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Chapter 3

Special Solutions and Central
Configurations

3.1 Introduction

With the work of Poincaré the gravitational three-body problem has become one
of the paradigm systems showing chaotic behaviour. Finding explicit solutions
still is a formidable task. Some solutions have been found already by Euler and
Lagrange. These solutions are called particular solutions. They belong to a class of
solutions that are referred to as homographic solutions which will be introduced in
this chapter. Homographic solutions of N -body systems are related to so called
central configurations.

A central configuration is a special arrangement ofN point masses interacting
by Newton’s law of gravitation in the configuration space R3N with the following
property: the total force on each mass resulting from the interaction with all
the other masses points towards the center of mass of the N masses and the
magnitude of each of these forces is proportional to the distance of the respective
mass to the center of mass. Central configurations play an important role in the
study of N -body problems (in particular of the gravitational N -body problem).
For example, bifurcations of the integral manifolds are connected to the central
configurations and the bifurcation parameter ν = −C2h, where C and h denote
the angular momentum and energy, respectively. In this chapter our focus will
be on the central configurations and their properties.

This chapter is organized as follows. We start with considering stationary
points in section 3.2. In section 3.3, we look at periodic and homographic solu-
tions. Furthermore, we give three historical examples of homographic solutions.
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3.2. Stationary solutions

Section 3.4 introduces the notion of a central configuration of which we give
several properties. Finally, in the last section we give some conclusions and an
outlook.

3.2 Stationary solutions

Every analysis of a dynamical system starts with determining its stationary
points. Knowing the stationary points and their stability allows one to ’sketch’
the local phase portraits, although depending on the dimension of the latter this
may be a formidable task. In this section we start from the stationary points of
N -body systems. For the gravitational case, we have

Proposition 3.1. There are no stationary points in the gravitational N -body problem.

Proof. As V is a homogeneous function of degree −1 of the position vectors we
have by Euler’s Theorem for homogeneous functions

N∑
i=1

qi
∂V

∂qi
= −V .

As V is a strictly negative function the left hand side of the equation cannot
vanish which implies that V has no critical points. Hence this implies that the
gravitational N -body problem has no stationary points.

Remark. In the proof of proposition 3.1 we used the fact that the potential for the
gravitational N -body problem is homogeneous and everywhere negative. For the charged
N -body problem the potential is still homogeneous. However the potential does in general
not have a constant sign. So the existence of stationary points is not excluded by the
argument employed in proposition 3.1. The proof shows that if there are stationary
solutions for the charged case then the position vectors of these will be located on the
zero-level set of the potential.

3.3 Periodic and homographic solutions

The next natural class of solutions to look at in a dynamical system is given by
periodic solutions. The periodic solutions are in a way related to the stationary
solutions. They are again ‘stationary’ – not with respect to the flow but with
respect to the discrete dynamics defined by a Poincaré map associated with a
suitable surface of section, i.e., they form fixed points of the map or a certain
finite number of iterates of this map. Despite this relation periodic orbits are
much more difficult to find than stationary solutions.
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Chapter 3. Special Solutions and Central Configurations

A subclass of periodic solutions are given by relative equilibria which dis-
cussed already in the previous chapter. Assuming the centre of mass to be at the
origin they arise as orbits of the rotational group. These solutions can be viewed
as special cases of a bigger class of solutions: the so called homographic solutions
which we describe in the following subsection.

3.3.1 Homographic solutions

A solution of the equation of motion of a system of N-bodies is called homographic
if the configuration of the N bodies remains similar (in the geometric sense) in
time, i.e. any two configurations on the same solution curve of the equations of
motion are related by dilation and rotation. If, in this case, the configuration does
not rotate, then the solution will be referred to as homothetic. If the configuration
rotates without dilation then the solution is called rigid and corresponds to a
relative equilibrium. In the following we give a formal definition of homographic
solutions.

Definition 3.2 (Homographic soluton). A solution q(t) of the equations of motion of
a system of N particles is called homographic or self-similar if there are functions

f : R→ R and R : R→ SO(3),

and an initial conditions qi(0) ∈ R3, i = 1, . . . , N , such that
qi(t) = f(t)R(t)qi(0), i = 1, . . . , N .
As a further distinction, homographic solutions are called

• rigid if f ≡ 1 and

• homothetic if R ≡ Id.

