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2 Photo-ionization modeling of planetary
nebulae

P.A.M. van Hoof, G.C. Van de Steene

Abstract — The lack of accurate, generally accepted techniques to derive thephysical
parameters of planetary nebulae is presently one of the major limitations in the study of
planetary nebula evolution. What makes the situation worse is that the magnitude of the
uncertainty in the derived physical parameters is generally unknown. We wish to investigate
this problem and the present paper is a first step towards this goal.
We present a new method to derive simultaneously and self-consistently all physical pa-
rameters of a planetary nebula from a set of observed quantities. A modified version of the
photo-ionization codeCLOUDY is used to calculate various models, searching for a best fit of
the predictions to the observables in an automated way. This method uses emission line ratios,
the angular diameter, the radio and the infrared flux to constrain the model. It also takes dust
into account in the radiative transport. With the method we are able to determine the stellar
temperature and luminosity, the inner, Str¨omgren and outer radius of the nebula, the density,
the dust-to-gas ratio and the abundances. We investigate theaccuracy of the determination of
the physical parameters by applying this method to an artificial set of observables. First we
prove that this method can pass a formal convergence test. Subsequently we introduce either
measurement errors in the observables or change the model assumptions, and investigate
how this affects the best-fit model. In this way we gain an understanding of the robustness
of our method and hence of the reliability of the physical parameters. Our method is also
compared with classical methods to determine the electron temperature and density and the
nebular abundances. It is shown that our method suffers less from noise in the spectrum than
the classical line diagnostics. However, this advantage may be lost if the model assumptions
are not appropriate for the nebula being studied. The weakest points are currently the use of a
blackbody approximation, the assumption that the inner dust radius coincides with the inner
gas radius and the assumption of spherical symmetry.
The method has been applied to a sample of five galactic bulgeplanetary nebulae. Comparison
of the distance independent physical parameters with published data shows good agreement
between thestellar temperatures,but a largespread in theother physical parameters,especially
the electron density. Large differences are also found for the electron temperature and the
abundances. This confirms that the use of line diagnostics to determine these parameters is
not reliable.

2.1 Introduction

Many techniques are in use to determine the physical pa-
rameters of Planetary Nebulae (PN). Some make rather
simple assumptions and are only suited for a quick analysis,
others are more sophisticated and can provide an in-depth

study of individualPN. Most methods have in common that
they are aimed at determining only one particular physical
parameter. They simplify to some degree the physics in the
nebula, and as a consequence their validity is still under
debate. Additionally, these methods often rely on quanti-
ties which are hard to measure (e.g. weak emission lines,



8 CHAPTER 2 — PHOTO-IONIZATION MODELING OF PLANETARY NEBULAE

the stellar continuum in theV band, etc.), leading to large
uncertainties in the derived physical parameters. The lack
of accurate, generally accepted methods to determine the
basic physical parameters of PN is presently the major
limitation in the study of PN evolution. What makes this
situation even worse is that generally the magnitude of this
uncertainty is not known.

When a nebula is modeled, usually several methods
are combined. This will lead to a model which is not nec-
essarily self-consistent. For example, the adopted stellar
temperature and spectrum need not be consistent with the
adopted electron temperature. Furthermore, the influence
of dust is often neglected. Especially for young, compact
PN this is not a very good assumption. These problems re-
sult from the fact that the emission from a PN is determined
by the intricate interplay between many different physical
processes. This has been one of the most important moti-
vations for the development of photo-ionizationcodes. The
major limitation in the application of these codes has been
that they require knowledge of parameters which can not
be measured directly (e.g. the inner radius).

Our aim is to assess the accuracy of the determinationof
physical parameters. For this we have developed a method
to derive simultaneously all physical parameters of a plan-
etary nebula using as many observed quantities as possible.
The method is based on photo-ionization modeling since
this provides the most detailed description of the physics
in the nebula. In the remainder of this introduction we will
discuss the methods currently used to determine physical
parameters, while simultaneously indicating the need for
improvement.

Two key parameters for modeling a nebula, which are
prone to measurement errors, are the electron temperature
and density of the nebula. These are usually determined
using line ratios of [NII] or [O III ] (for the temperature)
and [OII] or [SII ] (for the density), as described in e.g.
Osterbrock (1989). The measurement of the temperature
involves the lines [NII] �5755 or [OIII ] �4363 which can
be quite weak, especially in PN that suffer from large ex-
tinction. The measurement of the density involves the lines
[O II] �3726 and�3729 which are often blended and can
also by affected by extinction, or [SII ] �6716 and�6731
which are relatively weak. An additionalproblem is that the
density determination is not very sensitive outside the range
102 cm�3 to 5�103 cm�3. Higher densities have been ob-
served in young, compact PN. Due to the nature of the
relation between the [SII] line ratio and the electron den-
sity, the uncertainty in the electron density will always be
much greater than the measurement error in the line ratio.
This is especially true outside the range mentioned above.
An additional problem is that the electron temperature and
density will not be constant across the nebula. In general
nebulae will show ionization stratification and as a result of
that the ions used for determining the electron temperature
and density may reside in different regions of the nebula.
Also since spectra usually do not cover the entire nebula,
it is nota priori clear that the physical parameters deduced

from the diagnostic lines can be used for modeling the en-
tire nebula. We can circumvent some of these problems
when photo-ionization models are used. One does not have
to assume constant electron temperature and density since
these parameters will be calculated self-consistently. How-
ever, assumptions for the hydrogen density structure in the
nebula (i.e. for the mass loss history of the central star) will
have to be made. To calculate a photo-ionization model,
knowledge of other physical parameters of the PN is also
needed. One of these is the spectral energy distribution of
the incident radiation field, which is characterized by the
effective stellar temperature.

The situation regarding the determination of stellar tem-
peratures has recently been reviewed by Kaler (1989), Pot-
tasch (1992) and Preite-Martinez (1993). The most com-
monly used methods are the Zanstra method, the energy
balance (or Stoy) method and photo-ionization modeling.
All these methods determine the stellar temperature in an
indirect way, using the emission of the nebula. Both the
Zanstra and the Stoy method are under discussion, and it is
not clear to what extent the results can be trusted. Photo-
ionization modeling of the nebula gives the most detailed
treatment of the physics, but knowledge of the elemental
abundances is necessary to determine the stellar tempera-
ture. The dependence on the adopted abundances is espe-
cially critical for high temperature central stars (Pottasch
1992). Thus, to determine the stellar temperature by photo-
ionization modeling, this method should be combined with
a simultaneous determination of the abundances.

The situation regarding abundance determinations has
been reviewed by Clegg (1989, 1993). Often methods are
used which assume constant electron temperature and den-
sity. The values for these constants are determined using
emission line ratios, as discussed above. The derived ionic
abundances then need to be transformed into elemental
abundances. This requires a correction for the unobserved
ionization stages, for which ionization correction factors
(i.c.f.) are used (e.g. Mathis 1985). We would like to re-
fer to the study of Alexander & Balick (1997), where a
thorough discussion of the errors inherent to the use of this
technique is given. Photo-ionizationmodeling is also in use
to determine elemental abundances, and this method is the
most satisfactory from a physical point of view (Perinotto
1991). It can circumvent the problematic determination of
the electron temperature and density from line ratios, and
can calculate the i.c.f. in an implicit way, fully consis-
tent with physical conditions in the nebula. However, such
modeling does require knowledge of distance dependent
parameters, such as the stellar luminosity and the inner
radius of the nebula, and thus of the distance itself.

Distance determinations of PN are still very problem-
atic. Various methods are in use, but the range in distances
obtained is often very large and no method has found gen-
eral acceptance. Reviews of the current status can be found
in Pottasch (1992), Terzian (1993) and Pottasch (1996).
The methods can be divided into two groups. Statistical
distance scales give distances which are valid on average
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for a statistically large sample, but they do not yield reliable
results for individual objects. On the other hand, individual
distance scales are considered more accurate, but most of
them can only be applied to a very limited number of PN.
The lack of a reliable, generally applicable method to de-
termine distances to PN poses a key problem when using
photo-ionization models.

In the previous discussion we have seen that knowledge
of several physical parameters is necessary for modeling
a nebula. Since these are also the parameters to be deter-
mined, we are caught in a vicious circle. With the increasing
speed of present day computers, it has become feasible to
use iterative schemes to determine all physical parameters
of the PN simultaneously and in a self-consistent manner.
The basic idea behind this approach is to find a model for
the PN that gives the best overall fit to a set of observables,
thus avoiding the critical dependence on a few observables,
and reducing the influence of measurement errors. On the
other hand it should be mentioned that the use of a photo-
ionization code necessitates assumptions on the physical
model of the nebula and this introduces new sources of er-
ror. We will investigate both these sources of error in this
paper. Our method is an extension of most previous work
in that it incorporates the radio and the infrared flux to con-
strain the model, and that it takes dust into account in the
radiative transport.

It is only fair to say that there are also drawbacks to the
use of photo-ionization models. A review of these prob-
lems, and the progress recently made, can be found in Aller
(1984), Harrington (1989) and Ferland (1993a). The most
important problems are the necessary simplifications that
go into the geometric model of the nebula (e.g. spherical
symmetry), the distribution of the gas (e.g. constant den-
sity), and the distribution of the dust (e.g. constant dust-
to-gas ratio). Also the problems involved in the radiative
transport in optically thick resonance lines (e.g. HI Ly�
and CIV �1549) should be mentioned.

There are also several problems which affect both
photo-ionization modeling as well as classical methods to
determine physical parameters. The first problem is the
incompleteness of the atomic data. This problem is be-
ing tackled now through the opacity project (Seaton 1987)
and the situation is improving rapidly. Another problem is
the alleged presence of electron temperature fluctuations
(the so calledt2-problem, e.g. Peimbert 1967; Dinerstein
1983; Zuckerman & Aller 1986; Garnett 1992). It has been
proposed that temperature fluctuations are responsible for
the discrepancy between abundances derived from colli-
sionally excited lines and recombination lines, which are
observed in some nebulae. Liu (1997) has shown that this
discrepancy is not caused by temperature fluctuations and
therefore a different mechanism must be invoked to explain
this effect. Since these abundance discrepancies can be very
large (a factor of 10 has been observed), this is one of the
most important problems in present day PN research.

In Sect. 2.2 the method to obtain the physical parame-
ters of a PN is described. In Sect. 2.3 the test model, used to

verify the method, is described. In Sect. 2.4 the influence of
measurement errors on the derived physical parameters is
discussed. In Sect. 2.5 the influence of errors in the model
assumptions is investigated. Subsequently the method is
applied to a small sample of galactic bulge nebulae. The
results are discussed in Sect. 2.6. Our conclusions are given
in Sect. 2.7. All the symbols used in this paper are defined
in Appendix 2.8.

2.2 The method

To model the planetary nebula, we use a modified version of
the photo-ionization codeCLOUDY 84.06 (Ferland 1993b).
This photo-ionizationcode was chosen because it is widely
used and has been tested for many different physical condi-
tions. It includes a good dust model and a chemical network
for the formation of molecules. This enables a fairly realis-
tic modeling of the neutral zone of the nebula. We added a
prediction for the radio continuumflux to the original code.
An additional advantage ofCLOUDY is that the code is fast,
which is needed for our method.

The model for the PN is quite simple, and comprises
the following assumptions:

1. The central star has a blackbody spectrum.
2. The nebula is spherically symmetric.
3. The density is constant inside the Str¨omgren radius of

the nebula, and varies as 1=r2 outside.
4. Dust grains are intermixed with the gas at a constant

dust-to-gas ratio; if no information on the composition
is available they are assumed to be a mixture of graphite
and silicates.

5. The filling factor, describing the small scale clumpiness
of the gas, can be fixed at any value. If no information
is available it is taken to be unity.

6. The distance to the nebula is fixed by an independent
individual or statistical method.

The first assumption is imposed byCLOUDY. There is a grid
of stellar atmosphere models present inCLOUDY, which is
appropriate for PN nuclei. However, this grid only extends
down to 80 000 K, which is not low enough for our pur-
poses. Also the spacing in the grid is quite coarse, making
interpolation awkward. However, when a suitable grid of
atmosphere models becomes available this can easily be
incorporated in our method.
The second assumption is also imposed byCLOUDY. The
code is one-dimensional, and thus necessitates the assump-
tion of spherical symmetry. Also, the computation time
would be unacceptably long ifnon-spherically symmetric
models were used in an iterative scheme. For certain nebu-
lae (e.g. bipolar nebulae) this assumption is obviously not
appropriate. However, when observables are used which
are integrated over the entire nebula and one keeps in mind
that the resulting model parameters are averaged values
such models can still be useful. This problem will be stud-
ied in some more detail in Sect. 2.5.
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The third assumption is a crude simplification inspired by
the density profiles resulting from hydro-dynamical model-
ing of PN shells. The ionized part of the nebula is assumed
to be that part of the Asymptotic Giant Branch (AGB) shell
swept up by the fast wind presently coming from the central
star. The density of this swept-up material is taken to be
constant. Outside the ionized region we assume the pres-
ence of a neutral, undisturbed AGB shell. Taking the AGB
mass-loss rate and velocity to be constant, this implies a
1=r2 density law for this material. A simplification of the
nebular structure, where in reality often density gradients
are found, is necessary to reduce the number of free pa-
rameters, because otherwise the modeling would become
ill-determined. If more detailed information on the density
structure of a PN exists, this can be used in our method
sinceCLOUDY can handle arbitrary density profiles.
The fourth assumption is implied by the fact that dust is
known to be present in PN. This is certainly the case for the
neutral envelope, but for many nebulae dust is also present
in the ionized region. Recent observations withISOsuggest
that this is the case for all but the most evolved nebulae.
This would imply that dust grains are destroyed by the stel-
lar UV radiation, but that this process is slow. The present
knowledge of dust destruction doesn’t permit us to make
very specific assumptions. Therefore, when no detailed in-
formation is available, we will assume that the inner radius
of the dust coincides with the inner radius of the gas. If this
radius is very close to the star, an alternative prescription
can be used where grains only exist there where their equi-
librium temperature is below a pre-described sublimation
temperature. When more detailed information is available,
one can also prescribe a fixed radius (e.g. the Str¨omgren
radius) for the inner boundary of the dusty region. In all
cases the dust-to-gas ratio has to be kept at a constant ratio
in those regions where dust is present. If no information on
the dust composition is available, a mixture of silicate and
graphite grains is assumed as a compromise.
The fifth assumption is commonly made in nebular mod-
eling. The actual value, or range of values, of the filling
factor is very uncertain and is still a matter of debate (e.g.
Kingsburgh & Barlow 1992).
The sixth assumption is necessary to construct a photo-
ionization model, as was already discussed in Sect. 2.1. An
alternative approach could be to keep the distance as a free
parameter and determine it self-consistently along with the
physical parameters of the nebula. This alternative method
has been tested and was found to be very unstable. In most
cases a distance from a good statistical distance scale or an
individual method will yield more accurate answers. Hence
we decided to keep the distance as a fixed parameter in all
cases. More details can be found in Sect. 2.6.2.F.

