on: 10-8-2017 PDF page: 16PDF page: 16PDF page: 16PDF page: 16

4 1. Introduction

bisimulation relation for regular DAE systems is to split the notion of bisimulation
relation into partial bisimulation relation corresponding to the ODE part and a
purely algebraic equation part.

1.2 Disturbance decoupling

Hybrid systems are a combination of continuous linear systems, called the modes
of the hybrid system, together with the discrete dynamics of switching between
these modes. One class of hybrid systems is the class of linear systems with
complementarity switching. These systems are obtained by taking a standard
linear input-output system and imposing complementarity zero constraints on the
equally dimensioned input and output vectors. This class of systems is closely
related to the well-known class of linear complementarity systems obtained by
imposing additional non-negativity constraints on the inputs and outputs. For more
information about linear complementarity systems we refer to [26, 60, 61].

A classical problem in geometric control theory is the disturbance decoupling
problem. Geometric control theory gives powerful tools for solving this classical
problem for linear systems, see e.g. [6, 56, 66]. In the area of hybrid dynamical
system, the disturbance decoupling problem has been explored in the following
papers. In the context of switched linear systems, the solution of the disturbance
decoupling problem was given in [46, 67]. In this case, the switching behavior of
the system is state independent. A consequence of state independent switching is
that the set of reachable states under the influence of disturbances is a subspace.
This allows one to generalize the notion of controlled invariant subspace to switched
systems.

The disturbance decoupling problem in the context of piecewise affine systems
was explored in [18, 20]. In this case, the switching behavior is state dependent.
The set of reachable states under the influence of disturbances in this case is not
anymore a subspace. In the same papers a new approach is developed that takes
into account the state dependent switching, leading to a set of necessary and a set
of sufficient conditions for disturbance decoupling. In general, these necessary and
sufficient conditions do not coincide.

In Chapter 6 we study the disturbance decoupling problem for linear systems
with complementarity switching. Differently from [19, 20] we will consider general
systems with complementarity switching where (part of) the modes are DAE
systems. An appealing example of a linear systems with complementarity switching
is an electrical circuit with ideal switches, with complementarity variables being
the voltages across, and currents through, the switches: open switches correspond
to zero currents, and closed switches correspond to zero voltages. In the first part
of this chapter we will extend the classical disturbance decoupling problem to DAE
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1.3. Control by interconnection 5

systems. In the second part of Chapter 6, following a similar approach as in the
disturbance decoupling problem for piecewise affine systems [18, 20], we will
derive necessary and sufficient geometric conditions under which a linear system
with complementarity switching is disturbance decoupled.

1.3 Control by interconnection

A basic problem in system and control theory is to construct a controller such
that the closed-loop system behaves as a given specification system. When such a
controller exists, we say that the specification system is achievable from the plant
system. This general problem has been explored in various frameworks, see e.g.
[52, 54, 57, 62, 63, 64] and the references quoted therein.

When dealing with a large-scale plant system, the controller tends to become
high-dimensional as well, posing severe problems for computation and implemen-
tation. One of the methods to address this complexity problem is to approximate
the linear plant system by a lower-dimensional system. There are many methods for
approximation. In this thesis we approximate the plant system in the sense that it
is simulated by a lower-dimensional linear system. This is the idea of abstraction
[48, 58], and we call such an approximation an abstraction system.

In Chapter 7, we study the problem of constructing a controller achieving a
desired linear specification, based on an abstraction system of the linear plant
system. Since the abstraction system typically contains internal disturbances this
problem extends the ‘control by interconnection’ problem studied in [63] for
standard input-state-output systems. These internal disturbances are used for
modelling the typical case of ‘non-determinism’ in the abstraction system1. ‘Non-
determinism’ means that the state of the system, starting from a given initial
condition, and for a given input function may evolve into different time-trajectories.
The next problem, we want to apply the controller based on the lower-dimensional
abstraction system to the plant system in such a way that the closed-loop system
approximates the specification system, where again approximation is formalized
as simulation. We will use the so-called ‘canonical controller’ introduced in [57],
and further used in [29, 63], for the control by interconnection problem. By
construction, the canonical controller is a DAE system, to which the (bi)simulation
theory developed in the previous chapters applies.

A similar problem setting was extensively studied by various authors, see e.g.
[51, 53] and the references quoted therein, with the main difference that the
abstraction system in these papers is a discrete transition system. Instead, in our

1The problem as studied in Chapter 7 is fundamentally different from the problem studied in
[28] where the problem of (behavioral) control by interconnection of a plant system with external
disturbances was treated. The main problem in this setting is to develop a controller such that the
external disturbances remain ‘free’.
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setting the abstraction system is again a (lower-dimensional and non-deterministic)
linear system, which allows us to remain completely within the framework of linear
geometric control theory. In [53] the problem is studied of refining the controller
for the discrete abstraction system in such a way that it can be applied to the
plant system. Furthermore, the notion of alternating simulation relation is used to
relate the plant system and the abstraction system. Examples in [51] show that
the alternating simulation relations are not adequate for controller refinement
whenever the controller has only quantized or symbolic state information, and the
complexity of the refined controller exceeds the complexity of the controller for the
abstraction system. Therefore, a novel notion of feedback refinement relation was
proposed to resolve both issues.

1.4 Outline of the thesis

The outline of the thesis is as follows.
In Chapter 2 we summarize relevant concepts and results from geometric control

theory. Expositions of geometric control theory can be found in [56, 66]. We
also provide some preliminaries on the notion of bisimulation relation for linear
continuous systems. More details on the notion of bisimulation relation can be
found in [58].

In Chapter 3 we study by methods from geometric control theory to characterize
the solution set of differential-algebraic equation (DAE) systems. We restrict our
attention to continuous and piecewise-differentiable solution trajectories of the
systems corresponding to feasible initial conditions. We use geometric control
theory in order to explicitly describe the set of consistent states and the set of state
solution trajectories. The material in this chapter is based on [40].

In Chapter 4 we extend the notion of bisimulation relation for linear input-
state-output systems to general linear differential-algebraic (DAE) systems. We use
geometric control theory to derive a linear-algebraic characterization of bisimula-
tion relations, and an algorithm for computing the maximal bisimulation relation
between two linear DAE systems. Furthermore, by developing a one-sided version
of bisimulation, characterizations of simulation and abstraction are obtained. The
results of this chapter are based on the papers [39, 40].

In Chapter 5, we study a different notion of bisimulation relation for DAE
systems with regular matrix pencil. It is well-known that if the matrix pencil sE−A

is regular the state vector of the DAE system can be decoupled into two parts: one
corresponding to the ordinary differential system which also corresponding to a
standard proper transfer matrix, and the other one related to a polynomial transfer
matrix. The solution trajectories are the direct sum of the solution trajectories of
slow (ODE) subsystem and fast subsystem. Using geometric control theory, we
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develop the notion of bisimulation relation between two regular DAE systems,
which is the sum of two partial bisimulation relations corresponding to the slow
subsystem and the fast subsystem. Chapter 5 is an extended and modified version
of the paper [41].

In Chapter 6 we study the disturbance decoupled problem for linear systems
with complementarity switching. This results in a switched (or hybrid) linear system
where each mode is formulated as a DAE system. In the first part of this chapter, we
will extend the disturbance decoupling problem for linear systems to DAE systems.
In the second part of this section, we will derive a necessary condition and a
sufficient geometric condition for a linear system with complementarity switching
to be disturbance decoupled. The results of this chapter are based on [43].

In Chapter 7 we study the problem of constructing a controller achieving
a desired specification, based on a linear abstraction system of the system at
hand. First, we extend the necessary and sufficient conditions for control by
interconnection by bisimulation equivalence to the case of non-deterministic linear
systems. Then we apply the controller constructed on the basis of the lower-
dimensional abstraction system to the original plant system and show that the
closed-loop system is simulated by the given specification system. We distinguish
between two instances of abstraction of the plant system. In the first one, the set of
variables available for controller interconnection remains the same. In the second,
more general, form this is not anymore the case, and we show how an adapted
form of interconnection of the controller system to the plant system yields the same
result. The results of this chapter are mostly based on [42].

Chapter 8 contains the conclusions and recommendations for future research.
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Chapter 2

Preliminaries

The preliminaries presented in this chapter may be helpful when reading other
parts of this thesis. We will summarize some definitions and results from geometric
control theory which play an important role for this thesis in Section 2.1. We will
recall some basic notions such as controlled invariant subspace, output-nulling
subspace and weakly unobservable subspace. For more detailed information about
geometric control theory, see e.g. [5, 6, 56, 66]. In Section 2.2 we introduce the
notion of bisimulation relation for linear continuous systems. For a more detailed
treatment see e.g. [58].

2.1 Geometric control theory

Consider a linear system Σ given by

ẋ = Ax+Bu, x ∈ X , u ∈ U
y = Cx+Du, y ∈ Y (2.1)

where A ∈ Rn×n, B ∈ Rn×m, C ∈ Rp×n, D ∈ Rp×m, and x ∈ X = Rn is the state,
u ∈ U = Rm is the input, y ∈ Y = Rp is the output. The space X ,U ,Y are finite
dimensional linear spaces. The solution of the differential equation of (2.1) with
initial value x(0) = x0 and input function u(·) will be denoted as xu(t, x0). The
corresponding output function will be denoted as yu(t, x0) = Cxu(t, x0) +Du(t).

Definition 2.1. A subspace W ⊂ X is called controlled invariant, or (A,B)-
invariant, if for any x0 ∈ W there exists an input function u(·) such that xu(t, x0) ∈
W for all t � 0.

The following theorem gives several equivalent characterizations of controlled
invariant subspaces.

Theorem 2.2. [56, Theorem 4.2] Consider the system (2.1). Let W be a subspace of
X . The following statements are equivalent.

1. W is a controlled invariant subspace,

2. AW ⊂ W + imB,
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3. there exists a linear map F : X → U such that (A+BF )W ⊂ W. Any such F

is called a friend of W.

The set of controlled invariant subspaces is closed under addition.

Lemma 2.3. [66, Lemma 4.3] The sum of any two controlled invariant subspaces is
also controlled invariant subspace.

Proof. Let W1,W2 be controlled invariant subspaces. Then

A(W1 +W2) = AW1 +AW2,

⊂ W1 +W2 + imB.

Hence W1 +W2 is also a controlled invariant subspace.

Lemma 2.3 implies that that for any subspace K ⊂ X there always exists a
maximal (or, largest) controlled invariant subspace contained in K, denoted W∗(K).
That is, for any controlled invariant subspace W ⊂ K it hold that W ⊂ W∗(K).
This maximal controlled invariant subspace W∗(K) can be computed using the
following algorithm.

Algorithm 2.4. [56] Let K be any subspace in X . Define the sequence of subspaces
of K as follows

W0 = K,

Wk = Wk−1 ∩A−1(Wk−1 + imB), k = 1, 2, · · · . (2.2)

where A−1 denotes set-theoretic inverse.

The algorithm (2.2) is called the controlled invariant subspace algorithm. It is
easily verified that Wk are subspaces and satisfy W0 ⊃ W1 ⊃ W2 ⊃ · · · . Since
dim(K) is finite there exists l � dimK such that W l = W l+1. Then, W∗(K) = W l

is the maximal controlled invariant subspace contained in K.
The zeros of the system Σ are associated with initial states for which by choosing

an appropriate input yield zero output. An initial state in the state space of Σ for
which this property holds is called an output-nulling state.

Definition 2.5. A subspace W ⊂ X is an output-nulling subspace if for any x0 ∈ W
there exists an input function u(·) such that xu(t, x0) ∈ W and yu(t, x0) = 0 for all
t � 0.

The following theorem gives several equivalent characterizations of output-
nulling subspace.

Theorem 2.6. [56] Consider system (2.1). Let W be a subspace of X . The following
statements are equivalent.
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1. W is an output-nulling subspace,

2.
[

A

C

]
W ⊂ (W × 0) + im

[
B

D

]
,

3. there exists a linear map F : X → U such that (A + BF )W ⊂ W and
(C +DF )W = 0.

Remark 2.7. The set of output-nulling subspaces is closed under addition i.e. if W1

and W2 are output-nulling subspaces, then the sum W1 +W2 is also output-nulling
subspace. With this property we can define the largest output-nulling subspace
W∗ such that there exists a matrix F with the property that (A+BF )W∗ ⊂ W∗ ⊂
ker(C +DF ).

The weakly unobervable subspace of system Σ denoted by W∗ is the largest
output-nulling subspace. When D = 0 then we have W∗ = W∗(K), the largest
controlled invariant subspace contained in K = kerC. For notational convenience,
we denote C +DF by CF and A+BF by AF .

Theorem 2.8. [56, Theorem 7.11] Let F : X → U be a linear map such that
AFW∗ ⊂ W∗ and CFW∗ = 0. Let L be a linear map such that imL = kerD +

B−1W∗ where B−1 denotes set-theoretic inverse. Let x0 ∈ W∗ and u be an input
function. Then yu(t, x0) = 0 if and only if u has the form u(t) = Fx(t) + Lw(t) for
some function w.

2.2 Bisimulation relations

Consider two linear systems

Σi :
ẋi = Aixi +Biui +Gidi, xi ∈ Xi, ui ∈ U , di ∈ Di

yi = Cixi, yi ∈ Y (2.3)

where Ai ∈ Rni×ni , Bi ∈ Rni×m, Gi ∈ Rni×si , and Ci ∈ Rp×ni ; X = Rni ,U =

Rm,Di = Rsi , and Yi = Rp. Here xi denotes the state of the system, ui is the input,
di is the internal disturbance that generate non-determinism in the system. Finally,
yi is the output.

The set of allowed time functions xi : R+ → Xi, ui : R+ → U , di : R+ → Di, and
yi : R+ → Y, with R+ = [0,∞), will be denoted by Xi,U,Di, and Y, respectively.
The exact choice of function class is for the purpose of this section not really
important as long as the state trajectories x(·) are continuous. For example, we can
take all the functions to be C∞ or piecewise C∞.

The definition of a bisimulation relation between Σ1 and Σ2 as in (2.3) can be
given as follows.
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12 2. Preliminaries

Definition 2.9. [58, Definition 2.1] A bisimulation relation between two linear
systems Σ1 and Σ2 is a linear subspace R ⊂ X1 ×X2 such that for all pairs of initial
conditions (x10, x20) ∈ R and any common input function u1(·) = u2(·) = u(·) ∈ U,

the following properties hold:

1. for any disturbance function d1(·) ∈ D1, there should exist a disturbance
function d2(·) ∈ D2 such that the resulting trajectories x1(·) with x1(0) = x10

and x2(·) with x2(0) = x20 satisfy

(x1(t), x2(t)) ∈ R, ∀t � 0 (2.4)

and conversely, for any disturbance function d2(·) ∈ D2, there should exist
a disturbance function d1(·) ∈ D1 such that again the resulting trajectories
x1(·) with x1(0) = x10 and x2(·) with x2(0) = x20 satisfy (2.4).

2. For all (x1, x2) ∈ R
C1x1 = C2x2. (2.5)

Furthermore, two systems Σ1 and Σ2 are said to be bisimilar, denoted by Σ1 ≈ Σ2,
if there exists a bisimulation relation R ⊂ X1 ×X2 such that

π1(R) = X1 and π2(R) = X2,

where πi : X1 ×X2 → Xi, i = 1, 2, denote the canonical projections.

Using ideas from the theory of controlled invariant subspaces, the algebraic
characterization of the notion of bisimulation relation is given in the following
proposition and subsequent theorem. We omit the proof here, for more details see
[58]

Proposition 2.10. [58, Proposition 2.9] A subspace R ⊂ X1 ×X2 is a bisimulation
relation between Σ1 and Σ2 if and only if for all (x1, x2) ∈ R and all u ∈ U the
following properties hold:

1. for all d1 ∈ D1 there should exist a d2 ∈ D2 such that

(A1x1 +B1u+G1d1, A2x2 +B2u+G2d2) ∈ R, (2.6)

and conversely for every d2 ∈ D2 there should exist a d1 ∈ D1 such that (2.6)
holds.

2. C1x1 = C2x2.
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Theorem 2.11. [58, Theorem 2.10] Let Σ1 and Σ2 be two systems of the form (2.3).
A subspace R ⊂ X1 ×X2 is a bisimulation relation if and only if

(a) R+ im

[
G1

0

]
= R+ im

[
0

G2

]
=: Re,

(b)

[
A1 0

0 A2

]
R ⊂ Re,

(c) im

[
B1

B2

]
⊂ Re,

(d) R ⊂ ker

[
C1

... − C2

]
.

(2.7)

The one-sided notion of bisimulation, called simulation, is given in the following
definition.

Definition 2.12. [58, Definition 5.1] A simulation relation of Σ1 by Σ2 is a linear
subspace S ⊂ X1 ×X2 such that for all pairs of initial conditions (x10, x20) ∈ S and
any common input function u1(·) = u2(·) = u(·) ∈ U the following properties hold:

1. for any disturbance function d1(·) ∈ D1, there should exist a disturbance
function d2(·) ∈ D2 such that the resulting trajectories x1(·) with x1(0) = x10

and x2(·) with x2(0) = x20 satisfy

(x1(t), x2(t)) ∈ S, ∀t � 0. (2.8)

2. For all (x1, x2) ∈ S
C1x1 = C2x2. (2.9)

Furthermore, system Σ1 is said to be simulated by system Σ2, denoted by Σ1 � Σ2,

if there exists a simulation relation S of Σ1 by Σ2 such that π1(S) = X1.

The one-sided version of Theorem 2.11 is given in the following proposition.

Proposition 2.13. [58, Proposition 5.2] A subspace S ⊂ X1 × X2 is a simulation
relation of Σ1 by Σ2 if and only if

(a) S + im

[
G1

0

]
⊂ S + im

[
0

G2

]
,

(b)

[
A1 0

0 A2

]
S ⊂ S + im

[
0

G2

]
,

(c) im

[
B1

B2

]
⊂ S + im

[
0

G2

]
,

(d) S ⊂ ker

[
C1

... − C2

]
.

(2.10)
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The following lemma shows that the relation � is transitive.

Lemma 2.14. Let Σ1,Σ2 and Σ3 be three systems of the form (2.3). If Σ1 � Σ2 and
Σ2 � Σ3, then Σ1 � Σ3.

Proof. Let S1,2 ⊂ X1 × X2 and S2,3 ⊂ X2 × X3 be simulation relations of Σ1 by
Σ2 and Σ2 by Σ3, respectively. Since Σ1 � Σ2, for every d1 ∈ D1, there exists a
d2 ∈ D2 such that (x1, x2) ∈ S1,2. Since Σ2 � Σ3, there exists a d3 ∈ D3 such that
(x2, x3) ∈ S2,3. Thus, a simulation relation of Σ1 by Σ3 is given by the composition
of S1,2 and S2,3, i.e., the subspace

{(x1, x3) ∈ X1 ×X3 | ∃x2 ∈ X2 such that (x1, x2) ∈ S1,2 and (x2, x3) ∈ S2,3}.

For later use we note the following obvious fact.

Proposition 2.15. [58, Proposition 4.1] The identity relation Rid = {(x, x) | x ∈ X}
is a bisimulation relation between Σ and itself.

We remark that if there exists a simulation relation then there also exists the
maximal simulation relation. For computing the maximal simulation relation of Σ1

by Σ2 given in (2.3) the following algorithm can be used. The algorithm is similar
to the algorithm for computing the maximal controlled invariant subspace. For
notational convenience we define

A× =

[
A1 0

0 A2

]
, G×

1 :=

[
G1

0

]
, G×

2 :=

[
0

G2

]
, C× := [C1 − C2] .

Algorithm 2.16. [58] Given two systems Σ1 and Σ2. Define the following sequence
Sj , j = 0, 1, 2, · · · , of subsets X1 ×X2

S0 = X1 ×X2,

S1 = {z ∈ S0 | z ∈ kerC×},
S2 = {z ∈ S1 | A×z + imG×

1 ⊂ S1 + imG×
2 },

...
Sj+1 = {z ∈ Sj | A×z + imG×

1 ⊂ Sj + imG×
2 }.

(2.11)

The sequence of subsets Sj , j = 0, 1, 2, · · · , is satisfying the following properties.

Theorem 2.17. 1. Sj , j = 0, 1, 2, · · · , is a linear space or empty. Furthermore,
S0 ⊃ S1 ⊃ S2 ⊃ · · · ⊃ Sj ⊃ Sj+1 ⊃ · · ·

2. There exists a finite k such that Sk = Sk+1 =: S∗ and then Sj = S∗ for all
j � k.
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2.2. Bisimulation relations 15

3. S∗ is either empty or equals the maximal subspace of X1×X2 satisfying properties
(2.10a,b,d).

If S∗ is non-empty and additionally satisfies property (2.10c), we call S∗ the
maximal simulation relation of Σ1 by Σ2. On the other hand, if S∗ is empty or does
not satisfy property (2.10c) then there does not exist any simulation relation of Σ1

by Σ2.
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Chapter 3

The solution set of differential-algebraic
systems

In order to define the notion of bisimulation relation for differential-algebraic (DAE)
systems, we need to characterize the solution of the DAE systems. Consider a DAE
system

Eẋ = Ax+Bu,

y = Cx,
(3.1)

where x ∈ Rn is the state, u ∈ Rm is the input and y ∈ Rp is the output. Here,
the matrices E ∈ Rq×n, A ∈ Rq×n, B ∈ Rq×m, C ∈ Rp×n are real constant matrices
with q the total of the differential and algebraic equations.

In general, a DAE system (3.1) will not have solutions in a classical sense for all
possible initial conditions. The initial values for which there exists a continuous
and piecewise-differentiable solution are called consistent states of the system.

The solutions of DAE system (3.1) have been investigated before in many ways.
For example, [13, 16, 33, 34] consider solutions for DAE systems where they assume
that the matrix pencil (sE −A) is regular. The regularity assumption guarantees
that the DAE system has a unique solution for consistent initial conditions (see
Chapter 5 for regular DAE system). There are two approches concerning the
initial conditions for DAE system. The first approach is that the initial conditions
should be restricted to consistent initial states, while the other approach says that
any possible initial condition should be acceptable. For the latter case, it has
been suggested that the DAE system should adopt a generalized or distributional
solution. The generalized or distributional solution of DAE systems are considered
in [12, 15, 22, 23, 25, 50, 55]. Further, [33] studied the numerical solution of DAE
systems.

In this chapter, we will study solutions of linear DAE systems (3.1) involving
additional internal disturbances. Here, we do not assume that the matrix pencil
(sE − A) is regular. However, we restrict our attention to the continuous and
piecewise-differentiable solution trajectories of the system. First, we will define the
set of all consistent states, called the consistent subset. Differently from the standard
definition of the consistent subspace, this consistent subset is the set of initial states
for which there exists a continuous and piecewise-differentiable solution trajectory
for arbitrary piecewise-continuous input functions. We will fully characterize the
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18 3. The solution set of differential-algebraic systems

whole set of continuous and piecewise-differentiable solution trajectories of DAE
system corresponding to the set of consistent initial conditions. We use geometric
control theory, see in particular [56], in order to explicitly describe the set of
consistent states and the set of state trajectories.

The structure of this chapter is given as follows. In Section 3.1 we will give
the definition of the consistent subset of a DAE system. We use geometric control
theory to describe the whole set of continuous and piecewise-differentiable state
trajectories in Section 3.2. We wrap up with some concluding remarks in Section
3.3.

3.1 Consistent subset

We consider the following general class of linear DAE system

Σ :
Eẋ = Ax+Bu+Gd, x ∈ X , u ∈ U , d ∈ D

y = Cx, y ∈ Y,
(3.2)

where E,A ∈ Rq×n, B ∈ Rq×m, G ∈ Rq×s, and C ∈ Rp×n. Furthermore, X ,U ,D
and Y are finite dimensional linear spaces, of dimension, respectively, n,m, s, p.
Here, x denotes the state of the system (possibly constrained by linear equations),
u is the input, y is the output, d is the internal disturbances acting on the system
and q denotes the total number of (differential and algebraic) equations describing
the dynamics of the system.

The allowed time-functions x : R+ → X , u : R+ → U , y : R+ → Y , d : R+ → D,
with R+ = [0,∞), will be denoted by X,U,Y,D. We will take U,D to be the class
of piecewise-continuous functions and X,Y the class of continuous and piecewise-
differentiable functions on R+. We will denote these functions by x(·), u(·), y(·), d(·),
and if no confusion can arise simply by x, u, y, d. We will primarily regard d as an
internal generator of ‘non-determinism’: multiple state trajectories may occur for
the same initial condition x(0) and the same input function u(·). This, for example,
occurs by abstracting a deterministic system; see the developments in Chapter 4,
Section 5.

