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Chapter 1

On the use of the conditional density

as a description of galaxy clustering 1

1 Introduction

Through statistical analyses of galaxy clustering, one may hope to answer two basic ques-
tions of cosmological signi�cance. On what size scale does the distribution of matter in the
universe become homogeneous apart from very small uctuations, and what is the form
of galaxy correlations on smaller scales ? The use of the two-point correlation function
in answering these questions has been pioneered by Peebles and collaborators (Peebles
1980 and references therein). The most widely quoted results of analyses of two- and
three-dimensional catalogues (Groth & Peebles, 1977; Davis & Peebles 1983) are that the
distribution of galaxies is homogeneous on scales somewhat larger than 5 Mpc and that on
smaller scales the galaxy-galaxy correlation is a power law in separation with an exponent
of -1.8.

Pietronero (1987) has pointed out that the use of the two-point correlation function and
its interpretation depends on the assumption, most often implicit, that the galaxy distri-
bution becomes spatially homogeneous on a length scale smaller than that surveyed in a
particular catalogue, or, alternatively, that the mean density of galaxies in the Universe is
a well-determined quantity. If this is not true then the estimated amplitude of the two-
point correlation function and the length scale where it becomes small depend upon the
properties of the particular catalogue considered. Twenty years ago, de Vaucouleurs (1970)
emphasized the di�culty of observationally de�ning the mean density in a highly inhomo-
geneous system. More recently, the observations of large structures, voids, and velocity
streaming (de Lapparent, Geller & Huchra, 1986; Burstein et al., 1986; Broadhurst et al.,
1990) reveal that the galaxy distribution is highly inhomogeneous on scales as large as
typical surveys. Therefore, from the arguments given by Pietronero, results based upon an
estimated two-point correlation function are questionable. The use of this highly sample-
dependent statistic may account for the disparate results obtained in analyses of various

1Lemson, G., Sanders, R.H., 1991, MNRAS, 252, 319
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26 Chapter 1 The conditional density and galaxy clustering

three-dimensional catalogues (Davis & Peebles, 1983; Davis et al., 1988; de Lapparent et
al., 1988).

Pietronero suggests that a superior description of the spatial distribution of galaxies
is provided by the conditional density { the mean run of density about a given galaxy {
and he shows that this quantity, because it is not normalized by a mean density, is more
appropriate for considering the question of spatial homogeneity. As an illustration of this,
he considers a distribution of points which is not spatially homogeneous on any scale { a
simple fractal (Mandelbrot, 1977). In this context, a simple (or homogeneous) fractal can
be described in the following way : in a fractal distribution the mean number of points
lying within a sphere centered upon given point, increases with some power, generally
fractional, of the radius of the sphere.The exponent of the power law is smaller than the
dimensionality of the embedding space (two or three in the case of galaxy catalogues), and
this exponent is called the fractal dimension of the distribution.If the spatial distribution of
galaxies were a simple fractal, then the conditional density would have the same power law
form independent of the volume surveyed in a particular catalogue : whereas the two-point
correlation function would always show a break and an apparent approach to homogeneity
on a scale smaller than that surveyed in the catalogue.

Pietronero goes on to argue that the observation of structure on increasingly large scales
{ typically as large as that of the largest region surveyed { is best understood if the distri-
bution of galaxies is self-similar or fractal out to some considerable fraction of the Hubble
radius. While this idea is very provocative, it is di�cult to support on the basis of other
observations which are consistent with large scale homogeneity. For example, the surface
number density of galaxies in various catalogues as a function of the depth or magnitude
limit of the catalogue has the dependence expected for a homogeneous distribution, at least
on scales greater than that of the Zwicky catalogue depth of about 50 Mpc (e.g. Groth
& Peebles, 1977). These and other considerations have led some to dismiss Pietronero's
ideas out of hand (e.g. Davis et al., 1988).

But it is unfortunate that the arguments on the advantages of the conditional density
have become confused with the more controversial and contentious idea of the galaxy dis-
tribution as an in�nite self-similar object. Even if the galaxy distribution can in no sense
be described as a fractal, the conditional density remains the most powerful statistic for
describing that distribution which is obviously highly inhomogeneous on a large scale. This
is the essential point of the present paper.

