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Chapter 5

Critical Points at Infinity

5.1 Introduction

The map of integrals of the gravitational three-body problem has both finite
critical points and critical points at infinity [34]. The former are the critical points
of the Hamiltonian restricted to level sets of angular momentum and they can be
found using the method of Lagrange multipliers, see section 2.7.

Birkhoff raised a question on the topology of the integral manifolds, but in
his work he missed the phenomenon of the critical points at infinity [11]. In
1970, Smale pointed out the possibility of existence of a bifurcation point at
infinity in the gravitational three-body problem. After five years, the Spanish
mathematician Simó [47] proved the existence of the critical points at infinity,
where the topology of the integral manifolds change. Besides Simó, Arnold et al
[8] also suggested the bifurcation points at infinity, but they did not confirm it.
For details of the critical points at infinity in the gravitational N -body problem
see the work of Hasna Raihi [42]. In 1993 Albouy [2] showed that there are at
most three critical points at infinity at which the topology of the reduced integral
manifolds of the gravitational three-body problem can change.

To find critical points at infinity we follow the method of Albouy [2]. That is
we use his coordinate system which we will call Albouy coordinates, together with
his idea of collecting subsets of the bodies into clusters. To define critical points
at infinity we define sequences of points in phase space consisting of clusters such
that bodies in each cluster remain at finite distances, but the distance between
bodies in different clusters goes to infinity when we take the limit. Moreover
taking the limit of the sequence, this limit satisfies a Lagrange multiplier equation.
In this sense we will find additional critical points of the map of integrals and the
accompanying critical values. These are again bifurcation values of the integral
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5.2. Albouy coordinates, clusters and sequences

manifolds and their projection on configuration space: Hill regions.
The results and proofs of this chapter are in principle entirely due to Albouy

[2]. However, we made a few additions. Wherever possible we extended his
results to a wider class of potentials than the potential of gravitation. For our
own purposes we are especially interested in the Coulomb potential. Besides
our aim is to explain Albouy’s results in some more detail to make them more
accessible.

In the first sections we set up the framework sketched above in order to
state a theorem on the existence of critical points at infinity. This comprises the
aforementioned Albouy coordinates and clusters, using these we define critical
points at infinity as limits of carefully chosen sequences. In order to prove the
main theorem on these new critical points we need some more notions. These
will be dealt with in later sections.

In this chapter we will use potentials from a class of functions V defined in
2.4. However, this class is too general for our proofs to work. Therefore we will
restrict to a subclass of potentials homogeneous of degree −r for some r > 0. In
particular we assume that the potential is of the form

V (q) =
∑
i<j

γijf(||qi − qj ||) (5.1)

where f(x) = 1
xr and γij contains properties of the bodies i and j. Eventually, in

section 5.5 we consider the gravitation and Coulomb potentials and take r = 1.

5.2 Albouy coordinates, clusters and sequences

The so called Albouy coordinates can be regarded as coordinates on a translation
reduced space. The advantages of these coordinates are:

(i) all bodies of the N -body system are treated equally,

(ii) we still have simple expressions for functions like kinetic energy, moment
of inertia and potential energy.

We start with a definition of Albouy coordinates together with some notation.

Definition 5.1. Letm1, · · · ,mN be the masses of the bodies in aN -body problem. Then
the linear subspace of RN , DN = {(ξ1, . . . , ξN ) |

∑
imiξi = 0} is called the space

of dispositions. Furthermore let (·, ·) be the standard inner product on RN . Define a
new inner product 〈·, ·〉 on RN as follows 〈X,Y 〉 = (X,MY ) for all X,Y ∈ RN and
M = diag(m1, . . . ,mN ), the associated norm is ||X||2 = 〈X,X〉 and DN inherits this
inner product.
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Chapter 5. Critical Points at Infinity

With this definition we define the state of a system of N bodies in R3 as the
six-tuple S = (X,Y, Z, P,Q,R) where X, . . . , R ∈ DN . Here X contains the first
components of the positions of the bodies and similarly Y and Z contain the
second and third components. The P , Q and R in a similar way contain the
components of the velocities of the bodies. In the phase space D6

N we again have
a collision set and sometimes we may wish to exclude these states for obvious
reasons.

Definition 5.2. Let X = (ξ1, . . . , ξN ) ∈ DN , Y = (η1, . . . , ηN ) ∈ DN and Z =
(ζ1, . . . , ζN ) ∈ DN , then the set ∆ = {(X,Y, Z, P,Q,R) ∈ D6

N | ξi = ξj , ηi =
ηj , ζi = ζj for i 6= j} is called the collision set.

Frequently used functions are potential energy V , kinetic energy K, total
energy H , angular momentum L and moment of inertia I . Each of them is
translation invariant and so they are functions on DN . Apart from V , which we
do not yet specify, K, H , L and I have a simple expression in Albouy coordinates.

Lemma 5.3. The functions K, H , L and I take a simple form in Albouy coordinates:

(i) Let K(S) = ||P ||2 + ||Q||2 + ||R||2, then kinetic energy is 1
2K(S).

(ii) The total energy of the system is H(S) = 1
2K(S) + V (S).

(iii) The three components of angular momentum are
L(S) = (〈Y,R〉 − 〈Z,Q〉, 〈Z,P 〉 − 〈X,R〉, 〈X,Q〉 − 〈Y, P 〉).

