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Appendix A

Technical comments

A.1 Derivation of the Hamiltonian
For a better understanding of the dynamics as well as of the underlying problem, we give a full derivation
of the Hamiltonian. Essentially, it is only an introduction of the center of mass frame to a three particle
system. An extensive explanation of the general framework that we are about to employ can be found
in [Arn76].

Suppose there are three hydrogen atoms on a line with positions x1, x2, x3 and associated velocities
ẋ1, ẋ2, ẋ3. Since the system is subject to no external forces, the potential V (x1, x2, x3) only depends
on mutual distances and can be rewritten in the form

V (x1, x2, x3) = U(x3 − x2, x2 − x1).

The associated Lagrangian is by definition the difference of the kinetic and the potential energy,

L(x1, x2, x3, ẋ1, ẋ2, ẋ3) =
1
2
mH(ẋ1

2 + ẋ2
2 + ẋ3

2)− U(x3 − x2, x2 − x1),

and from the Lagrangian we obtain the expressions for the generalized momenta

pxi =
∂L

∂ẋi
= mH ẋi, i = 1, 2, 3.

The Hamiltonian then reads

H(x1, x2, x3, px1 , px2 , px3 ) =
1

2mH
(p2
x1 + p

2
x2 + p

2
x3 )− U(x3 − x2, x2 − x1),

Denote r1 = x2−x1 and r2 = x3−x2 be the distances between the atoms and R = (x1 +x2 +x3)/3
the center of mass of the system. This linear transformation of the configuration space T : (x1, x2, x3) 7→
(r1, r2, R) can be used to define a symplectic transformation S of the phase space that directly gives the
generalized momenta. If T̃ is the matrix representing the linear transformation T , then the symplectic
matrix S̃ representing S can only be

S̃ =
(
T̃ 0
0 T̃−1t

)
.

Consequently, the generalized momenta are related by

T̃
t

(
px1
px2
px3

)
=

(
pr1
pr2
pR

)
.
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In the new coordinates the Hamiltonian is given by

H(r1, r2, R, pr1 , pr2 , pR)

=
1

2mH

((
−pr1 +

1
3
pR

)2
+
(
pr1 − pr2 +

1
3
pR

)2
+
(
pr2 +

1
3
pR

)2)
− U(r1, r2),

=
1
mH

(
p

2
r1 + p

2
r2 − pr1pr2 +

1
3
p

2
R

)
− U(r1, r2).

Since the Hamiltonian is independent of R and

˙pR = −
∂H

∂R
= 0,

is a conserved quantity that only shifts the total energy, we may assume pR = 0 and write H =
H(r1, r2, pr1 , pr2 ).

A.2 Uniqueness of initial conditions
This section is devoted to the justification of r1 + r2

2 = 50, pr1 < 0 as a good surface for calculating the
total energy surface volume. Recall that in Section 2.2.3 we measured the total amount of trajectories
via their intersections with this surface.

Ideally, the surface should be crossed by all trajectories and precisely once by each trajectory. Such
a surface is then transversal to the flow and, as proven by Birkhoff [Bir27, Chapter 5], bounded by an
invariant manifolds.

In order to be crossed by all trajectories, even heavily oscillating ones, it has to be in a region where
the potential energy surface is flat. The Porter-Karplus potential is not exactly flat for r1 or r2 large,
but as said in Section 2.2.2, from a numerical perspective U(r1, r2) is independent of r1 for r1 ≥ 40.
Therefore the amount of trajectories that do not reach r1 = 50 from r1 = 1000 is not measurable.

Since there are no periodic orbits in the region r1 ≥ 40, it is not possible to construct a surface of
section satisfying the Birkhoff condition. It is however possible to find an oscillating trajectory that is
as close to a periodic orbit as the potential is close to being flat.

From the equations of motion it follows that for r1 sufficiently large, pr1 = 0 and

ṗr1 = −
∂U(r1, r2)

∂r1
≈ 0,

implies −2ṙ1 ≈ ṙ2. Having said that from a numerical perspective ṗr1 effectively vanishes for r1 ≥ 40,
we can write −2ṙ1 = ṙ2 and the oscillatory motion is then restricted to the r1 + r2

2 = const-plane.
We refrain from saying that pr1 = 0 defines a nearly-periodic orbit, because although it is beyond
measurable, analytically we have ṗr1 < 0.