A priori it is not clear that such solutions actually exist in an N -body prob-
lem. For the gravitational N -body problem, solutions of this form have been
found. They have a property which led to the notion of a central configuration.
Substituting a homographic solution into the equation of motion leads to the
equation

|f |3

f
R−1(f ′′R+ 2f ′R′ + fR′′)miqi = −(∇V (q))i, i = 1, . . . , N, (3.1)

where we used the fact that V is homogeneous of degree −1 and invariant under
rotations. To keep the notation simple we suppressed the time dependence in
f and R and moreover qi is considered to be a constant vector qi(0). Since the
right hand side of the equations in (3.1) do not depend on time, we obtained
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3.3. Periodic and homographic solutions

a condition on f and R. In particular the equations require the existence of a
constant λ ∈ R such that

(∇V (q))i = −λmiqi, for all i = 1, . . . , N, (3.2)

has a solution q. The solutions of these equations are called central configurations.
Under special conditions several homographic solutions are known [51].

However not in full generality. Now whereas equation (3.1) is a differential
equation and equation (3.2) is an algebraic equation which in general is expected
to be simpler to solve. But even the general solutions of the latter are not known.

3.3.2 Three examples of homographic solutions

This subsection is devoted to three examples of homographic solutions for the
gravitational three-body problem.

Euler homographic solutions: In 1767, L. Euler was the first to find three ho-
mographic solutions: by considering three arbitrary masses in a collinear central
configuration and choosing suitable initial velocities, he found that the masses
were moving periodically on ellipses with the ratio of the distances between the
masses being constant with time and the masses periodically maintaining the
collinear configuration, see figure 3.1.

b

b

b

m3

m2

m1

Figure 3.1: Euler homographic solutions with a line joining three masses m1,m2,m3
at every instant of time

Lagrange homographic solutions: Five years after the discovery of the Euler
homographic solutions, Lagrange rediscovered Euler’s solutions and found two
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Chapter 3. Special Solutions and Central Configurations

more homographic solutions. By putting three arbitrary masses at the vertices
of an equilateral triangle, he found that by suitably chosen initial velocities, the
masses move periodically on ellipses and form an equilateral triangle at any
instant of time, see figure 3.2. These solutions are called Lagrange homographic
solutions.

b

bb m2m1

m3

Figure 3.2: The Lagrange homographic solutions with an equilateral triangle joining
three masses m1,m2,m3 at every instant of time

Homothetic solutions: By putting three masses at the vertices of an equilateral
triangle and releasing them without initial velocities the particles collapse at the
center of mass of the equilateral triangle. Such solutions are called homothetic
solutions.

3.4 Central configurations

Central configurations play an important role in the study of N -body problems.
Therefore, they deserve some special considerations. We consider a map V :
R3N \ ∆c → R, where V is the potential of the system and the center of mass
of the system is at the origin. Let us start with the formal definition of central
configurations.

Definition 3.3 (Central configuration). A point q = (q1, . . . , qN ) in configuration
space R3N \∆c is called a central configuration if there exist some constant λ ∈ R such
that

− λmiqi = ∇(V (q))i for i = 1, . . . , N. (3.3)

Physical interpretation. The physical interpretation of a central configuration
is that at such a point in the configuration space the force acting on each of the
bodies is in the same direction as the position vector of the body relative to the
center of mass. (Such forces are called central forces and a force field is called
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3.4. Central configurations

central if it is central at every point q, in other words, if every point q is a central
configuration).

b
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Figure 3.3: Central configurations

3.4.1 Properties of central configurations

In the following we give several useful properties of central configurations. To
this end let us first define the moment of inertia for a system of N bodies.

Definition 3.4 (Moment of inertia). For a system of N bodies with configuration
q = (q1, . . . , qN ) ∈ R3N the moment of inertia I is defined as

I(q) = qTMq, or I(q) =
N∑
i=1

mi‖qi‖2.

Proposition 3.5. A point q ∈ R3N \∆c is a central configuration if and only if q is a
critical point of V restricted to a level set of the moment of inertia I , i.e., there exists a
Lagrange multiplier λ ∈ R such that

∇V (q)i = λ∇I(q)i, i = 1, . . . , N. (3.4)

Proof. This follows directly from∇I(q)i = 2miqi, i = 1, . . . , N .

