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Chapter 1

General Introduction

1.1 Introduction

This thesis is dedicated to the study of the Integral Manifolds of the Charged Three
Body Problem. My aim is to give a mathematical analysis of the physical mech-
anical system that consists of three charged particles in the space R3 whose
interaction is described by the Coulomb potential. This physical system is math-
ematically described by a Hamiltonian on a 18-dimensional phase space. A
physical mechanical system may have symmetries and consequently conserved
quantities or integrals. By fixing the values of the integrals, we define the so
called integral manifolds. Depending on the values, the integral manifolds may
have different topologies. Changes can occur when the values of the integrals
take a critical value. My main aim is to find these critical values for the charged
three-body problem. Projecting the integral manifolds from the phase space to
the configuration space, we get so called Hill regions. The Hill regions hence
consists of the admissible positions for given values of the integrals. Thus we
get in particular information about the possibility of collisions for given values
of the integrals. With the change in topology of the integral manifolds of the
charged three-body problem, the topology of the Hill regions may also change.
Part of the aim of this thesis is to understand the bifurcations of the Hill regions
in systems of three charged bodies. For the gravitational three-body problem,
the topology and bifurcations of the integral manifolds have been studied in the
work by McCord, Meyer and Wang [34]. This thesis comprises the first steps in a
similar study for the case of the charged three-body problem.

1



1.2. Setting of the problem

1.2 Setting of the problem

Our problem is part of the more general question about the dynamics of an N-
body system. We consider this system in a classical mechanical setting. The forces
acting on the bodies are assumed to be internal which implies that they can be
derived from a potential. The bodies “live” in three-dimensional physical space
which has no preferred point or direction. Therefore, the potential of the system
depends only on the relative distances of the bodies. In this section I introduce
some basic concepts for N -body systems. For more detailed explanations we
refer to chapter 2.

Let us consider a system of N bodies (point masses) of masses mi > 0 and
position vectors qi ∈ R3 for i = 1, . . . , N . Then by Newton’s second law of motion
we can write the equation of motion for the ith body as miq̈i = Fi where Fi is
the force acting on the ith body. In a system of two bodies the force experienced
by the body i due to the body j is denoted by Fij . The force Fij is parallel to
the distance vector qi − qj and its magnitude only depends on the length of the
distance vector. The forces Fij and Fji are equal in magnitude but act in opposite
directions along the straight line. So, these forces satisfy the law of action and
reaction, i.e., Fij = −Fji. This principle of action and reaction leads to the forces
of interaction. The force Fi on the ith body is then given by

∑
j 6=i Fij . If in a

system the only forces are forces of interaction then this system is called closed.
The force of universal gravitation is an example of a force of interaction.

1.2.1 Formulation as a dynamical system

N-body systems are Hamiltonian dynamical systems. Therefore, in this subsec-
tion, I briefly introduce some basic notions for Hamiltonian dynamical systems.

Configuration space: The bodies (point masses) reside in three-dimensional
physical space R3, so the position of each body i, i = 1, . . . , N , is determined by a
vector qi ∈ R3. The configuration space X is then theN -fold Cartesian product of
R3 with itself, i.e. X = R3 × · · ·R3 ≡ R3N . The forces of interactions can become
singular when the distance between two bodies goes to zero. This is the case, e.g.,
for the gravitational and the Coulomb interaction. If there are such singularities
we exclude those from the configuration space. We denote the set of collisions by
∆c, i.e. ∆c = {q ∈ R3N | qi = qj for i 6= j}. The configuration space for such a
system is then X = R3N \∆c.

Phase space: Let pi = miq̇i denote the momentum of the ith body. Then the
phase space of anN -body system consists of points (p, q) = (p1, . . . , pN , q1, . . . , qN )
∈ X × R3N .
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Chapter 1. General Introduction

Symplectic form: We endow the phase space with a symplectic structure given
by the canonical symplectic form ω, i.e. ω is the non-degenerate skew symmetric
bilinear form

ω = dp ∧ dq =
N∑
i=1

dpi ∧ dqi.