Definition 3.1. The consistent subset is the set of all initial conditions x0 for
which for every piecewise-continuous input function u(·) there exists a piecewise-
continuous disturbance function d(·) and a continuous and piecewise-differentiable
solution trajectory x(·) of Σ with x(0) = x0.

The consistent subset is given either by the maximal subspace V ⊂ Rn satisfying

AV + imB ⊂ EV + imG, (3.3)



512350-L-sub01-bw-Megawati512350-L-sub01-bw-Megawati512350-L-sub01-bw-Megawati512350-L-sub01-bw-Megawati
Processed on: 10-8-2017Processed on: 10-8-2017Processed on: 10-8-2017Processed on: 10-8-2017 PDF page: 31PDF page: 31PDF page: 31PDF page: 31

3.1. Consistent subset 19

or is empty in case there does not exist any subspace V satisfying (3.3).

Remark 3.2. Note that the set of subspaces V satisfying (3.3) is closed under
addition. I.e., if V1 and V2 are satisfying (3.3) then the sum V1 + V2 also satisfies
(3.3). Hence, if the set of V satisfying (3.3) is non-empty, then there exists a
maximal subspace which is denoted by V∗, and can be computed using the sequence
of subspaces:

V0 = X ,

V1 = {x ∈ V0 | Ax+ imB ⊂ EV0 + imG},
...

Vj = {x ∈ Vj−1 | Ax+ imB ⊂ EVj−1 + imG},

(3.4)

If the subsets Vj , j = 0, 1, 2, · · · are non-empty then they are a sequence of subspaces
satisfying V0 ⊃ V1 ⊃ · · · ⊃ Vj ⊃ · · · . Since dim(X ) is finite then there exists
k � dim(X ) such that Vk = Vk+1. Then, V∗ = Vk is the maximal subspace
satisfying (3.3).

Remark 3.3. In the special case E equal to the identity matrix, it follows that
V∗ = X (all states are consistent).

Remark 3.4. The definition of consistent subset V∗ as given above extends the
standard definition given in the literature on linear DAE and descriptor systems,
see e.g. [10, 50]. In fact, the above definition reduces to the definition in [10, 50]
for the case B = 0 when additionally renaming the disturbance d by u. (Thus in the
standard definition the consistent subset is the set of initial conditions for which
there exists an input function u(·) and a corresponding solution of the DAE with
d = 0). This extended definition of consistent subset, as well as the change in
terminology between u and d, is directly motivated by the notion of bisimulation
relation where we wish to consider solutions of the system for arbitrary external
input functions u(·); see also the definition of bisimulation for labelled transition
systems [14]. Note that for B = 0 or void the zero subspace V = {0} always
satisfies (3.3), and thus V∗ is a subspace. However for B �= 0 there may not exist a
subspace V satisfying (3.3) in which case the consistent subset is empty (and thus,
strictly speaking, is not a subspace). In the latter case, such a system has empty
input-output behavior from a bisimulation point of view.

Remark 3.5. Note that we can accommodate for additional restrictions on the
allowed values of the input functions u, depending on the initial state, by making
use of the following standard construction, incorporating u into an extended state
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vector. Rewrite system (3.2) as

Σe :

[E 0]

[
ẋ

u̇

]
= [A B]

[
x

u

]
+Gd,

y =
[
C 0

] [ x

u

]
.

(3.5)

Denote by xe =

[
x

u

]
the extended state vector, and define Ee :=

[
E 0

]
, Ae :=

[
A B

]
. Then the consistent subspace V∗

e of system (3.5) is given by the maximal
subspace Ve ⊂ X × U satisfying

AeVe ⊂ EeVe + G. (3.6)

It can be easily seen that V∗ ⊂ πx(V∗
e ), where πx is the canonical projection of

X ×U on X . The case V∗ � πx(V∗
e ) corresponds to the presence of initial conditions

which are consistent only for input functions taking value in a strict subspace of U .

Remark 3.6. Note that Ve = 0 always satisfies (3.6), and thus V∗
e is always a

non-empty subspace; in contrast with V∗ which may be empty.

3.2 Solution set of differential-algebraic systems

In order to analyze the solutions of the linear DAE (3.2), an important observation
is that we can always eliminate the disturbances d. Indeed, given (3.2) we can
construct matrices G⊥, G† satisfying

G⊥G = 0, G†G = Is, rank(P ) = q, P =

[
G⊥

G†

]
. (3.7)

The G⊥ is a left annihilator of G of maximal rank and G† is a left inverse of G. By
premultiplying both sides of (3.2) by the invertible matrix P it follows [30] that
system (3.2) is equivalent to

G⊥Eẋ = G⊥Ax+G⊥Bu,

d = G†(Eẋ−Ax−Bu),

y = Cx.

(3.8)

Hence the disturbance d is specified by the second line of (3.8), and the solutions
u(·), x(·) are determined by the first line of (3.8) not involving d. We thus conclude
that for the theoretical study of the state trajectories x(·) corresponding to input
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functions u(·) we can always, without loss of generality, restrict attention to linear
DAE systems of the form

Eẋ = Ax+Bu,

y = Cx.
(3.9)

On the other hand, for computational purposes it may not be desirable to eliminate
d, since this will often complicate the computations and result in loss of insight into
the model.

The next important observation is that for theoretical analysis any linear DAE
system (3.9) can be assumed to be in the following special form, again without loss
of generality. There always exist invertible matrices S ∈ Rq×q and T ∈ Rn×n such
that

SET =

[
Ina

0

0 0

]
, (3.10)

where the dimension na of the identity block I is equal to the rank of E. Split the

transformed state vector T−1x correspondingly as T−1x =

[
xa

xb

]
, with dimxa =

na, dimxb = nb, and na + nb = n. It follows that by premultiplying the linear DAE
(3.9) by S, the system transforms into an equivalent system (in the new state vector
T−1x) of the form

[
ẋa

0

]
=

[
Aaa Aab

Aba Abb

] [
xa

xb

]
+

[
Ba

Bb

]
u,

y =
[
Ca Cb

] [xa

xb

]
.

(3.11)

One of the advantages of the special form (3.11) is that the consistent subset V∗

can now be explicitly characterized using geometric control theory.

Proposition 3.7. The set V∗ of consistent states of (3.11) is non-empty if and only if
Bb = 0 and imBa ⊂ W∗(Aaa, Aab, Aba, Abb), where W∗(Aaa, Aab, Aba, Abb) denotes
the maximal controlled invariant subspace of the auxiliary system

ẋa = Aaaxa +Aabv,

w = Abaxa +Abbv,
(3.12)

with state xa, input v, and output w. Furthermore, in case V∗ is non-empty it is given
by the subspace

V∗ = {
[

xa

xb

]
| xa ∈ W∗, xb = Fxa + z,

z ∈ kerAbb ∩ (Aab)−1W∗(Aaa, Aab, Aba, Abb)},
(3.13)
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where (Aab)−1 denotes set-theoretic inverse and the matrix F is a friend of W∗(Aaa,

Aab, Aba, Abb), i.e.,

(Aaa+AabF )W∗(Aaa, Aab, Aba, Abb) ⊂ W∗(Aaa, Aab, Aba, Abb) ⊂ ker(Aba+AbbF ).

(3.14)

Proof. The first claim follows from the fact that the subset V∗ of consistent states
for (3.9) is non-empty if and only if, see (3.3), imB ⊂ EV∗. Applying the transfor-
mation as in (3.11), this equivalent to Bb = 0 and imBa ⊂ W∗(Aaa, Aab, Aba, Abb).
The characterization of V∗ given in (3.13) follows from the characterization of the
maximal controlled invariant subspace of a linear system with feedthrough term as
given e.g. in [56, Theorem 7.11] and Theorem 2.8 in Chapter 2.

Remark 3.8. The characterization of the consistent subspace V∗ given in (3.13),
although being a direct consequence of geometric control theory, seems relatively
unknown within the literature on DAE systems.

Remark 3.9. Usually, the maximal controlled invariant subspace is denoted by
V∗(Aaa, Aab, Aba, Abb); see e.g. [56]. However, in order to distinguish it from the
consistent subset V∗ we have chosen the notation W∗(Aaa, Aab, Aba, Abb). In the
rest of the chapter we will further abbreviate this, if no confusion is possible, to
W∗.

Based on Proposition 3.7 we derive the following fundamental statement re-
garding solutions of linear DAE systems.

Theorem 3.10. Consider the linear DAE system (3.9), with imB ⊂ EV∗. Then for
all u(·) ∈ U that are continuous at t = 0, and for all x0 ∈ V∗ and f ∈ V∗ satisfying

Ef = Ax0 +Bu(0), (3.15)

there exists a continuous and piecewise-differentiable solution x(·) of (3.9) satisfying

x(0) = x0, ẋ(0) = f. (3.16)

Conversely, for all u(·) ∈ U every continuous and piecewise-differentiable solution x(·)
of (3.9) which is differentiable at t = 0 defines by (3.16) an x0, f ∈ V∗ satisfying
(3.15).

Proof. The last statement is trivial. Indeed, if x(·) is a differentiable solution of
Eẋ = Ax + Bu then x(t) ∈ V∗ for all t, and thus x(0) ∈ V∗ and by linearity
ẋ(0) ∈ V∗. Furthermore, Eẋ(0) = Ax(0) +Bu(0).

For the first claim, take u(·) ∈ U and consider any x0, f ∈ V∗ satisfying (3.15).
As noted above we can assume that the system is in the form (3.11). Then by
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(3.13)

x0 =

[
xa
0

xb
0

]
, xa

0 ∈ W∗, xb
0 = Fxa

0 + z0, z0 ∈ kerAbb ∩ (Aab)−1W∗.

f =

[
fa

f b

]
, fa ∈ W∗, f b = Ffa + zf , zf ∈ kerAbb ∩ (Aab)−1W∗.

(3.17)
Then consider the unique solution xa(·) of

ẋa = Aaaxa +Aab(Fxa + z0 + tzf ) +Bau, xa(0) = xa
0 , (3.18)

where the constant vector z0 is chosen such that

Aaaxa
0 +Aab(Fxa

0 + z0) +Bau(0) = fa. (3.19)

Furthermore, define the time-function

xb(t) = Fxa(t) + z0 + tzf . (3.20)

Then by construction

x(0) =

[
xa(0)

xb(0)

]
=

[
xa
0

Fxa
0 + z0

]
= x0, (3.21)

while
[

ẋa(0)

ẋb(0)

]
=

[
Aaaxa

0 +Aab(Fxa
0 + z0) +Bau(0)

Fẋa(0) + zf

]
=

[
fa

Ffa + zf

]
=

[
fa

f b

]
.

By recalling the equivalence between systems with disturbances (3.2) with
systems without disturbances (3.9) we obtain the following important corollary.

Corollary 3.11. Consider the linear DAE system (3.2), with imB ⊂ EV∗ + G. Then
for all u(·) ∈ U, d(·) ∈ D, continuous at t = 0, and for all x0 ∈ V∗ and f ∈ V∗

satisfying
Ef = Ax0 +Bu(0) +Gd(0), (3.22)

there exists a continuous and piecewise-differentiable solution x(·) of (3.2) satisfying

x(0) = x0, ẋ(0) = f. (3.23)

Conversely, for all u(·) ∈ U, d(·) ∈ D, every continuous and piecewise-differentiable
solution x(·) of (3.2) which is differentiable at t = 0 defines by (3.23) x0, f ∈ V∗
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satisfying (3.22).

3.3 Concluding remarks

In this chapter, we have studied by methods from geometric control theory the
solution set of differential-algebraic (DAE) systems. We have restricted ourselves
to continuous and piecewise-differentiable solutions corresponding to consistent
initial conditions. We have modified the standard definition of consistent subset for
the case of DAE system with arbitrary input functions and disturbance functions
modelling internal non-determinism.
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Chapter 4

Bisimulation equivalence of
differential-algebraic systems

In this chapter we continue the developments of the notion of bisimulation relation
as discussed before in Chapter 2 (based on [58]) by extending the notion of
bisimulation relation to general linear differential-algebraic (DAE) systems involving
internal disturbances (capturing non-determinism) as discussed in Chapter 3. The
aim of this chapter is to determine linear-algebraic conditions for the existence
of a bisimulation relation, directly in terms of the differential-algebraic equations
instead of by computing the solution trajectories.

As in previous work on bisimulation theory for ordinary (non differential-
algebraic) input-state-output systems [59], we allow for the possibility of ‘non-
determinism’ in the sense that the state may evolve according to different time-
trajectories for the same values of the external variables. This non-determinism
is explicitly modelled by the presence of internal disturbances or implicitly by
non-uniqueness of the solutions of differential-algebraic equations system. Non-
determinism may be an intrinsic feature of the system representation (as due e.g. to
non-uniqueness of variables in the internal subsystem interconnections), but may
also arise by abstraction of the system to a lower-dimensional system representation
see e.g. [48, 58]. By itself, the notion of abstraction can be covered by a one-way
version of bisimulation, called simulation, as will be discussed in Section 4.5.

As a simple motivating example for the developments in this chapter let us
consider two differential-algebraic systems (for simplicity without inputs) given by

Σ1 :

⎡
⎣

0 0 1

0 1 0

0 0 0

⎤
⎦ ẋ1 =

⎡
⎣

0 1 0

0 0 1

2 −1 −1

⎤
⎦x1 +

⎡
⎣

1

1

0

⎤
⎦ d1,

y1 = [0 1 0]x1,

Σ2 :
ẋ2 = x2 +

�
1

1

�
d2,

y2 = [1 0]x2.

(4.1)

What is the relation between Σ1 and Σ2 ? Are the systems Σ1 and Σ2 equivalent in
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bisimulation point of view? At the end of Section 4.2 we will provide an answer
exemplifying some of the results that have been obtained.

The structure of this chapter is given as follows. In Section 4.1 we give the
definition of bisimulation relation for DAE systems and a full linear-algebraic
characterization of them. In section 4.2 a geometric algorithm to compute the
maximal bisimulation relation between two linear systems is provided. We study the
implications of adding the condition of regularity to the matrix pencil (sE −A) in
Section 4.3. In Section 4.4 we show how in this case bisimilarity reduces to equality
of transfer matrices. In Section 4.5 simulation relations and the accompanying
notion of abstraction are discussed. We wrap up with some concluding remarks in
Section 4.6.

4.1 Bisimulation relations for linear DAE systems

Now, let us consider two DAE systems of the form

Σi :
Eiẋi = Aixi +Biui +Gidi, xi ∈ Xi, ui ∈ U , di ∈ Di

yi = Cixi, yi ∈ Y,
(4.2)

where Ei, Ai ∈ Rqi×ni , Bi ∈ Rqi×m, Gi ∈ Rqi×si , and Ci ∈ Rp×ni for i = 1, 2, with
Xi,Di, i = 1, 2, the state space and disturbance space, and U ,Y the common input
and output spaces. Recall from Chapter 3 that throughout this chapter V∗

i is a
consistent subset of system Σi for i = 1, 2.

The allowed time-functions xi : R+ → Xi, ui : R+ → U , yi : R+ → Y,
di : R+ → Di, with R+ = [0,∞), will be denoted by Xi,U,Y,Di for i = 1, 2. As
before, for convenience, we will take U,Di to be the class of piecewise-continuous
functions and Xi,Y the class of continuous and piecewise-differentiable functions
on R+. Again, we will denote these functions by xi(·), ui(·), yi(·), di(·), and if no
confusion can arise simply by xi, ui, yi, di. As discussed in Chapter 3, we will regard
di as an internal generator of ‘non-determinism’: multiple state trajectories may
occur for the same initial condition xi(0) and input function ui(·). The fundamental
definition of bisimulation relation is given as follows.

Definition 4.1. A subspace
R ⊂ X1 ×X2,

with πi(R) ⊂ V∗
i , where πi : X1 × X2 → Xi denote the canonical projections for

i = 1, 2, is a bisimulation relation between Σ1 and Σ2 such that for all pairs of
initial conditions (x1, x2) ∈ R and any joint input function u1(·) = u2(·) = u(·) ∈ U

the following properties hold:

1. for every disturbance function d1(·) ∈ D1 for which there exists a solution
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x1(·) of Σ1 with x1(0) = x1, there should exist a disturbance function d2(·) ∈
D2 such that the resulting solution trajectory x2(·) of Σ2 with x2(0) = x2

satisfies
(x1(t), x2(t)) ∈ R, ∀t � 0, (4.3)

and conversely for every disturbance function d2(·) for which there exists a
solution x2(·) of Σ2 with x2(0) = x2, there should exist a disturbance function
d1(·) such that the resulting solution trajectory x1(·) of Σ1 with x1(0) = x1

satisfies (4.3).

2. For all (x1, x2) ∈ R
C1x1 = C2x2. (4.4)

Remark 4.2. The existence of a bisimulation relation between systems defines
an equivalence relation between systems. Clearly Rid := {(x1, x1) | x1 ∈ V∗

1} is
a bisimulation relation between Σ1 given in (4.2) and itself. Furthermore, the
existence of a bisimulation relation between Σ1 and Σ2 is symmetric. Finally, if
R12 ⊂ X1 × X2 is a bisimulation relation between Σ1 and Σ2 and R23 ⊂ X2 × X3

be a bisimulation relation between Σ2 and Σ3, then R13 := {(x1, x3) ∈ X1 × X3 |
∃x2 ∈ X2 s.t. (x1, x2) ∈ R12, (x2, x3) ∈ R23} is a bisimulation relation between Σ1

and Σ3.

Using the geometric notion of a controlled invariant subspace [6, 66], a linear-
algebraic characterization of a bisimulation relation R is given in the following
proposition and subsequent theorem.

Proposition 4.3. Consider two systems Σi as in (4.2), with consistent subsets V∗
i , i =

1, 2. A subspace R ⊂ X1 × X2 satisfying πi(R) ⊂ V∗
i , i = 1, 2, is a bisimulation

relation between Σ1 and Σ2 if and only if for all (x1, x2) ∈ R and for all u ∈ U the
following properties hold:

1. for every d1 ∈ D1 for which there exists f1 ∈ V∗
1 such that E1f1 = A1x1 +

B1u+G1d1, there should exist d2 ∈ D2 for which there exists f2 ∈ V∗
2 such that

E2f2 = A2x2 +B2u+G2d2 while

(f1, f2) ∈ R, (4.5)

and conversely for every d2 ∈ D2 for which there exists f2 ∈ V∗
2 such that

E2f2 = A2x2 +B2u+G2d2, there should exist d1 ∈ D1 for which there exists
f1 ∈ V∗

1 such that E1f1 = A1x1 +B1u+G1d1 while (4.5) holds.

2.
C1x1 = C2x2. (4.6)
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Proof. Properties (2) of Definition 4.1 and Proposition 4.3, cf. (4.4) and (4.6),
are equal, so we only need to prove equivalence of Properties (1) of Definition
4.1 and Proposition 4.3. In order to do this, we will utilize the fact (as explained
before in Chapter 3) that the DAEs Eiẋi = Aixi + Biui + Gidi, i = 1, 2, can be
transformed, see (3.8), to DAEs of the form Eiẋi = Aixi + Biui, i = 1, 2, not
containing disturbances. Hence it is sufficient to prove equivalence of Properties
(1) of Definition 4.1 and Proposition 4.3 for systems Σ1 and Σ2 of the form

Eẋ = Ax+Bu,

y = Cx.

For clarity we will restate Property (1) of Definition 4.1 and Proposition 4.3 in
this simplified case briefly as follows:

Property (1) of Definition 4.1: Let u1(·) = u2(·) = u(·). For every solution x1(·)
of Σ1 with x1(0) = x1 there exists a solution x2(·) of Σ2 with x2(0) = x2 such that
(4.3) holds, and conversely.

Property (1) of Proposition 4.3: Let u1 = u2 = u ∈ U . For every f1 ∈ V∗
1 such

that E1f1 = A1x1 +B1u there exists f2 ∈ V∗
2 such that E2f2 = A2x2 +B2u while

(4.5) holds, and conversely.

‘Only if part’ Take u(·) ∈ U and (x1, x2) ∈ R, and let f1 ∈ V∗
1 be such that

E1f1 = A1x1 +B1u(0). According to Theorem 3.10, there exists a solution x1(·) of
Σ1 such that x1(0) = x1 and ẋ1(0) = f1. Then, based on Property (1) of Definition
4.1, there exists a solution x2(·) of Σ2 with x2(0) = x2 such that (4.3) holds. By
differentiating x2(t) with respect to t and denoting f2 := ẋ2(0), we obtain (4.5).
The same argument holds for the case where the indices 1 and 2 are interchanged.

‘If part’ Let (x1, x2) ∈ R, u(·) ∈ U. Consider any solution x1(·) of Σ1 correspond-
ing to x1(0) = x1. Transform systems Σ1 and Σ2 into the form (3.11). This means

that x1(·) =
[
xa
1(·)

xb
1(·)

]
, is a solution to

Σ1 :
ẋa
1(t) = (Aaa

1 +Aab
1 F1)x

a
1(t) +Aab

1 z1(t) +Ba
1u(t), x

a
1(t) ∈ W∗

1 ,

xb
1(t) = F1x

a
1(t) + z1(t), z1(t) ∈ kerAbb

1 ∩ (Aab
1 )−1W∗

1 , t � 0,
(4.7)

where W∗
1 is the maximal controlled invariant subspace of the auxiliary system

ẋa
1 = Aaa

1 xa
1 +Aab

1 v1,

w1 = Aba
1 xa

1 +Abb
1 v1,
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and F1 is a friend of W∗
1 . Equivalently, xa

1(t), t � 0, is a solution to

ẋa
1(t) = (Aaa

1 +Aab
1 F1)x

a
1(t) +Aab

1 z1(t) +Ba
1u(t), x

a
1(t) ∈ W∗

1 ,

ż1(t) = e1(t), z1(t) ∈ kerAbb
1 ∩ (Aab

1 )−1W∗
1 ,

(4.8)

where e1(·) is a disturbance function, while additionally xb
1(t) = F1x

a
1(t)+z1(t), t �

0.

Similarly, the solutions x2(t) =

[
xa
2(t)

xb
2(t)

]
, t � 0, of Σ2 are generated as solutions

xa
2(·) of

ẋa
2(t) = (Aaa

2 +Aab
2 F2)x

a
2(t) +Aab

2 z2(t) +Ba
2u(t), x

a
2(t) ∈ W∗

2

ż2(t) = e2(t), z2(t) ∈ kerAbb
2 ∩ (Aab

2 )−1W∗
2 ,

(4.9)

where e2(·) is a disturbance function, while additionally xb
2(t) = F2x

a
2(t)+z2(t), t �

0.

Now, the systems (4.8) and (4.9) with state vectors
[
xa
1(t)

z1(t)

]
, respectively

[
xa
2(t)

z2(t)

]

are ordinary (no algebraic constraints) linear systems with disturbances e1 and e2,
to which the bisimulation theory of [58] (as summarized in Chapter 2) for ordinary
linear systems applies. In particular, given the solution xa

1(·), z1(·), and correspond-
ing ‘disturbance’ e1(·), by Proposition 2.10, Property (1) in Proposition 4.3 implies
that there exists a disturbance e2(·) with e2(t) = e2(x

a
1(t), z1(t), x

a
2(t), z2(t), e1(t))

such that the combined dynamics of (xa
1 , z1) and (xa

2 , z2) remain in R. This implies
Property (1) in Definition 4.1.

The same argument holds for the case where the indices 1 and 2 are inter-
changed.

The next step in the linear-algebraic characterization of bisimulation relations
for linear DAE systems is provided in the following theorem.

Theorem 4.4. A subspace R ⊂ X1 × X2 is a bisimulation relation between Σ1 and
Σ2 satisfying πi(R) ⊂ V∗

i , i = 1, 2, if and only if

(a) R+

[
E−1

1 (imG1) ∩ V∗
1

0

]
= R+

[
0

E−1
2 (imG2) ∩ V∗

2

]
,

(b)

[
A1 0

0 A2

]
R ⊂

[
E1 0

0 E2

]
R+ im

[
G1 0

0 G2

]
,

(c) im

[
B1

B2

]
⊂

[
E1 0

0 E2

]
R+ im

[
G1 0

0 G2

]
,

(d) R ⊂ ker

[
C1

... − C2

]
.

(4.10)
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Proof. ‘If part’ Condition (4.6) of Proposition 4.3 follows trivially from condition
(4.10d). From (4.10b,c) it follows that for every (x1, x2) ∈ R and u ∈ U there exist
(f1, f2) ∈ R, and d1 ∈ D1, d2 ∈ D2, such that

[
E1 0

0 E2

] [
f1
f2

]
=

[
A1 0

0 A2

] [
x1

x2

]
+

[
B1

B2

]
u+

[
G1

0

]
d1

+

[
0

G2

]
d2.

