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Abstract
Background: During their lifespan, stem/progenitor cells have

the ability to differentiate into more committed cell lineages.
Understanding the dynamics underlying this process can be key
in treating certain diseases. However, up until now only limited
information about the cell differentiation process is known.
Aim: The goal of this paper is to present a statistical framework able
to describe the cell differentiation process at single clone level, and
to implement an inferential procedure for parameters estimation and
structure reconstruction, i.e., model selection.
Approach: The developed model consists in a multidimensional,
continuous-time Markov process, with density dependent transition
probabilities linear in sub-population sizes and rates. The inferential
procedure is based on an iterative calculation of approximated
solutions for two systems of ordinary differential equations,
describing process moments evolution over time, analytically derived
starting from the Kramers-Moyal expansion of process’ Master
Equation. Sparsity of the rates vector is induced by adding a
SCAD-based penalization term in the generalized least square
objective function.
Results: The precision and reliability of methods here proposed
have been assessed by means of both a simulation study as well as
by applying it to a data set derived from a gene therapy clinical
trial, in order to investigate hematopoietisis in humans, in-vivo.
The simulation study revealed that the precision of estimations
provided by the inferential procedure depends on the distance
between consecutive observations of the system’s state. Nevertheless,
learning the process structure results to be only partially affected. The
hematopietic structure estimated starting from experimental data sets,
supports model recently proposed in the literature.
Keywords: Markov process, ODEs system, Euler’s method, SCAD
penalty, process structural learning.
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Introduction

Over the past decade, gene therapy (GT) has proved its potential
as a next generation therapy for many diseases with unmet clinical
need [21]. GT can be exploited to overcome a cellular defect due
to a mutated gene, providing a fully functional copy of it or to
equip target cells with a new cellular function through genetic
engineering. Most clinical approaches are based on the delivery of
exogenous DNA molecules by viral vectors using, when stable gene
transfer is needed, retrovirus- or lentivirus-derived systems. The
advent of next generation sequencing (NGS) platforms (i.e. Roche/454
pyrosequencing and Illumina sequencing technology) substantially
improved the accuracy and resolution of viral integration site (IS)
analyses [6]. The amount IS retrieved from a single experiment
increased of two order of magnitude, opening novel scenarios
for the exploitation of such a technique to investigate a wide
spectrum of biological processes. In clinical setting, GT has been
successfully used, for example, to treat hematological diseases such
as Wiskott-Aldrich syndrome (WAS), an inherited immunodeficiency
caused by mutations in the gene encoding WASP protein [2]. In
this context, to ensure life-long curative potential and limit possible
treatment side effect, hematopoietic stem/progenitor cells (HSC) are
harvested for patients’ bone marrow (BM), corrected by means of
virus-basedmanipulation and then re-infused in patients. Treated cells
will be unequivocally labelled by IS genomic coordinates, and this
label will be inherited by whole cellular offspring generated by both
duplication or differentiation in more committed cell types. In other
words, IS can be used as a molecular marker to track individual HSC
fate and evolution in-vivo.

The set of cells, among all lineages under investigation, sharing
a specific genomic marker, and therefore deriving from a common
HSC ancestor, is defined as a clone. The analysis of the in-vivo clone
evolution by means of periodic IS analysis performed on patients’ BM
or peripheral blood (PB) sample, is named clonal tracking.
In the experimental data analysed in this paper, 15 different cell
sub-populations (named also cell types or lineages), distributed
along the hematopoietic hierarchy, have been collected from three
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patients during their first three years after treatment. Lineage specific
population sizes have been measured by means of reads count values
[7], returned by NGS platforms. In total, more than 30000 individual
clones have been tracked.

In the light of this premises, it is clear how the data derived
from GT clinical trial for WAS disease provides a unique opportunity
to reveal novel insight on human hematopoiesis. The goals of
this paper are to propose a statistical framework able to model
the cell differentiation process (CDP) measured at single clone
resolution, to provide an inferential procedure able to perform
both process parameters estimation and model reconstruction and
finally, to investigate the hematopoietic process in humans. In the
literature, various mathematical approaches for the quantitative
analysis of hematopoiesis have been already proposed. For example,
stochastic models for simplified hierarchical structures, reduced to
two categories, have been developed in [1, 8] and [5] for cat
and mouse models respectively. In [20] authors proposed a more
complex multi-compartment model to compare possible alternative
mechanisms of regulation governing reconstitution after HSCs
transplantation in humans. The relationship between populations
sizes dynamics across multiple lineages, considered as continuous
real valued quantities, have been modelled by means of a set of
deterministic functions. To completely exploit the high resolution
information provided by individual clone tracking data, methods able
to properly address the stochastic nature of single HSC are needed.

In this paper, a continuous time, density dependent Markov chain
model for CDP is presented. A description of the model along with
the underlying assumptions, are detailed in Section 2.2. In Section
2.3 an efficient generalized least square estimation procedure, relying
on first order Euler’s method approximation for the evolution of
first and second order process moments, is derived. In Section 2.4
a sparsity-inducing penalty term is incorporated in the estimation
procedure, in order to reconstruct the differentiation structure of the
systems under investigation. In Section 2.5 the performance of our
proposal is verified by means of a simulation study. In Section 2.6
experimental data previously mentioned are described in more details
and then analysed. Finally, our findings are discussed and commented
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in Section 2.7. Section 2.8 is dedicated to final considerations, possible
extensions ad future directions to improve the methodology.

Stochastic cell differentiation model
ACDP can be defined as aN -dimensionalMarkov process,X , such

that each element Xi,t of Xt = (X1,t, . . . , XN,t), corresponds to the
number of cells (counts) of type (or lineage) Ci, i = 1, . . . , N present
in the system at time t. Given an initial state vector, x0, the process
evolves according to a random sequence of events, divided in three
categories: duplications, deaths and differentiations. Individual cells
are assumed to be independent from each other and cells belonging
to the same lineage are assumed to obey to the same law. Single
event rates are assumed to be non-negative and constant over time.
A description of cellular events categories follows.
Cell duplication

1Ci
αi−→ 2Ci

The net effect, or process state change induced by the duplication of
a cell of type Ci is the increment, of one unit, of Ci population size.
Duplication rates, α = (αi, i = 1, . . . , N), correspond approximately
to the probability that a generic cell of type Ci undergoes duplication,
in a time unit. The transition probability associated to a duplication
event in lineage Ci occurring in time interval [t, t + ∆t) for process
X being in state xt, is given by:

P (Xi,t+∂t = xi,t + 1, X−i,t+∂t = x−i,t|Xt = xt) ≈ xi,tαi∂t.

