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Part II: Modelling Cereal Trade

In this part of the thesis, the second research question, as presented in Section
1.2, is addressed: the set up of a mathematical model to analyse cereal trade. In
the Chapters 4 to 6, a mathematical model will be developed with which the
impact of changing marketing costs, as discussed in Section 3.3, on cereal trade
flows and cereal prices, can be analysed quantitatively. Central in this model
will be the interaction between the various actors on the market: producers,
consumers, and traders (encompassing all intermediaries on the cereal market,
see Chapter 2). The behaviour of these actors is influenced by many
uncertainties. To mention a few, cereal supply and demand by producers
depends on cereal production which depends on the erratic rainfall; transport
during the rainy season may be risky if road conditions are bad; transport to
other regions may be risky if prices are not known with certainty; storage may
be unprofitable if prices turn out to be lower than expected; wholesalers may be
deceived by assemblers living in remote areas. All these uncertainties stem from
a lack of information on what happens elsewhere or what will happen in the
future. As a result, marketing costs are high (e.g. high transport costs during the
rainy season, high personnel costs to control assemblers) and the risk to make
loss-making storage or transport decisions may be considerable. Therefore, due
attention will be paid to transport and storage decisions of cereal traders for a
situation in which future prices are uncertain, in the next chapters. Other
uncertainties, like for example uncertain cereal production levels, will be
analysed using a sensitivity analysis.

In Chapter 4, it is explained why partial equilibrium theory is suitable to
analyse the cereal market in Burkina Faso. The principles of the theory and
some critical comments are discussed for a one-period, multi-region model. In
Chapter 5, the multi-period, multi-region equilibrium model is set up. This
model determines �welfare� optimising producer supply and consumer demand
levels on a perfect market. In this model, also the traders� transport and storage
behaviour on a perfect market is considered. A discussion of the perfect market
model is useful to understand the extensions made in Chapter 6. In this chapter,
a stochastic, multi-period, spatial equilibrium model is built. In this model,
decisions made at a certain moment depend on uncertain future prices.
Particular attention will be given to the question whether the model results
reflect the optimal strategies of the individual market agents. It will be proven
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that the equilibrium results are not just supply and demand levels which yield
optimal �welfare�. They also represent the strategies which are optimal for the
individual producers, consumers, and traders. In Part III, this model will be
applied to analyse the impact of the scenarios presented in Section 3.3 on cereal
trade. In the Chapters 4 to 6, often Ruijs et al. (2001) is cited, in which many
mathematical details of the equilibrium models and their results have been
presented and derived.



4 Equilibrium Models to Analyse Cereal Trade

Cereal trade may be studied from a macro-, meso-, or micro-economic point of
view. A macro-level study would focus on the relationships between trade in
different sectors in the economy. An example is the relationship between
agricultural supply and demand and the development of the agro-industrial
sector. A micro-economic study would concentrate on trade strategies of
individual firms, for example supply and demand of a farm household or the
strategies of a cereal wholesaler. In this thesis I focus on the meso-level: the
cereal trade sector. For that purpose, a micro-economic analysis of the
behaviour of the individual market actors is important, after which the
individual results may be aggregated to the sector level. In Section 4.1, I explain
which analytical methods can be used to analyse cereal trade, and why I choose
to build a partial equilibrium model to examine cereal trade in Burkina Faso. In
Section 4.2, some elements from micro-economic theory will be discussed,
which are at the basis of equilibrium theory. I concentrate on producer supply
and consumer demand behaviour and the concept of a market equilibrium.
Trader behaviour is normally not considered in equilibrium theory. However,
including their behaviour in the analysis proves to be very useful for
understanding the principles of market price formation. This is especially the
case for situations deviating from the standard theoretical situation. The
behaviour of cereal traders will not be discussed in this chapter, but it will be
postponed to Chapter 5. Finally, in Section 4.3, some principles of spatial
equilibrium theory are examined.

