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AbSTRACT

Test-negative design (TND) case-control studies are a special type of observational 

study for investigating influenza vaccine effectiveness (IVE). It is a design that is 

considered to be less susceptible to different sources of study biases compared to 

conventional observational studies. Assuming a multinomial distribution on the 

underlying contingency table for a TND study, we demonstrate theoretically that 

a meta-analysis of multiple TND studies should be conducted with a generalized 

linear mixed model using three binomial components, i.e. the number of vaccinated 

cases, the number of vaccinated controls, and the number of cases.

Simulation studies are conducted to investigate the performance of the parameter 

estimators. The approach shows almost no estimation bias of the IVE (expressed 

as overall log odds) and the Wald-type confidence intervals are close to nominal. 

Consequently, the approach gives accurate type I and type II error rates. The 

intraclass correlation coefficient, which was selected as measure of heterogeneity, 

is underestimated. However, the coverage probability of the selected confidence 

intervals are still close to nominal, although it is somewhat liberal. Our approach 

was also compared with the DerSimonian and Laird approach on the log odds 

ratios for studies and with a binomial-normal approach on the vaccinated controls 

and vaccinated cases alone, ignoring the proportion of cases. Although the mean 

squared errors of the estimators for IVE were almost identical across all three 

approaches, the DerSimonian and Laird approach provide substantial estimation 

bias and should not be used. The classical binomial-normal approach does perform 

less on estimation bias and coverage probabilities than our theoretically sound 

approach, but the differences are in general not very large. The binomial-normal 

approach may be considered as a potential alternative. 

Keywords: Influenza vaccine effectiveness; 2 x 3 contingency table; Heterogeneity 

across TND studies; Performance measures of parameter estimators.
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InTRoDuCTIon

Since influenza viruses evolve constantly, seasonal influenza vaccines should be 

updated annually and influenza vaccine effectiveness (IVE) should be estimated 

every year. In order to assess IVE, cohort and case-control studies are being 

conducted regularly. Although the main evidence about the IVE comes from such 

studies, the susceptibility of these study designs to different sources of study 

biases has led to a contentious debate about the true IVE [1-3]. To overcome the 

limitations of conventional study designs and provide less biased IVE, a new case-

control study design, known as test-negative design (TND), has been developed 

recently [4-6]. In this design, subjects with influenza-like illness (ILI) seeking 

medical care are tested by a laboratory test (e.g. polymerase chain reaction) for 

detection of influenza viruses. Subjects tested positively for influenza viruses are 

referred to as cases and subjects with negative results are treated as controls.

The validity of TND studies have been investigated and approved by several 

studies [4-6]. It has been shown that a TND study has two main advantages 

over the conventional observational studies. Firstly, since TND studies include 

patients with ILI symptoms, the bias due to health care-seeking behavior between 

vaccinated and unvaccinated subjects would reduce considerably [4,5]. Secondly, 

TND studies assesses IVE against the specific outcome, laboratory-confirmed 

influenza, and therefore reduces the risk of misclassification bias [4,7]. Despite all 

the mentioned advantages, TND case-control studies have a potential limitation of 

including small sample size in the conducted studies. The small sample size in TND 

studies could be partially due to the fact that subjects in TND studies are patients 

with ILI symptoms. Therefore, in influenza seasons with low to moderate virus 

activity, the number of patients and consequently the overall sample size would 

be low. This small sample size problem will be pronounced in TND case-control 

studies that aim to assess IVE among a specific target population such as elderly.

In a protocol by the European Center for Disease Prevention and Control 

(ECDC) this limitation has been discussed and pooling results from individual 

studies has been recommended as a possible solution [8]. In order to pool the 

results from individual TND studies, the conventional meta-analysis method, 

known as DerSimonian and Laird random effects model, may possibly be used 
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on the log odds ratios [9]. This method is frequently used in medical research due 

to the simplicity of application and availability in different statistical packages 

(e.g. STATA, Chochrane RevMan Software). However, it has been shown that 

this method produces estimators that are biased when it is applied to two-by-two 

contingency tables [10-12]. One of the main reasons is that in the conventional 

method the exact binomial counts are approximated by a normal distribution. This 

approximation would not perform well when the proportion is close to one or zero, 

and/or when the sample size is small [10]. Moreover, the normal approximation 

does not take into account the correlation between the estimated proportion 

and its standard error [10,13]. Another reason is that in studies with low or zero 

event rates, continuity correction is a proposed method to prevent undefined or 

zero standard errors. Such continuity corrections affect the results and bias the 

estimates [13-15]. Finally, the conventional DerSimonian and Laird method on log 

odds ratios uses weights that are based on study-specific variances which could 

lead to bias in case of substantial heterogeneity across studies [16].

Alternative methods that would directly analyze the counts of two-by-two 

contingency tables have been studied as well and they do outperform DerSimonian 

and Laird [13,17]. However, none of these approaches take into account possible 

heterogeneity across studies that is present in the proportion of cases when applied 

to TND designs. The reason is that these current approaches condition on the 

number of cases when pooling the two-by-two contingency tables, but this may be 

inappropriate whenever heterogeneity at the proportion of cases is correlated with 

the heterogeneity on the proportions of vaccinated cases and controls. To overcome 

the limitations of these classical approaches we developed a three-dimensional 

generalized linear mixed model (GLMM) for TND case-control studies assessing 

IVE. This model enables us not only to avoid the need for continuity correction 

and correlation between the estimate and standard errors but also to take into 

account the multi-dimensional heterogeneous nature of TND case-control studies. 