Cell death

Ci
δi−→ ∅

The net effect corresponding to a single death event is the decrease of
one unit in the Ci population size. Death rates in vector δ = (δi, i =
1, . . . , N), are the probabilities that a generic cell of type Ci dies, in
a time unit. The transition probability associated to the generic death
event in a time interval [t, t+∆t) is:

P (Xi,t+∂t = xi,t − 1, X−i,t+∂t = x−i,t|Xt = xt) ≈ xi,tδi∂t.
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Cell differentiation

Ci
λij−→ Cj

According to the biological literature, it is possible to distinguish
between two different models of differentiation: asymmetric cell
division and signalling induced differentiation. In the first case, cell
division gives rise to two daughter cells with distinct features and
fates. In the second case, differentiation is a process induced by
a set of cell-to-cell signals, leading to conformational and receptor
modifications and is not coupled with a duplication event. The kind
of differentiation considered in this work consists in the transition of
a single cell from lineage Ci to lineage Cj , and is equivalent to assume
signalling induced differentiation. Similarly to duplication and death
events, event rates λ = (λij, i, j = 1, . . . , N, i ̸= j) measure roughly
the probabilities that a generic cell of typeCi undergoes differentiation
intoCj , in a time unit. The transition probability associated to a single
differentiation event Ci → Cj in the time interval [t, t + ∆t), for a
system being in state xt is given by:

P (Xi,t+∂t = xi,t − 1, Xj,t+∂t = xj,t + 1, X−ij,t+∂t = x−ij,t|Xt = xt) = xi,tλij∂t

In a CDP involving N lineages, the complexity of the system depends
on the number of positive differentiation rates. This could vary from a
minimum of 0 up to a maximum ofN(N−1) in a fully interconnected
system.

Readers familiar with literature concerning the modelling of
systems of coupled biochemical reactions, could recognize similarities
between those models and the presentation made so far for the CDP.
Pursuing this parallelism, the set of cell events can be interpreted
as first-order mass-action kinetics (reactions), whilst the quantities
Xiαi, Xiδi and Xiλij correspond to reaction hazards or propensity
functions. Defining θ = (α, δ,λ) as the r-dimensional column vector
of parameters, the set of the reaction hazards hk(x;θ), k = 1, . . . , r
can be expressed in a compact matrix notation as a r-dimensional
column vector, h(x;θ) = D(x)θ, where D(x) is as a r × r diagonal
matrix with elements of vector x replicated. Finally, the state changes
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associated to cell events can be recast into a net effect or stoichiometry
matrix, V , defined as the r × n integer matrix.

In order to clarify the elements just introduced, their derivation for
a fully connected CDP of sizeN = 3, graphically represented in Figure
2.2, follows. In total, r = 3+ 3 + (3× 2) = 12 distinct cell events can
be defined and accordingly, the parameters vector is given by:
θ = (α1, α2, α3, δ1, δ2, δ3, λ2,1, λ3,1, λ1,2, λ3,2, λ1,3,, λ2,3)

⊺.
The net effect matrix is equal to:

V =

Vdupl.

Vdeath

Vdiff.


where

Vdupl. =

1 0 0
0 1 0
0 0 1

 ; Vdeath =

−1 0 0
0 −1 0
0 0 −1

 ; Vdiff. =



1 −1 0
1 0 −1
−1 1 0
0 1 −1
−1 0 1
0 −1 0


and D(X) = Diag(X1, X2, X3, X1, X2, X3, X2, X3, X1, X3, X1, X2).

Because X has been defined as a Markov process, given an initial
condition vector, Kolmogorov forward equations allows to determine
the time evolution of the process probability distribution P (X; t). An
alternative and equivalent formulation of the Kolmogorov equation,
widely used for modelling physical and chemical dynamic systems, is
known as master equation [11, 17, 25].

For the CDP described in this paper, the master equation is given
by:

dP (X; t)

dt
=

r∑
k=1

[hk(X − Vk,·;θ)P (X − Vk,·; t)− hk(X;θ)P (X; t)]

(2.1)

The solution of (2.1) involves the evaluation of the evolution of
P (X; t) over the whole set of admissible configurations for process
X . Clearly, for systems of realistic size and complexity this do not
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Figure 2.1: Network representation of a fully connected 3-dimensional CDP.
Each circle represent a lineage, arrows represent cell events and labels corresponding
events rates. Each lineage has two self-referring arrows, labelled with αi and δi,
corresponding to cell duplication and death respectively. Connections between
circles are differentiation paths.
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represent a feasible option. However, starting from (2.1), important
information about the dynamics of characteristic statistical features
of the system, can be obtained. In Appendix 2.9, two coupled sets of
ordinary differential equations (ODEs) are derived, describing the time
evolution over time of lineage population size averages E[Xt], named
m(t) = (mi(t), i = 1, . . . , N), and variances-covariances COV(Xt),
c(t) = (cij(t), i, j = 1, . . . , N :

dmi(t)

dt
=

r∑
k=1

vk,ihk(m(t);θ)

with initial condition:

mi(0) = xi,0 (2.2)

and

dcij(t)

dt
=

r∑
k=1

vk,jhk(m
2
i,·(t);θ) +

r∑
k=1

vk,ihk(m
2
j,·(t);θ) +

r∑
k=1

vk,ivk,jhk(m(t);θ)−

mi(t)
r∑

k=1

vk,jhk(m(t);θ)−mj(t)
r∑

k=1

vk,ihk(m(t);θ);

with initial conditions:

mi(0) = xi,0; m2
i,j(0) = xi,0xj,0 (2.3)

where m2
i,j(t) is the function describing the temporal behaviour of

second order moments E[Xi,tXj,t] and m2
i,· is the N -dimensional

vector considering the set of mixed second order moments involving
Xi component. In the next session, starting from (2.2) and (2.3), an
inference procedure is presented.