4.1 Partial Equilibrium Models

For a quantitative analysis of cereal trade, roughly two kinds of methods can be
used, depending on the objectives of the study: statistical/econometric analyses
or equilibrium analyses. Statistical and econometric methods can be applied for
different types of meso-level analyses. For example, they may be used in
studies focussing on market functioning or market integration (see for example
Lutz, 1994; Bassolet, 2000). Prices on two market places or in two periods are
said to be integrated if the price difference is reduced to the level of marketing
costs. If prices are integrated, markets are said to be well functioning. In market
integration analyses, econometric models are set up which are statistically
tested. Macro-econometric models typically aim at forecasting key economic
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phenomena (such as consumption, investments, exports, imports,
unemployment, and various prices). Central in their construction is the
reproduction over time of the endogenous variables from a set of exogenous
variables. In addition, often policy-oriented variables are added (as exogenous
variables) to allow for the simulation of scenarios. The relationships in macro-
econometric models are, in general, only loosely based on economic theory and
more guided by the data. The explanatory power of such models is more
numerical than economic. Macro-econometric work "often simplifies the
structure of the economic model to allow for substantial richness in statistical
specification" (Shoven and Whaley, 1992, p. 106). In contrast, micro-
econometric analyses are often used to test hypotheses obtained from economic
theory. Typically, however, these models only examine a single phenomenon
and cannot be extended towards the macro level.1 So, macro-econometric
models focus less on exploring the underlying processes in the economy and the
behaviour of the actors and their interactions, and micro-econometric models
have a limited scope. In addition, the estimation of macro-econometric models
requires a large amount of time series data, and micro-econometric models
often require huge sets of detailed cross-section data (or even panel data). In
conclusion, econometric models seem to be less suitable for the purpose of this
study. First, because the aim is an analysis at the macro-level taking account of
the micro-behaviour, secondly, because the required data for Burkina Faso are
lacking for either a macro- or a micro-econometric model.

Equilibrium models are useful tools for analysing trade flows. In these models it
is assumed that markets are in equilibrium or inclined to move towards an
equilibrium. This means that there is no excess supply and demand on the
market. In general it is assumed that markets are perfectly competitive (see
Section 1.2). The structure of the models is derived from the economic
behaviour of the actors. The principle of equilibrium models is that: 1) each
producer supplies his profit maximising quantity; 2) each consumer purchases,
from the set of commodities he can afford with his income, those commodities
which provide optimal utility; and that 3) on all markets supply is equal to
demand.
                                                     
1 A rare exception is the complete econometric estimation of general equilibrium systems, see e.g.
Clements (1980) and Jorgenson (1984).
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A distinction can be made between partial and general equilibrium
analysis. In principle, in general equilibrium analysis the economy as a whole is
studied as well as the interdependencies between all sectors in the economy. A
change in one sector does not only affect the sector itself, but other sectors as
well. For example, higher prices for food crops may not only stimulate food
crop production, but also the demand for industrial goods, through an increased
farmer income. In these models consumer income is an endogenous variable. It
includes receipts from selling endowments and shares in profits from
production. Next to a supply-demand equilibrium, also capital flows in the
economy have to be in equilibrium. Roughly speaking, general equilibrium
models can be divided in models to analyse macro-economic phenomena, and
models set up to analyse a specific part of the economy. Important elements in
the first type of models are taxes, tariffs, savings, investments, government
savings and expenditures, and international trade (see e.g. Shoven and Whalley,
1992; Gunning and Keyzer, 1995; Ginsburg and Keyzer, 1997; Thissen, 2000).
In general equilibrium models set up to analyse only a part of the economy,
usually only a few sectors are specified in detail. Other sectors are treated in an
aggregated way. For example, Persson and Munasinghe (1995) set up a general
equilibrium model to analyse natural resource management in Costa Rica. They
distinguished seven sectors, five of which were represented in a very general
and aggregated way. Dyer et al. (2001) built a village general equilibrium
model for Mexico, in which they analysed in detail staple crops, cash crops, and
livestock production, but in which all non-agricultural production was
aggregated in one activity. Finally, Elbers (1992) set up a general equilibrium
model to analyse interregional transport in Nepal. He paid particular attention to
transporting agricultural produce. He distinguished between seven agricultural
goods, four non-agricultural transportable goods, regionally bound services, and
transportation services.

In partial equilibrium analysis, one or only a few sectors of the
economy are considered. Only the sector(s) are included which are the most
important to reach the specific objectives of the study. For these sector(s), the
actors� behaviour and their interrelations are analysed in detail. The rest of the
economy is taken as exogenous and fixed. Also consumer income is usually an
exogenous variable (or at least the part of the income which is earned in other
sectors is exogenous). If policy changes in one sector only have a small effect
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on other sectors, an analysis of the entire economy is not needed. Emphasis can
be laid on a partial analysis, i.e. an analysis of the relevant sectors (Gunning and
Keyzer, 1995). A starting point of price analyses is often to �characterize the
nature of the [price] distortions in each market�. For such analyses �partial
equilibrium analysis � gives a reliable first-order approximation of their total
effects that will rarely be overwhelmed by second-round and general
equilibrium effects� (Sadoulet and de Janvry, 1995, p.176).