We demonstrate this by statistical analysis of two synthetic three-dimensional distribu-
tions of points where the true or intrinsic form of the distribution is known. We show that,
compared to the two-point correlation function, the estimated conditional density gives a
more unambiguous and robust description of that distribution { in particular, the scale for
approach to homogeneity, if the distribution does in fact become homogeneous, and the for-
m of the galaxy-galaxy correlation on smaller scales. Moreover, given the recently revived
controversy over the treatment of the survey boundaries (Coleman et al., 1988; Mart��nez
& Jones 1990), we also reconsider the problem of edge corrections using the two synthetic
distributions, and demonstrate that, even in the case of extreme large-scale structure, the
best method (most accurate and no bias) is to normalize pair counts by a Monte Carlo
procedure (Peebles, 1980) rather than to eliminate points lying too close to the survey
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boundaries (Coleman et al., 1988). We then apply this technique to the �rst CfA survey
(Huchra et al., 1983), where we can extend the range of the conditional density estimate
over that of Coleman et al. (1988), and we �nd that there is an apparent approach to
homogeneity on scales greater than 30 Mpc. Moreover, the form of the conditional density
on smaller scales does appear to be a power law but with a slope closer to -1 rather than
the canonical -1.8. The larger implications of these results are briey discussed.

Throughout this paper, when discussing astronomical data, we assume that H0 =
100 kms�1Mpc�1.

2 De�nitions

Here we summarize the arguments of Pietronero (1987; see also Szalay, 1988), and point out
that the conditional density may provide not only the clearest signature of the approach to
homogeneity, but also the best estimate of the correlation dimension of an inhomogeneous
distribution if it is, in fact, fractal over some scale.

The usual analysis of galaxy correlations is based upon the two-point correlation function

�(r) =
< n(r0)n(r0 + r) >

< n >2
� 1 (1:1)

where n(r) is the density of galaxies at position r and the brackets indicate a volume
average. If �(r), as estimated for a given �nite sample, is to be considered intrinsic (i.e.
describing the true universal distribution of galaxies and not dependent upon the particular
sample considered), then one must assume that the mean spatial density of objects in the
sample, < n >, is in fact the universal mean density. With respect to the distribution
of galaxies in the cosmos, this is means that the two-point correlation function provides
an intrinsic or universal description only if a spatial homogeneous distribution is achieved
within a volume which is small compared to the volume covered by the sample; that is
to say, the same sample volume placed down anywhere in the Universe would, apart from
root-N uctuations, contain the same number of galaxies.

The normalization by a mean sample density is particularly critical with respect to
estimating the so-called correlation length scale, rc, de�ned as �(Rc) = 1). From the
de�nition of �, it is manifestly clear that, if < n > is taken to be the mean density of
objects in a given sample, then it is always the case that �(r) ! 0 at a distance smaller
than the sample depth. This gives the impression of approach to homogeneity regardless
of whether or not it exists; moreover, di�erent samples may give very di�erent values of rc
if homogeneity is not achieved within the volume of the samples

For these reasons and because the spatial distribution is obviously highly inhomogeneous
on large scales, a superior de�nition of this distribution is provided by the conditional
density

�(r) =
< n(r0):n(r0 + r) >

< n >
(1:2)
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For a volume V containing N objects with a density given by

n(r) =
NX
i=1

�(r� ri) (1:3)

this becomes

�(r) =
1

N

NX
i=1

n(ri + r) (1:4)

where isotropy of the distribution has been assumed. This is simply the mean run of density
about any given galaxy in the sample. Because there is no normalization by any assumed
universal density, the estimated �(r) may be intrinsic even if homogeneity does not exist on
the scale of the sample or indeed, even if spatial homogeneity does not exist on any scale).
Because a given sample may be very small or cover a special region (for example, a void or
a cluster) the estimated �(r) may also be sample dependent (not intrinsic), but it does not
su�er from the obvious problem of normalization by a mean density. If, for a given sample,
�(r) approaches a constant value beyond some length scale, then this would be a more
unambiguous indication of approach to spatial homogeneity of the galaxy distribution than
is provided by the two-point correlation function. In a sense, the use of the conditional
density allows one to push back the concept of `fair sample' one level from the distribution
of individual points in space to the relation between pairs of points. A fair sample need not
be one in which the mean universal density of galaxies can be estimated, but one in which
the mean run of density about a given galaxy can be estimated (see Thieberger, Spiegel &
Smith 1990 for a general discussion of these ideas).

From Eqs. 1.1 and 1.2 we see that the conditional density and the two-point correlation
function are related by

�(r) =
�(r)

< n >
� 1 (1:5)

where we have assumed that the correlations do not depend upon direction. Here it is
obvious hat the amplitude of �(r) depends sensitively upon the mean sample density. It
is also clear that, for a given sample, an estimate of �(r) can readily be converted into an
estimate for �(r) and vice versa.