The above assumptions give the following free param-
eters: the stellar temperature, the luminosity of the central
star, the total hydrogen density in the ionized region, the
inner radius of the nebula, the dust to gas ratio, and the
abundances in the nebula. The outer radius of the neb-
ula is not fixed as an input parameter, but calculated in a

self-consistent manner, as described at the end of this sec-
tion. Adopting certain values for the input parameters, it is
possible to calculate a model for the nebula withCLOUDY,
predicting the continuum and line fluxes, photometric mag-
nitudes (including the contributionof lineemission) and the
Strömgren radius.

Our objective is to derive fromagiven set of observables
the physical parameters of the PN. Therefore it is assumed
that there exists a unique set of input parameters, for which
the resulting model predictions give the best fit to the ob-
servables. These input parameters are then considered the
best estimate for the physical properties of the PN. To com-
pare the model predictions with the observed quantities,
a goodness-of-fit estimator is calculated. This estimator is
minimized by varying all the input parameters of the model,
using the algorithmAMOEBA (Press et al. 1986). The full
set of observed quantities necessary to do this is:

1. The emission line spectrum of the nebula. Usually this
is an optical spectrum, but might also be a ultraviolet
and/or infrared (IR) spectrum. The line ratios make it
possible to constrain the stellar temperature, the density
and theelectron temperature in thenebula.They are also
required to determine the abundances. For elements
for which no lines are available we assume standard
abundances (Aller & Czyzak 1983).

2. Since dust is included in the model we also need in-
formation on the mid- and far-infrared continuum. For
this theIRASfluxes are used.

3. To constrain the emission measure, either a radio con-
tinuum measurement (e.g. at 6 cm) is needed, or the
absolute flux value of some hydrogen recombination
line (usually H�). Radio fluxes are preferred, because
dereddened optical line fluxes usually are more uncer-
tain than radio measurements.

4. An accurate angular diameter of the nebula is needed,
which we define asΘd = 2rstr=D. Diameters de-
termined from radio continuum observations are pre-
ferred.

Since we want to calculate the IR spectrum of the neb-
ula, it is necessary to include the neutral region of the PN
in the modeling. Especially the far-IR flux is produced pre-
dominantly in this region. Since the extent of the neutral
region is unknown, we determine the outer radius from
the long wavelength end of the dust emission. The longest
wavelengthIRASflux available is best suited to do this.
Usually this is theIRAS60�m flux, sometimes theIRAS
100�m flux. When an individual model is calculated, the
code integrates outward until the observedIRAS flux is
reached. We define this point to be the outerboundary of
the nebula. To prevent the code from integrating outward
indefinitely, we use the additional criterion that the electron
density should not drop below 0.1 cm�3.

The goodness-of-fit estimator�2 is calculated using a
non-standard procedure. We divided the observables into
four categories: emission line ratios (lr), IR emission (e.g.
IRASfluxes, labeled ir), radio or H� fluxes (rd) and the
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angular diameter (ad). We will now explain how the total
�

2 of the model is calculated. First, the contribution�2
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thei-th observable to the total�2 is calculated as
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be observed as an upper limit, the following alternative
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now stands for the upper limit. Second, foreach
of the four categories theaverage�2

c is calculated using
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N
for c = lr; ir; rd; ad:

HereN is the number of observables in each category. If
a certain category is empty, the value for�

2
c is taken to be

zero. Third, the total�2 of the model is calculated by adding
all the averaged�2

c-values for each of the categories. We
can write this as

�
2 = �

2
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2
ir + �

2
rd + �

2
ad:

We chose this procedure because normally there are many
more line ratios available than other types of observables.
If a standard�2 would have been used, the line ratios
would have completely dominated the fitting process and
the other types of observables would not have gotten suffi-
cient weight.

2.3 Testing the method

We will test the method in two stages. First we will do a
formal test of the convergence of the algorithm. For this we
use an ideal set of ‘observables’ computed withCLOUDY,
using thesamemodel assumptions as described in Sect. 2.2.
The results of this test are described in Sect. 2.3.1. Second,
we will test the robustness of the method. This will be
done in two different ways. We will test the robustness of
the results against measurement errors in the observables
(Sect. 2.4) and we will test the robustness against errors
in the model assumptions (Sect. 2.5). These tests give a
first indication of the accuracy with which thephysical
parameters can be determined and are a first step towards
determining error margins for the modeling results. One
should however keep in mind that in principle these results
are only correct for the particular model studied in this
paper. Although it can be expected that these results are
valid for a much wider range of models, it is also clear that
they probably are not valid in all cases.

Table 2.1 — The physical parameters for the artificial test model
(the input for the method) and the resulting best-fit model obtained
with the method.

input best
model fit

lg(T�/K) 4.528 4.528
lg(L�/L�) 3.686 3.686
lg(nH/cm�3) 4.179 4.179
rin/mpc 20.69 20.70
rstr/mpc 30.12 30.12
rout/mpc 142.3 142.2
Mion/M� 0.0394 0.0393
Msh/M� 0.678 0.679
lg Γ �2:234 �2:234
�(He) 10.932 10.934
�(N) 7.095 7.094
�(O) 8.252 8.255
�(Ne) 7.101 7.106
�(S) 6.385 6.386
�(Ar) 5.779 5.780
Te/kK 10.063 10.058
lgU �2:086 �2:088

2.3.1 The artificial test model

In order to verify whether the method could reproduce the
physical parameters correctly, we constructed an artificial
set of ‘observables’ for which the physical parameters were
known in advance. We usedCLOUDY to calculate this test
model. The model is more or less typical of a young PN,
with asmall, high density shell of low excitation.Themetal-
licity of the nebula was low: lgZ � �0:65. The parameters
of the test model are given in Table 2.1.

We calculated several sequences of models (runs) using
different initial estimates for the model parameters. These
sequences were terminated when a prescribed accuracy was
reached for all model parameters. We did several runs for
each set of input data to assure thatAMOEBA found the
correct minimum of the�2-function. SometimesAMOEBA

would stop before the correct minimum was reached and
this procedure is necessary to circumvent this problem.
This is a well known problem of all numerical algorithms
searching for the minimum in a multi-dimensional space
(e.g. Press et al. 1986).

When the computed observables of the test model were
used as input for the method, we could reproduce all phys-
ical parameters with goodaccuracy. The smallest discrep-
ancy was approximately 0.02 % for the stellar temperature
and luminosity; the largest discrepancy was less than 1.2 %
for the neon abundance. These small differences can be at-
tributed to the fact that for the weakest lines in the input file
(e.g. the neon lines), round-off errors in the printed values
for the line flux ratios were non-negligible. The values of
the physical parameters for the best-fit model are given in
Table 2.1. The computed observables of the original test
model and the best-fit model are shown in Table 2.2. The
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Table 2.2 — Comparison between the ‘observables’ from the
test model (the input for the method) and the results from the
best-fit model obtained with the method. The strength of the emis-
sion lines are given relative toH� = 100. The entry [OII ] �3727
stands for both lines in the doublet.

ion � input best
Å model fit

[O II ] 3727 122.11 122.62
[Ne III ] 3869 2.10 2.11
[Ne III ] 3969 0.65 0.65
H� 4102 30.01 30.02
H 4340 50.72 50.73
[O III ] 4363 0.60 0.60
HeI 4472 2.84 2.84
HeII 4686 <0.50 0.00
H� 4861 100.00 100.00
[O III ] 4959 30.48 30.45
[O III ] 5007 91.45 91.35
HeI 5876 8.95 8.95
[O I] 6300 0.92 0.92
[S III ] 6312 0.99 0.99
[O I] 6364 0.31 0.31
[N II ] 6548 12.49 12.48
H� 6563 270.85 270.84
[N II ] 6584 37.47 37.45
[S II ] 6716 1.79 1.80
[S II ] 6731 3.76 3.76
HeI 7065 4.60 4.60
[Ar III ] 7136 3.25 3.25
[O II] 7319 14.47 14.54
[O II] 7330 11.74 11.79
[Ar III ] 7751 0.76 0.76
[S III ] 9069 15.87 15.86
[S III ] 9532 41.35 41.32

obs. unit

F� (12�m) Jy 2.137 2.139
F� (25�m) Jy 33.19 33.19
F� (60�m) Jy 35.00 35.00
F� (100�m) Jy 10.04 10.04
F� (2 cm) mJy 93.23 93.22
F� (6 cm) mJy 103.97 103.96
Θd arcsec 3.154 3.155
�2 9:5�10�4

value of�2 was calculated assuming an uncertainty of 10 %
in all ‘observables’. The�2 is very low due to the fact that
this is a perfect test model, i.e. the input data contain no
measurement errors.

We conclude that the method is capable of reproducing
the physical parameters of this ideal test model.

2.4 The influence of m easurement errors

In this section we investigate what consequences ‘measure-
ment’ errors in the observables of our ideal test model have
for the determination of the physical parameters. Two dif-

ferent approaches to this problem were used, depending on
the type of observable. In the case of the emission lines we
chose to investigate the influence of measurement errors in
all lines simultaneously (Sect. 2.4.1). For theIRASfluxes,
the angular diameter, and the radio flux we investigated the
effect of measurement errors in each observable separately
(Sect. 2.4.2).

2.4.1 The emission lines

In order to assess the influence of measurement errors in
the emission line ratios, we have calculated twelve artificial
spectra, ranging from 3500̊A to 10 000Å, based on our test
model described in Sect. 2.3. We have tried to make these
spectra as realistic as possible. We assumed that the spectra
suffered from interstellar reddening withE(B�V ) = 0.50.
The reddening law given by Pottasch (1984) was adopted.
Then we assumed that the spectra were taken on a CCD
with a response curve given by

R� = 0:05+ 0:45 exp

"
�4 ln 2

�
(�=Å) � 6500

3000

�2
#
:

The resulting spectra had approximately 40 000 counts in
H�. The resolution was 5.75̊A and there were 2.5 pixels
per resolution element. Subsequently Poisson noise was
added to each of the spectra, assuming an additional read-
out-noise of 6.0 counts. Finally the spectra were corrected
back for the CCD response (i.e. were ‘flux calibrated’). One
of the resulting (still reddened) spectra is shown in Fig. 2.1.
All twelve spectra are essentially identical, apart from the
fact that a different seed for the random generator was used
in each case. This is analogous to an astronomical object
from which twelve separate spectra were taken using the
same instrument and settings for each spectrum.

The line intensities in these spectra were determined
using the following procedure. First, the line fluxes were
measured using gaussian fits. Subsequently, a first attempt
was made to deredden these fluxes, using the following
estimate for the interstellar extinction:

E(B �V ) = 2:251� lg

�
F (H�)

R � F (H�)

�
; (1)

whereF (H�) andF (H�) stand for the observed fluxes of
both lines, andR stands for the intrinsic (i.e. unreddened)
ratio F (H�)=F (H�). In our first attempt, the canonical
valueR = 2.85 would be assumed. Next, the dereddened
line fluxes were used to make a first estimate for the elec-
tron temperature and density using the packageNEBULAR in
IRAF (Shaw & Dufour 1995). These values were then used
as model input forCLOUDY to determine a better estimate
for R. The resulting value was substituted in eq. (1), and in
this way a more accurate measurement for the interstellar
extinction could be obtained. Subsequently, the final dered-
dening of the spectrum could be done, using the extinction
law from Pottasch (1984).
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Figure 2.1 — Artificial spectrum of the test model. This spectrum was calculated using a realistic detector response function and an
interstellar extinction ofE(B�V ) = 0.5. The resolution is 5.75̊A. The x-axis gives the wavelength in̊A, the y-axis the flux, normalized
at the inner radius of the nebula, in 10�16 W m�2 Hz�1.

A. Error estimates

We used two different methods to obtain error estimates
for the line fluxes. The first step for both methods is to
make a gaussian fit to the observed line profile, assuming a
constant 1� error in the spectrum. For one method the error
estimate for the line flux was calculated by integrating the
absolute value of the residuals (i.e. the difference between
the fitted gaussian and the actual spectrum) over the range
of the fit (approximately�2.5 to+2.5� FWHM from the
center of the line). This error estimate will be denoted by
e2. We will refer to this method as the residual estimate.