Hamiltonian function: The Hamiltonian function for an N -body problem is
the function H : X × R3N → R given by

H(q, p) = 1
2 〈p,M

−1p〉+ V (q),

where M is the 3N × 3N diagonal matrix diag{m1,m1,m1, . . . ,mN ,mN ,mN}.
The Hamiltonian function is the sum of two terms, H(q, p) = T (p) + V (q),
physically interpreted as kinetic energy and potential energy. The kinetic part is
defined as

T (p) = 1
2 〈p,M

−1p〉,

while the potential part V (q) depends on the interaction as it has the property
that its negative derivative with respect to qi gives the force on the ith body.
The fact that the forces are forces of interaction implies the existence of such a
potential (such forces are conservative) and moreover the potential only depends
on the mutual distances between the bodies. For example, for the gravitational
interaction, the potential is given by

V (q) = −
∑

1≤i<j≤N

Gmimj

‖qi − qj‖
,

where the mi are the masses and G is the gravitational constant.
Newton’s equations of motion which are second order equations can then

written in the form of the first-order equations

q̇ = ∂H

∂p
, ṗ = −∂H

∂q

which are known as Hamilton’s equations of motion. The vector field XH =
(∂H∂p ∂q,−

∂H
∂q ∂p) associated with Hamilton’s equations is related to the Hamilto-

nian function H by the symplectic form ω via ω(XH , ·) = −dH(·).
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1.2.2 Dynamical systems with symmetry

Symmetry groups play an important role in the study of N -body systems. A
closed N -body system is invariant under translations and rotations. The corres-
ponding groups are (R3,+) and SO(3), respectively. These symmetry groups act
on the configuration space in the expected way, i.e. by translating and rotating
the position vectors of the bodies. As the potential V only depends on the mutual
distances between the bodies the invariance of the potential under the translation
and rotation is clear. The actions of the symmetry groups of translations and
rotation on configuration space can be lifted to actions on the phase space in
such a way that the Hamiltonian H is invariant under the resulting actions and
also the symplectic form ω is preserved. By Noether’s theorem, the invariance
under the translation symmetry group leads to the conservation of total linear
momentum. Similarly, the invariance under the rotational symmetry leads to the
conservation of angular momentum. As the linear momentum and the angular
momentum each have three components we get six integrals of the motion. When
we take the total linear momentum equal to zero then the center of mass of the
N -body system is also conserved and we get three more integrals of motion.
As the Hamiltonian function has no explicit time-dependence it also gives a
conserved quantity. Thus the total number of the constants (integrals) of motion
of an N -body system is at least ten [35].

1.3 Description of the problem

In this setting we wish to study the integral manifolds for a class of potentials
and in particular for the charged three-body problem. The integral manifolds are
by definition the level sets of the map of integrals

F : R3N × R3N \∆c → R10

(p, q) 7→ (H(p, q), L(p, q), P (p, q), Q(p, q)).

where H,L, P,Q denote Hamiltonian, angular momentum, linear momentum
and center of mass of the system. As stated above a closed system of N bodies
has ten constants of motion or integrals. For a system of three bodies the phase
space has 18 dimensions. The integral manifolds hence have dimension 8. For a
planar three-body system the integral manifolds are 6-dimensional. The topology
of the integral manifolds may change at a critical point of the integral map. The
value of the integral map at a critical point is called a critical value. Changes in
topology may thus occur when the values of the integral map pass through such
a critical value. In this way the critical values can be used to label the changes in
the topology.
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Chapter 1. General Introduction