(4.11)
This implies πi(R) ⊂ V∗

i , i = 1, 2.

Now let (x1, x2) ∈ R and u ∈ U . Then as above, by (4.10b,c), there exist
(f1, f2) ∈ R, and d1 ∈ D1, d2 ∈ D2 such that (4.11) holds. Now consider any
f �
1 ∈ V∗

1 and d�1 ∈ D1 such that E1f
�
1 = A1x1 +B1u+G1d

�
1. Then f �

1 = f1 + v1 for
some v1 ∈ E−1

1 (imG1) ∩ V∗
1 . Hence by (4.10a) there exists v2 ∈ E−1

2 (imG2) ∩ V∗
2

and (f ��
1 , f

��
2 ) ∈ R such that

[
v1
0

]
=

[
f ��
1

f ��
2

]
−
[
0

v2

]
,

with E2v2 = G2d
��
2 for some d��2 ∈ D2. Therefore

[
f �
1

f2

]
=

[
f1
f2

]
+

[
v1
0

]
=

[
f1
f2

]
+

[
f ��
1

f ��
2

]
−
[
0

v2

]
=

[
f �
1

f �
2

]
−
[
0

v2

]
,

with f �
2 := f2 + f ��

2 . Clearly (f �
1, f

�
2) ∈ R. It follows that

E2f
�
2 = E2f2 + E2v2 = A2x2 +B2u+G2d

�
2,

with d�2 := d2+d��2 . Similarly, for every f �
2 ∈ V∗

2 and d�2 ∈ D2 such that E2f
�
2 = A2x2+

B2u+G2d
�
2 there exists f �

1 ∈ V∗
1 with (f �

1, f
�
2) ∈ R, while E1f

�
1 = A1x1+B1u+G1d

�
1

for some d�1 := d1 + d��1 . Hence we have shown property (1) of Proposition 4.3.

‘Only if part’ Property (2) of Proposition 4.3 is trivially equivalent to (4.10d).
Since πi(R) ⊂ V∗

i for i = 1, 2 we have

[
A1 0

0 A2

]
R ⊂

[
E1 0

0 E2

]
R+ im

[
G1 0

0 G2

]
, (4.12)

and

im

[
B1

B2

]
⊂

[
E1 0

0 E2

]
R+ im

[
G1 0

0 G2

]
. (4.13)

Furthermore, since property (1) of Proposition 4.3 holds, by taking (x1, x2) = (0, 0)

and u = 0, then for every d1 for which there exists f1 ∈ V∗
1 such that E1f1 = G1d1,
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4.2. Computing the maximal bisimulation relation 31

there exists d2 and f2 ∈ V∗
2 such that E2f2 = G2d2, while (f1, f2) ∈ R. Hence

[
f1
0

]
=

[
f1
f2

]
−
[

0

f2

]
∈ R+

[
0

E−1
2 (imG2) ∩ V∗

2

]
, (4.14)

and thus [
E−1

1 (imG1) ∩ V∗
1

0

]
⊂ R+

[
0

E−1
2 (imG2) ∩ V∗

2

]
. (4.15)

Similarly one obtains

[
0

E−1
2 (imG2) ∩ V∗

2

]
⊂ R+

[
E−1

1 (imG1) ∩ V∗
1

0

]
. (4.16)

Combining equations (4.15) and (4.16) implies condition (4.10a).

Remark 4.5. In the special case Ei, i = 1, 2, equal to the identity matrix, it follows
that V∗

i = Xi, i = 1, 2 (all states are consistent), and (4.10) reduces to

(a) R+

[
imG1

0

]
= R+

[
0

imG2

]
,

(b)

[
A1 0

0 A2

]
R ⊂ R+ im

[
G1 0

0 G2

]
,

(c) im

[
B1

B2

]
⊂ R+ im

[
G1 0

0 G2

]
,

(d) R ⊂ ker

[
C1

... − C2

]
.

(4.17)

Hence in this case Theorem 4.4 reduces to [58, Theorem 2.10], as formulated as
Theorem 2.11 in Chapter 2.

4.2 Computing the maximal bisimulation relation

In this section we will give an algorithm to compute the maximal bisimulation
relation. Here, as before, maximal is understood in the sense that it contains all
other bisimulation relations. First, we remark that if there exists a bisimulation
relation then the maximal bisimulation relation exists. The existence of the maximal
bisimulation relation is crucial because in most applications the interest is in this
maximal one. The existence of maximal bisimulation relation follows from the
following observation.
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32 4. Bisimulation equivalence of differential-algebraic systems

Proposition 4.6. Let Ra ⊂ X1 × X2 and Rb ⊂ X1 × X2 be bisimulation relations.
Then Ra +Rb ⊂ X1 ×X2 is also a bisimulation relation.

Proof. Since Ra,Rb are bisimulation relations between Σ1 and Σ2, they satisfy
(4.10). It follows that Ra + Rb also satisfies (4.10), and thus is a bisimulation
relation.

Proposition 4.7. Suppose there exists a bisimulation relation between Σ1 and Σ2.
Then the maximal bisimulation relation exists.

Proof. Suppose there exists a bisimulation relation. Let Rmax be a bisimulation
relation with maximal dimension. Take any other bisimulation relation R. Then
R ⊂ Rmax, since otherwise dim(R+Rmax) > dim(Rmax) while R+Rmax is also
a bisimulation relation; contradiction with the maximality of the dimension of
Rmax.

The maximal bisimulation relation between two DAE systems, denoted Rmax,
can be computed, whenever it exists, in the following way. For notational conve-
nience define

E× :=

[
E1 0

0 E2

]
, A× :=

[
A1 0

0 A2

]
,

G×
1 :=

[
E−1

1 (imG1) ∩ V∗
1

0

]
, G×

2 :=

[
0

E−1
2 (imG2) ∩ V∗

2

]
,

C× :=

[
C1

... − C2

]
, Ḡ× :=

[
G1 0

0 G2

]
.

(4.18)

Algorithm 4.8. Given two systems Σ1 and Σ2. Define the following sequence
Rj , j = 0, 1, 2, ..., of subsets of X1 ×X2

R0 = X1 ×X2,

R1 = {z ∈ R0 | z ∈ kerC×,R1 + G×
1 = R1 + G×

2 },

R2 = {z ∈ R1 | A×z ⊂ E×R1 + im Ḡ×,R2 + G×
1 = R2 + G×

2 },
...

Rj = {z ∈ Rj−1 | A×z ⊂ E×Rj−1 + im Ḡ×,Rj + G×
1 = Rj + G×

2 }.

(4.19)

The sequence of subsets R0,R1, ...,Rj , ... satisfies the following properties.

Proposition 4.9. 1. Rj , j � 0, is a linear space or empty. Furthermore R0 ⊃
R1 ⊃ R2 ⊃ · · · ⊃ Rj ⊃ Rj+1 ⊃ · · · .
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4.2. Computing the maximal bisimulation relation 33

2. There exists a finite k such that Rk = Rk+1 =: R∗, and then Rj = R∗ for all
j � k.

3. R∗ is either empty or equals the maximal subspace of X1 × X2 satisfying the
properties

(i) R∗ +
[

E−1
1 (imG1) ∩ V∗

1

0

]
= R∗ +

[
0

E−1
2 (imG2) ∩ V∗

2

]
,

(ii)

[
A1 0

0 A2

]
R∗ ⊂

[
E1 0

0 E2

]
R∗ + im

[
G1 0

0 G2

]
,

(iii) R∗ ⊂ ker

[
C1

... − C2

]
.

(4.20)

Proof. The proof is analogously to the proof of the corresponding properties of the
algorithm for computing the maximal bisimulation relation for linear continuous
systems given in [58].

If R∗ as obtained from Algorithm 4.8 is non-empty and satisfies condition
(4.10c) in Theorem 4.4, we call R∗ the maximal bisimulation relation Rmax between
Σ1 and Σ2. On the other hand, if R∗ is empty or does not satisfy condition (4.10c)
in Theorem 4.4 then there does not exist any bisimulation relation between Σ1 and
Σ2.

Furthermore, two systems are called bisimilar if there exists a bisimulation
relation relating all consistent states of both systems. This is formalized in the
following definition and corollary.

Definition 4.10. Two systems Σ1 and Σ2 as in (4.2) are bisimilar, denoted Σ1 ≈ Σ2,
if there exists a bisimulation relation R ⊂ X1 ×X2 with the property that

π1(R) = V∗
1 , π2(R) = V∗

2 , (4.21)

where V∗
i is the consistent subset of Σi, i = 1, 2.

Remark 4.11. Clearly (cf. Remark 4.2), the relation ≈ is an equivalence relation.

Corollary 4.12. Σ1 and Σ2 are bisimilar if and only if R∗ is non-empty and satisfies
condition (4.10c) in Theorem 4.4 and equation (4.21).

Example 4.13. Recall the example given in the introduction, cf. (4.1). The
maximal bisimulation relation between Σ1 and Σ2 can be computed as the 1-
dimensional subspace R given by

R = span
(
1 1 1 1 1

)T
. (4.22)
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34 4. Bisimulation equivalence of differential-algebraic systems

Since V∗
1 = span

�
1 1 1

�T
every trajectory of Σ1 is simulated by a trajectory

of Σ2. However, since V∗
2 = R2 the two systems are not bisimilar.

Bisimilarity is implying the equality of external behavior. Consider two systems
Σi, i = 1, 2, as in (4.2), with external behavior Bi defined as

Bi := {(ui(·), yi(·)) | ∃xi(·), di(·) such that (4.2) is satisfied}. (4.23)

Analogously to [58] we have the following result.

Proposition 4.14. Let Σi, i = 1, 2, be bisimilar. Then their external behaviors Bi are
equal.

However, due to the possible non-determinism introduced by the matrices G

and E in (4.2), two systems of the form (4.2) may have the same external behavior
while not being bisimilar. This is illustrated in the following example.

Example 4.15. Consider two systems given by

Σ1 :

ẋ1 = x2,

0 = x2 − d1,

y1 = x1,

and

Σ2 :
ż = d2,

y2 = z.

The consistent subspace of system Σ1 is given by V∗
1 = R2. By (4.10d), R is a span

of vectors {(1 0 1)
T
, (0 1 0)

T }. Computing (4.10a), we get

im

⎡
⎣

0

0

1

⎤
⎦ � R+ im

⎡
⎣

0

1

0

⎤
⎦ .

Thus there does not exist a bisimulation relation between Σ1 and Σ2 (since there
is no solution (4.10a)). On the other hand, it is easily seen that B1 = B2 (take
d1 = d2).

The interpretation of the fact that Σ1 and Σ2 are not bisimilar can be explained
as follows. Suppose we ‘test’ the system Σ1 at some time instant t = t0 in the
sense of observing one of its possible external trajectories y1(t), t � t0. At t = t0
the system Σ1 is in a given with fixed initial state (x1(t0), x2(t0)). Hence, all
possible runs y1(t), t � t0, starting from this fixed initial state will have a fixed
time-derivative ẏ1(t0) = x2(t0) at t = t0. On the other hand, for Σ2 the possible
runs y2(t), t � t0, can have arbitrary time-derivative at t = t0. Hence, Σ1 and Σ2
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4.3. Bisimulation relations for the deterministic case 35

can be considered to be externally different, which is reflected by the property that
they are not bisimilar.

4.3 Bisimulation relations for the deterministic case

In this section, we specialize the results to DAE systems without disturbances d.
Consider two DAE systems of the form

Σi :
Eiẋi = Aixi +Biui, xi ∈ Xi, ui ∈ U ,

yi = Cixi, yi ∈ Y,
(4.24)

where Ei, Ai ∈ Rqi×ni , Bi ∈ Rqi×m, and Ci ∈ Rp×ni for i = 1, 2. By leaving out Gi

and di, Theorem 4.4 can be specialized to this case as follows.

Corollary 4.16. A subspace R ⊂ X1 ×X2 is a bisimulation relation between Σ1 and
Σ2 given by (4.24), satisfying πi(R) ⊂ V∗

i , i = 1, 2, if and only if

(a) R+

[
kerE1 ∩ V∗

1

0

]
= R+

[
0

kerE2 ∩ V∗
2

]
,

(b)

[
A1 0

0 A2

]
R ⊂

[
E1 0

0 E2

]
R,

(c) im

[
B1

B2

]
⊂

[
E1 0

0 E2

]
R,

(d) R ⊂ ker

[
C1

... − C2

]
.

(4.25)

Corollary 4.16 can be applied to the following situation considered in [58].
Consider two linear systems given by

Σi :
ẋi = Aixi +Biui +Gidi,

yi = Cixi.
(4.26)

By multiplying both sides of the first equation of (4.26) by an annihilating matrix
G⊥

i of maximal rank, one obtains the equivalent system representation without
disturbances

G⊥
i ẋi = G⊥

i Aixi +G⊥
i Biui,

yi = Cixi,
(4.27)

which is of the general form (4.24); however satisfying the special property V∗
i = Xi

(all states are consistent). This implies that R is a bisimulation relation between Σ1
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36 4. Bisimulation equivalence of differential-algebraic systems

and Σ2 given by (4.26) if and only if it is a bisimulation relation between Σ1 and
Σ2 given by (4.27). This can be seen as follows.

As already noted in Remark 4.5, a bisimulation relation between Σ1 and Σ2 as
in (4.26) is a subspace R ⊂ X1 × X2 satisfying (4.17). Now let R satisfy (4.17).
We will show that it will satisfy (4.25) for system (4.27). First, since V∗

i = Xi

and kerEi = kerG⊥
i = imGi we see that (4.25a) is satisfied. Furthermore, by

pre-multiplying both sides of (4.17b,c) with

[
G⊥

1 0

0 G⊥
2

]
, (4.28)

we obtain [
G⊥

1 A1 0

0 G⊥
2 A2

]
R ⊂

[
G⊥

1 0

0 G⊥
2

]
R,

im

[
G⊥

1 B1

G⊥
2 B2

]
⊂

[
G⊥

1 0

0 G⊥
2

]
R,

(4.29)

showing satisfaction of (4.25b,c). Conversely, let R be a bisimulation relation
between Σ1 and Σ2 given by (4.27), having consistent subsets V∗

i = Xi, i = 1, 2.

Then according to (4.25) it is satisfying

(a) R+

[
kerG⊥

1

0

]
= R+

[
0

kerG⊥
2

]
,

(b)

[
G⊥

1 A1 0

0 G⊥
2 A2

]
⊂

[
G⊥

1 0

0 G⊥
2

]
R,

(c) im

[
G⊥

1 B1

G⊥
2 B2

]
⊂

[
G⊥

1 0

0 G⊥
2

]
R,

(d) R ⊂ ker

[
C1

... − C2

]
.

(4.30)

Using again imGi = kerG⊥
i it immediately follows that R is satisfying (4.17), and

thus is a bisimulation relation between the systems (4.26).

4.4 Bisimulation relations for regular DAE systems

In this section we will specialize the notion of bisimulation relation for general DAE
systems of the form (3.2) to regular DAE systems. Regularity is defined for DAE
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4.4. Bisimulation relations for regular DAE systems 37

system without disturbances

Σ :
Eẋ = Ax+Bu, x ∈ X , u ∈ U

y = Cx, y ∈ Y,
(4.31)

where E,A ∈ Rn×n, B ∈ Rn×m and C ∈ Rp×n. Hence the consistent subset V∗ is
either empty or equal to the maximal subspace V ⊂ X satisfying AV + imB ⊂ EV .

Definition 4.17. The matrix pencil sE − A is called regular if the polynomial
det(sE −A) in s ∈ C is not identically zero. The corresponding DAE system (4.31)
is called regular whenever the matrix pencil sE −A is regular.

Define additionally V∗
0 as the maximal subspace V ⊂ X satisfying AV ⊂ EV.

Note that if there exists a subspace V∗ satisfying AV∗ ⊂ EV∗, imB ⊂ EV∗ then
V∗
0 = V∗. The property of regular matrix pencil is given in the following Theorem.

Theorem 4.18. [3] Consider system Σ as in (4.31). The following statements are
equivalent :

1. sE −A is a regular matrix pencil,

2. V∗
0 ∩ kerE = 0.

We immediately obtain the following consequence of Corollary 4.16.

Corollary 4.19. Consider Σ1 and Σ2 of the form (4.31) with consistent subsets
V∗
i , i = 1, 2. A subspace R ⊂ X1 × X2 is a bisimulation relation between Σ1 and Σ2

satisfying πi(R) ⊂ V∗
i , i = 1, 2, if and only if

(a)

[
A1 0

0 A2

]
R ⊂

[
E1 0

0 E2

]
R,

(b) im

[
B1

B2

]
⊂

[
E1 0

0 E2

]
R,

(c) R ⊂ ker

[
C1

... − C2

]
.

(4.32)

In the regular case, the existence of a bisimulation relation imply transfer matrix
equality.

Theorem 4.20. Let R be a bisimulation relation between regular systems Σ1 and Σ2

given in (4.24), then their transfer matrices Gi(s) := Ci(sEi −Ai)
−1Bi for i = 1, 2

are equal.
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38 4. Bisimulation equivalence of differential-algebraic systems

Proof. Let R be a bisimulation relation between Σ1 and Σ2 then for (x1(0), x2(0)) =

(0, 0) ∈ R and for all input function u(·) the resulting state solution trajectories
x1(·) with x1(0) = 0 and x2(·) with x2(0) = 0 satisfy

(a) (x1(t), x2(t)) ∈ R,

(b) C1x1 = C2x2.
(4.33)

Since (x1, x2) are solution of Σ1 and Σ2 thus (x1, x2) satisfy

[
E1 0

0 E2

] [
ẋ1

ẋ2

]
=

[
A1 0

0 A2

] [
x1

x2

]
+

[
B1

B2

]
u. (4.34)

Taking the Laplace transform of (4.34), we have

[
X1(s)

X2(s)

]
=

[
(sE1 −A1)

−1B1U(s)

(sE2 −A2)
−1B2U(s)

]
. (4.35)

Furthermore, taking Laplace transform in (4.33b), we have

C1(sE1 −A1)
−1B1U(s) = C2(sE2 −A2)

−1B2U(s). (4.36)

Consequently, we get

C1(sE1 −A1)
−1B1 = C2(sE2 −A2)

−1B2.

The converse statement holds provided the matrices E1 and E2 are invertible.

Theorem 4.21. Assume Ei, i = 1, 2, is invertible. There exists a bisimulation relation
R between Σ1 and Σ2 if their transfer matrices Gi(s) := Ci(sEi−Ai)

−1Bi for i = 1, 2

are equal.

Proof. Since Ei is invertible, then system (4.24) become ordinary differential
system in the following form

Σi :
ẋi = E−1

i Aixi + E−1
i Biui,

yi = Cixi.
(4.37)

Therefore, according to [58, Theorem 6.3] if their transfer matrices Gi = Ci(sIi −
(E−1

i Ai))
−1(E−1

i Bi) are equal for i = 1, 2, it is equivalent to the Markov parameters
of Σ1 and Σ2 are equal, that is

C1(E
−1
1 A1)

k(E−1
1 B1) = C2(E

−1
2 A2)

k(E−1
2 B2), k = 0, 1, 2, · · · . (4.38)



512350-L-sub01-bw-Megawati512350-L-sub01-bw-Megawati512350-L-sub01-bw-Megawati512350-L-sub01-bw-Megawati
Processed on: 10-8-2017Processed on: 10-8-2017Processed on: 10-8-2017Processed on: 10-8-2017 PDF page: 51PDF page: 51PDF page: 51PDF page: 51

4.5. Simulation relation and abstraction 39

Take

R := im

[
E−1

1 B1 E−1
1 A1E

−1
1 B1 (E−1

1 A1)
2E−1

1 B1 · · ·
E−1

2 B2 E−1
2 A2E

−1
2 B2 (E−1

2 A2)
2E−1

2 B2 · · ·

]
, (4.39)

then it can be clearly seen that it satisfies (4.32). Therefore, R is a bisimulation
relation between Σ1 and Σ2.

The following example shows that the conclusion of Theorem 4.21 does not
necessarily hold if Ei is not invertible.

Example 4.22. Consider two DAE systems, given by

Σ1 :

[
1 0

0 0

]
ẋ1 =

[
1 0

0 1

]
x1 +

[
0

1

]
u1,

y1 =
[
1 1

]
x1,

Σ2 :

[
0 0

0 1

]
ẋ2 =

[
1 0

0 1

]
x2 +

[
1

0

]
u2,

y2 =
[
1 1

]
x2.

System Σ1 and Σ2 are regular and their transfer matrices are equal. However,
there does not exist any bisimulation relation R satisfying (4.32), since in fact the
consistent subsets for both systems are empty.

4.5 Simulation relation and abstraction

In this section we will define a one-sided version of the notion of bisimulation rela-
tion called simulation relation. For several purposes the existence of a simulation
relation instead of bisimulation relation is helpful. For example when dealing with
a large-scale system, we may ‘approximate’ the given system by a lower dimensional
system in the sense that a given system is simulated by the approximating system.
This is the idea of abstraction and we call this lower-dimensional system an abstrac-
tion system. The controller design based on the abstraction system will be discussed
in Chapter 7.

Definition 4.23. A subspace
S ⊂ X1 ×X2, (4.40)

with πi(S) ⊂ V∗
i , for i=1,2, is a simulation relation of Σ1 by Σ2 with consistent

subsets V∗
i , i = 1, 2, such that for all pairs of initial conditions (x1, x2) ∈ S and any

joint input function u1(·) = u2(·) = u(·) ∈ U the following properties hold:
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40 4. Bisimulation equivalence of differential-algebraic systems

1. For every disturbance function d1(·) ∈ D1 for which there exists a solution
x1(·) of Σ1 with x1(0) = x1, there should exist a disturbance function d2(·) ∈
D2 such that the resulting solution trajectory x2(·) of Σ2 with x2(0) = x2

satisfies
(x1(t), x2(t)) ∈ S, ∀t � 0. (4.41)

2. For all (x1, x2) ∈ S
C1x1 = C2x2. (4.42)

Furthermore, Σ1 is simulated by Σ2, denoted by Σ1 � Σ2, if the simulation relation
S satisfies π1(S) = V∗

1 .

The one-sided version of Theorem 4.4 is given as follows.

Proposition 4.24. A subspace S ⊂ X1 × X2 is a simulation relation of Σ1 by Σ2

satisfying πi(S) ⊂ V∗
i , for i = 1, 2, if and only if

(a) S +

[
E−1

1 (imG1) ∩ V∗
1

0

]
⊂ S +

[
0

E−1
2 (imG2) ∩ V∗

2

]
,

(b)

[
A1 0

0 A2

]
S ⊂

[
E1 0

0 E2

]
S + im

[
G1 0

0 G2

]
,

(c) im

[
B1

B2

]
⊂

[
E1 0

0 E2

]
S + im

[
G1 0

0 G2

]
,

(d) S ⊂ ker

[
C1

... − C2

]
.

(4.43)

Recall the definition of the inverse relation T −1 := {(xa, xb) | (xb, xa) ∈ T }.
We have the following proposition.

Proposition 4.25. Let S ⊂ X1 × X2 be a simulation relation of Σ1 by Σ2 and let
T ⊂ X2 × X1 be a simulation relation of Σ2 by Σ1. Then R := S + T −1 is a
bisimulation relation between Σ1 and Σ2.

Proof. Let S satisfy (4.43) and let T satisfy (4.43) with index 1 replaced by 2.

T −1 + S +

[
E−1

1 (imG1) ∩ V∗
1

0

]
⊂ S + T −1 +

[
0

E−1
2 (imG2) ∩ V∗

2

]
⊂

S + T −1 +

[
E−1

1 (imG1) ∩ V∗
1

0

]
.

Define R = S + T −1, then R satisfies properties (4.10a). Similarly, R satisfies
(4.10b,c,d).
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A consequence of the above Proposition is that if there exists a simulation
relation of Σ1 by Σ2 then the maximal simulation relation Smax also exists. The
argument is if S1 and S2 are simulation relation then S1 + S2 is also simulation
relation. The maximal simulation relation Smax can be computed by the following
simplified version of Algorithm 4.8.

Algorithm 4.26. Given two dynamical systems Σ1 and Σ2. Define the following
sequence Sj , j = 0, 1, 2, ..., of subsets of X1 ×X2

S0 = X1 ×X2,

S1 = {z ∈ S0|z ∈ kerC×,S1 + G×
1 ⊂ S1 + G×

2 },

S2 = {z ∈ S1|A×z ⊂ E×S1 + im Ḡ×,S2 + G×
1 ⊂ S2 + G×

2 },
...

Sj = {z ∈ Sj−1|A×z ⊂ E×Sj−1 + im Ḡ×,Sj + G×
1 ⊂ Sj + G×

2 }.

