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Chapter 2

N -Body Systems as
Hamiltonian Dynamical
Systems

2.1 Introduction

This chapter treats topics pertaining to N -body problems, symmetries, mo-
mentum map, integral manifolds and Hill regions. In the previous chapter
we gave a brief introduction to the integral manifolds and Hill regions of N -
body systems. In this chapter we are going to give more details on these topics.
The purpose of this chapter is to provide background theory for the charged
three-body problem which we will use in the forthcoming chapters.

This chapter is organized as follows. Section 2.2 starts with a general in-
troduction to N -body systems. As it is useful to consider a N -body system as
a Hamiltonian system we discuss some basic general facts about Hamiltonian
systems in section 2.3. As we want to make our study as general as possible
we introduce a class of potential in 2.4 that comprises both gravitational and
charged N -body systems. Section 2.5 is devoted to the description of symmetries,
symplectic and non-symplectic actions and relative equilibria of an N -body sys-
tem. In section 2.6 we formally introduce the map of integrals and the integral
manifolds of a N -body system. Section 2.7 we start discussing the critical points
of the map of integrals and state two main results relevant with the collinearity
condition of a N -body problem. In the last section we give some conclusions and
an outlook.
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2.2. N-body systems

2.2 N-body systems

We consider a physical problem of bodies residing in three dimensional space.
The interaction of the bodies is by forces acting on the geometrical centers of mass
of the bodies. Therefore we consider the bodies as points in three dimensional
space. Thus a configuration ofN bodies corresponds to a point in R3N . The forces
acting on the bodies are assumed to be conservative, so they may be derived from
a potential function V on R3N . Then by Newton’s law of inertia the equation of
motion is the second order differential equation

miq̈i = −gradV (q)i,

where mi is the mass of body i.
However we wish to consider the system above as a Hamiltonian dynamical

system. Therefore we introduce the phase space M = T ∗(R3N ) ' R3N × R3N ,
the cotangent bundle of R3N . Now Π : T ∗(R3N ) → R3N is the projection on
the base space R3N , the configuration space we started with. In a Hamiltonian
system the so called symplectic form ω determines the structure of the space:
together with the Hamiltonian it determines the equation of motion. On the
phase space M = T ∗(R3N ) we have coordinates q and p and in these coordinates
ω takes a particular simple form: ω =

∑
i dpi ∧ dqi. Indeed when ξ = (ξq, ξp) and

η = (ηq, ηp) are vectors in the tangent space of M then ω(ξ, η) = 〈ξp, ηq〉− 〈ξq, ηp〉
from which we see that

ω(ξ, η) = 〈ξ,Ωη〉with Ω =
(

0 I
−I 0

)
.

The equations of motion can now be derived from the function H on M which is
given by H(q, p) =

∑
i

1
2mi
‖pi‖2 + V (q) in the following way. The vectorfield in

the equation of motion (q̇, ṗ) = XH(q, p) is determined by the equation dH (Y ) =
ω(XH , Y ) holding for all vector fields Y in the tangent space of M . Together with
the symplectic form above we obtain the familiar differential equation

q̇i = ∂H

∂pi
= 1
mi

pi

ṗi = −∂H
∂qi

= −gradV (q)i

So far we have not specified the potential function V . In case of gravitation, the
potential function is given by

V (q) = −G
∑
i<j

mimj

‖qi − qj‖
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Chapter 2. N -Body Systems as Hamiltonian Dynamical Systems

where G is the gravitation constant. This function is not defined when two or
more of the bodies are at the same position in physical space, that is in R3. This
happens on the so called collision set ∆c defined as

∆c = {q ∈ R3N | qi = qj for some i < j}.

To avoid singularities of the vectorfield we may exclude ∆c from the configura-
tion space and then redefine the phase space accordingly.