(iv) The moment of inertia is I(S) = ||X||2 + ||Y ||2 + ||Z||2.

5.2.1 Clusters

In the next section we will consider sequences of states converging to a critical
point or a critical point at infinity. In case of the latter we have a state in mind
consisting for example of a single body and at a large distance two bodies rotating
around a common center of mass. Thus we have two clusters, one of a single body
and another of two bodies. We formalize this idea in the following definition of
the DN -cluster decomposition.

Definition 5.4. Let X ∈ DN and define the DN -cluster decomposition by:
X = Xα +Xβ +Xα,β where

Xα = (α1, . . . , αk, 0, . . . , 0)
Xβ = (0, . . . , 0, β1, . . . , βN−k)

Xα,β = (α0, . . . , α0, β0, . . . , β0)
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5.2. Albouy coordinates, clusters and sequences

and the entries of Xα and Xβ are

αi = ξi − α0 for i ∈ {1, . . . , k} with α0 = M−1
α

k∑
i=1

miξi and Mα =
k∑
i=1

mi,

βi = ξk+i−β0 for i ∈ {1, . . . , N−k}with β0 = M−1
β

N∑
i=k+1

miξi andMβ =
N∑

i=k+1
mi.

We say that X is split into the two clusters Xα, Xβ and the centers of mass Xα,β . The
projections X 7→ Xα and X 7→ Xβ are called the projections onto the clusters and
X 7→ Xα,β is called the projection onto the centers of mass.

We use this definition of DN -cluster decomposition to define a decomposition
into clusters of a state S.

Definition 5.5. The decomposition into clusters of the state S = (X,Y, Z, P,Q,R)
is obtained by applying the DN -cluster decomposition to each component of S.

Since the decomposition is in DN , the construction can be iterated to a decom-
position into m clusters as long as m ≤ N . For this conclusion we need a lemma.
The lemma follows from a direct computation using definition 5.4.

Lemma 5.6. The decompositionX = Xα+Xβ +Xα,β is orthogonal with respect to the
inner product onDN , that isXα, Xβ , Xα,β ∈ DN and 〈Xα, Xβ〉 = 0, 〈Xβ , Xα,β〉 = 0,
〈Xα,β , Xα〉 = 0.

Clusters not only provide a means to organize bodies into groups staying to-
gether while the groups may go apart arbitrary far, they also have nice properties
with regard to functions like energy and moment of inertia. Each cluster can be
regarded as the state of a k-body system. In this respect it is worth noting that
the cluster decomposition preserves the symplectic form although we do not use
this explicitly. In our class of potentials V these clusters become independent
when their mutual distances go to infinity. Indeed, when a state S is split into
such clusters the functions K, I and C are additive over the decomposition.
Unfortunately the potential V is not. However, V is asymptotically additive over
the clusters, which is almost as good. But a precise statement of these properties
will have to wait until we have defined sequences of states.

5.2.2 Sequences of states

A sequence of states is simply a sequence of six-tuples Sk = (Xk, Yk, Zk, Pk, Qk,
Rk) for Xk, . . . , Rk ∈ DN . In the sequel we will need a notion of convergence.
To define this we use the norm of S, namely ||S||2 = ||X||2 + ||Y ||2 + ||Z||2 +
||P ||2 + ||Q||2 + ||R||2. We do allow a sequence to converge to infinity and to
avoid descriptions like ’finite limit’ and ’infinite limit’ we introduce the following
language.
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Chapter 5. Critical Points at Infinity

Definition 5.7. We say that a sequence Sk converges if either of the two holds:

(i) Sk converges to a point S if limk→∞ ||Sk − S|| = 0,

(ii) Sk converges to infinity if limk→∞ ||Sk|| =∞,

both in the usual sense as real numbers. Similarly, if F is a real valued function on
phase space, we say that the sequence F (Sk) converges if it converges to a real value or
to infinity like in the above. As an abbreviation we will frequently write Fk instead of
F (Sk).

In the sequel we will often encounter sequences decomposed into clusters.
Unless stated otherwise we will always assume that such a decomposition of a
sequence Sk is independent of k.

The motivation to consider sequences is that we wish to define critical points
at infinity. Critical points of the map F of integrals are points such that the
rank of the Jacobi matrix of F is not maximal. Note that since we reduced the
space with respect to translations, the integral map reduces to F(H,L). Or, put
differently, the gradient of the Hamiltonian and the gradients of the components
of angular momentum are linearly dependent. Using this we are able to find finite
critical points. To find critical points at infinity (to be defined in 5.11), we define
sequences of states asymptotically having the property of linear dependence of
the gradients. It turns out that we get more than we ask for. So, first we define
sequences having properties that make them converge to critical points. Then
we define further properties to be able to distinguish sequences converging to
critical points as opposed to sequences converging to critical points at infinity.
Finally we define a criterion to filter out sequences converging to collisions.

Given the integrals of the charged three-body problem, on a translation
reduced phase space D6

N , the map of integrals has four components: total energy
H and three components of angular momentum: Lx, Ly and Lz . In a limit in
the sense above, their gradients should be linearly dependent. The following
definition aims to catch this.