Our proposed method is essentially an extension of the binomial-normal model for 

two-by-two contingency tables [13] to TND designs.

The structure of this article is as follows. In Section 2, we firstly describe a 

general set-up of one TND case-control study and its associated null hypotheses 

(Section 2.1). We further discuss the statistical model for the analysis of counts 
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from multiple TND studies (Section 2.2). We also briefly describe the two classical 

approaches, which do not fully exploit the available information (Section 2.3), and 

we provide measures of heterogeneity (Section 2.4). In Section 3, the performance 

of the new model and the classical models are evaluated by means of a simulation 

and the results of a case study are presented. The paper ends with a discussion 

(Section 4).

2 MeThoDS

2.1  Description of test negative design

Assume a random sample is collected from a population of interest. The sampled 

data can be organized in a 2x3 contingency table displayed in Table 1. In this table, 

jihX ,,  represents the observed number of subjects in study h  with a vaccination 

status i  ( 1=i : No; 2=i : Yes) and a condition j  ( 0=j : Non-influenza ILI; 1=j : 

Influenza ILI; 2=j : No ILI). The total number of subjects 

€ 

Nh =
i=1

2
∑ j=0

2
∑ Xh,i, j  

represents the sample size and ,1,2,1,1,1,0= hhhh XXXK ++  represents the 

observed number of subjects without a vaccination. Furthemore, the total number 

of subjects ,2,0,1,0= hhh XXX +  is referred to as the observed number of controls 

and the total number of subjects ,2,1,1,1= hhh XXY +  is referred to as the observed 

number of cases.

TAble 1. Contingency table for a general sample from a one study population.

Vaccination IlI no IlI Total

non-Influenza Influenza

 no ,1,0hX ,1,1hX ,1,2hX hK
Yes ,2,0hX ,2,1hX ,2,2hX

€ 

Nh −Kh

Total ,2,0,1,0= hhh XXX + ,2,1,1,1= hhh XXY +
 ,2,2,1,2 hh XX +

   hN
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The vector of counts ),,,,,( ,2,2,2,1,2,0,1,2,1,1,1,0 hhhhhh XXXXXX  follows a 

multinomial distribution with index hN  and proportions jihp ,, , satisfying the 

constraint 

€ 

i=1

2
∑ j=0

2
∑ ph,i, j =1 . The number of subjects hhh YXS +=  with 

an ILI condition has a binomial distribution with index hN  and proportion 

,2,1,2,0,1,1,1,0= hhhhh ppppp +++ . The joint conditional distribution of 

),,,( ,2,1,2,0,1,1,1,0 hhhh XXXX , given the participants sSh = , is then a multinomial 

distribution with parameters s  and 

€ 

π h,i, j = ph,i, j /ph . This implies that the 

conditional distribution of the total number of cases hY , given sSh = , is a 

binomial distribution with parameters s  and 

€ 

(ph,1,1 + ph,2,1)/ph . Furthermore, 

the conditional distribution of the vaccinated cases ,2,1hX , given the total 

number of cases yYh = , is a binomial distribution with parameters y  and 

€ 

ph,2,1/(ph,1,1 + ph,2,1)  and the conditional distribution of the vaccinated controls 

,2,0hX , given the total number of cases yYh =  and the participants sSh = , is a 

binomial distribution with parameters 

€ 

s− y  and Ph,2,0 /(Ph,1,0 + Ph,2,0).

Observed data for a TND study would be collected from the subjects with an ILI 

condition. Under the stated assumptions above and under the assumption that the 

observed data for a TND study is collected randomly, the counts ,1,0hX , ,1,1hX , 

,2,0hX , and ,2,1hX  in a TND study would also follow the multinomial distribution 

with index hS  and proportions 

€ 

π h,i, j = ph,i, j /ph . In practice though, the sample 

would be generated by subjects seeking care for an acute respiratory illness only 

[5]. If this subset of subjects has no affect on the proportions, the distributional 

assumptions remain true.

Vaccination could in theory affect several proportions jihp ,,  in the 2 x 3 

contingency table. The first most logical influence, is that vaccination has a 

protective effect for seasonal influenza viruses. If we define the degree or odds of 

vaccination by 

€ 

δh = (ph,2,0 + ph,2,1 + ph,2,2)/(ph,1,0 + ph,1,1 + ph,1,2) , a protective 

effect of vaccination implies that ,2,1hp  is smaller than 

€ 

δh ph,1,1 , i.e. 

€ 

ph,2,1 < δh ph,1,1 .

The second influence is that vaccination may also affect the ILI condition for 

other causes. It could either increase the proportion of non-influenza ILI’s in the 

vaccinated group, i.e. 

€ 

ph,2,0 > δh ph,1,0 , since vaccination could make subjects 

more vulnerable to other causes of ILI. Alternatively, it could also be protective 

to the other causes, i.e. 

€ 

ph,2,0 < δh ph,1,0 , since the immune system may become 

more sensitive also to other types of organisms. These last two issues have been 
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discussed by others [5,19], but they will most likely not occur without a protective 

effect of vaccination.