On the sphere r1 + r2
2 = 50, the hemisphere ṙ1 + ṙ2

2 = 3
2pr1 < 0 corresponds to trajectories going in

the direction of the interaction region. From a numerical perspective the surface is transversal to the flow
and therefore each pair (r2, pr2 ) on the surface corresponds to a unique value pr1 < 0 implicitly defined
by H(50 − r2

2 , pr1 , r2, pr2 ) = E. Since U is essentially independent of r1 for r1 ≥ 40, transversality
of the surface implies that the surface has the no-return property and therefore each initial condition
given by (r2, pr2 ) corresponds to a unique trajectory of the system.

Note that for r1 sufficiently large, r1 + r2
2 is the distance of the free atom to the center of mass

of the molecule. For a decoupled system such a coordinate makes more sense than the distance to the
nearest atom r1. The trajecotry defined by r1 + r2

2 = 50, pr1 = 0 therefore corresponds to a state of
the system, when the molecule oscillates and the free atom remains nearly stationary.

A.3 Finding periodic orbits
The task of finding periodic orbits is essential to both chapters of this work. In Chapter 2 we were
interested in orbits that oscillate between two equipotentials, in celestial mechanics literature better
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known as periodic brake orbits. Apart from periodic brake orbits we needed to find rotating orbits in
Chapter 3.

A brake orbit is characterised by the fact that it reached an equipotential and at this point the
kinetic energy is zero. Perhaps the simplest way of finding a periodic brake orbit of unknown period is
therefore to choose a coordinate that is monotonous along (a part of) the equipotential of choice and a
coordinate that corresponds to the oscilatory motion.

For example, in case of the hydrogen exchange reaction we mostly worked on the reactant side of
F0 and used r1 along the equipotential with lower r2. The ocilatory motion in the interaction region is
well captured by r1 + r2 and even r2 works rather well.

Since the period is unknown, a periodic brake orbit reaches another equipotential before returning
to the initial point. It is therefore necessary to integrate the trajectory starting from the initial condition
until the time derivative of its oscillatory coordinate vanishes the second time. The difference between
the initial and terminal point vanishes only for a periodic orbit. It is possible to find a periodc orbit
using a bisection method or a Newton method. This seems to be the method used by most authors
studying the hydrogen exchange reaction.

We used a similar approach to find rotating periodic orbits. Instead of the equipotential we used a
transversal surface and because the symmetry of the system results in the symmetry of periodic orbits,
it was possible to reduce the surface to a line of initial conditions.

Note that we were able to restrict the search for periodic orbits to one dimension. One-dimensional
methods are robust and easy to implement. It is also possible to perform a two-dimensinal search on
a particular surface or in configuration space. Methods for root finding in two dimensions require a
suitable metric to express the distance between the initial and terminal point and a functional that
assigns this distance to every initial point. The problem is that especially in a chaotic system, methods
tend to converge to local minima of the functional. In other words, most methods need to start very
close to the periodic orbit in order to find it.

A.4 Stability and invariant manifolds
All results in this thesis heavily rely on the ability to compute (accurately approximate) invariant
manifolds. In fact, nothing would work without it. In the following lines we would like to shed some
light on how invariant manifolds are computed.

We start with the monodromy matrix M defined in Section 2.3.1 for the periodic orbit Γ with the
parametrisation γ(t). Let Γ be unstable, which implies that the eigenvalues of M are λ1 = λ2 = 1 and
λ3 = λ and λ4 = 1

λ with λ > 1. Let vλ be the eigenvector corresponding to λ.
Since we are interested in computing the invariant manifolds on a surface of section, let the surface

be defined as a coordinate surface of a variable ρ = 0 and let P be the associated return map. Assume
that γ(0) lies on ρ = 0, then it is a fixed point of P . The corresponding monodromy matrix M maps
the initial displacement δvλ, for some δ > 0 sufficiently small, from γ(0) to δMvλ = δλvλ. Since λ > 1,
δvλ is the displacement along a branch of the unstable invariant manifold. Similarly we find that δv 1

λ
is the displacement along a branch of the stable invariant manifold, provided δ is sufficiently small.