Definition 5.8. Let Sk be a sequence of states. Then λk = (λx,k, λy,k, λz,k) is called a
compatible sequence of multipliers for H if limk→∞ L(Sk, λk) = 0, where

L(S, λ) = ∇H − λx∇Lx − λy∇Ly − λz∇Lz. (5.2)

Clearly not every sequence of states will have an accompanying sequence of
compatible multipliers, but if it has we possibly approach a critical point (finite
or infinite).

Definition 5.9. If a sequence of states Sk has an accompanying sequence of compatible
multipliers for H we call it a critical sequence of H .
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5.2. Albouy coordinates, clusters and sequences

Remark. In the definition of a critical sequence we require that L(Sk, λk) converges.
The latter does not imply that Sk converges. However, if H restricted to a level set
of angular momentum has a critical point then there are plenty of critical sequences
converging in the usual sense to this point. However if more critical points exist again
plenty of critical sequences exist not converging in the usual sense but having the critical
points as limit points. Moreover since both the potential and its gradient tend to zero
when distances between the bodies tend to infinity we may find sequences converging to
infinity in the usual sense but still limk→∞ L(Sk, λk) = 0. These are the sequences we
are looking for and in particular the limiting values of H and L.

Suppose we have a critical sequence Sk of H then it may converge or not. If it
converges to a point we conjecture that it either converges to a collision or to a
critical point. These possibilities can be distinguished by the limit value of the
potential V , if Vk tends to ±∞ the limit of Sk is a collision otherwise it is a critical
point. Let this argument suffice to justify the following definition.

Definition 5.10. If a critical sequence Sk has the properties:

(i) L(Sk) is constant

(ii) H(Sk) converges to a finite value for k →∞

we call Sk a horizontal critical sequence.

With the previous definitions we may also find the finite critical points. Here
we are explicitly looking for critical points at infinity. So we exclude the former
and finally define critical points at infinity.

Definition 5.11. If the projection on configuration space of a horizontal critical sequence
does not converge to a point we call the latter a critical point at infinity.

Now we come back to the clusters. We conjecture that critical points at infinity
can be decomposed into clusters, each of which is just a critical point of a smaller
M -body system. Therefore we define the cluster separation property. Recall that Π
is the projection from phase space to configuration space.

Definition 5.12. A sequence of states Sk of the N -body system has the cluster separa-
tion property if l clusters of Sk exists such that for k →∞:

(i) each cluster in Π(Sk) tends to a point,

(ii) for each pair in the cluster decomposition of Π(Sk), the distance between the
centers of gravity tends to infinity.
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Chapter 5. Critical Points at Infinity

It is not hard to prove that such sequences actually exist. Or more precisely
that every sequence Sk contains a subsequence having this property. Using the
notion of additivity of the functions K, I , L and asymptotic additivity of V , it
makes sense to talk about clusters as smaller M -body systems in an N -body
problem, of course when M < N . We will come back to this in section 5.4.1.

Lemma 5.13. Every sequence Sk has a subsequence with the cluster separation property.

Proof. Suppose a decomposition exists for the first k − 1 bodies. Take the liminf
of the distance of the k-th body to the center of mass of the first cluster. If this
liminf is infinite, repeat the previous step with the next cluster (i.e., the cluster
will be remaining N − k bodies). If the liminf of the distance to a certain cluster
is finite, take a refined subsequence with this liminf as a limit and add the k-th
body to this cluster. If the liminf of the distance to the last cluster is still infinite,
create a new cluster for the k-th body. This construction ends because we have
N-bodies. There are two extremes: all bodies in one cluster and every body in a
separate cluster.

We end this section with a rather obvious property of sequences and clusters,
but it is useful enough to warrant explicit mentioning. Roughly speaking if a
critical sequence has a cluster decomposition which is constant over the sequence
elements then each sequence of clusters is critical and vice verse. The next lemma
provides a more precise formulation. The proof of the lemma follows almost
immediately from the definition (5.9) of a critical sequence.

Lemma 5.14. Let Sk be a sequence of states with a decomposition into l clusters.

(i) Suppose Sk is a critical sequence with a compatible sequence of multipliers λk,
then the projection of Sk on each of the l sequences of clusters is a critical sequence.

(ii) Suppose that each of the l sequences of clusters is critical, then Sk is a critical
sequence if a common compatible sequence of multipliers exists for which each
sequence of clusters is critical.

Now we have everything ready to state the main results.

5.3 Main results

The main theorem lists all possibilities for critical sequences.

Theorem 5.15 (Main theorem on critical sequences). Let Sk be a critical sequence of
H .
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5.4. Proving the main results

(i) Genuine critical point at infinity. If Sk is a horizontal critical sequence, a
subsequence sk having the cluster separation property exists and the projection on
each cluster converges to a relative equilibrium.

(ii) Critical point or collision. If the projection of Sk on the configuration space tends
to a limit then a subsequence sk exists that converges either to a collision or to a
relative equilibrium.

The theorem says that by constructing critical sequences we not only get ’genuine’
critical points at infinity but also ’ordinary critical points’ and collisions, possibly
at infinity. To prove the theorem above we follow the arguments of Albouy.

The main theorem collects a number of results that we now prove in a series
of propositions each addressing one of the possibilities. The first proposition
deals with the case of non-collisional critical points. In fact the critical sequences
satisfying the conditions of the next proposition converge to critical points of
the Hamiltonian restricted to the level set of angular momentum, there are the
’ordinary’ critical points for which we do not need sequences after all.

