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Chapter 6

Evaluation and Outlook

A good question is never answered.
It is not a bolt to be tightened into place.
But a seed to be planted and to bear more seed.
Toward the hope of greening the landscape of idea.

John Ciardi (1972)

In Chapter 1, we have formulated two goals for this dissertation on the philosophy
of probability. In section 6.1, we will evaluate to what extent these goals have been
met. In section 6.2, we sketch a plan for future work.

6.1 Evaluation

[T]he point of philosophy is to start with something so simple as not
to seem worth stating, and to end with something so paradoxical that
no one will believe it.

Bertrand Russell (1986)

The first goal was to develop a mathematical basis for probability theory that
allows us to deal with infinite sample spaces in a way that is satisfactory from the
epistemological point of view. In Chapter 2, this goal has been met for the specific
case of a fair lottery on the natural numbers, which is a situation that could not
be modeled within Kolmogorov’s axiomatization of probability. At the beginning
of this investigation, we did not know about numerosity theory; we started from a
construction based on free ultrafilters, which later on turned out to be equivalent
to a model for numerosities. With the benefit of hindsight, we can summarize our
solution in just two words: “normalized numerosities”. The solution leads to a non-
zero, infinitesimal probability of winning for all non-empty, finite subsets of tickets.
This restores Regularity for this case. The generalized limiting frequency of the
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associated sequence, which is necessarily a standard real number, can be obtained by
taking the standard part of our non-standard probability function.

An additional part of the first goal was to check whether the obtained solution
generalizes to smaller and larger cardinalities. In Chapter 3, we proposed a solu-
tion for a problem with rational beliefs related to probabilities on sample spaces of
smaller—i.e. finite—cardinalities: the Lottery Paradox. The solution was inspired
by that for the infinite lottery and is also based on non-standard analysis, in partic-
ular on the framework of relative or stratified analysis. This led to the definition of
Stratified Belief, which is intended to overcome a number of unsatisfactory properties
of the threshold-based model of rational belief: Stratified Belief formalizes the vague
notion of probabilities ‘sufficiently close to unity’ without imposing a sharp boundary
on the probability values and it is explicitly context-dependent. In Chapter 4, we
focused on the analogies between large but finite (or indefinitely large) sample spaces
and (countably) infinite sample spaces. The method of Chapter 2 generalizes to all
countably infinite sample spaces, but not directly to the uncountable case. A natural
follow-up study would be to develop a more general approach that is also suitable for
higher cardinalities. We will come back to this in the outlook, given in section 6.2.

The second goal was to apply probability theory and an agent-based model to a
problem in formal epistemology. In Chapter 5, we selected the problem of a group of
agents whose opinions take the form of a theory. This study merges two research lines:
that of opinion dynamics in sociophysics, and that of the discursive dilemma. Even
when all agents start out with a consistent theory, they need not hold a consistent
theory at a later point in time, if the agents update their opinion by averaging (in
a specific way) each other’s opinions. The goal was to find the probability that an
agent arrives at an inconsistency after a single update. We regarded this probability
as a function of three parameters: the number of atomic sentences in the theory, the
number of agents, and the bound of confidence, which influences how many other
agents’ opinions are taken into account in a specific update. Although an analytical
solution was found, it proved to be necessary to run computer simulations in order
to evaluate it numerically.

Apart from providing an answer to a specific research question, Chapter 5 can also
be regarded as a case study of what the application of probability theory and com-
puter simulations can (and cannot) contribute to philosophy. Probability provides
a formal framework and simulations provide data. Neither diminishes the need for
critical thinking, thorough analysis, and other philosophical skills—on the contrary.
What they contribute to philosophy are new opportunities as well as pitfalls: new
challenges that philosophy cannot (and should not) refuse to take up. These new ap-
proaches deserve a place in philosophy, but their true merits will only become clear
over time.
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6.2 Outlook

Any change or reform you make is going to have consequences you
don’t like.

Morris K. Udall

Although a PhD dissertation is the end product of a doctoral study, it is really
only the beginning of a research project. At this point, important questions have
been left unanswered, but at least we now have some clues as to where we may find
the answers.

As remarked in the evaluation of section 6.1, we have developed a method to
describe a lottery on any countably sample space, but not for the uncountable case,
yet. The remainder of this chapter presents a preliminary account of a general method
of dealing with infinite sample spaces using probability functions that take values on
a non-standard field. This will be developed further, in collaboration with Vieri
Benci and Leon Horsten.

