
 

 

 University of Groningen

Phase space geometry and invariant manifolds underlying reaction dynamics
Krajnak, Vladimir

IMPORTANT NOTE: You are advised to consult the publisher's version (publisher's PDF) if you wish to cite from
it. Please check the document version below.

Document Version
Publisher's PDF, also known as Version of record

Publication date:
2017

Link to publication in University of Groningen/UMCG research database

Citation for published version (APA):
Krajnak, V. (2017). Phase space geometry and invariant manifolds underlying reaction dynamics. [Thesis
fully internal (DIV), University of Groningen]. Rijksuniversiteit Groningen.

Copyright
Other than for strictly personal use, it is not permitted to download or to forward/distribute the text or part of it without the consent of the
author(s) and/or copyright holder(s), unless the work is under an open content license (like Creative Commons).

The publication may also be distributed here under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license.
More information can be found on the University of Groningen website: https://www.rug.nl/library/open-access/self-archiving-pure/taverne-
amendment.

Take-down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Downloaded from the University of Groningen/UMCG research database (Pure): http://www.rug.nl/research/portal. For technical reasons the
number of authors shown on this cover page is limited to 10 maximum.

Download date: 25-05-2023

https://research.rug.nl/en/publications/4d82d713-89ca-4efb-a12a-2607b91a54e7


Chapter 2

The heteroclinic structures
causing the H2+H reaction
rate decrease

2.1 Motivation
In this chapter we study the dynamics of the chemical reaction H2 + H→ H + H2,
where the hydrogen atoms are confined to a line. This reaction is called the collinear
hydrogen exchange reaction and it is an invariant subsystem of the full spatial
hydrogen exchange reaction. Due to its simplicity it is considered a paradigm
system for understanding reactions in the chemistry literature. Because the system
consists of three identical atoms confined to a line, it is the simplest imaginable
system with 2 degrees of freedom modeling a chemical reaction.

The hydrogen atoms themselves are the simplest atoms in the universe. Because
each consist of one proton and one electron only, an accurate potential energy
surface for this reaction can be obtained via the Born-Oppenheimer approximation.
Intriguingly enough, this system exhibits behaviour that is still not well understood.

The phenomenon we examine here is the counterintuitive observation that the
reaction rate decreases when energy is increased beyond a certain critical value.
Afterall, one would expect to break bonds more easily using more energy. So far a
satisfactory explanation of this phenomenon is missing and only an upper bound
and a lower bound to the rate have been found. The upper bound is obtained by
means of transition state theory (TST), due to [Wig37]. TST is a standard tool for
studying bimolecular reaction rates and shall be explained in Section 2.2.4. It is
popular thanks to its simplicity and accuracy for low energies, but does not capture
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2.2. Preliminaries 6

the decline of the reaction rate. The improvement brought by variational transition
state theory (VTST) [Hor38], does not capture this behaviour either.

Unified statistical theory, due to [Mil76], which is in a certain sense an extension
of TST to more complicated system, does capture the culmination of the reaction
rate, but does not yield higher accuracy. The lower bound on the other hand does
come quite close. It is obtained using the so-called simple-minded unified statistical
theory [PP79b].

A review of reaction rate results including TST can be found in [Kec67]. [Pec81]
and [TG84] review various extensions of TST.

Apart from reasonable bounds, which are desirable for practical reasons, we are
very much interested in the mechanism of the reaction itself. In addition, we would
like to use this system to introduce a new point of view on invariant structures in
chaotic systems that can aid understanding of deterministic chaos.

2.2 Preliminaries
In this section we work towards explaining the current state of affairs with regards
to the collinear hydrogen exchange reaction. This means introducing the system,
defining what a reaction is and explaining what reaction rate means. Also we
provide an insight into the most popular technique used to study transport - TST.

2.2.1 What is a reaction
Firstly we outline the system to be able to define a reaction.

The collinear hydrogen exchange reaction can be described as follows. There
are three hydrogen atoms restricted to a line, with r1 and r2 denoting the distances
between the neighbouring atoms in atomic units, just as shown in Figure 2.1.

Initially, two of the atoms form a molecule, i.e. they are close to each other, r2
is small. The third atom is approaching the molecule from infinitely far away. If
the approaching atom breaks bonds in the molecule and becomes itself part of the
molecule while the other atom is repelled, i.e. r1 stays small and r2 → ∞, we call
this a reaction. We will give a proper definition and justification later. Because
the atom and the molecule naturally repel each other, the only other significant
outcome is that the free atom does not react and is repelled towards infinity. There
is also a set of measure zero that asymptotically leads to states, where the three
atoms vibrate together at distances that are too big to speak of a molecule and too
small to speak of free atoms.

From a computational perspective, the interaction between the atom and the
molecule is not measurable beyond a certain distance. For the hydrogen exchange
reaction r1 = 50 (atomic units) is considered to be large enough and the choice will
be justified in the following section.
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H H H
r1 r2

Figure 2.1: Hydrogen atoms and distances.

There is a potential barrier at r1 = r2 that represents the activation energy
that is needed for a reaction to be able to take place and once bonds are broken
and formed, the system reaches a more stable state with lower potential energy.
Naturally, if the total energy of the system is lower than the barrier height, a
reaction cannot take place. Sufficient energy does however not guarantee that the
system will react.

What is truly intriguing, the system may pass over the potential barrier sev-
eral times before entering a more stable state. From the numerical observation of
[CHM75] it has been deduced to happen especially at high energies. This complex
behaviour is restricted to a region of varying size depending on the energy of the
system, that we will refer to as the interaction region and can only be defined pre-
cisely only once we introduced invariant structures in this system. In literature,
the interaction region is sometimes also called complex or collision complex.

In a chemical reaction, it comes natural to speak of reactants and products to
describe the state of the system before and after the reaction has taken place. For
a general AB+C → A+BC reaction, we can call AB and C reactants and A and
BC the products of the reaction. Because all of our atoms are the same, we turn to
the description of a reaction above. We define the region of reactants as the part of
energetically accessible (r1, r2) space, the configuration space, to the r1 > r2-side of
the interaction region and similarly products to the r1 < r2-side of the interaction
region.

2.2.2 Porter-Karplus potential
Here we introduce the potential provided by Porter and Karplus in [PK64], that has
been used as the standard potential for the hydrogen exchange reaction (collinear
and spatial) and the one various authors considered when studying the reaction.
Along with stating properties of the potential, we justify the choice of r1 = 50 as
an effective cut-off distance of the system.

When one atom is sufficiently far away, its influence on the molecule are beyond
measurable. Finding a suitable value for r1 at which the system is indistinguishable
from r1 =∞ is therefore a question of precision.

Instead of giving its lengthy expression explicitly, the graphical representation
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Figure 2.2: The Porter-Karplus potential energy surface with contours and its
cross sections for fixed values of r2 = 1.70083 (cyan), 2 (blue), 2.5 (red), 3 (green),
4 (black), 50 (yellow).

will suffice for purposes of understanding. Figure 2.2 shows the potential energy
surface near the potential barrier at r1 = r2 with the saddle point

r1 = r2 = Rs := 1.70083,

along with cross sections of the surface at various values of r1. Note the small
difference between the cross section at r1 = 4 and r1 = 50. This is because for the
potential U(r1, r2) is asymptotically independent of r1, i.e.

∂U(r1, r2)
∂r1

→ 0, as r1 →∞.

In fact from ca. r1 = 40 on, the potential energy is from a numerical perspective
with a precision of 10−16 independent of r1. That justifies the effective restriction
of our system to r1, r2 ≤ 50. In order to avoid confusion, we remark that for
quantitative purposes we actually use a different surface. The details follow in
Section 2.2.3.

All energies in this chapter are in atomic units and should be interpreted as
energies above the minimum of the system. We write the energies with a precision
of 5 decimal places. For example, the energy of the saddle is 0.01456 (atomic units).
Note that energies are given in eV in some of the previous works. A conversion table
between energies in eV and a.u. can be found in Appendix A.6.

There are two further properties of the Porter-Karplus potential that are crucial
for our work. Firstly, it is the discrete symmetry of this potential with respect to
the line r1 = r2. Obviously, the dynamics is invariant under renaming or arbitrary
permutations of the atoms as long as distances and momenta remain the same.
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Because of this, any statement referring to r1 > r2 automatically also holds for
r1 < r2. We may occasionally restrict ourselves to just one of the half-planes.

The second crucial feature is the aforementioned potential barrier located on
the axis of symmetry r1 = r2. It stands for the activation energy needed for a
reaction to be possible at all and manifests itself as a saddle point of the potential.
Its existence comes down to attractive and repelling forces between the individual
atoms when they are all three close together.

Due to the saddle, no reaction can occur at energies below the potential energy
of the saddle. Then the potential barrier isolates reactants from products. Slightly
above the energy of the saddle a small gap admits reactive trajectories to pass from
reactants to products and with increasing energy the gap widens. In the past, the
narrow connection between reactants and products used to be called a bottleneck,
but we prefer to reserve the term for the associated phase space structure.

The widening of the gap is one of the reasons why one would expect the reaction
rate to increase as the gap widens. According to expectations, the more the gap
widens, the more trajectories can pass through, or equivalently, covalent bonds
break more easily when more energy is applied. As we will see bellow, this is not
the case.

It is not sufficient to study the dynamics in configuration space, some crucial
aspects can only be seen or understood from a phase space perspective.

2.2.3 Definitions

Having introduced the potential, we can proceed to discussing the Hamiltonian
and the associated equations. Then we will be able to explain what is a reactive
trajectory and subsequently define the quantity of interest, the reaction rate.

In the full 4-dimensional phase space, the collinear hydrogen exchange reaction
is described by the following Hamiltonian:

H(r1, pr1 , r2, pr2) =
p2
r1

+ p2
r2
− pr1pr2

mH
+ U(r1, r2), (2.1)

where r1, r2 are the aforementioned distances between atoms, pr1 , pr2 are the
conjugate momenta, mH is the mass of a hydrogen atom and U is the Porter-
Karplus potential described above. The transformation of the Hamiltonian from a
fixed frame to the centre of mass frame above can be found in the Appendix A.1.
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The equations of motion associated to H are as follows:

ṙ1 = 2pr1 − pr2

mH
,

ṗr1 = −∂U(r1, r2)
∂r1

,

ṙ2 = 2pr2 − pr1

mH
,

ṗr2 = −∂U(r1, r2)
∂r2

.

Under the Hamiltonian flow generated by these equations the energy of the
system E = H(r1, pr1 , r2, pr2) and the canonical 2-form

ω2 = dpr1 ∧ dr1 + dpr2 ∧ dr2,

are preserved.
Because the system consists of three identical H atoms, nothing should change

if we rename the atoms or in other words, swap r1 and r2. This fact is manifested
in the invariance of the Hamiltonian and the associated equations of motion under
the mapping (r1, pr1 , r2, pr2) 7→ (r2, pr2 , r1, pr1), which is equivalent to the reflection
symmetry about the line r1 = r2.

We can now define a reaction in the system and subsequently state what exactly
we mean by reaction rate. Naturally, we can observe a reaction if we start the system
with certain initial conditions and let it evolve in time. Every initial condition
uniquely defines a solution of the system and all points along a solution are initial
conditions for solutions that are all related by a time shifts. To avoid possible
confusion arising from solutions related by time shifts, in the whole work we consider
trajectories of the system.
Definition 2.2.1. A trajectory of the system passing through the point(

r10 , pr10
, r20 , pr20

)
is said to be a reactive trajectory if the solution

(r1(t), pr1(t), r2(t), pr2(t)),

of the system with the initial condition

(r1(0), pr1(0), r2(0), pr2(0)) =
(
r10 , pr10

, r20 , pr20

)
,

satisfies r1(t) → ∞ and r2(t) < c as t → ∞ and r1(t) < c and r2(t) → ∞ as
t → −∞ or vice versa for some suitable constant c < ∞ that may depend on the
energy of the initial condition E = H(r10 , pr10

, r20 , pr20
).

A nonreactive trajectory is one for which the solution satisfies r1(t) → ∞ and
r2(t) < c as t→ ±∞ or r1(t) < c and r2(t)→∞ as t→ ±∞.
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Figure 2.3: Examples of reactive (black) and nonreactive (red, blue) trajectories in
configuration space at energy 0.02400.

Examples of reactive and nonreactive trajectories are shown in Figure 2.3. Other
trajectories that can be found in the system are periodic orbits and a set of measure
zero of trajectories that asymptotically converge to them.

To obtain the reaction rate, we need to quantify the proportion of reactive
trajectories in the total amount of trajectories. This however requires to introduce
a measure on the space of trajectories. Equivalently, we could say the reaction rate
is the proportion of the measure of reactive initial conditions on the energy surface
to the measure of the whole energy surface, both quantities being infinite.

To overcome these peculiarities we take advantage of the fact that the potential
is almost independent of r1 for r1 ≥ 40. We define the surface

r1 + r2

2 = 50, pr1 < 0,

and in Appendix A.2 we show that points on this surface uniquely correspond to
trajectories of the system. On the surface we define the measure

ω2
∣∣
r1+ r2

2 =50,pr1<0,
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and due to the unique correspondence of points and trajectories, we use the mea-
sure to express the total available energy surface volume, i.e. the total amount of
trajectories in the system at any given energy.

Due to pr1 < 0, there is a one-to-one correspondence between points on the
surface and trajectories satisfying r1(t) → ∞ as t → −∞ at any given energy.
Similarly points on the surface

r2 + r1

2 = 50, pr2 < 0,

correspond uniquely to trajectories satisfying r2(t) → ∞ as t → −∞. Since these
two surfaces are related by symmetry, precisely half of all reactive and nonreactive
trajectories intersect each surface at any given energy.

Definition 2.2.2. For a fixed energy E, the reaction rate is the proportion of the
measure of points on r1 + r2

2 = 50, pr1 < 0 corresponding to reactive trajectories to
the total measure of r1 + r2

2 = 50, pr1 < 0.

Note that r1 + r2
2 = 50, pr1 < 0 is by definition a surface of unidirectional flux

and the flux through the surface can be obtained using Stokes’ theorem.
From this definition it is obvious that the reaction rate is a quantity that is

ideally suited for Monte Carlo (MC) simulations. Simulations of this kind are,
however, very expensive. Transition state theory (TST) was developed and became
due to its simplicity and potency the standard tool for studying dynamics of chem-
ical reactions. As shall be explained next, inconsistencies between the two led to
the discovery of the decrease of the reaction rate in the collinear hydrogen exchange
reaction.

2.2.4 Transition state theory
Since its formulation in [Wig37], TST became the standard tool for estimating rates
of various processes not only in bimolecular reactions [Kec67] such as the hydrogen
exchange reaction. It has found use in many fields of physics and chemistry, such
as celestial mechanics [Hen82], [JRL+02], plasma confinement [MCE+85] and fluid
mechanics [Ott89]. It excels due to its simplicity, as we shall explain in this section.

Under certain conditions, TST is not only an estimate, but it gives the actual
rate of a process. Perhaps the most prominent reference outlining these conditions
is due to Wigner [Wig37], [Wig38]. The conditions are formulated in [WSW08] as
follows.

Wigner’s conditions.

1. the motion of the nuclei occurs on the Born-Oppenheimer potential energy
surface (‘electronic adiabaticity’ of the reaction)
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2. classical mechanics adequately describes the motion of the nuclei

3. there exists a hypersurface in phase space dividing the energy surface into
a region of reactants and a region of products having the property that all
trajectories that pass from reactants to products must cross this dividing
surface precisely once.

Key element of TST is the transition state (TS). TS refers to a structure that is in
a certain sense the transition between two qualitatively different types of motion.
In case of a chemical reaction, TS refers to a structure between reactants and
products. There is no single generally accepted definition unfortunately, because
in some publications concerning systems with 2 degrees of freedom TS refers to
an unstable periodic orbit while in others TS is a dividing surface (DS) associated
with the unstable periodic orbit. A DS is a surface that divides the energy surface
into two disjoint components and we show how to construct a DS using a periodic
orbit in Section 2.2.5. In the section we also comment on why there are infinitely
many DSs associated to each periodic orbit, the reason why in this work we adopt
the following definition of a TS from [MS14].

Definition 2.2.3 (TS). A transition state for a Hamiltonian system is a closed,
invariant, oriented, codimension-2 submanifold of the energy surface that can be
spanned by two surfaces of unidirectional flux, whose union divides the energy sur-
face into two components and has no local recrossings.

We say that a surface spans the TS (or any other manifold), if the TS is the
surface’s boundary.

By surface of unidirectional flux we mean that the Hamiltonian flow is transver-
sal to the surface and the Hamiltonian vector field XH is unidirectional on the
surface. The surface has to be orientable and the union of the two surfaces of
unidirectional flux in the definition is a DS associated with the TS.

A surface admits local recrossings, if there is a point on the surface for which
every neighbourhood contains a trajectory that crosses the surface at least twice
before leaving the neighbourhood.

For a system with 2 degrees of freedom as considered in this work, a closed,
invariant, oriented, codimension-2 submanifold of the energy surface is a periodic
orbit and it can be shown that the periodic orbit must be unstable [Pec76b], [PP78],
[SK78]. In general, the TS has to be a normally hyperbolic invariant manifolds
(NHIM), an invariant manifolds with linearised transversal instabilities that domi-
nate the linearised tangential instabilities ([Fen71], [HPS77]).

TST was originally developed to tackle systems with a potential barrier and
the TS was regarded as an object in configuration space. The expression ‘crossing
a TS’ should therefore be understood accordingly. From a configuration space
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perspective, a TS associated with a potential saddle is an unstable periodic orbit.
Therefore it is natural to say that every reactive trajectory crosses the TS.