For the other method we use the residuals to get an
estimate for the 1� errors in the original spectrum. For this
we assume that the residuals originate from noise only and
that the noise can be described by Poisson statistics. We
can write

F� = K� �N�

�� = K� �
p
N�:

Our assumptions assure that the residualsr
2
�

will, on av-
erage, be equal to the error in the original spectrum�

2
�
.

Therefore we can replace�� by r� and get the following
equation

K� = r
2
�=F�

which will on average be true. Subsequentlywe assume that
K� is constant over the entire width of the profile. Hence
we can averageK� over all pixels used in the fit (K�). This
should give a good approximation to the actual value of
K�. The averageK� is subsequently used to calculate the
1 � errors in the original spectrum

�� =

q
K� � F�:

Using these new 1� errors, the gaussian fit was repeated
and a covariance matrix was calculated. We could subse-
quently calculate the 1� error in the line flux using standard
error propagation theory. These errors will be denoted by
e1. We will refer to this method as the K-method.

It was found that for the spectra studied here, the resid-
ual estimates were substantially higher for weak lines than
the results of the K-method. For strong lines however, both
methods give almost identical results. The line fluxes that
were measured in the spectrum have to be converted to in-
tensities (i.e. scaled relative to H�) and dereddened. Both
steps introduce additional uncertainties in the result. These
uncertainties were quadratically summed, assuming that
the adopted intrinsic flux ratioF (H�)=F (H�) had a rel-
ative error of 5 % andE(B � V ) had a relative error of
10 %.

B. Results and discussion

The line intensities we had measured were used to deter-
mine the electron temperature, electron density and nebular
abundances foreach of the twelve spectra. This wasdone in
three different ways. First, classical line diagnostics were
applied. To this end theNEBULAR package inIRAF was used
(Shaw & Dufour 1995), which we assume to be a state of
the art implementation of these techniques. We determined
the electron temperature using [OII], [N II ] or [SIII ] lines
and we determined the electron density using [SII] lines.
The [OIII ] temperature could not be determined since the
[O III ] �4363 line could not be detected in any of the twelve
spectra. Once the electron temperature and density were
known, we could determine the ionic abundances for N+,
O0, O+, O2+, S+, S2+ and Ar2+. We could not determine
the Ne2+ abundance, since in none of the spectra the neon
lines were detectable. The abundances were determined
assuming a constant electron temperature in all zones. For
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this the value from the [SIII ] diagnostic was used, which is
the most accurate. The ionic abundances were converted to
elemental abundances using the following four expressions.

N (O)

N (H)
=

N (O0) +N (O+) + N (O2+)

N (H+)

N (N)

N (H)
=

N (N+)

N (H+)

�
N (O)

N (O+)

�

N (S)
N (H)

=
N (S+) +N (S2+)

N (H+)

N (Ar)
N (H)

= 1:73
N (Ar2+)

N (H+)

The first and the third expression are only valid for a low
excitation nebula, as is studied here. The second expression
was taken from Henry (1990), the fourth from Ratag &
Pottasch (1990). The He+ abundance was computed using
the expressions given in Brocklehurst (1971, 1972) and
Clegg (1987). No attempt has been made to correct this
result for the presence of neutral helium, which is very
difficult to do. All results are listed in the first section of
Table 2.3. We consider these values the most accurate that
can be achieved with line diagnostics, given the quality of
the spectra.

Second, we have used the measured line intensities,
combined with either theerror estimates fromtheK-method
or the residual method, as input for our photo-ionization
modeling. The values and error estimates for the other ob-
servables that are needed (i.e. theIRASfluxes, the radio
fluxes and the angular diameter) were kept at the values
listed in Table 2.2. The model parameters for the best-fit
models are listed in the last two section of Table 2.3.

The results shown in Table 2.3 suffer from two types
of error. There is a systematic error due to the fact that the
method will not give the exact result, even for perfectly
measured data, and there is a random error due to fact that
the noise affects the line fluxes. For the data we are study-
ing here, the systematic error is much smaller than the
random error. Hence, the random error is a good measure
for the accuracy of each method. Therefore we have deter-
mined, for each of the rows in Table 2.3, the 1� standard
deviation of the twelve individual determinations in that
row. The results are shown in the last column. Note that
the electron temperature and density with their respective
standard deviations are given as linear quantities, while all
other parameters with their standard deviations are given
logarithmically.

When one compares the determination of the electron
density using the [SII] lines with the determination by our
photo-ionization method, one can see that the determina-
tion using the line diagnostic is far more unreliable. This
can be understood when one realizes that the density in the
nebula is high. This makes the [SII] method very sensi-
tive to measurement errors because the [SII] line ratio is
only a very shallow function of density in this regime. The

photo-ionization method obviously does not suffer from
such problems and yields far more accurate results. When
one compares the determination of the electron tempera-
ture using the [SIII ] lines with the determination using the
[N II] lines, one can see that [SIII ] diagnostic is more reli-
able. This is caused by the fact that the [NII] �5755 line
is very close to the detection limit in the spectra, while the
[SIII ] �6312 line is more easily detected and hence suffers
less from noise in the spectrum. The [SIII ] method is also
somewhat more stable against measurement errors. The
temperature determined with the [OII] method is shown to
be very unreliable. This method uses both the [OII] dou-
blets at�3727 and�7325. The poor results for the [OII]
method are not caused by noise in the spectrum: all the lines
in these doublets are reasonably strong.However, due to the
fact that the doublets are spaced far apart in the spectrum,
the method does suffer from uncertainties in the deredden-
ing. The method is also intrinsicallymore sensitive to errors
in the line ratio. The combination of these two effects ex-
plains the poor results for the [OII] method. Again one can
see that the results from the photo-ionizationmodeling give
more accurate results, although the differences are some-
what less striking than in the case of the electron density.
The fact that photo-ionization modeling yields more ac-
curate values for the electron density and temperature can
be understood in a qualitative sense when one realizes that
this method uses the entire spectrum and also other infor-
mation like the radio flux and the angular diameter to make
a self-consistent model of the entire ionized region. This
makes the method less sensitive to measurement errors in
one individual line. The effects of the measurement errors
in each of the lines tend to cancel each other. From this it
also apparent that the accuracy ofphoto-ionization model-
ing relies on the fact that many lines of different ionization
stages should be present in the spectrum.

When one compares the abundance determinations for
the elements heavier than helium, one can see that the de-
termination using photo-ionization modeling again is more
accurate. This is caused by the fact that the electron tem-
perature and density are more accurately determined in the
photo-ionization models. It is especially worth noticing the
uncertainty of almost a factor of two in the determination of
the oxygen abundance using line diagnostics. This is caused
by the fact that the [OIII ] �5007 line is an important cool-
ing line of the plasma. This implies that the strength of this
line, the oxygen abundance and the electron temperature
in the plasma are very closely linked. Raising the oxygen
abundance will result in a stronger�5007 line. This in turn
will result in more efficient cooling and hence in a lower
electron temperature. This effect will make the�5007 line
weaker, thus reducing the effect of the rising abundance.
The net result is that the O2+ abundance is a very sensitive
function of the electron temperature given the strength of
the�5007 line. Since O2+ is an important ionization stage,
this will also affect the total oxygen abundance.

In all honesty it should be mentioned that the results
in Table 2.3 are somewhat biased towards more accurate
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Table 2.3 — The physical parameters determined using the test spectra with noise added. First the results are given using classical line
ratio methods, determined using the packageNEBULAR in IRAF. An entry ‘und.’ indicates that the measured line ratio was outside the
theoretically allowed range. In 7 out of 12 spectra only upper limits could be determined for the [NII ] �5755 line, these were converted
into upper limits for the electron temperature. Second, the results fromCLOUDY are given, using both thee1 ande2 error estimates. The
first 12 columns give the results for each of the individual spectra, the last column gives the 1� standard deviation of the results in that
row and is a measure for the accuracy of the determination of that particular physical parameter.

using classical methods
sp. 1 sp. 2 sp. 3 sp. 4 sp. 5 sp. 6 sp. 7 sp. 8 sp. 9 sp. 10 sp. 11 sp. 12�

�(He+) 10.815 10.821 10.740 10.791 10.806 10.777 10.787 10.809 10.782 10.772 10.809 10.802 0.022
�(N) 7.131 7.081 6.960 7.065 7.185 6.909 7.047 7.035 7.130 7.063 7.261 6.962 0.095
�(O) 8.314 8.356 8.002 8.292 8.472 7.904 8.448 8.261 8.706 8.516 8.803 8.104 0.254
�(S) 6.437 6.383 6.307 6.412 6.502 6.262 6.448 6.391 6.535 6.469 6.630 6.336 0.098
�(Ar) 5.827 5.768 5.648 5.814 5.842 5.594 5.714 5.731 5.711 5.700 5.893 5.660 0.085
Te/kK [O II ] 16.838 11.869 15.678 12.714 13.458 16.538 6.836 11.200 5.551 6.458 7.189 11.288 3.847
Te/kK [N II ] < 11.129 12.483 <11.090 11.358 < 11.192 16.258 < 9.097 < 10.898 < 8.246 10.772 < 9.387 12.261 1.918y

Te/kK [S III ] 9.089 9.389 10.809 9.568 8.629 11.432 10.300 9.855 9.944 10.224 8.482 10.803 0.862
ne/cm�3 [SII ] 8000 und. und. 8800 und. 8700 37900 13900 57400 43700 33000 15100 17200

CLOUDY, using error estimatee1

sp. 1 sp. 2 sp. 3 sp. 4 sp. 5 sp. 6 sp. 7 sp. 8 sp. 9 sp. 10 sp. 11 sp. 12�

lg(T�/K) 4.530 4.528 4.525 4.525 4.529 4.532 4.528 4.524 4.527 4.528 4.527 4.529 0.002
lg(L�/L� ) 3.683 3.686 3.687 3.692 3.685 3.677 3.684 3.689 3.688 3.683 3.687 3.682 0.004
lg(nH/cm�3) 4.165 4.170 4.210 4.166 4.165 4.198 4.182 4.207 4.168 4.205 4.172 4.197 0.017
lg(rin /cm) 16.798 16.802 16.821 16.803 16.798 16.813 16.806 16.823 16.799 16.818 16.802 16.815 0.009
lg(rstr/cm) 16.972 16.970 16.962 16.973 16.972 16.963 16.967 16.963 16.971 16.962 16.970 16.963 0.004
lg(rout/cm) 17.652 17.648 17.606 17.659 17.656 17.600 17.639 17.602 17.660 17.603 17.651 17.610 0.024
lg(Mion/M� ) �1:391 �1:397 �1:437 �1:396 �1:391 �1:424 �1:408 �1:434 �1:395 �1:431 �1:399 �1:424 0.017
lg(Msh/M� ) �0:156 �0:150 �0:208 �0:153 �0:159 �0:206 �0:175 �0:197 �0:164 �0:199 �0:159 �0:190 0.021
lg Γ �2:235 �2:248 �2:225 �2:243 �2:232 �2:220 �2:229 �2:242 �2:228 �2:231 �2:238 �2:233 0.008
�(He+) 10.804 10.810 10.740 10.774 10.788 10.796 10.775 10.767 10.760 10.779 10.784 10.790 0.019
�(He) 10.962 10.994 10.881 10.931 10.934 10.956 10.919 10.950 10.886 10.949 10.940 10.966 0.031
�(N) 7.089 7.108 7.106 7.106 7.097 7.196 7.102 7.087 7.106 7.121 7.094 7.114 0.027
�(O) 8.219 8.284 8.307 8.297 8.229 8.236 8.252 8.351 8.223 8.302 8.243 8.300 0.040
�(Ne) 7.101z 7.101z 7.101z 7.101z 7.101z 7.101z 7.101z 7.101z 7.101z 7.101z 7.101z 7.101z

�(S) 6.361 6.344 6.386 6.408 6.337 6.437 6.387 6.389 6.369 6.403 6.385 6.424 0.029
�(Ar) 5.742 5.754 5.795 5.832 5.699 5.793 5.801 5.855 5.742 5.776 5.758 5.841 0.044
Te/kK 10.121 10.020 9.985 9.974 10.118 10.061 10.067 9.905 10.115 9.984 10.069 9.979 0.066
ne/cm�3 15400 15600 17000 15400 15400 16600 16000 16900 15500 16900 15600 16600 640
lgU �2:055 �2:070 �2:155 �2:069 �2:056 �2:121 �2:092 �2:156 �2:063 �2:142 �2:074 �2:125 0.038
�

2 0.594 0.418 0.762 0.163 0.614 1.633 0.159 1.173 0.422 0.760 0.191 0.501

CLOUDY, using error estimatee2

sp. 1 sp. 2 sp. 3 sp. 4 sp. 5 sp. 6 sp. 7 sp. 8 sp. 9 sp. 10 sp. 11 sp. 12�

lg(T�/K) 4.530 4.531 4.524 4.525 4.530 4.530 4.529 4.523 4.527 4.528 4.528 4.528 0.002
lg(L�/L� ) 3.683 3.682 3.690 3.691 3.683 3.683 3.684 3.692 3.688 3.686 3.686 3.684 0.003
lg(nH/cm�3) 4.175 4.170 4.188 4.171 4.174 4.181 4.180 4.189 4.175 4.182 4.177 4.185 0.006
lg(rin /cm) 16.803 16.800 16.811 16.804 16.802 16.806 16.805 16.814 16.804 16.808 16.805 16.809 0.004
lg(rstr/cm) 16.969 16.970 16.967 16.971 16.969 16.967 16.968 16.967 16.970 16.967 16.969 16.966 0.001
lg(rout/cm) 17.642 17.643 17.640 17.656 17.644 17.634 17.639 17.636 17.650 17.636 17.644 17.632 0.007
lg(Mion/M� ) �1:401 �1:397 �1:415 �1:400 �1:401 �1:407 �1:407 �1:416 �1:402 �1:409 �1:403 �1:411 0.006
lg(Msh/M� ) �0:164 �0:147 �0:182 �0:157 �0:167 �0:172 �0:177 �0:164 �0:168 �0:167 �0:166 �0:173 0.009
lg Γ �2:236 �2:250 �2:228 �2:241 �2:231 �2:234 �2:227 �2:250 �2:231 �2:240 �2:236 �2:236 0.007
�(He+) 10.799 10.833 10.738 10.770 10.789 10.795 10.774 10.773 10.763 10.791 10.783 10.788 0.022
�(He) 10.962 11.034 10.866 10.923 10.940 10.959 10.916 10.955 10.899 10.963 10.940 10.955 0.039
�(N) 7.091 7.081 7.108 7.099 7.096 7.130 7.105 7.084 7.104 7.090 7.094 7.102 0.012
�(O) 8.244 8.282 8.261 8.290 8.244 8.244 8.246 8.328 8.250 8.275 8.248 8.271 0.025
�(Ne) 7.101z 7.101z 7.101z 7.101z 7.101z 7.101z 7.101z 7.101z 7.101z 7.101z 7.101z 7.101z

�(S) 6.383 6.357 6.382 6.410 6.372 6.419 6.383 6.392 6.371 6.394 6.399 6.414 0.018
�(Ar) 5.777 5.786 5.769 5.828 5.725 5.799 5.793 5.838 5.753 5.787 5.768 5.821 0.031
Te/kK 10.078 10.030 10.049 9.987 10.087 10.055 10.078 9.930 10.071 10.022 10.060 10.022 0.043
ne/cm�3 15800 15700 16200 15600 15800 16000 15900 16200 15700 16000 15800 16100 190
lgU �2:076 �2:065 �2:111 �2:078 �2:075 �2:089 �2:088 �2:118 �2:082 �2:095 �2:084 �2:100 0.015
�

2 0.114 0.341 0.163 0.076 0.171 0.364 0.046 0.419 0.118 0.168 0.037 0.123

y The standard deviation was calculated excluding the upper limits.
z The neon abundance was held constant since only upper limits were available for the neon lines.
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results for the photo-ionization modeling. The results for
these models do not only depend on the emission line spec-
trum, but also on other observables like theIRASand radio
fluxes and the angular diameter which are assumed to be
perfectly measured. Also the results depend on the model
assumptions, which in this case are a perfect match with
the assumptions used to compute the artificial spectrum. In
reality this will of course not be the case, and this will have
a negative effect on the accuracy ofphoto-ionization mod-
els. These effects will be discussed in more detail in the
following sections. Since line diagnostics do not suffer, or
at least suffer less from these uncertainties, it is nota priori
clear that photo-ionization modeling yields moreaccurate
results. Probably the most important factor for accurate
abundance determinations with photo-ionization models is
the choice of the central star spectrum.

The situation concerning the determination of the he-
lium abundance is different from other elements. This is
because the helium lines are recombination lines and the
relative strength of these lines is much less sensitive to the
electron temperature and density. Hence the accuracy of
the abundance determination is mainly determined by the
measurement error in the line flux. This explains why the
accuracy of the classical method and thephoto-ionization
method is much the same. One can also see that the de-
termination of the total helium abundance is lessaccurate
than the determination of the He+ abundance. This in-
dicates the difficulty of correcting for the neutral helium
fraction, even when using photo-ionization models which
in principle give the most accurate correction.

The photo-ionization models do not only give the elec-
tron temperature, density and the abundances, but also yield
values for other physical parameters. One can see that these
parameters are determined with high precision. Most accu-
racies are within a few percent. Hence we conclude that
noise in the spectrum has little influence on the determi-
nation of these parameters. One can see that the photo-
ionization models using the residual error estimates are
more accurate that the models using the error estimates
from the K-method. This can be made plausible in the fol-
lowing way. The noise in the spectrum mainly affects weak
lines. Therefore the measured flux for these lines will de-
viate most from the intrinsic flux. Hence it can be expected
that these lines will have the most negative influence on
the model. Since the residual method gives larger error es-
timates for weak lines, less weight will be given to them
in the modeling. Hence their overall influence will be less
and the resulting models will be better. From this we can
conclude that that the error estimates are important for the
accuracy of the resulting models and also that care should
be taken not to give too much weight to weak lines since
they can have a negative effect on the quality of the models.

From the results in this section we can draw the con-
clusion that in principle it is possible to achieve a higher
accuracy withphoto-ionization models, when compared to
classical line diagnostics, given that sufficient lines of dif-
ferent ionization stages are present in the spectrum and also

that sufficient other observational material of good quality
is present. Care should be taken in using realistic model
assumptions and appropriate error estimates.

2.4.2 The angular diameter, radio flux and
the IRAS fluxes

We investigated the effect of observational errors in the an-
gular diameter, the radio flux and theIRASfluxes by chang-
ing the values of the observables one by one. These observ-
ables were taken from our test model described in Sect. 2.3.
We used observational errors amounting to�0:10,�0:05,
+0:05, and+0:10 dex of the nominal value for each ob-
servable, and calculated the best-fit model for each case.

We will use the quantity� to express the effect of ob-
servational errors on the best-fit model. First we will give a
definition of�. We will denote the physical parameters of
the model (i.e. the stellar temperature, luminosityetc.) with
the generic symbolP and the observables (i.e. the angular
diameter, radio flux etc.) with the generic symbolO. For all
the observables and physical parameters belonging to the
models with observational errors we will use the subscript
m, for the observables and physical parameters belonging
to the true model without observational errors we will use
the subscriptt. The effect of the measurement error on the
physical parameter is represented by:

� � ∆ lgP=∆ lgO; (2)

were we have used the definitions

∆ lgO = lgOm � lgOt = lg(Om=Ot);

∆ lgP = lgPm � lgPt = lg(Pm=Pt):

Hence from the previous discussion it is clear that∆ lgO
will only take the values�0:10,�0:05,+0:05, and+0:10
dex. The values for� are given in Table 2.4. To obtain the
actual logarithmic difference in the physical parameterP

(in dex), the value of� simply needs to be multiplied with
the value of∆ lgO given in the header of the column.

The meaning of� can be viewed in the following way.
A measurement error in each of the observables will result
in an error in the determination of each of thephysical pa-
rameters of the best-fit model. To first order one can say
that the relative error in the determination of the physical
parameter is equal to the relative error in the observable
times the absolute value of�. Hence, the smaller the abso-
lute value of� is, the more stable the determination of the
particular physical parameter is against the observational
error that is being considered. One can roughly say that for
j�j � 1 the physical parameter is well determined or robust,
for 1< j�j � 2:5 the physical parameter is less reliable but
still useful, and forj�j > 2:5 the parameter is unreliable.

One should bear in mind that for a different set of ob-
servables (i.e. for a different PN), the coefficients� may
differ. This is especially true if the model is less constrained
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Table 2.4 — The influence of measurement errors in the observables on the derived physical parameters. The measurement error was
introduced in the observable (O) indicated in the first line of each header. The amount of the error in dex is indicated in the second line.
The entries� in the table give the ratio of the logarithmic difference in the derived physical parameterP and the measurement error (i.e.
∆ lgP=∆ lgO, both in dex).

obs. Θd F� (6 cm) F� (12�m)
∆ lgO/dex �0:10 �0:05 +0:05 +0:10 �0:10 �0:05 +0:05 +0:10 �0:10 �0:05 +0:05 +0:10

T� �0:08 �0:09 �0:08 �0:07 +0:10 +0:11 +0:11 +0:11 �0:10 �0:09 �0:10 �0:09
L� +0:44 +0:47 +0:45 +0:41 +0:29 +0:28 +0:29 +0:30 +0:34 +0:35 +0:35 +0:33
nH �1:70 �1:78 �1:82 �1:77 +0:71 +0:75 +0:82 +0:81 �0:32 �0:33 �0:32 �0:28
rin +0:14 +0:05 �0:18 �0:29 +0:61 +0:62 +0:64 +0:62 �0:49 �0:51 �0:57 �0:59
rstr +0:75 +0:78 +0:84 +0:85 +0:06 +0:06 +0:08 +0:10 �0:05 �0:04 �0:02 �0:02
rout +0:07 +0:29 +0:52 +0:50 +0:20 +0:14 +0:09 +0:11 +1:19 +1:22 +1:27 +1:19
Mion +1:49 +1:63 +1:69 +1:66 +0:35 +0:29 +0:25 +0:26 +0:42 +0:41 +0:43 +0:37
Msh �0:17 +0:12 +0:50 +0:54 +1:00 +0:96 +1:00 +1:04 +1:21 +1:24 +1:26 +1:19
Γ �0:38 �0:48 �0:59 �0:58 �1:06 �1:03 �1:08 �1:10 �0:69 �0:68 �0:63 �0:58
�(He) +0:09 +0:29 +0:39 +0:40 �0:07 �0:12 �0:17 �0:15 +0:36 +0:38 +0:29 +0:35
�(N) �0:18 �0:21 �0:19 �0:19 +0:15 +0:14 +0:12 +0:14 �0:03 �0:02 �0:04 �0:05
�(O) �0:03 +0:07 +0:05 +0:00 +0:16 +0:10 +0:05 +0:02 +0:29 +0:28 +0:23 +0:22
�(Ne) �0:03 +0:08 +0:03 �0:13 +0:01 �0:10 �0:14 �0:19 +0:50 +0:51 +0:40 +0:36
�(S) �0:40 �0:40 �0:38 �0:40 +0:26 +0:23 +0:25 +0:21 +0:06 +0:07 +0:06 +0:05
�(Ar) +0:14 +0:29 +0:31 +0:27 +0:05 �0:02 �0:08 �0:11 +0:43 +0:46 +0:38 +0:37
Te �0:02 �0:04 �0:04 �0:03 �0:02 �0:01 �0:01 +0:00 �0:04 �0:04 �0:03 �0:03
lgU +1:69 +1:98 +2:46 +2:62 �1:41 �1:48 �1:57 �1:52 +1:44 +1:50 +1:61 +1:62

obs. F� (25�m) F� (60�m) F� (100�m)
∆ lgO/dex �0:10 �0:05 +0:05 +0:10 �0:10 �0:05 +0:05 +0:10 �0:10 �0:05 +0:05 +0:10

T� +0:01 +0:05 �0:01 +0:00 +0:03 +0:05 �0:08 �0:04 +0:06 �0:02 �0:02 �0:01
L� +0:13 +0:09 +0:13 +0:14 +0:06 +0:03 +0:10 +0:08 �0:06 �0:04 �0:02 �0:03
nH +0:16 +0:48 +0:02 +0:06 +0:41 +0:52 �0:53 �0:25 +0:43 �0:26 �0:24 �0:14
rin +0:33 +0:83 +0:07 +0:14 +0:92 +0:95 �0:76 �0:30 +0:83 �0:38 �0:38 �0:25
rstr +0:02 +0:01 +0:02 +0:02 +0:02 +0:02 +0:03 +0:03 �0:01 �0:02 �0:01 �0:01
rout �3:61 �7:17 �1:83 �2:10 �3:48 �3:98 +7:18 +3:61 �3:50 +3:17 +4:29 +3:62
Mion �0:80 �1:69 �0:25 �0:29 �0:89 �0:99 +1:71 +0:84 �0:91 +0:59 +0:87 +0:80
Msh �3:92 �7:72 �2:22 �2:62 �3:62 �4:20 +7:72 +3:89 �3:62 +3:80 +4:74 +3:97
Γ +1:26 +2:33 +0:54 +0:75 +2:06 +2:35 �1:67 �0:58 +1:70 �1:16 �0:98 �0:70
�(He) �0:16 �0:45 �0:03 �0:08 �0:55 �0:58 +0:40 +0:11 �0:35 +0:33 +0:24 +0:21
�(N) �0:02 �0:01 �0:03 �0:02 �0:01 +0:03 �0:05 �0:01 +0:00 +0:01 �0:01 �0:01
�(O) �0:19 �0:39 �0:07 �0:11 �0:29 �0:36 +0:35 +0:13 �0:31 +0:19 +0:16 +0:11
�(Ne) �0:21 �0:37 �0:05 �0:12 �0:13 �0:33 +0:47 +0:22 �0:32 +0:15 +0:13 +0:09
�(S) �0:06 �0:13 �0:03 �0:04 �0:11 �0:11 +0:06 +0:01 �0:08 +0:04 +0:04 +0:04
�(Ar) �0:26 �0:61 �0:09 �0:15 �0:54 �0:65 +0:52 +0:22 �0:50 +0:34 +0:26 +0:18
Te +0:04 +0:07 +0:01 +0:02 +0:06 +0:07 �0:06 �0:02 +0:06 �0:04 �0:03 �0:02
lgU �0:68 �1:95 �0:05 �0:22 �2:11 �2:28 +1:98 +0:85 �2:01 +0:94 +0:92 +0:60

by observables, but also models of PNe with a high tem-
perature central star or of PNe which are optically thin in
the Lyman continuum may show a different behavior. We
will now give a more detailed discussion of the results in
Table 2.4. Please note that this discussion pertainsonly to
the influence of the measurement errors studied in this sec-
tion. The results in Sect. 2.4.1 and Sect. 2.5 should also
be considered to get a more complete overview of all the
uncertainties involved in the modeling process.