(4.44)

Proposition 4.27. Suppose there exist a simulation of Σ1 by Σ2 and a simulation of
Σ2 by Σ1. Let Smax ⊂ X1 ×X2 denotes the maximal simulation relation of Σ1 by Σ2

and T max ⊂ X2 × X1 denotes the maximal simulation relation of Σ2 by Σ1. Then
Smax = (T max)−1 = Rmax, with Rmax is the maximal bisimulation relation.

Proof. By Proposition 4.25 Smax+(T max)−1 is a bisimulation relation and thus also
a simulation relation of Σ1 by Σ2. By maximality of Smax, we have (Tmax)−1 ⊂
Smax. Analogously, by maximality of (T max)−1, we also have Smax ⊂ (T max)−1.
Thus Smax = (T max)−1, which by Proposition 4.25 is also bisimulation relation,
and thus contained in Rmax. Since Rmax is also a simulation relation, it follows
that Smax = (T max)−1 = Rmax.

The consequence of Proposition 4.27 is that if there exists a bisimulation relation
R, then the maximal bisimulation relation Rmax can be computed using Algorithm
4.26.

Simulation relations appear naturally in the context of abstractions; see e.g.
[48, 49]. Consider the DAE system

Σ :
Eẋ = Ax+Bu+Gd, x ∈ X , u ∈ U , d ∈ D,

y = Cx, y ∈ Y,
(4.45)

together with a surjective linear map H : X → Z, Z being another linear space,
satisfying kerH ⊂ kerC. This implies that there exists a unique linear map
C̄ : Z → Y such that

C = C̄H. (4.46)
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42 4. Bisimulation equivalence of differential-algebraic systems

Then define the following dynamical system on Z

Σ̄ :
Ēż = Āz + B̄u+ Ḡd̄, z ∈ Z, u ∈ U , d̄ ∈ D̄,

y = C̄z, y ∈ Y
(4.47)

where H† denotes the Moore-Penrose pseudo-inverse of H, Ē := EH†, Ā :=

AH†, B̄ := B, and

Ḡ :=

[
G

...Ev1
... · · ·

...Evk
...Av1

... · · ·
...Avk

]
.

where any vectors v1, · · · , vk span kerH. System Σ̄ is an abstraction of Σ in the
sense that we factor out the part of the state variables x ∈ X corresponding to
kerH.

Proposition 4.28. S := {(x, z) | z = Hx} is a simulation relation of Σ by Σ̄.

Proof. Take (x0, z0 = Hx0) ∈ S and take any disturbance function d(·) for which
x(·) is a solution trajectory of Σ with x(0) = x0. We need to show there exists a
disturbance function d̄(·) such that z(·) = Hx(·) is a solution of Σ̄. To do so, take
d̄ = [d − I I]T , where I is a k × 1 vector one. Thus

Ēż − Āz − B̄u− Ḡd̄ = EH†ż −AH†z −Bu−Gd− E

[
v1

... · · ·
...vk

]

+A

[
v1

... · · ·
...vk

]
,

= Eẋ+ E

[
v1

... · · ·
...vk

]
−Ax−A

[
v1

... · · ·
...vk

]
−Bu

−Gd− E

[
v1

... · · ·
...vk

]
+A

[
v1

... · · ·
...vk

]
= 0

Thus, we conclude that z(·) is a solution of Σ̄ with z0 = Hx0. Therefore, (x(·),
Hx(·)) ∈ S. Clearly, C̄z = Cx.

4.6 Concluding remarks

In this chapter, we have defined and studied by methods from geometric control
theory the notion of bisimulation relation for general linear differential-algebraic
systems, including the special case of DAE systems with regular matrix pencil. Two
DAE systems are called bisimilar if there exists a bisimulation relation between
them which is relating all the consistent states. An algorithm for computing the
maximal bisimulation relation whenever it is exists is also provided.
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4.6. Concluding remarks 43

We also have discussed the one-sided notion of bisimulation relation called
simulation relation. For several purposes the existence of simulation relation
instead of bisimulation relation is helpful. For example when dealing with large
scale system, we may approximate a given system in the sense that a given system
is simulated by the approximating system. This approximating system is called the
abstraction system.
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Chapter 5

Equivalence of regular matrix pencil DAE
systems by bisimulation

In Chapter 4 we defined and studied by methods from geometric control theory
the notion of bisimulation relation for general linear differential-algebraic (DAE)
systems, including the special case of DAE systems with regular matrix pencil. A
simple motivating example for the developments in this chapter can be given as
follows. Let us recall Example 4.22. Consider two DAE systems, given by

Σ1 :

[
1 0

0 0

]
ẋ =

[
1 0

0 1

]
x+

[
0

1

]
u1,

y1 =
[
1 1

]
x,

Σ2 :

[
0 0

0 1

]
ż =

[
1 0

0 1

]
z +

[
1

0

]
u2,

y2 =
[
1 1

]
z.

(5.1)

We already showed that there does not exist any bisimulation relation R be-
tween Σ1 and Σ2 satisfying (4.32), since in fact the consistent subsets for both
systems are empty. Note that both systems Σi, i = 1, 2 consist of an ordinary
differential equation (ODE) part and a purely algebraic equation part. Thus the
solution of Σi is the sum of the solution of ODE part and the solution of algebraic
equation part for i = 1, 2. Take u1(·) = u2(·) = u(·), the solution corresponding
to algebraic equation for Σ1 and Σ2 are given as x2(·) = −u(·) and z1(·) = −u(·),
respectively. In Section 4.4 we do not take into account this type of state since it is
outside the consistent subset.

Motivated by the above problem, in this chapter we continue the development of
the notion of bisimulation relation for DAE systems. We study a different notion of
bisimulation relation for more general DAE systems involving internal disturbances.
We restrict ourselves to the DAE systems with regular matrix pencil. We also take
into account the states outside the consistent subset.

An overview of the geometric control theory for DAE system is given in [3, 9,
10, 11, 31, 35, 65], by putting special emphasis on two sequences of subspaces
which are called the Wong sequences. Furthermore, using these Wong sequences,
the DAE system can be decoupled into a differential and an algebraic part, more
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46 5. Equivalence of regular matrix pencil DAE systems by bisimulation

precisely, into a classical ODE part and a purely algebraic equation part. Thus, the
solution of this system is the direct sum of the solutions of ODE part and the pure
algebraic equation part. It also shown that the set of initial values for the DAE
system can be decoupled into the set of consistent initial values and the remaining
inconsistent initial values. The idea of the notion of bisimulation relation for regular
DAE systems is to split the notion of bisimulation relation into partial bisimulation
relation corresponding to the ODE part and a purely algebraic equation part.

The structure of this chapter is given as follows. In Section 5.1 we give some
preliminaries about the Wong sequences and the quasi-Weierstrass form. In Section
5.2 we define the notion of bisimulation relation for non-deterministic DAE systems
involving disturbances. In Section 5.3 we give an algorithm to compute the maximal
bisimulation relation. The notion of bisimulation relation will be applied to systems
not involving disturbances in Section 5.4. Simulation relation and abstraction are
discussed in Section 5.5. Finally, the chapter closes with concluding remarks in
Section 5.6.

5.1 The quasi-Weierstrass form

Consider a DAE system of the form

Σ :
Eẋ = Ax, x ∈ X ,

y = Cx, y ∈ Y,
(5.2)

where X ,Y are finite dimensional linear spaces of dimension n, p. Matrix E,A ∈
Rn×n and C ∈ Rp×n. Throughout this chapter we will assume that the matrix
pencil (sE −A) of DAE system (5.2) is regular, i.e. det(sE −A) �= 0.

Define the following two important sequences of subspaces which can be associ-
ated to the matrix pencil (sE −A) ∈ Rn×n

V0 := X , Vi+1 := A−1(EVi),

W0 := {0}, Wi+1 := E−1(AWi).
(5.3)

The sequences (Vi)i∈N0
and (Wi)i∈N0

are called Wong sequences in the analysis
of matrix pencils, see e.g. [65]. We remark that these Wong sequences already
appeared in [17]. Note that V∗ is nothing else than the subspace of consistent
states for the DAE system (5.2). It is easily seen that the Wong sequences terminate
after finitely many steps, i.e.

∃k∗ ∈ {0, 1, · · · , n} : V∗ :=
⋂

i∈N Vi = Vk∗ ,

∃l∗ ∈ {0, 1, · · · , n} : W∗ :=
⋃

i∈N Wi = Wl∗ .
(5.4)
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5.1. The quasi-Weierstrass form 47

The limits V∗ and W∗ satisfy AV∗ ⊂ EV∗ and EW∗ ⊂ AW∗, respectively. Impor-
tant properties of the subspaces V∗ and W∗ are given in the following Proposition.

Proposition 5.1. [9, Proposition 2.4] If sE − A is regular, then V∗ and W∗ as in
(5.4) satisfy

1. k∗ = l∗,

2. V∗ ⊕W∗ = X ,

3. V∗ ∩ kerE = 0 and W∗ ∩ kerA = 0.

Recall from [9] that by taking arbitrary bases of the linear spaces V∗ and W∗,
the matrix pencil (sE − A) transforms into quasi-Weierstrass form. This quasi-
Weierstrass form decouples the original DAE system into an ordinary differential
equation system and a purely algebraic equation system.

Theorem 5.2. [9, Theorem 2.6] Consider the regular matrix pencil sE−A ∈ Rn×n[s],

and the corresponding Wong subspaces V∗ and W∗ as in (5.4). Let

ns := dimV∗, V ∈ Rns×ns : imV = V∗,
nf := n− ns = dimW∗, W ∈ Rn×nf : imW = W∗.

Then [V,W ] and [EV,AW ] are invertible and transform (sE − A) into the quasi-
Weierstrass form given as

[EV,AW ]−1(sE −A)[V,W ] = s

[
Ins 0

0 N

]
−
[

J 0

0 Inf

]
, (5.5)

where J ∈ Rns×ns , and N ∈ Rnf×nf is a nilpotent matrix with index nilpotency k∗,
i.e., Nk∗

= 0, Nk∗−1 �= 0 for k∗ as given in (5.4).

Next, consider a DAE system of the form

Eẋ = Ax+Bu+Gd, x ∈ X , u ∈ U , d ∈ D,

y = Cx, y ∈ Y,
(5.6)

where X ,U ,Y are linear spaces with dimension n,m, and p, respectively, and
the matrices E,A,B,G and C have appropriate dimensions. Again, we assume
throughout that the matrix pencil (sE −A) is regular.

Consider K = [EV,AW ]−1 and L = [V,W ] as in Theorem 5.2 then by applying

K and L to (5.6) and split the transformed state vector L−1x as L−1x =

[
xs

xf

]
,
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48 5. Equivalence of regular matrix pencil DAE systems by bisimulation

the system (5.6) decomposes into the two following subsystems.

(a) ẋs = Jxs +Bsu+Gsd, xs ∈ V∗,
ys = Csxs,

(b) Nẋf = xf +Bfu+Gfd, xf ∈ W∗.
yf = Cfxf .

(5.7)

Matrices J ∈ Rns×ns , N ∈ Rnf×nf , ns + nf = n, where N is nilpotent matrix with
order k∗. In this form, subsystem (5.7a) and (5.7b) are called the slow subsystem
and the fast subsystem respectively; xs ∈ V∗ is the sub-state related to the slow
subsystem and xf ∈ W∗ is the sub-state related to the fast subsystem, respectively
with X := V∗ ⊕W∗.

The solution of the slow subsystem (5.7a) is the solution of an ordinary differ-
ential equation. On the other hand, the solution of the fast subsystem (5.7b) is
given by

xf (t) = −
k∗−1∑
j=0

N jBfu
(j)(t)−

k∗−1∑
j=0

N jGfd
(j)(t), (5.8)

where k∗ is the nilpotency index of the matrix N , and u(j), d(j) is the j-th time-
derivative of the input function u(·) and disturbance function d(·).

According to (5.8), it is clear that we should require the input function and
disturbance function at least k∗-times continuously differentiable functions in order
to guarantee that the solution x is continuously differentiable. The allowed time-
functions x : R+ → X , u : R+ → U , y : R+ → Y, d : R+ → D, with R+ = [0,∞),
will be denoted by X,U,Y,D. For convenience, we will take U,D,X,Y to be the
class of continuously differentiable functions on R+. We will denote these functions
by x(·), u(·), y(·), d(·), and if no confusion can arise simply by x, u, y, d.

5.2 Bisimulation relations for non-deterministic case

Consider two systems of the form

Eiẋi = Aixi +Biui +Gidi,

yi = Cixi,
(5.9)

where Ei, Ai ∈ Rni×ni , Bi ∈ Rni×m, Gi ∈ Rni×si , Ci ∈ Rp×ni for i = 1, 2. Here
xi ∈ Rni denotes the state of the system (constrained by linear algebraic equations),
ui ∈ Rm denotes the input vector, yi ∈ Rp denotes the output vector, and di ∈ Rsi

denotes the vector of disturbances acting on the system. The disturbances are
regarded as an internal generator of uncertainty, leading to non-determinism in the
solutions of (5.9) for i = 1, 2. Assume again that the matrix pencil (sEi − Ai) is
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regular.
Consider the matrices [Vi,Wi] and [EiVi, AiWi] as in Theorem 5.2. By applying

Ki = [EiVi, AiWi]
−1 and Li = [Vi,Wi], i = 1, 2, to system (5.9), the system (5.9)

decompose into the two following subsystems

Σi :

(a) ẋsi = Jixsi +Bsiui +Gsidi, xsi ∈ V∗
i

ysi = Csixsi,

(b) Niẋfi = xfi +Bfiui +Gfidi, xfi ∈ W∗
i

yfi = Cfixfi.

(5.10)

The subsystems (5.10a) and (5.10b) are called the slow subsystem and the fast
subsystem, respectively. As before, Ji ∈ Rnsi×nsi , Ni ∈ Rnfi×nfi is a nilpotent
matrix with order k∗i and nsi + nfi = ni for i = 1, 2. The notion of a bisimulation
relation between two systems of the form (5.10) can be given as follows.

Definition 5.3. A bisimulation relation between two systems Σ1 and Σ2 is a linear
subspace

P ⊕Q, (5.11)

where P ⊂ V∗
1 × V∗

2 , Q ⊂ W∗
1 × W∗

2 , such that for all pairs of initial conditions
(xs10 , xs20) ∈ P and any joint input function u1(·) = u2(·) = u(·) ∈ U, the following
properties hold:

1. For every disturbance function d1(·) ∈ D1 for which there exists a solution
x1(·) := xs1(·)⊕ xf1(·) with xs1(0) = xs10 , there should exist a disturbance
function d2(·) ∈ D2 such that the resulting trajectories x2(·) := xs2(·)⊕xf2(·)
with xs2(0) = xs20 satisfy for all t � 0

(xs1(t), xs2(t)) ∈ P,

(xf1(t), xf2(t)) ∈ Q,
(5.12)

and conversely, for every disturbance function d2(·) ∈ D2 for which there
exists a solution x2(·) := xs2(·) ⊕ xf2(·) with xs2(0) = xs20 , there should
exist a disturbance function d1(·) ∈ D1 such that the resulting trajectories
x1(·) := xs1(·)⊕ xf1(·) with xs1(0) = xs10 satisfying (5.12).

2. For all (xs1, xs2) ∈ P and (xf1, xf2) ∈ Q

Cs1xs1 = Cs2xs2,

Cf1xf1 = Cf2xf2.
(5.13)

The algebraic characterization of a bisimulation relation can be given as follows.



512350-L-sub01-bw-Megawati512350-L-sub01-bw-Megawati512350-L-sub01-bw-Megawati512350-L-sub01-bw-Megawati
Processed on: 10-8-2017Processed on: 10-8-2017Processed on: 10-8-2017Processed on: 10-8-2017 PDF page: 62PDF page: 62PDF page: 62PDF page: 62

50 5. Equivalence of regular matrix pencil DAE systems by bisimulation

Theorem 5.4. A subspace P ⊕ Q is a bisimulation relation between Σ1 and Σ2

represented as in (5.10) if and only if P satisfies

(a) P + im

[
Gs1

0

]
= P + im

[
0

Gs2

]
=: Pe,

(b)

[
J1 0

0 J2

]
P ⊂ Pe,

(c) im

[
Bs1

Bs2

]
⊂ Pe,

(d) P ⊂ ker

[
Cs1

... − Cs2

]
,

(5.14)

and Q satisfies

(a) Q+ im

[
Gf1

0

]
= Q+ im

[
0

Gf2

]
=: Qe,

(b)

[
N1 0

0 N2

]
Q ⊂ Qe,

(c) im

[
Bf1

Bf2

]
⊂ Qe,

(d) Q ⊂ ker

[
Cf1

... − Cf2

]
.

(5.15)

Proof. It is obvious that the first line of (5.13) is equivalent to (5.14d). Using the
same reasoning as in [58], by differentiating xs1(t) and xs2(t) with respect to t and
evaluating at any t, we obtain

(J1xs1 +Bs1u+Gs1d1, J2xs2 +Bs2u+Gs2d2) ∈ P, (5.16)

with xs1 = xs1(t), xs2 = xs2(t), u = u1(t) = u2(t), d1 = d1(t), d2 = d2(t). Take
u = 0, then for all (xs1, xs2) ∈ P, and for all d1 there exists a d2 such that

(J1xs1 +Gs1d1, J2xs2 +Gs2d2) ∈ P. (5.17)

This is equivalent to

[
J1 0

0 J2

]
P ⊂ P + im

[
0

G2

]
,

im

[
G1

0

]
⊂ P + im

[
0

G2

]
.

(5.18)

Analogously, we have that for all d2 there exists d1 such that (5.16) holds. This
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implies [
J1 0

0 J2

]
P ⊂ P + im

[
G1

0

]
,

im

[
0

G2

]
⊂ P + im

[
G1

0

]
.

(5.19)

The second line of (5.18) and (5.19) is equivalent to (5.14a). Furthermore, the first
line of (5.18) and (5.19) is equivalent to (5.14b). Moreover, consider xs1 = xs2 = 0

and d1 = 0. Then (5.16) implies

im

[
Bs1

Bs2

]
⊂ P + im

[
0

G2

]
. (5.20)

The same result follows by taking d2 = 0, then we have

im

[
Bs1

Bs2

]
⊂ P + im

[
G1

0

]
. (5.21)

Thus combining (5.20) and (5.21), this implies (5.14c).

Next, it is obvious that the second line of (5.13) is equivalent to (5.15d). Let
(xf1(t), xf2(t)) ∈ Q where xfi(·) is solution of the fast subsystem. Thus xfi(·)
satisfies

Niẋfi = xfi +Bfiu+Gfidi, ∀t � 0 (5.22)

By evaluating at any t and define ẋfi(t) = fi, u1(t) = u2(t) = u, d1(t) = d1 and
d2(t) = d2, we obtain

(N1f1 −Bf1u−Gf1d1, N2f2 −Bf2u−Gf2d2) ∈ Q. (5.23)

Since Q is a linear space, we obtain (f1, f2) ∈ Q. Take u = 0, then (5.23) equivalent
to [

N1 0

0 N2

]
Q ⊂ Q+ im

[
0

Gf2

]
,

im

[
Gf1

0

]
⊂ Q+ im

[
0

Gf2

]
.

(5.24)

Analogously, for all d2 there exists d1 such that (5.23) holds, implying

[
N1 0

0 N2

]
Q ⊂ Q+ im

[
Gf1

0

]
,

im

[
0

Gf2

]
⊂ Q+ im

[
Gf1

0

]
.

(5.25)
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Combining (5.24) and (5.25) we get (5.15 a,b). Again following [58], take d1 = 0

and (f1, f2) = (0, 0), then we have

im

[
Bf1

Bf2

]
⊂ Q+ im

[
0

Gf2

]
. (5.26)

Analogously, take d2 = 0, then we have

im

[
Bf1

Bf2

]
⊂ Q+ im

[
Gf1

0

]
. (5.27)

Thus combining (5.26) and (5.27) we get (5.15c).

Conversely, take u ∈ U , d1 ∈ D1 and d2 ∈ D2. By linearity it follows that from
(5.14a,b,c) for (xs1, xs2) ∈ P, we get

(Js1xs1 +Bs1u+Gs1d1, Js2xs2 +Bs2u+Gs2d2) ∈ P.

Then, (ẋ1(t), ẋ2(t)) ∈ P for all t � 0 for which derivative exist, thus implying the
first part of (5.12). Analogously, also by linearity it follows that (5.15a,b,c) implies
property in the second part of (5.12).

5.3 Computing the maximal bisimulation relation

The maximal bisimulation relation between two regular DAE systems, denoted
Pmax ⊕ Qmax, can be computed, whenever it exists, in the following way. For
notational convenience define

J× :=

[
J1 0

0 J2

]
, N× :=

[
N1 0

0 N2

]
,

C×
s :=

[
Cs1

... − Cs2

]
, C×

f :=

[
Cf1

... − Cf2

]
,

G×
s1 :=

[
Gs1

0

]
, G×

s2 :=

[
0

Gs2

]
,

G×
f1 :=

[
Gf1

0

]
, G×

f2 :=

[
0

Gf2

]
.

(5.28)

Algorithm 5.5. Given two dynamical systems Σ1 and Σ2 as in (5.10). Define the
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following sequence Pj , j = 0, 1, 2, ..., of subsets of V∗
1 × V∗

2

P0 = V∗
1 × V∗

2 ,

P1 = {z ∈ P0 | z ⊂ kerC×
s },

P2 = {z ∈ P1 | J×z + imG×
s1 ⊂ P1 + imG×

s2,

J×z + imG×
s2 ⊂ P1 + imG×

s1},
...

Pj = {z ∈ Pj−1 | J×z + imG×
s1 ⊂ Pj−1 + imG×

s2,

J×z + imG×
s2 ⊂ Pj−1 + imG×

s1},

(5.29)

and the sequence Qj , j = 0, 1, 2, ..., of subsets of W∗
1 ×W∗

2

Q0 = W∗
1 ×W∗

2 ,

Q1 = {z ∈ Q0 | z ⊂ kerC×
f },

Q2 = {z ∈ Q1 | N×z + imG×
f1 ⊂ Q1 + imG×

f2,

N×z + imG×
f2 ⊂ Q1 + imG×

f1},
...

Qj = {z ∈ Qj−1 | N×z + imG×
f1 ⊂ Qj−1 + imG×

f2,

N×z + imG×
f2 ⊂ Qj−1 + imG×

f1},

(5.30)

Proposition 5.6. 1. The sequence of subsets P0,P1, ...,Pj , ... satisfies the follow-
ing properties.

(a) Pj , j � 0, is a linear space or empty. Furthermore, P0 ⊃ P1 ⊃ P2 ⊃
· · · ⊃ Pj ⊃ Pj+1 ⊃ · · · .

(b) There exists a finite k such that Pk = Pk+1 =: P∗ and then Pj = P∗ for
all j � k.

(c) P∗ is either empty or equal to the maximal subspace of V∗
1 × V∗

2 satisfying
properties

(a) P∗ + im

[
Gs1

0

]
= P∗ + im

[
0

Gs2

]
=: P∗

e ,

(b)

[
J1 0

0 J2

]
P∗ ⊂ P∗

e ,

(c) P∗ ⊂ ker

[
Cs1

... − Cs2

]
.

2. The sequence of subsets Q0,Q1, ...,Qj , ... satisfies the following properties.

(a) Qj , j � 0, is a linear space or empty. Furthermore, Q0 ⊃ Q1 ⊃ Q2 ⊃
· · · ⊃ Qj ⊃ Qj+1 ⊃ · · · .
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(b) There exists a finite k such that Qk = Qk+1 =: Q∗ and then Qj = Q∗ for
all j � k.

(c) Q∗ is either empty or equal to the maximal subspace of W∗
1 ×W∗

2 satisfying
properties

(a) Q∗ + im

[
Gf1

0

]
= Q∗ + im

[
0

Gf2

]
=: Q∗

e,

(b)

[
N1 0

0 N2

]
Q∗ ⊂ Q∗

e,

(c) Q∗ ⊂ ker

[
Cf1

... − Cf2

]
.

If P∗ as obtained from Algorithm 5.5 is non-empty and satisfy property (5.14c)
in Theorem 5.4 and Q∗ as obtained from Algorithm 5.5 is non-empty and satisfies
property (5.15c) in Theorem 5.4, we call P∗⊕Q∗ the maximal bisimulation relation
between Σ1 and Σ2. On the other hand, if P∗ is empty or does not satisfy property
(5.14c) in Theorem 5.4 and Q∗ is empty or does not satisfy property (5.15c) in
Theorem 5.4 then there does not exist any bisimulation relation between Σ1 and
Σ2.