Developments in the field led to a shift in the understanding of the TS to be
an object in phase space rather than configuration space [WWJU01], [UJP+02],
[WBW04a], [WW04], [WBW04b], [WBW05a], [WBW05b], [WSW08]. In this con-
text a trajectory cannot ‘cross a TS’ because by definition a TS is an invariant
manifold and cannot be ‘crossed’. Instead, trajectories cross a DS associated with
the TS.

In the light of the remark above that there are infinitely many DSs associated to
each TS, ‘crossing a DS’ is not well stated unless the statement refers to a particular
uniquely defined DS. This may not matter from a quantitative perspective, because
as a consequence of Stokes’ theorem, the flux through every such DS is equal to
the action of the periodic orbit [Mac90]. From a qualitative perspective though, it
is crucial to distinguish whether a trajectory has crossed a particular surface at a
particular time or not. For this purpose we will construct a DS associated to a TS
in Section 2.2.5 and, unless stated otherwise, refer to this particular one.

Theorem 2.2.1 (TST). In a system that admits a TS and satisfies Wigner’s con-
ditions, the flux across a DS is precisely the reaction rate.

We remark that otherwise the flux through a DS associated with a TS is an
upper bound to the reaction rate [Wig37], [Pec81].

The key feature of a potential saddle that makes it possible to construct a DS
with no local recrossings is its inherent repulsiveness. One could argue that the
repulsiveness is a property of the Lyanupov (periodic) orbit associated with the
saddle rather than of the saddle itself. For energies slightly above the potential of
the saddle, the Lyapunov orbit is always unstable.

For higher energies the Lyapunov orbit may become stable, an event commonly
referred to as loss of normal hyperbolicity. If so, the saddle admits no TS at the
given energy and TST is not accurate due to local recrossings. We will encounter
loss of normal hyperbolicity in the hydrogen exchange reaction, yet it is not the
primary reason for the breakdown of TST.

2.2.5 Construction of a DS
In what follows we construct the DS associated with a TS, as done by [PP78]
for a system with 2 degrees of freedom and generalised for higher dimensions
near a saddle×centre× · · ·×centre type equilibrium point by [WWJU01], [UJP+02],
[WW04].

Locally, the systems is accurately described by its Williamson normal form
[Wil36], [UJP+02]. In the neighbourhood V of a potential saddle, it has the form

H2(q1, p1, q2, p2) = 1
2λ(p2

1 − q2
1) + 1

2ω(p2
2 + q2

2),
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Figure 2.4: Illustration of geometry of phase space in the neighbourhood of a sad-
dle. Sections for fixed values of q1 define spheres (with ±p1 given implicitly by
H2(q1, p1, q2, p2) = h2), shown are q1 = 1.5,−.25,−2.

in some suitable canonical coordinates (q1, p1, q2, p2) and λ, ω > 0.
For a fixed energy H2(q1, p1, q2, p2) = h2, the q1 term can be moved to the left

hand side to obtain
h2 + 1

2λq
2
1 = 1

2λp
2
1 + 1

2ω(p2
2 + q2

2).

For a fixed q1 this defines a sphere with a radius dependent on q1, as shown in
Figure 2.4.

We can deduce the following properties of the energy surface:

• If h2 < 0, spheres do not exists at and around q1 = 0. The energy surface
consists of two locally disconnected regions. Let us call these regions reactants
(q1 < 0) and products (q1 > 0).

• Reactants and products are connected by the saddle point for h2 = 0.

• For h2 > 0, the energy surface is foliated by spheres. The radius of the spheres
increases with increasing distance from q1 = 0. Locally the energy surface
has a wide-narrow-wide geometry usually referred to as a bottleneck.

Let us fix an energy h2 slightly above 0. At very high energies it may happen
that the spheres are not entirely contained in V and the description above no longer
applies.
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We can find the TS using the Hamiltonian equations for H2:

q̇1 = λp1,

ṗ1 = λq1,

q̇2 = ωp2,

ṗ2 = −ωq2.

Clearly, the two degrees of freedom are decoupled, the origin is a critical point
and we can see a saddle in (q1, p1) and a centre in (q2, p2). From the equations it
also follows that q1 = p1 = 0 is invariant and bounded and due to h2 > 0 defines a
periodic orbit. Note that the existence of a periodic orbit near a saddle×centre is
in accordance with the Lyapunov centre theorem [Wig03]. Due to the instability in
(q1, p1) trajectories leave the neighbourhood of q1 = p1 = 0 and the periodic orbit
is unstable.

Note that spheres defined by q1 = const divide the energy surface into two
disjoint components. All spheres except for q1 = 0 admit local recrossings. In an
arbitrary ε-neighbourhood of q1 = c with c > ε > 0 we can construct a trajectory
that recrosses q1 = c. The initial condition (q1, p1, q2, p2) = (c, 0, 0, p0), where p0
is such that H2(q1, p1, q2, p2) = h2, defines a solution tangent to q1 = c. If we
shift the initial condition in q1 to (q1, p1, q2, p2) = (c − ε

2 , 0, 0, p̄0), we obtain a
trajectory that is convex in q1, q̈1 > 0, and is tangent to q1 = c − ε

2 . Therefore it
must cross the sphere q1 = c in forward as well as backward time before leaving its
ε-neighbourhood. This argument does not hold for c = 0, because q1 changes sign
in the neighbourhood.

The energy surface is locally divided by the sphere q1 = 0 into reactants and
products. The sphere itself can be divided into two hemispheres p1 > 0 and p1 < 0
by its equator q1 = p1 = 0, the unstable periodic orbit. From q̇1 = λp1 we see that
all trajectories that cross the hemisphere p1 > 0 pass from reactants to products,
while those that cross p1 < 0 pass from products to reactants. This uniformity
is what is meant by unidirectional flux. From ṗ1 = λq1 we deduce that the sign
of p1 remains constant in V and therefore trajectories leave V before they may
recross the sphere. We conclude that the sphere q1 = 0 is the union of two surfaces
of unidirectional flux and a DS that has no local recrossings. The periodic orbit
q1 = p1 = 0 is therefore a TS.

Since the dynamics defined by H2 is very simple, it allows us to slightly perturb
q1 = 0 so that its boundary remains fixed and it remains transversal to the flow
generated by the Hamiltonian equations. We find a new DS consisting of two
surfaces of unidirectional flux that span TS. In the following by every reference to
a DS associated with a TS we mean the DS that was constructed above.

We remark that in this setting q1 is called a reaction coordinate since a reaction
can be characterised by a sign change of q1.
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2.2.6 Local geometry
Since the system defined by H2 is decoupled, we may study the dynamics in the
respective degrees of freedom separately. The dynamics in (q1, p1) is as follows
given by

1
2λ(p2

1 − q2
1) = const.

The origin q1 = p1 = 0 is a saddle, it has stable and unstable invariant manifolds
consisting of trajectories that converge to the saddle in forward or backward time
respectively. The stable invariant manifolds are given by q1 = −p1 and the unstable
by q1 = p1. In the other degree of freedom

1
2ω(p2

2 + q2
2) = const,

defines a linear oscillator.
For the full system this means that for h2 > 0 small, q1 = −p1 and q1 = p1 are

invariant and tend to the periodic orbit q1 = p1 = 0 in forward or backward time
respectively. These are the invariant manifolds of the TS and have the shape of
cylinders since each q1 = const is a circle.

These invariant manifolds are codimension-1 on the energy surface and each
separates the energy surface into an inside of the cylinder and an outside. The
inside and the outside differ in the distribution of energy among the degrees of
freedom, which ultimately makes the difference between reactive and nonreactive
trajectories.

Invariant manifolds guide enclosed reactive trajectories towards the TS. These
trajectories intersect one of the hemispheres of the DS with p1 6= 0, which means
that inside of the cylinders we have

h2 >
1
2ω(p2

2 + q2
2).

Trajectories for which
h2 <

1
2ω(p2

2 + q2
2),

must therefore be outside of the cylinders. They do not reach the DS therefore
must be nonreactive.

Note that in a configuration space perspective, the potential barrier separates
reactive trajectories from nonreactive ones in an manner that is not understandable.
In a (local) phase space perspective, the nonreactive trajectories oscillate too much
to fit through the bottleneck.

The invariant manifolds create a natural barrier between reactive and nonreac-
tive trajectories. Understanding reactive properties of trajectories therefore comes
down to understanding how trajectories are guided by invariant manifolds. Should
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this local picture be extendable to the whole energy surface, a straightforward appli-
cation of Theorem 2.2.1 yields the reaction rate. Otherwise recrossings or multiple
bottlenecks can cause overestimation of the reaction rate.

The timeline of discoveries in the hydrogen exchange reaction and evolution of
ideas regarding TST up to the point presented here follows.

2.2.7 Known results
In 1971, Morokuma and Karplus [MK71] evaluated three representatives of differ-
ent classes of bimolecular reactions. They found the collinear hydrogen exchange
reaction H2 + H → H + H2 to be the best suited for a study of the accuracy of
TST. Main advantages were smoothness, symmetry and equal masses of the atoms.
When studying agreement of reaction rates obtained via TST and Monte Carlo
computations, they found TST was very accurate up to a certain energy, but be-
came inaccurate rather quickly after that. They report that the overestimation is
due to “effects” in the proximity of the TS.

In 1973 [PM73] Pechukas and McLafferty found an elegant criterion for TST
being exact for an interval of energy, namely that almost every trajectory passing
through the DS does so only once. In other words, the existence of collision com-
plexes is the only possible reason for TST to fail. In this case, a collision complex
refers to a trajectory that forever oscillates between r1 < r2 and r1 > r2. How such
trajectories can exist will be explained in Section 2.5. Other authors used the term
for the region near the potential barrier, where all three atoms interact. We prefer
to refer to this region as the interaction region.

In 1975 Chapman, Hornstein and Miller [CHM75] apply the result of the pre-
vious reference to the hydrogen exchange reaction (collinear and spatial). They
present numerical results that show transition state theory “fails substantially”
above a certain threshold. The only admissible explanation is the existence of a
collision complex.

As there was evidence for the existence of a collision complex, the explanation
of how it came into existence was missing. Pollak and Pechukas [PP78] found an
explanation in 1978 based on unstable periodic orbits that vibrate between two
equipotentials. Periodic orbits that vibrate between two equipotentials were first
studied in general Hamiltonian systems by Seifert [Sei45] and in the celestial me-
chanics literature these orbits are referred to as brake orbits, a term due attributed
to Ruiz [Rui75]. How unstable periodic brake orbits are linked to such oscillatory
trajectories is explained in Section 2.5 and there we also explain why the mere ex-
istence of multiple unstable periodic brake orbits is not a sufficient condition for a
breakdown of TST.

Furthermore, the authors of [PP78] used the newly found periodic orbits to
construct DSs and proved that of all possible surfaces, the one with minimal flux
is always a DS associated to an unstable periodic brake orbit.
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The results mentioned above suggest that systems with multiple TSs should
be approached using a different way than the one offered by TST. In contrast to
TST that relies on a single TS, Variational TST (VTST) is more flexible. VTST
is based at every fixed energy on the TS of which the DS has the lowest flux. The
origins of VTST can be traced back to [Hor38] and [Kec67]. Similarly we may
regard the preceding dynamical formulation in [Wig37], where the author speaks
of trajectories not returning to the TS.

It was not until [PP78] that multiple TSs were considered in the hydrogen
exchange reaction. In the light of VTST, they found that the TS at the potential
barrier does not always yield the lowest reaction rate estimate. The paper shows
on the example of the collinear hydrogen exchange reaction that when TST breaks
down, VTST can be significantly more accurate. At the same time the authors
show that even VTST fails to capture the decline of the reaction rate obtained
from Monte Carlo.

In 1979 Pollak and Pechukas [PP79a] proved that TST is exact provided there
is only one periodic orbit. Simultaneously, they derived the best estimate of the
reaction rate so far for the collinear hydrogen exchange reaction in [PP79b] using
what they called Simple-minded unified statistical theory (SMUST).

Unified statistical theory (UST), due to Miller [Mil76], approaches multiple TSs
differently from VTST. The main advantage of UST over VTST is that it not only
relies on the flux through a DS, but instead attempts to take advantage of the
difference of fluxed through all DSs. This way UST approximates dynamics in
the interaction region separately from regions with much simpler dynamics. The
authors of [PP79b] found that UST captures the drop in the reaction rate and elab-
orates on the cause of deviation of UST from the reaction rate. Furthermore, they
introduce SMUST by assuming the interaction region to be the whole space. This
approach has two major advantages - it is more accurate and significantly simpler.
Because the interaction region grows in size with increasing energy, SMUST should
eventually converge to UST.

Another interesting result is presented in the appendix of [PP79b], namely what
the authors claim should under certain assumptions be a lower bound for the reac-
tion rate. This lower bound is based on the observation that generally trajectories
do not spend very much time in the interaction region. It is therefore possible to
use the difference between TST and VTST to obtain a lower bound on the amount
of trajectories that react without undergoing a complicated evolution.

A rigorous lower bound is presented in [PCP80]. For the first time they used a
DS constructed using a stable periodic orbit for the purposes of TST, because in
a certain sense, it captures the volume of accessible phase space between the two
bottlenecks. The bound itself assumes that reactive trajectories cross all TSs once
and all other trajectories are nonreactive and cross some TSs exactly twice. The
accuracy of this lower bound for the hydrogen exchange reaction is remarkable.
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In 1987 M. Davis [Dav87] studied the hydrogen exchange reaction in phase space
and considered the role of invariant structures. For low energies he showed that
TST can be exact even if several TSs are present, provided that their invariant
manifolds do not intersect. This condition ensures that trajectories that leave the
DS never return (the no-return property).

There are three TSs in the hydrogen exchange reaction until one orbit becomes
stable at a high energy. Davis did some numerical observations of the dynamics in
the heteroclinic tangle of the two remaining TSs at high energies.

At high energies Davis finds that the heteroclinic tangle grows in size, i.e. the
proportion of trajectories passing through it increases. By the assumption that no
trajectories passing through the tangle react, he formulates a very accurate lower
bound for the reaction rate. The idea of this lower bound is very similar to the
lower bound in [PCP80], but because Davis considers the number of trajectories
instead of the number of intersections of DSs, his bound is more accurate.

In his work, Davis also gives an estimate of the reaction rate using the fact
that not many trajectories undergo a complicated evolution, as found by [PP79b].
In order to obtain one, he essentially observes that all trajectories, that leave the
tangle within a certain time interval after entering, are nonreactive. This dynamic
behaviour is in fact prevalent in the tangle. Furthermore the estimate assumes that
50% of the remaining trajectories in the tangle are reactive. The 50% probability is
justified by high randomization inside the tangle. Compared to all previous results,
the resulting estimate is very accurate but comes at a computational cost.

2.2.8 Aim and organization
The reaction mechanism is still not well understood. Davis’ observations hint at
the crucial role played by invariant manifolds, but the precise manner in which this
happens is unknown. Our aim is to explain the mechanism responsible for Davis’
observations as well as extending it to the energy interval that Davis did not study,
the interval with three TSs. This way we will be not only able to provide new details
of the influence of invariant structures on transport in Hamiltonian systems, but
also explain the counterintuitive culmination and decrease of the reaction rate in
the collinear hydrogen exchange reaction. Moreover we provide an understanding
of the interactions between invariant manifolds of three TSs, a topic that is not well
understood yet.

This work is organised as follows. Section 2.3 introduces relevant periodic orbits
that we will use to define various regions in configuration space and on the energy
surface. In Section 2.4 we transform the system into more suitable coordinates
using which we define a surface of section in Section 2.5. The remaining part
of Section 2.5 is devoted to explaining how we will study invariant manifolds on
the surface of section, including an introduction to lobe dynamics. In Section 2.6
we give a detailed insight into the structures formed by invariant manifolds and
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use lobe dynamics to understand how the invariant manifolds influence reactive
and nonreactive trajectories. We also show how every bifurcation of a periodic
orbit (not necessarily unstable) leads to structural changes in the intersection of
invariant manifolds. Section 2.7 is devoted to the introduction of a novel way of
breaking down the structures formed by invariant manifolds to provide a better
understanding of the interplay of invariant manifolds of three unstable periodic
orbits. We also give an easy way of calculating the area of various regions bounded
by invariant manifolds and then in Section 2.8 use the information to compute
various upper and lower bounds of the reaction rate.

2.3 Important periodic orbits
In this section we introduce all relevant periodic orbits, their evolution and proper-
ties. We use the periodic orbits to define and justify the aforementioned interaction
region.

2.3.1 Periodic orbits
In order to be able to dive into structures formed by invariant manifolds, we need to
identify periodic orbits that are of interest. For an energy above the energy of the
saddle point r1 = r2 = Rs, the system described by the Hamiltonian in equation
(2.1) admits periodic orbits. Each of the periodic orbits contributes towards the
complicated dynamics this system is known for and understanding the individual
contributions is the first step to understanding the system.

We adopt the notation used in [InPS11] and remark that periodic orbits were
used to construct DSs in systems with 2 degrees of freedom by [PP78] and [PP79b].

Firstly we have the Lyapunov orbit associated with the potential saddle and
we shall denote it by F0. As argued in Section 2.2.5, for energies slightly above
the saddle, F0 has to be unstable. The orbit exists in an energy interval above the
energy of the saddle as a one parameter family.

In contrast to most of the other orbits that come in pairs due to the discrete
reflection symmetry of the system mentioned in Section 2.2.3, the F0 family lives
on the axis of symmetry and therefore consists at every fixed energy of a single
orbit.

A saddle-centre bifurcation at approximately 0.02204 results in the creation of
the families F1 and F2. At a fixed energy, each family consists of two periodic orbits
related by the reflection symmetry of the system, one orbit on the reactant side
of the saddle and one on the product side of the saddle. The projections of these
orbits onto configuration space is shown in Figure 2.5.