In this thesis I concentrate on a partial equilibrium analysis for three
reasons. First, not enough reliable data are available to build a general
equilibrium model. Many data are available on cereal production and cereal
trade. However, obtaining enough data on the industrial, manufacturing, and
services sector, and on the very important informal sector in Burkina Faso is
difficult. Data on relationships between sectors are even more scarce. If a
general equilibrium model would be built, data should be collected for the non-
agricultural sectors as well. Secondly, the direct influence of changes in cereal
production and trade on other sectors in the economy is expected to be limited
for the following three reasons. If prices or yields change, farmers are not
expected to change immediately their production plans for non-cereal crops,
like cotton; the non-food expenditures of a large part of the rural subsistence
population are not likely to change a lot if they earn a higher income, because
their situation is still critical; and higher cereal production levels will not lead to
a substantial improvement of the small-scale cereal processing industry,
because this industry is hampered by institutional problems outside the
agricultural sector. Finally, a detailed analysis of the agricultural sector by using
a partial equilibrium model, is a logical step towards a general equilibrium
analysis of West African economies. It can be concluded that, building a partial
equilibrium model is a good starting point for an analysis of cereal trade flows.

Many different partial equilibrium models have been built which focus on the
agricultural sector. Hazell and Norton (1986) discuss the base structure as
applied in many agricultural sector models (see for example Kutcher and
Scandizzo, 1981; Norton and Solis, 1983; Roth, 1986, Kasnakoglu and Bauer,
1989; Gérard et al., 1995; Deybe, 2001). The main focus of these studies is on
the influence of a number of policy measures on agricultural production.
Important elements are the factors determining agricultural production (e.g.
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land, labour, technologies, capital). Markets are usually assumed to be perfectly
competitive and a specification of institutional problems hampering cereal
trade, transport and storage is less the issue. The role of traders is not explicitly
taken into account. In contrast, in this thesis, the focus is more on cereal
arbitrage rather than on cereal production. Especially the role market
institutions play in cereal trade and transport is highlighted. The role of policies
to increase cereal production is not an issue here.

To analyse the research problem of this thesis, in which especially
prices and transport flows to other regions are the central issue, spatial
equilibrium theory will be applied. Based on a specification of the economic
behaviour of the market actors, this theory determines optimal market prices
and trade flows between a number of spatially separated regions. A semi-
welfare function is set up, in which the objectives of all market actors are
represented. Optimal market prices are determined for all regions by
maximising semi-welfare subject to the constraint that there is no excess supply
or demand in each region.

Partial equilibrium methods to explain market equilibrium prices and
quantities were first discussed by Cournot in 1838 (Samuelson, 1952).
Curiously enough, he did not discuss a method to derive a market equilibrium
on one market. He analysed graphically the more complicated problem of
determining price relations between two spatially separated market places.
Solving the problem for a large number of regions, however, was not yet
possible in those days. The multi-region problem could be presented as a
mathematical problem, but no methodology was available to actually solve it. In
1951, Enke presented a way to analyse spatial arbitrage using an electric circuit
as a metaphor of trade on a number of spatially separated market places. He
distinguished between several spatially separated regions for which supply and
demand for a homogeneous good were known as linear functions of local
prices. Building an electric circuit using resistors, batteries, rectifiers,
voltmeters, and ammeters, he was able to determine prices and transported
quantities between the different regions. In his analysis, prices and transport
costs were represented by voltages, commodity flows by amperages, and price
elasticities by resistors. With his electric circuit, Enke could solve the spatial
trade equilibrium problem much faster and cheaper than the mathematical
analogue of the theory in those days. Application of this model to real world
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trade problems, however, was limited. Adaptations and extensions of the model
were hardly possible, and it could not be used for exploration and improvement
of the theory. In 1952, Samuelson published a paper in which he represented the
spatial price equilibrium theory by a problem of maximising a �net social
welfare� function. This problem could be solved using linear programming.
This method has later been extended and improved by Takayama and Judge
(1971). Ever since it has been applied frequently, especially for agriculture,
energy, and mineral resources problems (see e.g. Takayama and Judge, 1971;
Judge and Takayama, 1973; Labys et al., 1989; Guvenen et al., 1990; Roehner,
1995; Van den Bergh et al., 1996).

In this thesis, the method of Takayama and Judge is extended. The
principles of this theory will be discussed in more detail in Section 4.3. In the
next section, I first discuss some elements of micro-economic theory and the
concept of a price equilibrium, both of which are at the basis of the spatial price
equilibrium theory.