Furthermore two systems are called bisimilar if there exists a bisimulation
relation relating all states for both systems. This is formalized in the following
definition and corollary.

Definition 5.7. Two systems Σ1 and Σ2 as in (5.10) are bisimilar, denoted Σ1 ≈ Σ2,
if there exists a bisimulation relation P ⊕Q with the property that

πs1(P) = V∗
1 , πs2(P) = V∗

2 , (5.31)

and
πf1(Q) = W∗

1 , πf2(Q) = W∗
2 . (5.32)

where πsi : V∗
1 × V∗

2 → V∗
i and πfi : W∗

1 ×W∗
2 → W∗

i are the canonical projection
for i = 1, 2.

Corollary 5.8. Two systems Σ1 and Σ2 as in (5.10) are bisimilar if and only if P∗

is non-empty and satisfies property (5.14c) and equation (5.31), and also Q∗ is
non-empty and satisfies property (5.15c) and equation (5.32).
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5.4. Bisimulation relations for the deterministic case 55

5.4 Bisimulation relations for the deterministic case

In this section we specialize our results to deterministic DAE systems, that is DAE
systems without disturbance, of the form

Eiẋi = Aixi +Biui, xi ∈ Xi, ui ∈ U ,

yi = Cixi, yi ∈ Y,
(5.33)

where Ei, Ai ∈ Rni×ni , Bi ∈ Rni×m, Ci ∈ Rp×ni and Xi,U and Y are finite-
dimensional linear spaces for i = 1, 2. Again, we assume that the matrix pencil
(sEi − Ai) is regular. Then (5.33) can be decomposed into the two following
subsystems

Σi :

(a) ẋsi = Jixsi +Bsiui, xsi ∈ V∗
i

ysi = Csixsi,

(b) Niẋfi = xfi +Bfiui, xfi ∈ W∗
i

yfi = Cfixfi,

(5.34)

Based on Theorem 5.4, the characterization of a bisimulation relation between Σ1

and Σ2 given in (5.34) can be specialized as follows.

Corollary 5.9. A subspace P ⊕ Q is a bisimulation relation between Σ1 and Σ2 if
and only if P is satisfying

(a)

[
J1 0

0 J2

]
P ⊂ P,

(b) im

[
Bs1

Bs2

]
⊂ P,

(c) P ⊂ ker

[
Cs1

... − Cs2

]
,

(5.35)

and Q is satisfying

(a)

[
N1 0

0 N2

]
Q ⊂ Q,

(b) im

[
Bf1

Bf2

]
⊂ Q,

(c) Q ⊂ ker

[
Cf1

... − Cf2

]
.

(5.36)

The existence of a bisimulation relation between two deterministic DAE systems
can be characterized in the following way.
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56 5. Equivalence of regular matrix pencil DAE systems by bisimulation

Theorem 5.10. There exists a bisimulation relation P ⊕Q between Σ1 and Σ2 as in
(5.34) if and only if

(a) Cs1J
j
1Bs1 = Cs2J

j
2Bs2, j = 0, 1, 2, · · · ,

(b) Cf1N
l
1Bf1 = Cf2N

l
2Bf2, l = 0, 1, · · · ,max(k∗1 , k

∗
2),

(5.37)

or equivalently, their transfer matrices Gi(s) := Ci(sEi−Ai)
−1Bi, i = 1, 2, are equal.

Proof. Based on the regularity assumption in (5.33), the transfer matrices can be
decomposed as

Gi(s) = Si(s) + Ti(s)

= Csi(sI − Ji)
−1Bsi + Cfi(sNi − I)−1Bfi.

(5.38)

Condition (5.37a) is equivalent to the property that the subspace

im

[
Bs1 J1Bs1 J2

1Bs1 · · ·
Bs2 J2Bs2 J2

2Bs2 · · ·

]
.

which is the smallest subspace of V∗
1 × V∗

2 that is invariant under
[

J1 0

0 J2

]

and containing im

[
Bs1

Bs2

]
, is contained in ker

[
Cs1

... − Cs2

]
. Thus (5.37a) is

equivalent to the existence of P ⊂ V∗
1 × V∗

2 satisfying (5.35).
Moreover, assume that k∗1 � k∗2 . Condition (5.37b) is equivalent to the property

that the subspace

im

[
−Bf1 · · · −N

k∗
1−1

1 Bf1 0 · · · 0

−Bf2 · · · −N
k∗
1−1

2 Bf2 −N
k∗
1

2 Bf2 · · · −N
k∗
2−1

2 Bf2

]
,

which is the smallest subspace of W∗
1 ×W∗

2 that is invariant under
[

N1 0

0 N2

]

and containing im

[
Bf1

Bf2

]
, is contained in ker

[
Cf1

... − Cf2

]
. Thus (5.37b) is

equivalent to the existence of Q ⊂ W∗
1 ×W∗

2 satisfying (5.36).

Example 5.11. Recall the example given in the introduction, cf. (5.1). We note that
the systems Σ1 and Σ2 are already in slow and fast subsystem form.The subspace

P = span

(
1

1

)
,
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is a partial bisimulation relation between the slow subsystems. Furthermore, the
subspace

Q = span

�
−1

−1

�
,

is a partial bisimulation relation between fast subsystems. Thus,

P ⊕Q = span
�
1 −1 1 −1

�T
,

is a bisimulation relation between Σ1 and Σ2 given by (5.1).

Example 5.12. Consider the following example taken from [16]. Consider two
systems given by

⎡
⎢⎢⎣

1 0 0 0

0 0 1 0

0 0 0 0

0 0 0 0

⎤
⎥⎥⎦ ẋ =

⎡
⎢⎢⎣

0 1 0 0

1 0 0 0

−1 0 0 1

0 1 1 1

⎤
⎥⎥⎦x+

⎡
⎢⎢⎣

0

0

0

−1

⎤
⎥⎥⎦u1,

y1 =
�
0 0 1 0

�
x,

(5.39)

and

żs2 =

�
−1 −1

1 0

�
zs2 +

�
1

0

�
u2,

0 = zf2 − u2,

y2 =
�
0 1

�
zs2.

(5.40)

Since the matrix pencil system (5.39) is regular, there exist

K1 =

⎡
⎢⎢⎣

1 0 1 −1

0 1 0 0

0 0 −1 1

0 0 1 0

⎤
⎥⎥⎦ , L1 =

⎡
⎢⎢⎣

1 0 0 0

−1 −1 1 0

0 1 0 0

1 0 0 1

⎤
⎥⎥⎦ ,

such that the system (5.39) can be decomposed into

ẋs1 =

�
−1 −1

1 0

�
xs1 +

�
1

0

�
u1,

0 = xf1 +

�
−1

0

�
u1,

y1 =
�
0 1

�
xs1.

(5.41)
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It can be easily proved that

P = span{

⎛
⎜⎜⎝

0

1

0

1

⎞
⎟⎟⎠ ,

⎛
⎜⎜⎝

1

0

1

0

⎞
⎟⎟⎠ ,

⎛
⎜⎜⎝

1

1

1

1

⎞
⎟⎟⎠ },

is a partial bisimulation relation between the slow subsystems which is satisfying
(5.35). Furthermore,

Q = span

⎛
⎝

−1

0

−1

⎞
⎠ ,

is satisfying (5.36) and therefore is a partial bisimulation relation between the two
fast subsystems. Therefore, P ⊕Q is a bisimulation relation between (5.41) and
(5.40).

Remark 5.13. In this remark we will elaborate on the connection between the
notions of bisimulation given in Chapter 4 and in the current Chapter 5. Consider
two regular deterministic DAE systems Σ1 an Σ2 as in (5.33) with the property that
imBi ⊂ EiV

∗
i for i = 1, 2. Let R be a bisimulation relation between Σ1 and Σ2 in

the sense of Corollary 4.19. Thus, we have

(a)

�
A1 0

0 A2

�
R ⊂

�
E1 0

0 E2

�
R,

(b) im

�
B1

B2

�
⊂

�
E1 0

0 E2

�
R,

(c) R ⊂ ker

�
C1

... − C2

�
.

(5.42)

Consider the matrices [Vi,Wi] and [EiVi, AiWi] as in Theorem 5.2. Applying
Ki = [EiVi, AiWi]

−1 and Li = [Vi,Wi], i = 1, 2, to Σ1 and Σ2. Since imBi ⊂ EiV∗
i ,

we have that Bfi = 0 for i = 1, 2. Therefore, (5.42) become

(a)

⎡
⎢⎢⎣

J1 0 0 0

0 Inf1
0 0

0 0 J2 0

0 0 0 Inf2

⎤
⎥⎥⎦

⎡
⎢⎢⎣

P1

Q1

P2

Q2

⎤
⎥⎥⎦ ⊂

⎡
⎢⎢⎣

Ins1
0 0 0

0 N1 0 0

0 0 Inf2
0

0 0 0 N2

⎤
⎥⎥⎦

⎡
⎢⎢⎣

P1

Q1

P2

Q2

⎤
⎥⎥⎦ ,
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(b) im

⎡
⎢⎢⎣

Bs1

0

Bs2

0

⎤
⎥⎥⎦ ⊂

⎡
⎢⎢⎣

Ins1
0 0 0

0 N1 0 0

0 0 Inf2
0

0 0 0 N2

⎤
⎥⎥⎦

⎡
⎢⎢⎣

P1

Q1

P2

Q2

⎤
⎥⎥⎦ ,

(c)

⎡
⎢⎢⎣

P1

Q1

P2

Q2

⎤
⎥⎥⎦ ⊂ ker

�
Cs1 Cf1

... − Cs2 − Cf2

�
.

(5.43)

According to (5.43) we obtain Qi ⊂ NiQi where Ni is nilpotent for i = 1, 2. This
implies Qi = 0 for i = 1, 2. Therefore, the existence of a bisimulation relation in
the sense of Corollary 4.19 implies bisimulation of the slow subsystems.

5.5 Simulation relation and abstraction

A one-sided version of the notions of bisimulation relation and bisimilarity as
provided in Definition 5.3 and Definition 5.7 can be stated as follows.

Definition 5.14. Consider Σ1 and Σ2 as given in (5.10). A simulation relation of
Σ1 by Σ2 is a linear subspace

S ⊕ T

where S ⊂ V∗
1 × V∗

2 , T ⊂ W∗
1 × W∗

2 such that for all pairs of initial conditions
(xs10 , xs20) ∈ S and any joint input function u1(·) = u2(·) = u(·) ∈ U the following
properties hold:

1. For every disturbance function d1(·) ∈ D1 for which there exists a solution
x1(·) := xs1(·)⊕ xf1(·) with xs1(0) = xs10 , there should exist a disturbance
function d2(·) ∈ D2 such that the resulting trajectories x2(·) := xs2(·)⊕xf2(·)
with xs2(0) = xs20 satisfy for all t � 0

(xs1(t), xs2(t)) ∈ S,

(xf1(t), xf2(t)) ∈ T ,
(5.44)

2. For all (xs1, xs2) ∈ S and (xf1, xf2) ∈ T

Cs1xs1 = Cs2xs2,

Cf1xf1 = Cf2xf2.
(5.45)

Moreover, Σ1 is simulated by Σ2 if the simulation relation S ⊕ T satisfies

πs1(S) = V∗
1 and πf1(T ) = W∗

1 ,
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where πs1 : V∗
1 × V∗

2 → V∗
1 and πf1 : W∗

1 ×W∗
2 → W∗

1 are canonical projections.

The one-sided version of Theorem 5.4 can be given as follows.

Proposition 5.15. A subspace S ⊕T is a simulation relation of Σ1 by Σ2 represented
as in (5.10) if and only if S satisfies

(a) S + im

[
Gs1

0

]
⊂ S + im

[
0

Gs2

]
,

(b)

[
J1 0

0 J2

]
S ⊂ S + im

[
0

Gs2

]
,

(c) im

[
Bs1

Bs2

]
⊂ S + im

[
0

Gs2

]
,

(d) S ⊂ ker

[
Cs1

... − Cs2

]
,

(5.46)

and T satisfies

(a) T + im

[
Gf1

0

]
⊂ T + im

[
0

Gf2

]
,

(b)

[
N1 0

0 N2

]
T ⊂ T + im

[
0

Gf2

]
,

(c) im

[
Bf1

Bf2

]
⊂ T + im

[
0

Gf2

]
,

(d) T ⊂ ker

[
Cf1

... − Cf2

]
.

(5.47)

Simulation relations appear naturally in the context of abstractions. The main
idea of the abstraction system is to construct the abstraction for the slow subsystem
and the fast subsystem.

Recall from [48, 58] that the abstraction for the slow subsystem is constructed
as follows from the abstraction for linear continuous systems. Consider a slow
subsystem

Σs :
ẋs = Jxs +Bsu+Gsd, xs ∈ V∗

ys = Csxs
(5.48)

together with surjective map Hs : V∗ → Zs where the linear space Zs satisfies

kerHs ⊂ kerCs
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This implies that there exists a unique linear map C̄s : Zs → Ys such that

Cs = C̄sHs

Then define the following dynamical system on Zs.

Σ̄s :
żs = J̄zs + B̄su+ Ḡsd̄,

ys = C̄szs,
(5.49)

with
J̄ := HsJH

†
s ,

B̄s := HsBs,

Ḡs :=

[
HsGs

...O
...HsJvs1

... · · ·
...HsJvsr2

]
,

where H†
s is pseudo-inverse of matrix Hs,O is a zero matrix with the dimension

ns × r1, r1 = dim(kerHf ) and any vectors vs1, · · · , vsr2 span kerHs. System Σ̄s is
an abstraction of the slow subsystem Σs.

Proposition 5.16. Ss := {(xs, zs) | zs = Hsxs} is a simulation relation of Σs by
Σ̄s.

Proof. Take (x0
s, z0 = Hsx

0
s) ∈ Ss and take any disturbance function d(·) for which

xs(·) is a solution trajectory of slow subsystem Σs with xs(0) = x0
s. We need to

show that there exists a disturbance function d̄(·) such that zs(·) = Hsxs(·) is a
solution of Σ̄s. Take d̄ = [d − Ir1 Ir2 ]T , where I is ri × 1 vector ones for i = 1, 2.
Thus

żs − J̄zs − B̄su− Ḡsd̄ = Hsẋs −HsJH
†
szs −HsBsu−HsGsd

−HsJ

[
vs1

... · · ·
...vsr2

]
,

= Hs(ẋs − Jxs − J

[
vs1

... · · ·
...vsr2

]
−Bsu−Gsd

+J

[
vs1

... · · ·
...vsr2

]
),

= Hs(ẋs − Jxs −Bsu−Gsd) = 0

Thus, zs(·) is a solution of Σ̄s with z(0) = Hsxs(0) = Hsx
0
s. Furthermore, clearly

C̄szs = Csxs.

Next, the abstraction for the fast subsystem can be given in the following.



512350-L-sub01-bw-Megawati512350-L-sub01-bw-Megawati512350-L-sub01-bw-Megawati512350-L-sub01-bw-Megawati
Processed on: 10-8-2017Processed on: 10-8-2017Processed on: 10-8-2017Processed on: 10-8-2017 PDF page: 74PDF page: 74PDF page: 74PDF page: 74

62 5. Equivalence of regular matrix pencil DAE systems by bisimulation

Consider a fast subsystem

Σf :
Nẋf = xf +Bfu+Gfd, xf ∈ W∗

yf = Cfxf
(5.50)

together with a surjective map Hf : W∗ → Zf where the linear space Zf satisfies

kerHf ⊂ kerCf

This implies that there exists a unique linear map C̄f : Zf → Yf such that

Cf = C̄fHf

Then define the following dynamical system on Zf .

Σ̄f :
N̄ żf = zf + B̄fu+ Ḡf d̄,

yf = C̄fzf ,
(5.51)

with
N̄ := HfNH†

f ,

B̄f := HfBf ,

Ḡf :=

[
HfGf

...HfNvf1
... · · ·

...HNvfr1
...O

]

where H†
f is pseudo-inverse of matrix Hf ,O is a zero matrix with dimension

nf × r2, r2 = dim(kerHs) and any vectors vf1, · · · , vfr1 span kerHf . System Σ̄f is
an abstraction of fast subsystem Σf .

Proposition 5.17. Sf := {(xf , zf ) | zf = Hfxf} is a simulation relation of Σf by
Σ̄f .

Proof. Take disturbance function d(·) for which xf (·) is a solution trajectory of fast
subsystem Σf . We need to show there exists a disturbance function d̄(·) such that
zf (·) = Hfxf (·) is a solution of Σ̄. To do so, take d̄ = [d − Ir1 Ir2 ]T , where I is
ri × 1 vector ones for i = 1, 2. Thus

N̄ żf − zf − B̄fu− Ḡf d̄ = HfNH†
f żf − zf −HfBfu−HfGfd

−HfN

[
vf1

... · · ·
...vfr1

]
,

= Hf (Nẋf +N

[
vf1

... · · ·
...vfr1

]
− xf −Bfu−Gfdf

−N

[
vf1

... · · ·
...vfr1

]
),

= Hf (Nẋf − xf −Bfu−Gfd) = 0



512350-L-sub01-bw-Megawati512350-L-sub01-bw-Megawati512350-L-sub01-bw-Megawati512350-L-sub01-bw-Megawati
Processed on: 10-8-2017Processed on: 10-8-2017Processed on: 10-8-2017Processed on: 10-8-2017 PDF page: 75PDF page: 75PDF page: 75PDF page: 75

5.6. Concluding remarks 63

Thus, zf (·) is a solution of Σ̄f . Furthermore, clearly C̄fzf = Cfxf .

5.6 Concluding remarks

In this chapter we have studied a different notion of bisimulation relation for
DAE systems with regular matrix pencil (sE − A). It is well known that if the
matrix pencil is regular then the DAE system can be decoupled into two subsystems,
called the slow subsystem and the fast subsystem. It also guarantees that the
set of initial states can be decoupled into consistent initial values corresponding
to the slow subsystem and inconsistent initial values corresponding to the fast
subsystem. Based on this, the notion of bisimulation relation for regular matrix
pencil DAE systems is constructed by computing the partial bisimulation relations
corresponding to the slow subsystem and the fast subsystem.

We also have discussed the notion of simulation relation. This simulation
relation is constructed by computing the partial simulation relations between
the slow and fast subsystems. Furthermore, we showed that an abstraction of
the regular DAE system is computed by constructing the abstraction for the slow
subsystem and the fast subsystem.

If the regularity assumption does not hold, then such DAE system may not have
a solution for arbitrary input functions. An open problem is to generalize the notion
of bisimulation relation to non-regular DAE systems.
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Chapter 6

Disturbance decoupling for linear systems
with complementarity switching

First we fix some notations that will be used throughout this chapter. For a positive
integer l, l̄ denotes the set {1, 2, · · · , l}. If a is a vector with k real components,
we write a ∈ Rk and denote the ith component by ai. Given M ∈ Rk×l and two
subsets I ⊆ k̄ and J ⊆ l̄, the (I, J)-submatrix of M defined as MIJ := (mij)i∈I,j∈J .
In case J = l̄, we also write MI• and if I = k̄, we write M•J .

In this chapter we will study the disturbance decoupling problem for a linear
system

ẋ = Ax+Bv +Gw,

z = Cx+Dv,

y = Jx,

(6.1)

subject to complementarity conditions on z and v. Here x ∈ Rn is the state of the
system, v ∈ Rk, z ∈ Rk are the vectors of complementarity variables, y ∈ Rp is the
output of the system and w ∈ Rs is an external disturbance, which may represent
modelling errors or noise. The matrices are A ∈ Rn×n, B ∈ Rn×k, G ∈ Rn×s, C ∈
Rk×n, D ∈ Rk×k, and J ∈ Rp×n.

Let I ⊆ k̄ := {1, · · · , k}. Then define the complementarity conditions corre-
sponding to I as

zi = 0, i ∈ I,

vj = 0, j ∈ k̄ \ I. (6.2)

The system (6.1) together with the complementarity conditions (6.2) defines a
DAE system given by

ẋ = Ax+B•IvI +Gw,

0 = CI•x+DIIvI ,

y = Jx.

(6.3)

Since there are 2k index subsets I ⊆ k̄, we obtain a multi-modal (or, hybrid)
system with 2k modes, where for each I ⊆ k̄ the mode is defined by the DAE
system (6.3). The resulting multi-modal system will be called a linear system with
complementarity switching. Note that in contrast with [19, 20] we do not impose
non-negativity conditions on the complementarity variables, as in the standard
definition of complementarity systems. An appealing example of a linear system
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66 6. Disturbance decoupling for linear systems with complementarity switching

with complementarity switching is an electrical circuit with k ideal switches, with
v, z being the voltages across, and currents through, the switches: open switches
correspond to zero currents, and closed switches correspond to zero voltages.

In this chapter we will study the disturbance decoupling problem (DDP) for
linear systems with complementarity switching. The switching behavior between
the several modes of the linear system with complementarity switching is assumed
to be arbitrary. The disturbance decoupling problem for state-dependent switching
of piecewise affine systems was treated in [18, 20]. The obtained necessary
condition and sufficient condition for the piecewise affine system to be disturbance
decoupled do not coincide in general. Using the same approach as in [18, 20],
we provide a necessary condition and sufficient condition under which the linear
system with complementarity switching is disturbance decoupled.

The structure of this chapter is as follows. In Section 6.1 we give some pre-
liminaries on disturbance decoupling problem for differential-algebraic systems.
In Section 6.2 we introduce linear systems with complementarity switching. The
disturbance decoupling problem for linear system with complementarity switching
is treated in Section 6.3. We wrap up with some concluding remarks in Section 6.4.

6.1 Disturbance decoupling for DAE systems

Consider a linear differential-algebraic system of the form

Σ :
Eẋ = Ax+Gw

y = Jx.
(6.4)

Throughout this section, x ∈ Rn, w ∈ Rs and y ∈ Rp. Matrices E,A ∈ Rn×n, G ∈
Rn×s, and J ∈ Rp×n. Recall from [31, 37, 47] the definition of (A,E)-invariant.

Definition 6.1. A subspace V ⊂ Rn is called (A,E)-invariant for the DAE system
(6.4) if AV ⊆ EV.

We start by defining when the DAE system (6.4) is disturbance decoupled.

Definition 6.2. A differential-algebraic system (6.4) is disturbance decoupled
if for all consistent initial conditions x0 and all disturbance functions w1(·) and
w2(·) there exist continuous and piecewise-differentiable solution trajectories xwi

:

[0,∞) → Rn of the DAE system (6.4) corresponding to initial condition x0 and
disturbance function wi(·) for i = 1, 2 such that

yw1
= yw2

,

where ywi
: [0,∞) → Rp are the corresponding output trajectories.
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Remark 6.3. Note that in contrast to [8, 21] we only consider consistent initial
conditions. Note furthermore that this definition implies that the disturbances
are free, in the sense that for any consistent initial condition and any disturbance
function there exists a corresponding solution of the DAE system.

Proposition 6.4. A DAE system (6.4) is disturbance decoupled if and only if for
all disturbance functions w(·) there exists a continuous and piecewise-differentiable
solution trajectory x(·) of the DAE system with x(0) = 0 and Jx(t) = 0 for all t � 0.

Proof. (⇒) Let w be any disturbance function. Since the DAE system is disturbance
decoupled, there exists a continuous and piecewise-differentiable solution trajectory
from x0 = 0, and the corresponding output trajectory yw = Jxw satisfies yw = y0 =

0 (with y0 the output corresponding to x0 = 0 and w = 0).
(⇐) Consider any consistent initial condition x0 and any two disturbance

functions w1, w2. By linearity is sufficient to show that the solution xw for initial
condition x0 = 0 and disturbance function w(t) := w1(t)− w2(t) exists, and that
the corresponding output yw = Jxw is equal to zero. This is immediate.

A necessary and sufficient condition for the DAE system (6.4) to be disturbance
decoupled is now given in the following theorem.

Theorem 6.5. A DAE system (6.4) is disturbance decoupled if and only if there exists
an (A,E)-invariant subspace V ⊆ ker J such that

imG ⊆ EV.

Proof. (⇒) Recall from e.g. [47] the definition of the reachable set R of system
(6.4) as the set of states that can be reached from the zero initial state by some
w. By definition R is an (A,E)-invariant subspace, and imG ⊆ ER. Furthermore,
since the system is disturbance decoupled R ⊆ ker J .

(⇐) If there exists an (A,E)-invariant subspace V ⊆ ker J such that imG ⊆ EV
then clearly solutions xw for x0 and arbitrary w exist, and are such that yw = 0.

Next, consider a DAE system with additional inputs v given as

Σ :
Eẋ = Ax+Bv +Gd,

y = Jx.
(6.5)

The problem of disturbance decoupling by state feedback is to find a linear map
F : X → U such that system (6.5) is disturbance decoupled.