Proposition 5.16. Let Sk be a critical sequence such that the projection on configuration
space converges to a non-collision point. Then a subsequence exists that converges to a
relative equilibrium.

If we drop the condition on convergence to a non-collision point then the
limit is either a relative equilibrium or a collision. Thus we see that in defining
critical sequences we did not introduce that many new phenomena.

Proposition 5.17. Let Sk be a critical sequence such that the projection on configuration
space converges to a point. Then a subsequence exists converging either to a collision or
to a relative equilibrium.

Finally only the horizontal critical sequences yield genuine critical points
at infinity. The condition that angular momentum is constant on a horizontal
critical sequence ensures that the only possible limit points of the sequence are
relative equilibria, possibly in more than one cluster. If there are two or more
clusters they move infinitely far apart along the sequence.

Proposition 5.18. Every horizontal critical sequence has a subsequence with the cluster
separation property and the projection on each cluster converges to a relative equilibrium.

5.4 Proving the main results

Before we prove the propositions and thus the main theorem we introduce several
technical results needed in the proofs.
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Chapter 5. Critical Points at Infinity

5.4.1 Some technical results

Given a state or a sequence of states, we will at various instances use a partition
into clusters. Many functions we need are additive over these clusters, namely
the moment of inertia I , kinetic energy K and angular momentum L. One
exception is the potential. However on a sequence with the cluster separation
property, taking the limit the potential is additive over the clusters. This is made
more precise in the following lemma.

Lemma 5.19. Let Sk be a sequence of states with the cluster separation property. Suppose
Sk is decomposed into l clusters denoted by Sk,j with j ∈ {1, . . . , l}. Then the functions
K, I , L and V and the vector valued function∇V satisfy the relation

lim
k→∞

F (Sk) =
l∑

j=1
lim
k→∞

F (Sk,j). (5.3)

where F is a real valued or a vector valued function on phase space.

Proof. For the functionsK, I and Lwe may drop the limits and still have equality.
Namely, let 〈·, ·〉 be an inner product and || · || be the associated norm. If x and
y are orthogonal with respect to 〈·, ·〉, then ||x + y||2 = ||x||2 + ||y||2. The DN -
decomposition is orthogonal, see lemma 5.6, with respect to the inner product
from definition 5.1. The potential function V is not defined using the inner
product and equality without the limits does not hold indeed. However, the
contribution to the potential function arising from interaction between bodies
from different clusters tends to zero for k →∞. The reason is that the distance
between different clusters tends to infinity and the potential satisfies property
V3b. Therefore in the limit k →∞ the only non zero contribution to the potential
comes from within the clusters. The same holds for the gradient of the potential
because of V3b in definition 2.1.

Note that we have not excluded the possibility that the potential converges to
infinity along a (sub)sequence, that is the lemma holds even in the case that one
of the clusters tends to a collision.

The next lemma relates kinetic and potential energy in the limit along a critical
sequence. For notational convenience we write Fk, or even F , for F (Sk) in the
following lemma and forthcoming statements.

Lemma 5.20. Let Sk be a critical sequence of H and let V be a function homogeneous
of degree −1, then

lim
k→∞

(Kk + Vk)2

Ik +Kk
= 0.
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5.4. Proving the main results

Proof. From the definition of a critical sequence, see definitions 5.8 and 5.9, we
know that a compatible sequence of multipliers exists such that ek = L(Sk, λk)
tends to zero as k →∞. Let f be a vectorfield of unit length, then also

lim
k→∞

〈ek, f〉 = 0.

This holds in particular when f is tangent to the levels of L. Let us take such
a vectorfield, namely f = (X,Y, Z,−P,−Q,−R)/

√
I +K. Then we have (sup-

pressing the subscript k)

〈e, f2〉 = 〈∇H, f2〉

=
(
X
∂V

∂X
+ Y

∂V

∂Y
+ Z

∂V

∂Z
− 1

2

(
P
∂K

∂P
+Q

∂K

∂Q
+R

∂K

∂R

))2

= (−V −K)2/(I +K).

We used that H = 1
2K + V and that V is homogeneous of degree −1. Since

limk→∞〈ek, f〉 = 0 we also have limk→∞(K + V )2/(I + K) = 0. Note that
||(X,Y, Z,−P,−Q,−R)|| =

√
I +K, so f is indeed a unit vectorfield. Moreover

it is easily checked that the vectorfield f is tangent to the levels of L.

Remark. Let us make a few remarks on this lemma.

(i) The lemma is formulated for a homogeneous potential V of degree −1. It can easily
be generalized for a potential homogeneous of degree −r, with r > 0, then the
result is limk→∞

(Kk+rVk)2

Ik+Kk
= 0.

(ii) An implication of the lemma is that for a homogeneous potential of degree −r, a
critical sequence, or a subsequence thereof, never approaches a collision of repelling
bodies.

(iii) At first sight it might seem strange that the sign of the potential matters: adding
an arbitrary constant to the potential V does not affect the equations of motion.
However, we made essential use of the fact that V is a homogeneous function,
a property that is lost if we add a constant to V . Another reason not to add a
constant to V is that we want the interaction to vanish when bodies go infinitely
far apart and so it seems natural to require that the potential energy approaches
zero as well.