The unstable family F1 is the furthest away from F0 and does not undergo any
further bifurcations. Since most of the time we will be able to stay on the r1 > r2
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Figure 2.5: The projections of the periodic orbits F0 (black), F1 (blue) and F2
(green) onto configuration space at energies 0.02210, 0.02300, 0.02400, 0.02500 and
0.02600 and the corresponding equipotential lines (grey).
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half plane, we retain the notation F1 also for the individual orbit. The orbit of this
family on the r1 < r2 half plane will be denoted by F̂1. This keeps the notation
simple and should we refer to the whole family, this will always be made clear.

The F2 family is initially stable, but undergoes a period doubling bifurcation
at 0.02208 creating the double period families F21 and F22. Unlike reported by
[InPS11], we do not find these families disappear in the inverse period doubling
bifurcation of F2 at 0.02651, but instead F21 and F22 persist with double period
until 0.02654, when they collide together with F2 and subsequently with F0 in an
inverse pitchfork and as a result F0 becomes stable.

At 0.02661, F0 is involved in a bifurcation with a double period family F4
that originates in a saddle-centre bifurcation at 0.02254. For dynamical purposes
we point out that above 0.02661 F0 is inverse hyperbolic. We would also like to
enhance the findings of [InPS11] by remarking that F21 and F22 are briefly stable
between switching from hyperbolic to inverse hyperbolic and vice versa.

Figures 2.6 and 2.7 show bifurcation diagrams of most of the families on the
energy-residue and the energy-action plane. By residue we mean the Greene residue
as introduced by J. M. Greene in [Gre68]. It is a quantity characterizing the stability
of the periodic orbits and it can be derived from the monodromy matrix as we shall
explain in the following lines.

For a periodic orbit Γ with the parametrisation γ(t) and period T , let M(t) be
the matrix satisfying the variational equation

Ṁ(t) = JD2H(γ(t))M(t),

where J =
(

0 Id
−Id 0

)
, with the initial condition

M(0) = Id.

The monodromy matrix is defined by M = M(T ). It describes how an initial
deviation δ from γ(0) changes after a full period T . For δ sufficiently small the
relationship is

ΦTH(γ(0) + δ) = γ(T ) +Mδ +O(δ2),

where ΦtH is the Hamiltonian flow.
If δ is an initial displacement along the periodic orbit δ ‖ J∇H, then by period-

icity δ is preserved after a full period T , i.e. Mδ = δ. A similar argument holds for
an initial displacement perpendicular to the energy surface δ ‖ ∇H. Consequently,
two of the eigenvalues of M are λ1 = λ2 = 1. More details including a reduction of
M can be found in [EW91].

As the variational equation satisfied by M(t) is Hamiltonian, the preservation
of phase space volume following Liouville’s theorem implies that the determinant
detM(t) = detM(0) = 1 for all t. Therefore for the two remaining eigenvalues we
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Figure 2.6: Bifurcation diagrams showing the evolution of F0 (black), F1 (blue),
F2 (light green), F21 (dark green), F22 (red) and F4 (orange) on the energy-residue
and the energy-action plane. The residues of other families and the action of orbits
of period higher than 1 are omitted for the sake of clarity.

have λ3λ4 = 1 and we can write them as λ and 1
λ . Γ is hyperbolic if λ > 1, it is

elliptic if |λ| = 1 and it is inverse hyperbolic if λ < −1.

Definition 2.3.1. The Greene residue of Γ is defined as

R = 1
4(4− TrM),

where M is the monodromy matrix corresponding to the periodic orbit Γ.

Knowing that λ1 = λ2 = 1, we can write R as

R = 1
4

(
2− λ− 1

λ

)
.

By definition R < 0 if Γ is hyperbolic, 0 < R < 1 if it is elliptic and R > 1 if it is
inverse hyperbolic.

In [Dav87], Davis mostly focused on the energy interval below 0.02214 and
above 0.02655, the interval where TST is exact and the interval where two TSs
exist, respectively.

In the light of normal form approximation described in Section 2.2.5, we remark
that the approximation breaks down completely when F0 loses normal hyperbolicity
at 0.02655 at the latest. The loss of normal hyperbolicity is not the cause for the
overestimation of the reaction rate by TST as it starts to deviate from the reaction
rate well before 0.02300.
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Figure 2.7: Details of the evolution of F0 (black), F1 (blue), F2 (light green), F21
(dark green), F22 (red, same residue as F21) and F4 (orange) on the energy-residue
plane.

2.3.2 Phase space regions
As suggested in Section 2.2.1, we would like to give up the binary partitioning of
the energy surface into reactants and products in favour of defining an interaction
region inbetween.

As explained in Section 2.2.5, TSs give rise to bottleneck in phase space. Because
F1 gives rise to the bottleneck the furthest away from F0, we use it to delimit regions.
The interaction region is located between the two orbits F1 and F̂1 and will contain
all other orbits of the system. The region of reactants and products are the regions
on the r1 > r2-side and the r1 < r2-side of the interaction region respectively, see
Figure 2.8.

The family F1 has another property, that makes it an excellent choice for the
borderline between two regions. If we use the construction from Section 2.2.5 to
construct DSs using F1 and F̂1, we define two spheres. Due to the unidirectional
flux across the hemispheres, each trajectory that leaves a hemisphere cannot return
to it. We say that

Definition 2.3.2. A codimension-1 surface on the energy surface has the no-return
property if trajectories cannot return to the surface after they have crossed it, in
other words, if each trajectory can cross the surface at most once.

A region has the no-return property if trajectories that leave the region never
return.

The hemispheres of the DSs of unidirectional flux are surfaces of no return. The
union of the spheres can be crossed by each trajectory at most twice, once when
entering the interaction region and once when leaving it. The interaction region
has the no-return property.
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Figure 2.8: Regions in configuration space at energy 0.02400. The interaction region
(red) bounded by two orbit from the family F1 (blue), the region of reactants (blue)
and the region of products (green). The orbit F0 (black) is also included.

The advantages of this partition of space are immediate.

• All TSs and thereby all bottlenecks are in the interaction region or on its
boundary. The dynamics in reactants and products has therefore no influence
on reactivity of trajectories and to fully understand the hydrogen exchange
reaction, it is enough to restrict the study to the interaction region.

• Trajectories that leave the interaction region never return. This is true in
forward and backward time.

• It is impossible for a trajectory to enter reactants and products in the same
time direction, unlike in the binary partitioning, where trajectories may pass
from reactants to products (or vice versa) arbitrarily often.

2.4 Definition of a Poincaré surface of section
As previously mentioned, we work towards studying invariant manifolds of TSs.
One of the possibilities to study these phase space structures is to define a Poincaré
surface of section and study the dynamics on the surface under the Poincaré return
map. In this section we define a surface of section and in the process we define a
suitable coordinate system that facilitates the definition of the surface of section
and the study of dynamics on it.



27 Chapter 2. Reaction rate decrease

Figure 2.9: Comparison of the MEP (red), the coordinate line q1 = 0 (black) and
the coordinate line q̃1 = 0 (cyan). Equipotential lines of the potential energy surface
correspond to energies 0.01200, 0.01456, 0.02000, 0.02800 and 0.03500

In the construction of new coordinates we use the notion of the minimum energy
path that we introduce in Section 2.4.1. Once it is introduced, we can define the new
coordinates in such a way that the resulting coordinate transformation is symplectic.

2.4.1 Reaction coordinate and minimum energy path
A reaction, as defined above, can be loosely characterised by the passage from
r1 > r2 to r1 < r2. In the study of chemical reactions it is often convenient
to define a coordinate that captures the essence of the reaction, for example by
changing sign along a reactive trajectory and not changing along a nonreactive.
Such a coordinate is called a reaction coordinate.

Frequently a reaction coordinate is closely related to a line on the potential
energy surface that connects the potential wells in reactants and products via the
potential saddle and is called the minimum energy path (MEP). Roughly speaking,
the MEP is considered to be a prototype of a reactive trajectory, although it is
important to point out that the MEP is of not a solution of the Hamiltonian system
and, as remarked in [Pec76a], is as such of no dynamical significance to the system.
An MEP can be rather considered a property of the potential energy surface.

As remarked in [QH84], there are many ways of defining an MEP, but few are
independent of the coordinate system. This property is important to us, because
we intend to study invariant structures in whichever coordinates are best suited.
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In the construction of an MEP we use the path of steepest descend, that was found
to be independent of the coordinate system by [QH84].

The path of steepest descend is the unique solution of the system of differential
equations

ṙi = −∂U
∂ri

,

for i = 1, 2, such that

lim
t→∞

(r1(t), r2(t)) = (∞, Rmin) or (Rmin,∞),

lim
t→−∞

(r1(t), r2(t)) = (Rs, Rs),

where (Rs, Rs) is the saddle point of the potential as introduced in Section 2.2.2
and (∞, Rmin) and (Rmin,∞) are the potential wells in reactants and products
respectively. The union of these two paths of steepest descend is a line that joins
the two potential wells in reactants and products via the saddle point, thus an
MEP. A contour plot of the potential energy surface with the MEP is shown in red
Figure 2.9.

2.4.2 Surface of section
Firstly, let us define a coordinate of which a coordinate line is an approximation of
the MEP defined in the previous section. Due to the complicated nature of U , we
cannot give a closed form expression for the MEP. A useful approximation turns
out to be

q1 = (r1 −Rmin)(r2 −Rmin)− (Rs −Rmin)2,

the same expression (up to a constant) as used by [Dav87] and shown in Figure 2.9.
The coordinate line q1 = 0 has the same characteristics as the MEP, most notably
it is symmetric and connects the saddle to the potential minimum. For the energy
interval that we will study, q1 = 0 is a good approximation of the MEP, although at
higher energies invariant manifolds can become tangent to q1 = 0 while still being
transversal to the MEP. This led Davis to considering q1 = −0.04, q1 = −0.07 and
q1 = −0.084 at energies beyond our interest, all of which do not pass through the
saddle point.

We found a better approximation of the MEP by smoothly accelerating the
convergence of q1 = 0 to r1 = Rmin and r2 = Rmin away from the saddle. As a
result, q̃1 = 0 with

q̃1 = (r1 −Rmin)(r2 −Rmin)− (Rs −Rmin)2e−2((r1−Rs)2+(r2−Rs)2), (2.2)

is significantly closer to the MEP, but a coordinate system with q̃1 as one of the
coordinates is rather challenging to work with.
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The surface of section we will use throughout this chapter is defined by q1 = 0,
q̇1 > 0 and we denote it by Σ0. The use of q̇1 > 0 in the definition of Σ0 is justified
by the need to have each point on Σ0 correspond to a unique trajectory. Essentially
it can be considered to be analogous to the need to distinguish the two hemispheres
of a DS. We remark that Σ0 the boundary of Σ0 does not consist of invariant
manifolds and therefore it is not a surface of section in the sense of Birkhoff [Bir27,
Chapter 5].

2.4.3 Symplectic coordinate transformation
Our primary reasons for performing a coordinate transformation are

• defining a reaction coordinate,

• having a simple definition of a Poincaré surface of section,

• introducing coordinates on the Poincaré surface of section,

• expressing the symmetry of the system in a more obvious way.

The first coordinate of the new coordinate system is q1 defined in the previous
subsection and used in the definition of Σ0.

We choose the second coordinate q2 to be such that the pair (q1, q2) defines an
orthogonal coordinate system in configuration space. Therefore we define

q2 = 1
2(r1 −Rmin)2 − 1

2(r2 −Rmin)2. (2.3)

Because it is orthogonal to q1, the coordinate q2 changes signs along q1 = const
and therefore is a reaction coordinate. Note that the region of reactants is a subset
of q2 > 0 and products of q2 < 0. Moreover, the reflection symmetry of the system
with respect to r1 = r2 is expressed by the reflection symmetry with respect to
q2 = 0. In certain arguments we may therefore restrict ourselves to q2 ≥ 0.

Coordinate lines of q2 also give a good impression about oscillatory motion in
the q1 direction in the neighbourhood of the potential barrier and q1 is commonly
referred to as the bath coordinate. For a fixed energy, the energy surface is bounded
in q1 and unbounded in q2. Note that in configuration space the coordinate lines
of (q1, q2) converge to the coordinate lines of (r1, r2) as q2 → ±∞.

As an alternative to q2 one could consider

q̃2 = r1 − r2,

which is much simpler. On the down side (q1, q̃2) is not an orthogonal coordinate
system in configuration space, but q̃2 = const still manages to capture the essence
of the vibrational state near the saddle. Far away from the saddle q2 = const is
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slightly better than q̃2 = const, but neither is really satisfactory. It may be useful
as a simple reaction coordinate, but q̃2 is more prone to singularity issues than q2
later on.

To complete the new coordinate system, we need to find the conjugate momenta
p1, p2 corresponding to q1, q2 such that the resulting transformation is symplectic.
For this purpose we use the following generating function (type 2 in [Arn76]):

G(r1, r2, p1, p2) =
(
(r1 −Rmin)(r2 −Rmin)− (Rs −Rmin)2)p1

+ 1
2
(
(r1 −Rmin)2 − (r2 −Rmin)2)p2.

Then

∂G

∂ri
= pri ,

∂G

∂pi
= qi.

One finds that

pr1 = ∂G

∂r1
= (r2 −Rmin)p1 + (r1 −Rmin)p2,

pr2 = ∂G

∂r2
= (r1 −Rmin)p1 − (r2 −Rmin)p2.

From this we obtain the conjugate momenta:

p1 = (r2 −Rmin)pr1 + (r1 −Rmin)pr2

(r1 −Rmin)2 + (r2 −Rmin)2 ,

p2 = (r1 −Rmin)pr1 − (r2 −Rmin)pr2

(r1 −Rmin)2 + (r2 −Rmin)2 .

Note that this transformation has a singularity at r1 = r2 = Rmin, but at
U(Rmin, Rmin) = 0.03845 above the minimum it is inaccessible at energies of inter-
est to us. We remark that (q2, p2) as defined above are the canonical coordinates
on Σ0.

One can easily double-check that the transformation

(r1, pr1 , r2, pr2) 7→ (q1, p1, q2, p2),

is symplectic. By straightforward calculation one finds that the symplectic 2-form
is indeed preserved:

dpr1 ∧ dr1 + dpr2 ∧ dr2 = dp1 ∧ dq1 + dp2 ∧ dq2.
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2.5 Transport and barriers
In this section we explain how dynamics on an energy surface is manifested on a
surface of section. We discuss structures formed by invariant manifolds and give an
introduction to lobe dynamics (due to [RKW90]). This section also includes bulk
of the notation that will be used in the remainder of this work, most of it connected
to intersections of invariant manifolds and lobes.

2.5.1 Structures on the surface of section
As mentioned above, one of the goals of the transformation is a simple definition
of a surface of section. The surface q1 = 0 is globally defined and is intersected by
all trajectories. Similarly to the MEP, the surface is transversal to the flow except
for a set of trajectories of measure zero.

The surface of section that we will use for studying the structure of the invariant
manifold is defined by q1 = 0, q̇1 > 0 and we denote it by Σ0. The return map P
associated with Σ0 is defined in the customary manner. Every point (q0, p0) on the
surface is mapped to the next intersection of Σ0 with the solution

(q1(t), p1(t), q2(t), p2(t)),

with the initial condition

(q1(0), p1(0), q2(0), p2(0)) = (0, p1, q
0, p0),

where p1 is given implicitly by the fixed energy E and q̇1 > 0. It follows that

P (q0, p0) = (q2(T ), p2(T )),

where T > 0 is the smallest for which q1(T ) = 0. According to [BGH85], the
return map P preserves the canonical 2-form restricted to Σ0, dp2 ∧ dq2, it is
therefore symplectic. Because the Hamiltonian is autonomous, the Hamiltonian
flow is reversible and thus P−1 is well defined.

Periodic orbits intersect Σ0 in a single point and are fixed points of P . Deter-
mining their stability is a question of computing the monodromy matrix along the
respective periodic orbit. Of the four eigenvalues of the monodromy matrix, there
are

• two eigenvalues with eigendirections on the Σ0 and their product is for reasons
of area preservation equal to 1,

• one eigenvalue with eigendirection along the orbit equal to 1,

• one eigenvalue with eigendirection away from the energy surface equal to 1.
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For more information see [EW91]. The two eigenvalues with eigendirections on Σ0
are also the eigenvalues of the linearisation of P near a fixed point. Moreover, we
use the corresponding eigenvectors to compute invariant manifolds of TSs, that are
unstable fixed points of P .

2.5.2 Barriers formed by invariant manifolds
We now turn to invariant manifolds of TSs in the simplest setting. As described
in Section 2.2.6, invariant manifolds are cylinders of codimension-1 on the energy
surface. The intersection of these cylinders with Σ0 produces lines that divide
Σ0 into two disjoint parts each. In a situation, when stable and unstable invariant
manifolds of TSs do not intersect, they act as separatrices or barriers. The invariant
manifolds separate reactive trajectories from nonreactive ones and because the DS
associated with F0 has the no-return property, TST is exact [Dav87].

In the hydrogen exchange reaction we speak of the interval between the energy
of the saddle of 0.01456, when reactants and products become connected, up to
0.02215, when a heteroclinic intersection first appears. As mentioned above, F1
and F2 come into existence at 0.02204, well before TST becomes inaccurate.

Before 0.02204, F0 is the only TS and points on its invariant manifolds diverge
in forward or backward time. In Figure 2.10, reactive trajectories with a large
p2 momentum are located above and below the invariant manifolds. Nonreactive
ones have less energy in the second degree of freedom and are located between the
invariant manifolds.

Clearly, once two or more TSs exist, some invariant manifolds have to intersect.
In our system between 0.02204 and 0.02215, the invariant manifolds of F0 remain
dominant. The branches of the manifolds of F1 then all diverge on the reactant
side, stable with p2 < 0 in backward time, unstable with p2 > 0 in forward time.
From the linearisation we already know that one branch of the unstable manifold
has a lower p2 momentum near F1 than one of the branches of the stable manifold,
therefore these two branches necessarily intersect after leaving the neighbourhood
(see Figure 2.11).