Assume now that Ph,2,1= θδhPh,1,1 and Ph,2,0= ηhδhPh,1,0, with 

€ 

θh ≥ 0  the relative 

risk of vaccination for subjects with an influenza virus infection and 

€ 

ηh ≥ 0  

the relative risk of vaccination in the group of subjects with other causes for 

ILI. The null hypothesis that vaccination has no effect in any way is defined by  

H0: θ h=1^η h=1. Under this null hypothesis, both proportions Ph,2,1 /(Ph,1,1 + Ph,2,1) and 

Ph,2,0 /(Ph,1,0 + Ph,2,0) would become equal to 

€ 

δh/(1+ δh ) . Thus null hypothesis 0H  

can be tested by a statistical test that would compare the proportion of vaccinated 

cases with the proportion of vaccinated controls in TND study h , conditionally 

on the number of cases hY  [18]. This test would only be valid when care seeking 

subjects can be seen as a random sub-sample from all subjects with an ILI condition.

For a more general setting though, the proportion 

€ 

π h
+ ≡ ph,2,1/(ph,1,1 + ph,2,1)  

of vaccinated cases is equal to 

€ 

θhδh/ 1+ θhδh( )  and the proportion of vaccinated 

controls 

€ 

π h
− ≡ ph,2,0/(ph,1,0 + ph,2,0)  is equal to 

€ 

ηhδh/ 1+ ηhδh( ) . This implies that 

the protective effect 

€ 

θh  of vaccination can not be estimated from the counts ,1,0hX ,

 ,2,0hX , ,1,1hX , and ,2,1hX  of a TND study without knowledge on the vaccination 

degree 

€ 

δh . In case vaccination does not affect the proportion of non-influenza 

ILI’s, i.e. 

€ 

ηh =1, the protective effect 

€ 

θh  can be estimated from the odds ratio 

€ 

ORh = Xh,2,0Xh,1,1/(Xh,1,0Xh,2,1)  without knowledge on 

€ 

δh . Thus an unbiased 

estimate of 

€ 

θh  in a TND study requires additional information or assumptions.

Relations 

€ 

ph,2,1 = θhδh ph,1,1  and 

€ 

ph,2,0 = ηhδh ph,1,0  also imply that the proportion 

of cases 

€ 

π h ≡ (ph,1,1 + ph,2,1)/ph  in TND study h  is given by 

€ 

π h =
1+ θhδh( )

1+ θhδh( ) + 1+ ηhδh( )γ h[ ]
= 1

1+ γ h 1− π h
+( )/ 1− π h

−( )
,
          

(1)

with 

€ 

γ h ≥ 0  the ratio of the proportions 

€ 

ph,1,0  and 

€ 

ph,1,1  for the two ILI conditions 

in the non-vaccinated group of subjects in the population, i.e.

€ 

γ h = ph,1,0/ph,1,1 . 

Proportion 

€ 

π h  in (1) shows that the number of cases hY  (as fraction of the total 

number of subjects in a TND study) contains information on the protective effect 

€ 

θh , but including proportion 

€ 

π h  does provide additional information on 

€ 

δh  or 

€ 

ηh ,
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since the proportion comes with an extra parameters (

€ 

γ h ). For one TND study 

this may not be considered an issue, since the number of cases hY  can essentially 

be ignored in the analysis, although it may or could contribute to an improved 

estimate for 

€ 

θh . Contrary to the analysis of one study, hY  should not be ignored 

for a meta-analysis of multiple TND studies, since heterogeneity across studies 

would make the three proportions 

€ 

π h
− , 

€ 

π h
+ , and 

€ 

π h  correlated. Indeed, the degree 

of vaccination 

€ 

δh  is contained in each proportion and it will typically vary with 

studies, in particular when studies are collected from different regions or countries. 

The formulae may suggest that the proportions 

€ 

π h
−  and 

€ 

π h  would be negatively 

correlated and the proportions 

€ 

π h
+  and 

€ 

π h  would be positively correlated, but the 

signs of these associations are not evident due to unknown associations between 

for instance 

€ 

δh  and γh. Whatever the association, ignoring it may lead to biased 

estimates (see also Section 2.2). Thus for a meta-analysis of multiple TND studies 

it becomes important to implement a statistical model for the three observations 

,2,0hX , ,2,1hX , and hY  simultaneously, by making assumptions on the distribution 

of 

€ 

ηhδh,θhδh,γ h( ) .

2.2  A three component GLMM for meta-analysis

To create a logistic link function for each proportion 

€ 

π h
− , 

€ 

π h
+ , and 

€ 

π h , it is 

more convenient to transform the triplet 

€ 

ηhδh,θhδh,γ h( )  to random variables 

in an exponential form. If we define 

€ 

ηhδh = exp{−Uh,0} , 

€ 

θhδh = exp{−Uh,1}
and γh=exp{Vh - log(1+ηhδh)+log(1+θhδh)}, the proportions 

€ 

π h
− , 

€ 

π h
+ , and 

€ 

π h  

would become equal to 

€ 

π Uh,0( ) , 

€ 

π Uh,1( ), and 

€ 

π Vh( ) , respectively, with 

€ 

π x( ) = (1+ exp(x))−1. We will now assume that the vector of random or latent 

variables ),,( ,1,0 hhh VUU  has a three dimensional normal distribution with mean 

€ 

μ ≡ μ0,μ1,μv( )  and variance-covariance matrix 

                 

€ 

Σ ≡

σ 0
2 rσ 0σ1 ρ0σ 0σ v

rσ 0σ1 σ1
2 ρ1σ1σ v

ρ0σ 0σ v ρ1σ1σ v σ v
2

⎛ 

⎝ 

⎜ 
⎜ 
⎜ 

⎞ 

⎠ 

⎟ 
⎟ 
⎟ 
.