The results of the classical analyses of three-dimensional catalogues (e.g. Davis & Pee-
bles 1983) is that the two-point correlation function has the form �(r) = (r=rc)

� with
rc � 5 Mpc and  � 1:8 For larger r there is a break from the power law with � falling to
zero. From Eq. 1.5 we see that the conditional density should also have the same power
law on scales smaller than 5 Mpc. This means that, on small scales at least, the number of
galaxies in a sphere about a given galaxy should, on average, increase as a fractional power
of the radius of that sphere (in this case, / r1:2), and this is the property of a simple fractal
set (Mandelbrot 1977). That is to say, the distribution of galaxies over some range of scales
can be described as fractal, and the correlation dimension of the fractal is

D = 3� : (1:6)

It is instructive to turn these remarks around. Suppose that the distribution of galaxies
over some range of scales is fractal. Then �(r) is a simple power law over this range. But
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from Eq. 1.5 we see that �(r) will always show a break from the power law and rapid
steepening near an rc which is, in general, sample-dependent. In practice, this means that
estimation of the index of the power law or of the correlation dimension from the two-point
correlation function is inaccurate in the sense that one will tend to over-estimate  or under-
estimate D. In any case, one may obtain the true correlation dimension only by looking at
the slope of �(r) on scales which are much smaller than rc where the data may be sparse.
On the other hand, the conditional density will not show a break from a power law on
scales where the distribution is fractal, but may atten where the distribution approaches
homogeneity on some scale smaller than that of the sample. Thus, the conditional density
provides a more accurate and robust estimate of the correlation dimension. However, we
emphasize again, it is important to separate the use of the conditional density from the idea
of a fractal distribution. Even if the distribution of galaxies can not be described as a fractal
over any range of scales, the conditional density still provides the most sample-independent
description of that distribution given the observed high degree of inhomogeneity.

3 Numerical simulations

Here we present the numerical simulations used to test various aspects of the conditional
density as a statistical tool for describing the clustering of galaxies. We compare these
results with those obtained from using the two-point correlation function. First we describe
the di�erent random distributions of particles used and the theoretically expected behaviour
of the statistics. then we de�ne the di�erent edge-corrections considered and describe an
original technique used to test them on the synthetic samples. Finally we present the results
of the simulations comparing the behaviour of the two statistics with the expected result
and testing the applicability of the edge corrections.

3.1 Particle distributions

We take two di�erent inhomogeneous point distributions. The �rst is a simple fractal
which is a distribution having no intrinsic length scale and which therefore does not reach
homogeneity at any point. The second is a simpli�ed Voronoi tesselation (Icke & van de
Weygaert 1987, van de Weygaert & Icke, 1989) which describes a distribution of particles
placed on walls surrounding voids as a qualitative approximation to the observed apparent
distribution of galaxies in the nearby Universe (de Lapparent, Geller & Huchra 1987).

The prescription for building a fractal is the simple L�evy ight algorithm (Mandelbrot
1977) which is a random walk with variable step size U , such that the probability of U
exceeding a particular value u is given by

P (U � u) / (u=u0)
�D (1:7)

and
P (U � u0) = 1: (1:8)

Mandelbrot (1977) shows that this leads to a fractal points set with dimension D on scales
U � u0.
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For a simple fractal we expect pure power-law behaviour of the conditional density
(Pietronero 1987), with exponent � related to D as in Eq. 1.6. The two-point correlation
function will have the same behaviour at separations where � � 1, but will steepen at
separations where � � 1 (Eq. 1.5). It is straightforward to show that the logarithmic slope
of the tangent to the two-point correlation function, at the point where � = 1, is �2.

The Voronoi tesselation is a subdivision of space into cells. Points, to be called nuclei,
are uniformly distributed throughout space. Each nucleus generates one cell, consisting of
all points of space that lie closer to this nucleus than to any of the others. the remaining
points of space, i.e. all those points which are closest to at least two di�erent nuclei,
form the boundaries of the cells. The cells will be polyhedra with boundaries consisting
of planes, edges where planes meet and nodes where edges meet. in our simple models we
distribute points (galaxies) on the boundaries of the cells in the following way : N nuclei
are assigned uniformly random positions throughout a spherical volume of radius R. the
average distance between the points is then 2L � R=N1=3. A �xed number of `galaxies' is
associated with each of these nuclei. These are moved in random directions away from their
nucleus, until they reach a point where their distance to another nucleus becomes equal to
the distance to the parent nucleus. The walls are given a �nite thickness 2W by displacing
each galaxy an extra distance, randomly chosen from the interval [�W;W ].