(iv) We conjecture that homogeneity of the potential is not essential. But the potential
and its gradient vanishing when bodies go infinitely apart does seem essential. It
is less clear how important the behaviour of the potential near collisions really
is, apart from a convenient way to distinguish a collision by the values of the
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potential. The proof of lemma 5.20 rests on a particular choice of the vectorfield f ,
other choices may also give useful estimates. An example of a potential for which
we would like to obtain similar results is the Lennard-Jones potential which is
repelling for bodies at a short distance, but attracting for bodies far apart. This
potential can be regarded as being ’asymptotically homogeneous’.

So far we denoted a state of theN -body system by the six-tuple S = (X,Y, Z, P,Q,
R) with components in DN . However, for some properties it is more convenient
to consider a state as a 3× 2 matrix M with components in DN :

M =

X P
Y Q
Z R

 .

For example angular momentum can now be expressed as an anti-symmetric
3× 3 matrix C with real components:

C = MJM∗ =

 0 Lz −Ly
−Lz 0 Lx
Ly −Lx 0

 where J =
(

0 I
−I 0

)
.

An anti-symmetric matrix has purely imaginary eigenvalues and it can be trans-
formed into a real standard form by an orthogonal transformation: 0 ||L|| 0

−||L|| 0 0
0 0 0

 .

This transformation corresponds to an orthogonal coordinate transformation O
on the phase space M 7→ OM and therefore C 7→ OCO∗. Pursuing this idea we
map the Lagrange multipliers λ to an anti-symmetric matrix

Λ =

 0 λz −λy
−λz 0 λx
λy −λx 0

 .

With C and Λ defined as anti-symmetric matrices we write the Lagrange mul-
tiplier equation as ∇H − 1

2 Trace(ΛC). Now applying an orthogonal change of
coordinates O and using the fact that the trace is invariant under coordinate
transformations we have

Trace(ΛC) 7→ Trace(ΛOCO∗) = Trace(O∗ΛOCO∗O) = Trace(O∗ΛOC)

which proves the following lemma.
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5.4. Proving the main results

Lemma 5.21. By an orthogonal change of coordinates we may always achieve a standard
form of λ: (λx, λy, λz) 7→ (0, 0, ||λ||).

Remark. Note that an equivalent choice would be to change coordinates such that
(Lx, Ly, Lz) 7→ (0, 0, ||L||) and call these angular momentum coordinates. In either
set of coordinates the equations for a critical point take a simpler form.

In the sequel we will frequently use coordinates such that λ takes this par-
ticular form and therefore we call them multiplier coordinates. In these coordin-
ates the equation for a critical sequence takes a much simpler form, namely
L(Sk, λk) = ∇Hk − λz,k∇Lz,k. For future reference we write the two terms in
components:

∇H =
( ∂V
∂X

,
∂V

∂Y
,
∂V

∂Z
, P,Q,R

)
∇Lz =

(
Q,−P, 0,−Y,X, 0

)
.

(5.4)

A property of the representation M of a state, regarding relative equilibria is best
explained using multiplier coordinates.

Lemma 5.22. At a critical point of H the rank of M is two, that is the positions and
velocities are in the same plane. A critical point in the planar problem (any plane in
R3) is also a critical points for the non-planar case. By their nature, critical points of H
restricted to the levels of angular momentum, are relative equilibria.

Proof. Considering the equations for a critical point in multiplier coordinates we
get equations for a critical point in the plane, see equation (5.4).

Another application of lemma 5.21 is that we are able to obtain simple expres-
sions for estimates on R, K, I and L which are independent of the potential in
the problem.

Lemma 5.23. Consider a critical sequence Sk together with its compatible sequence of
multipliers λk. In a coordinate system of lemma 5.21 we define Iz = ||X||2 + ||Y ||2
and Kz = ||P ||2 + ||Q||2. Then we have the following estimates for k →∞ (for sake of
readability we suppressed the dependence on the sequence):

(i) ||R|| = o(1)

(ii)
√
Kz = |λz|

√
Iz + o(1)

(iii)
√
Kz = Lz/

√
Iz + o(1)

Proof. Using multiplier coordinates we have ek = L(Sk, λk) = ∇Hk − λz,k∇Lz,k
tending to zero as k →∞, since Sk is a critical sequence. We write ek in compon-
ents, however we will only use the last three and since the first three would need
some explanation we skip them:

ek = (∗, ∗, ∗, P + λzY, Q− λzX, R).
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Chapter 5. Critical Points at Infinity

ad i) Project ek on the sixth direction, ’R-space’. Because ||ek|| → 0 when k →∞
we have ||R|| = o(1).
ad ii) Consider the projection of ek on the fourth and fifth directions, ’(P,Q)-
space’, then we have (P + λzY,Q− λzX) = o(1). Using the triangle inequality
we have

o(1) = ||(P,Q)− λz(−Y,X)|| ≥|
√
Kz − |λz|

√
Iz |

or
√
Kz = |λz|

√
Iz + o(1).

ad iii) Starting again with (P + λzY,Q − λzX) = o(1), note that also the inner
product with the unit vector (Y,−X)/

√
Iz is o(1). Computing this inner product

we get〈
(P,Q)− λz(Y,−X), (−Y,X)

〉
/
√
Iz =

(
〈−P, Y 〉+ 〈Q,X〉

)
/
√
Iz + λz

√
Iz

= Lz/
√
Iz + λz

√
Iz.