                           

(2)

Thus under the stated assumptions, the likelihood function hL  of triplet 
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),,( ,2,1,2,0 hhh YXX  in TND study h  is given by 

 
  

€ 

Lh =
? 3∫ PB Yh = yh |Vh = v( )

 

€ 

×
i=0

1

∏PB Xh,2,i = xh,i |Yh = y,Uh,i = ui( )φ3 u | μ,Σ( )du,          (3)

with BP  indicating a binomial probability, 

€ 

xh,0,xh,1,yh( )  the observed counts 

in TND study h , 

€ 

u = u0,u1,v( )  a vector of latent variables, and Φm(·|μ,Σ) the 

m -dimensional normal density with mean μ and covariance matrix Σ. The full 

likelihood function for a meta-analysis with m  TND studies would become 

€ 

L =
h=1

m
∏ Lh , when studies are considered independent.

To test for vaccine effectiveness in (3) is not immediately obvious due 

to a reformulation of the proportions incorporating the random variables 

€ 

Uh,0,Uh,1,Vh( ) . Clearly, when vaccination has no effect at all, the proportions 

of vaccinated cases should still be equal to the proportion of vaccinated controls, 

which implies at least μ0=μ1. However, when the null hypothesis would not hold 

true, the difference μ1 =μ0 may indicate an influence that is not just determined 

by the protective effect of vaccination (see Section 2.1). We will assume that non-

influenza ILI is not affected by vaccination, since non-identifiability prohibits us to 

estimate the protective effect unbiasedly.

Under the alternative hypothesis, heterogeneity can essentially be different for 

cases and controls. Indeed, a variable that would indicate whether the administered 

vaccine would match with the circulating virus, may only affect the proportion of 

vaccinated cases, but not the proportion of vaccinated controls. Thus if vaccination 

is more effective in seasons with a vaccine that matches the circulating virus, 

combining seasons with and without vaccine matches will cause heterogeneity 

in the proportion of vaccinated cases across studies, but not necessarily for the 

controls. However, when all possible variables that would explain differences in 

heterogeneity would be incorporated into the proportions of vaccinated subjects, 

there would be no reason for a three-dimensional heterogeneity anymore, i.e. 

hhh UUU == ,1,0 . This reduction in dimensionality would typically occur when 

R
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heterogeneity is only attached to the degree of vaccination δh. Whether a three-

dimensional or two-dimensional heterogeneity for the three relevant proportions 

€ 

π h
− , 

€ 

π h
+ , and 

€ 

π h  in the meta-analysis is needed, can in principle be tested with 

a likelihood ratio test [18,20]. These models can both be fitted with standard 

software like procedure GLIMMIX of SAS Institute [21].

2.3  Classical approaches

In Section 2.1 we indicated that the odds ratio ORh would provide appropriate 

information for an estimate of the protective effect of vaccination in one TND 

study when vaccination does not influence the risk for non-influenza ILI. Thus it 

seems natural to pool the log odds ratios for a meta-analysis of TND studies, since 

this approach is common to meta-analyses of multiple two-by-two contingency 

tables [9]. This method assumes an underlying random effects model on the log 

odds and uses a weighted average approach that has been discussed by others [22]. 

It also allows for estimation of heterogeneity. In short, the pooled log odds ratio is 

calculated by 

€ 

ˆ μ R =
h=1

m
∑ wh

* log(ORh )/
h=1

m
∑ wh

* , with an accompanied asymptotic standard 

error of 

€ 

1/(
h=1

m
∑ wh

* )1/2 . The weights *
hw  are defined by 

€ 

wh
* =1/(sh

2 + ˆ τ 2)  with hs  the 

standard error of log ORh and τ̂2 the variance for the size of heterogeneity. The 

standard error hs  is defined by 

€ 

sh = (Xh,1,0
−1 + Xh,2,0

−1 + Xh,1,1
−1 + Xh,2,1

−1 )1/2 and the 

variance for heterogeneity τ̂2 is given by 

€ 

ˆ τ 2 = max 0, Q− (m −1)[ ]/
h=1

m

∑sh
−2 −

h=1

m

∑sh
−4/

h=1

m

∑sh
−2

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ 

⎧ 
⎨ 
⎪ 

⎩ ⎪ 

⎫ 
⎬ 
⎪ 

⎭ ⎪ 
,    (4)

with 

€ 

Q =
h=1

m
∑ sh

−2(log(ORh ) − ˆ μ F )  and 

€ 

ˆ μ F =
h=1

m
∑ sh

−2 log(ORh )/ h=1

m
∑ sh

−2  [9].

The binomial-normal model uses a generalized linear mixed model with a 

logistic link function on two binomial counts and a two-dimensional latent 

variable, similar to our approach in Section 2.2. Applied to our meta-analysis 

of TND studies, the conditional distribution of the number of vaccinated 

controls and cases ),( ,2,1,2,0 hh XX , conditioned on the bivariate latent 

variables ),( ,1,0 hh UU , is assumed independent and binomially distributed, 

i.e.   

€ 

Xh,2,0 |Uh,0 = u0?Bin(Sh −Yh,π (u0))  and   

€ 

Xh,2,1 |Uh,1 = u1 : Bin(Yh ,π (u1)) .
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The latent variables ),( ,1,0 hh UU  are assumed normally distributed with means 

(μ0,μ1), variances (σ2
0,σ2

1), and correlation coefficient r . The likelihood function for 

TND study h  is then similar to (3), but now without the number of cases involved, 

i.e. 