A. The stellar temperature

From the table we can see that the stellar temperature re-
mains almost uninfluenced by any measurement error. This
result stems from the fact that many spectral lines of dif-
ferent ionization stages are used. All these lines already
constrain the ionization structure and thus the stellar tem-

perature. This means that the determination of the stellar
temperature is very robust, provided that a reasonable num-
ber of spectral lines are present in the spectrum, ranging
over different ionization stages. This can be a problem for
obscured PN, since then many lines at shorter wavelengths
will be undetectable due to extinction.

B. The stellar luminosity

We see that the determination of the stellar luminosity also
is very robust. This result might be somewhat surprising.
However, one should realize that the main uncertainty in
the luminosity is caused by the uncertainty in the distance
determination. In our models the distance was fixed at the
correct value. Furthermore, the nebula we are studying is
young and compact. Hence a large fraction of the stellar
luminosity is absorbed by the dust (approximately 55 %).
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Since we use theIRASfluxes to constrain the model, this
already gives a good constraint for the stellar luminosity.

C. The hydrogen density

The remarks in this section apply to the hydrogen density,
but are equally valid for the average electron density. Many
observables are considered by our method which influence
the determination of the density: the radio emission, the
angular diameter, the IR emission, and also the ionization
structure in the nebula. From the results in Table 2.4 we can
see that the determination of the density is mainly affected
by measurement errors in the Str¨omgren diameter. This is
not surprising; if for instance the measured Str¨omgren ra-
dius would be too large, then also the ionized volume in
the model will be too large. In order to match the measured
radio flux, the only thing the model can do is lower the
nebular density. The second largest influence on the de-
termination of the density are measurement errors in the
radio flux itself, which can be understood using the same
argument. The determination of the density is fairly robust
against other measurement errors.

D. The inner, Str ¨omgren and outer radius

The inner radius of the nebula is determined by two factors:
the dust temperature, which is constrained by theIRAScol-
ors, especially the 12�m over 25�m flux ratio, and the
ionization structure of the nebula. Due to this double con-
straint the inner radius is reasonably well determined, al-
though measurement errors in the radio flux and the various
IRASfluxes will influence the value to some degree.

The Strömgren radius of the nebula is determined by
the angular diameter, which is defined asΘd = 2rstr=D.
Since one of the observables we try to fit is the angular
diameter, this quantity should remain more or less constant
in the best-fit model. Therefore the Str¨omgren radius is well
determined except when there are measurement errors in
the angular diameter itself.

For the outer radius the largest coefficients occur when
the long wavelength end of the IR radiation (i.e. theIRAS
25�m, 60�m or 100�m flux) is affected by measurement
error. This could be expected, since theIRASflux is used
to define the outer radius of the nebula. The behavior of the
outer radius can be quite different from the other two radii.
This is caused by the fact that the amount of neutral material
can vary, without having any effect on the radio emission
or the emission line ratios (except for certain neutral lines
like e.g. [OI] �6300; however these lines have only limited
influence on our models). The fact that the outer radius is
unreliable is caused to some degree by the fact that we are
trying to model a young, partially ionized nebula where the
outer radius is only determined by the far-IR flux. For an
older, completely ionized nebula one might expect the sit-
uation to be better since then the radio flux and the angular
diameter can also give a constraint on the outer radius.

E. The (ionized) shell mass

Both the ionized shell mass and the total shell mass are
completely determined by the hydrogen density and the
inner, Strömgren and outer radius. Hence the remarks made
in Sect. 2.4.2.C and Sect. 2.4.2.D pertain here as well. The
coefficients for the ionized shell mass indicate that the value
is less reliable but still useful. However, one should bear in
mind that the value also heavily depends on the accuracy
of the assumed distance and this will be the main source
of uncertainty. The total shell mass should be considered
unreliable even when an accurate distance is available.

F. The dust-to-gas ratio

The determination of the dust-to-gas ratio is mainly influ-
enced by the uncertainty in the 25�m, 60�m and 100�m
IRASfluxes and the radio flux. This latter result may seem
surprising, but can be understood when we consider the
change in the density caused by the measurement error in
the radio flux. If the dust-to-gas ratio would have remained
unchanged, theIRASfluxes would havechanged in thesame
way as the radio flux. Since there are no measurement er-
rors in theIRASfluxes in this particular model, this effect
needs to be countered by changing the dust-to-gas ratio in
the opposite sense as the hydrogen density. The coefficients
listed in Table 2.4 can become fairly large and hence the
dust-to-gas ratio should be considered less reliable but still
useful.

G. The abundances

All the coefficients for the abundances are small, hence the
determination of the abundances is robust (provided that at
least two lines, preferably of different ionization stages, of
that element are present in the spectrum). Problems in the
abundance determination might arise if line optical depth
effects and/or (inter)-stellar contamination play a role. Also
the well-knowndiscrepancy between the abundances deter-
mined using collisionally excited lines and recombination
lines indicates that there is a fundamental problem in the
determination of abundances that is not yet understood.

H. The electron temperature

One can see that the coefficients for the electron temper-
ature are all very small, so that the determination of this
temperature is very robust. This result is no surprise. The
shape of the stellar spectrum (which is determined by the
effective temperature), the ionizationstructureand the elec-
tron temperature of the plasma are very intimately linked.
The ionization structure is well constrained by the spec-
trum and hence also the effective temperature and the elec-
tron temperature can be accurately determined using our
method.
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I. The ionization parameter

The ionization parameter is determined by the effective
temperature and luminosity of the central star and the inner
radius and hydrogen density of the plasma. Hence the re-
marks made in the corresponding sections pertain here as
well. With so many parameters influencing the ionization
parameter, we can see that this parameter is less reliably
determined, but still useful. This result may be somewhat
surprising,since it is often claimed that the ionization struc-
ture in the nebula can be parameterized by the ionization
parameter. The ionization structure is well constrained by
the spectrum, hence one might expect that the ionization
parameter would be well constrained as well. This is not the
case and hence this line of reasoning must be too simplistic.
Closer inspection of the results in Table 2.4 reveals that the
coefficients for the ionization parameter and the dust-to-gas
ratio often have opposite signs. Especially when measure-
ment errors are introduced in the longer wavelengthIRAS
fluxes, the correlation is quite striking. This result can be
understood when one realizes that the dust grains influence
the ionization structure as well. These grains preferentially
absorb UV photons and help to soften the radiation field,
thereby reducing the level of excitation in the nebula. This
explains why measurement errors in theIRASfluxes have
such a big impact on the ionization parameter.

2.5 Different model assumptions

We described the assumptions for our simple PN model in
Sect. 2.2. The model has been chosen such that on the one
hand the number of free parameters was kept to a minimum
and on the other hand the model still was sufficiently realis-
tic for the resulting physical parameters to be meaningful.
The number of free parameters must be kept to a mini-
mum because otherwise there is not enough information in
the observables to constrain them. This would result in an
ill-determined best-fit model and the physical parameters
would be very sensitive to observational error. We have in-
vestigated this effect in the previous section and found that
our simple model passed this test reasonably well. In this
section we would like to investigate the other side of the
balance: is our simple model realistic enough or is it too
simplistic? In other words: how accurate are thephysical
parameters from our best-fit model when we try to model a
PN for which our simple model assumptions are not fully
appropriate?

2.5.1 The distance and the filling factor

In this section we use the observables from our test model
again (see Sect. 2.3) and we investigate the influence of the
distance and the filling factor on the best-fit model. Both
parameters are notoriously hard to measure and there still
is a lot of discussion about them. For a review of the status
of distance determinations we refer to Pottasch (1992),

Table 2.5 — The influence of the distance and the filling factor
on the derived physical parameters. The amount of the change in
the model parameter used in the best-fit model (w.r.t. the standard
value) in dex is indicated in the second row. The entries� in the
table give the ratio of the logarithmic difference in the derived
physical parameterP and the amount of change in the model
parameterM (i.e. ∆ lgP=∆ lgM , both in dex).

model par. D �

∆ lgM /dex �0:10 �0:05 +0:05 +0:10 �0:20 �0:10

T� �0:02 �0:02 �0:02 �0:02 �0:02 �0:02
L� +2:02 +2:02 +2:02 +2:02 +0:02 +0:02
nH �0:38 �0:37 �0:37 �0:36 �0:38 �0:38
rin +1:07 +1:07 +1:07 +1:07 +0:07 +0:07
rstr +0:97 +0:96 +0:97 +0:96 �0:04 �0:03
rout +0:83 +0:84 +0:81 +0:84 �0:15 �0:16
Mion +2:37 +2:37 +2:37 +2:36 +0:37 +0:37
Msh +2:39 +2:40 +2:38 +2:41 +0:41 +0:40
Γ �0:55 �0:56 �0:56 �0:55 �0:56 �0:55
�(He) +0:17 +0:16 +0:20 +0:13 +0:17 +0:14
�(N) �0:02 �0:03 �0:01 �0:01 �0:01 �0:02
�(O) +0:20 +0:21 +0:23 +0:21 +0:19 +0:19
�(Ne) +0:23 +0:25 +0:29 +0:23 +0:23 +0:21
�(S) +0:01 +0:00 +0:01 +0:02 +0:01 +0:01
�(Ar) +0:22 +0:22 +0:25 +0:21 +0:21 +0:19
Te �0:03 �0:03 �0:03 �0:03 �0:03 �0:03
lgU +0:22 +0:20 +0:21 +0:19 +0:21 +0:22

Terzian (1993) and Pottasch (1996). The situation regarding
the measurement of filling factors is for instance described
in Kingsburgh & Barlow (1992). Both these parameters are
represented by a single number in our models and we can
investigate the influence of an error in the assumed value
in a straightforward manner. The influence of the distance
was tested by making four best-fit models using a distance
which differed�0:10,�0:05,+0:05 and+0:10 dex from
the true value. The influence of the filling factor was tested
by making two best-fit models using a filling factor of
lg � = �0:20 and�0:10. In other words, in this section the
set of observables isnot changed. What is changed is the
value for the distance or the filling factor used in the best-fit
model. The results are represented using the parameter�

again, which now is defined as

� � ∆ lgP=∆ lgM; (3)

whereM is a generic symbol for a model parameter (i.e. the
distance and the filling factor). To make the best-fit models,
no measurement errors were assumed in the observables
and all other model assumptions remained unchanged (i.e.
only the distance or the filling factor were changed in any
model). The results are shown in Table 2.5.

A. The distance

When the coefficients in Table 2.5 are inspected one only
finds large values for� for the distance dependent param-
eters. These values can be understood quite easily. Using
simple arguments one would expectL� / D

2, which is
almost exactly what we find. Using a similar argument one
would expect the inner, Str¨omgren and outer radius to vary
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proportional toD, and the ionized and total shell mass
proportional toD3. This is almost what we find, but not
completely. This is caused by the fact that the absolute flux
values (the radio flux and theIRASfluxes) change asD2,
notD3 like the emitting volume does. Hence the model has
to make a compromise between the two effects and we see
that the shell volume and especially the shell mass change
slower thanD3. This effect also causes the hydrogen den-
sity and the dust-to-gas ratio to change, although they are
not distance dependent parameters. The changes are quite
small though and these parameters can still be considered
well determined. All other distance independent parameters
are robust against errors in the assumed distance.

We can conclude that the uncertainty in the distance is
one of the larger contributors to the uncertainties in the final
model, especially for the distance dependent parameters.
Unfortunately there is no way around this problem and
it can only be resolved by improving the accuracy of the
distance.

B. The filling factor

When the coefficients in Table 2.5 are inspected one sees
that none of them are big. Hence we can say that the model
is robust against errors in the assumed value of the filling
factor. The largest effects are on the density, the dust-to-
gas ratio and the (ionized) shell mass. These effects can
be understood fairly easy when one realises that when the
filling factor varies, the absolute flux values (the radio flux
and theIRASfluxes) change proportional to�, while the
emitting volume remains unchanged. Since the emitting
volume is well constrained by the observables, the best-fit
model (which assumes a wrong value for the filling factor)
can only adjust the density and the dust-to-gas ratio in order
to fit the flux values. This effect also causes the (ionized)
shell mass to be off. All other parameters are robust against
errors in the filling factor.

We can conclude that the modeling results are not very
sensitive to the assumed value for the filling factor. How-
ever, one should realize that some authors claim very low
values for� for certain nebulae. If such low values are ap-
propriate, then modeling with our default value� = 1 could
introduce sizeable errors in the model. On the other hand,
one can always choose a different value for the filling factor
in the best-fit model, if this is considered more realistic.