2.5.3 Definitions and notations
For E < 0.02215, the structure created by the intersection of invariant manifolds
has no influence on the reaction rate as all trajectories that are affected are nonre-
active. At higher energies this is no longer the case, therefore we need to introduce
the standard notions used to describe the influence of invariant manifolds on the
dynamics. Note that once restricted to Σ0, TSs become unstable fixed points of P .

First up, we denote invariant manifolds of the fixed point Fi by WFi . Specifically
stable and unstable invariant manifolds are denoted W s

Fi
and Wu

Fi
respectively. An

additional subscript indicates the individual branch, W s
Fi+ is the branch of W s

Fi
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Figure 2.10: Disjoint invariant manifolds of F0 forming a barrier on Σ0 at 0.01900
and examples of a nonreactive (black) and a reactive (blue) trajectory on Σ0 and
in configuration space.
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that has the larger q2 coordinate in the neighbourhood of Fi and W s
Fi− is the other

branch.
When invariant manifolds are disjoint, just as WF0 at E < 0.02215, all points

on Wu
F0

tend to infinity in forward time and to F0 in backward time. Reversing
time swaps the roles of Wu

Fi
and W s

Fi
and therefore W s

Fi
possesses the exact same

properties in reversed time. In the following we shall cease pointing it out after
every statement.

Let us now look at the manifolds WF1 . As argued above, W s
F1− and Wu

F1−
intersect and it can be shown that they intersect transversally. The point Q ∈
W s
F1− ∩W

u
F1− converges to F1 in forward and backward time and is called a homo-

clinic point. The point of intersection of invariant manifolds of two distinct fixed
points is called a heteroclinic point and will be encountered at higher energies.
Note that invariant manifolds cannot self-intersect, stable manifolds cannot inter-
sect other stable manifolds and unstable manifolds cannot intersect other unstable
ones.

The images and preimages of Q under P are also homoclinic points and therefore
as soon as W s

F1− and Wu
F1− intersect once, they intersect infinitely many times.

The resulting structure is called a homoclinic tangle. A heteroclinic tangle is an
analogous structure formed by invariant manifolds of two distinct fixed points.

It is well known that homoclinic and heteroclinic tangles are inherently chaotic.
The dynamics near the fixed point is locally conjugate to Smale’s horseshoe dy-
namics (e.g. [HSD04]). We will now introduce a tool for understanding dynamics
in tangles due to [RKW90] and is called lobe dynamics. In this section we adopted
the notation of [RKW90].

Let Q0 be a heteroclinic point Q0 ∈W s
Fi
∩Wu

Fj
(homoclinic if i = j). Denote the

segment of W s
Fi

between Fi and Q0 by S[Fi, Q0] and the segment of Wu
Fj

between
Fj and Q0 by U [Fj , Q0].

Definition 2.5.1. If S[Fi, Q0] and U [Fj , Q0] only intersect at Q0 (and Fi if i = j),
then Q0 is a primary intersection point (pip).

It should be clear that every tangle necessarily has pips. Assume Q0 is a pip.
Its image under P , PQ0, is also a pip, because if S[Fi, Q0] ∩ U [Fj , Q0] = {Q0},
then also the image S[Fi, PQ0]∩U [Fj , PQ0] = {PQ0}. Similarly all preimages and
images of Q0 are pips. Pips are used to define lobes, the main ingredient of lobe
dynamics and the base unit of transport quantification in tangles.

Definition 2.5.2. Let Q0 and Q1 such that S[Q1, Q0] and U [Q0, Q1] do not inter-
sect in pips except for their end points. A lobe is a set bounded by S[Q1, Q0] and
U [Q0, Q1].

Note that the end points of segments are ordered, the first being closer to the
fixed point along corresponding the manifold.
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Figure 2.11: Invariant manifolds of F0, F1 and F̂1 at 0.02206.

To illustrate why no pip can sneak in between PQ0, PQ1, images of neighbouring
pips Q0, Q1, we can introduce an ordering of points along invariant manifolds by
means of an arclength parameter. Clearly P preserves this ordering. It follows
that if S[Q1, Q0] and U [Q0, Q1] do not intersect in pips except for the endpoints,
S[PQ1, PQ0] and U [PQ0, PQ1] cannot contain pips other than the end points.
Therefore P always maps lobes to lobes.

2.5.4 A partial barrier
The influence of a tangle on transport of area on Σ0 between regions may seem
unpredictable at first, but the mechanism is well known and fairly straight-forward.
We will use the homoclinic tangle of F1, the F1 tangle, to explain the mechanism.
The analogue in heteroclinic tangles will be apparent.

The choice of the F1 tangle at 0.02206 is not only due to the logical order in
terms of increasing energy, but also the simplicity of the structure. Of the invariant
manifolds, W s

F1+ and Wu
F1+ form barriers while W s

F1− and Wu
F1− form a homoclinic

tangle. All branches of WF1 lie in the region of nonreactive trajectories on the
reactant side of F0, see Figure 2.11.
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Let Q0 be a pip, we will comment on the negligible consequences of choice later.
For simplicity we choose the pip that lies near the axis of symmetry of the tangle.
The segments S[F1, Q0] and U [F1, Q0] delimit a region that we denote in reference
to F1 by R1. The complement to R1 in the region bounded by W s

F0+ and Wu
F0+ is

denoted R0, see Figure 2.12.
In this case, there is only one pip between Q0 and PQ0, namely Q1. In general,

the number of pips between Q0 and PQ0 is always odd. This is because if U [Q0, Q1]
lies in R0, so does U [PQ0, PQ1]. Necessarily then if there are n pips on U [Q0, PQ0],
for all relevant i U [Q2i−1, Q2i] lies in R0 and this can only work if n = 2i − 1 for
some i and Q2i = PQ0.

We use Q0, Q1 and all of their (pre-)images to define lobes. We have established
that a lobe is always mapped to a lobe. The way lobes guide trajectories in and
out of regions can be seen on the lobe bounded by S[Q1, Q0] and U [Q0, Q1]. The
lobe is located in R0, but its preimage located between S[P−1Q1, P

−1Q0] and
U [P−1Q0, P

−1Q1] lies in R1. Because it escapes from R1 to R0 after 0 iterations of
the map P , we denote the lobe by L1,0(0). Analogously, by L0,1(0) we denote the
lobe that is captured in R1 from R0 after 0 iterations and is bounded by S[PQ0, Q1]
and U [Q1, PQ0]. We refer to images and preimages of L1,0(0) and L0,1(0) as escape
lobes and capture lobes respectively.

In general, we adopt the notation introduced by Rom-Kedar and Wiggins in
[RKW90] and denote a lobe that leaves Ri for Rj , i 6= j, immediately after n
iterations of the map P by

Li,j(n).
In this notation the relation

P kLi,j(n) = Li,j(n− k), (2.4)

for all k, n ∈ Z is trivial.
The transition between R0 and R1 is closely connected to Q0 and the transition

from Li,j(1) to Li,j(0). All other lobes stay in their respective regions, because they
are confined by the barrier consisting of invariant manifolds. Near Q0, however, the
barrier has a gap through which trajectories can pass. MacKay, Meiss and Percival
[MMP84] described this mechanism by saying that it “acts like a revolving door or
turnstile.” The term turnstile was born. For a full overview of further evolution of
turnstiles see [Mei15].

While W s
F1− contracts exponentially near the F1, Wu

F1− stretches out. It is easy
to see that S[F1, Q0] is a rigid barrier - its shape is nearly linear and all trajectories
in its vicinity follow. Wu

F1−, on the other hand, is more of a flexible barrier in
forward time - the manifold itself twists and stretches, alternately lying in R0 and
R1. The fluid shape of Wu

F1− is practically determined by nearby trajectories and
S[F1, Q0]. The manifold is so flexible that some pieces may tend towards infinity on
the reactant side while other pieces on the product side. Stable manifolds behave
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Figure 2.12: Definition of a region and highlighted lobes in the F1 tangle at 0.02206.
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similarly in backward time and the transition from one manifold being a barrier to
the other results in the turnstile.

Invariant manifolds that form heteroclinic tangles behave similarly. At energies
where a heteroclinic tangle exists, these imperfect barriers cause the existence of
nonreactive trajectories with high translational energy and reactive trajectories with
surprisingly high vibrational energy. Due to this strangely selective mechanism we
speak of a partial barrier.

Let us briefly comment on the choice of Q0. Clearly, choosing any other pip for
the definition of the regions, merely shifts n in Li,j(n). While PQ0 causes a global
delay of 1, Q1 only affects escape lobes. In our work, a slight change in notation
has negligible implications.

2.5.5 Properties of lobes
In the following we will briefly mention some of the basic properties of lobes that we
will use in the study of homoclinic and heteroclinic tangles. Stating and justifying
the properties is rather technical, but shows the basic line of thinking in most of
the following sections. Readers already familiar with lobe dynamics may prefer to
proceed to Section 2.6.

The statements assume that we study transport between two regions only, two
regions that are separated by a homoclinic tangle or a heteroclinic tangle of two
fixed point with other invariant manifolds not involved. Still, the statements pro-
vide useful insight into the complex dynamics and some can be generalised to
complicated structures.

To facilitate our description of dynamics we require

Li,j(0) ∩ Lj,i(0) = ∅.

In the contrary case of Li,j(0) ∩ Lj,i(0) 6= ∅, the intersection does not leave the
respective region and is therefore not subject to transport between regions. In such
a case we may redefine lobes to be

L̃i,j(k) := Li,j(k) \ (Li,j(k) ∩ Lj,i(k)) ,

where L̃i,j(k) ∩ L̃j,i(k) = ∅. This justifies the following assumption.

Assumption 1. We assume that the lobes Li,j(0) and Lj,i(0) are disjoint.

To put this into perspective of transport between regions, Li,j(1) ⊂ Ri and
Li,j(0) ⊂ Rj is an equivalent assumption. In the case of transport between several
regions, we can only make statements based on the two regions that are separated
by manifolds of the given tangle.
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Transport between regions necessarily involves intersections of lobes. Similarly
to the region R1 in Section 2.5.4, each homoclinic and heteroclinic tangle necessar-
ily involves a region bounded by segments of invariant manifolds that is of finite
measure. As a direct consequence P being symplectic, almost all trajectories that
enter the bounded region must eventually leave it. In terms of lobe dynamics this
fact can be expressed by

Lemma 2.5.1. Each lobe Li,j(0) involved in transport between two regions Ri and
Rj, one of which is bounded, can except for a set of measure zero O be partitioned
as

Li,j(0) \O =
⋃
n∈Z

Li,j(0) ∩ Lj,i(n).

For regions with the no-return property, the partition in Lemma 2.5.1 is a dis-
joint partition.

Remark 2.5.1. The region Rj has the no-return property iff escape lobes (Lj,i)
are disjoint, or equivalently iff capture lobes are disjoint. Automatically then for all
n > 0

Li,j(0) ∩ Lj,i(−n) = ∅.

Some of the intersections Li,j(0) ∩ Lj,i(n) in Lemma 2.5.1 are empty sets. We
are going to show that finitely many are empty at most.

Lemma 2.5.2. For all n0 > 0

Li,j(0) ∩ Lj,i(n0) 6= ∅ ⇒ Li,j(0) ∩ Lj,i(n0 + 1) 6= ∅.

Proof. Fix n0 > 0. From
Li,j(0) ∩ Lj,i(n0) 6= ∅,

we deduce
Li,j(−1) ∩ Lj,i(n0 − 1) 6= ∅.

We are going to argue that the only way for Li,j(−1) to reach Lj,i(n0 − 1) is by
intersecting Lj,i(n0).

Denote Q1 and Q2 the pips that define Li,j(0) and Pn0Q0 and Pn0Q1 the pips
that define Lj,i(n0). Let Q̃ ∈ U [Q1, Q2] ∩ S[Pn0Q1, P

n0Q0].
Of the bounding segments of Li,j(−1), U [P−1Q1, P

−1Q2] is the flexible one that
turns and twists inside Rj (or possibly in Ri via an escape lobe). We can argue
that we can encircle Lj,i(n0 − 1) by pieces of manifold, namely U [Pn0Q1, Q̃] and
S[Pn0Q1, Q̃]. An unstable manifold cannot reintersect itself, therefore Li,j(−1) has
to cross S[Pn0Q1, Q̃], which is part of the boundary of Lj,i(n0). Therefore

Li,j(−1) ∩ Lj,i(n0) 6= ∅
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and when mapped backward,

Li,j(0) ∩ Lj,i(n0 + 1) 6= ∅.

For purposes of visualisation, consider

L0,1(−1) ∩ L1,0(2) 6= ∅ ⇒ L0,1(−1) ∩ Lj,i(3) 6= ∅,

in the F1-tangle in Figure 2.12. In plain words the argument can be reformulated
to ‘lack of space’.

Note that due to Assumption 1 Lemma 2.5.2 is not true for n0 < 0 and instead,
time reversal yields

Li,j(0) ∩ Lj,i(n0) 6= ∅ ⇒ Li,j(0) ∩ Lj,i(n0 − 1) 6= ∅,

for n0 negative.
Because of the partition of lobes, after a certain number of iterations the image

of Li,j(k) will lie in several regions simultaneously. However complicated structures
lobes may form, thanks to the defining pips it is always possible to identify at least
part of the lobe. Note that pips are located exclusively on the boundary of the
region. More information can be gathered with aid of other homo- and heteroclinic
points.

On a more practical note, due to (2.4) we may study lobes that are heavily
distorted simply by mapping them to lobes with more suitable shape. For example,
we may look at the intersection

L0,1(k) ∩ L1,0(k + n),

in the F1 tangle for every k, provided n is reasonably small. Admittedly, we are
unable to study L0,1(−k) ∩ L1,0(k) for large k, but because almost all trajectories
contained in lobes are reactive or nonreactive, we can expect the area of intersection
to shrink considerably once k is large enough.

Note that regions may contain stable fixed points surrounded by KAM curves
(sections of KAM tori) that do not leave the region. For example F2 is contained
in R1 during its whole existence. Therefore it is impossible to partition the whole
of R1 using escape and capture lobes before F2 ceases to exist.

The idea of a heteroclinic tangle as a structure with only two manifolds involved
is perhaps oversimplified. Generically, heteroclinic tangles in a Hamiltonian system
with 2 degrees of freedom involve four invariant manifolds. This has to do with the
way invariant manifolds diverge. It then takes four segments and two pips to define
a region and consequently there will always be two turnstiles. The oversimplification
is justified for tangles where the two turnstiles do not interact, i.e. where the lobes
making up the turnstiles are disjoint. If it takes a certain number of iterations to
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pass from one turnstile to the other, we may consider it being two different transport
processes. Tangles, where two turnstiles interact, admit transport between two non-
neighbouring regions and we will approach them differently.

2.5.6 Content of a lobe
We have explained how lobes describe structures of tangles. Let us turn to how
lobes guide trajectories in their interior.

Denote by µ the measure on Σ0, that is proportional to

dp1 ∧ dq1 + dp2 ∧ dq2
∣∣
Σ0
,

the restriction of the canonical 2-form to Σ0.

Remark 2.5.2. Under area preservation we understand that for any set A and for
all k ∈ Z

µ (A) = µ
(
P kA

)
.

As a direct consequence of area preservation of a region we have that

µ (Li,j(n)) = µ (Lj,i(k)) ,

for all k, n ∈ Z.

Assumption 2. Throughout this work we assume that µ(Li,j(0)) 6= 0.

This assumption is necessary, because otherwise we have no transport to study.
Combining Assumptions 1 and 2 implies that Li,j(0) and Lj,i(1) lies entirely in

Rj and if
2µ (Li,j(0)) > µ (Rj) ,

then necessarily Li,j(0) ∩ Lj,i(1) 6= ∅.
All other lobes may lie partially outside of their respective region depending on

the structure of the individual tangle. The information about which ones do and
which ones do not, is contained in one special number defined as follows.

Definition 2.5.3. The shortest residence time in a homoclinic tangle enclosing the
region Rj is a number ksrt ∈ N, such that

Li,j(0) ∩ Lj,i(k) = ∅,

for 0 < k < ksrt and
Li,j(0) ∩ Lj,i(ksrt) 6= ∅.

What does ksrt tell us about the tangle? The first lobe to lie partially outside
Rj is Li,j(−ksrt), because it intersects Lj,i(0) ⊂ Ri. Since all trajectories remain
in R1 for at least ksrt iterations, we also have the following fact.
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Remark 2.5.3. The lobes Li,j(−k) and Lj,i(k) are entirely contained in Rj for
0 ≤ k < ksrt.

Note that since Li,j(−k) for 0 ≤ k < ksrt must be mutually disjoint and all
contained in Rj ,

µ (R1) > ksrtµ (L0,1(0)) ,

is necessary. For this reason, ksrt is the most convenient in homoclinic tangles.
Once Li,j(−ksrt) where ksrt > 0 lies partially in Ri, one is tempted to conclude

that all forward images of Li,j(−ksrt) will do too. By Lemma 2.5.2

Li,j(−ksrt) ∩ Lj,i(n) 6= ∅,

for all n > 0 and therefore Li,j(−k) intersects Lj,i(0) ⊂ Ri for all k > ksrt.
Although parts of the lobe may reenter Rj , a bit of the lobe will always lie outside.
Due to reentries and Assumption 1, the statement is not true for Li,j(k) for k > 0,
but an analogue holds in reverse time.

Reentries are possible in tangles where the escape (and capture) lobes are not
mutually disjoint. Because every trajectory has to escape before it can reenter, the
following holds for transport between two regions, e.g. the F1 tangle below 0.02215.