2.3 Some facts from Hamiltonian systems

Here we briefly review some facts from Hamiltonian dynamical systems as far
as we need these. For a far more complete introduction we refer to [7] and
[1]. As we already saw in the previous section there are three ingredients for a
Hamiltonian dynamical system: a phase space, a symplectic form and a function.
Let the phase space M be an even dimensional smooth manifold. On M we
suppose there exists a non-degenerate skew symmetric two form ω, then (M,ω)
is called a symplectic space. Furthermore let H be a smooth real valued function
on M , then (M,ω,H) is called a real Hamiltonian system. Let X (M) be the set of
smooth vector fields on M , then the vectorfield XH ∈ X (M) will be called the
Hamiltonian vectorfield of H if for all Y ∈ X (M) equation

dH (Y ) = ω(XH , Y )

holds. The vectorfield XH defines the flow of the Hamiltonian system on M , we
also say the flow of H for short. A differentiable function f on M is preserved
under the flow of H if the Lie derivative of f is zero, if the derivative of f in
the direction of the vectorfield XH is zero. The Lie derivative is defined as
LXH

(f) = df(XH). Then we have in particular that the function H is preserved
under its own flow, namely

LXH
(H) = dH(XH) = ω(XH , XH) = 0

because ω is skew symmetric.

Symplectic maps. If a map Φ taking M to itself preserves the symplectic form
ω we call Φ a symplectic map. The set Diff(M) of all symplectic diffeomorphisms
forms a Lie group. The Lie algebra of this group is the set of symplectic vector-
fields, where a vectorfield X is called symplectic if the flow of X is a symplectic
map. An example is the vectorfield XH whose flow is indeed a symplectic map.
In other words, the flow of the Hamiltonian H is a symplectic map. On the other
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2.3. Some facts from Hamiltonian systems

hand in order that a Hamiltonian function exists for each symplectic vectorfield
one needs the condition that closed 1-forms are exact on M .

The flow of the Hamiltonian H can be considered as a one parameter group
of symplectic diffeomorphisms on M . As a converse the action on M of a
symplectic group has a moment map, a function on M , which can be considered as
a Hamiltonian function again. We will use this in our case where the phase space
is the cotangent space of the configuration space R3N . When a one parameter
group action on configuration space can be lifted to a symplectic action on phase
space we get a Hamiltonian function on the latter whose flow is the lifted group
action. We will use this for the symmetry groups of N -body systems.

Remark. Usually we restrict changes of coordinates to symplectic ones in order to
preserve the symplectic form. However there may be very good reasons to choose a
non-symplectic change of coordinates. Then we have to transform the symplectic form as
well. In the previous section we introduced the N -body system on the symplectic phase
space M = T ∗R3N , which is a cotangent bundle. In general a symplectic transformation
will not preserve the cotangent bundle structure. Thus our notion of configuration space
is well defined only if we restrict to symplectic changes of coordinates that also preserve
the cotangent bundle structure. Most of our transformations will be of this type. But
in chapter 6 we use a more general change of coordinates. Then we have to redefine the
notion of configuration space.

Poisson brackets. A useful tool is the Poisson bracket by which we are able to
express many properties in terms of functions on M instead of vector fields on
M . Let f and g be differentiable functions on M , then the Poisson bracket of f and
g is defined as

{f, g} = ω(Xf , Xg).

From the definition of the Lie derivative we almost immediately see that

{f, g} = LXg
(f) = −LXf

(g).

Thus if f is preserved under the flow of XH we have

0 = LXH
(f) = {f,H}.

To check that f is preserved under the flow of H we do not need the vectorfield
XH once we have the Poisson bracket. The latter inherits skew symmetry from
the symplectic form so {f, g} = −{g, f} and therefore {H,H} = 0: H is pre-
served under the flow of H . The Poisson bracket is related to the commutator of
vector fields in the following way

[Xf , Xg] = X{g,f}.
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Chapter 2. N -Body Systems as Hamiltonian Dynamical Systems

This relation clearly shows that if f is preserved under the flow of g, the opposite
also holds. Using the Poisson bracket we have an alternative way to write the
equations of motion, namely for every function f on M we have

d

dt
f = {f,H}

and in particular for the coordinate functions q and p. The theorem of Darboux
guarantees that by a change of coordinates, the symplectic form can be put into a
standard form, in fact a bilinear form, namely

ω(X,Y ) = 〈X,ΩY 〉where Ω =
(

0 I
−I 0

)
.