Therefore Lz/
√
Iz + λz

√
Iz = o(1) and using ii) we arrive at

√
Kz = Lz/

√
Iz +

o(1).

The following lemma will be useful to distinguish critical sequences tending
to a collision. But first we define the notion of a small sequence which we will
need later on as well.

Definition 5.24. A small sequence is a critical sequence such that Ik → 0 when
k →∞.

Lemma 5.25. Suppose Sk is a small sequence, then both Hk and the norm of the
multiplier become unbounded.

Proof. From lemma 5.20 we know that Kk + Vk → 0 for k → ∞. Furthermore
Vk becomes unbounded when Ik tends to zero and therefore also Kk becomes
unbounded. Since Hk = 1

2Kk + Vk = 1
2 (Kk + Vk) + 1

2Vk →
1
2Vk, Hk becomes

unbounded. Using multiplier coordinates we see from lemma 5.23 ii) that |λz| too
becomes unbounded.

Remark. Let us add a few remarks to this lemma in case we consider a more general
potential.

(i) As mentioned before, see remark below lemma 5.20, a critical sequence or a sub-
sequence thereof will never approach a collision of repelling bodies. So also in the
case of the Coulomb potential we have Hk → −∞.

(ii) When we apply the methods in the proof of lemma 5.20 to a potential V homogen-
eous of degree −r we get Kk + rVk → 0 for k →∞. Then Hk = 1

2Kk + rVk =
1
2 (Kk + Vk) + (r − 1

2 )Vk → (r − 1
2 )Vk, which indicates that r = 1

2 might be an
exceptional case.
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On a horizontal critical sequence (see definition 5.10) the kinetic energy tends
to zero. This follows from the following lemma on critical sequences of K.

Lemma 5.26. Consider a critical sequence of K such that K is bounded away from zero.
Then ||L|| tends to infinity.

Proof. Again we use multiplier coordinates. From the multiplier equations, see
(5.4), we have: λz

√
Kz = o(1). On the other hand from the estimates that do not

depend on the potential, lemma 5.23 ii), we have
√
Kz = λz

√
Iz + o(1). Then we

have two expressions for λ
√
Kz

√
Iz , yielding Kz = o(

√
Kz) + o(

√
Iz), implying

Iz becoming unbounded. Combining the latter with estimate 5.23 iii) namely√
Kz = Lz/Iz + o(1), yields that Lz becomes unbounded.

Lemma 5.27. Consider a critical sequence of K such that Lz is bounded away from
zero. Then K and Iz tend to zero.

Proof. Like in the proof of the previous lemma, we use multiplier coordinates.
From the estimates lemma 5.23 i) R = o(1) and λz

√
Kz = o(1) in the proof of

the previous lemma, we see that K tends to zero. Combining the estimates in
lemma 5.23 ii)

√
Kz = λz

√
Iz + o(1) and λz

√
Kz = o(1) we get two expressions

for λz
√
Kz , yielding λ2

z

√
Iz = o(1) + o(λz). From the latter we infer that Iz tends

to zero.

5.4.2 Proofs of propositions 5.16, 5.17 and 5.18 and theorem 5.15

Finally we have all lemmas and estimates ready to prove the main three proposi-
tions.

Boundedness is the key ingredient in the proof of proposition 5.16, but also
the fact that the moment of inertia is bounded away from zero. This finiteness
allows us to conclude that, roughly speaking, the limit is a relative equilibrium.

Proof of proposition 5.16. From 1) the projection of the sequence converges to a
point so I is bounded; 2) this point is not a collision so the function V is bounded
and from lemma 5.20 we see that also K is bounded; we conclude that ||S||2 =
||I|| + ||K|| is bounded and therefore the sequence S is bounded. Thus the
sequence has a limit point and hence a convergent subsequence. Next we switch
to the representation M of a state and we have to check the condition of lemma
5.22 that rank(M) = 2. From lemma 5.20 we know that ||K|| and ||V || have the
same limit and if we use multiplier coordinates, Kz and ||V || have the same limit.
Now V is non zero, so Kz is bounded and bounded away from zero. Since V is
bounded, I is bounded away from zero. Therefore rank(M) is at least 1. From
5.23 iii) we see that Lz is also bounded away from zero meaning that rank(M)
equals 2: the subsequence converges to a relative equilibrium.
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The key ingredient in the next proof is the compatibility of the multipliers: a
sequence converging to a collision has multipliers not compatible with a sequence
converging to a relative equilibrium and vice verse.

Proof of proposition 5.17. Suppose the critical sequence is such that the projection
on configuration space converges to a collision point (non-collision is the case
of proposition 5.16). Let us decompose the sequence into clusters of bodies
having the same limit when projected on configuration space. Then on each
cluster the projection of I tends to zero and using lemma 5.25 the compatible
multipliers tend to infinity. However the projection on the centers of gravity is
not a collision and thus a subsequence converging to a relative equilibrium exists
and the accompanying compatible multipliers have a finite limit. This contradicts
lemma 5.14 and thus a critical sequence either: 1) converges to a collision; or 2) a
subsequence converges to a relative equilibrium exists.