Lemma 2.5.3. Let k1 < k3 be such that Li,j(k1) ∩ Li,j(k3) 6= ∅ with i = 0, 1 and
j = 1− i. Then

Li,j(k1) ∩ Li,j(k3) =
k3−1⋃

k2=k1+1
Li,j(k1) ∩ Lj,i(k2) ∩ Li,j(k3).

Proof. Let p ∈ Li,j(k1) ∩ Li,j(k3). From Assumption 1 it follows that P k1p ∈ Rj
and P k3−1p ∈ Ri. That is enough to conclude that there exists k2, k1 < k2 < k3,
such that p ∈ Lj,i(k2). Since k2 may be different for every p ∈ Li,j(k1) ∩ Li,j(k3),
we have to take a union over all possible k2.

The argument can be easily generalised for tangles that are involved in transport
between multiple regions. One only needs to observe that p ∈ Li,j(k1) ∩ Li,j(k3)
can return from any of the involved regions and not necessarily Ri. This justifies
the following.

Lemma 2.5.4. Let k1 < k3 be such that Li,j(k1) ∩ Li,j(k3) 6= ∅. Then

Li,j(k1) ∩ Li,j(k3) =
m−1⋃
l=0

k3−1⋃
k2=k1+1

Li,j(k1) ∩ Ll,i(k2) ∩ Li,j(k3),

where m is the number of regions.
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In the F1 tangle at 0.02215, reentries can be deduced from the intersection
L0,1(1) ∩ L1,0(0) that lies completely in R0. See Figure 2.13 for comparison of a
tangle with (0.02215) and without (0.02210) reentries. Note that both tangles have
ksrt = 1.

In terms of area, Lemma 2.5.1 about homoclinic tangles is equivalent to

µ (Li,j(0)) = µ

 ⋃
k≥ksrt

Li,j(0) ∩ Lj,i(k)

 .

For a tangle with no reentries we have the stronger statement

µ (Li,j(0)) =
∑

k≥ksrt

µ (Li,j(0) ∩ Lj,i(k)) .

2.5.7 Lobe dynamics
Instantaneous transport between regions is very simple, it all comes down to the
turnstile mechanism. One lobe escapes, one is captured. Their size is the same
and parts of lobes may or may not return to the region at a later point. But
how exactly does one see which parts have been to the region before? Here we
refer to [RKW90], where the authors introduced the idea of studying a measureless
and weightless entity that is initially contained and uniformly distributed in the
respective region. They refer to this entity as particles of species, in fluid dynamics
it is often called passive scalars (e.g. see [Sre91], [SA97]) or contaminants. We
adopt the term species along with the notation.

The weightless and measureless species do not influence the dynamics, their role
is essentially to retain information about the initial state throughout the evolution.
This way we obtain valuable information on how quickly trajectories escape and
reenter a region.

Assume that initially particles of the species Si are uniformly distributed in the
region Ri. Denote the amount of species Si in the region Rj after n iterations to
be T ij (n), for example

T ii (0) = µ(Ri).

Further denote Lil,j(n) to be the part of Ll,j(n) that contains Si.

Remark 2.5.4. Note that in this notation

PLil,j(n) 6= Lil,j(n− 1).

The measure of Si that leave Rj after one iteration of the map P is

T ij (n)− T ij (n− 1),
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Figure 2.13: The F1 tangle at 0.02210 (above) and at 0.02215 (below). Both
homoclinic tangles have ksrt = 1, that can be seen by L0,1(0) ∩ L1,0(1) 6= ∅ shown
in cyan. At 0.02215 the tangle admits reentries.
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or the difference between the amount present before and after mapping. Due to
conservation of the measure of Si, for all i we obtain∑

j

T ij (n)− T ij (n− 1) = 0. (2.5)

Likewise, the measure of a region has to be conserved, therefore the measure of
species leaving has to equal the measure of species entering Rj ,∑

i

T ij (n)− T ij (n− 1) = 0. (2.6)

We will refer to equations (2.5) and (2.6) as the conservation laws. As a special
case of the above, the measure of bounded regions Rl and the total measure of
corresponding particles of Sl: ∑

i

T il (n) = µ(Rl),∑
j

T lj(n) = µ(Rl).

The general expression for the net inflow of species Si into region Rj is stated
in Theorem 4.1 of [RKW90] and reads as follows.
Theorem 2.5.1.

T ij (n)− T ij (n− 1) =
m−1∑
l=0

µ(Lil,j(n))− µ(Lij,l(n)), (2.7)

where m is the number of regions.
For example, consider the F1 tangle at 0.02206 shown in Figure 2.12 with ksrt =

3 and no-return. Due to Assumption 1 we have that

T 1
0 (1)− T 1

0 (0) = µ(L1
1,0(1)) = µ(L1,0(0)),

and due to ksrt = 3

T 1
0 (3)− T 1

0 (2) = T 1
0 (2)− T 1

0 (1) = T 1
0 (1)− T 1

0 (0).

The first lobe that contains particles of S0 is L1,0(4). Since at this energy R1 has
the no-return property, L1

0,1(n) is always empty. Not only does this eliminate one
term in (2.7), we can immediately express µ(L1

1,0(4)) as a simple lobe intersection
and write

T 1
0 (4)− T 1

0 (3) = µ(L1
1,0(4)) = µ(L1,0(4))− µ(L1,0(4) ∩ L0

0,1(1)),
= µ(L1,0(0))− µ(L1,0(4) ∩ L0,1(1)),
= µ(L1,0(0))− µ(L1,0(3) ∩ L0,1(0)).
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All L1
1,0(k) for k > 4 can be expressed analogously.

In tangles with return, quantifying µ(Lil,j(n)) turns out to be rather demanding
because escape (and capture) lobes intersect and most of the intersections cannot
be mapped closer to the turnstile (see Remark 2.5.4). Rom-Kedar and Wiggins
found a way to express µ(Lil,j(n)) purely in terms of lobe intersections in Theorem
4.2 of [RKW90].

Theorem 2.5.2. The content of a lobe can be described as follows:

µ(Li
j,ĵ

(n)) =
n∑
k=1

m−1∑
l=0

µ
(
Lj,ĵ(n) ∩ Li,l(k)

)
−
n−1∑
k=1

m−1∑
l=0

µ
(
Lj,ĵ(n) ∩ Ll,i(k)

)
, (2.8)

where m is the number of regions.

The result of Theorem 2.5.2 can be now plugged into the recurrence relation
(2.7) with an initial condition T ij (0) = µ(Ri).

For example, the F1 tangle at 0.02206 involves transport between two regions
only. The knowledge of one T ij (n0) is enough to deduce the remaining three, e.g.
from T 1

0 (n0) and (2.5) for i = 1 we obtain T 1
1 (n0) and subsequently (2.6) for j = 0, 1

yields the rest.
Thanks to the no-return property of R1, i.e. µ(L1

0,1(n)) = 0, we only need
µ(L1

1,0(n)) for n = 1, . . . , n0 to determine T 1
0 (n0). The results of Theorem 2.5.2 for

µ(L1
1,0(n)) read as follows:

µ(L1
1,0(n)) =

n∑
k=1

µ(L1,0(n) ∩ L1,0(k))−
n−1∑
k=1

µ(L1,0(n) ∩ L0,1(k)).

We may even reuse the knowledge of µ(L1
1,0(n− 1)) for n > 2 to find µ(L1

1,0(n)):

µ(L1
1,0(n)) = µ(L1,0(n))−

n−1∑
k=1

µ(L1,0(n) ∩ L0,1(k)),

= µ(L1,0(n))−
n−1∑
k=2

µ(L1,0(n) ∩ L0,1(k))− µ(L1,0(n) ∩ L0,1(1)),

= µ(L1,0(n− 1))−
n−1∑
k=2

µ(L1,0(n− 1) ∩ L0,1(k − 1))

− µ(L1,0(n) ∩ L0,1(1)),
= µ(L1

1,0(n− 1))− µ(L1,0(n) ∩ L0,1(1)).

Note that for n = 1 we have L1
1,0(1) = L1,0(1).



47 Chapter 2. Reaction rate decrease

Still, to determine T 1
0 (n) we need to find the area of n − 1 (actually n − ksrt)

intersections. Finding these intersection poses a problem due to exponential growth
in the neighbourhood of the respective fixed point and the chaotic nature of the
system.

Section 6 of [RKW90] gives an in-depth overview of ways of computing lobe
intersections. Of those applicable to the hydrogen exchange reaction, the Monte
Carlo based method is convenient but accuracy comes at a high cost and the el-
egant method of following the evolution of lobe boundaries requires finding lobe
intersections while it is challenging for large k to even distinguish the inside from
the outside of a lobe. Note that these difficulties become even more pronounced for
invariant structures more complicated than homoclinic tangles.

However, T 1
1 (n) has to converge for n→∞ because of no-return and therefore

µ(L1
1,0(n)) must be negligible for large n. This justifies a cut off for large n, most

likely too large to avoid the difficulties described above. It is possible to employ
a statistical assumption on the basis of fast randomization induced chaos, as done
in a slightly different context by Davis [Dav87], and suppose that beyond some
n the concentration of S1 is uniform in all of R1, i.e. approximate µ(L1

1,0(n)) by
µ(L1,0(1))T 1

1 (n−1)
µ(R1) .

Note that although this procedure can be made to work in simple heteroclinic
tangles, it starts failing as soon as the region looses the no-return property. Because
tangles can be very different from each other, one can hardly expect a do-it-all
method better than TS based methods to be both accurate and computationally
cheap. Therefore we propose to better understand the invariant structures of a
particular problem like the hydrogen exchange reaction and develop a particular
tool that can be modified for similar problems.

2.6 Influence of tangles on the reaction rate

In this section we discuss structures formed by invariant manifolds in the entire
energy interval 0 < E ≤ 0.03000 and explain the influence of invariant manifolds
on dynamics in the interaction region. The dynamics for higher energies is due to
the lack of bifurcations analogous. As said in Section 2.4.3 the coordinate trans-
formation has a singularity for E = 0.03845, but our conclusions remain true for
higher energies.

The study of invariant manifolds combines results of lobe dynamics with a new
process of dividing tangles based on dynamical properties. An in-depth review of
invariant manifolds and structural changes in tangles caused by bifurcations has
not been done before.
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2.6.1 Energy interval where TST is exact
As already mentioned in the introduction, TST is exact if there is only one periodic
orbit (result due to [PP79a]) and it remains exact in case of more periodic orbits,
provided their invariant manifolds do not intersect (result due to [Dav87]). There-
fore everything is known for the interval from 0 to 0.02204. We can only recall that
a Monte Carlo computation will give a result that is the same as the ratio of the
action of F0 to the energy surface volume accessible for a fixed very large value of
q2.

The interval, where TST is exact, extends to approximately 0.02215 when the
first heteroclinic intersections occur. Information about the intersection cannot be
deduced from bifurcations, but a possible indication is the existence of a periodic
orbit that crosses F0. Since such a periodic orbit has to alternate between homo-
clinic tangles of F1 and F̂1, its period gives an upper bound on the sum of shortest
residence times. The first orbit of double period symmetric with respect to q2 = 0
is F3, but it does not appear until 0.02254.

Bellow 0.02215, the invariant manifolds W s
F0

and Wu
F0

form a barrier that sep-
arates reactive trajectories from nonreactive ones (see Section 2.5.2). Due to the
symmetry of the system, W s

F0+ and W s
F0− are symmetric with respect to the origin

and similarly Wu
F0+ and Wu

F0−. All of these manifolds leave the neighbourhood
of F0 and diverge directly. As energy increases we can see W s

F0+ and Wu
F0+ come

closer, see Figure 2.14. Note that due to the no-return property of F1, W s
F0+ and

Wu
F0+ cannot intersect beyond F1.
Bellow 0.02215, other invariant structures, the F1 and F̂1 tangles capture tra-

jectories for a certain period of time, but all of these are nonreactive. The under-
standing of the dynamics inside the tangle can be extended to higher energies and
when it may have influence on reactivity.

Figure 2.14 shows how W s
F1− and Wu

F1− follow W s
F0+ and Wu

F0+ towards F0
indicating that an intersection is imminent. The F1 tangle itself undergoes struc-
tural changes as ksrt decreases over the energy interval from 3 to 1 as can be seen
in Figure 2.15. Each change of structure seems to coincide with a bifurcation of a
periodic orbit. This decrease of ksrt is probably due to the period doubling of F2
at 0.02208 and the period doubling of F21 before 0.02209.

From a quantitative perspective the tangle grows larger and the area of lobes
increases, but as already said, the tangle does not contribute to the reaction prob-
ability at all.

2.6.2 Point where TST fails
At the energy 0.02215, we find that instead of co-existing, the invariant structures
mentioned above start to interact by forming intersections. Where we expected
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Figure 2.14: Invariant manifolds at 0.02206 and 0.02214.
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Figure 2.15: Lobe structure of the F1 tangle at 0.02206 and 0.02214.
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Figure 2.16: The regions R0 and R1 at 0.02230.

minor changes in the overall topology of the structures, we come across something
that is better described as a chain reaction.

First of all, we also observe that WF0+ and WF1− intersect forming a heteroclinic
tangle. Consequently, this is the point where TST starts to fail (see [Dav87]) and
the computed Monte Carlo probability is lower. The barrier formed by W s

F0
and

Wu
F0

turns into a partial barrier, as shown in Figure 2.13, and this enables the F1
tangle to capture reactive trajectories.

For symmetry reasons, WF0− and W
F̂1+ intersect as well and due to heteroclinic

points WF1− and W
F̂1+ cannot remain disjoint near F0. These intersections justify

the definition of the interaction region between F1 and F̂1 and due to the no-return
property of F1 we may restrict ourselves to the interaction region only.

We denote R0 the region bounded by WF0+ and WF1− and analogously R̂0
the region between WF0− and W

F̂1+ (see Figure 2.16). Note that R1 ⊂ R0 and
analogously R̂1 ⊂ R̂0.

As L0,1(0) and L1,0(1) in the F1 tangle are pulled by WF0+ towards F0 (for-
ward or backward time), they necessarily intersect in R0 (see Figure 2.13). By
definition, L0,1(0) ∩ L1,0(1) contains trajectories that reenter R1 after they have
escaped and consequently R1 (and R̂1) looses its no-return property. In particular,
periodically recurring trajectories may exist and if they do, they will be located in
L0,1(0) ∩ L1,0(k̃) ∩ . . . where k̃ is probably rather large. Nonperiodic trajectories
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Figure 2.17: The F1-F̂1 tangle at 0.02230, WF1 are shown as solid lines, W
F̂1

as
dashed.

that remaining inside R0 while they repeatedly enter and leave R1 naturally exist
in the F0-F1 heteroclinic tangle.

For reasons of symmetry L0̂,1̂(0) and L0̂,1̂(1) are also pulled towards F0 and not
only do they intersect each other, they also intersect L0,1(0) and L1,0(1). It means
that trajectories trapped in these intersections may cross F0 multiple times. This is
the reason for overestimation of the reaction rate by TST. Due to the size of the lobe
intersections, we are still talking about a very small portion of all trajectories (see
Figure 2.17), but the area of the intersection grows with increasing energy. Even
though VTST eventually switches from F0 to F1, which is immune to this problem
thanks to no-return, the sheer number of nonreactive trajectories that make up
most of R0 at these lower energies and have to cross F1, renders VTST inaccurate.

We remark that despite the structural changes to all other invariant manifolds,
WF1+ and W

F̂1−
do not undergo any changes and continue being barriers.

Although it would be convenient to depict all tangles and show all intersections
discussed, a high ksrt prevents us from doing so. Moreover, the area of the lobes
is small enough for them to appear as mere lines making figures incomprehensible.
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Because ksrt happens to be inversely proportional to energy, we will give sufficient
illustration at higher energy.

2.6.3 Definitions of important regions
Having reached the point where transition state theory fails and explained the
reasons behind the failure, it is time to focus on the mechanism that is responsible
for the failure. We are going to depict individual lobes, show how pips enable us to
make sense out of those that could not be included for various reasons and make
conclusions on transport based on the lobe structure.

None of the periodic orbits named in Section 2.3.1 bifurcates between 0.02215
and 0.02232, when F21 undergoes one of several period doubling bifurcations.
Therefore we prefer analysing invariant structures at 0.02230, when they are still
equivalent to the state at 0.02215, yet the lobes and regions are bigger and therefore
easier to distinguish.

In what follows, Q0, Q1, Q2 and Q3 denote pips that are different from tangle
to tangle. We always clearly state which tangle is discussed and therefore we prefer
using this notation in an understandable manner than causing a notation or index
overload.

Let us describe tangles that are formed by the invariant manifolds of F0, F1
and F̂1 at 0.02230. The individual regions in question are shown in Figure 2.18.
For every tangle we have a region with the following notation. We denote perhaps
the most important region by R0, the region bounded by WF0+ and WF1−. At
0.02230, this tangle together with its symmetric counterpart are responsible for the
interesting part of the dynamics, as far as known results are concerned. We keep
denoting symmetric counterparts using hats, e.g. R̂0. The region at the heart of
the F1 tangle remains R1. The regions above and below the F0-F1 tangle are R2
and R3 respectively.

Further we denote R4 the region bounded by WF0+. Please note the difference
between R0 and R4 as shown in Figure 2.18. R4 is bounded only by WF0+ and is
therefore larger, whereas R0 is partly bounded by WF1−. The near-intersection of
WF0+ in R1 suggests that R4 is smaller at higher energies.

2.6.4 Homoclinic tangles
Of all tangles that exist at 0.02230, we are first going to concentrate on homoclinic
tangles of F0 and F1 shown in Figure 2.19.