As a result the Poisson bracket also has a standard form, indeed with ω as in the
last expression we have

{f, g} =
∑
i

(
∂f

∂qi

∂g

∂pi
− ∂f

∂pi

∂g

∂qi

)
.

On a coordinate system such that the symplectic form and the Poisson bracket
take their standard form we get the familiar equations of motion

q̇i = {qi, H} = ∂H

∂pi
,

ṗi = {pi, H} = −∂H
∂qi

.

Integrals. Now let (M,ω,H) be a Hamiltonian system and suppose that Φs :
M →M is a one parameter group of symplectic diffeomorphisms such that H
is invariant. Furthermore let F be the moment map of Φs and let XF be the
associated symplectic vectorfield then we have

0 = d

ds
H(Φs) = dH(XF ) = ω(XH , XF ) = {H,F}.

This means that F is preserved by the flow of H . Such a function has several
names: conserved quantity, conserved function, constant of motion or integral. The
existence of an integral restricts the dynamics of H to level sets of the function F .
This simplifies the analysis of the (dynamical) problem. In fact the Liouville
theorem states that if for a Hamiltonian system there are sufficiently many
integrals, the system is integrable. More precisely if the system is 2N -dimensional,
there must be N independent, Poisson commuting integrals. Considered as
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2.4. A class of potentials

a Hamiltonian system, the N -body system is 6N -dimensional. Depending on
the potential, only the 1-body and 2-body systems have enough integrals to
be integrable. Nevertheless even if there are not enough integrals to make the
system integrable, the integrals can be used to reduce the dimension of the
system. However this can be accomplished in a more systematic way using the
symmetry groups. We will discuss this later when we actually need it.

2.4 A class of potentials

The potential energy V of two bodies at relative distance x interacting by grav-
itational forces is proportional to − 1

x . The most important properties of this
function are that for x→ 0 the values of V tend to infinity and for x→∞ both
V and its derivative tend to zero. Thus the interaction becomes very strong at
short distances, but vanishes at large distances. The definition below aims to
generalize this behaviour to a larger class of potentials where the asymptotics
near zero are not necessarily related to the asymptotics near infinity.

Definition 2.1. Let V : R3N → R be a function on configuration space. We say that V
is of class V if V has the following properties.
V1) The potential is a sum of potentials of pairwise interactions between N bodies.

That is a function g : R3 × R3 → R exists such that V (q) =
∑
i<j γijg(qi, qj),

where γij are parameters containing properties of the bodies.

V2) The potential of pairwise interaction only depends on the relative distance of the
two bodies and the properties of the bodies. In other words a function f : R→ R
exists such that g(qi, qj) = f(||qi − qj ||) and moreover γij = γji.

V3) The function f is continuously differentiable on R>0 with the following asymptotic
properties:

a) limx↓0 |f(x)| = M , where M > |f(x)| for all x ∈ R>0. We even allow
M =∞.

b) f → 0 as a C1-function for x→∞.

c) f(x) = O( 1
xr ) as a C1-function for x→∞ and r > 0.

Remark.
1. The gravitational potential of Newton and the Coulomb potential for charged bodies

both fit in this class but also for example the Lennard-Jones potential is contained
in V .

2. The γij are expressions in properties of the bodies. In case of the gravitational
potential for example we have γij = mimj where the mi are the masses of the
bodies. But for electrically charged bodies with gravitational interaction we have
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Chapter 2. N -Body Systems as Hamiltonian Dynamical Systems

γij = mimj −QiQj where the Qi are the electrical charges. Since the numerical
values of the charges are in practice much larger than the masses we take γij =
−QiQj in the Coulomb potential.