The proof of the last proposition hinges on the fact that for a sequence with
the cluster decomposition property, the sequences of projections on the clusters
are independent with respect to kinetic and potential energy.

Proof of proposition 5.18. Again we decompose the sequence (or a subsequence)
into clusters according to lemma 5.13. For each cluster we get a sequence by
projecting the original sequence on the current component of the cluster decom-
position. Each of these sequences is either a small sequence or a subsequence
converging to a relative equilibrium exists, according to proposition 5.17. The
possibility of a small sequence can be ruled out because H → −∞. The latter
follows from the fact that a small sequence is a critical sequence and from lemma
5.20 we have K + V → 0, but on a small sequence V → −∞ and therefore
H = 1

2K + V = 1
2 (K + V ) + 1

2V →
1
2V → −∞. Thus we arrive at a contradic-

tion. We are left with sequences like in proposition 5.16, converging to a relative
equilibrium in a subsystem. The sequence of multipliers has a finite (non-zero)
limit. The centers of gravity of the clusters form a critical sequence with the same
sequence of multipliers. Since the centers go infinitely far apart, the potential
becomes negligible and therefore this sequence is a critical sequence of K. Now
from lemmas 5.26 and 5.27 we infer that K → 0 because on the horizontal se-
quence we started with angular momentum is fixed at a finite value and our
observation that the sequence of multipliers has a finite (non-zero) limit yields
the same result.

The proof of the main theorem 5.15 now follows from the proofs of propos-
itions 5.16, 5.17 and 5.18 for the three propositions constitute the parts of the
theorem.
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5.5. Critical points at infinity in three-body systems

5.5 Critical points at infinity in three-body systems

Now that we know that the critical points at infinity can be found from the
so called horizontal critical sequences, we wish to construct these three-body
systems. In particular we need to construct a horizontal critical sequence with
the cluster separation property. There are only three possibilities to form clusters,
namely three clusters each containing only one body, two clusters of one and
two bodies respectively and one cluster containing all three bodies. We can
immediately rule out the last case because a sequence with a single finite cluster
can never satisfy the cluster separation property. The first case can also be ruled
out because angular momentum will tend to zero, we are interested in a general
non zero value of angular momentum. Thus we are left with the case of a
horizontal critical sequence with two clusters. As it turns out there is only a
limited number of possibilities, for each we compute the value of the bifurcation
parameter ν = −hC2, where h is the value of H , the energy, and C is the value of
angular momentum L.

Construction of a horizontal critical sequence. We will in particular construct
a horizontal critical sequence Sk consisting of two clusters having the cluster
decomposition property. Like in definition 5.4 we call the components of the
clusters Xα and Xβ and similarly for Y and Z. In the cluster called α we put
two bodies with masses m1 and m2 and in the cluster called β we put one body
with mass m3. Since we have only two clusters, the centers of mass lie on a line
which we take to be the z-axis. Thus we have Xα,β = (0, 0, 0), Yα,β = (0, 0, 0) and
Zα,β = ( m3

m1+m2
zk,

m3
m1+m2

zk,−zk), where limk→∞ zk =∞. The single body in the
cluster β just remains at its center of mass so we have Xβ = Yβ = Zβ = (0, 0, 0).
The two bodies in cluster α form a two-body system which for a SO(3)-invariant
potential is planar and we take this plane to be the ’(x, y)-plane’. Therefore we
takeXα = (ξ1, ξ2, 0), Yα = (η1, η2, 0) and Zα = (0, 0, 0) such thatm1ξ1+m2ξ2 = 0
and similarly for η. So far we only have clusters. Projecting the sequence Sk on
the β component we get a body at rest at infinity when taking the limit k →∞.
But projecting on the α component the limit should be a relative equilibrium of
the two-body system.

Planar two-body systems. Most of the following can be found in any text-
book on Hamiltonian system for example Arnold [7]. We give a short review
specifically for our situation. We consider the planar two-body problem with po-
tential V on the ’(x, y)-plane’ of the previous paragraph. That is we consider the
Hamiltonian system on T ∗(R4) with standard symplectic form and coordinates
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xi = (ξi, ηi) and corresponding momenta yi with Hamiltonian

H(x, y) = 1
2

(
||y1

2||
m1

+ ||y2
2||

m2

)
+ V (x1, x2)

where the potential V depends on relative distance only V (x1, x2) = γf(||x1 −
x2||) where γ is a constant and f is a function. We call γ a constant because it
does not depend on phase variables. However it is a function of properties of
the bodies (like mass and charge). The function f will eventually be defined as
f(x) = 1

x but for the moment we leave it unspecified. It is easily seen that this
Hamiltonian system is translation and rotation invariant. To fulfil the condition of
the cluster, namely that the center of mass remains at zero, we apply a (symplectic)
change of coordinates to a center of mass frame.