In both it is possible to identify a number of lobes that give us an idea of how
the tangles behave. In the F0 tangle, the lobes consist of two disjoint parts, one of
them considerably bigger than the other. To make things even more difficult, close
to Q0 we see L4,2(1) intersect L3,4(1). As mentioned above, L4,2(1)∩L3,4(1) is not
subject to transport between regions, but in this case stays in R4. The shortest
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Figure 2.18: Various region at 0.02230.
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residence time is 1, but L3,4(0)∩L4,2(1) is small with regard to the size of the whole
lobe.

By far the largest intersection in the F0 tangle is L3,4(−1)∩L4,2(2). It comprises
most of the white area in R4 and it can be seen from the structure of L3,4(0) and
L4,2(1). One part of L3,4(0) is bounded by S[Q1, Q0] and U [Q0, Q1]. When mapped
forward, a part of L3,4(−1) has to be bounded by S[PQ1, PQ0] and U [PQ0, PQ1].
That is almost a third of R4 (L3,4(0) and L4,2(1) are cut off for the sake of clarity).
Similarly a part of L4,2(1) is bounded by S[Q0, P

−1Q3] and U [P−1Q3, Q0] and
when mapped backward, the boundary of L4,2(2) is consists of S[P−1Q0, P

−2Q3]
and U [P−2Q3, P

−1Q0]. Thanks to pips we are able to deduce that most of the
dynamics in the F0 tangle is due to the intersection of these two lobes.

The majority of transport between R3, R4 and R2 is therefore due to L3,4(−1)∩
L4,2(2). Note that the intersection enters R4 from R3 in the lower right-hand corner
of Figure 2.19 and leaves after three iterations leaves to R2. This area contains
nonreactive trajectories.

Part of an escape lobe extend past P 2Q3 on the product side of F0, but the
area is small. Similarly part of a capture lobe lies on the product side of F0. This
part of the lobe is mapped to the part of L3,4(1) above Wu

F0+. Most of these are
reactive, because when mapped forward, they lie in the smaller part of L3,4(0) and
that lies in L4,2(2), because it is located above S[P−1Q0, P

−2Q3]. For reasons of
symmetry, reactive trajectories are also contained in the part of L4,2(0) between
S[Q2, Q1] and U [Q1, Q2]. This way we determined the evolution of most of L3,4(1)
and L4,2(1) and understood the dynamics in the F0 tangle.

The F1 tangle is characterised by having only one pip between Q0 and PQ0.
It misses out on the majority of nonreactive trajectories in the F0 tangle due to
the sheer size difference. However, the smaller tangle does tell us more about the
reactive trajectories. Note that a rather large part of L0,1(1) enters R1 from the
product side of F0, it is then mapped to the upper part of L0,1(0), just above the
indicated intersection with L1,0(−1). Since this area does not lie in L1,0(1), it is
has to be mapped to L0,1(−1) that is defined by PQ1 and P 2Q0 lying closer to F1
than PQ0. Further this area will be mapped in L1,0(1)\L0,1(0), the part of L1,0(1)
closest to Wu

F1−.
What happens to L1,0(1) can be seen from its position with respect to W s

F1−.
When mapped forward, W s

F1− contracts. L0,1(2), for example, leaves the viewfield
to both sides, one part to reactants (where labelled in Figure 2.19) and as the
manifold returns, another part leaves to products. Every bit of W s

F1− in the left
half of the figure that does not belong to L0,1(1), belongs to L0,1(2). Essentially,
the whole of L1,0(1) under L0,1(2) is mapped to the lower part of L1,0(0), while the
part above L0,1(2) is mapped to the upper part of L1,0(0).

L1,0(0) is then clearly divided by L0,1(1) into the lower and upper part. The
lower part will leave to products, except for the part that is captured in R̂1. The
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Figure 2.19: Homoclinic tangles associated with F0 and F1 respectively at 0.02230.
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whole upper part will leave to reactants. Note how natural this seems as the upper
part does not lie in any region and is free to move on to the right. When comparing
it to the F0 tangle we notice that it actually still belongs to an escape lobe in R0
that leaves to reactants at the next iteration.

For clarity, we combine what was said about the F1 tangle to conclude that
most of the trajectories entering R1 from products are mapped to the lower part of
L1,0(1) and return to products. These are nonreactive and because they cross (the
plane spanned by) F0 and F̂1, they cause an overestimation of the reaction rate.
We observe that the lower part of L1,0(1) grows significantly faster with increasing
energy than the upper part. For reasons of symmetry, this happens in the F̂1 tangle
too. It follows that the rate of overestimation of the reaction probability based on
the action of F0 to be twice as high as the one based on F1.

Note that although the F1 tangle does not influence the area in R0 between
L1,0(0) and L0,1(1) comprising of nonreactive trajectories in the sense of lobe dy-
namics, the area is still guided by WF1−. We can understand its evolution by
following relevant pips, most notably Q0 along the boundary of R1 to deduce that
it enters R0 (not at all R1) from the reactant side and leaves to the reactants again.

The evolution of the area between L1,0(0) and L0,1(2) in R̂0 has to be similar
due to the F̂1 tangle. Since no pips of the F1 tangle lie on the boundary of this
area, we can follow it using the F̂1 tangle and symmetry.

2.6.5 Heteroclinic tangles
The heteroclinic tangles should combine the information we deduced from individ-
ual homoclinic tangles, as they are made up of the same manifolds and therefore
partially have similar shapes, lobes and boundaries. The F0-F1 tangle that governs
transport between R0, R2 and R3, should in many ways resemble the F0 tangle.
Recall a heteroclinic tangle has two turnstiles and therefore two sets of escape and
capture lobes.

As is the case in Figure 2.19 of Section 2.6.4, also the view in Figure 2.20 is very
limited, but it contains all the essential information. We may not see many lobes,
but pips indicate where approximately they are located. We define R0 (see Figure
2.20) using WF0+ and WF1− and the pips Q0 and Q2. After the pips, W s

F0+ and
W s
F1− tend toward one another and similarly do Wu

F0+ and Wu
F1−.

Interestingly enough, L3,0(0) bounded by S[Q1, Q0] and U [Q0, Q1] is signifi-
cantly larger than L0,3(1). Similarly L0,2(1) is larger than L2,0(0). It is important
to notice that a large part of R0 is taken up by L3,0(0) ∩ L0,2(1). From a purely
quantitative perspective, the majority trajectories in the tangle originates in R3
and escapes into R2 after 1 iteration.

It is also worth mentioning that L0,3(1) and L2,0(0), in combination responsible
for the transport from R2 to R3, are disjoint. Nonreactive trajectories originating in



2.6. Influence of tangles on the reaction rate 58

Figure 2.20: The F0-F1 and the outline of F1-F̂1 tangle at 0.02230.
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products therefore spend some time in R0 (more precisely R1). Since the manifolds
accumulate we may directly carry over conclusions about the dynamics in R1 ⊂ R0
from the F1 tangle, namely that part of L2,0(−1) lies in L0,3(1) and consist of
nonreactive trajectories, whereas another significant part of L2,0(−1) lies in L0,2(1)
(just above L3,0(0)) and guides reactive trajectories to R2.

In accordance with our findings of the F0 tangle and the F1 tangle, we deduce
that trajectories are significantly more likely to go from R3 to R2 than the other
way when passing through R0.

The F0-F1 tangle contains the best of the both homoclinic ones. Lobes consist
of a single connected set (not of two disjoint parts), making it easier to locate them.
Escape lobes leave R0 in a very natural manner - for example L0,3(1) lies below the
contracting W s

F0+ and therefore must cross F0 predominantly into products (parts
of it reach the F̂1 tangle), L0,2(1) escapes similarly into reactants.

Then there is another heteroclinic tangle, the F1-F̂1 tangle. It is possible to
define it in a very complicated manner, by considering the outermost segments of
manifolds. Due to accumulation of manifolds, this way we get almost the same
structure as the F0-F1 tangle together with the F0-F̂1 tangle.

We propose a different point of view. In all tangles so far, we have found
that when inside a tangle, everything that is above the uppermost and below the
lowermost stable invariant manifold, leaves to reactants or products without further
delay in forward time. Recall the lower part of L0,2(1) L0,3(1) in the F0-F1 tangle
or the most of L1,0(0) in the F1 tangle. This is due to the fact that only the
contracting manifolds is truly a barrier. We need to capture and take advantage of
this property in order to simplify the description of the dynamics. Note how little
is left of the F1-F̂1 tangle if we concentrate on the area between S[F̂1, P

−1Q0] and
S[F1, P

−1Q2].
Another important trait of the tangle that could make our lives easier is to

separately treat all trajectories that spend a single iteration inside a region. Hereby
think of L3,0(0)∩L0,2(1) in the F0-F1 tangle. The dynamics inside this intersection
is not chaotic and should not be treated as such. There is clearly need to strip the
current understanding of dynamics in tangles off the bulk of predictably evolving
trajectories and treat them separately from the truly complicated ones. In this
case, the big amount of simple dynamics in the tangle enables us to come up with
the aforementioned reasonable estimate. Before we proceed to the estimate itself,
let us finish the evolution of invariant structures.

2.6.6 Higher energies
The arguments in Sections 2.6.4 and 2.6.5 can be applied to all energies. We are
therefore not going to repeat the reasoning, but instead we shall concentrate on
differences between tangles at higher energies and their impact on dynamics in the
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interaction region.
Note that for increasing energy, most differences concern sizes of lobes and

duration of escape from a tangle. Here is an overview of structural changes that
are probably connected to bifurcations of periodic orbits.

An interesting question arises from this connection between bifurcations and in-
variant structures. Bifurcations are mostly thought of as plainly local phenomena,
but once they occur near invariant manifolds, the effect of a bifurcation propagates
instantaneously throughout the whole space. Think of intersections of manifolds
are instantly present along the whole manifold. This phenomenon reminds of the
infinite propagation speed in the heat equation. Also the connection between bifur-
cations of periodic orbits and intersections of invariant manifolds deserves attention
in the future.

As mentioned above, the next bifurcation above 0.02230 is the period doubling
of F21 at 0.02232, the saddle-centre bifurcation that creates F3 and F4 at 0.02254
and the bifurcation of F3 where F31 and F32 are created at 0.02257. At around
0.02523 follows another period doubling of F21, F21 collides with F2 at 0.02651 and
subsequently F2 collides with F0 at 0.02654.

The major consequence of the bifurcation of F21 at 0.02232 is an intersection
of Wu

F0+ and W s
F0+ labelled Q0 in Figure 2.21. Thanks to this intersection, only

one pip lies between Q0 and PQ0 and therefore lobes are no longer made up of
two disjoint sets. The F0 tangle now behaves very much like the F0-F1 tangle at
0.02230. Also the region R0, the inside of the F0-F1 tangle, is now the same as
R1 ∪R4. In the F1 tangle we see L0,1(2) cross F0 twice. This means that the lobe
passes through the F̂1 tangle, it is the only structure that can prevent lobes from
entering products. The same is true for L0,1(k) for k > 2 and also L1,0(k) with
k < −2. Moreover, since the tip of L0,1(2) is approaching R1, it is not hard to
guess what the bifurcations at 0.02254 and 0.02257 result in.

A small remark regarding notation. At this energy it may seem that the i, j
in Li,j(k) are completely random, because L0,1(2) lies in R0, R̂0, R1, R̂1, R2 and
R3. There are two major reasons why we still maintain the notation L0,1(k). It
is consistent with the notation at lower energies and it is the most natural choice
considering that Q0 lies on the boundary of R1 in R0. Also the notation is still
appropriate for the likes of L0,2(k), L3,0(k) and L4,2(k).

At 0.02400, L0,1(2) in the F1 tangle passes through R1 twice and the num-
ber will increase at higher energies. Almost all lobes lie in almost all regions,
L0,1(0) and L1,0(1) being the exceptions. The description of tangles using lobes
becomes increasingly more laborious and less efficient and using Theorem 2.5.2 for
computational purposes is extremely difficult due to the immense number of lobe
intersections. Some of the invariant structures can be seen in Figures 2.22 and 2.23.

In Figure 2.22 we see what R0 and R̂0 look like. Note that where at 0.02253 R4
was considerably larger than R1, at 0.02400 it is the exact opposite. Recall that R4
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Figure 2.21: The F0 tangle and the F1 tangle at 0.02253.
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Figure 2.22: Indication of boundaries of R0 and R4 and the F1 tangle at 0.02400.
The area highlighted in cyan is the part of L0,1(0)∩L1,0(1) that is guided by W s

F̂1+
(dashed) into products.
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Figure 2.23: Structure of the heteroclinic tangles at 0.02400. Above, WF0+ and
WF1− making up the F0-F1 tangle and below the F1-F̂1 tangle. Unstable invariant
manifolds are as indicated red and green, stable are blue and orange.
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mostly contains nonreactive trajectories that do not cross F0, whereas the content
of R1 mostly contains nonreactive trajectories that cross F0, just as it was the case
at 0.02253.

The capture lobes in the F1 tangle contain predominantly area from products,
as can be seen from the size of the capture lobe on the product side of F̂1. A
significant portion of R1 is taken up by L0,1(0) ∩ L1,0(1) and it is prevented by
W s
F1− from escaping into reactants. Moreover, the majority of the intersection lies

below W s

F̂1+
, see Figure 2.22, that guides it into products as the manifold contracts.

We may conclude that the proportion of nonreactive trajectories that cross F0 twice
increases as opposed to other kinds of trajectories that pass through various tangles.
The situation remains the same throughout 0.02253 < E < 0.02654, the heteroclinic
tangles remain as shown in 2.23.

2.6.7 Loss of normal hyperbolicity

At 0.02654, F2 and F̂2 collide with F0 in a pitchfork bifurcation and as a result, F0
loses normal hyperbolicity and becomes stable. F0 can by definition be no longer
used for the purposes of TST and its invariant manifolds cease to exist. One would
expect that a sudden disappearance of invariant manifolds as partial barriers has
dramatic consequences. It is quite the opposite though. As obvious from previous
figures, W s

F0+ and Wu
F0+ were, especially at higher energies, very close to W s

F1− and
Wu
F1−. Therefore, WF1 along with W

F̂1
rather naturally take over the role of WF0 .

The loss of normal hyperbolicity of F0 is the closing stage of the transition
of dynamical dominance from a single fixed point F0 to the couple F1-F̂1. The
transition from low energies, when WF0 determine all the dynamics, through failure
of TST, when manifolds of all three fixed points influence evolution on the surface
of section, to the complete replacement of WF0 by WF1 and W

F̂1
. This also fully

justifies the need of defining an interaction region in the presence of heteroclinic
intersections.

In fact, the loss of normal hyperbolicity of F0 has great advantages for inves-
tigators of dynamics. There are fewer periodic orbits and invariant manifolds to
complicate the matter. Compare Figures 2.23 and 2.24 to understand of how much
simpler the structures become.

At 0.02661, F0 collides with F4 and becomes inverse hyperbolic. It regains
invariant manifolds, but due to the inverse hyperbolicity, the manifolds are no
longer regular cylinders on the energy surface. It is not very well understood what
shape the manifolds are. In the neighbourhood of F0, they must contain a twist
that is manifested as a reflection across the F0 (see [OdAdLMM90]), i.e. have the
geometry of a Möbius strip. Outside of the neighbourhood WF0 must behave like
cylinders, because they are enclosed between WF1− along with W

F̂1+. Where and
why the geometry changes is unknown.
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Figure 2.24: The F1-F̂1 tangle at 0.02700 and an indication how certain parts of
lobes are mapped in this tangle.
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There are no more significant bifurcations above 0.02661 and therefore apart
from growing tangles and lobes, the tangles remains structurally the same.

Together with WF0 , we observe the disappearance of R4. Consequently, all
trajectories that pass through the tangle cross F0 at least twice. F1 still possesses
the no-return property, which means trajectories cross it at most twice. Trajectories
that avoid the tangle cross both orbits once or not at all.

Similarly to lower energies, most of R1 is occupied by the intersection L0,1(0)∩
L1,0(1) in the F1 tangle or L2,0(0)∩L0,3(1) in the F1-F̂1 tangle, as shown in Figure
2.24. As explained above, this intersection guides nonreactive trajectories from
products across F0 into R1 and back. Moreover, the argument that trajectories in
a tangle with a p2 momentum higher (lower) than all stable manifolds escape into
reactants (products), is still valid.

We found capture (and escape) lobes to be disjoint. Although R1 and R̂1 admit
return, R1 ∪ R̂1 possesses the no-return property. This is supported by the fact
that lobes do not intersect outside of R1 ∪ R̂1.

2.6.8 Known estimate
Davis formulated bounds of the reaction rate and an estimate using numerical
observation of dynamics in what we call the interaction region in [Dav87]. He
pointed out that fewer periodic orbits simplify the dynamics and he introduced the
idea of studying the heteroclinic tangle above 0.02654 to the hydrogen exchange
reaction. He observed that a significant portion of trajectories spends 1 iteration
in the tangle and imposed the assumption of fast randomization on the remaining
trajectories.

As done above, we use lobe dynamics to explain Davis’ observation and support
his estimate by a solid argument. The majority of trajectories leaves the tangle
after 1 iteration because R1 is mostly occupied by L0,1(0) ∩ L1,0(1). It is simply a
property of the tangle.

The assumption of fast randomization of the other trajectories and a 50% proba-
bility of them reacting is more difficult as it is supported by numerical observations
only approximately.

For an argument, we have to consider the F1-F̂1 tangle and more specifically,
L2,0(−1) ∩ L0,3(1) and L2,0(−1) ∩ L0,2(1). These two intersections seem to be
roughly the same size at high energies. The fact is that L2,0(−1) ∩ L0,3(1) is 15%
to 30% larger between 0.02300 and 0.03000, with the sizes converging for increasing
energy. All trajectories that spend more time in the interaction region undergo a
much more complicated evolution, although those escaping after 2 iterations cannot
be considered randomised. After a careful consideration of the fractal structure of
the remaining intersections, we conclude that the differences of sizes decrease slower
than the total size of the intersections.