4.2 Producer Supply, Consumer Demand, and Market Equilibrium

Analyses of agricultural markets are based on the microeconomic theory of
producer and consumer behaviour. Assume that markets are perfectly
competitive, producers maximise profits, and consumers maximise utility. From
these assumptions optimal demand and supply levels can be derived as a
function of prices. Market equilibrium prices and demand and supply levels can
be generated using the supply and demand functions. This section deals in
particular with producer supply and consumer demand decisions. Their
derivation and properties, which are extensively discussed in for example
Varian (1992) and Ruijs et al. (2001), will be briefly reviewed in the Sections
4.2.1 and 4.2.2. Furthermore, some basic concepts of a market equilibrium will
be discussed in Section 4.2.3. In the equilibrium models to be set up in the
Chapters 5 and 6, the supply and demand functions discussed in this section will
play an important role. In order to judge the merits of the extensions of these
equilibrium models, it is useful to have insights in the implications of the
assumptions which are at the basis of producer and consumer theory and in the
principles of a market equilibrium.
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4.2.1 Producer Supply Decisions

Producer theory describes how profit maximising firms make their production
and supply decisions.2 A distinction is made between production and supply
functions. Cereal production functions refer to the level of cereal production (or
output) as a function of among other things rainfall, labour, capital, inputs, and
prices. Cereal supply functions, on the other hand, give the profit maximising
levels of cereal supply on the market as a function of e.g. harvest levels and
market prices. For cash crops, production and supply functions are usually
similar; the quantity produced is also sold. In Sahelian subsistence agriculture,
however, the two functions differ. In many households, the largest part of the
cereal production is consumed by the household members while only a small
part is sold, see Chapters 1 and 7. The problem of determining the optimal
cereal production level is not addressed in this thesis. See e.g. Maatman (2000)
for a method to analyse optimal production strategies of farm households in
Burkina Faso. In this study, only supply functions are considered.

To illustrate supply theory, I discuss in this section a situation of a firm
that produces one good and sells the entire produced quantity. This firm
optimises profits, i.e. revenues from sales minus production and supply costs.
Introduce

p the unit price the producer receives when selling his produce,
x the quantity produced and sold by the firm, (4.1)
c(x)  the costs of producing and supplying x.

For the producer, the producer price p is an exogenous factor. In his decision
problem, x is a decision variable and c(x) a function of x. The question how
much the firm should supply corresponds to determining x by solving

W(p) = Max px c x x� �b gm r0 (4.2)

                                                     
2 Note that production and supply decisions of subsistence farmers in developing countries, are
only to a small extent based on profit maximisation considerations. Reaching household food
security is often their main objective (see e.g. Maatman et al., 1996). The decision when to sell
may partly be dependent on the objective to optimise profits. This will be further discussed in
Section 6.1.
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W(p)  gives the firm's optimal profits as a function of prices, and is called the
profit function. Usually, it is assumed that c(x)  is twice differentiable, i.e. that
it costs more to produce more and that the costs to produce one unit extra are
higher the more is produced.

c �(x)  > 0  and  c�(x)  > 0. (4.3)

This last condition excludes economies of scale, i.e. costs per unit can not be
reduced if more is produced. This assumption in relaxed in Chapter 6. Let x be
the optimal production level. Given prices p, the firm can easily derive the
optimal production level x by solving (4.2). If it is postulated that p > c �(0),  the
solution x = 0, is excluded. In that case the (interior) optimal solution x satisfies

p � c�(x) = 0. (4.4)

This shows that in the optimum, marginal revenues equal marginal costs. The
marginal revenues are equal to the producer price. Stated otherwise, profit is
optimal if the revenues provided by the last unit sold, equal the costs of the last
unit produced. Optimisation problem (4.2) gives for each price p a different
optimal supply, x. From this a supply function can be derived. It gives the firm's
most profitable supply plan x as a function of price p. Writing the supply
function as x(p), it follows from (4.4) that p = c �(x(p)). Since c(x)  is twice
differentiable, x(p)  is differentiable in p. It follows from differentiating to p
that c�(x) dx/dp = 1. Due to (4.3),

dx
dp c x

�
��

�
1 0b g , (4.5)

implying that supply increases when prices increase. As a consequence the price
elasticity of supply is positive. This elasticity measures the percentage change
in the supplied quantity as a result of a one percent change in the goods� price.

A positive price elasticity is not always evident (or plausible) for
farmers in developing countries who may have other objectives than profit
maximisation. Consider a farmer who wants to maximise his consumption level,
but who has to sell a part of his harvest for debt repayments. If he needs an
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amount of money m, he has to sell a quantity x  = m/p . If the price p increases,
his supply x will decrease. Consequently, the price elasticity of supply is
negative. In the Sections 6.1.1 and 7.2.2, it will be discussed how a cereal
supply function can be derived for such a situation.

4.2.2 Consumer Demand Functions

In a similar way, the demand function of an individual consumer can be
derived. Consumers choose the most preferred levels of consumption for a
number of goods. Consuming these goods gives a certain level of satisfaction,
or utility. For each consumer, a utility function can be defined, which orders his
preferences. Each consumer optimises utility, under the condition that purchase
expenses may not exceed the available budget. Consider a situation with G
different goods. Introduce for goods g=1,. . . ,G

y the vector of consumed goods, y = (y1 . . .yG) ,
with yg  the consumption level of good g;

u(y) the utility obtained from consuming y; (4.6)
m the available budget;
� the vector of unit prices the consumers pays,

with �g  the price of good g.