 
Lh =

R 2∫
i=0

1

∏PB Xh ,2,i = xh ,i |Yh = y,Uh ,i = ui( )φ2 u | μ,Σ( )du.             (5)

Clearly, the two classical methods do not exploit the information on the number 

of cases hY  in any way, and may therefore be less optimal than our approach in 

Section 2.2. To determine the difference between (3) and (5) more theoretically 

we need to study the distribution of the number of cases hY , conditionally on the 

study variables ,0hU  and ,1hU , since this distribution determines the difference 

between the two likelihoods in (3) and (5). The conditional distribution of hV  given 

0,0 = uUh  and 1,1 = uUh is normal with mean 

μC (u0 ,u1 ) = μv + σ v[(ρ0 − rρ1 )(u0 − μ0 ) /σ 0 + (ρ1 − rρ0 )(u1 − μ1 ) /σ 1 ] / (1− r2 )
and variance σ C

2 = σ v
2 [1− (ρ0

2 − 2rρ0 ρ1 + ρ1
2 ) / (1− r2 )]. To guarantee a positive 

variance σ2
c the correlation coefficient r  must be an element of the open interval 

(ρ0 ρ1 − {(1− ρ0
2 )(1− ρ1

2 )}1/2 , ρ0 ρ1 + {(1− ρ0
2 )(1− ρ1

2 )}1/2 ) . This restriction is 

induced by a positive definite variance-covariance matrix Σ, but it is not sufficient 

since we also need that the product of correlation coefficients must be non-negative. 

The conditional density of hY , given 0,0 = uUh  and 1,1 = uUh , is now equal to 

 

       

Nh

k

⎛

⎝
⎜

⎞

⎠
⎟ ?∫ π σ C z + μC u0 ,u1( )( )⎡⎣ ⎤⎦

k
1− π σ C z + μC u0 ,u1( )( )⎡⎣ ⎤⎦

Nh − k
φ z( )dz,  (6)

 with  


k ∈ 0,1,2,,Nh{ }, π(x) defined as before by π x( ) = 1+ exp x( )( )−1
, and Φ  

the standard normal density. Then the likelihood in (3) is formed by including the 

density (6) inside the integral of (5). Clearly, the density in (6) is only independent 

of 0u  and 1u  when the correlation coefficients ρ0 and ρ1 are both equal to zero (i.e. 

the proportion of cases is independent of the proportions of vaccinated subjects) 

or when the variance σ2
v is equal to zero (i.e. no heterogeneity for the proportion 

of cases across studies). When at least one of the coefficients ρ0 or ρ1 is unequal to 

zero and σ2
v >0 , the density in (6) will range from zero to one (or from one to zero) 

~ ~

R
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when 0u  or 1u  will range from – ∞ to ∞. However, the influence of density (6) on 

likelihood (3) can still be different for different parameter settings.

2.4  Measures of heterogeneity

Heterogeneity across studies in our model (3) is expressed by three variance 

components σ2
v , σ

2
1 and σ2

v. They quantify the absolute size in heterogeneity 

in the proportion of vaccinated controls, the proportion of vaccinated cases, 

and in the proportion of cases, respectively. A measure for heterogeneity is the 

intraclass correlation coefficient (ICC). For the logit link function, this measure 

is defined by ICC= σ 2 / σ 2 + π 2 / 3( ) , see for instance Rodriguez and Elo [23]. 

It can be calculated for each of the three dimensions, but heterogeneity on the 

two proportions of vaccination are the most relevant measures of heterogeneity. 

Confidence intervals on the ICC will be calculated using a beta distribution [24]. 

Note that the ICC can also be applied to the binomial-normal model described by 

Stijnen et al. [13].

SIMulATIon AnD ReSulTS

3 Simulation and case study

The first part of the simulation study investigates the properties of the estimators 

for the overall true log odds ratio μ1 – μ0. It studies the bias and the mean square 

error (MSE) of the estimators from our model and the three classical approaches. 

The bias is computed as the difference between the estimator’s average value over 

all simulations and the true value μ1 – μ0 being estimated. The MSE is computed 

as the average value over all simulations for the squared difference of the estimate 

and the true value. The first part also investigates the coverage probability of 

the approximate confidence interval based on the asymptotic standard error of 

the estimator. It is computed as the proportion of all simulations for which the 

confidence interval contains the true value. Finally, the type I error rate and the 

power of the standard Wald test statistic involved are also being investigated. 
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The second part studies the heterogeneity for our three component generalized 

linear mixed model in comparison to the classical two-dimensional model. The 

heterogeneity is associated with the variances, thus the second part explores 

essentially the performance of the variance component estimators.

3.1  Simulation process and settings

For every test negative design study h  (


∈ 1,,m{ } ), we first generated the 

latent variables ),,( ,1,0 hhh VUU  using a multivariate normal distribution 

with means (μ0,μ1,μv), variance components (σ 0
2 ,σ 1

2 ,σ v
2 ) , and correlations 

rUU hh =),(CORR ,1,0 , CORR(Uh ,0 ,Vh ) = ρ0 , and CORR(Uh ,1 ,Vh ) = ρ1 . 