2.5.2 Modeling more realistic nebulae

In this section we will look more closely at the model as-
sumptions which we have not considered in the previous
section. These can not be tested by simply changing a num-
ber, so we have used a different approach here. We have
made six different test models, in which we changed one
model assumption at a time. Then we extracted the usual
set of observables from these six models (i.e. the same
set we have used in our previous discussions). No mea-
surement errors were assumed for the observables. Next

Table 2.6 — The influence of errors in the model assumptions on
the derived physical parameters. The different models that where
used are indicated in the header of each column. The entries in
the table give the error in the physical parameterP in dex, and
are defined aslgPbest�fit � lgPtrue. The�2 for each of the models
is also indicated.

model Kurucz Dens1 Dens2 Dens3 Dust1 Dust2

T� �0:026 +0:000 +0:001 +0:011 �0:003 +0:021
L� �0:028 +0:003 +0:012 �0:169 +0:020 �0:033
nH +0:019 +0:091 +0:018 �0:091 +0:000 +0:082
rin �0:008 +0:028 +0:025 �0:066 �0:005 +0:120
rstr �0:012 �0:006 +0:002 �0:012 �0:002 +0:020
rout �0:089 �0:010 +0:125 +0:054 +0:119 +0:001
Mion �0:030 +0:004 �0:014 �0:710 +0:009 �0:058
Msh �0:081 �0:007 �0:033 +0:033 +0:165 +0:096
Γ +0:068 +0:000 +0:083 +0:083 +0:054 �0:056
�(He) +0:120 �0:008 �0:017 �0:079 +0:007 �0:044
�(N) �0:111 �0:019 �0:001 �0:024 �0:002 �0:023
�(O) +0:097 �0:007 �0:016 �0:076 +0:008 �0:090
�(Ne) �0:440 +0:003 �0:011 �0:103 +0:023 �0:144
�(S) +0:030 �0:016 �0:004 �0:046 +0:002 �0:029
�(Ar) +0:186 �0:004 �0:022 �0:061 +0:012 �0:090
Te �0:026 +0:001 +0:003 +0:011 �0:001 +0:017
lgU +0:053 �0:144 �0:054 +0:077 +0:023 �0:313

�
2 0.902 0.072 0.035 0.464 1.510 0.924

we applied our method and determined a best-fit model
using standard model assumptions. Finally we compared
the best-fit model with the original model and in this way
we could assess how realistic the physical parameters from
the best-fit model were. The results are presented as the
straight difference between the logarithms of the parame-
ters of both models. They are shown in Table 2.6. Below
we will discuss each model in more detail.

A. Case 1: Kurucz

In the first model we have replaced the blackbody spectrum
by a Kurucz (1991) model atmosphere withTeff = 40 000 K
and lg[g/(cms�2)] = 4.50. All the remaining model param-
eters and assumptions were left unaltered. This model has
roughly the same level of excitation as our original model
presented in Table 2.2. From the results in Table 2.6 one
can see that in the best-fit model mainly the abundances
are affected. Especially the neon and argon abundances
are quite bad. This can be understood as follows. The ion-
ization structure strongly depends on how much ionizing
photons are emitted and this number is different foreach
ion because each has a different ionization threshold.Hence
the ionization structure strongly depends on the shape of
the stellar spectrum. When the strength of emission lines
is modeled by our method, knowledge of the ionization
structure is implicitly used toaccount for ionization stages
which are not observed. Hence one can expect that the error
in the abundances is largest for those elements where the
dominant ionization stage is not observed (i.e. for neon and
to a lesser extent argon). Other parameters like the extent
of the ionized region and the electron temperature are de-
termined by integrals over the Lyman continuum and are
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therefore less sensitive to the precise shape of the spectrum.
We can see that in our best-fit model these parameters are
reasonably determined. This is even the case for the stel-
lar temperature. This can be understood when one realizes
that in the temperature regime studied here, the number of
hydrogen ionizing photons is a very steep function of ef-
fective temperature. Hence only a small adjustment in the
temperature is sufficient to get the same ratio of ionizing
flux to total flux as in the Kurucz model.

Hence we can conclude that modeling a realistic nebula
using a blackbody spectrum can lead to substantial errors in
the abundances. However, it should be noted that the mag-
nitude of the effect depends very much on which lines are
present in the spectrum (most importantly if the dominant
ionization stages are observed) and how big the difference
is between the real and the blackbody spectrum at the ion-
ization edges of the dominant ionizationstages. It should be
noted that for higher temperatures, the difference between
a blackbody spectrum and a model atmosphere becomes
less. Also for wind-blanketed non-LTE models the differ-
ence with a blackbody spectrum usually is less than for
Kurucz models (Gabler et al. 1989; Sellmaier et al. 1996).
Further discussion can be found in Beintema et al. (1996).
We conclude that our blackbody assumption is not a good
one, however we are forced to use it since no suitable grid
of model atmospheres is present in the code. As soon as
such a grid becomes available, it can easily replace the
blackbody spectra.

B. Case 2: Dens1

In the second test case we have looked at the influence
of non-constant density distributions inside the Str¨omgren
sphere. We made a model which had very large sinusoidal
density fluctuations inside the Str¨omgren sphere and a 1=r2

density law outside. The density was defined by

lg(nH=cm�3) = 4:1785+ 0:5 sin
�
r=cm� rin=cm
2:29234�1014

�

inside the Str¨omgren sphere with lg(rin=cm) = 16:80516
and lg(rstr=cm) = 16:8943. This density law changes con-
tinuously into a 1=r2 density law outside the Str¨omgren
sphere. This distribution was chosen such that the best-fit
model would be able to reproduce the density distribution
in the neutral region very well. Hence mismatches in the
neutral region did not influence the modeling. These ef-
fects will be studied in the next test case. To compare the
density of the best-fit model with the original density dis-
tribution we calculated the average value ofn

2
H over the

Strömgren sphere and took the square root. This yielded
lg(nave=cm�3) = 4:4022; this value was also used to cal-
culate the ionization parameter.

When we view the results in Table 2.6 we see that the
best-fit resembles the originalmodel surprisinglywell. This
can be understood when we consider that the density fluc-
tuations only have a very small influence on the electron

temperature and limited influence on the dominant ion-
ization stage. The best-fit model is still able to reproduce
the ionization structure in an average sense and hence the
ionized region can be modeled very well by a constant den-
sity. The largest differences between both models are for
the density itself and the ionization parameter. This is not
surprising since we used only a crude estimate for both
numbers, which obviously is not fully appropriate. Hence
we conclude that density fluctuations are no problem for
our method and that the best-fit model will yield some kind
of average of the density inside the Str¨omgren sphere.

C. Case 3: Dens2

In the third test case we have looked at the influence of a
density distribution which does not behave as 1=r

2 in the
neutral zone. For this we made a model where the density
distribution still was constant in the inner parts and which
behaved as 1=r2 in the outer parts, but where the constant
density part would reach deep into the neutral zone (out
to lg(r=cm) = 17:12). All the other model assumptions
would remain unaltered. With this particular density dis-
tribution, our method could in principle make a perfect fit
to the density distribution inside the Str¨omgren sphere, but
not outside.

When we view the results in Table 2.6 we see that the
best-fit resembles the original model very well. This is
not surprising, the change in the density distribution only
influences the neutral lines and theIRASfluxes. We can see
that the largest discrepancies between both models are for
the outer radius and the dust-to-gas ratio. The amount of
material in the neutral zone of the best-fit model is much
less than in the original model and the method tries to
compensate this by increasing the outer radius. TheIRAS
fluxes can be further boosted by increasing the dust-to-gas
ratio.Weconclude that incorrect assumptions on thedensity
distribution in the neutral zone have little consequence for
the best-fit model. They mainly influence the dust-to-gas
ratio, the ionization parameter and the outer radius (which
can not be considered accurate anyway).

D. Case 4: Dens3

In the fourth test case we have made a crude model for a
bipolar nebula, consisting of two superimposed spherically
symmetric models. For the equatorial regions of the nebula
we have used the standard model presented in Sect. 2.3,
hence the nebula is optically thick in the Lyman contin-
uum in this direction. For the polar regions we have used a
different model with a larger inner and outer radius and a
lower density. All these parameters were chosen such that
the ionization parameters is higher in the polar direction
than in the equatorial direction. The polar model is fully
ionized and therefore optically thin in the Lyman contin-
uum. The observables from both models were added using
appropriate weighting factors, representing the solid angle
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which was occupied by both regions. Subsequently a spher-
ically symmetric best-fit model was made using standard
assumptions. Since for a bipolar nebula it is not possible to
assign a single number to the hydrogen density, the inner,
Strömgren and outer radius and the ionization parameter,
we have used the values from the equatorial model as a ref-
erence. The electron temperature was the average of both
models, weighted by the total H� flux emanating from both
regions (this gaveTe = 10 012 K).

When we view the results in Table 2.6 we see that the
best-fit model has a moderately lower luminosity and a
much lower ionized mass than the original model. The best-
fit model is optically thick in the Lyman continuum, which
could be expected since the radiation from the equatorial
region dominates the total emission from the nebula. Hence
no Lyman photons escape the nebula in the best-fit model
and all are reprocessed into other forms of radiation. On
the other hand, the original model is not fully optically
thick and hence in this case Lyman continuum photons do
escape the nebula. Therefore, if the reprocessed radiation
is used as a measure for the total luminosity of the central
star, and the nebula is assumed to be optically thick (as
is indicated by the best-fit model), then this would lead
to a value for the luminosity which is too low. This line
of reasoning also leads to an explanation for the fact that
the ionized mass is far too low. Most of the ionized mass is
contained in the polar regions, which on the other hand emit
only a small fraction of the total emission from the nebula.
Hence the polar regions get little weight in the modeling and
the total ionized mass can not be expected to be modeled
accurately. Since the polar regions have a different level of
excitation as the equatorial regions, the optical spectra from
both regions are different as well. This leads to the fact that
the combined spectrum can not be modeled accurately and
this influences the abundances in the best-fit model. Also
other parameters are affected, most importantly the dust-to-
gas ratio. We can see that modeling a bipolar nebula with
our standard assumptions can lead to moderate errors in
important parameters, most importantly the luminosity and
the abundances. Less important parameters like the ionized
mass are totally unreliable.

E. Case 5: Dust1

If the composition of the grains in a nebula is not known,
our method uses a mixture of silicate and graphite grains.
However, the presence of both oxygen-rich and carbon-
rich grains is only rarely observed in real nebulae. Hence
this model assumption might introduce errors in the best-fit
model. In this section we will investigate the magnitude
of these errors. In this test case we will make a model
which contains pure graphite dust with the same dust-to-
gas ratio as our original model. We will try to model the
resulting observables using a standard mixture of silicates
and graphite.

When we view the results in Table 2.6 we can see that
the error in the dust composition introduces only minor

errors in the best-fit model. The largest influence is on the
outer radius and the total shell mass of the best-fit model.
This is no surprise. The different dust composition causes a
different run of the grain emissivity as a function of radius.
This will cause the shape of the infrared spectrum to change
and hence also the ratio of the variousIRASfluxes. Since
the outer radius (and thus also the total shell mass) is com-
pletely determined by theIRASfluxes, it can be expected
that it is seriously affected by an error in the dust compo-
sition. Since both these quantities could not be considered
reliable anyway, this introduces no new problems. One can
see that also the dust-to-gas ratio of the best-fit model is
affected. This could be expected as well. In general the
absorption efficiency of silicates and graphite is not equal
(van Hoof et al. 1997), so different amounts are needed to
absorb the same amount of flux. Hence we conclude that
the assumption of a mixture of graphite and silicates has
only little influence on the best-fit model, although the dust-
to-gas ratio should be viewed with caution when the dust
composition of the nebula is not known. We would like to
point out that different assumptions on the dust composi-
tion in the best-fit model can easily be made when more
detailed information is available.

F. Case 6: Dust2

In our standard model assumptions we assume that the inner
radius of the gas and the dust are equal. However it is not
a priori clear that this should be the case. In this test case
we will make a model with a different inner radius of the
dust (lg(r=cm) = 16:88). The resulting observables will
be modeled using the standard model assumptions.

When we view the results in Table 2.6 we can see that
the largest discrepancy between the two models is for the
inner radius of the nebula. This can be understood since
the IRAS12�m over 25�m flux ratio is sensitive to the
hottest dust, i.e. to the emission from the dust at the inner
edge of the nebula. Since theIRASfluxes have a rather
large weight in the optimizing process, theIRAS12 �m
over 25�m flux ratio is an important factor in determining
the inner radius of the nebula. Since in our test model the
inner radius of the gas is smaller than the inner radius of the
dust, also the inner radius which follows from the optical
spectrum(especially thehighest ionization stages) and from
theIRAS12�m over 25�m flux ratio are not equal. Since
in the best-fit model both values have to be equal, one could
expect that the inner radius would be forced somewhere in
between both values. However, we actually find that the
inner radius is pushed even further out than the inner radius
of the dust in the original test model. This indicates that our
method is to some degree unstable against this kind of error.
This is a consequence of the fact that changing the inner
radius causes many other parameters to change as well.
The pattern of changes is complicated and we will not try
to give a full explanation. Several important parameters are
affected by this problem, most importantly the hydrogen
density, the abundances, and to a lesser degree also the
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stellar temperature and luminosity. Also other parameters
like the ionization parameter and the dust-to-gas ratio are
affected.

Since theIRAS12�m over 25�m flux ratio is impor-
tant for determining the inner radius one should realize that
the following problems can influence the determination.
First, the composition of the grains is usually not known.
In these cases a mixture of silicate and graphite grains is
assumed. Different emissivities for the grains will give a
different IRAS12�m over 25�m flux ratio. Second, the
density is assumed to be constant within the Str¨omgren
sphere. If a density gradient would exist near the inner ra-
dius, this would alter theIRAS12�m over 25�m flux ratio.
Third, the grain size distribution is not known. The absorp-
tion coefficients used inCLOUDY are based on the grain size
distributionof Mathis et al. (1977). Especially the presence
of very small grains, such as PAH grains, might also change
theIRAS12�m over 25�m flux ratio (Zijlstra et al. 1994).
Fourth, because the detectors ofIRASare large, the fluxes
might suffer from confusion. This can affect all colors.