Proposition 3.6. Let q = (q1, . . . , qN ) ∈ R3N be a central configuration and A be an
orthogonal 3× 3 matrix. Then q̃ := (Aq1, . . . , AqN ) is again a central configuration.

Proof. This follows immediately from the transformation of the gradient under
linear transformations.
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Chapter 3. Special Solutions and Central Configurations

Proposition 3.7. Let V be homogeneous of degree d, q = (q1, . . . , qN ) be a central
configuration and c ∈ R. Then q̃ := (cq1, . . . , cqN ) is again a central configuration.

Proof. This follows immediately from the homogeneity of V .

Remark. Propositions 3.6 and 3.7 show that it is justified to identify central configura-
tions that are related by rotations and dilations, i.e. to define central configurations on a
configuration space that is reduced by rotations and dilations.

Proposition 3.8. If V is homogeneous of degree −1, then λ in definition 3.3 is given by
λ = −V (q)

I(q) .

Proof. Multiplying both sides of (3.3) by qi and summing over i we get

N∑
i=1

λmiq
2
i =

N∑
i=1

qi∇V (q)i. (3.5)

As V is homogeneous of degree −1 it follows by Euler’s homogeneity theorem
that

N∑
i=1

qi∇V (q)i = −V (q). (3.6)

The result follows then from using (3.6) and the definition of the moment of
inertia I in (3.5).

Proposition 3.9. Suppose V is homogeneous of degree −1 and q ∈ R3N \∆c. Then q
is a central configuration if and only if q is a critical point of IV 2.

Proof. q is a critical point of IV 2 if and only if (∇IV 2)i = 0 at q for i = 1, . . . , N .
By the product rule we get (∇IV 2)i = V 2(∇I)i + 2IV (∇V )i. Then the result
follows from noting that (∇I)i = 2miqi (choose λ = −V/I , see proposition 3.8).

Remark. We note that propositions 3.5 and 3.6 hold irrespective of whether the potential
V is homogeneous or not, proposition 3.7 holds for homogeneous potentials in general,
and all remaining propositions require the potential to be homogeneous of degree -1.

Central configurations moreover have the following properties which we
state without proof but by giving references to the literature.

(i) In 1941 A. Wintner showed that in the gravitational N -body problem in
R3, all the velocities and positions of a relative equilibrium must be in a
common plane in order to maintain the perfect balance between the gravita-
tional and centrifugal forces [51]. Such relative equilibria are obtained from
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3.5. Conclusion and outlook

rotating a planar central configuration with a suitable constant angular
velocity (note that also non-planar central configurations may exist in the
gravitationalN -body problem forN ≥ 4). For a system of charged particles,
Alfaro and Pérez-Chavela [6] proved that non-planar relative equilibria are
also possible, and they also showed that not all relative equilibria result
from central configurations.

(ii) When particles are released in a central configuration with vanishing initial
velocities, the particles accelerate towards the centre of mass at the ori-
gin where the configuration collapses homothetically in the singularity of
total collision. This kind of collision orbits were the first explicitly known
solutions of the gravitational three-body problem, see Euler [23].

(iii) Conversely the motion towards a total collision in the gravitational N-body
problem is always asymptotic to central configurations. The knowledge of
the central configurations therefore gives an insight into the dynamics near
total collisions, see Smale [49].

(iv) A planar central configurations provide a family of periodic solutions when
the bodies are released with initial velocities normal to their position vec-
tors in a central configuration and with the magnitudes of the velocities
proportional to their distances to the center of mass at the origin. In such
a case each body will traverse an elliptical orbit like in the Kepler prob-
lem. During the motion the configuration will remain similar to the initial
configuration. The ‘size’ of the configuration changes periodically in time.
The smaller the initial body velocities are the more eccentric the ellipses
are, and in the limit of vanishing initial velocities, the periodic solutions
become collision orbits, see Moeckel [38].

3.5 Conclusion and outlook

In this chapter we described various special solutions of a system of N bodies.
In particular we defined homographic solutions and we gave three examples
of homographic solutions for the gravitational three-body problem. Moreover,
we saw that homographic solutions are related to central configurations. We
have given several properties of central configurations. As we will see in the
following chapters the central configurations play a key role for the bifurcations
of the integral manifolds of N -body systems.
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