Lemma 5.28. By the symplectic change of coordinates

(x1, x2, y1, y2) 7→ (q1, p1, q2, p2) = (x1−x2,
m2y1 −m1y2

m1 +m2
,
m1x1 +m2x2

m1 +m2
, y1 +y2)

the new Hamiltonian system is separated on T ∗(R2)×T ∗(R2) with standard symplectic
form on each component

H(q, p) = 1
2

(( 1
m1

+ 1
m2

)
||p1||2 + 1

m1 +m2
||p2||2

)
+ γf(||q1||)

= 1
2µ ||p1||2 + γf(||q1||) + 1

2m ||p2||2,

where µ is defined by 1
µ = 1

m1
+ 1

m2
and m = m1 + m2. The second Hamiltonian

describes the motion of the center of mass. By setting q2 = p2 = 0 the center of mass
remains at rest at the origin.

The proof of the lemma is a straightforward calculation. We now concentrate
on the first Hamiltonian system on R4 with coordinates (q, p), dropping the no
longer necessary subscript.

The Hamiltonian system with H(q, p) = 1
2µ ||p1||2 + γf(||q1||) + 1

2m ||p2||2 is
still rotation invariant: angular momentum is a conserved function. Recall that
we are looking for a relative equilibrium, in other words a critical point of H
restricted to a level of angular momentum. One way to solve this is to use the
Lagrange method and recognize a problem of finding central configurations
for this problem, see Another way is to reduce with respect to the symmetry
group and find stationary points for the reduced system. We will adopt the
last approach. To proceed we introduce polar coordinates in the (q1, q2) plane:
q1 = r cosφ and q2 = r sinφ. The result is the following.
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Proposition 5.29. The reduction of the two-body system is a Hamiltonian system on
T ∗(R>0) with standard symplectic form and Hamiltonian

H(r, pr) = 1
2µp

2
r + U(r),

where U(r) = C2

2µr2 + γf(r) and C is the value of angular momentum.

Proof. We only provide a sketch of the proof. We temporary leave the Hamilto-
nian formulation and use q̇i = 1

µpi, for example to express angular momentum
as L(r, ṙ, φ, φ̇) = µr2φ̇. Differentiating qi as functions of r and φ we get

r̈ − rφ̇2 = −γ
µ
f ′(r)

and
2φṙ + rφ̈ = 0.

Using the fact that angular momentum is conserved we get

r̈ = − d

dr

(
C2

2µ2r2 + γ

µ
f(r)

)
.

Introducing pr = µṙ and U as in the proposition we obtain the Hamiltonian of
the reduced system.

The reduced system has a critical point at (r, pr) = (r∗, 0) where r∗ is a
solution of U ′(r) = 0. Taking f(x) = 1

x we find a single solution r∗ = −C
2

µγ ,
provided that γ < 0. If γ > 0 then the reduced system does not have a critical
point. Thus the two-body problem with f(x) = 1

x has a relative equilibrium if
and only if γ < 0.

Critical values related to critical points at infinity. Now that we have a ho-
rizontal critical sequence with the cluster separation property we are able to
compute the values of the bifurcation parameter ν = −hC2 where h is the value
of H and C is the value of L. From proposition 5.18 and lemmas 5.26, 5.27 we
know that the contribution of the projection on the centers of mass to the energy
H is zero for k →∞. Furthermore the projection on the cluster containing one
single body is a small sequence, 5.25 so the contribution to kinetic energy is
zero in the limit. Therefore the only contribution to H is from the projection on
the clusters containing two bodies. To proceed we have to make a distinction
between the gravitation potential and the Coulomb potential.

In case of the gravitation potential the constant γ equals −m1m2 which is
always negative. Therefore there is always a unique critical point of the reduced
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Hamiltonian and thus a unique relative equilibrium in the gravitational two-body
problem. The value of the energy is

h = H(r∗, 0) = H(C
2

µγ
) = −µγ

2

2`2

and thus

ν = −hC2 = −µγ2 = (m1m2)3

2(m1 +m2) .

Since there are three combinations of two masses out of three, there are three
critical values related to critical points at infinity:

ν2 = (m1m2)3

2(m1 +m2) , ν3 = (m1m3)3

2(m1 +m3) ν4 = (m2m3)3

2(m2 +m3) .

The Coulomb force is only attracting if the charges have different sign, the
constant γ in this case equals QiQj where Qi is the electrical charge of body i.
Given three bodies with differently signed charges, two signs are always equal.
Let us assume the charges of bodies 1 and 2 have equal signs, then only two
combinations form a cluster tending to a relative equilibrium at infinity. Thus
there are two critical values related to critical points at infinity:

ν1 = m1m3(Q1Q3)2

2(m1 +m3) , ν2 = m2m3(Q2Q3)2

2(m2 +m3) .

5.6 Conclusion and outlook

The integral manifolds of the gravitational three-body problem have both finite
critical points and critical points at infinity. In this chapter our aim was to
find critical values arising from critical points at infinity for the charged three-
body problem. We followed an approach based on the work of Albouy [2] for
gravitationalN -body systems and modified it in such a way that it can be applied
to the charged three-body problem. The main ingredients of this approach are
sequences of phase points and a decomposition of the coordinate components
a phase point into clusters. The sequences are constructed in such a way that
they converge to infinity while in the limit satisfying a Lagrange multiplier
equation. The decomposition of the coordinate components of a phase point
consists of clusters eventually containing non-interacting subsystems, that is
points in different clusters move infinitely far apart along a sequence. This
way we found critical values of the integral map related to critical points at
infinity. For comparison, we also computed the critical values at infinity in the
gravitational three-body problem.
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