If the cells were exactly spherical, this algorithm would provide us with galaxies uni-
formly distributed on walls surrounding voids with typical radius L. On scales larger than
W but smaller than L, the galaxies would see themselves embedded in a two-dimensional
structure with no further subclustering and thus the conditional density on these scales
should fall as r�1. On scales comparable to L we expect the uniform distribution of the nu-
clei to cause a crossover to homogeneity, showing itself as a constant value of the conditional
density on larger scales.

3.2 Edge corrections

We apply the standard technique of determining a two-point function like the conditional
density. This consists of drawing shells of a certain thickness around each galaxy and
counting the number of other galaxies in this shell. Dividing this number by the volume of
the shell, we obtain the density about a single galaxy and averaging over all the galaxies in
the sample yields an estimate for the conditional density of the distribution.

When analyzing samples of �nite size, one must apply a correction scheme for treating
shells which cross the boundary of the volume and thus su�er from undersampling. In
estimating the two-point correlation functions, di�erent methods of edge corrections have
been considered by Sharp (1979) and Hewett (1982), and these same techniques apply to the
the estimation of the conditional density. However, the problem requires reconsideration if,
as observations indicate, structure exists on a scale comparable to or larger that that of the
region surveyed. Here we evaluate the two most obvious correction methods by applying
them to the particle distributions as described above.

The �rst method is that used by Coleman et al. (1988) and consists of omitting all
shells which cross the boundary in the �nal averaging. It is clear that when estimating the
conditional density at larger and larger separations this leaves fewer and fewer shells until
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some maximum separation where none are left. This maximum possible separation is the
radius of the largest sphere which can be enclosed by the sample volume.

The second and more usual method consists of correcting counts in shells for undersam-
pling and applying a weighting scheme in the averaging. In this way one might, in principle,
consider separations up to the length of the longest line segment which can be enclosed in
the sample volume without crossing the boundary. In this case the correction factor can
become very large because the relative volume sampled becomes smaller and smaller as
separations get larger.

We apply these two di�erent edge corrections to subsamples selected out of a larger
distribution of points generated by one of the two methods described above. To approximate
the form of observed three-dimensional catalogues, the subsample was cone shaped and cut
out of a spherical parent volume. This cone corresponds to an observed sample of the larger
distribution of galaxies in the Universe. In the simulation, however, we have knowledge of
the distribution of points outside this cone, which would correspond to galaxies falling
outside the observed volume. Because of this we have exact knowledge of the e�ects of
undersampling in shells which cross the boundary of the volume, and we can compare the
edge-corrected estimators with the `exact' one, which we determine for the entire spherical
volume.

The exact estimator for the conditional density is de�ned as

�̂ex(r) =
1

Vshell(r)

1

N

NX
i=1

(N in
i +Nout

i ): (1:9)

Here N in
i is the number of points inside the cone which fall in the shell of radius r and

thickness dr, around point i, while Nout
i is the corresponding number of points outside the

cone but inside the larger sphere (note that the summation is only over those points which
lie inside the cone). As this estimator should not su�er from any undersampling itself,
the largest separation for which the conditional density can be calculated is equal to the
minimum distance from the cone boundary to the edge of the sphere.

The �rst edge-corrected estimator described above can be written in closed form as

�̂1(r) =
1

Vshell(r)

PN

i=1N
in
i �(ri � r)PN

i=1 �(ri � r)
; (1:10)

Here ri is the distance from point i to the edge of the cone and �(x) is the step function:
�(x) = 0 when x < 0, �(x) = 1 for x > 0.

The second edge-corrected estimator does make use of counts in shells which cross the
boundary of the sample volume, but these should then be divided by the volume of that
part of the shell which falls inside the cone. A general expression is

�̂2(r) =

PN

i=1wiN
in
i =V

in
iPN

i=1wi

; (1:11)

where V in
i is the volume of that part of the shell around point i which lies inside the cone

and wi is the weight assigned to that point.
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The volumes V in
i are estimated by means of a Monte-Carlo scheme. We distribute M

points uniformly throughout the cone and count the number of these which lie in a shell
around a certain data point. Knowing the density of random points and the volume of the
complete shell we can calculate the number of random points expected to lie in the shell.
Comparing this to the actual count we estimate the sampled volume. By this means one
may calculate correction factors for each center individually, but to avoid large Poissonian
uctuations for the small separations, a very high density of random points would be
necessary. moreover, it is desirable to give a higher weight to centers having a large part of
the shell completely inside the sample volume. A solution to both problem is provided by
the estimator,

�̂2(r) = m

PN

i=1N
in
iPN

i=1Mi

: (1:12)

Here Mi is the number of random points in the shell around data-point i and m is the
average density of random points inside the cone. From Eq. 1.11 we see that the weights
are wi = V in

i =Vshell where the Monte Carlo estimates for the volumes are V in
i = Mi=m.