67 Chapter 2. Reaction rate decrease

Although trajectories that spend 2 and more iterations R0 and R̂0 make up a
significant part of the tangles at low energies (up to half at 0.02350), their total
proportion is very small and only grows slowly with increasing energy. In the
interval up to 0.03000, these trajectories only make up 3% of the total, 2% below
0.02650, see Table 2.1.

There are two things to be learned from this:

• it does not matter significantly whether the randomization yields a 50 : 50
probability, because

• any estimate of the reaction rate that takes trajectories escaping after 1 itera-
tion into account is accurate to within 3% below 0.03000 and when we include
trajectories escaping after 2 iterations, this number drops to less than 1%.

The difficulty lies in accurately calculating the amount of trajectories
At the cost of accuracy, Davis used VTST as a measure of trajectories en-

tering the interaction region, µ(L3,0(0)) to estimate the size of the tangle and
µ(L3,0(0) ∩ L0,2(1)) to subtract trajectories escaping after 1 iteration and half of
the remaining ones as nonreactive. Moreover, computing lobe intersections is still a
rather expensive procedure. The upper and lower estimates assume all, respectively
none, of the trajectories that escape after 2 or more iterations are reactive.

2.7 The intricate energy interval
The energy interval 0.02215 < E < 0.02654, when TST is not exact and F0 is a
TS, has been largely avoided in the past. The interaction of invariant manifolds of
two TSs posed enough difficulties without lobe dynamics. With lobe dynamics the
study of invariant manifolds of three TSs is far from simple, but the idea of dividing
tangles using pieces of invariant manifolds and following pips to understand dynam-
ics within make the task possible. We divide tangles differently, because we aim
to understand, describe and measure parts of heteroclinic tangles using a division
based on the dynamical properties of the content. We obtain accurate measures
of areas necessary for bounds and estimates that use what can be considered a
truncated version of Theorem 2.5.2.

2.7.1 Observations of the invariant structures
In this section, we will study the energy interval between 0.02215 and 0.02654. This
is the interval where all of WF0 , WF1 and W

F̂1
govern the dynamics and due to their

intersections create an invariant structure of severe complexity. Davis calculated
the invariant manifolds in this interval in [Dav87] at an energy of 0.7eV ≈ 0.02572,
but the complexity of the resulting invariant structure did not admit deeper insight.
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With current understanding it is not possible to consider all the invariant man-
ifolds at once. There are simply too many manifolds and they stretch and deform
too much to allow the identification of lobes. The invariant structures can be sim-
plified by noticing that the manifolds accumulate and can be effectively considered
mutually replaceable. This way we could reduce the invariant structures to WF1

and W
F̂1

only, while keeping WF0 in mind where it matters most - near F0.
It is further our goal to shed some light in the dynamics of the tangle and

separate predictably evolving trajectories from chaotic ones. For example we would
like to exclude trajectories escaping after 1, 2 or perhaps 3 iterations from the rest
of the tangle. The difficulty lies in identifying the relevant lobe intersections and
determining the area. To our knowledge, the tools for what is effectively a surgery
of a heteroclinic tangle have not been previously presented or reported.

Set the energy to 0.02400, where R1 and R4 are reasonably sized and where we
have shown captured nonreactive trajectories that do not cross F0 to exist. By the
justification above, we disregard WF0 for the time being and make the following
steps in pursuit of simplification of the F1-F̂1 tangle:

• We identify new regions that have the no-return property.

• We try to use as few pieces of invariant manifolds as possible and instead take
advantage of symmetry and dynamical properties.

• We define subsets of regions containing trajectories with similar evolution.

There is one more important trait of the manifolds that is obvious from previous
figures, most notably Figure 2.24. As Wu

F1− winds through the F1-F̂1 tangle, pieces
of Wu

F1− outside of the tangle aside, it tends towards U [F̂1, Q3], a part of Wu

F̂1+
. In

terms of the p2 momentum, Wu
F1− tends upwards. For the whole of its evolution

before it leaves to reactants or products, it is restricted to the stripe between
U [F̂1, Q3] and U [F1, Q1]. For reasons of symmetry, the same is true for Wu

F̂1+
and

by time reverse symmetry also for W s
F1− and W s

F̂1+
. Note that WF0 are indeed

trapped between WF1− and W
F̂1+.

Analogously in at 0.02400 in Figure 2.25 we see that Wu
F1− is trapped between

U [F̂1, PQ1] and U [F1, P Q̂1], where PQ̂1 is the pip symmetric to PQ1 with respect
to F0. It therefore makes sense to study this stripe in detail.

2.7.2 Division of a tangle
If we consider homoclinic tangles in this energy interval, it becomes fairly clear
that we cannot study them separately. Just as in Section 2.6.5, each tangle has
a preference either for transport from R2 to R3 or the opposite direction. The
invariant structures are complicated to such an extent, that area preservation is
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Figure 2.25: The F1-F̂1 tangle at 0.02400 and its simplification. WF1− are drawn
with solid lines, W

F̂1+ are dashed.
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only possible because they balance each other out. Instead of studying parts of the
invariant structures separately, we are going to adopt the widest possible point of
view to accommodate most of them.

In the F1-F̂1 tangle, we define regions as follows. R5 is the region inside the tan-
gle, the upper part of the boundary is made up of U [F̂1, Q2], S[Q2, Q3], U [Q3, PQ0]
and S[PQ0, F1], see Figure 2.25, and the lower part is symmetric to it. What we
get is the region shown in red. Every trajectory that is influenced by any of the
tangles passes through R5.

Lobes in the F1-F̂1 tangle are defined as usual, each lobe consisting of two
disjoint sets. For example, L2,5(0) is bounded by S[PQ1, PQ0], U [PQ0, PQ1] and
S[Q3, Q2], U [Q2, Q3]. Similarly to 0.02700, the lobes of the F1-F̂1 tangle at 0.02400
cannot intersect outside R5. We also observe that all invariant manifolds outside
R5 leave directly the interaction region for reactants or products and due to the
no-return property of F1 and F̂1 cannot return.

Remark 2.7.1. R5 has the no-return property.

Due to the complicated boundary of R5, the F1-F̂1 tangle brings several chal-
lenges. Accumulating WF1 and W

F̂1
make it difficult to tell pips from other hete-

roclinic points, not to mention following invariant manifolds. It is also demanding
to identify the turnstiles, mainly because they overlap.

On the other hand, a large part of R5 is so simple, it does not need special
attention. Lobes are sets of trajectories that are captured or escape together, but
do not share evolution patterns or dynamical properties. As indicated above, we are
going to define regions with similar dynamical properties and approach the tangle
in the sense divide et impera.

Previously we learned that L2,5(0)∩L5,3(1) together with L3,5(0)∩L5,2(1), the
sets that spend only 1 iteration in R5, make up a considerable portion of R5.

As argued in Section 2.6.5, in forward time the stable manifolds contract and
thereby guide nearby trajectories (and manifolds) to their respective fixed points.
Everything above W s

F1− leaves at the next iteration to reactants, everything below
W s

F̂1+
leaves to products. Coincidentally, these happen to be the lobes L5,3(1) and

L5,2(1) that leave R5 by definition.
Therefore everything that stays in R5 is contained in the stripe between W s

F1−
and W s

F̂1+
. As argued in Section 2.7.1, this is the only part of R5 where stable

manifolds can lie. We denote the stripe R6 and call it the stable stripe. Its boundary
is made up of S[F̂1, Q̂1], U [F1, Q̂1], S[F1, Q1] and U [F̂1, Q1] and is shown in blue
in Figure 2.25.

Since R5 \R6 leaves R5 at the next iteration, obviously a trajectory in R5 \R6
cannot return to R6 in forward time. In backward time, the roles of stable and
unstable manifolds switch - everything below Wu

F1− leaves at the next iteration
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to reactants, everything above Wu

F̂1+
leaves to products. Due to the no-return

property of R5, trajectories cannot return to R6 in backward time either.

Remark 2.7.2. R6 has the no-return property.

In backward time, only the stripe between Wu
F1− and Wu

F̂1+
remains in R5 after

1 iteration. It is therefore convenient to define R7, the unstable, as the stripe of R5
between Wu

F1− and Wu

F̂1+
.

Remark 2.7.3. Using the same arguments as for R6 we find that R7 has the no-
return property.

Note that the boundary of R7 consists of S[F̂1, P Q̂1], U [F1, P Q̂1], S[F1, PQ1]
and U [F̂1, PQ1]. Consequently

PR6 = R7,

and due to preservation of area µ(R6) = µ(R7).
Are there more regions with particular dynamical properties with no-return in

the F1-F̂1 tangle? Obviously, the set containing trajectories that spend precisely 1
iteration in R5 must be a no-return region. Also the sets through which trajectories
enter R5 (i.e. capture lobes) must have the no-return property as no trajectory can
enter twice. Similar argument applies to the escape lobes.

Remark 2.7.4. All of R5 \ (R6 ∪ R7), R5 \ R7 and R5 \ R6 have the no-return
property.

2.7.3 Dynamical properties
Having so many regions with the no-return property, let us explain how they are
mapped. To shorten and facilitate the description of dynamical properties and
also allow for categorisation of trajectories, we introduce the following terms and
notation.

Definition 2.7.1. Trajectories that are reactive and do not enter R5, i.e. they
remain in R2 or R3 throughout their evolution, are called directly reactive (DR).

Trajectories that are nonreactive and do not enter R5, i.e. do not enter the
interaction region at all, are called directly nonreactive (DN).

Reactive trajectories that spend n iterations in R5 are further referred to as
captured reactive in n iterations (CRn).

Nonreactive trajectories that spend n iterations in R5 are captured nonreactive
in n iterations (CNn).

We have established that R5\(R6∪R7) consists of CN1 and because no reactive
trajectories leave after 1 iteration, CR1 is always empty. CR2 and CN2 are mapped
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from R5 \R7 to R5 \R6 and therefore never pass through R6 ∩R7. This leaves the
complicated evolution and chaotic behaviour restricted to R6 ∩R7.

Below 0.02500, R6 ∩ R7 consists of 5 squares and above 0.02550 only of 3, see
Figures 2.29 and 2.30. The squares probably merge at 0.02523 when a saddle-centre
bifurcation involving F21 occurs.

Because trajectories enter R5 via R6 \ R7 and leave via R7 \ R6, we further
find that every trajectory crosses R6 \R7 and R7 \R6 at most once. By definition
the same is true for R5 \ (R6 ∪ R7) consisting of CN1. Therefore the only set of
which the size does not reflect the number of trajectories it contains is R6 ∩ R7.
As a computational consequence it follows that the area of R6 \ R7, R7 \ R6 and
R5 \ (R6 ∪ R7) on the surface of section Σ0 is the same as the combined area of
their images on the TSs associated with F1 and F̂1.

To understand how R6 (and R7) are further partitioned, please refer to Figure
2.26. In essence, the stable stripe is divided into finer stripes by pieces of W s

F1−
and W s

F̂1+
that are parallel to the boundary. When R6 is mapped into R7, it

is deformed in the same way as its boundaries are deformed. By definition it is
compressed along the stable manifolds towards the fixed points, e.g.

P (S[F1, Q1]) = S[F1, PQ1],

and stretched along the unstable manifolds away from the fixed point. While the
uppermost part of R6 (blue in Figure 2.26) is mapped near to F1, the lowermost
part near W s

F̂1+
(cyan) is mapped closer to F̂1. Since the whole highlighted set is

connected, it is stretched, but remains connected. The sets labelled by yellow, red
and green are alternately mapped above and below the capture stripe depending
on which stable manifold lies closer. Note that this nicely follows up on what we
know about CN1 (orange). In theory, it should be possible to find that these sets
lie in lobes that are alternately bounded by W s

F̂1+
and W s

F1−, but an elegant and
inexpensive method for the automated recognition of lobes has not been found yet.

Instead, we can easily tract the subsets of R5 \ (R6 ∪R7) and make conclusions
on nearby trajectories. This way we not only know that the cyan stripe must share
a border with the orange set and so on, but we also know that the white space
between the yellow and the red stripe visible in the detailed figure remains between
yellow and red. Thus it must be mapped into the neighbourhood of F0.

It is obvious that there is a connection between these coloured stripes and lobe
intersections and this connection can be made using the dynamical properties of
the coloured stripes. The message here is that we would like to distinguish even
between trajectories in the same lobe, as some cross F0 repeatedly and others do
not. Particularly, this helps explaining the degree of overestimation of the reaction
rate by TST.

Should we want to know how these stripes are mapped in the next iteration,
this depends on the five disconnected components of R6 ∩ R7 that we refer to as
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Figure 2.26: Coloured sets in R6 showing how part of the capture stripe is mapped
at 0.02400. WF1− are drawn with solid lines, W

F̂1+ are dashed.
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Figure 2.27: Detail of the island near F̂1 and its content at 0.02500. CN3 are
purple, CR3 are magenta and the rest of the island is plain. CN2 (green) and CR2
(cyan) contained in the adjacent regions R6 and R7 are shown for completeness.

islands. These isolated islands all happen to lie near fixed points. F0, F1 and F̂1
are obvious, and the remaining two contain F2 and F̂2. Because all other parts of
the tangle have simple evolution, the dynamics in the islands must be chaotic. At
0.02400, F2 and F̂2 are inverse hyperbolic and since they do not have barrier-like
structures associated to them, the dynamics in the respective islands can in theory
be deduced from W

F̂1+ and WF1−.
Much more is known about the islands near F0, F1 and F̂1, the dynamics there

is similar to Smale’s horseshoe dynamics, [HSD04], as can be seen in Figure 2.27.
Near the boundary of the islands, trajectories follow W s

F̂1+
and W s

F1− towards the
respective fixed points, while Wu

F̂1+
and Wu

F1− are mapped further away. The
middle can be subdivided into sets that are directly mapped to R7 \R6 and due to
the fractal nature, an analogue of the islands.

The dynamics is similar at higher energies. As mentioned above, 0.02523 sees
the number of islands decrease from 5 to 3 and that is the only significant structural
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change before F0 loses normal hyperbolicity. Above 0.02654 the lobes of the F1-F̂1
tangle simplify, they consist of a single connected component. No changes need to
be made to the reasoning above utilizing stripes as they rely solely on dynamical
properties.

2.7.4 Advantages
We have established that the stripes categorise dynamical behaviour and tell us how
certain sets are mapped. Their intersection inherits the tangles fractal structure
and can be very confusing when studied in detail. But what are the advantages?

Lobes capture the dynamical evolution only partially and a complete description
using Theorem 2.5.2 requires a great amount of detail. The resulting description is
perfect, sometimes too good for practical purposes. What we do with the stripes
is decompose the dynamics inside the tangle and treat simple dynamics separately
from chaotic dynamics, omitting details where not necessary. Also it is intended
to emphasise that connected sets spread across countless lobes are mapped to con-
nected sets. All of this is done with simplicity and a finite precision for purposes
of quantification in mind.

We have managed to clearly and understandably describe the dynamics in all
of R5 but the five islands R6 ∩R7, of which only three remain above 0.02523. This
was done despite the complicated interaction of the turnstiles and the level of detail
in the islands can be adjusted. The islands account for less than 12% of the all
trajectories that pass through R5 below 0.02400 when the dynamics is relatively
slow and VTST within 2% of the reaction rate. The proportion drops to roughly
7% of R5 at 0.03000 and remains below 1% of the total amount of trajectories.

Monte Carlo based methods are expensive, yet very popular. Since residence
times in a tangle are unbounded, using a Monte Carlo method to calculate the
size of lobe intersections is not viable. This is not only due to the established fact
that almost every lobe lies in all regions. Determining the area of R5, R6, R7,
R5 \ (R6 ∪R7), R6 \R7 and R6 ∩R7, on the other hand, is significantly cheaper as
it requires few iterations. Ultimately the cost and accuracy depends on the level of
detail in R6 ∩R7, i.e. it can be determined a priori.

2.7.5 Areas
Now a brief look at the way in which the area of the aforementioned sets is de-
termined. A simple Monte Carlo method with well chosen parameters and most
notably terminal conditions delivers an acceptable level of detail with a high ac-
curacy at a reasonable cost. We use this method to measure the area of regions
possessing the no-return property, such as R6 \ R7, R5 \ (R6 ∪ R7) or any of the
coloured stripes in Figure 2.26.
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As standard explained in Section 2.2.3, we start on the hemisphere r1 + r2
2 = 50,

pr1 > 0, which is a surface near q2 = 1181. We use a random number generator to
randomly choose initial conditions on this surface with p1 < 0.

Denote the hemisphere associated with F1 through which trajectories enter the
interaction region from the reactant side by DS1. Recall from Section 2.3.2 that
DS1 is a surface of no return. Trajectories with a p1 momentum close to 0 take very
long to integrate and do not reach DS1 at all. Since the interaction region does not
admit return, it is considerably more convenient to start trajectories on DS1 and
realise that the difference of the area of DS1 and r1 + r2

2 = 50, pr1 > 0 corresponds
to DN trajectories.

DR tend to have a large p1 momentum, but for higher energies even some
trajectories with almost all energy in the first degree of freedom are captured. We
better describe DR as those trajectories that spend little time in the interaction
region.

The slowest of DR are located near the boundary of R5, e.g. Wu
F1

, and due to
continuity are mapped similarly to pips on the manifold. Using pips on Wu

F1
, we

can define lines, checkpoints, that mark distance these pips are mapped, i.e. the
least distance DR cover in the interaction region in 1 iteration.

The idea is simple, trajectories starting on DS1 that pass the second checkpoint
1 iteration after they pass the first checkpoint, are DR and are not captured in R5.
Trajectories that have a delay of n iteration between crossing of the checkpoints
are CRn. Since R5 is symmetric, we use the symmetric counterpart of the second
checkpoint to identify CNn.