Assume the points γ(0) + δvλ and γ(0) + δλvλ lie on ρ = 0. Otherwise they lie close to ρ = 0
since δ is small and the corresponding trajectories can be integrated until they intersect the surface.
The segment of invariant manifold between γ(0) + δvλ and γ(0) + δλvλ is the base of the procedure of
obtaining the invariant manifold. Denote it U [γ(0) + δvλ, γ(0) + δλvλ] in accordance with the notation
introduced in Section 2.5.3.

Because γ(0) + δvλ and γ(0) + δλvλ are two intersections of the same trajectory on an invariant
manifold, all other trajectories on the invatiant manifold must intersect ρ = 0 in at some point U [γ(0)+
δvλ, γ(0) + δλvλ]. The idea is to iteratively map sufficiently many points of U [γ(0) + δvλ, γ(0) + δλvλ]
to obtain the whole manifold.

For δ sufficiently small, the segment of U [γ(0) + δvλ, γ(0) + δλvλ] is a straight line. This makes
finding points on the manifold in a sufficiently small neighborhood of γ(0) trivial. Due to exponential
stretching and finite precision of computer routines, it is not sufficient to iteratively map one milion
point in U [γ(0) + δvλ, γ(0) + δλvλ]. One would find that round off errors are amplified significantly in
systems that are known to be chaotic.

We noted in Section 2.5.3 that points on the invariant manifold can be ordered in a natural way
and that this ordering is preserved by the return map P . It is crucial to preserve this ordering and after
mapping every point Q on the manifold, points have to be added between PQ and the previous last
known point on the manifold. Distances in which points are added and the method of interpolation vary
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from system to system depending on the shape of the invariant manifold in question and instability of
γ(0) and other fixed points of P .

A stable branch of an invariant manifold is computed in the same manner, but in backward time,
i.e. using P−1 instead of P . Needless to say that the other branch of a stable or unstable invariant
manifold is computed using −v 1

λ
and vλ, respectively.

A.5 Total accessible energy surface volume
Table A.1 contains a comparison of the flux through the DS defined by r1 = 50 compared to r1− r2

2 = 50.
The latter is not subject to local recrossings and is in accordance with [PP78] and [Dav87] (after
transforming into the same units of ~, i.e. by dividing our areas by 5.2164).

Energy Sr1=50 Sr1− r2
2 =50

.01600 30.47 26.39

.01700 32.42 28.08

.01800 34.38 29.78

.01900 36.35 31.48

.02000 38.32 33.19

.02100 40.30 34.90

.02200 42.29 36.62

.02300 44.28 38.35

.02400 46.28 40.08

.02500 48.28 41.82

.02600 50.30 43.56

.02700 52.32 45.31

.02800 54.34 47.06

.02900 56.38 48.82

.03000 58.42 50.59

.03100 60.46 52.36

.03200 62.52 54.14

.03300 64.58 55.93

.03400 66.65 57.72

.03500 68.72 59.52

Table A.1: Comparison of the intersection of the energy surface with the surfaces defined by
r1 = 50 and r1 − r2

2 = 50.

A.6 Conversion table
In order to facilitate the comparison of results in [CHM75], [PP78], [Dav87] and others with the results
in [InPS11] and this work, we provide a conversion table between energies in eV and a.u. in Table A.2.
All energies are energies above the minimum of the system.
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eV a.u.
0.4 0.0146999375
0.5 0.0183749219
0.6 0.0220499063
0.7 0.0257248907
0.8 0.0293998751
0.9 0.0330748594
1.0 0.0367498438
1.1 0.0404248282
1.2 0.0440998126
1.3 0.047774797
1.4 0.0514497813

0.408165 0.01500
0.54422 0.0200
0.598642 0.02200

0.60027466 0.02206
0.60245154 0.02214
0.6068053 0.02230
0.653064 0.02400
0.680275 0.02500
0.707486 0.02600

0.72190783 0.02653
0.72299627 0.02657
0.761908 0.02800
0.81633 0.3000
0.952385 0.03500
1.08844 0.04000

Table A.2: Conversion table between energies in eV and a.u.
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