Recall from [7, 37, 47] the definition of a controlled invariant subspaces for
DAE systems, generalizing the definition given in Chapter 2.
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Definition 6.6. A subspace V is called controlled invariant, or (A,E,B)-invariant,
if for any initial state in V there exists an input function such that the corresponding
state trajectory remains in V for all t � 0.

The following Theorem provide a characterization of controlled invariant sub-
space for DAE systems.

Theorem 6.7. [7, Theorem 4] Consider a DAE system (6.5) with G = 0 and let
V ⊆ Rn be a subspace. Then the following statements are equivalent.

1. V is controlled invariant subspace.

2. AV ⊆ EV + imB.

3. There exists a linear map F such that (A+BF )V ⊆ EV.

Remark 6.8. Similar to Chapter 2 we note that if V1 and V2 are controlled invariant
subspaces for the DAE system, then the sum V1 + V2 is also a controlled invariant
subspace. Hence the maximal controlled invariant subspace V∗ is well-defined.

Substituting v = Fx into system (6.5), yields a closed-loop system given in the
following form

Eẋ = (A+BF )x+Gw,

y = Jx.
(6.6)

A necessary and sufficient condition for the solvability of the disturbance decou-
pling problem is immediate.

Theorem 6.9. The disturbance decoupling problem is solvable for the DAE system
(6.5) if and only if there exists an (A,E,B)-invariant subspace V ⊆ ker J satisfying

imG ⊆ EV.

Proof. (⇒) Let the closed-loop system (6.6) be disturbance decoupled. Then by
Theorem 6.5 there exists an ((A+BF ), E)-invariant subspace V ⊆ ker J such that
imG ⊆ EV. By Theorem 6.7, V is (A,E,B)-invariant subspace.

(⇐) Let V be an (A,E,B)-invariant subspace such that imG ⊆ EV and V ⊆
ker J . According to Theorem 6.7, there exists a linear map F such that V is
((A + BF ), E)-invariant subspace. It then follows from Theorem 6.5 that the
closed-loop system (6.6) is disturbance decoupled.

Corollary 6.10. The disturbance decoupling problem is solvable for the DAE system
(6.5) if and only if

imG ⊆ EV∗(ker J).
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6.2 Linear systems with complementarity switching

Consider a linear system given by (6.1) together with complementarity constraints
(6.2). Let k denote the number of inputs and outputs and k̄ the set {1, 2, · · · , k}.
Each mode is characterized by a set of active indices I ⊆ k̄ defining the complemen-
tarity conditions zi = 0, i ∈ I, and vi = 0, i ∈ Ic, where Ic := k̄\I = {i ∈ k̄ | i /∈ I}.
The DAE system for the active index set I ⊆ k̄ is thus given by

ẋ = Ax+Bv +Gw,

z = Cx+Dv,

y = Jx,

zi = 0, i ∈ I,

vi = 0, i ∈ Ic

(6.7)

Note that in contrast with [19, 20] we do not include non-negativity constraints on
the variables zi, i ∈ Ic and vi, i ∈ I. Equivalently, (6.7) can be written as

ẋ = Ax+B•IvI +Gw,

0 = CI•x+DIIvI ,

zIc = CIc•x+DIcIvI ,

vIc = 0,

y = Jx.

(6.8)

Defining

ĒI =

[
In
0

]
, ĀI =

[
A

CI•

]
,

B̄I =

[
B•I
DII

]
, Ḡ =

[
G

0

]
,

the system (6.8) can be further rewritten into the form

ĒI ẋ = ĀIx+ B̄IvI + Ḡw,

zIc = CIc•x+DIcIvI ,

vIc = 0,

y = Jx.

(6.9)

The set of consistent states for mode I is denoted by V∗
I . According to Theorem 6.7,

there exists a linear mapping FI such that the dynamics in each mode I is given as

ĒI ẋ = (ĀI + B̄IFI)x+ Ḡw,

y = Jx.
(6.10)
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6.3 Disturbance decoupling for linear systems with
complementarity switching

It is important to note that the dynamics of the linear system with complementarity
switching (6.7) under arbitrary switching behavior is not yet fully specified. This
comes from the fact that at a moment of switching the state vector of the linear
system with complementarity switching, while by definition being a consistent state
for the mode just prior to the switching time, does not need to be a consistent
state for the mode just after the switching instant1. In such a case, the evolution of
the state vector in the new mode is not defined, and one option is to supplement
the dynamics (6.7) by reset rules which determine how the state will become
a consistent state for the new mode after the switching instant2. We will not
pursue this, but instead simply restrict the switching behavior to a state-dependent
behavior where we allow for switchings satisfying the extra condition that the state
vector at the switching instant belongs to the consistent subset of the new mode.
Such, otherwise arbitrary, switching behavior will be called a consistent switching
behavior.

We are now ready for the definition of the linear system with complementarity
switching (6.7) being disturbance decoupled.

Definition 6.11. A linear system with complementarity switching (6.10) is distur-
bance decoupled under consistent switching behavior if for each mode and for any
consistent initial state x0 for this mode as well as for all disturbance functions w1

and w2 there exist continuous and piecewise-differentiable solution trajectories
xwi

: [0,∞) → Rn starting from x0 such

yw1 = yw2

where ywi
are the corresponding output functions for i = 1, 2.

A necessary condition for a linear system with complementarity switching (6.10)
to be disturbance decoupled is given in the following theorem.

Theorem 6.12. If the linear system with complementarity switching (6.10) is distur-
bance decoupled under consistent switching behavior, then

imG ⊆
∑

I⊆k̄

VI ⊆ ker J,

1Note that these difficulties stem from the fact that some of the modes of the linear system with
complementarity switching may be true DAE systems, with consistent subset smaller than the total state
space.

2For example, in electrical circuits with switches, some of the modes may involve constraints on the
vector of charges and fluxes. Commonly accepted reset rules in this case are given by the charge and
flux conservation principle.
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where VI is any (A+B•IFI)-invariant subspace contained in ker(CI• +DIIFI).

Proof. Since the linear system with complementarity switching is disturbance
decoupled under consistent switching behavior, each mode is also disturbance
decoupled. Thus by Theorem 6.9 for any mode I ⊆ k̄ there exists an ((Ā +

B̄•IFI), Ē)-invariant subspace VI ⊆ ker J such that

im Ḡ ⊆ ĒVI .

Equivalently, the subspace VI ⊆ ker J satisfies

(A+B•IFI)VI ⊆ VI ⊆ ker(CI• +DIIFI),

and
imG ⊆ VI .

Consequently, we have
imG ⊆

∑

I⊆k̄

VI ⊆ ker J.

In general the subspace
∑

I⊆k̄ VI that appears in Theorem 6.12 is not necessarily
invariant under (A + B•IFI) and contained in ker(CI• + DIIFI) for all I ⊆ k̄.
The following theorem formulates a sufficient condition for a linear system with
complementarity switching (6.10) to be disturbance decoupled under consistent
switching behavior.

Theorem 6.13. The linear system with complementarity switching (6.10) is distur-
bance decoupled under consistent switching behavior if there exists a subspace V ⊆
ker J which is invariant under (A+B•IFI) and satisfies imG ⊆ V ⊆ ker(CI•+DIIFI)

for all I ⊆ k̄.

Proof. Since the subspace V ⊆ ker J is (A + B•IFI)-invariant and contained in
ker(CI• + DIIFI) such that imG ⊆ V for all I ∈ k̄, this is equivalent to the
subspace V ⊆ ker J satisfying ĀIV ⊆ ĒIV and im Ḡ ⊆ ĒIV for all I ∈ k̄. Thus
according to Theorem 6.9, the linear system with complementarity switching (6.10)
is disturbance decoupled under consistent switching behavior.

Remark 6.14. In general the above necessary condition and sufficient condition
under which the linear system with complementarity switching is disturbance
decoupled under consistent switching behavior do not coincide. These conditions
do coincide in case of the linear complementarity system satisfies the following two
assumptions: the matrix D is a P-matrix and the transfer matrices C(sI −A)−1G

are right invertible as rational matrices; see [19, 20] for more details.
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6.4 Concluding remarks

In this chapter, we have studied the disturbance decoupling problem for linear
DAE systems. Subsequently we considered linear systems with complementarity
switching, where each active index set defines a DAE system. Motivated by the
results of [19, 20] we have studied disturbance decoupling under arbitrary consis-
tent switching behavior for linear systems with complementarity switching, and
have derived a sufficient condition and a necessary condition for the linear system
with complementarity switching to be disturbance decoupled. In general these two
conditions do not coincide.
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Chapter 7

Abstraction and control by interconnection
of linear systems

In this chapter, we study the control by interconnection problem. We consider linear
plant system with two types of inputs f and u, and two types of outputs z and y.
The first type of input f together with the output z describes the interaction of the
system with its environment. We call (f, z) the manifest variables. The second type
of input u and the output y are variables that are to be connected to the controller
system. These variables (u, y) are called the control variables.

Given a linear plant system we first approximate it by a lower-dimensional linear
system in the sense that the plant system is simulated by the abstraction system. We
call such an approximation an abstraction system. A preliminary problem studied
in this chapter consists in finding a controller for the abstraction system such that
the abstraction system interconnected with the controller system is bisimilar to
a given specification system. Here we make a distinction between the situation
where the set of control variables of the abstraction system is equal to the set of
control variables of the plant system, and the more general situation where this is
not anymore the case. In this last case we need to modify the interconnection of
the controller to the original plant system.

The controllers interconnection that we allow in this problem setting is more
general than the ones usually used in control design. We will use the so-called
‘canonical controller’ which is a controller obtained from interconnecting the ab-
straction system and the specification system via manifest variables. This type of
controller is defined as differential-algebraic system.

Next we consider the problem of applying the controller system derived for
the abstraction system to the original plant system. The main theorem consists of
showing that the resulting interconnection of the original plant system and the
controller system derived for the abstraction system is simulated by the specification
system. In this sense the controller based on the abstraction yields a conservative
solution to the control problem specified by the specification system. The closed-
loop system is not anymore bisimilar to this specification system but at least is
simulated by the specification system.

This chapter is organized as follows. In Section 7.1 we recall the basic notions
that we need for the rest of the chapter such as the definition of interconnection



512350-L-sub01-bw-Megawati512350-L-sub01-bw-Megawati512350-L-sub01-bw-Megawati512350-L-sub01-bw-Megawati
Processed on: 10-8-2017Processed on: 10-8-2017Processed on: 10-8-2017Processed on: 10-8-2017 PDF page: 86PDF page: 86PDF page: 86PDF page: 86

74 7. Abstraction and control by interconnection of linear systems

between systems and the notion of simulation relation. In Section 7.2 we deal with
the problem of finding a controller for linear abstraction system with internal dis-
turbances. We start with the case that the set of control variables of the abstraction
system is equal to that of the plant system, and afterwards we show how this can be
extended to the general case by making use of an adapted form of interconnection.
In Section 7.3 we present an initial study on feedback controller. Finally, we wrap
up this chapter with concluding remarks in Section 7.4.

7.1 Interconnection and simulation relation

Consider two linear systems

Σi :

ẋi = Aixi +Bu
i ui +Bf

i fi +Gidi, xi ∈ Xi, ui ∈ U , fi ∈ F , di ∈ Di

yi = Cy
i xi, yi ∈ Y

zi = Cz
i xi, zi ∈ Z

(7.1)
where Ai ∈ Rqi×ni , Bu

i ∈ Rqi×k, Bf
i ∈ Rqi×l, Gi ∈ Rqi×si , Cy

i ∈ Rp×ni and Cz
i ∈

Rr×ni ; Xi,U ,F ,Di,Y and Z are finite dimensional linear spaces, of dimension,
respectively ni, k, l, si, p and r. Here xi denotes the state of the system, ui, fi are
inputs, di is ‘internal’ disturbance and yi, zi are outputs. The set of allowed time
functions xi : R+ → Xi, ui : R+ → U , fi : R+ → F , di : R+ → Di, yi : R+ → Y
and zi : R+ → Z, with R+ = [0,∞), will be denoted by Xi,U,F,Di,Y and Z,
respectively. For simplicity of notation, we will also denote these time-functions
simply by xi, ui, fi, di, yi and zi. The exact choice of function class is for the
purpose of this chapter not really important as long as the state trajectories x(·) are
continuous. For example, we can take all the functions to be C∞ or piecewise C∞.

7.1.1 Interconnection systems

Interconnection between two systems with respect to either the manifest variables
or the control variables will be denoted by m and c, respectively. In order to allow
for more general interconnections than the standard feedback one, we will use a
permutation matrix Π as formalized in the following definition.

Definition 7.1. Let Σ1 and Σ2 be two systems of the form (7.1). Their intercon-
nection through the manifest variables via a permutation matrix Π, denoted by
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7.1. Interconnection and simulation relation 75

Σ1�ΠmΣ2, is defined

ẋi = Aixi +Bu
i ui +Bf

i fi +Gidi,

yi = Cy
i xi,

zi = Cz
i xi, i = 1, 2,[

f1
z1

]
= Π

[
f2
z2

]

In general the interconnection system Σ1�ΠmΣ2 is a differential-algebraic system
with algebraic constraints on the state variables (x1, x2). The state space of this
interconnected system, denoted by XΣ1,Σ2 , is defined as

{(x1, x2) ∈ XΣ1 ×XΣ2 | ∃ functions u1, u2, f1, f2, d1, d2 and ∃ state trajectories

(x1(·), x2(·)) such that (x1(0), x2(0)) = (x1, x2) and
[

f1(t)

z1(t)

]
= Π

[
f2(t)

z2(t)

]
,

t � 0}.

Similarly, the interconnection through the control variables and a suitable
permutation matrix Π is denoted by Σ1�Πc Σ2, where the first set of equations are as
in Definition 7.1, while the state space of the interconnected system is

{(x1, x2) ∈ XΣ1
×XΣ2

| ∃ functions u1, u2, f1, f2, d1, d2 and ∃ state trajectories

(x1(·), x2(·)) such that (x1(0), x2(0)) = (x1, x2) and
[

u1(t)

y1(t)

]
= Π

[
u2(t)

y2(t)

]
,

t � 0}.

We use the notation (x1(0), u1, y1, f1, z1, d1) ∈ Σ1 to indicate that starting from
an initial condition x1(0), by applying input functions u1 and f1 and a disturbance
function d1 to the system Σ1, then the resulting output functions are y1 and z1.
Similarly, we shall denote a trajectory of the interconnected system Σ1�ΠmΣ2 by the
notation (x1(0), u1, y1, f1, z1, d1) × (x2(0), u2, y2, f2, z2, d2) ∈ Σ1�ΠmΣ2 to indicate
that (xi(0), ui, yi, fi, zi, di) ∈ Σi for i = 1, 2, while the functions (fi, zi) satisfy[

f1
z1

]
= Π

[
f2
z2

]
. Furthermore, when Π = I (the identity matrix), then the

interconnected system will be simply denoted by Σ1�mΣ2.

7.1.2 Simulation relation

Since we consider two type of inputs and outputs, we will modify the notion of
simulation relation given in Chapter 2 as follows.

Definition 7.2. A simulation relation of Σ1 by Σ2 with respect to the variables
f and z is a linear subspace Sf,z ⊂ X1 × X2 with the following property. Take
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76 7. Abstraction and control by interconnection of linear systems

any (x10, x20) ∈ Sf,z and any common input function f1(·) = f2(·) = f(·) ∈ F the
following properties hold.

1. For any input function u1(·) ∈ U1 and disturbance function d1(·) ∈ D1, there
should exist an input function u2(·) ∈ U1 and disturbance function d2(·) ∈ D2

such that the resulting trajectories x1(·) with x1(0) = x10 and x2(·) with
x2(0) = x20 satisfy

(x1(t), x2(t)) ∈ Sf,z, ∀t � 0. (7.2)

2. For all (x1, x2) ∈ Sf,z

Cz
1x1 = Cz

2x2. (7.3)

System Σ1 is said to be simulated by system Σ2, denoted by Σ1 � Σ2, if there exists
a simulation relation Sf,z of Σ1 by Σ2 such that π1(Sf,z) = X1.

The algebraic characterization of a simulation relation is given as follows.

Proposition 7.3. A subspace Sf,z ⊂ X1 × X2 is a simulation relation of Σ1 by Σ2

with respect to f and z if and only if

(a) Sf,z + im

[
Bu

1 G1

0 0

]
⊂ Sf,z + im

[
0 0

Bu
2 G2

]
,

(b)

[
A1 0

0 A2

]
Sf,z ⊂ Sf,z + im

[
0 0

Bu
2 G2

]
,

(c) im

[
Bf

1

Bf
2

]
⊂ Sf,z + im

[
0 0

Bu
2 G2

]
,

(d) Sf,z ⊂ ker

[
Cz

1

... − Cz
2

]
.

(7.4)

7.2 Existence of a controller for the abstraction sys-
tem

Recall that throughout this chapter we refer to the variables (f, z) as the manifest
variables and (u, y) as the control variables. Consider a plant P given by the
equations

P :

ẋP = APxP +Bu
PuP +Bf

P fP , xP ∈ XP , uP ∈ U , fP ∈ F
zP = Cz

PxP , zP ∈ Z
yP = Cy

PxP , yp ∈ Y.
(7.5)
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7.2. Existence of a controller for the abstraction system 77

A controller is a system that is interconnected to the plant system via the control
variables. In general, we define a controller C as

C :
ẋC = ACxC +Bu

CuC +GCdC , xC ∈ XC , uC ∈ U , dC ∈ DC

yC = Cy
CxC , yC ∈ Y. (7.6)

with dC again denoting possible non-determinism. Recall that ‘non-determinism’
means that the state of the system, starting from a given initial condition and for a
given input function, may evolve into different time-trajectories.

Furthermore, let S denote the specification system which is expressed in terms
of the manifest variables as

S :
ẋS = ASxS +Bf

SfS , xS ∈ XS , fS ∈ F
zS = Cz

SzS , zS ∈ Z.
(7.7)

In this section, we will study the two following problems. First we begin with
the approximation of the plant system (7.5) by a lower dimensional system in the
sense that the plant system (7.5) is simulated by the lower dimensional system. This
‘approximate’ system is called an abstraction system. Here we make a distinction
between two cases for constructing the abstraction system. In the first case the set
of the control variables of the abstraction system is equal to the set of the control
variables of the plant system. In the second, more general case, this is not anymore
the case.

Problem Formulation:

1. Given an abstraction system. Find necessary and sufficient conditions for
the existence of a controller for the abstraction system such that the inter-
connection of the abstraction system and the controller is bisimilar to the
specification system. When such a controller exists we say that the specifica-
tion system is achievable for the abstraction system.

2. Given the controller developed for the abstraction system from Problem 1.
When interconnecting the controller to the original plant system (7.5), what is
the relation between the resulting interconnected system and the specification
systems (7.7)?

7.2.1 Special Case

In this section we consider for constructing the abstraction system where the set
of the control variables of the abstraction system is equal to the set of the control
variables of the plant system.
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78 7. Abstraction and control by interconnection of linear systems

Consider a plant system P as in (7.5) together with a surjective map

H : XP → X̄P ,

where X̄P denotes another linear space satisfying

kerH ⊂ kerCy
P and kerH ⊂ kerCz

P .

Recall from [58] that P defines the following dynamical system Pa on X̄P

Pa :

˙̄xP = ĀP x̄P + B̄u
PuP + B̄f

P fP +GP dP , xP ∈ X̄P , uP ∈ U , fP ∈ F , dP ∈ DP ,

zP = C̄z
P x̄P , zP ∈ Z,

yP = C̄y
P x̄P , yP ∈ Y,

(7.8)
where

ĀP = HAPH
†,

B̄u
P = HBu

P ,

B̄f
P = HBf

P ,

C̄y
P = Cy

PH
†,

C̄z
P = Cz

PH
†,

GP =

[
HAP v1

... · · ·
...HAP vk

]
.

Any vectors v1, · · · , vk are span kerH and H† denotes a pseudoinverse of matrix
H. The system Pa is called an abstraction of the plant system P [48]. Note that P
is simulated by Pa with simulation relation

RPPa = {(xP , x̄P ) ∈ XP × X̄P | x̄P = HxP }.

This means that for any (x0
P , x̄

0
P ) ∈ RPPa

, any joint input function uP = uPa
and

fP = fPa
, there exists a disturbance function dP such that the resulting trajectories

(xP (·), x̄P (·)) (with xP (0) = x0
P , x̄P (0) = x̄0

P ) satisfy

(a) (xP (t), x̄P (t)) ∈ RPPa , ∀t � 0.

(b) Cy
PxP = C̄y

P x̄P , ∀(xP , x̄P ) ∈ RPPa
.

(c) Cz
PxP = C̄z

P x̄P , ∀(xP , x̄P ) ∈ RPPa
.

Next, a particular subsystem of the abstraction system Pa is obtained by setting
the control variables (uP , yP ) to be zero. The resulting system, denoted by P 0

a , is
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7.2. Existence of a controller for the abstraction system 79

defined by the differential - algebraic (DAE) system

P 0
a :

˙̄xP = ĀP x̄P + B̄f
P fP +GP dP ,

0 = yP = C̄y
P x̄P ,

zP = C̄z
P x̄P .

(7.9)

According to geometric control theory, see e.g. [56, 66] or c.f. Chapter 2, the state
space of P 0

a , denoted by X̄P 0
a
, is the largest (ĀP , [B̄

f
P GP ])-invariant subspace

contained in ker C̄y
P . In the original system Pa, the input functions fP and distur-

bance functions dP are arbitrary. Now, since yP = 0, every input and disturbance
functions can be written as

[
fP
dP

]
=

[
Ff

Fd

]
x̄P +

[
Lf

0

]
f ′
P +

[
0

Ld

]
d′P ,

where F =

[
Ff

Fd

]
is a linear map such that (ĀP + B̄f

PFf + GPFd)X̄P 0
a
⊂ X̄P 0

a
,

and Lf is such that imLf = X̄P 0
a
∩ im B̄f

P , Ld is such that imLd = X̄P 0
a
∩ imGP ,

and f ′, d′ are arbitrary functions. This set of input functions fP and disturbance
functions dP in P 0

a will be denoted by I(fP , P 0
a ) and I(dP , P 0

a ), respectively.

The following Theorem provide necessary and sufficient conditions for the
achievability of S, extending [63, Theorem 7] to systems with internal disturbances.

Theorem 7.4. S is achievable if and only if P 0
a � S � Pa.

Before proving Theorem 7.4, we state some preliminary results. The condition
S � Pa is necessary, since it guarantees that the trajectories in S can be generated
by Pa. The necessary condition P 0

a � S is more subtle. Since P 0
a is the behavior that

is present when uP = 0 and yP = 0, see (7.9), these trajectories of P 0
a continue

to exist in the controlled system whenever we attach any controller. Thus the
trajectories of P 0

a must be contained in S.

For proving the sufficiency of the condition P 0
a � S � Pa, we show that the

canonical controller [58], Ca
can defined by Ca

can := S�mPa achieves S, see Figure
7.1. The canonical controller Ca

can is given as follows.
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Figure 7.1: Canonical controller.

�
ẋS

˙̄xP

�
=

�
AS 0

0 ĀP

� �
xS

x̄P

�
+

�
Bf

S

B̄f
P

�
f +

�
0

B̄u
P

�
u

+

�
0

GP

�
dP ,

0 =

�
Cz

S

... − C̄z
P

� �
xS

x̄P

�
,

y =

�
0

...C̄y
P

� �
xS

x̄P

�
.

(7.10)

The system (7.10) is a differential-algebraic system. According in Chapter 3, the
consistent subset V∗ for Ca

can is satisfying

(a)

⎡
⎣

AS 0

0 ĀP

Cz
S −C̄z

P

⎤
⎦V∗ ⊆

⎡
⎣

I 0

0 I

0 0

⎤
⎦V∗ + im

⎡
⎣

0

B̄u
P

0

⎤
⎦+ im

⎡
⎣

0

GP

0

⎤
⎦ ,

(b) im

⎡
⎢⎣

Bf
S

B̄f
P

0

⎤
⎥⎦ ⊆

⎡
⎣

I 0

0 I

0 0

⎤
⎦V∗ + im

⎡
⎣

0

B̄u
P

0

⎤
⎦+ im

⎡
⎣

0

GP

0

⎤
⎦ .

(7.11)

It follows that V∗ is the set of all initial conditions x0 for which for every piecewise-
continuous input function fP (·) = fS(·) = f(·), there exist a piecewise-continuous
input function uP (·) and a piecewise-continuous disturbance function dP (·) and a
resulting continuous and piecewise-differentiable solution trajectory x(·) of Ca

can

with x(0) = x0.