1.3.1 Critical points of the map of integrals

Given the high dimensionality of the phase space finding the critical points of
the map of integrals is already for a system of three bodies a difficult task. The
number and properties of the critical points depend on the interaction between
the bodies as given by the potential V . In this thesis we will mainly concentrate
on the charged three-body problem. But where possible I also try to generalise
the results to other potentials. In particular I will consider a class of potentials
that includes both gravitational and Coulomb interactions. It will turn out that
the change in topology of the integral manifolds are due to two types of critical
values: critical values that are due to ordinary (finite) critical points and critical
values that are due to critical points at infinity. The latter are points involving
configurations of the bodies that have an infinite size. It is the coexistence of
these two types of critical points and singularities of the potential at collisions
of two or more bodies that make the study of critical values difficult. The best
studied potential so far is the one coming from the gravitational interaction. In
fact for the charged three-body problem, I will transfer many results from the
gravitational to the case of charged particles. This concerns in particular the
work by Moeckel [38, 37], McCord, Meyer and Wang [34] and Albouy [2] on the
gravitational three-body problem. The work of Moeckel concerns mainly the
critical values resulting from finite critical points. The work by Albouy [2] gives a
thorough account of the critical points at infinity. In the work by McCord, Meyer
and Wang the results on critical values are again studied in some detail. The main
contribution of the latter work is however a detailed study of the topological
changes of the integral manifolds.

1.3.2 Central configurations

As we will see also in this thesis central configurations play an important role
in the study of N -body systems. This in particular concerns the critical values
of the map of integrals due to ordinary (finite) critical points. Assuming the
center of mass of the N -body system to be at the origin, central configurations
are configurations where the positions vectors qi ∈ R3, of the N bodies satisfy
the equations

λmiqi = ∇(V (q))i, i = 1, . . . , N,

for some λ ∈ R. We will give a detailed study of central configurations in
chapter 3. The equations mean that a central configuration is a special arrange-
ment of the point masses having the property that the force vector for each mass
is directed towards the center of mass and has a magnitude proportional to the
distance to the center of mass. For the gravitational three-body problem the
central configurations are named after Euler and Lagrange and concern collin-
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ear configurations and equilateral triangular configurations, respectively. In
chapter 4 we study the number of central configurations including collinear and
non-collinear central configurations for a system of three charged bodies.

1.3.3 Hill regions: the regions of possible motion

It is natural question of whether the bifurcations of the integral manifolds are
also ‘visible’ in configuration space. To this end I will study the Hill region which
is the projection of an integral manifold to configuration space. The Hill region
hence consists of the admissible positions for given values of the constants of
motion. It is in general not to be expected that topological changes of the integral
manifolds survive the projection and are also reflected in the Hill region. For the
gravitational three-body problem however, this is the case [33]. I will study this
question for a charged three-body problem in chapter 6.

1.4 Literature overview

The story of the gravitationalN -body problem can be considered to start from the
two-body problem (consisting, e.g., of a star and a planet like our Sun and Earth)
for which Johannes Kepler in 1609 showed that the orbits are conic sections. In
1687 Newton was able to derive this result from the what is now referred to as
Newton’s law of universal gravitation and Newton’s equations of motion. But
when Newton tried to take into account also the moon, i.e., when he considered
the three-body system consisting of Sun, Earth and Moon, he faced serious
problems. In a remark to the astronomer John Machin he wrote “his head never
ached but with his studies on the moon”. The gravitational N -body problem looks
deceptively simple: it is a collection of N bodies (representing stars, planets, or
asteroids) which interact with each other under gravitational forces. Whereas
the case N = 2 was completely solved in the 17th century no one has succeeded
to give the general solution to the problem for the cases N ≥ 3 up to now. For a
detailed history of the problem, see [40, 10].

For the solution of the gravitational three-body problem, different approaches
are used by physicists, astronomers and mathematicians. For example, methods
based on perturbation theory or numerical methods to approximate individual
orbits on the one hand and more geometrical methods on the other. Rather
than looking at explicit solutions one might also study more global aspect like
the topology of the integral manifolds. These manifolds were probably first
studied by Birkhoff [11] for the case of the gravitational three-body problem.
Birkhoff found that the singular points of the map of integrals are given by
central configurations, i.e. the three Euler collinear central configurations and

6



Chapter 1. General Introduction

the Lagrange equilateral triangle central configuration. He moreover concluded
that these points give rise to the only critical values of the map of integrals
where the integral manifolds would change topology. The latter is now known
as the Birkhoff conjecture. It turns out that this conjecture is wrong for the spatial
gravitational three-body problem as shown by McCord, Meyer and Wang [34].
After reducing the translational symmetry by moving to a centre of mass system
of inertia, the gravitational three-body problem depends on the values of the
angular momentum C and energy h. However, it turns out that the dependence
on C and h is only in the combination of one bifurcation parameter ν that is given
by ν = −C2h. The map of integrals then has 9 critical values [34].