Then secondly, we generated the study or sample size hS  for study h  independent 

from the latent variables using a Poisson distribution with mean parameter λ. 

This distribution was chosen since the data from the case study in Section 

3.4 demonstrated a relatively good fit with Poisson. Then the third step in the 

simulation was to generate the number of cases hY  using a binomial distribution 

with parameters hS  and π h = exp Vh( ) / 1+ exp Vh( )( ) . Then given the sample size 

hS  and the number of cases hY  in study h , the final step in the simulation was 

to generate the number of vaccinated controls ,0hX  from a binomial distribution 

with parameters Sh – Yh and π h
− = exp(Uh ,0 ) / (1+ exp(Uh ,0 ))  and the number 

of vaccinated cases ,1hX  from a binomial distribution with parameters hY  and 

π h
+ = exp(Uh ,1 ) / (1+ exp(Uh ,1 )) .

The settings for the parameters μ0, μ1, μv, σ0, σ1 and σv were chosen in a way 

to reflect realistic proportions for the triplet (π h
− ,π h

+ ,π h )  across studies 

[3]. We took the parameter μ0 = 0 and μv = -1 in all simulations. We chose 
μ1 ∈ −0.3,0{ } to simulate a substantial ( μ1 = −0.3 ) and no (μv = 0) effect. The 

variance component in the proportion of cases was selected σ v
2 =1.5  for all 

settings, but the variance components in the vaccinated proportions were varied 

according to σ 0
2 ,σ 1

2 ∈ 0.2,0.6,1{ } . Note that we studied settings only with equal 

variances, i.e. σ 0
2 = σ 1

2 . The correlation coefficients (r, ρ1, ρ0 )  were selected by 

r, ρ1, ρ0 ∈{−0.75,−0.50,−0.25,+0.25, 0.75}0.50,++  , but not all possible 

combinations were studied. Note that some combinations would not provide semi-

postive definite covariance matrices, since the product of signs must be positive. 

Table 2 lists a particular example for a set of combinations of correlation coefficients  
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(r,ρ0,ρ1)=(±0.75, ±0.50, ±0.75) in combination with settings for variances  
σ2

0 = σ2
1. For visualization purposes we numbered the combinations of parameter 

settings. In the simulation we also studied (r,ρ0,ρ1)=(±0.25, ±0.25, ±0.25),

(r,ρ0,ρ1)=(±0.50, ±0.50, ±0.50), (r,ρ0,ρ1)=(±0.75, ±0.75, ±0.75), (r,ρ0,ρ1)=(±0.50, 

±0.75, ±0.75) and (r,ρ0,ρ1)=(±0.75, ±0.75, ±0.50) . Finally, we selected an average 

study size of λ = 350 participants and simulated m = 30 studies for all settings. 

Each setting was simulated 1000 times.

TAble 2. Settings for the correlation coefficients.       

Setting 1 2 3 4 5 6 7 8 9 10 11 12

σ2
0 = σ2

1
0.2 0.2 0.2 -0.2 0.6 0.6 0.6 0.6 1.0 1.0 1.0 1.0

r +0.75 +0.75 -0.75 0.75 +0.75 +0.75 -0.75 -0.75 +0.75 +0.75 -0.75 -0.75

ρ0 +0.5 -0.50 -0.50 +0.50 +0.50 -0.50 -0.50 +0.50 +0.50 -0.50 -0.50 +0.50

ρ1 +0.75 -0.75 +0.75 -0.75 +0.75 -0.75 +0.75 -0.75 +0.75 -0.75 +0.75 -0.75

3.2  Simulation results: performance effect estimator

The results of the first part of the simulation are provided in Figures 1 through 4. 

No effect of vaccination was simulated for the results in Figures 1 and 3, but an 

effect size for the log odds of μ1–μ0=–0.3 was simulated for the other two figures. 

In Figures 1 and 2 the results of the sets of correlation coefficients (r,ρ0,ρ1)=(±0.25, 

±0.25, ±0.25), (r,ρ0,ρ1)=(±0.50, ±0.50, ±0.50), and (r,ρ0,ρ1)=(±0.75, ±0.75, ±0.75) 

were grouped, while the remaining two figures 3 and 4 present the results of the 

correlation coefficients (r,ρ0,ρ1)=(±0.50, ±0.75, ±0.75), (r,ρ0,ρ1)=(±0.75, ±0.50, 

±0.75) and (r,ρ0,ρ1)=(±0.50, ±0.75, ±0.75). 

The widely used Dersimonian and Laird (D&L) approach generates heavily 

biased results for the overall log odds, irrespective of its true value. The bias 

increases slightly monotonically with an increase in variance components (Figures 

1-4). Larger absolute values for r, ρ0 and ρ1 also increases the bias for D&L. Biases 

of the classical two dimensional (2DIM) approach are certainly smaller than the 

ones of D&L, but they are still larger than the bias of the three dimensional (3DIM) 

approach, in particualr in Figures 3 and 4. The bias of two binomial approaches 
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are hardly affected by changes in the variance components. Finally, the 3DIM 

approach does not demonstrate a real bias.