The prices �g and budget m are exogenous factors for the consumer, the
consumption levels yg  are variables, and u(y) is a continuous function of the
vector of variables yg. Call � the vector of consumer prices. The consumer
problem of determining the utility maximising level of consumption y, can be
defined as follows.

v(� ,m)  = Max {u(y) | �y  � m, y � 0} (4.7)

where v(� ,m)  is the indirect utility function. This function gives the maximum
utility as a function of price vector � and income m. It is usually assumed that
utility increases if more is consumed, and that the extra utility obtained from
consuming one additional unit decreases, i.e.
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u �(y)  > 0  and  u�(y)  < 0. (4.8)

Model (4.7) gives for each price vector � a different optimal demand level y.
From this, the demand function, yg(� ,m), of good g can be derived. It indicates
the demanded quantity yg as a function of prices �  and income m. This function
is, however, rather complex. A type of utility function which is often used in
applied economics is the quasi-linear utility function. With this utility function,
more elegant demand functions can be derived, which have nicer properties and
which can more easily be used in applied research. In the equilibrium models to
be built in the next sections, I assume the utility functions to be quasi-linear. A
utility function, is quasi-linear if it is linear in one of the goods, i.e. if it can be
written as: ũ(y1 ,y2 ,�,yG)  = y1  + u(y2 ,�,yG) .  Consider for simplicity a
situation with 2 goods, in which the variable y0  is the amount of �money�, and
the variable y is the amount of cereals consumed. Call � the (given) price for
cereals. Note that y and � are scalars in this example. Assume, without loss of
generality, that the �price� for money is 1, i.e. �0  = 1. The consumer problem
(4.7) can be reformulated in the following maximisation problem in the
variables y0 and y.

Max {y0 + u(y) | �y  + y0 � m, y � 0, y0 � 0}

In the optimum, all income will be spent on cereals and money, �y  +  y0  = m .
If income is sufficiently large, so that both y and y0 are positive, the constraint
may be substituted in the objective function. The problem reduces to the
following problem in the variable y.

Max {u(y) � �y  | y � 0} (4.9)

In that case, optimal demand is independent of m. The interpretation of this
problem resembles the producer problem in Section 4.2.1. Utility u(y)  may be
interpreted as the �revenues from consuming y� and �y  as the �costs of
consumption�. So, (4.9) conveys a situation in which �revenues� minus �costs�
are maximised. The solution of (4.9) has a convenient form, if it is an interior
solution, y > 0,
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 u�(y) = � (4.10)

This means that the marginal utility of consumption is equal to the price of the
good. This utility function results in a simple demand function, y(�), which
simplifies the analysis of market equilibrium. In the next sections, it will be
assumed that the optimal demand level of a consumer satisfies property (4.10).
Note that this property only holds for large enough levels of income. If income
is too low, such that all income will be spent on consuming y, and y0  is zero,
(4.10) is not valid.

4.2.3 Market Equilibrium

In the previous sections, supply and demand functions for a single good have
been derived which represent the producers� and consumers� optimal reactions
on prices. Individual consumers and producers can not influence prices, but the
total supply and demand of all consumers and producers together certainly have
an influence on prices. In this section it will be discussed how market prices can
be derived using supply and demand functions.

Consider a situation with K consumers, L producers, and one good.
Introduce for each producer l = 1,�,L and consumer k = 1,�,K the following
functions, see (4.1) and (4.6).

xl(p) the supply function, giving the optimal supply level of
producer l as a function of producer price p,

yk(�,mk) the demand function, giving the optimal demand level of
consumer k as a function of consumer price � and income
level mk ,

cl(xl) the cost function, giving the costs of producing and
supplying xl for producer l,

uk(yk) the utility function, giving the utility obtained from
consuming yk for consumer k.

The cost and utility functions satisfy assumptions like (4.3) and (4.8). The
individual supply and demand functions represent the producers� profit
maximising supply levels and consumers� utility maximising demand levels as a
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function of producer and consumer prices. Define the market supply and market
demand function as the sum of all individual supply and demand functions,
respectively.3

x p x p

y m m y m

l
l

L

K k k
k

K

b g b g

b g b g

�

�

�

�

�

�

1

1
1

market supply function

market demand function� �, ,..., ,
(4.11)

Each producer l chooses a production level such that marginal costs equal the
price (see (4.4)). So, each producer has the same marginal costs at the optimal
supply level xl, c�l(xl) = p. Each consumer k chooses a consumption level such
that marginal utility equals the price, u�k(yk) = � (see (4.10)). It can be proven
that, if the indirect utility function is quasi-linear, the market demand function is
independent of income, and can be written as y(�).