3. Since in pairwise interaction only relative distance is involved the potential is
automatically an invariant function with respect to translations and rotations.

4. From a physical point of view, moving charged bodies will also interact magnetic-
ally. For the moment we take a ’mathematical point of view’ and simply disregard
this aspect. At a later stage we might include magnetic interaction, but it will
break rotation symmetry.

5. Property V3a ensures that V becomes large in the neighbourhood of a collision and
the smaller the neighbourhood, the larger V .

6. Property V3b ensures that the interaction of two bodies tends to zero if their
distance tends to infinity, but as a differentiable function.

7. The last property V3c, we need for an estimate in one of our proofs. At a certain
moment we essentially need an estimate for xf ′(x). Then homogeneity comes in
vary handy. This can probably be relaxed.

2.5 Symmetries of N-body systems

Depending on the potential the N-body system may have a number of symmetry
groups. If the potential is of class V defined in the previous section then the
N -body system has for example the translation group and the rotation group
SO(3) as symmetry groups. We will make a distinction between symplectic and
non-symplectic group actions. The groups already mentioned have a symplectic
action. But if the potential is homogeneous then a dilation group with a non-
symplectic action is also a symmetry group.

2.5.1 Symplectic actions

Here we use a general construction for group actions initially defined on R3N

only. First we lift this action to a (symplectic) action on T ∗(R3N ). Then we
construct a Hamiltonian function for the action of one parameter subgroups. We
give a very brief review. For a more complete and detailed account see [1].

Our starting point is a (smooth) group action on the configuration space R3N .
For a fixed element of the group the group action is a diffeomorphism Φ on R3N .
As such the cotangent lift of Φ is given by Φ] : T ∗(R3N ) → T ∗(R3N ) : (q, p) 7→
(Φ(q), dφ(q)(Φ−1)∗(p)). This map is symplectic on T ∗(R3N ) by construction. Now
let Φt be the action on R3N of a one parameter subgroup and let X be the
vectorfield on R3N generating the flow Φt, then F : T ∗(R3N ) → R : (q, p) 7→
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2.5. Symmetries of N-body systems

∑
i piξi(q) is the Hamiltonian of the flow Φ]t on T ∗(R3N ), where the ξi are the

components of X .

Translation symmetry. Every potential function V from class V is invariant un-
der the translation group acting on the configuration space R3N . The derivative
of this action for a fixed group element is the identity, therefore the cotangent lift
of this action to T ∗(R3N ) is given by

Φ] : R3 ×M →M : (a, q1, . . . , qN , p1, . . . , pN ) 7→ (q1 + a, . . . , qN + a, p1, . . . , pN )

for each translation vector a ∈ R3. The translation group is a three parameter
group generated by the translations over t ej for t ∈ R and ej the j-th basis
vector of R3. For each of these the vectorfield generating the flow is constant,
Xj =

∑
i

∂
∂qi,j

thus the integrals corresponding to this action are the components
of total momentum P (q, p) =

∑
i pi, again see [1] or [7]. The Hamiltonian H of

the N -body system is invariant under Φ]a as is easily checked: H(Φ]a(q, p)) =
H(q, p) for all a ∈ R3 and in each point (q, p) ∈ M . Furthermore P , being the
moment map of the symplectic action Φ], is indeed a constant of motion. That
is for i ∈ {1, 2, 3}, Ṗi = {Pi, H} = 0 which follows from general arguments in
section 2.3. Furthermore since the translation group is commutative we also have
{Pi, Pj} = 0 for i 6= j in {1, 2, 3}.

Since the map P restricted to the levels of H does not have critical values, we
may without loss of generality choose any value for P . The physical interpret-
ation of total momentum is the motion of the center of mass of the system. If
m =

∑
imi is the total mass, then the centre of mass is Q(q, p) = 1

m

∑
imiqi. The

implication is that choosing the value zero for P fixes the center of mass. Indeed,
the time derivative of Q is zero:

d

dt
Q = {Q,H} = 1

m

∑
i

mi
pi
mi

= 1
m
P (q, p).