We can conclude that the problems discussed in this
section can have a rather serious impact on thequality of the
best-fit models. A solution to this problem is not apparent
to us at this stage, but future research will be directed at
improving this situation.

2.6 Modeling of some galactic bulge PN

To test the method, including the determination of the dis-
tance, on real data, we selected a small sample of galactic
bulge nebulae from Ratag et al. (1990, hereafter RPDM).
Galactic bulge nebulae can be assumed to be at a distance of
approximately 7.8 kpc (Feast 1987). We chose the nebulae
from RPDM since they publish good quality spectra and
also carried out their own photo-ionization analysis of the
data which we can use for comparison. The radio observa-
tions for these PN are described in Gathier et al. (1983).
The following selection criteria were used:

1. The PN should have a quality 2 or 3IRAS12�m flux
and quality 3IRAS25�m and 60�m fluxes.

2. The absolute value for the radial velocity should be
larger than 100 km s�1.

3. The excitation class should not be labeled peculiar.

The resulting five PN are presented in Table 2.7. All neb-
ulae except M 2�4 are indicated by Acker et al. (1992)
as likely bulge PN. In view of the large radial velocity of
M 2�4, vLSR = �175.8 km s�1 (Gathier et al. 1983) it is
unlikely to be a foreground object. In Table 2.8 we give
the input values for the observables used for the modeling,
together with the resulting model predictions. As can be
seen from this table, not all the lines present in the spectra
are predicted byCLOUDY, most notably the higher Balmer
lines of hydrogen and several helium lines. Also the ele-
ment Chlorine is not included in the code. The resulting
physical parameters for the nebulae are given in Table 2.9.

Table 2.7 — Our sample of PN selected from Ratag et al. (1990).

�(1950) �(1950)
name PN G h m s � 0 00

H 1�40 359.7�02.6 17 52 22.9 �30 33 06
M 1�20 006.1+08.3 17 26 00.7 �19 13 32
M 2�4 349.8+04.4 16 57 47.7 �34 45 17
M 2�23 002.2�02.7 17 58 32.7 �28 25 45
M 3�15 006.8+04.1 17 42 32.4 �20 56 52

The hydrogen density mentioned is the constant density
inside the Str¨omgren sphere.

2.6.1 Individual remarks

The PN in our sample all have nearly the same medium
excitation class. This probably is partially a result of our
selection criterion that the nebulae should have been de-
tected byIRASin the 12�m band (criterion 1). Old bulge
PN, having a high excitation class and cool dust, might
have insufficient 12�m flux to be detected byIRAS.

In the rest of this section each of the PN in our sample
will be discussed individually,with special emphasis on the
problems encountered during the modeling.

A. H 1�40

Two lines were omitted from the list of observables because
of the following reasons. First the HeII �4686 line was
omitted, because the flux ratio given by RPDM is quite
high, indicative of a high stellar temperature. However, the
rest of the observational data are not consistent with such a
high stellar temperature. Also, this line is listed in Table 3
of RPDM, but is not present in their Table 1. Webster (1988,
hereafter W88) took a spectrum of this PN, and she didn’t
report the detection of this line. She should however have
detected a lineof the strength mentioned by RPDM. In view
of these uncertainties we decided to omit this line. Since
RPDM included this line in their modeling, this probably
explains the higher stellar temperature they obtain.

The fitting of the [OIII ] �4363 line was also problem-
atic. The observed flux was far too low to be consistent with
the electron temperature predicted by our model. Since the
electron temperature derived from the [NII] lines is much
higher (and more consistent with the value determined by
our model), and also because the [OIII ] �4363 line is much
stronger in the spectrum of W88 (however not as strong as
predicted by our model), we decided that its value was too
uncertain and omitted it from the input.

B. M 1�20

The intensity of the H� line seems quite high, and is not
fitted well. The discrepancy is too large to be attributed
to measurement errors, hence this might indicate that the
spectrum has not been sufficiently dereddened. There is
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Table 2.8 — Comparison of the observed quantities (mostly taken from Ratag et al.1990) and the model fit for our sample of PN. The
strength of the emission lines is given relative toH� = 100. The measured line fluxes have been dereddened. The entries [OII ] �3727,
�7325 and [SII ] �4071 all stand for the entire multiplet. All observables for which entries in both columns obs. and model are present,
have been weighted in the goodness-of-fit estimator, except where indicated.

ion � H 1�40 M 1�20 M 2�4 M 2�23 M 3�15
Å obs. model obs. model obs. model obs. model obs. model

[O II ] 3727 32.4: 38.5 55.5 83.1 97.1 125.2 14.2 20.4 48.6 101.5
H 12 3750 3.4
H 11,OIII 3771 4.2
H 10 3798 5.5 4.0 5.1
H 9 3835 6.7 7.1 6.5
[Ne III ] 3869 79.1 79.4 69.1 67.6 64.7 67.6 82.4 80.0 89.9 90.1
H 8,HeI 3889 12.9 18.1 17.4 13.9 16.6
[Ne III ],H� 3969 19.9 25.5 33.6 38.3 25.4
HeI 4026 2.7 2.7 1.82
[S II ] 4071 3.3 2.5 2.3 3.6 3.0 2.5 3.8 1.8
H�,N III 4102 25.8 29.4 25.6 30.3 24.7 30.5 24.0 30.2 26.1 29.5
C II 4267
H 4340 47.1 50.2 49.1 51.0 45.9 51.2 48.2 50.9 49.0 50.2
[O III ] 4363 4.6z 12.0 7.5 5.4 2.9 2.1 13.9 9.9 3.3: 7.5
HeI 4472 6.5 4.4 5.8 5.2 4.5 5.1 5.5 5.0 5.1
N III 4641 20.3
HeII 4686 17.1?z 1.9 0.7 0.2 1.0 4.1 3.5
[Ar IV],HeI 4712 1.33 0.91 1.09 1.94
[Ar IV] 4740 4.45 4.70 0.71 1.16 0.33: 0.70 0.80 1.42 6.67
H� 4861 100. 100. 100. 100. 100. 100. 100. 100. 100. 100.
HeI 4922 1.36: 1.42 0.87
[O III ] 4959 307. 276. 336.y 315. 272.y 213. 304. 350. 328.y 219.
[O III ] 5007 915. 827. 1009.y 946. 815.y 640. 1006. 1051. 983.y 658.
[N I] 5201 0.20 0.07 0.22 0.00 0.59
[Cl III ] 5517 0.21
[Cl III ] 5538 0.47 0.25
[N II ] 5755 1.92: 2.16 0.92 1.05 1.39 1.52 1.19 1.06 1.0: 1.4
HeI 5876 15.5 15.9 15.7 16.0 13.8 13.8 17.2 17.8 16.3 16.3
[O I] 6300 2.8 2.7 4.7 4.1 2.9 3.7 4.2 3.3 2.8 3.6
[S III ] 6312 1.70 1.48 0.79: 1.12 1.59 1.33 2.4 2.3 1.24 1.00
[O I] 6364 0.88 0.88 1.46 1.35 1.00 1.23 1.42 1.09 0.79 1.19
[N II ] 6548 19.9 14.6 32.1 6.4 18.8
H� 6563 280. 278. 303. 269. 275. 268. 283. 269. 305. 278.
[N II ] 6584 61.4 59.7 45.4 43.8 85.6 96.1 18.9 19.2 57.6 56.3
HeI 6678 3.8 4.0 3.2 4.7 4.6
[S II ] 6716 0.99 0.96 1.17 1.45 2.72 3.16 0.78 0.47 2.65 3.38
[S II ] 6731 1.71 1.99 2.32 2.91 5.0 6.0 1.55 1.05 5.4 5.2
HeI 7065 7.9 11.4 10.5 9.7 5.6 7.1 14.4 12.0 7.5 9.2
[Ar III ] 7136 13.6 13.3 9.1 7.5 15.2 13.0 14.0 11.2 19.2 19.3
HeI 7281 0.83 0.3: 0.94 0.59
[O II] 7325 9.2 14.2 14.9 17.1 8.3 14.0 19.3 21.4 6.6 8.7

obs. unit

F� (12�m) Jy 2.38 2.38 1.13 1.00 0.56 0.53 1.93 2.10 < 0.53 0.19
F� (25�m) Jy 18.45 19.11 3.94 4.44 5.00 5.83 9.31 6.54 5.66 6.02
F� (60�m) Jy 11.91 11.42 2.38 2.30 5.77 5.18 1.64 1.64 8.02 7.77
F� (100�m) Jy < 73.48 3.22 < 4.59 0.66 < 12.59 1.73 < 126.70 0.24 < 10.39 2.72
F� (6 cm) mJy 31. 31.0 47. 47.7 32. 32.2 41. 41.4 65. 65.4
Θd arcsec 1.26 1.27 1.98 1.81 2.16 2.13 0.72 0.67 5.4 5.19
�2 0.63 1.68 2.28 4.17 2.75

: A colon indicates that the value is uncertain.
y The sum of the intensities of thedoublet was split using the ratio 3:1.
z This line was not weighted in the goodness-of-fit estimator�2, see also Sect. 2.6.1.
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Table 2.9 — The physical parameters of the galactic bulge PN
in our sample determined withCLOUDY. Abundances of elements
for which only one line was observed are marked uncertain.

H 1�40 M 1�20 M 2�4 M 2�23 M 3�15

lg(T�/K) 4.800 4.774 4.705 4.782 4.916
lg(L�/L�) 3.798 3.607 3.555 3.639 3.663
lg(nH/cm�3) 4.321 4.124 3.923 4.855 3.527
rin/mpc 13 0.21 11 9 33
rstr/mpc 24 34 40 13 98
rout/mpc 279 363 351 13 519
Mion/M� 0.042 0.092 0.088 0.015 0.47
Msh/M� 1.34 2.34 1.89 0.015 6.5
lg Γ �1:70 �3:11 �2:50 �2:46 �2:60
�(He) 10.96 11.02 10.96 11.05 11.03
�(N) 7.78 7.81 8.13 7.67 7.60
�(O) 8.23 8.72 8.84 8.67 8.22
�(Ne) 7.39: 7.82: 8.15: 7.75: 7.53:
�(S) 6.37 6.66 6.90 6.79 6.31
�(Ar) 5.98 5.99 6.36 6.08 6.20:
Te/kK 12.7 9.5 8.3 10.2 12.0
lgU �1:40 +2:14 �1:16 �1:80 �1:58

however no evidence from the fits to the other lines to
support this suspicion.

Our model gives a very small inner radius, also result-
ing in a very high ionization parameter. This is caused by
the highIRAS12�m over 25�m flux ratio, which might
indicate the presence of hot dust. See also the discussion in
Sect. 2.5.2.F.

C. M 2�4

The spectrum is fitted quite well, be it that there is slight
discrepancy for the [OIII ] �4959 and�5007 lines. This is
caused by the [OII] �3727 line, which usually has a larger
uncertainty due to extinction and detector insensitivity.

D. M 2�23

This PN has the highest�2 of all PN in our sample. This is
mainly caused by the weak lines, which might indicate that
this spectrum has a lower signal-to-noisewhen compared to
the other spectra. RPDM do not list error margins for their
line flux ratios, so we had to assume reasonable values.

The model is not able to fit theIRAS25�m flux, which
is very high compared both to the 12�m and 60�m flux. A
possible explanation could be the presence of a 30�m dust
feature in the spectrum (Hoare 1990). This would imply
that the nebula is carbon-rich, since this feature has only
been observed in carbon-rich nebulae. The central star has
spectral type Of (Aller & Keyes 1987, hereafter AK87).

The large difference between the optical diameter of
8.500 (Acker et al. 1992) and the radio diameter of 0.7200

(Gathier et al. 1983) suggests that this nebula might be a
core-halo nebula. All other evidence gathered in this paper
also is consistent with this assumption and we will adopt it
throughout the paper. Since we used the radio diameter for
the modeling, our model is only valid for the core region.

The fact that our model is density bounded and gives a low
ionized mass is consistent with the fact that we are only
modeling the core region.

E. M 3�15

There is a suggestion of a systematic trend when comparing
the observed and the modeled line flux as a function of
wavelength. Also the observed intensity of the H� line
seems quite high. This might indicate that the spectrum has
not been sufficiently dereddened.

This PN has a [WC]-type central star (AK87). The
central star temperature, the excitation class 5.5 (taken from
RPDM) and the lowIRAS12�m to 25�m flux ratio all are
consistent with an early spectral type: [WC3-4] (cf. Kaler
1989, Méndez & Niemela 1982 and Zijlstra et al. 1994
respectively).

TheIRAS12�m flux is not listed as an upper limit in the
Point Source Catalogue. However, when we used this value
for the modeling, the resulting model was unrealistic. We
thereforeassumethat the12�mflux suffers fromconfusion
and took the quoted value to be an upper limit. See also the
discussion in Sect. 2.5.2.F.

2.6.2 Discussion

In this section the modeling results are discussed by com-
paring them with results from other studies in the literature.
Since distance dependent parameters are usually not given
by other authors, we will restrict ourselves to the distance
independent parameters of PN.

A. Stellar temperatures

In Table 2.10 we present a comparison with the stellar tem-
peratures given in the literature. These temperatures were
derived using the Zanstra method and photo-ionization
modeling. Results using the energy balance or Stoy method
are not listed since we consider this method, or at least the
data for the nebulae being studied here, to be unreliable.
One can see that the derived values agree quite well with
only few outliers.

The temperatures determined by our method agree well
with the hydrogen Zanstra temperatures, with the single
exception of the temperature for M 2�23 given by Tylenda
et al. (1991a). Since the other three determinations using
the Zanstra method agree quite well, we assume the value
given by Tylenda et al. to be erroneous.

