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ABSTRACT: We treat the dominant relativistic effects in the optical response properties
of mercury selenide using time-dependent density functional theory (TDDFT). The scalar
relativistic effects have been included within the zeroth-order regular approximation
(ZORA) in both the ground-state DFT calculations and in the time-dependent response
calculations. Within this approximation the HgSe crystal is found to be a semimetal. In a
previous study [J Chem Phys 2001, 114, 1860] we have shown that TDDFT/ZORA can be
applied successfully to narrow-gap semiconductors, such as indium antimonide, that
become semimetallic within the local density approximation when scalar relativistic effects
are included. Results are given for the band structure, the static dielectric constant ε∞, and
the dielectric function ε(ω) of HgSe, and these results are compared with the similar
ones for InSb. We find considerably improved results for the dielectric function of
HgSe when relativistic effects are included. © 2001 John Wiley & Sons, Inc. Int J Quantum
Chem 85: 449–454, 2001

Key words: relativistic effects; time-dependent functional theory; dielectric function;
semimetal; mercury selenide

Introduction

T he application of time-dependent density
functional theory (TDDFT) for the description

of optical properties of crystals [1], in the adiabatic
local density approximation (ALDA) yields accu-
rate results for the dielectric constants and optical
dielectric functions of various semiconductors and
insulators [2]. This approach can also be applied to

Correspondence to: P. L. de Boeij; e-mail: p.l.de.boeij@chem.
rug.nl.

the case of materials with a vanishing fundamen-
tal gap, called semimetals. In a recent work [3] we
treated InSb in the zinc blend structure, and we
found that the inclusion of relativistic effects re-
sulted in a semimetallic band structure and a greatly
improved calculated dielectric function. The devi-
ation from experiment of the calculated dielectric
constant was reduced from about 40% in the non-
relativistic calculation to about 5% in the relativistic
one.

Recently, the nature of the material HgSe was
debated, whether it is a small-gap semiconductor
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or a semimetal in the zinc blend structure. Ex-
perimentally, as determined using photoemission
spectroscopy [4], there seemed to be no evidence
of a bulklike conduction band that either crosses or
touches the valence-band maximum, hence favor-
ing it to be a small-gap (0.42 eV) semiconductor. On
the other hand, conductivity, optical and magneto-
optical measurements [5], compiled in Ref. [6], fa-
vored an inverted band structure with zero funda-
mental gap, and thus a semimetallic nature. The
seemingly contradicting experimental results have
been brought into accordance with an ab initio
quasi-particle band structure calculation [7]. This
GW calculation (like the DFT-LDA calculation on
which it was based) predicts an inverted semimetal-
lic band structure. The experimentally observed
very low photoemission intensity just above the va-
lence band maximum could be attributed to the
enhanced dispersion, and hence very light effec-
tive mass and low density of states, of the lowest
conduction band. To our knowledge this GW cal-
culation is the only ab initio study addressing the
nature of the material, where other (semi-)empirical
calculations [5, 8, 9] cannot resolve the issue since
these rely heavily on experimental input parame-
ters.

In this study we show for HgSe that, like in the
case of InSb, the inclusion of scalar relativistic ef-
fects results in the inverted band structure, with a
drastic effect on the optical dielectric constant and
the dielectric function.

Theory

Within the framework of ground-state density
functional theory (DFT), scalar relativistic effects
can be treated using the zeroth-order regular ap-
proximation (ZORA) [10 – 12], in which the kinetic
energy operator p2/2 is replaced by its ZORA equiv-
alent, resulting in the following Kohn–Sham equa-
tion:[

p · c2

2c2 − veff(r)
p + veff(r)

]
ψnk(r) = εnkψnk(r). (1)

Here p = −i∇ is the momentum operator, c the ve-
locity of light, and veff(r) the self-consistent effective
scalar potential. The effective one-electron functions
ψnk(r) can be found as the solutions of Eq. (1), with
eigenvalues εnk. The ground-state density ρ0(r) fol-
lows from

ρ0(r) = V
4π3

∑
n

∫
dk f (εnk)ψ∗

nk(r)ψnk(r). (2)

Here the Fermi–Dirac function f (εnk) selects only
those states that have eigenvalues below the Fermi
level εFermi, and hence only occupied levels con-
tribute to the density.