The problem to be analysed is to find market prices such that the market is in
equilibrium. A market equilibrium in a closed economy can be defined as
follows. Prices p and �, and levels of supply and demand x and y, exist for
which market demand equals market supply, i.e. y(�)  = x(p) , such that no
producer or consumer does have the tendency to follow another strategy. This
implies that each producer l will supply the profit maximising level xl(p) and
each consumer k will demand the utility maximising level yk(�,mk). One
condition for such an equilibrium to exist is that exit from and entrance to the
market are free (see e.g. Varian, 1992).

If producers and consumers sell and buy on one market and no costs are
made during the exchange, only a single market price exists, � = p. This
postulate together with the equilibrium condition, x(p)  = y(p) ,  determines the
market prices p and �. This situation is illustrated in Figure 4.1.

If more regions and more periods are distinguished, finding equilibrium
prices and quantities becomes more complicated. Furthermore, if the market

                                                     
3 Note that x and y have a different meaning here than in Section 4.2.1. In Section 4.2.1, they
represented the supply and demand levels of an individual producer and consumer.
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situation changes, the postulate � = p is not necessarily valid. For that reason, I
discuss an alternative method to determine equilibrium prices and quantities,
which can easily be extended to incorporate other situations as well. This
method will be used in the next chapters.

Assume that producer l produces a quantity of cereals xl with costs
cl(xl) , l = 1,...,L. Consumer k can choose between consuming a quantity y0k of
good 0 (money) and a quantity of cereals yk , k = 1,..., K. Preferences for
consumer k are ordered by a quasi-linear utility function, uk(yk)  + y0k. Instead
of postulating market equilibrium to determine output, maximise total consumer
utility subject to a capital balance and a production balance.4 This can be
formulated as the following maximisation problem in the variables xl, yk, and
y0k, for all l = 1,�,L and k = 1,�,K.

Max u y y c x m y

x y x y y l L k K

k k k
k

k

l l
l

L

k
k

K

k
k

K

l
l

L

k
k

K

l k k

b gc h b g� � �

RS|T|
� � � �

UVW

� � � �

� �

� � � �

� �

0
1 1 1

0
1

1 1
0 0 1 1

,

; , , ; ,..., , ,...,

                                                     
4 The capital balance signifies that total expenditures equal total income: �k (�yk + y 0k) + �l c l(x l)
= �k m k + �l px l. Since the sales revenues earned by the producers (�l px l) are equal to the costs of
the consumers� cereal purchases (�k�yk) , it follows that �ky 0k + �l c l(x l) = �km k. The
production balance signifies that total supply equals total demand. Note that, due to �l x l  = �ky k,
it also follows that � = p (if �l x l  = �ky k > 0).

x,y

p,�p=�

x=y

x(p)

y(�)

Figure 4.1: Illustration of equilibrium prices and supplied and demanded
quantities.
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Assume that each mk  is sufficiently large, so that y0k is non-negative in the
optimum. In that case, this problem is equal to the following maximisation
problem in the variables xl and yk, for k = 1,�,K and l = 1,�,L,

Max u y m c x

x y x y l L k K

k k k
k
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l l
l
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l
l
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(4.12)

The objective function of this model, �k uk(yk) �  �l c l(xl), is called a semi-
welfare function. Introduce the Lagrange multiplier of the constraint, �, see
Appendix A2.1. If the optimal solution xl, yk of (4.12) satisfies xl > 0 and yk > 0
for some l = 1,�,L and k = 1,�,K, then

� � � �c x u yl l k kb g b g� (4.13)

In (4.4) and (4.10), it has been shown that the optimal producer supply satisfies
the property that marginal costs equal the producer price, and that the optimal
consumer demand satisfies the property that marginal utility equals the
consumer price. It follows from (4.13) that semi-welfare is optimal if p  = � .5

It can be concluded that model (4.12) gives the same equilibrium solution as the
solution that follows if it is postulated that p = � and that the market is in
equilibrium. The use of utility functions in equilibrium models is, however,
uncommon, because they are difficult to estimate. It is possible to rewrite the
semi-welfare function in (4.12) in a form which is more common in economics
and which will be used extensively in the next chapters.