First, we will show that there are multiple, interrelated problems with Kolmogorov’s
axioms (as presented in section 1.4.2.1). To solve all of them, it does not suffice to
make a minor adaptation of one of the axioms. Instead, we propose a new system
of axioms and show that they are consistent. Kolmogorov (1933) presents proba-
bility theory as a part of measure theory, which is a branch of standard analysis or
calculus. Because standard analysis does not allow for non-Archimedean quantities
(i.e. infinitesimals), we may call Kolmogorov’s approach an ‘Archimedean probabil-
ity theory’. We show that allowing non-Archimedean probability values may have
considerable epistemological advantages in the infinite case.

6.2.1 Problems with Kolmogorov’s axiomatization

Kolmogorov’s probability theory works fine as a mathematical theory, but the di-
rect interpretation of its language leads to counterintuitive results. Also, the fact that
some seemingly simple situations cannot be described within Kolmogorov’s system
calls for some epistemological reflection. First, we will give an overview of known
problems with Kolmogorov’s axiomatization of probability theory. Then, we will lay
out our solution strategy for these issues: instead of fighting the symptoms one-by-
one, we will carefully select a new set of axioms. These axioms are stated in the next
section.

6.2.1.1 Non-measurable sets

The elements of the domain of the probability function, A, are called events. A
peculiarity of axiom (K0A) is that it allows A ≠ P (Ω). In fact, it is well known
that there are (probability) measures (such as the Lebesgue measure on [0,1]) which
cannot be defined for all the sets in P (Ω). Thus, there are sets in P (Ω) which are
not events, which means that their probability value is undefined. This may even
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occur for sets that are the union of elementary events in A.1

There does exist a type of function that is related to probability functions and
that does always have the full set P (Ω) as its domain: outer measures, but these
functions are only countably subadditive, thus not necessarily CA. The way to turn
an outer measure into a probability measure, which is necessarily CA, is by means of
the Caratéodory extension theorem. However, the domain may have to be restricted
in the process, and the resulting domain A may be a proper subset of P (Ω). This
shows that there is a hidden connection between axiom (K0A) and axiom (K4): if
we want to change the former, we will have to adapt the latter as well.

6.2.1.2 Problems with the interpretation of P = 0 and P = 1 events

It seems natural to interpret events that have zero probability as impossible events.
This idea lies at the basis of the concept of ‘Regularity’, which can be stated formally
as follows:

Regularity. For any event A:

P (A) = 0⇔ A = ∅ (6.1)

Observe that axiom (K1) does allow for events other than the empty set to have
probability zero. In particular, when Ω is infinite, it may occur that possible events
have probability zero. Thus, whereas Kolmogorov’s axioms do guarantee the impli-
cation from right to left, they fail to secure the implication in the opposite direction.
Hence, Kolmogorov’s approach violates Regularity.

In particular, there are situations such that Ω is infinite and all the elementary
events have probability zero. Then it seems like we have:

P (Ej) = 0, j ∈ J (6.2)

and

P
⎛
⎝⋃j∈J

Ej
⎞
⎠
= 1. (6.3)

This situation is very common when J is not denumerable. It looks as if eq. (6.2)
states that each event Ej is impossible, but eq. (6.3) states that one of them will
certainly occur. In this case, not only is Regularity violated, but CA, which is axiom
(K4) of Kolmogorov’s system, also fails. In other words, this situation cannot be
described in the system at all.2

The interpretation of P = 1 events turns out to be just as problematic as the
interpretation of P = 0 events: axiom (K2) does not forbid that a set A ⊊ Ω has
probability zero, and indeed, when Ω is infinite, the occurrence of an event with

1For example, if Ω = [0,1]R and P is given by the Lebesgue measure, then all the singleton {x}
are measurable, but there are non-measurable sets; namely the union of events might not be an
event.

2Hence the ‘seems’ in ‘Then it seems like we have. . . ’.
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probability unity is not necessary. This observation can serve as an alternative mo-
tivation for Regularity. Indeed, Easwaran (2010) proposed to let ‘Regularity’ also
refer to the ‘twin’ of eq. 6.1, which says that unit probability should be reserved for
the certain event. This can be formalized as follows:

Regularity†. For any event A:

P (A) = 1⇔ A = Ω (6.4)

Again, Kolmogorov’s axioms only ensure the implication in the right-to-left direc-
tion.