The maximal simulation relation of S by Pa is the largest subspace RSPa

f,z ⊆
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XS × X̄P such that

(a)

�
AS 0

0 ĀP

�
RSPa

f,z ⊆ RSPa

f,z + im

�
0

B̄u
P

�
+ im

�
0

GP

�
,

(b) im

�
Bf

S

B̄f
P

�
⊆ RSPa

f,z + im

�
0

B̄u
P

�
+ im

�
0

GP

�
,

(c) RSPa

f,z ⊆ ker

�
Cz

S

... − C̄z
P

�
.

(7.12)

Furthermore, denote the maximal simulation relation of P 0
a by S by RP 0

aS
f,z ,

which is the largest subspace RP 0
aS

f,z ∈ X̄P 0
a
×XS such that

(a) RP 0
aS

f,z + im

�
GP

0

�
⊂ RP 0

aS
,

(b)

�
ĀP 0

0 AS

�
RP 0

aS
f,z ⊂ RP 0

aS
f,z ,

(c) im

�
B̄f

P

Bf
S

�
⊂ RP 0

aS
f,z ,

(d) RP 0
aS

f,z ⊂ ker

�
C̄z

P

... − Cz
S

�
.

(7.13)

Lemma 7.5. Given that RSPa

f,z is nonempty, RSPa

f,z = V∗.

Proof. (RSPa

f,z ⊆ V∗). We know that RSPa

f,z satisfies (7.12). According to (7.12a)
and (7.12c) we have

⎡
⎣

AS 0

0 ĀP

Cz
S −C̄z

P

⎤
⎦RSPa

f,z ⊆

⎡
⎣

I 0

0 I

0 0

⎤
⎦RSPa

f,z + im

⎡
⎣

0

B̄u
P

0

⎤
⎦+ im

⎡
⎣

0

GP

0

⎤
⎦ .

Clearly, since (7.12b) holds, then

im

⎡
⎢⎣

Bf
S

B̄f
P

0

⎤
⎥⎦ ⊆

⎡
⎣

I 0

0 I

0 0

⎤
⎦RSPa

f,z + im

⎡
⎣

0

B̄u
P

0

⎤
⎦+ im

⎡
⎣

0

GP

0

⎤
⎦

also holds. Hence, RSPa

f,z ⊆ V∗.
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(V∗ ⊆ RSPa

f,z ). According to (7.11b), clearly

im

[
Bf

S

B̄f
P

]
⊆ V∗ + im

[
0

B̄u
P

]
+ im

[
0

GP

]

holds. Since (7.11a) holds, we have

[
AS 0

0 ĀP

]
V∗ ⊆ V∗ + im

[
0

B̄u
P

]
+ im

[
0

GP

]
,

V∗ ⊆ ker

[
Cz

S

... − C̄z
P

]
.

Thus V∗ ⊆ RSPa

f,z

We need one more result about the abstraction system. Suppose (x̄P (0), uP ,

yP , fP , zP , dP ) ∈ Pa. Assume uP and yP are fixed, then we characterize the set
of inputs f �

P , disturbances d�P and the set of states x̄�
P (0) such that (x̄�

P (0), uP , yP ,

f �
P , z

�
P , d

�
P ) ∈ Pa for some z�P as follows.

Lemma 7.6. The two trajectories (x̄P (0), uP , yP , fP , zP , dP ) and (x̄�
P (0), uP , yP , f

�
P ,

z�P , d
�
P ) are both trajectories in Pa if and only if x̄�

P (0) − x̄P (0) ∈ XP 0
a
, f �

P − fP ∈
I(fP , P 0

a ), and d�P − dP ∈ I(dP , P 0
a ) where I(fP , P 0

a ) is the set of allowed input fP
in P 0

a and I(dP , P 0
a ) is the set of allowed disturbances in P 0

a .

Proof. The output function resulting from the initial condition x̄P (0), input func-
tions uP , fP and disturbance function dP is

yP (t) = C̄y
P e

ĀP (t)x̄P (0) + C̄y
P

∫ t

0
eĀP (t−τ)B̄f

P fP (τ)dτ + C̄y
P

∫ t

0
eĀP (t−τ)

B̄u
PuP (τ)dτ + C̄y

P

∫ t

0
eĀP (t−τ)GP dP (τ)dτ.

(7.14)
The output resulting from x̄�

P (0), f
�
P and d�P is obtained by replacing x̄P (0), fP , dP

by x̄�(0), f �
P , d

�
P . The proof is analogously to the proof of [63, Lemma 9].

We now prove Theorem 7.4.

Proof. (⇒) Suppose Pa�Πc Ca ≈ S for some Π. It is sufficient to show that
Pa�Πc Ca is simulated by Pa and itself simulates P 0

a . Let (x̄P (0), uP , yP , fP , zP , dP )×
(xC(0), uC , yC , dC) ∈ Pa�Πc Ca and (x̄P (0), uP , y

�
P , fP , z

�
P , d

�
P ) ∈ Pa. Since Pa �id

Pa where the identity simulation relation is given by RPa

id := {(x̄P , x̄P )|x̄P ∈ X̄P },
we get that zP = z�P and yP = y�P . Thus

{(a, b, c) ∈ X̄P ×XC × X̄P |a = c, (a, c) ∈ RPa

id , (a, b) ∈ XPa,Ca}
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7.2. Existence of a controller for the abstraction system 83

is a simulation relation of Pa�Πc Ca by Pa.
Now consider any (x̄P (0), 0, 0, fP , zP , dP ) ∈ P 0

a . Then take (x̄P (0), 0, 0, fP ,

z′P , dP ) × (0, 0, 0, 0) ∈ Pa�Πc Ca; this can be done since (x̄P (0), 0) is always in

XPa,Ca . Then by the identity bisimulation relation RP 0
a

id , we have zP = z′P . Thus

{(a, b, c) ∈ X̄P 0
a
× X̄P ×XC |a = b, (a, b) ∈ RP 0

a

id and c = 0}

is a simulation relation of P 0
a by Pa�Πc Ca.

(⇐) Consider the canonical controller Ca
can. Under the condition P 0

a � S � Pa,

we will show that Ca
can�cPa ≈ S. Proving this is equivalent to proving the following

two statements.

1. S � Ca
can�cPa.

Let (xS(0), fS , zS) ∈ S. Since S � Pa, there exist x̄P (0), uP , yP , dP , fS and
zS such that (xS(0), fS , zS)× (x̄P (0), uP , yP , fS , zS , dP )× (x̄P (0), uP , yP , fP ,

zP , dP ) ∈ Ca
can�cPa with (xS(0), x̄P (0)) ∈ RSPa . Because of the identity

bisimulation relation on Pa, we obtain fP = fS and zP = zS . Thus the
simulation relation S � Ca

can�cPa is given by

{(a, b, c, d) ∈ XS ×XS × X̄P × X̄P |a = b, c = d, (b, c) ∈ RSPa

f,z , (c, d) ∈ RPa

id }.

2. Ca
can�cPa � S.

Let (xS(0), fS = fP , zS = zP ) × (x̄P (0), uP , yP , fP , zP , dP ) × (x̄′
P (0), uP ,

yP , f
′
P , z

′
P , d

′
P ) ∈ Ca

can�cPa. Since S � Pa, then (xS(0), x̄P (0)) ∈ RSPa
. Fur-

thermore, since P 0
a � S, there exists a state xP 0

aS
∈ XS such that (x̄′

P (0) −
x̄P (0), 0, 0, f

′
P−fP , z

′
P−zP , d

′
P−dP ) ∈ P 0

a and (xNS(0), f
′
P−fP , z

′
P−zP ) ∈ S

where (x̄′
P (0)− x̄P (0), xNS(0)) ∈ RP 0

aS
. To this trajectory in S, we can add

the trajectory (xS(0), fP , zP ) to get (xS(0) + xNS(0), f
′
P , z

′
P ) ∈ S. Thus we

found a state in S such that for the same input f ′
P , the output of S and Ca

can

are equal to z′P . Hence the simulation relation Ca
can�cPa � S is given by

{(a, b, c, d) ∈ XS × X̄P × X̄P ×XS | (a, b) ∈ RSPa

f,z , c− b ∈ X̄P 0
a
,

((c− b), (d− a)) ∈ RP 0
aS

f,z }.

Remark 7.7. Theorem 7.4 implies that any controller that achieves S is simu-
lated by the canonical controller. Indeed, suppose Ca is a controller such that
Pa�Πc Ca ≈ S for some interconnection matrix Π. Based on Theorem 7.4, we have
that S ≈ Ca

can�cPa. Now let (x̄P (0), fP , zP , uP , yP , dP ) × (xC(0), uC , yC , dC) ∈
Pa�Πc Ca. Since Pa�Πc Ca ≈ S, then there exists (xS(0), fS , zS) ∈ S such that
fS = fP and zS = zP . Hence, (xS(0), fP , zP ) × (x̄P (0), uP , yP , fP , zP , dP ) ×
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84 7. Abstraction and control by interconnection of linear systems

(x̄P (0), uP , yP , fP , zP , dP ) ∈ Ca
can�cPa. Thus Ca�Πc Pa �c Ca

can�cPa with simula-
tion relation

{(a, b, c, d, e) ∈ XC × X̄P ×XS × X̄P × X̄P | b = d = e, (d, e) ∈ RPa

id ,

(b, a) ∈ XPa,Ca , (c, d) ∈ RSPa

f,z },

where �c is a simulation relation with respect to the control variables. This
observation implies that controllers other than the canonical controller may still be
obtained as subsystems of the canonical controller.

The next question is how to use this controller for the original plant P . Note
that the set of control variables of abstraction system is equal to the set of control
variables of the plant system, thus we can directly interconnect Ca

can to P resulting
in the closed-loop system P ||cCa

can. The answer to the Problem 2 is given in the
following theorem.

Theorem 7.8. If P 0
a � S � Pa then P�cCa

can � S.

Proof. By construction Ca
can is a canonical controller such that Pa�cCa

can ≈ S. Thus
it is sufficient to proved P�cCa

can � Pa�cCa
can. To do so, take (xP (0), u, y, f

′, z′)×
(xS(0), f, z) × (x̄P (0), u, y, f, z, d) ∈ P�cCa

can. Since P � Pa, then there ex-
ists a state xPPa ∈ X̄P such that (x̄′

P (0), uP , yP , fP , zP , d
′) ∈ Pa where uP =

u, yP = y, fp = f ′ and zP = z′. Hence, (x̄′
P (0), u, y, f

′, z′, d′) × (xS(0), f, z) ×
(x̄P (0), u, y, f, z, d) ∈ Pa�cCa

can. Thus, Ca
can�cP � Pa�cCa

can with simulation rela-
tion

{(a, b, c, d, e, f) ∈ XS × X̄P ×XP × X̄P ×XS × X̄P | a = e, b = f,

(a, b) ∈ RSPa

f,z , (c, a, b) ∈ XP,Ca
can

, (c, d) ∈ RPPa
}.

According to Theorem 7.8, if P 0
a � S � Pa, then the canonical controller for

the abstraction system can be applied directly to the plant system. Furthermore,
the controlled system will be simulated by the specification system.

Remark 7.9. According to Remark 7.7, any controller that achieves S is simulated
by the canonical controller. Therefore, for any controller Ca that achieves S the
interconnected system P�Πc Ca is simulated by S.

Suppose Ca is a controller such that Pa�Πc Ca ≈ S for some interconnection
matrix Π. Take (xP (0), uP , yP , fP , zP )× (xC(0), uC , yC , dC) ∈ P�Πc Ca. Since P �
Pa, there exists x̄P (0) ∈ X̄P such that (x̄P (0), uP , yP , fP , zP , dP ) ∈ Pa satisfying
(xP (0), x̄P (0)) ∈ RPPa . Hence (x̄P (0), uP , yP , fP , zP , dP )× (xC(0), uC , yC , dC) ∈
Pa�Πc Ca. Thus Ca�Πc P � Pa�Πc Ca with simulation relation

{(a, b, c, d) ∈ XC ×XP × X̄P ×XC | a = d, (b, a) ∈ XP,Ca , (b, c) ∈ RPPa
}.
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7.2. Existence of a controller for the abstraction system 85

Example 7.10. Consider a plant system

P :

ẋ1
P = x1

P + x2
P + x4

P ,

ẋ2
P = x2

P + x3
P + uP ,

ẋ3
P = x2

P + x3
P + fP ,

ẋ4
P = x4

P ,

yP = x3
P ,

zP = x2
P ,

and a specification system

S :

ẋ1
S = x1

S + x2
S + x3

S ,

ẋ2
S = x1

S + x2
S + fS ,

ẋ3
S = x3

S ,

zS = x1
S .

Take H =

⎡
⎣

1 0 0 0

0 1 0 0

0 0 1 0

⎤
⎦. The abstraction of the plant P is taken to be

Pa :

˙̄x1
P = x̄1

P + x̄2
P + dP ,

˙̄x2
P = x̄2

P + x̄3
P + uP ,

˙̄x3
P = x̄2

P + x̄3
P + fP ,

yP = x̄3
P ,

zP = x̄2
P .

The state space of P 0
a is found to be the span of {[1 0 0]

T
, [0 1 0]

T }. Note
that XP 0

a
∩ im B̄f

P = 0 then, f is uniquely determined in P 0
a ; in fact fP = −x̄2

P .
Thus adapting the basis of X̄P to X̄P 0

a
yields

P 0
a :

˙̄x1
P = x̄1

P + x̄2
P + dP ,

˙̄x2
P = x̄2

P ,

zP = x̄2
P ,

where (x̄1
P , x̄

2
P , 0) ∈ X̄P 0

a
. Let ((0, x̄2

P (0), 0), 0, 0,−x̄2
P , zP , dP ) ∈ P 0

a and ((x̄2
P (0), 0,

0),−x̄2
P , zS) ∈ S. Then from the equation of P 0

a and S it is clear that zP = zS .
Thus P 0

a � S.

Now consider S such that ((x1
S(0), x

2
S(0), x

3
S(0)), fS , zS) ∈ S. Let ((x̄1

P (0), x
1
S(0),

x2
S(0)), x

3
S , yP , fS , zP , dP ) ∈ Pa. Then zP = zS . Thus S � Pa. Hence by Theorem

7.4, there exists a controller which when interconnected with the plant yields a
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86 7. Abstraction and control by interconnection of linear systems

system which is bisimilar to S. One such controller for the abstraction system is

Ca :

ẋ1
S = x1

S + x2
S + et,

ẋ2
S = x1

S + x2
S ,

yC = x2
S ,

where uC = et. Interconnecting Ca to P with constraint uP = uC and yP = yC ,
we found that f is uniquely determined in P ||cCa; in fact fP = x1

S − x2
P . The

interconnected system P ||cCa can be given as follows

ẋ1
P = x1

P + x2
P + x4

P ,

ẋ2
P = x2

P + x3
P + et,

ẋ3
P = x3

P + x1
S ,

ẋ4
P = x4

P ,

ẋ1
S = x1

S + x3
P + et,

zP = x2
P .

Further, let ((x1
P (0), x

2
P (0), x

3
P (0), x

4
P (0)), e

t, x2
S , x

1
S − x2

P , zP ) × ((x2
P (0), x

3
P (0)),

et, x2
S) ∈ P ||cCa and ((x2

P (0), x
3
P (0), 1), x

1
S − x2

P , zS) ∈ S. Then from the equation
of P ||cCa and S we have that zP = zS . Thus P ||cCa � S.

7.2.2 General case

In the second case, we consider the more general problem where kerH is not
necessarily contained in kerCy

P . The abstraction system is now constructed as
follows. Consider a plant P given in (7.1) together with surjective map H : XP →
X̄P , only satisfying

kerH ⊂ kerCz
P .

Clearly kerH ⊂ XP is a subspace, and thus we can define the quotient space
XP /kerH. Define the quotient map π1 : XP → XP /kerH where

π1(x) = [x]kerH (7.15)

Since H is surjective, X̄P is isomorphic to XP /kerH.
Moreover, since Cy

P (kerH) ⊂ Y is a subspace, we can also define the quotient
space Y/Cy

P (kerH), with canonical projection π2 : Y → Y/Cy
P (kerH) defined as

π2(y) = [y]Cy
P (kerH). (7.16)

Proposition 7.11. Consider the subspace kerH ⊂ XP and the subspace Cy
P (kerH) ⊂

Y. Define the canonical projection π1 and π2 given by (7.15) and (7.16), respectively.
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7.2. Existence of a controller for the abstraction system 87

Then there exists a unique linear map

C̄y
P : XP / kerH → Y/Cy

P (kerH),

where
C̄y

P ([x]kerH) = [Cy
Px]Cy

P (kerH). (7.17)

such that the diagram

XP
Cy

P−−−−→ Y

π1

⏐⏐�
⏐⏐�π2

XP / kerH −−−−→
C̄y

P

Y/Cy
P (kerH)

(7.18)

is commutative (i.e., π2 ◦ Cy
P = C̄y

P ◦ π1 ).

Proof. First, we need to prove that C̄y
P is well-defined. To do so, define C̄y

P :

XP / kerH → Y/Cy
P (kerH) by

C̄y
P ([x]kerH) = [Cy

Px]Cy
P (kerH)

for all [x]kerH ∈ XP / kerH. Now let [x1]kerH = [x2]kerH . This implies x1 − x2 ∈
kerH and so

[Cy
P (x1 − x2)]Cy

P (kerH) = 0

or equivalently [Cy
Px1]Cy

P (kerH) = [Cy
Px2]Cy

P (kerH). Thus C̄y
P is well-defined. The

rest of the proof is analogously to the proof of Fundamental Homomorphism
Theorem and Isomorphism Theorem[38, 45].

The abstraction system is now defined as follows.

Pa :

˙̄xP = ĀP x̄P + B̄u
PuP + B̄f

P fP +GP dP , xP ∈ X̄P , uP ∈ U , fP ∈ F , dP ∈ DP ,

zP = C̄z
P x̄P , zP ∈ Z,

ȳP = C̄y
P x̄P , ȳP ∈ Y/Cy

P (kerH),
(7.19)

where
ĀP = HAPH

†,
B̄u

P = HBu
P ,

B̄f
P = HBf

P ,

C̄z
P = Cz

PH
†,

GP =

�
HAv1

... · · ·
...HAvk

�
,

and C̄y
P is defined in (7.17). Any vectors v1, · · · , vk are span of kerH and H†
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88 7. Abstraction and control by interconnection of linear systems

denotes a pseudoinverse of H.
The simulation relation of P by Pa with respect to u and (f, z) is now given as

the maximal subspace RPPa

u,f,z ⊂ XP × X̄P satisfying

(i)

[
AP 0

0 ĀP

]
RPPa

u,f,z ⊂ RPPa

u,f,z + im

[
0

GP

]
,

(ii) im

[
Bu

P

B̄u
P

]
⊂ RPPa

u,f,z + im

[
0

GP

]
,

(iii) im

[
Bf

P

B̄f
P

]
⊂ RPPa

u,f,z + im

[
0

GP

]
,

(iv) RPPa

u,f,z ⊂ ker

[
Cz

P

... − C̄z
P

]
.

(7.20)

The necessary and sufficient conditions for the existence of a controller for this
case is given as follows.

Theorem 7.12. Given Pa as in (7.19) and a specification system S. S is achievable
if and only if P 0

a � S � Pa.

Proof. Consider the canonical controller Ca
can. Under the condition P 0

a � S � Pa,

we will show that Ca
can�cPa ≈ S. Note that the space of control variables Ca

can is
equal to the space of control variables of the abstraction system. Thus, we can
directly interconnect the canonical controller Ca

can to the abstraction systems Pa.
The proof is analogously to the proof in Theorem 7.4

With regard to the second problem, we cannot directly interconnect the canon-
ical controller anymore to the plant system as in Case 1. However, according to
Proposition 7.11, there exists a canonical projection π2 : Y → Y/Cy

P (kerH) where
π2(y) = [y]Cy

P (kerH). Thus, we can modify Problem 2 as follows.
Problem 2: Given P and S as in (7.5) and (7.6), respectively. Consider

the abstraction system Pa given by (7.19). If P 0
a � S � Pa, then prove that

P�Πc Ca
can � S where Π =

[
I 0

0 π2

]
where I is the identity matrix and π2 is the

canonical projection.
The answer to the above problem is given in the following theorem.

Theorem 7.13. If P 0
a � S � Pa, then P�Πc Ca

can � S.

Proof. By construction the canonical controller Ca
can is such that S ≈ Pa�cCa

can.
Hence it is sufficient to prove that P�Πc Ca

can � Pa�cCa
can.

Take (xP (0), u, y, f
′, z′) × (xS(0), f, z) × (x̄P (0), u, π2(y), f, z, d) ∈ P�Πc Ca

can.
Since P � Pa, then there exist a state xPPa ∈ X̄P and disturbance d′ such
that (x̄′

P (0), uP , ȳP , fP , zP , d
′) ∈ Pa satisfying uP = u, ȳP = π2(y), fP = f ′, and
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7.2. Existence of a controller for the abstraction system 89

zP = z′. Thus (x̄′
P (0), u, π2(y), f

′, z′, d′)× (xS(0), f, z)× (x̄P (0), u, π2(y), f, z, d) ∈
Pa�cCa

can. Therefore, Ca
can�Πc P � Pa�cCa

can with simulation relation

{(a, b, c, d, e, f) ∈ XS × X̄P ×XP × X̄P ×XS × X̄P | a = e, b = f,

(a, b) ∈ RSPa

f,z , (c, a, b) ∈ XP,Ca
can

, (c, d) ∈ RPPa

u,f,z}.

Example 7.14. Consider a plant system

P :

ẋ1
P = x1

P + x2
P + x4

P ,

ẋ2
P = x2

P + x3
P + uP ,

ẋ3
P = x2

P + x3
P + fP ,

ẋ4
P = x4

P ,

yP = x2
P − x3

P + x4
P ,

zP = x2
P ,

and a specification system

S :

ẋ1
S = x1

S + x2
S + x3

S ,

ẋ2
S = x1

S + x2
S + fS ,

ẋ3
S = x3

S ,

zS = x1
S .

Take H =

⎡
⎣

1 0 0 0

0 1 0 0

0 0 1 0

⎤
⎦. Then kerH ⊂ kerCz

P but kerH � kerCy
P . Define

Ȳ := Y/Cy
P (kerH). Thus ȳ = x̄2

P − x̄3
P . The resulting abstraction of the plant P is

Pa :

˙̄x1
P = x̄1

P + x̄2
P + dP ,

˙̄x2
P = x̄2

P + x̄3
P + uP ,

˙̄x3
P = x̄2

P + x̄3
P + fP ,

ȳP = x̄2
P − x̄3

P ,

zP = x̄2
P .

The state space of P 0
a is found to be the span of {[1 0 0]

T
, [0 1 1]

T }. Note
that XP 0

a
∩ im B̄f

P = 0. Hence, f is uniquely determined in P 0
a ; in fact fP = 0. Thus

adapting the basis of X̄P to X̄P 0
a

yields

P 0
a :

˙̄x1
P = x̄1

P + x̄2
P + dP ,

˙̄x2
P = 2x̄2

P ,
˙̄x2
P = 2x̄2

P ,

zP = x̄2
P ,
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where (x̄1
P , x̄

2
P , x̄

3
P = x̄2

P ) ∈ X̄P 0
a
. Let ((x̄1

P (0), x̄
2
P (0), x̄

2
P (0)), 0, 0, 0, zP , dP ) ∈ P 0

a

and ((x̄2
P (0), x̄

2
P (0), 0), 0, zS) ∈ S. Then from the equation for P 0

a and S it is clear
that zP = zS . Thus P 0

a � S.
Now consider S such that ((x1

S(0), x
2
S(0), x

3
S(0)), fS , zS) ∈ S. Let ((x̄1

P (0), x
1
S(0),

x2
S(0)), x

3
S , ȳP , fS , zP , dP ) ∈ Pa. Then zP = zS and thus S � Pa. Hence by Theo-

rem 7.4, there exists a controller which when interconnected with the plant yields
a system which is bisimilar to S. One such controller for the abstraction system is

Ca :

˙̄x2
P = x̄2

P + x̄3
P + et,

˙̄x3
P = x̄2

P + x̄3
P ,

yC = x̄2
P − x̄3

P ,

where uC = et. Interconnecting Ca to P with constraint uP = uC and yC = π2(yP ),
where π2 : Y → Y/Cy

P (kerH) is the quotient map. Therefore, we found that f is
uniquely determined in P ||cCa; in fact fP = 0. The interconnected system P ||cCa

can be given as follows

ẋ1
P = x1

P + x2
P + x4

P ,

ẋ2
P = x2

P + x3
P + et,

ẋ3
P = x2

P + x3
P ,

ẋ4
P = x4

P ,
˙̄x2
P = x̄2

P + x̄3
P + et,

˙̄x3
P = x̄2

P + x̄3
P ,

zP = x2
P .