Thus the components of the center of mass are also integrals if total momentum
equals zero. Since the function Q does not have critical points we may without
loss of generality set the value of Q equal to zero as well.

Rotation symmetry. Every potential function V from class V is also invariant
under the action of the group SO(3) on configuration space. The action of SO(3)
on R3N is ’diagonal’. Let g ∈ SO(3) then each qi is mapped to g qi. The derivative
of this map is g and since (g−1)∗ = g the cotangent lift of the action on R3N to an
action on T ∗(R3N ) is given by

Φ] : SO(3)×M →M : (g, q1, . . . , qN , p1, . . . , pN ) 7→ (gq1, . . . , gqN , gp1, . . . , gpN )
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Chapter 2. N -Body Systems as Hamiltonian Dynamical Systems

The group SO(3) is not commutative, but it is still a three parameter group
generated by rotations around the coordinate axes in R3. Each of these forms a
one parameter subgroup and the vectorfield generating the rotations are linear.
For example the rotations around the x-axis are generated by

X =
∑
i

(
qi,3

∂

∂qi,2
− qi,2

∂

∂qi,3

)
,

so the Hamiltonian function of the flow is
∑
i(pi,2qi,3 − pi,3qi,2) which is the first

component of total angular momentum: the integrals of the SO(3)-action are the
components of angular momentum L(q, p) =

∑
i qi × pi. Again the Hamiltonian

H of the N -body system is invariant under Φ]g and thus L is a constant of motion:
L̇i = {Li, H} for i ∈ {1, 2, 3}. However, since SO(3) is not commutative, the
integrals Li do not Poisson commute. Instead they generate a Lie subalgebra
isomorphic to so(3) in the Lie algebra of smooth functions on M with the Poisson
bracket.

2.5.2 Non-symplectic actions

Next we consider non-symplectic group actions on the phase space M and for
each we find the transformed symplectic form.

Time reversing symmetry. Every Hamiltonian function of the form H(q, p) =
T (p) + V (q) where T is kinetic energy: T (p) =

∑
i

1
2mi

p2
i is invariant under the

action
Φ : {1,−1} ×M × R→M × R : (σ, q, p, t) 7→ (q, σp, σt).

This action reverses all momenta and simultaneously time, while positions re-
main fixed. Not only H is invariant, the equations of motion are also invariant.
The symplectic form however is not invariant, but transforms like ω 7→ σω. The
interpretation is that it is impossible to see from the dynamics of H whether time
is running forwards or backwards. In general such systems are called reversible.
They share properties with Hamiltonian systems yet form a different category. A
generalization of time reversing symmetry as defined above is to consider the
group {I,R} where I is the identity on M and R is an involution on M , that is
R2 = I .

Dilation symmetry. Suppose the HamiltonianH is of the form aboveH(q, p) =
T (p)+V (q), then kinetic energy T is homogeneous of degree 2 in p. If the potential
V is a homogeneous function of degree -1 in q we may define a so called dilation
action involving time such that the equations of motion are invariant

Φ : R>0 ×M × R→M × R : (µ, q, p, t) 7→ (µαq, µβp, µγt).
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2.6. Integral map and integral manifolds

Here, R>0 is the multiplicative group. If the exponents α, β and γ satisfy α = −2β
and γ = −3β the equations of motion are invariant. Then the Hamiltonian H
nor the symplectic form ω are invariant, they transform as H 7→ µ2βH and
ω 7→ µ−βω.