These critical values are ν1 = 0,

ν2 = G2

2
(m1m2)3

m1 +m2
, ν3 = G2

2
(m1m3)3

m1 +m3
, ν4 = G2

2
(m2m3)3

m2 +m3
,

ν5 = G2

2

(
m1m2

√
m1m2

m1 +m2
+m1m3

√
m1m3

m1 +m3
+m2m3

√
m2m3

m2 +m3

)
,

ν6 = G2

2
(m1m2 +m2m3 +m1m3)3

m1 +m2 +m3
,

and for k = 7, 8, 9,

νk = G2

2
m1m2d

2
12 +m2m3d

2
23 +m1m3d

2
13

m1 +m2 +m3

(
m1m2

d12
+ m2m3

d23
+ m1m3

d13

)2
,

where the dij are the distances between bodies i and j. For k = 7, 8, 9, each triple
(d12, d13, d23) corresponds to one of the three Euler collinear central configura-
tions (see below).

For unequal masses the critical values are distinct. At eight of these values
the topology of the integral manifolds changes. At the critical value ν5 however,
the topology does not change.

As shown by Cabral [12] the integral manifolds do not change for energies h >
0. The first change in topology occurs at when the energy changes from positive
to negative, i.e. at ν1 ≤ 0. For energies h < 0 and angular momentum C 6= 0,
McCord, Meyer and Wang [34] provide a complete study of the bifurcations of
the integral manifolds due to the critical values ν2, ν3, . . . , ν9. The critical values
can be divided into three kinds:

1. Bifurcation values corresponding to finite critical points arising from central
configurations.

2. Bifurcation values arising from critical points at infinity.

3. The critical value ν5 at which the topology does not change.
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1.4. Literature overview

In the following, I briefly introduce these critical points and the corresponding
critical values.

Finite critical points at central configurations: For the last three hundred years
many physicists, astronomers and mathematicians tried to find explicit solutions
of the gravitational three-body problem. Since from the work of Poincaré we
know that chaos exist in the gravitational three-body problem. Therefore, to
express solutions in the form of special functions is in general impossible. Until
now the known exact solution of the gravitational three-body problem are due to
Euler and Lagrange. In 1767, Euler [23] found three collinear central configura-
tion solutions of the gravitational three-body problem. Five years later, in 1772,
Lagrange [28] found two more solutions which are given by equilateral triangular
central configuration solutions. It is a general property of central configurations
that they give rise to special explicit solutions of gravitational N-body problems
(for a details, see [37, 31, 43] and chapter 4 of this thesis). The map of integrals
is singular on these special solutions. The critical values ν7, ν8, and ν9 given
above correspond to the three Euler collinear central configurations. The value
ν6 corresponds to the Lagrange equilateral triangular central configuration.

Critical points at infinity: In 1970, Smale [48, 49] was the first to point out the
possibility of existence of critical points at infinity in the gravitational three-body
problem. About five years later Simó [47] proved the existence of critical points
at infinity because of which the topology of the integral manifolds could change.
This possibility was also mentioned in the work by Arnold et al. [8]. Working on
the planar gravitational three-body problem Chen [17] gave a detailed description
of the problem and he proved the Birkhoff conjecture for the planar case. He also
reduced the spatial gravitational three-body problem to a planar problem, by
suitably rotating configurations in to a plane. Working on the spatial gravitational
three-body problem by projecting the three-dimensional space on to the plane
Easton [21, 22], extended some of the results of Chen [17] but in his analysis he
missed the critical points at infinity. In 1993 Albouy showed that there were
at most three critical points at infinity at which the topology of the integral
manifolds can change [2]. The bifurcation values ν2, ν3, ν4 denote the critical
values corresponding to these critical points at infinity. Thus these critical values
indeed entail bifurcations of the integral manifolds of the spatial gravitational
three-body problem was proved by McCord, Meyer and Wang [34].