For those who regard Regularity (and its twin) merely as a convenience, there is
an obvious solution at hand: interpret probability 0 as ‘very unlikely’ (rather than
simply as ‘impossible’), and interpret probability 1 as ‘almost certain’ (instead of
‘absolutely certain’). Yet, there is a philosophical price to be paid to avoid these
contradictions: the correspondence between mathematical formulas and reality is
now quite vague—just how probable is ‘very likely’ or ‘almost certain’?—and far
from intuition.3

Moreover, this solution is not acceptable for authors who regard Regularity as a
norm of rationality, such as Skyrms (1980) and Lewis (1986a). These authors have
suggested that Regularity can be restored by allowing infinitesimals in the range
of the probability function. In contrast to their optimistic viewpoint, Williamson
(2007), Hájek (2010), and Easwaran (2010) have argued that switching to a non-
Archimedean range may be of help in some cases, but does not restore Regularity in
all circumstances.

We agree with the position of Easwaran (2010), who states that simply claiming
that introducing infinitesimals restores Regularity is insufficient. We hope to convince
the reader that it actually does, by proving it, as we will do in a paper that is in
preparation at the time of this writing. In particular, we will show that Regularity
can be obtained for a non-Archimedean probability function in the case of an infinite
sequence of fair coin tosses.

6.2.1.3 Problems with conditional probability

The fact that in Kolmogorov’s theory possible events may have probability zero
also leads to problems with conditional probability, as defined by (D2). Popper
(1938) developed his own basis for probability theory (see also the new appendix iv in
the reprinted version of Popper, 1959), consisting of six axioms, in which conditional
probability—denoted as p(a, b)—is fundamental. Within his system, conditionalizing
on P = 0-events does not pose a particular difficulty. However, Popper limits his
system to situations with, at most, denumerably many elements. Thus, his approach
does not pose a general alternative to conditionalization on P = 0-events.

3The situation is somewhat similar to the study of probabilistic semantics for ‘default rules’
(rules to which there are exceptions). Adams (1966) interpreted the conditional statement ‘if A
then B’ as a constraint on the conditional probability: P (B∣A) > 1 − ε, where ε is a positive real
number that can be arbitrarily small. Later authors, such as Lehmann and Magidor (1992), have
considered a similar semantics, but replacing the ε with a positive infinitesimal in the sense of NSA.
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6.2.1.4 Fair lotteries

Fair odds is a very fundamental concept, not only in ethics (Stone, 2008b), but also
in probability theory. In the classical interpretation of probability theory of Laplace
(1814), equiprobability shows up in the important ‘Principle of Insufficient reason’ or
the ‘Principle of Indifference’ (PI). PI states that if there is no reason to give a higher
weight to any of all (n) of the elementary events, then we should assign exactly the
same probability (1/n) to each of them. Although there are known problems with PI
(cf. the paradoxes of Bertrand, 1888), the idea behind the principle is still appealing.
After all, the Principle of Maximal Entropy can be regarded as a modern version of
PI (Jaynes, 1957, 1973, Uffink, 1995).

Considering fair lotteries, we discover two things. First, we discover that the choice
for [0,1]R as the range of P is neither necessary to describe a fair lottery in the finite
case nor sufficient to describe one in the infinite case:

• For a fair finite lottery, the unit interval of R is not necessary as the range of
the probability function: the unit interval of Q suffices.

• In the case of a fair lottery on N, [0,1]R is not sufficient as the range: it violates
our intuition that the probability of any set of tickets can be obtained by adding
the probabilities of all individual tickets.4

Second, we discover that some very simple problems cannot be dealt with in
Kolmogorov’s formalism. In order to illustrate this, let us focus on the fair lottery
on N (de Finetti, 1974). In this case, the sample space is Ω = N and we expect
D to contain all the singletons of N—otherwise there would be ‘tickets’ (individual,
natural numbers) whose probability is undefined, which would be strange because
we know they are equal in a fair lottery. Also, we expect to be able to assign a
probability to any possible combination of tickets. This assumption implies that
E = P (X) (though not necessarily that D = P (Ω)). Moreover, we expect to be able
to calculate the probability of an arbitrary event by some sort of summing over the
individual tickets.

A critical inspection of this example leads us to two important observations:

A If we want to have a probability theory which describes a fair lottery on N,
assigns a probability to all singletons of N, and follows a generalized additivity
rule as well as the Normalization Axiom, the probability has to be non-zero
but smaller than any finite, strictly positive real number. Hence, the range of
P has to include infinitesimals. In other words, the range of P has to be a
subset of a non-Archimedean field. Therefore, it cannot be R+, but it could be
a non-standard set such as Q∗,+ or R∗,+, which are known from NSA.