Inference

In this section, a two step inference procedure for parameters
estimation and model selection is described. Let us assume for
simplicity that S, ∆t equispaced measurements x1, . . . ,xS are taken
from a CDP, X . Conditioning on the generic xs, the mean and
variance-covariance values for lineage counts at time s + 1, can
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be estimated by solving (2.2) and (2.3) with the following initial
conditions:

mi(s) = xi,s ; m2
i,j(s) = xi,sxj,s (2.4)

A computationally efficient, albeit approximated, solution for mi(s+
1) and cij(s+1) can be calculated by Euler’s method. Accordingly, for
the lineage specific mean population count, the following expression
is derived:

mi(s+ 1) ≃ mi(s) +
dmi(s)

dt
∆t. (2.5)

By substituting the second term on the RHS of (2.5) with (2.2) and
including initial condition defined in (2.4), equation (2.5) becomes:

mi(s+ 1) ≃ xi,s +
r∑

k=1

vk,ihk(xs;θ)∆t

or, in an equivalent matrix notation:

m(s+ 1) ≃ xs + V ⊺h(xs;θ)∆t. (2.6)

A similar reasoning can be applied to approximate the solutions for
variance-covariance indexes, cij(s+ 1), introduced in (2.3):

cij(s+ 1) ≃ cij(s) +
dcij(s)

dt
∆t. (2.7)

The first term in on the RHS of (2.7), by definition of
variances-covariances as second central moments and initial
conditions in (2.4), results equal to 0:

cij(s) = m2
i,j(s)−mi(s)mj(s)

= xi,sxj,s − xi,sxj,s = 0
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while the second term simplifies to:

dcij(s)

dt
=

r∑
k=1

vk,jhk(xi,sxs;θ) +
r∑

k=1

vk,ihk(xj,sxs;θ) +
r∑

k=1

vk,ivk,jhk(xs;θ)−

xi,s

r∑
k=1

vk,jhk(xs;θ)− xj,s

r∑
k=1

vk,ihk(xs;θ) =
r∑

k=1

vk,ivk,jhk(xs;θ)

or, by means of matrix notation:

c(s+ 1) ≃ V ⊺Diag [h(xs;θ)∆t]V . (2.8)

Let now define dXs as:

dXs = (X(s+ 1)−X(s)|X(s) = xs) (2.9)

a collection of N -dimensional r.v. modelling the state increment
occurring in a time interval ∆t for a process being at state xs at time
s. It is straight forward to show by linearity of expectation operator
that:

E[dXs] ≃ V ⊺h(xs;θ)∆t (2.10)

and by invariance propertywith respect to shift in location parameters
of variance-covariance index:

COV(dXs) ≃ V ⊺Diag [h(xs;θ)∆t]V . (2.11)

The piece-wise constant nature of the propensity functions over time,
allows to make some considerations concerning the degree of the
approximation provided by Euler’s method in (2.10) and (2.11). In
the time elapsing between consecutive cellular events, the propensity
functions are not subjected to variation, since they depend on the
current process configuration and on parameters θ, assumed constant
over time. Modification of their values can eventually occur only in
coincidence with cellular events. It follows that if the set of time
1, . . . , S corresponds to the sequence of events times, the probabilities
h(xs;θ)∆t associated to the set of possible state variations are
constant as well. It is thus possible to consider state increment
as a regular discrete r.v. and conclude that, under this specific
sampling schema, (2.10) and (2.11) are exact results rather than an



2.3 Inference 23

approximation. As long as the time distance between observations
increases and more events occur within them, the quality of the
approximation decreases. The impact of different sampling time
intervals will be investigate by means of a simulation study in Section
2.5.

Moreover, formulas given in (2.10) and (2.11) state that first
order approximation for both increments conditional expectation and
variance-covariances can be calculated as linear combination of the
propensity functions at time ts, in turn linear with respect to both
process state and parameters vector.
This result allows to approximate the estimations of θ as a linear
regression problem of type:

dx ≃ Mθ + ε; E[ε] = 0; COV(ε) = W (2.12)

where:

dx =


dx0

dx1
...

dxS−1

 (2.13)

is a [SN ]-dimensional column vector in which the generic element
dxs = vec(xs+1 − xs) is a N -dimensional column vector
corresponding to observed increments in cells counts, interpretable
as realizations of the r.v. defined in (2.9).

M =


M0

M1
...

MS−1

 (2.14)

is a [SN ] × r predictors matrix where the generic element Ms =
V ⊺D(xs)∆t is a N × r matrix.
The errors covariance matrix is given by:

W =


W0 0 . . . 0
0 W1 . . . 0
... ... . . . ...
0 0 . . . WS−1

 .
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a blocks diagonal matrix describing the dependence between lineages
counts increments belonging to the same time of point and
independence among all the other. Each blockWs is a N ×N matrix
and is approximated by (2.11). Before continuingwith the presentation
of the solution for the estimation problem, an issue regarding the
predictors matrix must be pointed out.

Both duplication and death events involve only a single lineage and
associated columns inM matrix result in pairs numerically equal but
with opposite sign, causing collinearity. To overcome this issue, a new
vector of parameters, γ = α−δ named net duplication rates is defined.
Differently from others, γ elements take value on R. In particular, γi
is positive if cells in lineage Ci undergo to duplication with an higher
rate than death (αi ≥ δi), negative if the reverse is true (αi ≤ δi).
Therefore, the following modifications have to be done. Parameters
vector θ reduces to θ∗ = (γ,λ), an r∗-dimensional vector, where r∗ is
equal to r−N ,V ∗ is the reduced net effect matrix of dimension r∗×N
andM∗ is a [SN ]×r∗ matrix equal toM but columns related to death
events removed. Although it is not possible to infer simultaneously
both duplication and death rates, the modifications introduced do not
affect the precision of the constrained generalized least squares (CGLS)
estimators following introduced, since the product Mθ is equal to
M∗θ∗.