When the system is perturbed by applying a
time-dependent external electric field Eext(r, t), the
density will become time dependent and currents
will be induced, so the system will become po-
larized. In the time-dependent version of density
functional theory, one adds time-dependent vector
and scalar contributions to the effective ground-
state potential. These additional potentials, respec-
tively, Aeff(r, t) and δveff(r, t), have the property that
they produce the exact time-dependent density and
current of the true system, when applied to the
Kohn–Sham system of noninteracting particles. Ac-
cording to the Runge–Gross theorem [13], the time-
dependent extension of the Hohenberg–Kohn the-
ory [14, 15], these potentials are, apart from the
usual freedom of choice for the gauge, functional of
the density and the current, and should therefore
be obtained self-consistently. The time-dependent
Kohn–Sham system is now obtained by replac-
ing both the ground-state momentum operator by
p → −i∇ + 1/cAeff(r, t), and the effective scalar
potential by the time-dependent version veff(r) →
veff,0(r) + δveff(r, t). Within the same order of regular
approximation, we can neglect the additional time-
dependent contribution to the scalar potential that
appears in the denominator of the ZORA kinetic en-
ergy term in Eq. (1).

When we neglect the small microscopic contribu-
tions to the transverse vector potential (such as the
Breit term [16]), we can make a special choice for the
gauge, which we will call the microscopic Coulomb
gauge [1]. In this gauge both the scalar and vector
potential are lattice periodic and have the prop-
erty that all microscopic components are included in
the scalar potential, whereas all macroscopic com-
ponents are described by the vector potential. The
perturbing potentials can be given in this gauge as

Aeff(r, t) = A(r, t) = −c
∫ t

dt′ Emac(r, t′), (3)

δveff(r, t) = δvmic(r, t)

+
∫

dr′ ∂vxc[ρ](r)
∂ρ(r′)

∣∣∣∣
ρ0

δρ(r′, t). (4)

Here δvmic(r, t) is the microscopic part of the Hartree
potential of the induced density δρ(r, t). In these
relations we have neglected any macroscopic con-
tributions of the exchange–correlation (xc) in the
vector potential [17], and we used the adiabatic local
density approximation (ALDA) for the first-order
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xc contribution to the scalar potential. The macro-
scopic electric field Emac(r, t) is the average field in
a region around r inside the solid, and hence it
comprises both the externally applied field Eext(r, t)
plus the macroscopic part of the induced field. This
latter field is in addition to the induced charge den-
sity also due to the induced current density δj(r, t).
We will treat the macroscopic field as the perturb-
ing field, and we will assume that it is uniform
and oscillating harmonically with frequency ω, i.e.,
Emac(r, t) = 	{Emac(ω) exp(iωt)}.

The quantity of interest is the induced macro-
scopic polarization Pmac(ω), which will be propor-
tional to this macroscopic field,

Pmac(ω) = χe(ω) · Emac(ω). (5)

The susceptibility χe(ω) is then used to calculate the
dielectric function ε(ω) = 1 + 4πχe(ω). The induced
macroscopic polarization is related to the average
induced current density, δj(r,ω) according to

Pmac(ω) = i
ωV

∫
V

dr δj(r,ω). (6)

Within time-dependent linear response theory,
we obtain the following relation for the induced
density:

δρ(r,ω) =
∫ (

i
ω
χρj(r, r′,ω) · Emac(ω)

+ χρρ(r, r′,ω)δveff(r′,ω)
)

dr′. (7)

The various Kohn–Sham response functions can be
obtained from the occupied (i) and virtual (a) states
of the ground-state system. They can be evaluated
using the general form

χab(r, r′,ω) = V
4π3

∑
i,a

∫
dk

aiak(r)b∗
iak(r′)

εik − εak + ω + iη

+ c.c.(−ω), (8)

by substituting for aiak(r) and biak(r) either the tran-
sition density ρiak(r) = ψ∗

ik(r)ψak(r) or the relativistic
transition current jiak(r), which is given by [3]:

jiak(r) = −ic2

2c2 − veff(r)
(
ψ∗

ik(r)∇ψak(r)

− (∇ψ∗
ik(r)

)
ψak(r)

)
. (9)

These response kernels do not show any singular
behavior even though the Kohn–Sham gap vanishes
in the case of semimetals, as can be shown in a k · p
analysis [3]. Since we keep the macroscopic field
fixed, and since, within the ALDA, the effective po-
tential is a functional of the density alone, we can

solve the set of response equations, Eqs. (4) and (7),
self-consistently.