Let ((x1
P (0), x

2
P (0), x

3
P (0), 0), e

t, y, 0, zP )× ((x2
P (0), x

3
P (0)), e

t, π2(y)) ∈ P ||cCa and
((x2

P (0), x
3
P (0), 1), 0, zS) ∈ S. Then from the equations of P ||cCa and S we obtain

zP = zS . Thus P ||cCa � S.

7.3 Feedback controller

Theorem 7.4 in the previous section provides a necessary and sufficient conditions
for the existence of a controller Ca for the abstraction system Pa achieving a desired
linear specification. The controllers that we allow for are more general than the
ones that are usually considered in controller design. The proof shows that one
such controller is the canonical controller Ca

can. This general controller design
tends to produce several problems. The first problem, from the construction of a
canonical controller, Ca

can, we see that the state space dimension of Ca
can tends to

be large. This is not ideal in the controller design where we want to construct a
controller with smaller dimension. The second problem, when we interconnect an
abstraction system with a controller by the interconnection constraints uP = uC
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7.3. Feedback controller 91

Figure 7.2: Feedback interconnection.

and yP = yC , this may lead to a differential-algebraic system. Therefore, in this
case there may be jumps in the state of the two systems if the initial condition does
not satisfy the constraints.

To avoid these problems we may want to restrict to classical feedback controller.
The feedback controller is the controller that accepts the output y from the abstrac-
tion system as their input and produces an output that acts as the input u to the
abstraction system; see Figure 7.2.

In this section we will show that if there exists a feedback controller for the
abstraction system achieving the specification system, then the interconnected
system between feedback controller and plant system will be simulated by the
specification system.

As already stated in Remark 7.9 for any controller Ca such that Pa||Πc Ca is bisim-
ilar to S, the closed-loop system P ||Πc Ca is simulated by S for some permutation
matrix Π. Thus, we get the following corollary.

Corollary 7.15. Let P 0
a � S � Pa and let Ca is a feedback controller for abstraction

system Pa such that Pa||Πc ≈ S. Then P ||Πc Ca � S with Π =

[
0 I

I 0

]
.

This is illustrated by the following example.

Example 7.16. Consider a plant system

P :

ẋ1
P = x1

P + x2
P + x4

P ,

ẋ2
P = x2

P + x3
P + uP ,

ẋ3
P = x2

P + x3
P + fP ,

ẋ4
P = x4

P ,

yP = x3
P ,

zP = x2
P ,
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and a specification system

S :

ẋ1
S = x1

S + x2
S + x3

S ,

ẋ2
S = x1

S + x2
S + fS ,

ẋ3
S = x2

S ,

zS = x1
S .

Take H =

⎡
⎣

1 0 0 0

0 1 0 0

0 0 1 0

⎤
⎦. The abstraction of the plant P is taken to be

Pa :

˙̄x1
P = x̄1

P + x̄2
P + dP ,

˙̄x2
P = x̄2

P + x̄3
P + uP ,

˙̄x3
P = x̄2

P + x̄3
P + fP ,

yP = x̄3
P ,

zP = x̄2
P .

The state space of P 0
a is found to be the span of {[1 0 0]

T
, [0 1 0]

T }. Note
that XP 0

a
∩ im B̄f

P = 0 then, f is uniquely determined in P 0
a ; in fact fP = −x̄2

P .
Thus adapting the basis of X̄P to X̄P 0

a
yields

P 0
a :

˙̄x1
P = x̄1

P + x̄2
P + dP ,

˙̄x2
P = x̄2

P ,

zP = x̄2
P ,

where (x̄1
P , x̄

2
P , 0) ∈ X̄P 0

a
. Let ((0, x̄2

P (0), 0), 0, 0,−x̄2
P , zP , dP ) ∈ P 0

a and ((x̄2
P (0), 0,

0),−x̄2
P , zS) ∈ S. Then from the equation of P 0

a and S it is clear that zP = zS .
Thus P 0

a � S.

Now consider S such that ((x1
S(0), x

2
S(0), x

3
S(0)), fS , zS) ∈ S. Let ((x̄1

P (0), x
1
S(0),

x2
S(0)), x

3
S , yP , fS , zP , dP ) ∈ Pa. Then zP = zS . Thus S � Pa. Hence by Theorem

7.4, there exists a controller which when interconnected with the plant yields a
system which is bisimilar to S. Suppose the feedback controller for abstraction
system is given as follows.

Ca :
ẋ3
S = x3

P ,

y = x3
S .

Thus, interconnecting Ca to P using feedback interconnection, the interconnected
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system P ||cCa can be given as follows

ẋ1
P = x1

P + x2
P + x4

P ,

ẋ2
P = x2

P + x3
P + x3

S ,

ẋ3
P = x3

P + x3
P + f,

ẋ4
P = x4

P ,

ẋ3
S = x3

P ,

zP = x2
P .

Let ((x1
P (0), x

2
P (0), x

3
P (0), x

4
P (0)), x

3
S , x

3
P , f, zP )× ((x3

S(0)), x
3
P , x

3
S) ∈ P ||Πc Ca and

((x2
P (0), x

3
P (0), x

3
S(0)), f, zS) ∈ S. Then from the equation of P ||Πc Ca and S we

have that zP = zS . Therefore, P ||Πc Ca � S.

7.4 Concluding remarks

We have derived necessary and sufficient conditions for the existence of a controller
Ca for the abstraction system Pa such that the interconnection Pa||Πc Ca is bisimilar
to the specification system S for some permutation matrix Π. This results generalize
the results of [63] to systems with internal disturbances. In order to apply the
controller obtained for the abstraction system to the original system we considered
two cases. In the first case the abstraction system is such that the set of control
variables of Pa is equal to that of P . In this case we show that we may directly
apply the controller Ca constructed for the abstraction system to the plant system P

with the result that the interconnected system P ||Πc Ca is simulated by specification
system S.

In the second, more general, case, the output space Y of the abstraction system
is different from that of the plant system. This leads to a naturally adapted form of
interconnection of Ca to the plant system, which is shown to yield the same result.

In the last section, we showed that if Ca is a feedback controller to the ab-
straction system achieving S, then the feedback interconnection system P ||Πc Ca is
simulated by S. An open problem is to derive a condition for the existence of a
feedback interconnection.
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Chapter 8

Conclusion and Future Works

In this thesis, we focused on the following two parts. In the first part, we considered
the analysis of differential-algebraic (DAE) systems. In particular, we studied the
notion of bisimulation relation of DAE systems. Also we studied the disturbance
decoupling problems for a particular class of DAE systems. In the second part, we
investigated the problem of control by interconnection based on abstraction system.

The contributions of the thesis are summarized in Section 8.1. The recommen-
dations for future research are given in Section 8.2.

8.1 Contributions

In Chapter 3 we studied by methods from geometric control theory to characterized
the solution set of differential-algebraic (DAE) systems. We restricted ourselves
to continuous and piecewise-differentiable solutions corresponding to consistent
initial conditions. We extend the standard definition of consistent subset for the case
of DAE systems with arbitrary input functions and disturbance functions modelling
internal non-determinism. Next, we used geometric control theory in order to
explicitly describe the set of consistent states and the set of state trajectories.

Based on the results in the previous chapter, in Chapter 4 we defined and studied
by methods from geometric control theory the notion of bisimulation relation for
general linear differential-algebraic systems, including the special case of DAE
systems with regular matrix pencil. We determined the linear-algebraic conditions
for the existence of a bisimulation relation, directly in terms of the differential-
algebraic equations instead of computing the solution trajectories. We also studied
the one-sided notion of bisimulation relation called simulation relation. Lastly, we
discussed the abstraction of DAE systems.

In Chapter 5 we continued the development of the notion of bisimulation
relation for DAE systems. We studied a different notion of bisimulation relation
for DAE systems. In this chapter, we restricted ourselves to DAE systems with
regular matrix pencil (sE − A). We also took into account the state outside the
consistent subset. The regularity assumption is equivalent to the fact that the
systems can be decoupled into two subsystems, namely the slow subsystem and
the fast subsystem. It also guarantees that the solution of regular DAE systems is



512350-L-sub01-bw-Megawati512350-L-sub01-bw-Megawati512350-L-sub01-bw-Megawati512350-L-sub01-bw-Megawati
Processed on: 10-8-2017Processed on: 10-8-2017Processed on: 10-8-2017Processed on: 10-8-2017 PDF page: 108PDF page: 108PDF page: 108PDF page: 108
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the direct sum of the solution of the slow subsystem and the fast subsystem. Based
on that idea, the notion of bisimulation relation for regular matrix pencil DAE
systems was constructed by computing the notion of partial bisimulation relation
related to slow subsystem and fast subsystem. We also provided the notion of
simulation relation for regular DAE systems. This simulation relation is constructed
by computing the simulation relation between the slow subsystem and the fast
subsystem. Furthermore, the abstraction for regular DAE systems in this case was
given as the abstraction for each subsystem.

In Chapter 6 we studied the disturbance decoupling problem (DDP) for linear
systems with complementarity switching. These systems are a particular class of
switched (or, hybrid) DAE systems. We restricted attention to switching behaviors
of the system satisfying the extra condition that the state vector at the switching
instant belongs to the consistent subset of the new mode. First we began to
derive necessary and sufficient geometric conditions such that the DAE system
is disturbance decoupled. Next, we extended the result to linear systems with
complementarity switching. We formulated a necessary condition and a sufficient
condition such that the linear system with complementarity switching is disturbance
decoupled. In general, these two conditions do not coincide.

In Chapter 7 we considered the control by interconnection problem based on
abstraction. In the first problem, we considered a control by interconnection based
on abstraction system. We defined necessary and sufficient conditions for the
existence of a controller for abstraction system such that the abstraction system
interconnected with the controller system is bisimilar to a given specification system.
Next we considered the problem of applying the controller system derived for the
abstraction system to the original plant system. Here we made a distinction between
the situation where the set of control variables of the abstraction system is equal
to the set of control variables of the plant system, and the more general situation
where this is not anymore the case. In this last case we needed to modify the
interconnection of the controller to the original plant system. The main theorem
consisted of showing that the resulting interconnection of the original plant system
and the controller system derived for the abstraction system is simulated by the
specification system. We showed that for linear abstraction systems the problem of
application of the controller constructed for the abstraction system to the original
plant system admits a direct and elegant solution within the framework of geometric
control theory. Finally, for an initial study on feedback controller, we showed that if
there exists a feedback controller for abstraction system achieving the specification
system then this controller can be applied to the original plant system such that the
closed-loop system is simulated by the specification system.
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8.2 Recommendations for future work

Some possible research directions are the following.
In Chapter 4 a possible question is how to reduce a linear DAE system to a

system with lower state space dimension and minimal number of state equations
which is bisimilar to the original system. In particular, how to reduce the DAE
systems to a bisimilar systems with minimal state space dimension and minimal
number of state equations.

In Chapter 5 a possible further question is how to generalize the notion of
bisimulation relation to the non-regular matrix pencil.

In Chapter 6 a future research questions can be given in the following. The
first question is to solve the disturbance decoupling problem for linear complemen-
tarity systems. The second open question is to study the disturbance decoupling
problem where we also consider reset rules in the dynamics of linear systems with
complementarity switching.

In Chapter 7 there are several research questions that are still open. These
can be summarized as follows. The first question is to find a formal algorithm to
construct a controller achieving a given specification system.The second question
is to derive necessary and sufficient conditions for the existence of a feedback
controller. The third question is the generalization to differential-algebraic systems.
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Summary

In this thesis we use concepts and results from geometric control theory to study
several problems in differential-algebraic equation (DAE) systems. The first problem
is the definition and characterization of the notion of bisimulation relation for DAE
systems. As a preliminary result we fully characterize the solution set of DAE
systems, where we restrict to (ordinary) continuous and piecewise-differentiable
solutions. We use geometric control theory in order to explicitly describe the set
of consistent states and the set of solution trajectories. Next, we define the notion
of bisimulation relation for general DAE systems including internal disturbances.
These internal disturbances are used for modelling ‘non-determinism’ in the system
dynamics. ‘Non-determinism’ means that from a given initial state and for a
given input function, the state may evolve into different solution trajectories.
Such non-determinism generally occurs for abstraction systems, where the state
space of the original deterministic systems is reduced to a lower-dimensional
state space. A linear-algebraic algorithm for computing the maximal bisimulation
relation between two DAE systems with internal disturbances is provided. We also
specialize the general definition of bisimulation relation for DAE systems to the case
where the matrix pencil of the DAE system is regular. Furthermore, we develop the
notion of simulation relation for DAE systems as a one-sided version of bisimulation
relation. In particular, abstraction systems are defined as systems by which the
original DAE system is simulated.

In the second problem we study a different notion of bisimulation relation for
DAE systems, where we also consider states outside the consistent subset. For
this case, we restrict attention to DAE systems with a regular matrix pencil. It
is well-known that under this regularity assumption the state vector of the DAE
system can be decoupled into two parts: one part corresponding to an ordinary
input-state-output behavior with a standard proper transfer matrix, called the
slow subsystem, and the other one related to a polynomial transfer matrix, called
the fast subsystem. The solution trajectories of the system are the direct sum
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of the solution trajectories of slow and the fast subsystem. Using notions from
geometric control theory we develop the notion of bisimulation relation as the
sum of two partial bisimulation relations; one corresponding to the fast subsystem
and one corresponding to the slow subsystem. We also provide an algorithm for
computing the maximal bisimulation relation in this sense. This is finally extended
to simulation relations and abstraction systems.

The third problem concerns disturbance decoupling for linear systems with
complementarity switching. These systems are obtained by taking a standard
linear input-state-output system and imposing complementarity zero constraints
on the inputs and outputs. Often of the modes of the resulting hybrid system
are DAE systems. Considering additional outputs and external disturbances we
obtain a necessary condition and a sufficient condition for the linear system with
complementarity switching to be disturbance decoupled.

In the last problem, we consider the control by interconnection problem for
standard input-state-output systems, basing the controller design on a lower-
dimensional abstraction system of the original system. First, we study the problem
of constructing a controller for the abstraction system (including internal distur-
bances) such that the DAE system resulting from interconnecting the controller
system with the abstraction system is bisimilar to a given specification system. Next
we consider the problem of applying the controller system derived for the abstrac-
tion system to the original plant system. Here we make a distinction between the
situation where the set of control variables of the abstraction system is equal to the
set of control variables of the plant system, and the more general situation where
this is not anymore the case. In this last case we need to modify the interconnection
of the controller to the original plant system. The main theorem consists of showing
that the resulting interconnection of the original plant system and the controller
system derived for the abstraction system is simulated by the specification system.
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Samenvatting

In dit proefschrift gebruiken we concepten en resultaten uit de geometrische regel-
theorie bij het bestuderen van verschillende problemen in differentiaal-algebraische
vergelijkingssystemen (DAE). Het eerste probleem is het definieren en karakteri-
seren van het begrip bisimulatierelatie voor DAE-systemen. Als voorlopig resul-
taat geven we een volledige karakterisering van de oplossingsverzameling van
DAE-systemen, waarbij we ons beperken tot (gewone) continue en stuksgewijs-
differentieerbare oplossingen. We gebruiken geometrische regeltheorie om de
verzameling consistente toestanden en de verzameling oplossingstrajecten expli-
ciet te beschrijven. Vervolgens definieren we het begrip bisimulatierelatie voor
algemene DAE-systemen, inclusief interne verstoringen. Deze interne verstoringen
worden gebruikt voor het modelleren van ‘non-determinisme’ in de systeemdyna-
mica. ‘Non-determinisme’ betekent dat vanuit een gegeven starttoestand en voor
een gegeven invoerfunctie de toestand zich kan ontwikkelen naar verschillende
oplossingstrajecten. Een dergelijk non-determinisme vindt over het algemeen plaats
bij abstractiesystemen, waar de toestandsruimte van het originele deterministische
systeem is gereduceerd naar een toestandsruimte met lagere dimensie. Een lineair-
algebraisch algoritme voor het berekenen van de maximale bisimulatierelatie tussen
twee DAE-systemen met interne verstoring wordt gegeven. Ook specialiseren we
de algemene definitie van de bisimulatierelatie voor DAE-systemen naar het geval
waarbij de matrixbundel van het DAE-systeem regulier is. Verder ontwikkelen
we het begrip simulatierelatie voor DAE-systemen als een eenzijdige versie van
bisimulatierelatie. In het bijzonder worden abstractiesystemen gedefinieerd als
systemen waarbij het oorspronkelijke DAE-systeem wordt gesimuleerd.

In het tweede probleem bestuderen we een ander begrip van bisimulatierelatie
voor DAE-systemen, waar we bovendien toestanden bekijken buiten de consistente
deelverzameling. Voor dit geval beperken we onze aandacht tot DAE-systemen met
een reguliere matrixbundel. Het is algemeen bekend dat onder de aanname van
regulariteit de toestandsvector van het DAE-systeem kan worden ontkoppeld in twee
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delen: een deel dat correspondeert met een gewoon input-toestand-outputgedrag
met een standaard overdrachtsmatrix, het langzame subsysteem genoemd, en
het andere deel gerelateerd aan een polynomiale overdrachtsmatrix, het snelle
subsysteem genoemd. De oplossingstrajecten van de systemen zijn de directe som
van het langzame en het snelle subsysteem. Door begrippen te gebruiken uit de
geometrische regeltheorie ontwikkelen we denotie van een bisimulatierelatie als de
som van twee gedeeltelijke bisimulatierelaties die corresponderen met het snelle
subsysteem en het langzame subsysteem. We formuleren ook een algoritme voor
het berekenen van de maximale bisimulatierelatie. Dit wordt ten slotte uitgebreid
naar simulatierelaties en abstractiesystemen.

Het derde probleem betreft het probleem van storingsontkoppeling voor lineair
systemen met complementaire schakelingen. Deze systemen worden verkregen
door een standaard lineair input-toestand-outputsysteem te nemen en complemen-
taire beperkingen op te leggen op de input en output. De meeste modi van het
resulterende hybride systeem zijn DAE-systemen. Wanneer we extra uitgangen en
externe verstoringen bekijken, verkrijgen we een noodzakelijke en een voldoende
voorwaarde voor een storingsontkoppeld lineair systeem met complementaire
schakelingen.

In het laatste probleem bekijken we het probleem van regeling door intercon-
nectie voor standaard input-toestand-outputsystemen, waarbij het regelaarontwerp
is gebaseerd op een abstractiesysteem met lagere dimensie dan het oorspronkelijke
systeem. Eerst bestuderen we het probleem van het construeren van een regelaar
voor het abstractiesysteem (inclusief interne verstoringen) zodat het DAE-systeem
dat resulteert uit het onderling verbinden van het regelsysteem met het abstrac-
tiesysteem bisimilair is aan een gegeven specificatiesysteem. Vervolgens bekijken
we het probleem van het toepassen van het regelaarsysteem dat is afgeleid voor
het abstractiesysteem op het oorspronkelijke systeem. Hier maken we een verschil
tussen de situatie waarbij de verzameling regelvariabelen van het abstractiesysteem
gelijk is aan de verzameling regelvariabelen van het oorspronkelijke systeem en de
meer algemene situatie waar dit niet meer het geval is. In dit laatste geval moeten
we de onderlinge verbinding van de regelaar met het oorspronkelijke systeem aan-
passen. Het hoofdresultaat bestaat uit het bewijzen dat de resulterende onderlinge
verbinding van het oorspronkelijke fabriekssysteem en het regelaarsysteem dat is
afgeleid voor het abstractiesysteem wordt gesimuleerd door het specificatiesysteem.
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Dengan menggunakan konsep dan hasil dari teori kendali geometri, disertasi
ini mempelajari beberapa masalah dalam sistem persamaan diferensial aljabar
atau biasa disingkat menjadi sistem DAE. Masalah pertama yang dibahas adalah
mengenai definisi dan karakterisasi relasi bisimulasi antar sistem DAE. Dalam
hasil awal dijabarkan mengenai karakterisasi himpunan solusi sistem DAE yang di-
fokuskan hanya kepada solusi sistem DAE yang kontinu dan terdifferensial sepotong-
sepotong. Dengan menggunakan teori kendali geometri, digambarkan secara ek-
splisit himpunan konsisten state dan himpunan sistem trayektori. Selanjutnya,
didefinisikan pengertian relasi bisimulasi antar sistem DAE yang terdapat gangguan
internal. Gangguan internal ini digunakan untuk memodelkan non-determinisme
dalam dinamik sistemnya. Non-determinisme ini dapat diartikan sebagai kondisi
jika diberikan nilai state awal dan fungsi input, maka nilai state dapat berkem-
bang di trayektori sistem yang berbeda. Non-determinisme ini umumnya terjadi
pada sistem abstraksi. Sistem ini diperoleh dengan mereduksi ruang state dari
sistem deterministik awal ke sistem dengan ruang state yang berdimensi lebih
rendah. Dalam masalah ini juga dibahas mengenai algoritma untuk menghitung
relasi bisimulasi maksimal antar dua sistem DAE dengan gangguan internal.Definisi
umum mengenai relasi bisimulasi antar sistem DAE juga dikhususkan untuk kasus
matrik pensil dari sistem DAE tersebut regular. Selanjutnya, dikembangkan gagasan
tentang hubungan simulasi antar sistem DAE sebagai versi satu arah dari relasi
bisimulasi dan secara khusus, sistem abstraksi didefinisikan sebagai sistem yang
dapat mensimulasikan sistem DAE awal.

Masalah kedua mempelajari mengenai definisi relasi bisimulasi yang berbeda
untuk sistem DAE yang dalam kasus ini juga mempertimbangkan nilai state di luar
himpunan bagian konsisten. Dalam masalah ini difokuskan hanya untuk kasus
matrik pensil untuk sistem DAE adalah regular. Dari asumsi regularitas ini vektor
state sistem DAE dapat dibagi menjadi dua bagian: satu bagian sesuai dengan
perilaku sistem input-state-output biasa yang berhubungan dengan matriks transfer
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sejati standar. Bagian ini disebut dengan subsistem lambat. Selanjutnya, bagian
yang berhubungan dengan matrik transfer polinomial disebut dengan subsistem
cepat. Trayektori solusi sistem DAE kemudian merupakan jumlahan langsung
dari solusi subsistem lambat dan solusi subsistem cepat. Dengan menggunakan
kembali teori kendali geometri, dikembangkan pengertian relasi bisimulasi sebagai
jumlahan langsung dari dua relasi bisimulasi parsial yang berhubungan dengan
subsistem lambat dan subsistem cepat. Disini juga dibahas mengenai algoritma
untuk menghitung relasi bisimulasi parsial yang maksimal dan relasi simulasi dan
sistem abstraksi.

Masalah ketiga yang dibahas mengenai gangguan decoupling untuk sistem linier
dengan complementarity switching. Sistem linier dengan complementarity switching
ini berasal dari sistem input-state-output linier biasa dengan menerapkan kendala
complementarity pada variabel input dan outputnya. Sehingga sistem ini dapat
direpresentasikan sebagai sistem hibrid yang terdiri dari beberapa mode. Sebagian
besar mode merupakan sistem DAE. Dengan mempertimbangkan tambahan output
dan gangguan (eksternal) pada dinamika sistem,dipaparkan syarat perlu dan syarat
cukup untuk sistem linier dengan complementarity switching sehingga bebas dari
gangguan eksernal.

Masalah terakhir yang dibahas adalah mengenai kontruksi kendali dengan
interkoneksi untuk sistem linier kontinyu. Kendali ini diperoleh berdasarkan ran-
cangan kendali untuk sistem abstraksi yang berdimensi lebih rendah dari sistem
awal yang diberikan. Masalah pertama yang dibahas adalah tentang masalah
kontruksi kendali untuk sistem abstraksi (yang mengandung gangguan internal) se-
hingga sistem DAE yang dihasilkan dari interkoneksi sistem kendali dengan sistem
abstraksi bisimilar dengan sistem spesifikasi yang diberikan. Masalah selanjutnya
yang dibahas adalah penerapan kendali yang diperoleh dari sistem abstraksi ke
sistem awal. Dalam masalah ini dibedakan menjadi dua kasus. Untuk kasus per-
tama himpunan variabel kendali sistem abstraksi sama dengan himpunan variabel
kendali sistem awal, dan kasus kedua adalah situasi yang lebih umum. Dalam kasus
kedua ini dilakukan modifikasi dalam interkoneksi sistem kendali ke sistem awal.
Teorema utama yang dihasilkan menunjukkan bahwa interkoneksi antara sistem
awal dan sistem kendali yang diturunkan dari sistem abstraksi dapat disimulasikan
oleh sistem spesifikasi.
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