From Eq. 1.5 the corresponding estimator for the two-point correlation function is

�̂2(r) =
M

N

PN
i=1N

in
iPN

i=1Mi

� 1; (1:13)

which is the expression most often seen in the literature. If �(r) estimated in this way is
to be considered universal, then one must assume that N=Vsample is the mean density of
galaxies in the universe.

It may be shown that this estimator for the conditional density is not biased, in the
sense that there is no a priori reason to expect that the edge-correction would arti�cially
homogenize the conditional density for a general bounded distribution of points, although,
in special cases where the distribution of points is highly anisotropic, �̂2 may give a false
indication of homogeneity.

3.3 Results

The results of the analyses of random distributions of points generated by one of the two
algorithms described in section 3.1 are shown in Figs. 1 and 2. The quantities plotted are
ensemble averages over 20 realizations of the same process. In each realization we produced
the `parent' distribution in a sphere and then chose a random canonical subsample in
the center of the sphere, such that the distance of the cone to the edge of the sphere
was larger than the maximum separation used for calculating the statistic. For the fractal
distributions, 10000 points are distributed in a sphere with a radius assigned to be 100 Mpc.
The embedded cone had a depth of 40 Mpc and a half opening angle of 50o in order to
mimic roughly a typical volume-limited subsample of the CfA survey. The Voronoi foam
was produced by placing 262 centers homogeneously random within a sphere of radius
160 Mpc, which produces cells of average radius 25 Mpc. Again 10000 points were uniformly
distributed on the walls by the algorithm described above. The thickness of the walls was
chosen to be 2 Mpc. In this case the embedded cone had a depth of 80 Mpc and a half
opening angle of 50o.
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In Fig. 1a the mean conditional density for an ensemble of 20 L�evy ight fractals of
correlation dimension 1.2 is shown, estimated with the three di�erent estimators described
in Section 3.2. In this log-log plot the power-law behaviour shows up clearly as a straight
line with slope about the expected value of -1.8.

In Fig. 1b the corresponding two-point correlation functions are shown. We see that,
for values of r where �(r) >> 1, the two-point correlation function follows a power law
with the same slope as that of the conditional density, but this behaviour brakes down near
�(r) � 1 where � steepens, approaching zero at a �nite radius. It follows that the radius rc,
where �(rc) = 1, is reached within the limits set by the sample size, thus showing that, at
least in this case, no useful physical meaning can be attached to rc since the distribution is
scale free except for the external scale induced by the boundaries.

In Fig. 2 the results are shown for the Voronoi tesselations. The average number of
points in the cone was comparable to the number of galaxies in the subsample of the CfA-
catalogue, volume limited out to 8000 km s�1. We observe the expected shape for the

Figure 1: (a) The conditional density averaged over 20 realizations of a L�evy ight fractal of

dimension 1.2. The points are distributed throughout a cone with half-opening angle 50o and a

depth taken to be 40 Mpc. The three di�erent curves are the results for the di�erent methods of

edge-correction described in the text, and it is seen that the standard estimator (normalization of

pair counts by a Monte Carlo technique) is in good agreement with the `exact' conditional density

out to scales comparable to the same depth. The estimated conditional density has a power-law

form with the expected slope of -1.8 (indicated by the straight line) There is no false indication

of homogeneity which would be apparent as an approach of the conditional density to a constant

value beyond some length scale.

(b)The two-point correlation functions corresponding to the mean conditional density shown in

(a). Here there is a clear break from the power-law form at a de�nite length scale and an apparent

approach to homogeneity even though the underlying distribution of points has no intrinsic scale.