With the perturbing effective potentials now fully
determined, the induced paramagnetic current den-
sity δjp(r,ω) follows from

δjp(r,ω) =
∫ (

i
ω
χjj(r, r′,ω) · Emac(ω)

+ χjρ (r, r′,ω)δveff(r′,ω)
)

dr′. (10)

The total induced current contains, apart from this
paramagnetic term, also the diamagnetic contribu-
tion, δjd(r,ω) = (1/c)ρ0(r)A(r,ω). In the special case
in which we choose the macroscopic field along
one of the Cartesian directions µ, and with a fre-
quency dependence according to Emac(ω) = −iωeµ,
the diamagnetic contribution to the current den-
sity reduces to δjd(r,ω) = −δjp(r, 0), i.e., to minus
the static paramagnetic value [1]. The paramagnetic
and diamagnetic components together form the to-
tal current, of which the average value yields the
macroscopic polarization. For isotropic crystals the
susceptibility now follows from

χe(ω) = −1
3Vω2

∑
µ

∫
dr

[
δjp(r,ω)

− δjp(r, 0)
]
µ

∣∣
Emac(ω) = −iωeµ

, (11)

where the index µ again labels the three Cartesian
components.

Results and Discussion

The optical response calculations on HgSe were
performed using the full-potential ADF-BAND
package [1, 18, 19]. For both the ground state and
the response calculations we used the free-atom core
and valence orbitals, which were supplemented
with Slater-type functions to form a triple-zeta va-
lence basis. The free atom orbitals were obtained
numerically using a Herman–Skillman type of pro-
gram [20] employing the same ZORA approxima-
tion in the relativistic case. We kept the deepest core
levels frozen and orthogonalized the valence basis
to these cores, but the shallow 5d quasi-core states
of Hg were included in the valence set. This ba-
sis was then further augmented using a double-zeta
polarization set. All matrix elements were evaluated
numerically with a relative accuracy of 1 ×10−3. For
the numerical evaluation of k-space integrals, 175
symmetry-unique points were used to sample the
irreducible wedge of the Brillouin zone. As lattice
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FIGURE 1. Plots of the real (top) and imaginary part
(bottom) of the calculated dielectric function of HgSe
with (SR, dash-dotted line) or without (NR, dotted line)
including scalar relativistic effects. The experimental data
have been compiled from Refs. [6, 21] (dots and solid
line, for discussion see text).

parameter of the HgSe zinc blend structure we used
a = 6.08 Å.

The experimental optical data compiled in
Ref. [6] have been used to derive the low-frequency
behavior for the dielectric function of HgSe. The
room temperature refractive index data, which
show a large scatter, were used in the frequency
range above 0.2 eV to fit a quadratic polynomial
in a least squares procedure (Fig. 1). In this range
both the temperature dependence and the intraband
contributions due to impurity carriers are small [6].
This refractive index measurements together with
the absorption coefficients obtained at 5 K [6], pro-
vided the data to derive the experimental dielectric
function in the infrared frequency range from 0.2 to
0.55 eV. We thus find an extrapolated value of 11.7
for the dielectric constant ε∞. For the optical and ul-
traviolet frequencies we used ellipsometric data [21]
in the range from 1.75 to 5.35 eV.

In Figure 2 we have depicted the energy disper-
sion of the highest valence and lowest conduction
bands of HgSe. These band structures are shown
for the two cases where we either included or ex-

FIGURE 2. Inverted band structure of HgSe. The solid
line is the result with scalar relativistic effects included.
The dashed line is the nonrelativistic ground-state
calculation. Critical points E0 and E1 and the band
character (s or p) are indicated near the zone center �.

cluded the relativistic effects. We can clearly see that
the small direct gap at the center of the Brillouin
zone � is reduced, and even inverted, upon inclu-
sion of the scalar relativistic effects. The s-like (6s
Hg) states at the conduction band minimum are sta-
bilized with respect to the p-like (4p Se) states at
the valence band maximum mainly due to the rela-
tivistic mass–velocity effect near the nucleus of Hg.
This inversion of the typical band order [22] of zinc-
blend-type semiconductors results in an avoided
crossing, even at high symmetry directions, since
the s-like band hybridizes with one of these p-like
bands into �6v. This results in an inverted gap of
about −1.16 eV, which overestimates the experimen-
tal value of −0.45 eV by about 0.8 eV [6]. A further
inclusion of spin-orbit coupling will split the p-like
Se bands into an occupied p1/2 band (�7v) about
0.3 eV [7] below a half-occupied p3/2 degenerate pair
of bands (�8cv), hence preserving the semimetal-
lic nature of the band structure. This splitting will
cause the �8cv bands to be raised by about 0.1 eV
(and the �7v band to be lowered by about 0.2 eV),
thus further increasing the inverted LDA gap to
about −1.26 eV. This is in good agreement with the
relativistic pseudopotential/LDA result (−1.27 eV)
of Rohlfing and Louie [7], in which spin-orbit split-
ting was included. They found that quasiparticle
(QP) corrections (within the GW approximation)
mainly affect the s-like states, moving them upward
rigidly by about 0.8 eV, thus reducing the gap �6v −
�8cv to about −0.51 eV. In the experimental optical
spectra of HgSe, shown in Figure 1, this inverted
gap appears as the critical point labeled E0 at about
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0.5 eV [6]. However, the absorption edge visible in
the experiment at about 0.3 eV is most likely due
to the transition between the bands connecting to
�8v and �8c, which is symmetry forbidden at �, but
becomes allowed outside this point since there �8c