B Our intuitions regarding infinite concepts are fed by our experience with their
finite counterparts. So if we need to extrapolate the intuitions concerning finite
lotteries to infinite ones, we need to introduce a sort of limit-operation which

4An investigation of our intuitions concerning finite and infinite lotteries can be found in Chap-
ter 2.
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transforms ‘extrapolations’ into ‘limits’. Clearly, this operation cannot be the
limit of classical analysis. Because the latter is used in Kolmogorov’s Finite
Additivity, axiom (K4) is suspect.

Motivated by the case study of a fair infinite lottery, we know at this point which
elements in Kolmogorov’s classical axiomatization we do not accept: the use of [0,1]R
as the range of the probability function and the application of classical limits in the
Continuity Axiom. However, we have not yet offered an alternative to his approach:
this is what we present in the next section.

6.2.2 Solution strategy

In order to solve one particular element of the problems mentioned, it may suffice
to tinker with a single axiom. For instance, in order to be able to describe a fair
lottery on the natural numbers, one seems to have the following options:

• Drop the axiom of Normalization (K2). This solution was explored by Rényi
(1955).

• Drop the axiom of CA (K4). This solution was advocated by de Finetti (1974).

• Change (K0B), replacing R by R∗, in order to allow infinitesimals in the range
of the probability function. This was suggested by (Skyrms, 1980, Lewis, 1986a,
Elga, 2004).5

Note that none of the above solutions generalizes to allow for the description of
probabilistic problems on sample spaces of larger cardinalities as well (e.g. a fair
lottery on R).

Likewise, if some other of the previously discussed problems was our only concern,
we could fix it by adjusting one of the axioms. However, from Figure 6.1, we see
that all of Kolmogorov’s axioms are involved in some of the epistemological prob-
lems mentioned. In particular, this chart shows that for cases dealing with infinite
sample spaces, the main problem comes from the combination of the choice of the
range of P with the axiom of CA (K4). Therefore, if we want to cure all symptoms
simultaneously, we should formulate an entire, new set of axioms on which to base
our theory of probability. Here, we list our main requirements for the new axioms:

• Whereas (K0A) allows for a domain which is strictly smaller than the full
power set, it would be convenient if every set in P(Ω) represents an event. For
finite problems, the maximum number of different values taken by the function
P depends on the problem (in particular, the size of the sample space Ω).
Therefore, instead of fixing the range in advance, we will allow the range to
depend on Ω for the finite as well as the infinite case.

5On closer inspection, we see that this approach also implies that (K4) has to be dropped, as we
saw in Chapter 2.
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Figure 6.1: Schematic representation of Kolmogorov’s axioms and definitions
on the left hand side and their consequences (with some examples) on the right
hand side. Positive features are indicated in blue, negative properties in red.

• We intend to replace (K1) by a formalization of Regularity. We should replace
(K2) in a similar way, so as to ascertain that the interpretation of P = 1 events
is also intuitively clear.

• The axiom of Finite Additivity (K3) is involved in one problematic issue, but
does not seem to be the main culprit. So far, it seems as though we can keep
this principle intact.

• Our replacement for (K4) will be the most drastic removal from Kolmogorov’s
approach. Because (K4) implies the use of classical limits, it is incompatible
with our planned introduction of non-standard numbers in the range of P (cf.
Chapter 2). Our new axiom will imply a limit operation of a different kind.
In the case of a denumerably infinite sample space, this limit turns out to
be the α-limit, as defined by Benci and Di Nasso (2003a) in the context of
Alpha-Theory—an axiomatic approach to non-standard analysis (NSA). In the
case of a non-denumerably infinite sample space, a generalization of the ideas
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underlying the α-limit will have to be derived.

We will translate the above considerations into axioms in the next section.

6.2.3 Axioms for Non-Archimedean Probability (NAP)

Because the range of the probability function may contain infinitesimals in our
approach, we call it Non-Archimedean Probability (NAP).

These are the Axioms of NAP, where Ω is a set called the sample space:

(NAP0) The probability function P has as its domain the full powerset of Ω (event
space = P(Ω)) and as its range the unit interval of a suitable, ordered field F
(range = [0,1]F ).