It is now possible to define the CGLS solution as :

θ̂∗ = argmin
θ∗

(dx−M∗θ∗)⊺W ∗−1(dx−M∗θ∗) s.t. λ ≥ 0 (2.15)

Due to the non-negativity constraint on differentiation rates λ and
the dependence ofW ∗ on the unknown parameters θ∗, a closed form
solution for θ̂∗ is not available. The description of a iterative procedure
for the solution of the CGLS problem is presented in Section 2.3.1.
Algorithm

The algorithm described in pseudo-code notation in Algorithm 1
starts with the calculation of increments vector dx and predictors
matrix M∗ according to (2.13) and (2.14) respectively.
Parameters initial values for the proposed iterative procedure are

calculated by solving a constrained ordinary least square problem



2.3 Inference 25

Data: dx,M∗

Result: Get parameters estimates θ̂∗

begin
Initialization: tol = ϵ , iter = 0;
θ̂∗

0
= argmin

θ∗
(dx−M∗θ∗)⊺(dx−M∗θ∗) s.t. λi,j ≥ 0;

while
∑r∗

i=1(| θ̂∗
iter

− θ̂∗
iter−1

|) ≥ tol do

Ŵ ∗
iter =


Ŵ ∗iter

0 0 . . . 0

0 Ŵ ∗iter
1 . . . 0

... ... . . . ...
0 0 . . . Ŵ ∗iter

S−1

 where

Ŵ ∗iter
s = V ∗⊺D(xs)(∆t)Diag(| θ̂∗

iter
|)V ∗;

iter = iter+ 1;
θ̂∗

iter
=

argmin
θ∗

[
θ∗⊺(M∗⊺Ŵ ∗

iterM
∗)θ∗ − 2(dx⊺Ŵ ∗

iterM
∗)⊺θ∗

]
s.t.Aθ∗ ≤ b

end
end

Algorithm 1: Iterative procedure for CGLS based parameters estimation.

(COLS), in which errors are assumed independent and homoscedastic.
The COLS estimates θ̂∗0 are then used to calculate a first estimation
for the covariance matrix Ŵ ∗. By means of an iterative procedure,
estimates for θ̂∗ and Ŵ ∗ are then sequentially refined, until
convergence criteria on parameters vector is satisfied. From a
optimization point of view, both COLS and CGLS estimations can be
interpreted as a quadratic programming (QP) problems, a special type
of mathematical optimization problem in which a quadratic function
have to be minimize (or maximized) taking into account for a set of
linear constraints on variables. In general, a quadratic programming
problem with n variables and m constraints can be formulated as
follows.

Given a n-dimensional vector c, an n× n symmetric matrixQ, an
m×nmatrixA and anm-dimensional vector b, the goal is to find the
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n-dimensional vector x, such that:

x̂ = argmin
x

(
1

2
x⊺Qx+ c⊺x

)
s.t.Ax ≤ b. (2.16)

The CGLS problem defined in (2.15) can be converted in a QP problem
of type (2.16) by setting x = θ∗, Q = 2(M∗⊺W ∗−1M∗), c =
−2(dx⊺W ∗−1M∗), b = 0r∗ and defining A as a r∗ × r∗ diagonal
matrix with elements Ai,i = 0 if ith element of θ∗ refers to a net
duplication rate (unconstrained) andAi,j = −1 if it is a differentiation
rate (non-negativity constrained). Finally, the QP problem becomes:

θ̂∗ = argmin
θ∗

[
θ∗⊺(M∗⊺W ∗−1M∗)θ∗ − 2(dx⊺W ∗−1M∗)⊺θ∗

]
s.t.Aθ∗ ≤ 0r∗ .

(2.17)

For COLS is sufficient to remove W ∗−1 in Q and c formulas,
other terms remain unchanged. It is worth noting that in case of
large systems and/or when the amount of observations is high, it
is possible to take advantage of the following property for block
structured matrix, in order to calculate the inverseW ∗−1:


Ŵ ∗iter

0 0 . . . 0

0 Ŵ ∗iter
1 . . . 0

...
... . . . ...

0 0 . . . Ŵ ∗iter
S−1


−1

=


Ŵ ∗iter

0

−1

0 . . . 0

0 Ŵ ∗iter
1

−1

. . . 0
...

... . . . ...

0 0 . . . Ŵ ∗iter
S−1

−1


In real data analysis, this aspect allows to remarkably reduce

both computational complexity and memory requirements of the
estimation algorithm.

Model selection
It is in general not debated that biologically meaningful and

realistic cell differentiation structure should be characterized by a
limited number of connections between lineages. From a statistical
modelling point of view, this type of results can be encouraged by
means of sparse promoting component on differentiation parameters
vector. Within the class of differentiation rates, it is usually possible
to distinguish two type of connection between lineages: rates known
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to be equal to zero, due to cellular hierarchical structure, and
unknown rates. The first category includes all rates related to
differentiation from more-to-less differentiated lineages (hierarchy
down-to-top connections), which are simply removed from the set of
cell events. The second corresponds to differentiation paths that may
be present in system. On these set, a penalization procedure based on
the smoothly clipped absolute deviation (SCAD) penalty function [9]
is applied. The SCAD penalty function is defined as:

pη(θ) =


η|θ|, if 0 ≤ |θ|≤ η

(ξ2 − 1)η2 − (|θ|−ξη)2

2(ξ − 1)
, if η ≤ |θ|≤ ξη

(ξ + 1)η2

2
, if |θ|≥ ξη

(2.18)

where η > 0 and ξ > 2.
This choice has been motivated and supported by the numerous
desirable theoretical properties of the SCAD penalty discussed in [10],
such as the asymptotic oracle property. Oracle property is defined
as the ability to estimate, with probabilities tending to one, as zeros
the set of null parameters and to estimate non zero parameters
as if the correct model is known. In addition, it has been shown
to outperform the maximum likelihood and standard generalized
least square estimators in sparse setting [10]. As for many others
penalization procedure, the role of the threshold parameters, η and ξ, is
to tune the degree of sparseness in the final model and a valid setting
criteria for them is needed to ensure the accuracy of the estimator.
Setting ξ = 3.7, the SCAD penalty has been demonstrated to give a
satisfactory performance in a variety of variable selection problems
[10] and it has therefore been adopted in this paper. The optimal
value for η instead, has been chosen according to the generalized
cross-validation (GCV) minimization criteria [13, 28].