The break leads to an overestimate of the slope of the correlation function on the log-log plot or

an underestimate of the fractal dimension
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conditional density: a power law with exponent of -1 and a attening at scales larger than
about 25 Mpc. From the estimated two-point correlation function (Fig. 2b), one would
determine a correlation length rc � 7 Mpc. Here, even though homogeneity is achieved
within the sample volume, the interpretation of rc as a scale beyond which uctuations
are small is clearly misleading since uctuations remain large up to the mean cell size
of 25 Mpc. Unlike the conditional density, the two-point correlation function exhibits no
feature which can be identi�ed with the length scale put into the distribution - the mean cell
size. Moreover, it is seen that �̂ex is well approximated by a power law of slope � �1:8 even
out to 50 Mpc. It appears that the opposing e�ects of attening of the conditional density
at these separations, and the expected steepening of the two-point correlation function, are
extending the approximate power law to larger distances. Because of this steepening, the
correlation dimension which one would determine from the two-point correlation function
is near the usual value of 1.2 whereas the true dimension of points uniformly distributed
on walls is 2.

It is clear that for both the fractal distribution and for the Voronoi foam �̂1 and �̂2

do, on average, closely follow �̂ex to the point where �̂1 can still be measured (the radius
of the largest sphere enclosed in the survey cone). At larger radii, �̂2 is still seen to be a

Figure 2: (a) The conditional density averaged over 20 realizations of a distribution of points

uniformly distributed on the walls of a Voronoi tesselation in a conical volume with a half-opening

angle of 50o and a depth of 80 Mpc. The three di�erent curves are as in Fig. 1. The estimated

conditional density is a power law with the expected exponent of -1 (straight line) up to the

characteristic cell size (� 25 Mpc). Beyond this point the conditional density approaches a

constant value correctly indicating the approach to homogeneity.

(b) The two-point correlation functions corresponding to the estimated conditional densities shown

in (a). The correlation length scale [where �(r0) = 1] would be estimated at about 7 Mpc whereas

density uctuations remain large out to the mean cell size of 25 Mpc. Due to the break in the

power law the exponent of the power law would be estimated to be about -1.8 (straight line)

instead of the true -1.
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Vlim (km/s) Mlim N
2000 -17.0 419
4000 -18.5 421
8000 -20.0 207
10000 -20.5 105

Table 1: Parameters of the four volume-limited subsamples of the CfA survey used in the deter-

mination of the conditional density. Mabs is the absolute magnitude limit corresponding to an

apparent magnitude of 14.5 at the depth of the sample (Ho = 100km=s=Mpc). N is the total

number of galaxies in the subsample.

good estimator of �̂ex. In particular, in the fractal distribution, no arti�cial attening is
observed even out to separations comparable to the depth of the cone.

The signi�cant result of these simulations is that for two very di�erent distributions
of points, one with and the other without an intrinsic length scale, the conditional den-
sity provides a far more accurate description of the structural properties of the clustered
distribution than does the two-point correlation function. Moreover, the standard method
of edge correction (normalizing pair counts by a uniformly random distribution of points)
provides an accurate and unbiased estimate of the conditional density out to the sample
depth, at least in sample volumes which are about as wide as deep.

4 Analysis of the CfA-catalogue

Here the northern (bII � 40o; � � 0o) CfA-catalogue limited to galaxies having an apparent
magnitude brighter than 14:5 mB is reanalyzed in terms of the conditional density as
estimated by Eq. 1.12. The analysis is performed on volume- and absolute magnitude
limited subsamples de�ned in the usual way: an upper limit on absolute magnitude is
related to an upper limit on the radial velocity (Vlim) as

Mlim = 14:5� 5 log(V(km=s)=100(km=s=Mpc))� 25: (1:14)

Galaxies which have velocity less than Vlim and absolute magnitude less than Mlim are in
the sample. The observed radial velocities were corrected only for solar motion with respect
to the cosmic microwave background radiation. No corrections were made for e�ects such
as the `local anomaly' (this probably a�ects galaxy motions only out to 1000 km/s, Faber
& Burstein 1988), the velocity dispersion in the Virgo cluster (there are only a few Virgo
cluster members in the deeper subsamples), or Virgo-centric inow (many of the galaxies
in the CfA survey fall in the triple-valued zone).

Table 1 lists the properties of the four di�erent volume limited subsamples. The smaller
number of galaxies in the deeper samples is due to the steepness of the luminosity function
at the bright end. The numbers of galaxies in these subsamples are in agreement with those
of Coleman et al. (1988) and Davis et al. (1988) but not at all with those of Mart��nez &
Jones (1990) and Jones et al. (1988) who used samples de�ned by Einasto et al. (1984). The
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Figure 3: The conditional density and the two-point correlation function for the CfA survey

volume limited to 4000 km/s. The estimators are the Monte-Carlo normalized pair counts, Eqs.