(NAP1) P (A) = 0⇔ A = ∅

(NAP2) P (A) = 1⇔ A = Ω

(NAP3) For all events A,B ∈ P(Ω) such that A ∩B = ∅:

P (A ∪B) = P (A) + P (B).

(NAP4) There exists a directed set ⟨Λ,⊆⟩6 with Λ ⊆ Pfin(Ω)7 such that:

∀E ∈ Pfin(Ω),∃λ ∈ Λ ∶ E ⊂ λ.8

When the sample space Ω is finite, the NAP-axioms have no advantage over Kol-
mogorov’s axioms. This should not be surprising, as they were intended to overcome
difficulties that arise only when considering problems on infinite sample spaces. We
see that the NAP-axioms indeed fulfill the desiderata of the previous subsection:

• The axiom (NAP0) ensures that every set in P(Ω) represents an event. Whereas
Kolmogorov fixes the range of all probability functions (as [0,1]R), in our case,
the range depends on the problem (in particular, the sample space Ω).

• The pair (NAP1) & (NAP2) makes it possible to interpret probability 0 and
1 events safely as impossible and necessary, respectively: they formalize Regu-
larity and Regularity†, respectively.

• The axiom (NAP3) is exactly the same as Kolmogorov’s addition-rule for events
(finite additivity).

• The axiom (NAP4) implies the use of a generalized limit (direct limit), just as
the Continuity Axiom implies the use of classical limits.

6⟨Λ,⊆⟩ is a directed set if and only if Λ is a non-empty set and ⊆ is a preorder such that every
pair of elements of Λ has an upper bound: (∀A,B ∈ Λ)∃C ∈ Λ ∶ A ∪B ⊆ C.

7Pfin(Ω) denotes the family of finite subsets of Ω.
8This condition implies that ⋃λ∈Λ λ = Ω.
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Collectively, the axioms may force the range [0,1]F to be non-Archimedean. In
particular, when the sample space Ω is countably infinite and the odds are fair, or
when Ω is uncountably infinite, (NAP1) forces F to be a non-Archimedean field.9

In the case of a denumerably infinite sample space Ω, the limit implied by (NAP4)
can be the axiomatically defined α-limit. A non-standard model for this concept can
be obtained in terms of maximal ideals or free ultrafilters; the use of the directed set
⟨Λ,⊆⟩ has the advantage that unlike the other two options, Λ can be stated explicitly
and can be chosen such as to model ‘the physics’ of the problem.

There is another analogy between Kolmogorov’s axiom (K4) and the NAP-axiom
(NAP4). Axiom (K4) allows you to extend the probability to a σ-algebra once you
have defined the probability on a smaller family of sets. For example, if you want to
define a uniform probability on [0,1]R, you start by defining the probability on the
family of semi-open intervals (∀a > b ∈ [0,1]R) P ([a, b)) = b−a. Then you extend the
set of semi-open intervals to the σ-algebra generated by them. The Axiom (NAP4)
has the same role: if you want to define a probability on P(Ω), you start by defining
the probability on a suitable family of finite sets first, and then you extend it to the
whole power set.

The NAP axioms can be shown to be consistent by giving a model for them. The
construction of such a model is a mathematical matter rather than a philosophical
one, so it is not presented here. Once we have a working system, we can apply
the new approach to all kinds of problems: countable lotteries (fair lottery on N
or Q), uncountable ones (fair lottery on R), and infinite sequences of tosses with
a fair coin (2N). This means that we can express the probability of a particular
outcome of an infinite sequence of coin tosses as an infinitesimal, pace Williamson
(2007). The development of these examples, however, goes beyond the scope of the
outlook-section.

The further development of Non-Archimedean Probability and its application to
examples known in the philosophy of probability are the topics of future work. Even
in its preliminary form, however, the NAP system clearly illustrates that the analysis
for a fair lottery on N given in Chapter 2 can be generalized to any lottery (fair
or otherwise) on any sample space (countable or otherwise). Put differently, Non-
Archimedean Probability shows that if we want to incorporate the advantages of
qualitative approaches to probability into a quantitative framework, we can do so
by allowing infinitesimals in the range of the probability function. As such, it is my
hope that this dissertation can be regarded as a new step towards a better framework
for the philosophy of probability.

9A fair lottery is the simplest but not the only example which leads to a non-Archimedean F in
the case of a countably infinite Ω: the same is true if the winning odds of a ticket increase with the
ticket number, and more advanced examples can be construed.