No change in topology at the critical value ν5: It is obvious that at any instant
of time the position vectors of three bodies always either lie in a line (i.e., make
a collinear configuration) or span a plane, (the plane of motion). The integrals of
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motion can put some restriction on the placement of this plane relative to the
constant angular momentum vector C. One example of the restriction of the
integrals is that the collinear configuration must always be orthogonal to C. The
plane orthogonal to C is called the invariant plane. So collinear configuration are
always contained in the invariant plane. In 1975 Simó [47] indicated that there
was a bifurcation value ν5 such that for ν > ν5 all configurations have restrictions
on the orientation of the plane of motion (e.g. the angular momentum vector
cannot lie in plane of motion) whereas for ν ≤ ν5, configurations exists which
are unrestricted in their orientation. Also, at ν5 there is exactly one configuration
whose orientation relative to C is unrestricted. This kind of configuration for
which the center of gravity is at the orthocenter of the triangle is called critical
configuration. This was also studied by Saari [45, 44, 46]. McCord, Meyer and
Wang [34] showed in their work that despite the change in restrictions on the
orientation at ν5 there is no change in the topology of the integral manifold at ν5.

1.4.1 Hill regions

Hill regions have played an important role in the study of the circular restricted
gravitational three-body problem (which describes the motion of one (small)
mass under the influence of two co-rotating (big) masses). In 1878 Hill [25] was
working on the topology of the integral manifolds of the restricted gravitational
three-body problem. To this end he studied their projection to configuration space
(what later gave rise to the notion of Hill regions). Applying Hill’s approach to
the integral manifolds of the (full) gravitational three-body problem directly is
hard because of the large number of variables and equations. This is why by 1970
no similar analysis had occurred.

In 1970 Easton [22] studied the topology of the integral manifolds and the
Hill regions in the planar gravitational three-body problem. Later on, he also
tried to follow Hill’s strategy of starting from the projection of integral manifolds
to the configuration space in order to prove the Birkhoff conjecture for the spatial
problem [21]. But he did not quite succeed. For important work on the studies of
the Hill regions of the spatial gravitational three-body problem, see Saari [45, 44]
and Simó [47]. Marchal and Saari [32] also showed the existence of forbidden
regions in configuration space (i.e. the complement of Hill region). They in
particular showed that the results for the Hill regions in the full gravitational
three-body problem are similar to the circular restricted gravitational three-body
problem.

In 1993 McCord, Meyer and Wang [34] completed the analysis of the integral
manifolds of the gravitational three-body problem. They also studied the Hill
regions and the corresponding regions on the symmetry reduced space called
reduced Hill regions. By using homotopy and cohomology theory they concluded
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that the bifurcation of the Hill regions occur at the eight critical values of the
bifurcation parameter, νk, k = 1, . . . , 9, k 6= 5.

1.5 Objectives of the thesis and global description of
methods and results

In my thesis I provide the first steps towards a generalisation of the seminal work
by McCord, Meyer and Wang [34] on the integral manifolds of the gravitational
three-body problem to the charged case. The main part of my research problem
consists of

(i) finding finite critical points of the map of the integrals,

(ii) finding critical values arising from the critical points at infinity and

(iii) studying whether and in how far the critical values entail bifurcations of
the Hill regions.

In the following I summarise my approach.

Extension of the work of Pérez-Chavela et al [41]: The first and foremost ques-
tion about the number of central configurations in the charged three-body prob-
lem is very much inspired by the work of Pérez-Chavela et al. [41]. In this work
Pérez-Chavela et al. studied the dependence of the number of collinear and
non-collinear central configurations on the masses and charges in the charged
three-body problem. I also address this question in a systematic way that is
different from the one in [41]. In my approach, I first reduce the space of collin-
ear configurations by using the translation, rotation, dilation and permutation
groups. Then on the reduced space I find 13 special regions, where the number
of central configurations is constant. On the reduced space up to permutation I
find the number of collinear central configurations to be either 0, 1, 2 or 3. Like in
[41] I find that the number of non-collinear central configurations is either 0 or 2.