1.12 and 1.13. The straight lines have slopes of -1 and -1.8.

Mart��nez & Jones volume-limited subsamples contain substantially more galaxies, roughly
by a factor of two in some cases. This is possibly because they did make the corrections to
the radial velocities which were omitted here, although it is not clear how such corrections
could add so many more galaxies. For this reason we feel that conclusions based upon their
sample should be viewed with some caution.

The conditional densities estimated via Eq. 1.12 and the corresponding two-point cor-
relation functions are shown in Figs 3-5 for the samples with depths 4000, 8000 and 10000
km/s. The straight lines drawn have slopes -1 and -1.8 and we observe that the conditional
densities of all three di�erent subsamples are consistent with a power law with exponent
-1 over a large range of scales, although the slope steepens somewhat for deeper samples.
For the two-point correlation functions it is easy to �nd a range of scales, generally near
the point where �(r) = 1, over which one might �t a power law with the canonical slope
of -1.8. It is clear, however, that the slopes of the conditional densities are better de�ned
(the conditional density is a better power law) and that the run of conditional density with
distance is substantially atter, at least for distances greater than 1 Mpc.

Fig. 6 shows our results for the three samples limited to 2000, 4000 and 8000 km/s,
together with those calculated from the two-point correlation functions given by Davis et
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Figure 4: The conditional density and the two-point correlation function for the CfA survey

volume limited to 8000 km/s estimated by Eqs. 1.12 and 1.13. The straight lines are as in Fig. 3.

al.(1988). The matching is perfect for separations larger than 0.3 Mpc, but our results
extend to larger separations due to the positivity of the conditional density.

Some additional features are noteworthy. The deeper samples show a attening of �(r)
for radii exceeding roughly 30 Mpc. This may be taken as an indication of the cross-over to
homogeneity, but care must be taken in evaluating the signi�cance of this e�ect. Although
the numerical simulations indicate that the edge correction as applied here can be trusted in
general, it is di�cult to rule out the possibility of an arti�cial `homogenization', especially
as we observe possible sources of anisotropy on scales comparable to the scale of the volume
under consideration.

The apparent steeper slope of �(r) at small separations, out to about 1 Mpc, in the
8000 and 10000 samples should also be viewed with some caution because on these scales
peculiar velocities are expected to produce the largest uncertainties. It is striking, however,
that Guzzo et al. (1991) �nd these same e�ects for their southern sample which is corrected
for peculiar motions. They �nd a steep part with slope -2 until 4 Mpc and a shallower part
with slope -1 until about 30 Mpc, after which the conditional density remains constant.
If we are observing the crossover to homogeneity on scales larger than 30 Mpc, then the
deeper redshift surveys currently in progress should clearly reveal a similar form for the
conditional density.
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Figure 5: The conditional density and the two-point correlation function for the CfA survey

volume limited to 10000 km/s estimated by Eqs. 1.12 and 1.13. The straight lines are as in Fig. 3.

5 Conclusions

The advantage of considering a synthetic distribution of points is that, unlike the actual
distribution of galaxies in the Universe, the intrinsic properties of the distribution - such
as the length scale for approach to homogeneity, the form of the correlations, and the
distribution of particles outside a `survey' volume - are known. Thus the ability of the
estimated two-point correlation function and the conditional density to reproduce these
known properties can be directly evaluated and compared.

Here we have considered two very di�erent synthetic distributions - the L�evy ight
fractal and the Voronoi tesselation - both of which contain structure on a scale comparable
to or larger than a survey volume. The essential result of these simulations is that the
conditional density provides the best estimate of the length scale over which the distribution
of galaxies approaches homogeneity and the form of the distribution on smaller scales. It
has previously been argued that, because it is unnecessary to normalize by an unknown
or sample-dependent mean density, the conditional density is superior to the two-point
correlation function in describing the approach to homogeneity if, in fact, homogeneity
is achieved within the volume surveyed in a given catalogue. The two-point correlation
function, estimated in the usual way, will always approach zero in a sample of any depth,
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Figure 6: The results of Davis et al. (1988) displayed as a conditional density rather than a

two-point correlation function for the indicated volume limited sub-samples. The solid curves are

the result of the present analysis.

thus giving the impression of homogeneity whether or not it is present.