First, rewrite the first term in (4.12), the summation of individual
utilities. Because the utility function is differentiable, the inverse demand

                                                     
5 It follows from model (4.12) that � � p if xl = 0 and thus yk = 0 for all l = 1,�,L, k = 1,�,K.
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function for consumer k, called � k(yk) ,  exists. Assume that uk(0) = 0. It
follows from (4.10), partial integration, and the substitution rule that6

u y d y d y y dk k k

y

k k

y

k k

k k

b g b g b g b g� � � � � �z z z�� � � � �� � � � � �

�0 0

(4.14)

It follows that total utility from consuming cereals is equal to
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(4.15)

Furthermore, rewrite the last term in the objective function of (4.12), the
summation of production costs. Assume that cl(0)=0, and introduce the inverse
supply function for producer l, pl(xl). Given that c�l(xl) = p, see (4.4), for all
l=1,2 �,L , it follows that

cl(xl) = p dl

xl

� �b g
0
z (4.16)

Similar to the derivation in (4.15) and since x(p) = x pll

L a f
�

� 1
, total production

costs are 7

                                                     

6 The partial integration rule says that u x v x dx u x v x u x v x dx� � � � � � � � � � � �� � � �z z . Substitute in

(4.14), � k(yk) for u(x) and yk for v(x) and use the integration variable � instead of yk. The

substitution rule says that u v z v z dz u x dx
a

a

v a

v a

� �� � � � � �� �z z � �

� �

0

1

0

1 . Substitute in (4.14), � k(yk) for v(z) and

yk(�) for u(x) and use the integration variables � and �  instead of yk and �.
7 For the second step, I use the partial integration rule, see footnote 6, with u(x) replaced by p l(x l)
and v(x) by x l, and the substitution rule with u(x) replaced by x l(p ) and v(z) by p l(x l).
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(4.17)

Because the summation of individual income, mkk

K

�
� 1

, has no influence on the

solution of (4.12), it may be skipped from the formulation. Using (4.15) and
(4.17), problem (4.12) changes in the following maximisation problem in the
variables yk and xl, for k = 1,�,K and l = 1,�,L, or in the variables x and y,

Max u y c x y x y x
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(4.18)

This gives the well known problem of maximising consumer plus producer
surplus. If this problem is optimised, the solution is the same as the solution of
problem (4.12). Samuelson (1952) was the first to show that the surplus concept
was relevant in converting the market equilibrium problem into an optimisation
problem (Van den Bergh et al., 1996). The objective function of this problem is
also called the semi-welfare function.

Note that this derivation only holds for a quasi-linear utility function
and when all mj are large. If welfare is defined as aggregate utility, consumer
plus producer surplus gives an exact measure of welfare only if the utility
function is quasi-linear. In other cases, it will not be an exact measure.
However, it gives a reasonable approximation to more precise but also more
complicated measures. In the next chapters the semi-welfare function will play
an important role.

In the analysis above, supply and demand in only one region are
considered. In the next section it will be discussed how a situation with more
regions can be analysed. In the next chapter the situation with more regions and
more periods will be analysed.
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4.3 Spatial Price Equilibrium Theory

Consider a situation in which an area of land (e.g. a country) is divided into a
number of regions. In each region, producers supply and consumers demand
goods, and goods may be transported from one region to another. The market is
assumed to be perfectly competitive. The problem of Spatial Equilibrium
Theory is to find an equilibrium level for production, consumption, and prices
in each region as well as trade flows between the regions. In this section, I
illustrate graphically the principles of this theory. Furthermore, I comment on
the spatial equilibrium model developed by Samuelson (1952) and Takayama
and Judge (1971). In the next chapters the theory will be discussed in an
alternative way.

As discussed previously, already in the 19th century Cournot discussed
a method to derive optimal market prices and quantities on two market places in
two separated regions, using a graphical analysis (see also Martin, 1981).
Consider two regions that are separated but not isolated. In each region
producers supply and consumers demand goods. Costs to transport goods
between the regions are known and fixed. Redefine some of the parameters and
variables introduced in (4.1) and (4.6). Introduce for the regions i,j = 1,2, i � j
the following parameters.

pi producer price in region i,
� i consumer price in region i, (4.19)
� ij costs to transport one unit from region i to region j.

Furthermore, introduce for i,j = 1,2, i � j the following variables.

xi quantity supplied by the producers in region i,
yi quantity demanded by the consumers in region i, (4.20)
xij quantity transported between region i and j.

Assume, like in Section 4.2, that for both regions market supply and demand
functions of a homogeneous good can be derived as a function of producer and
consumer prices, respectively, xi(pi) and yi(� i), see (4.11). Furthermore, assume
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that the inverse supply and demand functions, pi(xi) and � i(yi), exist. Due to the
assumptions (4.3) and (4.8)

� � � �p x yi i i ib g b g0 0and � . (4.21)