At 0.02400, Q1 and PQ1 seem to be the natural choice with respect to R5,
because they mark the endpoints of R6 \ R7 through which trajectories enter R5,
see Figure 2.28.

We define checkpoint ChQ1 using a vertical line on Σ0 passing through Q1. It
is necessary that ChQ1 avoids incoming capture lobe, therefore at energies above
0.02900 the computationally most efficient solution is to use another vertical line
between Q1 and F0.

The role of the second checkpoint, ChPQ1 , is to distinguish trajectories in R5
from those outside R5. In addition to a vertical line passing through PQ1 we need
to use S[F̂1, PQ1] that is the boundary between the escape lobe and R5. Thanks
to the proximity of PQ1 to F̂1, a linear approximation of S[F̂1, PQ1] suffices and
DR or escaping trajectories are located below S[F̂1, PQ1].

The checkpoint symmetric to ChPQ1 is defined analogously and denoted Ch
PQ̂1

.
To summarise, DR pass checkpoint ChPQ1 1 iteration after ChQ1 , while cap-

tured ones do not. CRn trajectories cross ChPQ1 n iterations later, while captured
nonreactive pass Ch

PQ̂1
. If desired, we can track the number crossings with the

q2-axis using the sign of q2.
Due to the way we have partitioned R5, we can measure individual components
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Figure 2.28: Checkpoints defined in the F1-F̂1 tangle at 0.02400.
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of R5. The size of µ(R5 \ R7) corresponds to the number of captured trajectories,
µ(R5 \ (R6 ∪R7)) is given by CN1. Then

µ(R6 \R7) = µ(R5 \R7)− µ(R5 \ (R6 ∪R7)),

and R6 ∩R7 can be deduced from CRn and CNn where n ≥ 3. The latter follows
from the fact that CR2 and CN2 do not pass through the islands.

Most alternatives that are not based on Monte Carlo have not been implemented
to date. The reasons are various, from code complexity to difficulties posed by the
sole nature of chaotic dynamics. Most notably, the need to approximate the invari-
ant manifolds for long periods of time, where exponential growth makes following
the manifolds impossible after relatively short times. Another obstacle is distin-
guishing the inside from the outside of a lobe, not to mention their intersections.

This method is not computationally cheap, but the computational difficulty can
be easily estimated a priori. Determining the distribution up to CRn and CNn
with N initial conditions requires approximately nN iterations of the map P , but
considering the prevalence of DR and DN , this number will be considerably lower.

2.7.6 Quantification
In Table 2.1 we present proportions of areas of classes of trajectories in the system.

The proportion of DN decreases steadily over the whole interval presented in
Table 2.1 and beyond. This is not surprising, because directly nonreactive tra-
jectories oscillate heavily and therefore do not fit into the bottleneck(s). As the
bottlenecks widen, even heavily oscillating trajectories fit through. This would
explain why R5 \ (R6 ∪R7) grows faster than the rest of R5 with increasing energy.

Note that the proportion of DR culminates between 0.02500 and 0.02550. This
is near the energy when the number of islands drops from 5 to 3, the geometry can
be seen in Figures 2.29 and 2.30. Also the part of R5 \ (R6 ∪ R7), that contains
nonreactive trajectories that do not cross the q2-axis, disappears.

The proportion of DR above 0.02550 decreases predominantly in favour of CN1.
This can be seen from the growing size of the capture lobes mainly in the area of
very large or very low p2 momentum in contrast to lower energies. Clearly, the
reason for fewer trajectories to react directly with increasing energy lies in the fact
that even trajectories with a high p2 momentum oscillate significantly. Therefore
it becomes difficult to fit through two (widening) bottlenecks the distance between
which does not increase as rapidly as the velocity of trajectories in the interaction
region.

For a possible explanation we turn to the original coordinates r1, r2 and the
corresponding momenta. While F1 oscillates with a large pr2 momentum, F̂1 has a
large pr1 momentum. Along a reactive trajectory, energy must therefore be trans-
ferred from one degree of freedom to the other. Otherwise a trajectory oscillates too
much in the wrong degree of freedom and cannot pass through both bottlenecks.
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Figure 2.29: The F1 − F̂1 tangle at 0.02500 and a detail of the diminishing part of
R5 \ (R6 ∪R7) highlighted in cyan.
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Figure 2.30: The F1 − F̂1 tangle at 0.02550 and a detail of the diminished part of
R5 \ (R6 ∪R7).
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Energy DR DN CR2 CN1 CN2 Other
0.02205 0.590 0.410 0 0 0 0
0.02214 0.595 0.405 0 0 0 0
0.02215 0.687 0.296 0 0.016 0.001 0.000
0.02230 0.693 0.290 0.001 0.013 0.001 0.001
0.02253 0.703 0.282 0.001 0.011 0.001 0.002
0.02300 0.717 0.266 0.003 0.008 0.003 0.002
0.02350 0.725 0.255 0.004 0.010 0.005 0.003
0.02400 0.733 0.239 0.004 0.015 0.006 0.003
0.02450 0.737 0.227 0.005 0.021 0.006 0.004
0.02500 0.739 0.216 0.006 0.028 0.007 0.005
0.02550 0.739 0.206 0.006 0.037 0.008 0.006
0.02600 0.737 0.197 0.007 0.046 0.008 0.006
0.02650 0.734 0.188 0.007 0.055 0.009 0.007
0.02662 0.734 0.186 0.008 0.057 0.009 0.007
0.02700 0.731 0.180 0.008 0.064 0.010 0.007
0.02800 0.723 0.166 0.009 0.083 0.011 0.008
0.02900 0.714 0.153 0.010 0.101 0.012 0.009
0.03000 0.705 0.145 0.011 0.116 0.013 0.010

Table 2.1: Areas of classes of trajectories on the plane r1 = 50. Directly reactive
(DR) and directly nonreactive (DN) trajectories do not enter R5. Captured reac-
tive (CR2) and captured nonreactive (CN1, CN2) enter and leave R5 after 1 or 2
iterations. Other trajectories do not leave R5 within 2 iterations after their entry
and are inside the islands. Horizontal lines represent the creation of the homoclinic
tangles and loss of normal hyperbolicity of F0.
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From the Hamiltonian equations we see that the transfer of kinetic energy be-
tween degrees of freedom depends on the steepness of the potential in the interaction
region. It is the steepest near the equipotential that delimits the energetically ac-
cessible area. Trajectories with high translational energy do not reach this area
frequently and clearly at some point the velocity is too high to be redirected by
the potential around the bend in the interaction region. A frequent consequence
of not turning around a corner is a near reflection close to the equipotential, i.e. a
sign change of pr1 without a significant transfer of energy between the degrees of
freedom. This causes trajectories with sufficient translational energy to pass F1 to
be nonreactive.

From a physical perspective, the incoming atom carries most of the energy
needed for reacting. For low energies, the incoming atom passes its energy on to
one of the atoms in the molecule and thereby forces it to move away. The two
atoms closest to each other form a new molecule. At high energies, the energy that
is passed on may be so high, that the both atoms in the molecule are forced away
without a hydrogen exchange.

The argument above can be used for the whole class of collinear atom-diatom
reactions, as the characteristics of potentials are similar, provided an interaction
region can be defined using two TSs.

2.8 Bounds of the reaction rate
We can use the areas computed in Section 2.7.6 to formulate estimates of the
reaction rate up to arbitrary precision. The idea is similar to the one employed by
Davis [Dav87].

2.8.1 MC based bounds
A simple straightforward upper bound is based on the assumption that the system
does not admit CNn apart from CN1. Recall that all of the latter are contained
in R5 \ (R6 ∪ R7). We denote the resulting bound by U1 and although it is very
rough, it captures the decline of the reaction probability as can seen in Table 2.2.
Because determining U1 only requires the measure of R5 \ (R6 ∪ R7), it should be
possible to approximate is it using a method not based on Monte Carlo.

Lemma 2.8.1. U1 is an upper bound of the reaction rate.

Proof. We may express U1 explicitly by stating that it accounts for directly reactive
trajectories, captured reactive and nonreactive after 2 iterations (CR2, CN2) and
those passing through islands (Other). In other words

U1 = µ(DR) + µ(CR2) + µ(CN2) + µ(Other)
µ(all) .
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We conclude by the fact that U1 accounts for all reactive trajectories and some
nonreactive trajectories contained in CN2 and Other. Therefore U1 is bigger than
the actual reaction probability.

A more accurate bound makes use of all the data included in Table 2.1. It
is enough to improve U1 by acknowledging that CN2 is made up of nonreactive
trajectories, denote the bound by U2. Because the islands contain reactive as well
as nonreactive trajectories, the following holds.

Lemma 2.8.2. U2 = µ(DR)+µ(CR2)+µ(Other)
µ(all) is an upper bound of the reaction rate.

Along with the upper bound, Table 2.2 contains a lower estimate called L2. It is
obtained based on the assumption that all trajectories captured reactive trajectories
escape from R5 within 2 iterations. Because the islands contain reactive as well as
nonreactive trajectories, L2 is smaller than the reaction probability.

Lemma 2.8.3. L2 = µ(DR)+µ(CR2)
µ(all) is a lower bound of the reaction rate.

Note that the difference between L2 and U2 is precisely made up of the islands
(Other). This gives us an upper bound on the error of both estimates.

Proposition 2.8.1. U2 and L2 differ from the reaction probability at most by
µ(Other).

As a consequence of the Proposition and comments made in Section 2.6.8, the
best estimate is half way between U2 and L2.

2.8.2 Remark on reaction rates
The way in which reaction rates are computed seems to be the source of confusion,
since most authors do not go into technical details of their computations and only
present the results. Reproducing previous results was therefore rather challenging.

The authors of [InPS11] provide explicit details of the initial and terminal con-
ditions they used, namely r1 = 50, ṙ1 < 0 for the initial condition and analogously
for the terminal condition. They, however, only published the resulting reaction
rates in the form of a graph. On various occasions in [Dav87] it is also suggested
to use a large value of r1, most notably r1 = 20, but the author does not mention
what initial condition to use for the Monte Carlo simulation.

We unsuccessfully tried to use the initial conditions r1 = 50, ṙ1 < 0 and r1 = 50,
pr1 < 0 to obtain results published in [MK71], [PP78], [Dav87]. Due to non-
transversality of every possible hemisphere of r1 = 50, it is not possible to obtain
the correct reaction rates.

As argued in Appendix A.2, the trajectory satisfying r1 + r2
2 = 50, pr1 =

0 represents a free atom that is almost stationary and an oscillating molecule.
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Energy PTST PVTST PMC L2 U2 U1
0.01600 0.181 0.181 0.181
0.01800 0.383 0.383 0.383
0.01900 0.469 0.469 0.469
0.02000 0.545 0.545 0.545
0.02100 0.615 0.615 0.615
0.02205 0.681 0.681 0.681
0.02215 0.687 0.687 0.687 0.687 0.687 0.689
0.02230 0.696 0.696 0.695 0.694 0.696 0.697
0.02253 0.709 0.709 0.705 0.704 0.706 0.707
0.02300 0.736 0.734 0.721 0.720 0.722 0.725
0.02350 0.763 0.748 0.732 0.728 0.731 0.736
0.02400 0.789 0.761 0.739 0.737 0.741 0.746
0.02450 0.814 0.773 0.744 0.742 0.746 0.753
0.02500 0.838 0.784 0.746 0.744 0.749 0.756
0.02550 0.860 0.794 0.747 0.744 0.750 0.758
0.02600 0.883 0.804 0.747 0.743 0.750 0.758
0.02650 0.904 0.812 0.745 0.742 0.748 0.757
0.02662 0.909 0.814 0.744 0.741 0.748 0.757
0.02700 0.924 0.820 0.743 0.739 0.746 0.756
0.02800 0.963 0.835 0.736 0.732 0.740 0.751
0.02900 0.999 0.847 0.729 0.725 0.734 0.746
0.03000 1.033 0.858 0.702 0.716 0.726 0.739
0.04000 1.278 0.960 0.626
0.05000 1.428 1.002 0.542

Table 2.2: Comparison of results of TST and VTST with the actual reaction rate
computed via Monte Carlo and our upper and lower estimates.

This trajectory, although not a periodic orbit, reintersects the sphere r1 = 50. In
fact, many trajectories reintersect the sphere r1 = 50 and thus many points on a
hemisphere may correspond to a single trajectory. The impact on the calculated
reaction rate is immediate.

Another way to see it is considering the sphere r1 = 50 as shown in Figure
2.31. While ṙ1 = 0 is the boundary of the projection, trajectories going towards
the interaction region are defined by pr1 < 0. The hemispheres ṙ1 < 0 and ṙ1 > 0
are not surfaces of unidirectional flux. The hemisphere pr1 < 0, however, partially
coincides with ṙ1 > 0 and is also not a surfaces of unidirectional flux.

Even more confusion adds the fact that because the potential is nearly indepen-
dent of r1, there seems to be little difference between using r1 = 50 and r1+ r2

2 = 50.
This is until the realisation that while (r2, pr2) are canonical coordinates on r1 = 50,
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Figure 2.31: The projection of the sphere r1 = 50 and sections of the sphere for
various pr1 = const (orange) at 0.02300. The black circle is pr1 = 0 and blue is the
boundary of the projection defined by ṙ1 = 0.
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they are not canonical on r1 + r2
2 = 50 and the measure on the surface needs to be

adjusted accordingly to achieve a uniform random distribution of initial conditions.
For this reason we would like to explicitly state that in our Monte Carlo simula-

tions we used the surfaces of the form r1 + r2
2 = const, pr1 < 0 with the coordinates

(r2, pr2 −
pr1
2 ) obtained via a generating function (type 2 in [Arn76]). Initial condi-

tions were uniformly distributed on this surface with respect to the corresponding
measure and the results agree with those published by [MK71], [PP78], [Dav87].

Initially we used the surface r1 + r2
2 = 50, pr1 < 0, but due to the high com-

putational cost we switched to r1 + r2
2 = 20, pr1 < 0, as probably used by Davis

in [Dav87], and r1 + r2
2 = 15, pr1 < 0, which is still transversal from a finite preci-

sion perspective. The reaction rates in Table 2.2 were calculated using 107 initial
conditions each for E ≤ 0.02205 and E ≥ 0.02650 and 5 × 107 to 2 × 108 initial
conditions for 0.02205 ≤ E ≤ 0.02650.

We did not analyse reaction times or distribution of momenta at the terminal
condition. Since both hemispheres of the DS associated with F̂1 have the no return
property, any surface in products is a good terminal condition. The surface need
not be transversal to the flow and the closer the surface is to F̂1 the better. The
surface r2 = 4 is good for all energies E < 0.07000 and as can be seen from Figure
2.5, for E ≤ 0.02600 (in fact E ≤ 0.02700) even r2 = 2.5 is sufficient. Note that
that surfaces of the form r1 + r2

2 = const lie in both reactants and products and
determining the region requires another step.

To further accelerate the process, it is possible to estimate the intersection
of invariant manifolds with r1 + r2

2 = const and thereby a priori identify initial
conditions near the boundary of the intersection of the energy surface with the
surface of section as nonreactive. Since the corresponding trajectories oscillate
heavily, excluding them from integration saves a significant amount of time.

The precision of the calculated reaction rate is approximately 10−4 and the
rates obtained using different seeds of the random number generator do not seem
to converge beyond 108 initial conditions. This is enough to conclude that the
maximum reaction rate is achieved in the energy interval 0.02550 < E < 0.02600.

Improvements in the order of precision are only possible using DS1 as the surface
of initial conditions and the DS associated with F̂1 as the terminal condition. This
significant improvement in efficiency requires an approximation of DS1 and the
introduction of canonical coordinates on the surface for a uniform distribution of
initial conditions. Among the advantages are shorter computational times, because
most trajectories pass through the interaction region quickly, and an increased
precision of integration, since shorter integration times do not allow numerical errors
to propagate. Also we can expect a further improvement of precision thanks to the
invariant structures being less deformed on DS1 than far away from the interaction
region. This improvement significantly eases the demands on computational power
and improves prevision to approximately 3× 10−5 and seems to be limited by the
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error of the fourth order approximation.

2.9 Conclusion
In this chapter we have studied invariant manifolds of TS to find an explanation
for the decrease of the reaction rate. In the process of understanding how energy
surface volume passes through homoclinic and heteroclinic tangles formed by these
invariant manifolds we found the need for tools that would allow us to work with
the tangles and not get lost in its chaotic structure.

Since a convenient surface of section was known, the main task was to compute
the invariant manifolds and understand their influence on the dynamics in the
interaction region. Ultimately we found a suitable division of invariant structures
in the interaction region that is simple and understandable based on dynamical
properties of trajectories. Once divided, the heteroclinic tangles decompose into
areas of simple and more complicated dynamics. We were able to identify a large
class of trajectories that are merely diverted by the tangles and also islands where
the a fractal horseshoe-like structure is clearly visible. All of these islands lie near
hyperbolic or inverse-hyperbolic periodic orbits.

In addition to a better understanding, dividing a tangle by particular dynamical
properties makes it relatively straight-forward to numerically distinguish between
parts of the tangle and therefore provides an easy way to calculate the corresponding
areas on the surface of section. In this way one does not even need to worry
about reintersections and distinguishing between points corresponding to the same
trajectory.

Contrary to expectations, the decline of the reaction rate is not a result of loss
of normal hyperbolicity. We may consider the decrease of the reaction rate and
loss of normal hyperbolicity to be the consequence of insufficient transfer of energy
between the degrees of freedom, as described in Section 2.7.6. In physical terms
this is equivalent to the single atom possessing so much kinetic energy, that it repels
the whole molecule instead of becoming part of it.
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