2.5.3 Relative equilibria

There is a special type of solutions of the Hamiltonian system associated to sym-
metry groups. Let (M,ω,G,H) be a Hamiltonian system with a one parameter
symmetry group G. Assume that G is a compact Lie group with a symplectic,
proper and locally free action Φ on phase space M . Furthermore assume that H
is G-invariant, then the flows Φs and Ψt (of the Hamiltonan H) commute. But
this implies that also the vectorfields generating the flows commute. Suppose
that F is the integral associated with (moment map of) G, then the symplectic
vectorfields XF and XH commute. When vectorfields commute they may even
be linearly dependent at some point (q, p) ∈M : XH(q, p) = λXF (q, p), for some
λ ∈ R. Now due toG-invariance this equation holds for theG-orbit through (q, p).
Thus the group orbit of G through (q, p) coincides with the solution curve of H
through (q, p). Such orbits are called relative equilibria because on the reduced
system, where G-orbits are points, the reduced Hamiltonian has a stationary
point.

From a slightly different point of view we also have the following. If the
vectorfields XF and XH are linearly dependent, the gradients of F and H are
also linearly dependent and vice verse. Thus we get the equation gradH(q, p) =
λgradF (q, p), which can be interpreted as the equation for critical points of H
restricted to the levels of F . The conclusion is that relative equilibria are in one to
one correspondence with critical points of H restricted to the levels of an integral.

2.6 Integral map and integral manifolds

Our focus will be on the integral manifolds, the fibers of the integral map rather than
on the dynamics of the N -body system. The latter is defined on the symplectic
phase space M = T ∗(R3N \∆c) with standard symplectic form ω and standard
coordinates (q, p). We excluded the collision set from the configuration space.
The reason is that we consider Hamiltonians of the form H(q, p) = T (p) + V (q)
where V is a function of class V , thus V is possibly not defined on the collision
set ∆c. As we have seen this Hamiltonian system admits an SO(3) symmetry
group and a translation symmetry group. The conserved functions associated to
these symmetries are angular momentum L and total momentum P respectively.
Since there are no critical values of P we consider the level zero which in turn
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Chapter 2. N -Body Systems as Hamiltonian Dynamical Systems

guarantees that also the center of mass Q is a conserved function. The fact that
the Hamiltonian vectorfield XH is equivariant with respect to the actions of the
groups just mentioned can be translated into relations between the Hamiltonian
H and conserved functions using the Poisson bracket, namely {H,Li} = 0,
{H,Pi} = 0 and {H,Qi} = 0 for each component i and automatically {H,H} = 0.
Thus we have ten integrals of the N -body system which we use to define the
integral map F as follows

F : M → R10 : (q, p) 7→
(
H(q, p), P (q, p), L(q, p), Q(q, p)

)
.

For most values ofF the fibers ofF are manifolds, which we call integral manifolds.
A value φ of F such that in any open neighbourhood of φ fibers exist that are not
diffeomorphic, is called a bifurcation value of F . This means that upon crossing a
bifurcation value the topology of the integral manifolds may change. The values
of F at critical points in M of F are an example of such bifurcation values. Our
aim is to find these critical values in the spirit of [34] for the charged N -body
system with N = 3. The projection of the integral manifolds on configuration
space is called the Hill region. It turns out that although the Hill region is only a
projection of the integral manifolds, the bifurcations of the latter are reflected in
the Hill regions.

The dimensions of the integral manifolds and the Hill regions can be lowered
by using reduction with respect to the symmetry groups. We will come back to
this in specific examples.

2.7 Critical points of the integral map

Consider the N -body system as defined in the previous section. Let us find
critical points of the integral map F , by considering the rank of DF restricted to
points in phase space where P (q, p) = 0 and Q(q, p) = 0. We first formulate and
prove a statement on the rank of DF and after that give an interpretation of the
result and draw some conclusions.

Proposition 2.2. The derivative DF of F does not have full rank if at least one of the
following holds

1. all qi and pi are multiples of the same vector e ∈ R3,

2. for a vector e ∈ R3 the qi and pi satisfy a) 〈qi, e〉 = 0; b) ∂
∂qi
V = 〈e, e〉miqi and

c) pi = mie× qi.
for i ∈ {1, . . . , N}.
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2.7. Critical points of the integral map

Proof. The derivative of the map DF is given by

DF(q, p) =



∂
∂q1

V −Lp1 0 m1I
...