Of course, since there is a direct relationship between the conditional density and the
two-point correlation function (Eq. 1.5), one statistic contains no more information about
the galaxy distribution than the other (when estimated in the same way). The point is that
the conditional density is more directly interpreted in terms of the intrinsic properties of the
distribution. Here it is quite evident in our simulation of particles distributed on the walls
of a Voronoi foam. There is one characteristic length scale in the distribution - the mean
cell size. The conditional density shows it, the two-point correlation function does not.
Moreover, if the distribution is fractal over some range of scales, the conditional density
will yield a more precise estimate of the correlation dimension (Eq. 1.6). This is because the
two-point correlation function, for any subsample of the fractal, will always show a break
from a power-law form which generally leads to an over-estimate of the index () of the
power law. Again this is most evident for the Voronoi model where the conditional density
yields the correct correlation dimension of 2, but the two-point correlation function implies
a dimension of roughly 1.2 (see Fig. 2). It is interesting to note that the conditional density
in this simulation most closely resembles that of the actual CfA survey (Fig. 4).

We further demonstrate that the usual treatment of survey boundaries by a Monte Carlo
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normalization does provide an accurate and unbiased estimate of the conditional density on
scales considerable larger than the largest sphere which is inscribed by those boundaries.
This allows us to extend the results of Coleman et al. (1988) for the CfA survey to scales
which are comparable to the depths of the various volume-limited subsamples. Coleman
et al. claim no evidence for homogeneity on scales smaller than 20 Mpc. The result of
our extension is that apparent homogeneity in the CfA survey is reached on scales larger
than about 30 Mpc. Moreover, as in the present work, the conditional densities shown by
Coleman et al. also imply a correlation dimension closer to 2 rather than 1.2 (Coleman et
al. claim a dimension near 1.4 on the basis of the volume integral of the conditional density
which is biased to lower values in sparse samples). Thus the results given here for the CfA
are consistent with those of Coleman et al.

These results are also consistent with those of Davis et al. (1988) as is graphically
demonstrated in Fig. 6 where their results are plotted as a conditional density rather than
as a two-point correlation function. However, the conclusions drawn by Davis et al. are
di�erent from those presented here because of their over-interpretation of the two-point
correlation function estimated for a sample which is not `fair' in the mean density sense.
They conclude that the traditional result on galaxy correlations - a `correlation' length
scale, rc, of 5 Mpc and a correlation power-law exponent of -1.8 - is con�rmed and that
the apparent increase of rc with sample depth is a result of stronger clustering among the
more luminous galaxies comprising the deeper subsamples. We conclude that the sample-
independent conditional density (or correlation function) power law is closer to -1. It is
di�cult to rule out the possibility that the clustering properties of more luminous galaxies
are di�erent from those of lower luminosity galaxies; indeed, in our various volume-limited
subsamples (Figs. 3-5) there does appear to be a slight steepening of the conditional den-
sity with sample depth which would suggest that the luminous galaxies are more strongly
clustered. But the overall similarity of the form of the conditional density for the various
subsamples considered - in particular, the fact that in the shallower samples the conditional
density shows no tendency to atten on scales smaller than 30 Mpc - suggests that this is
not a strong e�ect and that it is the estimated conditional density which is more nearly
`universal', at least with respect to revealing the crossover to homogeneity.

For the CfA, the implied correlation dimension near 2 rather than the traditional value of
1.2 is consistent with the more or less uniform distribution of galaxies upon walls or sheets
as has been directly seen in the deeper CfA slices (de Lapparent et al., 1988; Geller &
Huchra, 1989). In this respect, it is interesting that recent analyses of the two-dimensional
catalogues in terms of an angular conditional density rather than an angular two-point
correlation function also imply that the correlation dimension is nearer 2 (Wiedenmann &
Atmanspacher 1990; Thieberger et al., 1990). We should note, however, that the uniform
distribution of points on cell walls of a Voronoi tesselation is quite di�cult to detect by
means of a projected or angular conditional surface density because of the very small
exponent () of the projected power-law correlation (see also Chapter 2). In this sense,
an angular conditional surface density which appears quite at could hide an enormous
cellular structure.

Given the uncertainty of the actual three-dimensional distribution of galaxies in the
original CfA catalogue (due to velocity dispersion in clusters and large scale streaming)
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and, more importantly, the fact that the region surveyed is still an extremely local piece
of the Universe, we are reluctant to claim that this result is universal. The CfA may not
represent a fair sample even with respect to de�ning the conditional density. However,
the simulations do imply that the conditional density provides the best description of the
galaxy distribution as indicated by the existing data and is the ideal statistic to apply to
forthcoming deeper surveys.
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