GCV is defined as:

GCVη =
1

n

∥dx− d̂x∥2

(1− e/n)2
(2.19)

where d̂x = M∗θ̂∗
P and e = tr[M∗(M∗⊺W ∗−1M∗ +

P )−1M∗⊺W ∗−1] corresponds to the number of effective parameters.
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Finally, given a particular value for η, the parameters estimates are
calculated by minimizing the following objective function:

θ̂∗
P = argmin

θ∗
(dx−M∗θ∗)⊺W ∗−1(dx−M∗θ∗) + n

∑
pη(λi,j) s. t. λ ≥ 0 (2.20)

In the penalized CGLS (PCGLS) algorithm described in the
following Section 2.4.1, the penalization function is included in an
iterative procedure able to perform model selection and parameters
estimation simultaneously.
Algorithm

The minimization problem in (2.20) can be formulated as a QP
problem similarly to what presented in 2.3.1, by making the following
modification to the definition of matrixQ:

QP = 2(M∗⊺W ∗−1M∗ + Pη)

where
Pη =

[
Pγ 0
0 Pη,λ

]
is r∗ × r∗ diagonal penalization matrix, with elements defined as:

Pγ = 0N,N ; Pη,λ = n


p′η(λ1,2)

λ1,2
. . . 0

... . . . ...

0 . . .
p′η(λN−1,N)

λN−1,N


and the derivative of SCAD penalty function (2.18) is given by:

p′η(θ) = ηI(θ ≤ η) +
(ξη − θ)

(ξ − 1)η
I(θ η).

The QP problem for PCGLS becomes:

θ̂∗
P = argmin

θ∗

[
θ∗⊺(M∗⊺W ∗−1M∗ + Pη)θ

∗ − 2(dx⊺W ∗−1M∗)⊺θ∗
]
s.t.Aθ∗ ≤ 0r∗ .

(2.21)
The algorithm described in Algorithm 2 takes in input the parameters
vector estimates θ̂∗ obtained from the CGLS procedure, state
increments vector, dx, predictors matrix M∗ and a vector of
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candidate values for tuning parameter η, named η. For each value
in η, the initial values for parameters is set to θ̂∗ and then an
iterative procedure composed by estimation of the covariance matrix;
calculation of the penalty matrix, optimization of the objective
function; is reiterated until convergence criteria on parameters vector
estimates are met. For each value of η, based of the final estimates
returned by the iterative procedure, the GCV statistics is calculated
and stored. Finally the rates estimates corresponding to the minimum
GCV statistics are returned.

Data: θ̂∗,dx,M∗,η
Result: Model selection based on minimum GCV criteria.
Initialization: tol = ϵ, ξ;
begin

foreach η in η do
iter = 0;
θ̂∗

0

P=θ̂∗;
while

∑r∗

i=1(|θ̂∗
iter

P − θ̂∗
iter−1

P |) ≥ tol do

Ŵ ∗iter
P =


Ŵ ∗iter

P,t0
0 . . . 0

0 Ŵ ∗iter
P,t1

. . . 0
... ... . . . ...
0 0 . . . Ŵ ∗iter

P,tS−1

 where

Ŵ ∗iter
P,ts

= V ⊺D(xts)(ts+1 − ts)Diag(|θ̂∗
iter

P |)V ;
iter = iter+ 1;
P iter

η,λ ; P iter
η =

[
Pγ 0
0 P iter

η,λ

]
;

θ̂∗
iter

P = argmin
θ∗

{θ∗⊺[M∗⊺(Ŵ ∗iter
P )−1M∗ + P iter

η ]θ∗−

2[dx⊺(Ŵ ∗iter
P )−1M∗]⊺θ∗} s.t.Aθ∗ ≤ b;

end
GCV(η);

end
Return model associated to minimum GCV(η);

end

Algorithm 2: Iterative procedure for PCGLS based model selection and
parameters estimation.
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Simulated data

We next present a simulation study which strictly resemble
characteristics and variability of the gene therapy data set available
and analysed in Section 2.6 and most recent model of hematopoiesis
hypothesize for non-human primate [14]. A system of size N =
15, named Simulated Hierarchical Differentiation Process (SHDP)
has been designed, where a 3 layers hierarchical structure has been
assumed, with differentiation paths allowed only between adjacent
levels and in up-to-down direction. Top layer, constituted by a single
lineage, is characterized by a positive net duplication rate. Middle
layer is composed by 7 partially interconnected lineages, all derived
from differentiation events occurred in top lineage cells and able to
generate bottom level cell types. The net duplication rates in this layer
are heterogeneous and can be both positive or negative. Finally, the 7
lineages in the bottom layer have no differentiation potential and they
all die faster than duplicate. A biological interpretation is now given.
Top layer corresponds to stem cells, responsible for the generation
of a set of myeloid and lymphoid branches specific progenitors in
the BM (second layer). Each progenitor is then able to give rise to a
small subset of committed cell, circulating in the PB (third layer) and
characterized by limited lifespan. A graphical representation of the
SHDP model is given in Figure 2.2, along with a matrix representation
of rates intensities.

The aims of the simulation study are: 1. verify the performance of
the proposed inferential procedure in case of a hierarchical structured
systems; 2. measure the impact on both estimates precision and model
selection (reconstruction of the truth underlying structure) of different
sampling time interval lengths; 3. quantify the reliability of results
obtained from the analysis of the experimental data.