changes character rapidly from p to s like. Simulta-
neous with the changing of �8c the band connecting
to �6v changes from s to p character, while the bands
connecting to �8v and �7v remain of p character. The
quasi-particle shift of the s-like states will bring the
s- and p-like bands closer together at � which will
further enhance the steepness of the transition in
character. This will allow for optical transitions of
lower frequency, with a steeper edge in the absorp-
tion spectrum. The gap of about 1.95 eV between
the nearly parallel top valence and lowest conduc-
tion band along the line � and at the point L at
the zone boundary gives rise to the critical point E1.
This gap is again increased by about 0.80 eV when
QP corrections are included. The top valence states
�4,5 along this line�will split by about 0.8 eV upon
inclusion of spin-orbit coupling [22], but the bot-
tom conduction band�6 will not. This will give rise
to a doublet structure in the dielectric function [6],
which is however not clearly resolved experimen-
tally at room temperature [21].

The TDDFT result for the dielectric function, de-
picted in Figure 1, shows a drastic change with the
inclusion of the scalar relativistic corrections. We ob-
serve an almost fourfold increase in the absorption
in the range from 1 to 3 eV, with a prominent E1
feature just above 2.2 eV. The experimental E1 peak
appears around 3 eV. This shift is consistent with the
underestimation of the energy gap along the line �
in our grounds-state DFT-LDA calculation. Due to
the Kramers–Kronig relation, the too low position
of this peak will give rise to a too high calculated
value for the dielectric constant ε∞ = 14.4, vs. 11.7
experimentally.

It is clear that with the removal of the energy gap,
also the absorption onset has disappeared, although
we do not reproduce the steep increase at the ab-
sorption edge �8v → �8c. The E0 critical point shows
up as a knee in the calculation at around 1.25 eV
(experimentally 0.45 eV), where again the relative
shift of about 0.8 eV is in agreement with the over-
estimation of the �6v − �8c gap in the ground-state
calculation.

These relativistic effects are much larger than the
contribution of the exchange and correlation effects.
The magnitude of these xc effects in the response
can be probed by excluding them in the response
calculations. For both the relativistic and nonrela-

tivistic calculation we get a featureless decrease of
about 5% for the real part of the dielectric func-
tion for energies below the E1 peak and virtually no
change for frequencies above, whereas the reverse
is observed for the imaginary part. In this last part
we see no effects near the absorption edge, with a
smooth crossover between the E0 and E1 peak to a
uniform 5% decrease of the absorption for higher
frequencies.

These findings are quite similar to the results we
obtained previously for the InSb crystal [3]. There
again the order of the energy bands is inverted at
the point � within the local density approxima-
tion upon inclusion of relativistic effects. The inter-
changed s- and p-like character of the upper valence
bands and the lowest conduction band switches
back to the usual ordering just outside the zone cen-
ter, along the same lines as in the analyses given
above for HgSe. The inverted bandgap is much
smaller than in HgSe; in InSb it is −0.42 eV, whereas
in HgSe it is −1.26 eV. Experimentally, however,
InSb is not found to be a semimetal but a narrow-
gap semiconductor, with a direct gap of 0.23 eV [23].
A QP correction of 0.65 eV for the s-like band, sim-
ilar to the rigid 0.8 eV energy shift for the s-like
band in HgSe would revert the LDA band ordering
in InSb again, resulting in a semiconducting band
structure with the correct gap. Unlike the dispersion
of the HgSe bands, in our LDA calculation for InSb
both the lowest conduction band and the band con-
necting to �6v have very strong dispersions, which
hence corresponds to very low densities of states.
We can therefore expect a very small contribution
to the absorption at the E0 critical point. We do not
expect a possible QP correction similar to the HgSe
case to severely modify the good overall agree-
ment, even in the low-energy range. The original
calculation resulted in a value of 16.4 for ε∞ (15.7
experimentally [24]) and good overall agreement for
the complete spectrum, which can be inferred by
comparing the calculated dielectric function with
the available experimental data [25], as depicted in
Figure 3 of Ref. [3]. In conclusion, we showed that
relativistic effects have a large contribution to the
optical properties of the semimetal HgSe. The in-
verted band structure, which was recently debated,
is also found in this ZORA-TDDFT calculation, for
which the response calculation yields a dielectric
function that is considerably improved compared to
the nonrelativistic calculation, and is now in reason-
ably good agreement with experiment.
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