...
...

...
∂
∂qN

V −LpN
0 mNI

p1
m1

Lq1 I 0
...

...
...

...
pN

mN
LqN

I 0


, (2.1)

where I is the identity matrix on R3. Lx is the matrix associated to the cross
product on R3, namely Lx(y) = x× y so that

Lx =

 0 −x3 x2
x3 0 −x1
−x2 x1 0

 .

DF does not have full rank if a non-zero vector λ = (λ0, λ1, λ2, λ3) ∈ R× R3 ×
R3 × R3 exists such that DF(q, p)λ = 0. The last six columns of DF are clearly
independent, so at least one of λ0 and λ1 must be non-zero.

Part 1. Let us first suppose that λ0 = 0 and λ1 6= 0. Then we get 2N equations
from DF(q, p)λ = 0, namely

0 = miλ3 − pi × λ1

0 = λ2 + qi × λ1

for i ∈ {1, . . . , N} (from which we immediately see that if λ1 = 0 also λ2 = 0 and
λ3 = 0). Adding the first N equations and adding the second N equations with
weights mi we get

0 = λ3
∑
i

mi −
(∑

i

pi
)
× λ1 = λ3

∑
i

mi

0 = λ2
∑
i

mi +
(∑

i

miqi
)
× λ1 = λ2

∑
i

mi

where we used 0 = P (q, p) =
∑
i pi and 0 = Q(q, p) = 1

m

∑
imiqi. Therefore

λ2 = 0 and λ3 = 0. We are left with the equations qi × λ1 = 0 and pi × λ1 = 0.
From the properties of the cross product in R3 the qi and the pi are multiples of
the same vector λ1 i.e., collinear. If, on the other hand, we assume that the qi and
pi are multiples of the same vector e, then taking λ = (0, e, 0, 0) shows that rank
DF is less than 10.
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Chapter 2. N -Body Systems as Hamiltonian Dynamical Systems

Part 2. Now suppose that λ0 6= 0, then we may take λ0 = 1. From DF(q, p)λ =
0 we again get 2N equations

0 = ∂

∂qi
V +miλ3 − pi × λ1

0 = pi
mi

+ λ2 + qi × λ1

for i ∈ {1, . . . , N}. Adding the equations in the same manner as above we get

0 =
∑
i

∂

∂qi
V + λ3

∑
i

mi −
(∑

i

pi
)
× λ1 = λ3

∑
i

mi,

0 =
∑
i

pi + λ2
∑
i

mi +
(∑

i

miqi
)
× λ1 = λ2

∑
i

mi.

Here we use again
∑
imiqi = 0 and

∑
i pi = 0. Moreover since P is a conserved

function of H we have on the one hand {P,H} = 0 but on the other hand
{P,H} = −

∑
i
∂
∂qi
V . Again we find λ2 = 0 and λ3 = 0 and we are left with the

equations
∂

∂qi
V = pi × λ1 and pi = miλ1 × qi.

Or equivalently

∂

∂qi
V = mi(λ1 × qi)× λ1 = mi

(
〈λ1, λ1〉qi − 〈λ1, qi〉λ1

)
,

pi = miλ1 × qi.

This means that the vectors ∂
∂qi
V are in a plane perpendicular to λ1. Now

V is of class V , therefore the gradient of V is a linear combination of the qi:
∂
∂qi
V =

∑
j αij(q) qj , where the αij are given by

αij(q) = −γij
f ′(‖qi − qj‖)
‖qi − qj‖

for i 6= j and αii(q) =
∑
j 6=i

γij
f ′(‖qi − qj‖)
‖qi − qj‖

.