Each experiment is composed by n = 1000 simulated clone
evolutions, all generated starting from the same initial state vector
x0 = (1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0). Continuous-time clones
dynamics are simulated by means of Gillespie algorithm [12, 29]
according to the SHDP configuration in Figure 2.2. Process states are
then recorded at equispaced time intervals with 2 different lengths,
dt = (0.1, 1), up to the end time-point fixed at tend = 3. Based on these
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fixed time observations, state increments vector are calculated and
given as input to algorithm described in Algorithm 1 for parameters
estimations by means of CGLS approach and to Algorithm 2 for model
selection and estimates refinement with SCAD penalization. In the
penalization procedure, in order to determine the optimal value for
η, minimizing the GCV statistics, a sequence of candidate values
η from 0.001 to 0.1, by steps equal to 0.001 has been considered.
For each combination of system configuration and sampling interval,
100 independent experiments have been analysed. The results are
graphically represented by means of a sequence of boxplots, one for
each parameter. Final estimates obtained for the SHDP system with
the two dt setting are showed in Figure 2.3 and Figure 2.4.

Figure 2.2: Hierarchically constrained model (SHDP). The structure and the
rates considered in the SHDP mimics realistic model of hematopoiesis according to
both literature and experimental data. A 3 levels underlying hierarchical structure is
assumed (level 1, cell type 1; level 2, cell types 1-8; level 3, cell types 9-15;), with no
down-to-top connections allowed and no differentiation in the bottom level (level
3). A)Network representation of the model. B) Parameters heatmap. Main diagonal
elements correspond to net duplication rate. Off diagonal elements correspond to
differentiation rates (row → column). Light-Grey entries are differentiations rates
fixed to 0 (67). Dark-Grey entries are differentiations constrained to 0, due to cell
hierarchy (112).

In addition, in order to point out more specifically the reliability
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Figure 2.3: Inference on SHDP with sampling time interval dt = 0.1. Boxplots
representing the distribution of the parameters estimates returned by PCGLS
procedure (eta value set such that minimize GCV score) with dt = 0.1. Each boxplot
refers to specific parameter and is based on the 100 values collected from the 100
independent experiment performed. True values are plotted as segments in red for
λi,j = 0, blue for λi,j > 0 and orange for net duplication rates γi.
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Figure 2.4: Inference on SHDP with sampling time interval dt = 1. Boxplots
representing the distribution of the parameters estimates returned by PCGLS
procedure (eta value set such that minimize GCV score) with dt = 1. Each boxplot
refers to specific parameter and is based on the 100 values collected from the 100
independent experiment performed. True values are plotted as segments in red for
λi,j = 0, blue for λi,j > 0 and orange for net duplication rates γi.
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of model selection procedure, for the simulation setting closest to
the experimental data, SHDP system configuration and dt = 1, the
differences between the estimated and true structures are classified
and detailed in Figure 2.5. From a computational and programming

Figure 2.5: Errors in SHDP system reconstruction with sampling interval
dt = 1. The estimated system structures obtained for each simulated experiment is
compared to the true system configuration. The discrepancies, for each experiement,
are then classified asmissed or false differentiation path. A) Histogram of the amount
of missed connections over the 100 replicates (λi,j wrongly estimated as 0). B)
Histogram of the amount of false connections over the 100 replicates (λi,j wrongly
estimated as different from 0). C) Histogram of the total amount of errors (Hamming
distance).

point of view, Gillespie algorithm is implemented in C++ [27] with
the support of Eigen library [15]. The inferential and penalization
procedures are implemented in R [24], by means of custom scripts
requiring Matrix packages for efficient dense and sparse matrices
manipulations [4]. QP problems (2.17) and (2.21) are solved by
means of IBM ILOG CPLEX Optimizer, freely available under IBM
Academic Initiative program [16].

Investigating hematopiesis in vivo, in humans
In this section, by means of the analysis of WAS GT clinical

trial data set, the structure of the hematopoietic process in humans
will be estimated, along with lineage specific duplication, death and
differentiation rates. Technical and experimental protocols used to
collect the data have been published in [2] and data partially analysed
in [7]. A brief summary focused on the relevant aspects of interest for
the content of this work, follows.
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At time t0, corrected HSCs harvested from BM are
re-infused in patients previously treated with drugs enhancing
immunosuppression, in order to ensure an higher level of engraftment
for corrected HSCs. In patient’s body, marked HSCs start to duplicate,
die and differentiate into functionally more specialized cells, passing
on the copy ofWASP gene to all the offspring generated, reconstituting
a functional hematopoietic heritage. Viral IS selection is itself a
quasi-random process and the probability that two integration events
occur in the same genomic position in two distinct cells is negligible
[3, 6, 22]. Therefore, IS coordinates can be used as molecular marker
to monitor the in-vivo evolution of single HSC and of its progeny.
BM and PB samples have been taken for 3 patients at 1, 2 and 3
years after treatment, enriched by means of magnetic cell sorting
(MACS) technology according to a set antibodies known to be lineage
specific and finally sequenced by means Illumina Miseq platform [6].
A bioinformatic pipeline, starting from sequencing output, allows
to: 1. detect ISs coordinate (labels); 2. quantify, by means of reads
count values, labels distributions over lineages and time. In total
37637 distinct clones have been tracked, among 15 cell types divided
in a 3 levels hierarchical structure: HSC level: CD34; BM level: CD3,
CD14, CD15, CD19, CD56, CD61, GLYCO; PB level: CD3, CD4, CD8,
CD14, CD15, CD19, CD56. According to the biological literature,
the following assumption are made: 1. lineages in HSC level can
differentiate in any other cell type in BM level; lineages in BM level
can be connected to any cell type in BM and PB level; lineages in PB
can not differentiate.

DNA library preparation for NGS based sequencing, requires a
linear amplification step known to be a source of noise potentially
affecting cells counts measurement. To investigate the reliability of
available information, part of HSCs sample has been sequenced after
a time interval in which is reasonable to assume that no or few cell
events occurred, therefore are clones of size 1. Based on 3104 ISs,
a median absolute deviation (MAD) statistics equal to 6.1 has been
calculated, leading to a process noise estimate σ̂2 = (1.48×MAD)2 =
81.5 [26]. This value has been incorporated in the inference and
model selection procedures by modifying variance-covariance matrix
as Ŵ ∗ = W ∗ + σ̂2I . The 3 levels hierarchy previously introduced
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and a network representation of the estimated human hematopoiesis
structure is given in Figure 2.6. Differentiation rates estimates are
reported in Figure 2.6, as arrows thickness, and along with net
duplication rates estimates in Figure 2.7.