This situation is illustrated in Figure 4.2. If no trade is possible between the two
regions, equilibrium quantities and equilibrium prices � , � , � , �p p1 1 2 2� �  can be

derived for both regions separately, which satisfy � �p1 1� �  and � �p2 2� � . In the

illustration in Figure 4.2, � �� �1 2� . If transport between both regions is possible,
traders will transport goods from region 1 to region 2 if the revenues from
transporting are at least equal to transport costs �12. This will result in a price
increase in region 1 because total demand in this region increases (demand for
consumption in region 1 and demand for transport to region 2). Similarly, prices
in region 2 will decrease as total supply increases (supply from producers in
region 2 and from transport from region 1). If markets are competitive, new
traders will enter the market, who purchase in region 1 and sell in region 2. New
entrants will arrive as long as they profit from transporting goods from region 1
to region 2, i.e. as long as �2 � p1 � �12. Due to the increasing demand in region
1 and increasing supply in region 2, the price difference between both regions
decreases. This continues until the price difference is exactly equal to transport
costs, i.e. �2 � p1 = �12. Equilibrium prices and quantities satisfy, see Figure 4.2,

p p2 2 1 12 1 12
* * * *
� � � � �� � � �  ; x y x1 1 12

* *
� �  ;  y x x2 2 12

* *
� �

Dealing with equilibrium on spatially separated, competitive markets,
Takayama and Judge use the term Spatial Price Equilibrium (SPE) for a
situation where prices and quantities satisfy the following properties: 1) in each
region, there is only one market producer and one market consumer price (pi

and � i, i.e. in any region prices are homogeneous and unique); 2) there is no
excess demand or supply in any of the regions;8 and 3) commodities purchased

                                                     
8 Excess demand in region i is defined as max(0; y i + �i�j x ij � x i � �i�j x ji), which gives the part
of total demand in region i that can not be satisfied. Excess supply in region i is defined as max(0;
x i + �i�j x ji � y i � �i�j x ij), which gives the part of total supply in region i that can not be sold.
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in one region will only be transported to another region, to be sold there, if the
difference between the consumer price in the importing region and the producer
price in the exporting region is at least equal to transport costs (Van den Bergh
et al., 1996, p.50, see also Takayama and Judge, 1971, p.34).

If also storage is considered, goods may be stored for sales in later
periods. An inter-temporal SPE for multi-period equilibrium models satisfies
additionally the following property (see Takayama and Judge, 1971, p. 378): 4)
commodities purchased in a certain region, will only be stored, to be sold later
in the same region, if the difference between the consumer price in the selling
period and the producer price in the purchase period is at least equal to storage
costs. If a finite time horizon is considered, it is usually assumed that no stocks
are maintained in the last period.

Analogous to model (4.18) discussed in Section 4.2.3, Takayama and
Judge optimise in their equilibrium models total semi-welfare for all regions,
under the condition of a supply-demand equilibrium in each region. The welfare
optimal prices and quantities satisfy the properties of an SPE. Because
Takayama and Judge assert that an SPE describes accurately price formation on
a competitive market, they conclude that the models are suitable for analysing
price formation. Why an SPE describes accurately price formation on a
competitive market, usually receives little attention. In my opinion, in their
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x1,y1
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p2,�2

x2,y2

Region 2

x12

x12

p1(x1)
�1(y1)

p2(x2)
�2(y2)

�12
� �p1 1� �

� �p2 2� �

� �x y1 1� � �x y2 2�

p1 1
* *
� �

p2 2
* *
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y1
*

x1
* y2

*
x2

*

Figure 4.2: Graphical illustration of spatial equilibrium for two regions.



Part II � Modelling Cereal Trade88

argumentation why this should be the case, Takayama and Judge give one
important aspect too little attention. They only consider the behaviour of
producers and consumers. The other market actors playing a role in market
price formation, the traders, are not taken into account explicitly. They do not
argue whether it will also be optimal for the traders to transact the welfare
optimising equilibrium quantities. More important, they do not demonstrate
why markets will go to an equilibrium. As the example in Figure 4.2 illustrates,
the way prices are established on a market with traders, can not be fully
understood if only producers and consumers are considered. The process of
price formation can be made more transparent, if traders are taken into account
explicitly. Traders purchase goods from producers and sell to consumers. A
market will clear, i.e. will be in equilibrium, because traders do only purchase
from the producers the quantities they can sell to the consumers or store for
sales in later periods. Furthermore, traders do only purchase from the producers,
transport between the regions, store, and sell to the consumers, if they do not
incur losses.

In the next chapters, I will show that the economic foundations of the
SPE, the meaning of the semi-welfare function, and the equilibrium models of
Takayama and Judge can be better comprehended, if also the behaviour of
traders is considered explicitly. I will show that the results of the equilibrium
models satisfy the profit maximising behaviour of traders. The approach to deal
explicitly with traders� behaviour will in particular be useful in Chapter 6, in
which the uncertain character of future prices is taken into account. In a
situation of uncertain prices, the definition of price equilibrium as presented by
Takayama and Judge is difficult to apply. By taking into account explicitly the
behaviour of traders, it is possible to analyse such situations.