Since the ∂
∂qi
V are perpendicular to λ1 we must have

∑
i αij(q)〈qi, λ1〉 = 0. Let

A be the matrix with entries αij , then A is symmetric and the row sums of A
are zero. This means that (1, 1, . . . , 1) is an element of Ker A, which implies that
〈qj , λ1〉 = c independent of j is a solution. But then

0 = 〈
∑
i

miqi, λ1〉 =
∑
i

mi〈qi, λ1〉 = c
∑
i

mi
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which in turn implies c = 0 because the masses are positive. Thus we are left
with the equations

∂

∂qi
V = 〈λ1, λ1〉miqi and pi = miλ1 × qi.

So if we have a vector e as in the statement of the proposition we find an equation
for points where DF does not have full rank.

Looking at part 1 of the proof of proposition 2.2 we see that critical points
of this type do not depend on the Hamiltonian of the system. These points are
in fact critical points of angular momentum. The reason is that in the vector λ
only component λ1 is non-zero, thus DF(q, p)λ only selects L. The N -bodies are
moving on a single line in R3 through the center of mass. In that case angular
momentum is zero, so zero is a critical value. Needless to say that level zero of
angular momentum also contains other motions of the N -bodies than just motion
on a line.

From part 2 of the proof we infer that critical points of the second type are
critical points of the Hamiltonian restricted to levels of angular momentum.
Indeed in this case the equation reads 0 = DF(q, p)λ = gradH + λ11gradL1 +
λ12gradL2 + λ13gradL3, where Li are the components of angular momentum.
With the characterization of relative equilibria in section 2.5.3 we see that these
points are in fact relative equilibria with respect to the action of SO(3). Moreover,
the critical points we find (at least characterize) have the property that their
projection on configuration space is a planar central configuration. A central
configuration is a point q in configuration space satisfying the equation

∂

∂qi
V = λmiqi for all i in {1, . . . , N}

and some real number λ. We will come back to central configurations in chapter
3.

We have the following corollaries for the Hamiltonian H defined above on
the symplectic space M = T ∗R3N .

Corollary 2.3. Every relative equilibrium of H with respect to the action of SO(3) is a
critical point of DF .

Corollary 2.4. For every planar central configuration in configuration space there is a
relative equilibrium in phase space.

Part 2 of the proof does not guarantee that we find all relative equilibria
of H . This is related to the kernel of the matrix A introduced in the proof.
The dimension of this kernel is at least one. From the vector associated to this
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direction we find the relative equilibria of corollary 2.4. Only if the dimension
of the kernel is at most one we have the opposite of corollary 2.4. We conjecture
that this occurs for example if the coefficients of the potential have equal sign.

Conjecture 2.5. Suppose the coefficients γij in the potential V (see section 2.4) have
equal sign. Then the projection on configuration space of every relative equilibrium of H
is a planar central configuration.

As an example we have the classical N -body system where the interaction is
by gravitation, a proof already present in [51]. For this system there is a relative
equilibrium for every planar central configuration and every relative equilibrium
projects onto a planar central configuration. In particular all relative equilibria are
planar. This need not be so for the charged N -body system where the Coulomb
interaction dominates. Then the coefficients in the potential have different signs.
There are indeed examples of relative equilibria in this system that do not project
onto a central configuration, see [6] and chapter 6.

2.8 Conclusion and outlook

In this chapter, we gave a general introduction toN -body systems that are natural
mechanical systems in the sense of Arnold [7]. Such systems are Hamiltonian
dynamical systems and therefore we briefly discussed some basic facts about
the general theory of Hamiltonian systems. Moreover, they are invariant under
translations and rotations. These symmetries give rise to the existence of con-
stants of motion or integrals in addition to the Hamiltonian. The integrals leads
to a map that assigns to each point in the phase space of the N -body system the
value of the integrals. The level sets of this map are referred to as the integral
manifolds. The integral manifolds can change topology at critical values of the
map of integrals. Some of the corresponding critical points are related to central
configurations. These are studied in more detail in chapter 3.
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