Figure 2.6: Network representation of the estimated hematopoietic
differentiation process. The 3 hierarchical levels are reported as: level HSC,
in green; level BM, in blue; level PB, in orange. Arrows correspond to positive
differentiation rates λi,j returned by the iterative penalization procedure for the eta
minimizing the GCV index. Arrow thickness is proportional to rate estimate. Net
duplications rates are omitted for graphical clarity.

Discussion
In the simulation study presented in Section 2.5, a candidate model

of hematopoiesis of realistic complexity has been considered. The
inferential procedures presented in Section 2.3 relies on the repeated
calculation, by means of Euler’s approach, of approximated solutions
for 2 coupled systems of ODEs, with initial conditions recursively
updated. The degree of such approximations is known to be inversely
proportional to the time distance between consecutive observations, a
relevant aspect to be considered, given the sampling schema adopted
in the collection of the experimental data. For these reasons, two
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Figure 2.7: Parameters estimates for human hemaopoiesis, based on
experimental data. Parameters heatmap. Main diagonal elements correspond to
estimates for net duplication rate. Off diagonal elements correspond to estimates for
differentiation rates (row→ column).
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different values for dt have been considered and the clones’ evolution
have been observed until tend = 3.

As shown in Figure 2.3, with dt = 0.1, Euler’s method seems
to guarantee an adequate estimations performance, in terms of both
estimates precision and model learning. Parameters true values lie
within the interquartile range of estimates distributions for all but
3 coefficients, corresponding to γi for lineages i equal to 13, 14
and 15 (still lying within boxplots whiskers). In terms of model
reconstruction, the majority of the differences between estimated and
true structures are due to themissing of differentiation paths set to low
intensities (λ2,5, λ6,8, λ7,9, λ8,12, λ7,13, λ8,13, λ7,14 = 0.05). Thirty-two
λi,j = 0 out of sixty-seven have never been estimated as positive,
confirming, under these favourable dt condition, the reliability of
SCAD penalty function. Increasing the dt value to 1, affects not
only the quality provided by Euler’s method approximations, but also
drastically reduces the overall amount of information available on
clones dynamics. Under this scenario, as displayed in Figure 2.4, the
global performance of the proposals decreases, but some distinction
among parameters can be done. Particularly affected are higher and
lower values for γi, such as those considered for cell types 1, 2, 3, 14, 15.
In these cases, true values do not lye within maximum and minimum
estimated values obtained in the 100 replicates. A similar situation
is also observed for λ1,2 and λ1,3, but amount of bias is limited.
The distances between estimated and real underlying structures
graphically represented in Figure 2.5 is in general higher with respect
to dt = 0.1 setting but, in our opinion, still reasonable considered
the total amount of parameters to be estimated. On average, in
each experiment less then 2 present differentiation paths are shrunk
towards zero and less then 1, out 67 absent connections is on average
called as positive. Summarizing these considerations, is possible to
conclude that the impact on the reliability of the estimated model
structure amounts, on average, in less than 3 out of 98 differentiation
rates wrongly estimated.

In view of the above encouraging results, it is possible to give the
following interpretation of the final model for human hematopoiesis
shown in Figure 2.6 and Figure 2.7. According to the hematological
classification, the following branches can be defined: 1. lymphoid
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branch, including CD3 and CD19 in BM and CD3, CD4, CD8 and CD19
in PB; 2. myeloid branch composed by CD14, CD15 and CD56 in both
BM and PM; 3. Glycophorin positive cells, corresponding to Glyco
BM; 4. CD61 positive lineage. The flexibility of such a classification is
currently debated and evidence for the presence of progenitors in BM
straddling multiple branches emerged in multiple independent studies
[2, 18, 19]. Our results support this hypothesis. The complexity of the
relationship among BM lineages is high and characterized by relevant
cross-branches differentiation paths, mainly in myeloid to lymphoid
direction, such as CD14→CD19, CD14→GLYCO and CD56→CD19.
A possible explanation, can be found in recent investigation aimed
to dissect the heterogeneous CD34 HSC population, suggesting the
presence of intermediate stages, named Myeloid PluriPotent (MPP)
then followed by a Multi Lymphoid Progenitor (MLP) [7]. All lineages
in BM, with exception of CD3, have connection with their committed
homologous in PB compartment, as biologically expected.

Conclusion

In this paper we presented a statistical model for cell differentiation
process along with a inferential procedure able to provide parameters
estimation and model reconstruction. The model has been defined
as continuous-time Markov chain, with density dependent transition
probabilities and considers three categories of cellular events:
duplications, deaths and differentiations. Starting from a special
formulation of the Kolmogorov forward equation, two coupled set
of ODEs have been derived, describing the time evolution of process
first and second central moments over time. ODEs solutions have
been approximated by Euler’s method, and parameters estimation as
a linear regression problem.

In order to take into account for the dependence among
process components due to differentiation events and non-negativity
constraints on a subset of parameters, estimation is performed by
means of an iterative generalized least square procedure, solved using
an efficient quadratic programming approach. However, biologically
meaningful differentiation structures are expected to be characterized
by a limited amount of connections between lineages. To encourage
this type of solutions and to provide an estimation of the best candidate
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differentiation pathway, a penalization step, based on SCAD penalty
function and GCV minimization criteria, has been introduced.

Inferential procedures have been tested in a simulation study,
mimicking a realistic candidate structure for human hematopoiesis.
As expected, in case of frequently repeated observations for process
state over time, Euler’s method provides a good approximation for
moments evolution and, consequently, both parameters and model
structure estimations are precise. When the time elapsing between
consecutive observations increases, the quality of the estimations
decreases, in particular for a subset of parameters. Despite this model
structure reconstruction is still reliable. The main limitation of the
proposedmodel for cell differentiation, from a biological point of view,
is represented by the linearity of the propensity functions, potentially
allowing for unlimited clone expansion. However, it is worth noting
that patients are immunodepressed at the time of treatment and that
time necessary to reach a stable steady state equilibrium for lineages
total populations is in the order of years.