Extension of the work by Albouy [2] to charged three-body systems: In order
to determine the critical points at infinity for the charged three-body problem
I transfer the work of Albouy [2] on the gravitational N -body problems to the
charged case. The work of Albouy provides the framework to rigorously define
critical points at infinity. The paper by Albouy is however rather technical. In
my thesis I fill in several details missing in [2] and try to elucidate the main
ideas better. Whereas there are always three critical points at infinity in the
gravitational case the number will in the charged case depend on the signs of the
charges as I will show.
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Bifurcations of the Hill regions in charged three-body systems: To my know-
ledge there is no previous systematic study of the bifurcations of Hill regions
in systems of three charged bodies. Following, the analysis by McCord, Meyer
and Wang [34] for the integral manifolds of the gravitational three-body problem
I investigated bifurcations of the Hill regions in charged three-bodies systems.
I will illustrate my approach for two specific examples of charged three-body
problems given by (i) the helium atom (two electrons and the helium nucleus)
and (ii) a compound of two electrons and one positron. For comparison, I will
first illustrate the procedure also for the well known gravitational three-body
problem.

1.6 Outline of the thesis

The main objective of my thesis is to determine and investigate the critical
values at which the topology of the integral manifolds of the charged three-body
problem changes. The study is divided into three main parts. The first part is
devoted to find finite critical points (which occur at central configurations) of the
map of the integrals of the charged three-body problem. The second part is to
find critical values arising from the critical points at infinity. In the third part, I
study how the Hill regions of the charged three-body problem change with these
critical values. I arrange this thesis as follows in 6 chapters (5 in addition to the
present introductory chapter).

Chapter 2 starts with a brief introduction to N -body systems and provides the
basic mathematical background theory for the problem. The N -body systems
can be described as Hamiltonian system. I therefore briefly describe some basic
facts from the theory of Hamiltonian systems. Moreover, we introduce a class of
potential, the relationship between symmetries and integrals which leads to the
definition of the map of integrals, the integral manifolds and Hill regions.

Chapter 3 starts with a general introduction to special solutions of the gravit-
ational N -body problem. We introduce homographic solutions and give three
special examples of homographic solutions. The homographic solutions lead to
the notion of central configurations. We give several equivalent definitions and
properties of central configurations of which some depend on the homogeneity
of the potential and others do not.

Chapter 4 addresses the question about the number of finite critical points of
the map of integrals in the charged three-body problem. We here will see that
these critical points are related central configurations. I divide the study into
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collinear and non-collinear central configurations and I will study the number of
each of the two for the charged three-body problem.

Chapter 5 concerns the critical values of the map of the integrals arising from
the critical points at infinity. In this chapter I will closely follow the work of
Albouy [2]. This includes the choice of a coordinate system which I will refer to
as Albouy coordinates and his idea of collecting subsets of the bodies into clusters.
To define critical points at infinity I will define sequences of states consisting
of clusters such that the bodies in a cluster remain at finite distances, but the
distance between bodies in different clusters goes to infinity when I take the
limit of the sequence. Taking the limit of the sequences gives states that satisfy a
modified Lagrange multiplier equation which will make the notion of a critical
point at infinity precise.

Chapter 6 is devoted to the study of bifurcations of the Hill regions of the
charged three-body systems. To this end I will briefly describe the reduction of
a system of N bodies, and in more detail discuss how this reduction is accom-
plished for the example of three bodies. This will lead to the definition of Hill
regions in the symmetry reduced system. I will study how the bifurcations of
these Hill regions are related to the critical values of the map of integrals. I will
illustrate the procedure for the well studied gravitational three-body problem
and two examples of charged three-body problems.

Chapter 7 comprises some concluding remarks and an outline of future re-
search directions.
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