Interestingly, the MSE of all three approaches are almost identical, irrespective 

of the selected setting. This implies that the bias component within MSE represent 

only a small protion of MSE. The size of MSE is also strongly affected by the 

variance components σ2
1 = σ2

0, which is not unexpected. A positive correlation for 

r  seems to reduce the MSE compared to a negative correlation of r . The size of r  

does not really seem to matter. This is contrary to the correlation coefficients ρ0and 

ρ1. The sign of the correlation seems irrelevant for the MSE, but a larger absolute 

value seems to increase the MSE slightly. The biggest effect is obtained by sign 

changes in correlation coefficient r  and changes in variance components σ2
1=σ2
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In terms of coverage probability of the Wald-type confidence interval on μ1–μ0, D&
L shows the poorest results. The coverage is mostly within 0.82–0.93, which is most 

likely caused by the introduced bias of this approach. The coverage probabilities 

of the 3DIM and 2DIM approach are noticeably more accurate (Figures 1-4) and 

close to the nominal value of 0.95. However, they seem to be rather liberal than 

conservative. The 3DIM approach seems to outperform the 2DIM approach when 

correlation coefficients (r,ρ0,ρ1) are not all identical and high in absolute value, at 

least, when the variance components σ2
1 = σ2

0 are small. The approach that uses 

only the proportions of vaccinations shows coverage probabilities around 0.90.

The performance of the coverage probabilities directly affect the type I error rate 
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and power. A liberal coverage probability would induce an inflated type I error. 

Indeed, D&L rejects the null-hypothesis much too frequently. The type I error rate 

ranges mostly from 0.05 to 0.10, meaning that D&L may falsely claim an effective 

treatment when it is not (Figures 1 and 3). The two binomial approaches provide 

quite accurate Type I error rates, albeit slightly inflated, except for settings that 

gave low coverage probability for 2DIM. The power seems to be slightly better for 

D&L, compared to the two binomial approaches, but this is at the expense of an 

inflated type I error rate.

One of the disadvantages of the three dimensional approach is numerical 

issues in maximizing likelihood function (3) that may become apparent when the 
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figure 3. Bias, MSE, Coverage, and Type I error for estimation of μ1–μ0(=0) for the three approaches; Plain lines 
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absolute value of the correlation coefficients (r,ρ1,ρ0) become larger. We used the 

procedure GLIMMIX with the Laplace numerical optimization method. For the 

classical binomial method we did hardly encounter any numerical issues. This was 

also true for our approach for most settings, but for the settings in Figures 3 and 

4 at most 15% of the simulated data sets provided numerical issues which were all 

related to the Hessian.

3.3  Simulation results: heterogeneity

Considering the poor performance of D&L on the effect estimate μ1–μ0, we focused 

on the heterogeneity measures ICC h= σ h
2 / (σ h

2 + π 2 / 3) , h∈ 0,1{ } , for the two 

binomial approaches. Since we only simulated equal variance components σ2
1 = σ2

0, 
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we reported only IĈC1, since the performance for IĈC0 would be similar. Recall 

that, higher values for ICC1 implicates larger differences between study levels in the 

proportion of vaccinated cases. Table 3 provides the heterogeneity results for the 

set of correlation coefficients (r,ρ0,ρ1)=(±0.50, ±0.50, ±0.50) and (r,ρ0,ρ1)=(±0.75, 

±0.75, ±0.75). The results for the other simulations were similar. 

The results for the settings on the correlation coefficients (r,ρ1,ρ0)={±0.5, ±0.5, 

±0.5} and (r,ρ1,ρ0)={±0.75, ±0.75, ±0.75} did not demonstrate real differences, 

implying that the absolute size of the correlation does not affect the coverage 

probability of the confidence intervals on the ICC. Furthermore, the effect of the size 

of σ2
1 = σ

2
0 did not affect the coverages very much either. The coverage probabilities 

are somewhat larger for 3DIM compared to 2DIM, but the difference is small. 

Furthermore, the coverage probabilities are somewhat liberal although this is not 

dramatic. It is probably caused by the underestimation of the 1ICC . This is not 

uncommon, since likelihood estimators for variance components are typically 

underestimating the variance components [25,26]. Regarding the other settings 

for the correlation coefficients (r,ρ1,ρ0), the results lead to similar conclusions.

TAble 3. Estimates and coverage probabilities (CP) for ICC1 for the two binomial approaches.

Setting ICC1

 ±0.50, ±0.50, ±0.50  ±0.75, ±0.75, ±0.75

 2DIM  3DIM 2DIM 3DIM 

	IĈC1  CP 	IĈC1  CP 	IĈC1  CP 	IĈC1  CP 

1   0.057  0.053  0.919  0.055  0.926  0.052  0.915  0.053  0.931 

2  0.057  0.053  0.908  0.055  0.928  0.051  0.897  0.054  0.928 

3  0.057  0.053  0.907  0.055  0.920  0.051  0.881  0.052  0.918 

4  0.057  0.053  0.884  0.056  0.912  0.052  0.900  0.057  0.934 

5  0.154  0.145  0.912  0.148  0.923  0.143  0.912  0.147  0.925 

6  0.154  0.145  0.907  0.148  0.920  0.142  0.898  0.145  0.922 

7  0.154  0.145  0.910  0.148  0.921  0.141  0.895  0.145  0.913 

8  0.154  0.145  0.903  0.149  0.919  0.143  0.908  0.147  0.923 

9  0.233  0.220  0.920  0.224  0.929  0.219  0.918  0.223  0.931 
10  0.233  0.220  0.914  0.225  0.921  0.216  0.912  0.220  0.922 

11  0.233  0.220  0.913  0.224  0.926  0.216  0.895  0.221  0.911 

12  0.233  0.221  0.914  0.225  0.923  0.218  0.906  0.223  0.924 
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3.4  Case Study

The data is selected from the meta-analysis of Davishian et al. [3]. Although they 

investigated the IVE for different settings, we only included the data from seven 

studies across the world. This subset represents data from regional outbreaks of 

the influenza virus and included studies that reported a vaccine match with the 

seasonal influenza. The data is summarized in Table 4. We only report the two 

generalized linear mixed models, since the performance of D&L for TND studies 

were less optimal.