Finally, human hematopoiesis structure and lineages specific
parameters have been investigated by applying the developed method
to WAS GT data sets. The obtained result supports recently proposed
more complex, interconnected, biological model of myeloid/lymphoid
branching, with respect to previous simpler alternatives.
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Appendix: derivation of moments equations

By means of the summation operator,
∑

x∈x̃, spanning over the
whole set of possible state for process X(t), x̃ = ZN , it is possible
to derived a functional connection between the evolution for the
expected population size of each process component and the dynamics
of the process probability distribution P (X; t):

dmi(t)

dt
=
d
∑

x∈x̃ xiP (X = x; t)

dt

=
∑
x∈x̃

xi
dP (X = x; t)

dt

The evolution of P (X; t) can be expressed by means of the master
equation introduced in 2.1:

dmi(t)

dt
=
∑
x∈x̃

xi

r∑
k=1

[hk(x− Vk,·;θ)P (X = x− Vk,·; t)− hk(x;θ)P (X = x; t)]

Due to the fact that the summation operator
∑

x∈x̃ span over the
all possible state configurations, the order of summation operators in
the RHS can be inverted:

dmi(t)

dt
=

r∑
k=1

∑
x∈x̃

xi [hk(x− Vk,·;θ)P (X = x− Vk,·; t)− hk(x;θ)P (X = x; t)]

=
r∑

k=1

[∑
x∈x̃

xihk(x− Vk,·;θ)P (X = x− Vk,·; t)−
∑
x∈x̃

hk(x;θ)P (X = x; t)

]

Now, the summation variable in the first term of the RHS can be
modified, without affecting the sum domain, since it cover all the
possible state configuration:
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dmi(t)

dt
=

r∑
k=1

{∑
x∈x̃

(xi + vk,i)hk(x;θ)P (X = x; t)−
∑
x∈x̃

xihk(x;θ)P (X = x; t)
}

=

r∑
k=1

{∑
x∈x̃

xihk(x;θ)P (X = x; t) + vk,ihk(x;θ)P (X = x; t)−∑
x∈x̃

xihk(x;θ)P (X = x; t)
}

=

r∑
k=1

∑
x∈x̃

vk,ihk(x;θ)P (X = x; t)

Given the known property for expected value of function f(x) of a
r.v. x with probability distribution P (x), E[f(x)] =

∑
x f(x)P (x):

dmi(t)

dt
=

r∑
k=1

E [vk,ihk(Xt;θ)]

Finally, by linearity of expectation:

dmi(t)

dt
=

r∑
k=1

vk,ihk(E [Xt] ;θ) =
r∑

k=1

vk,ihk(m(t);θ) (2.22)

A similar approach can be extended to define a system of ODEs for the
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time evolution for second order moments ofX(t):
dm2

i,j

dt
=

d
∑

x∈x̃ xixjP (X = x; t)

dt

=
∑
x∈x̃

xixj
dP (X = x; t)

dt

=
∑
x∈x̃

xixj

r∑
k=1

{hk(x− Vk,·;θ)P (X = x− Vk,·; t)− hk(x;θ)P (X = x; t)}

=
r∑

k=1

∑
x∈x̃

xixj{hk(x− Vk,·;θ)P (X = x− Vk,·; t)− hk(x;θ)P (X = x; t)}

=
r∑

k=1

{∑
x∈x̃

xixjhk(x− Vk,·;θ)P (X = x− Vk,·; t)−
∑
x∈x̃

xixjhk(x;θ)P (X = x, t)
}

=
r∑

k=1

{∑
x∈x̃

(xi + vk,i)(xj + vk,j)hk(x;θ)P (X = x; t)−
∑
x∈x̃

xixjhk(x;θ)P (X = x; t)
}

=
r∑

k=1

{∑
x∈x̃

xixjhk(x;θ)P (X = x; t) +
∑
x∈x̃

vk,jxihk(x;θ)P (X = x; t)+∑
x∈x̃

vk,ixjhk(x;θ)P (X = x; t) +
∑
x∈x̃

vk,ivk,jhk(x;θ)P (X = x; t)−∑
x∈x̃

xixjhk(x;θ)P (X = x; t)
}

=

r∑
k=1

{∑
x∈x̃

vk,jxihk(x;θ)P (X = x; t) +
∑
x∈x̃

vk,ixjhk(x;θ)P (X = x; t)+∑
x∈x̃

vk,ivk,jhk(x;θ)P (X = x; t)
}

=

r∑
k=1

E [vk,jXi,thk(Xt;θ)] +

r∑
k=1

E [vk,iXj,thk(Xt;θ)] +

r∑
k=1

E [vk,ivk,jhk(Xt;θ)]

=

r∑
k=1

vk,jhk(E [Xi,tXt)] ;θ) +

r∑
k=1

vk,ihk(E [Xj,tXt)] ;θ)+

r∑
k=1

vk,ivk,jhk(E [Xt)] ;θ)

=

r∑
k=1

vk,jhk(m
2
i,·(t);θ) +

r∑
k=1

vk,ihk(m
2
j,·(t);θ) +

r∑
k=1

vk,ivk,jhk(m(t);θ)

The generic element of the covariance matrix cij(t), describing the
covariance between the X components Xi and Xj , can be expressed
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as a combination of first and second order moments:

cij(t) = m2
i,j(t)−mi(t)mj(t) (2.23)

Applying derivation rule to both sides, it is possible to derived a system
of ODE for the evolution of covariance matrix elements as:

dcij(t)

dt
=

dm2
i,j(t)

dt
−
(
mi(t)

dmj(t)

dt
+mj(t)

dmi(t)

dt

)

Finally, substituting the RHS elements with the corresponding
expression derived in (2.22), the following is obtained:

dcij(t)

dt
=

r∑
k=1

vk,jhk(m
2
i,·(t);θ) +

r∑
k=1

vk,ihk(m
2
j,·(t);θ) +

r∑
k=1

vk,ivk,jhk(m(t);θ)−

mi(t)

r∑
k=1

vk,jhk(m(t);θ)−mj(t)

r∑
k=1

vk,ihk(m(t);θ);