The estimates for the overal log odds μ1 – μ0 were -1.126 [-1.978; -0.275] and 

-1.156 [-2.214; -0.099] for the three-dimensional and two-dimensional models, 

respectively. A relative difference of just a little less than 15%. Both models provide 

the same conclusion on IVE: vaccination seems effective. The correlation coefficient 

r  between the vaccinated cases and controls differed with about 8.2%. They were 

estimated at 0.89 [1.00; 0.42] for the three dimensional model and at 0.82 [1.00; 

0.40] for the two-dimensional model. The differences between the three- and two-

dimensional models are in this case relatively small, which is probably caused by 

the relatively large heterogeneity in the vaccinated proportions with respect to 

the heterogeneity in the proportion of cases. Indeed, the variance components σ2
0 

and σ2
1 are estimated at 1.417 and 1.675 respectively, while the variance component 

τ2
 was estimated at 0.398. Note that no heterogeneity on the proportion of cases 

would make our approach identical to the classical two-dimensional binomial 

model (see formula (6)).

TAble 4. Data from a meta-analysis on vaccine effectiveness.

Country Year Cases Controls Study

Vaccinated Total Vaccinated Total Cases Total

Australia 2005 3 9 17 20 9 29

SouthAfrica 2005 3 15 6 31 15 46

Canada 2007 4 11 47 58 11 69

Australia 2011 5 6 13 19 6 25

Germany 2011 2 18 17 44 18 62

SouthKorea 2011 21 53 26 53 53 106

Lithuania 2013 0 29 3 18 29 47
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The heterogeneity for the proportion of cases was estimated at IĈC=10.8 [1.9%, 

26.1%]. The heterogeneity measures for the vaccinated proportions are estimated 

at IĈC0=30.1% [7.8%, 59.6%] and IĈC1 =33.7% [3.4 %, 77.1 %] for the controls and 

cases, respectively. The estimates for heterogeneity are considered mild [27,28], 

but the confidence interval shows that moderate to large heterogeneity between 

studies can not yet be ruled out.

ConCluSIonS

Assuming a multinomial distribution on the numbers in the contingency table 

per study demonstrated that a meta-analysis of test-negative design case-control 

studies requires a generalized linear mixed model with three binomial components 

for estimation of an overall log odds. A simulation study demonstrated that our 

approach is capable of estimating the overall effect size almost unbiasedly in 

finite settings. Additionally, the coverage probability of the Wald-type confidence 

interval on the effect size was close to the nominal value of 95%, although it is 

rather liberal than conservative.

The simulation study also demonstrated that the classical approach of D&L 

on the log odds ratio per study should not be used since it provided relatively 

large biases and low coverage probabilities on the estimates. An alternative to 

D&L would be the arithmetic or unweighted average of the log odds ratios. One 

argument in favor of the unweighted average is that the unweighted average is 

in some cases more efficient than the weighted average estimate [22,29], but a 

more important argument is that the weighted average might be biased when 

heterogeneity between studies would be present [16]. The weights should not be 

based on the study-specific variances but on the population-averaged variances. 

However, for odds ratios, risk ratios, or risk differences weighting with the 

population-averaged variances is more complicated [16]. On the other hand, when 

studies are truly different in size, smaller studies count as strong as larger studies 

in an unweighted approach which may bias results as well. Thus despite these 

pros and cons, we decided to just apply the weighted average as an alternative 

to our approach. Our three-component binomial model reduces to the classical 
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binomial-normal approach of Stijnene et al. [13] when the proportion of cases is 

homogeneous across studies or when the vaccinated proportions (of controls and 

cases) are independent of the proportion of cases. This classical binomial-normal 

approach will analyse only the proportions of vaccinated controls and vaccinated 

cases (and thus ignores the proportion of cases). The difference in both methods 

can be studied more theoretically when the two approaches are not equal.

This requires a study of a specific conditional distribution of the number of cases 

in (6), given the heterogeneity variables 00 = uU  and 11 = uU  for the proportions 

of vaccinated controls and cases. If this distribution is relatively constant in 0u  

and 1u  for values that would be likely to occur (i.e. u1 ∈ μ1 − 3σ 1,μ1 + 3σ 1[ ]  and 
u0 ∈ μ0 − 3σ 0 ,μ0 + 3σ 0[ ] ) the binomial-normal approach would also become 

close to the three binomial components model.

The simulation study demonstrated that the overall performance of the binomial-

normal is somewhat lower than our three component approach. It often has more 

bias and somewhat liberal coverage probabilities on the effect size. Furthermore, 

the coverage probabilities on the heterogeneity, measured by an ICC, is also 

somewhat lower than our three component approach. However, the differences 

between these two approaches is overall not very large. The classical binomial-

normal approach is less sensitive to numerical issues in optimizing the likelihood 

than our method. Although we still recommend our three component approach, 

the classical binomial-normal approach may be considered a possible alternative 

analysis method. However, more research is needed to better understand the 

theoretical differences for meta-analysis of TND studies.
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