To derive stellar temperatures for photo-ionization
modeling, sometimes certain line-ratios are used as tem-
perature indicators (e.g. HeII �4686 over H�). Especially
for cooler central stars, where few temperature sensitive
lines are available, this makes the determination depen-
dent on one or two lines. Nevertheless, the results from
the photo-ionization models usually are in good agree-
ment. Exceptions are the temperature for H 1�40 derived
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Table 2.10 — Comparison of the stellar temperatures for the
PN in our sample. The temperatures are given in kilokelvin. The
abbreviations for the methods have the following meaning: HI –
hydrogen Zanstra method, AM – photo-ionization modeling us-
ing atmosphere models, BB – photo-ionization modeling using
blackbody approximation.

H 1�40 M 1�20 M 2�4 M 2�23 M 3�15 ref. meth.

55. 64. 3 HI

53. 56. 4 HI

51.5 65.0 5 HI

65. 85. 7 HI

50. 62.5 1 AM
80.0? 50.0 50.0 57.5 72.5 6 AM
64. 2 BB
63.1 59.4 50.7 60.5 82.4 8 BB

References – 1) Aller & Keyes (1987) using atmosphere mod-
els by Husfeld et al. (1984). 2) Dopita et al. (1990). 3) Gleizes
et al. (1989). 4) Kaler & Jacoby (1991). 5) Pottasch & Acker
(1989). 6) Ratag et al. (1990) using atmosphere models by Clegg
& Middlemass (1987) and Husfeld et al. (1984). 7) Tylenda et al.
(1991a). 8) This work.

by RPDM, and the temperatures for M 3�15. The deviat-
ing value given by RPDM can probably be attributed to the
HeII �4686 line, which they used as a temperature indica-
tor. We refer to the discussion in Sect. 2.6.1.A. For M 3�15
we find a higher stellar temperature than other authors. The
largest discrepancy is with the value from AK87. An ex-
planation for this is not apparent to us, since all the other
physical parameters determined by AK87 agree quite well
with our results.

We conclude that the temperature determination for the
central stars in this sample is fairly reliable, although the
situation for M 3�15 is not completely clear. This confirms
our results from the previous sections where we found the
temperature determination to be very robust.

B. Electron temperatures

In Table 2.11 the electron temperatures derived by different
authors arecompared.Theelectron temperaturedetermined
by CLOUDY is a weighted mean of the temperature in the
nebula (see Sect. 2.8). The observational material shows a
large spread in most cases, even when the same method is
used. This indicates that the electron temperature determi-
nation, at least in those cases where diagnostic lines have
been used, is not very reliable. This is in agreement with our
results in Sect. 2.4.1. Note the large difference between the
[N II] and [OIII ] temperatures in the case of M 2�23. This
difference is not caused by measurement error. For this par-
ticular object, the temperature derived from the [NII] lines
has no physical meaning (Liu, private communication).

The electron temperatures derived from our method
are in most cases just outside the range of values found
with line diagnostics; three times at the low end and twice
at the high end. The results from the previous sections
indicate that the electron temperature determination with

Table 2.11 — Various determinations of the electron tempera-
ture for the nebulae in our sample. The temperatures are given
in kilokelvin. The abbreviations for the methods have the follow-
ing meaning: ave. – average of [NII ] and [OIII ], model – average
temperature defined in Sect. 2.8.

H 1�40 M 1�20 M 2�4 M 2�23 M 3�15 ref. meth.

18.0 1 [NII ]
17.1 2 [NII ]
12.5 12.5 4 [NII ]

10.2 7 [NII ]
10.4 8 [NII ]

13.1 10.2 9.7 19.2 9.4: 9 [NII ]
10.1 11 [NII ]

11.0 1 [OIII ]
10.8 2 [OIII ]
13.1 11.6 4 [OIII ]

8.7 5 [OIII ]
12.9 6 [OIII ]

9.9 8 [OIII ]
9.3 10.4 8.5 13.0 8.4: 9 [OIII ]
9.7 11 [OIII ]

12.6 11.2: 3 ave.
11.1 10 ave.

12.7 9.5 8.3 10.2 12.0 12 model

References – 1) Acker et al. (1989). 2) Acker et al. (1991). 3) Aller &
Keyes (1987). 4) Costa et al. (1996). 5) Cuisinier et al. (1996). 6) Kaler
(1979). 7) Kaler et al. (1993). 8) Kaler et al. (1996). 9) Ratag et al.
(1990). 10) Tylenda et al. (1991b). 11) Webster (1988). 12) This work.

our method should be very robust. It is not apparent to us
why the average values of the electron temperature derived
from line diagnostics do not coincide with our results. This
might indicate a problem, although the fact that we find both
higher and lower results is not indicative of a systematic
effect. Nevertheless, this should be investigated further in
future research, using a larger sample.

C. Electron densities

In Table 2.12 the electron densities derived by different au-
thors are compared. The electron density determined by
CLOUDY is a weighted mean of the density in the nebula
(see Sect. 2.8). There exist enormous differences between
the various determinations in the literature, even when the
same method has been applied. This indicates that the de-
termination of densities with line diagnostics is very unre-
liable, which confirms our results in Sect. 2.4.1. Note the
enormous differences between the [SII], [Cl III ] and [ArIV]
densities for M 1�20 derived by Kaler et al. (1996).

Our values differ substantially from the values given by
RPDM, although they are based on the same observational
data. This is because we use a completely different method
to determine the density and this is also consistent with
our result that line diagnostics are unreliable. For three out
of five nebulae we find results which are within the range
of values found with other methods. For M 2�4 we find
a value which is slightly outside this range. The results
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Table 2.12 — Various determinations of the electron density for
the nebulae in our sample. The densities are given in103 cm�3.
The abbreviations for the methods have the following meaning:
radio – density determined from the radio flux, model – average
density defined in Sect. 2.8.

H 1�40 M 1�20 M 2�4 M 2�23 M 3�15 ref. meth.

13.6 1 [SII ]
10.9 4.7 24.3 2 [SII ]

3.0 2.5 3 [SII ]
17.8 4.5 5 [SII ]

7.0 6 [SII ]
15.0 7 [SII ]

4.2 9 [SII ]
85. 10 [SII ]

4.4 9.2 5.6 11.5 10.6 11 [SII ]
4.2 13 [SII ]

3.6 14 [SII ]
35.1 16 [SII ]

5.7 9 [ClIII ]
7.8 10 [ClIII ]

79. 4 [ArIV]
1.0 10 [ArIV]

63. 15 [ArIV]
13.5 7 radio

20. 8 radio
10. 12 radio

22.7 14.6 9.1 79.3 3.7 17 model

References – 1) Acker et al. (1989). 2) Acker et al. (1991). 3) Aller
& Keyes (1987). 4) Boffi & Stanghellini ( 1994). 5) Costa et al.
(1996). 6) Cuisinier et al. (1996). 7) Dopita et al. (1990). 8) Kaler
(1979). 9) Kaler et al. (1993). 10) Kaler et al. (1996). 11) Ratag
et al. (1990). 12) Shaw & Kaler (1989). 13) Stanghellini & Kaler
(1989). 14) Tylenda et al. (1991b). 15) Webster (1976). 16) Webster
(1988). 17) This work.

in the previous sections indicate that our determination of
the density is somewhat susceptible to measurement errors
and errors in the model assumptions. This might provide
an explanation for the discrepancy. The fact that we only
model the core region of M 2�23 provides an explanation
for the very high density we find for this nebula. Webster
(1976) and Boffi & Stanghellini (1994, using the same
spectrum) also find a high value using the [ArIV] line ratio.
The [Ar IV] lines are expected to be formed predominantly
in the core region and hence this would confirm our results.
On the other hand, the excitation in the core region is too
high to form large amounts of S+. Hence the [SII] lines can
be expected to originate from the halo and should therefore
indicate lower densities. This of course also depends on the
exact position of the slit over the nebula. All of this might
be an explanation for the extremely large spread of values
found for this nebula.

The quality of the data in Table 2.12 makes a compar-
ison with our results meaningless. However, the data are
at least consistent with the assumption that our results are
more accurate than the results from line diagnostics.

D. Nebular abundances

In Table 2.13 we give a comparison of the abundances we
determined with other literature values. We did not include
the nitrogen abundance from Henry (1990). After a discus-
sion with Dr. Henry it was established that this abundance
was flawed by an error in the analysis (as is also the case
for the nitrogen abundances of M 4�3 and H 1�23 listed
in the same paper; all other results are not affected). We
also did not include the abundances for M 2�23 listed in
Köppen et al. (1991). It was established that this analysis
was flawed by an error as well, and Dr. K¨oppen kindly pro-
vided us with a re-analysis of his data. The higher nitrogen
abundance given by Walton et al. (1993) for M 2�23 might
be a result of the inclusion ofIUE data in their analysis.
On average they find a higher nitrogen abundance for bulge
PN than other authors.

One can see that large differences can be found between
the various abundance determinations in the literature. If we
exclude our own results, we can find the following statistics.
For elements heavier than helium, we find a difference
between the lowest and highest abundance determination
larger than or equal to 0.3 dex in 12 out of 22 cases, and
larger than or equal to 0.5 dex in 4 out of 22 cases. For the
helium abundances we find a spread larger than 0.1 dex in
2 out of 5 cases. Especially the abundances for M 2�23
show a large spread and should be considered uncertain.
From this we draw the conclusion that, at least for the
sample studied here, abundance determinations can not be
considered very accurate. Uncertainties exceeding 0.2 dex
to 0.3 dex are not uncommon. This situation is even worse
than what we predicted in Sect. 2.4.1.

When one compares the abundances for the individ-
ual PN with the values from RPDM, one can see that
for the two objects where the electron temperature is in
good agreement (M 1�20 and M 2�4), the abundances
also agree very well. For the other objects the abundance
determinations differ. We attribute this to the difference in
the determination of the electron temperature. When we
compare our abundance determinations with the other val-
ues found in the literature, we see that our results often
are slightly outside the range of values found by other au-
thors. This behavior is well correlated: either all outliers
are at the low end or at the high end. This behavior is also
well correlated with our electron temperature determina-
tion. When our electron temperature determination is at the
low end, our abundances are at the high end, and the reverse
is also true (see also Sect. 2.6.2.B). This indicates that the
main source of uncertainty in the abundance determination
is the electron temperature. Hence the discussion given in
Sect. 2.6.2.B applies here as well.

E. Stellar broadband fluxes

SinceCLOUDY calculates the attenuation of the stellar con-
tinuum separately from the transport of the diffuse nebular
continuum, we are able to predict broadband photometric
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Table 2.13 — Comparison of the abundance determinations of the PN in our sample.

H 1�40 M 1�20 M 2�4
ref: 4 9 12 13 2 7 9 13 2 3 9 13

�(He) 11.03 11.06 11.04 10.96 11.07 10.94 11.02 11.02 11.11 10.96: 10.99 10.96
�(N) 7.72 8.08 7.78 7.39 7.80 7.75 7.81 7.65 8.17 8.09 8.13
�(O) 8.52 8.70 8.53 8.23 8.30 8.65 8.62 8.72 8.30 8.77 8.80 8.84
�(Ne) 7.89 7.69 7.39: 7.79 7.82: 7.90 8.15:
�(S) 6.88 6.77 6.37 6.43: 6.52 6.66 6.64 7.03 6.96 6.90
�(Ar) 6.6 6.43 5.98 6.05 5.99 6.31 6.36 6.25 6.36

M 2�23 M 3�15
ref: 1 5 6 8 9 10 11 13 1 5 9 13

�(He) 11.00 10.93 10.88: 10.98 10.92 10.96 11.05 11.03 11.01 11.03 11.03
�(N) 7.68 8.20 7.70 7.55 7.40 8.13 7.67 8.08 8.14 7.60
�(O) 8.40 8.42 8.18 8.34 8.22 8.47 8.11 8.67 8.41 8.51 8.74 8.22
�(Ne) 7.60 7.62 6.46: 7.15 7.65 7.75: 7.48 7.62 7.86 7.53:
�(S) 6.6 6.29 6.30 6.79 6.7: 6.86 6.31
�(Ar) 5.75: 5.86 5.81 6.08 6.5 6.53 6.20:

References – 1) Aller & Keyes (1987). 2) Costa et al. (1996). 3) Cuisinier et al. (1996). 4) Dopita et al. (1990). 5) Henry (1990). 6) Kaler
(1980). 7) Kaler et al. (1996). 8) K¨oppen(private communication). 9) Ratag et al. (1990). 10) Walton et al. (1993). 11) Webster (1976). 12) Webster
(1988). 13) This work.

fluxes for the central star as they would appear through the
nebula. In this way we could calculate a prediction for the
JohnsonB and V magnitudes. However, observed stellar
magnitudes will be reddened due to interstellar extinction
as well, and we have to take this into account in our predic-
tions. To calculate the total extinction towards the nebula,
we averaged all the measurements we could find in the lit-
erature. Since the continuum fluxes predicted byCLOUDY

already take the internal extinction into account, we only
have to correct the stellar magnitudes for the external ex-
tinction. Hence we used the internal extinction from our
model, and subtracted it from the total extinction. Then we
used this value for the external extinction to predict the
reddenedB and V magnitudes of the central star. Where
necessary, we applied the interstellar reddening law given
by Pottasch (1984). A comparison of the calculated values
with the literature values taken from Acker et al. (1992) is
given in Table 2.14.

The predicted magnitudes are slightly higher than ob-
served, but still in remarkable good agreement, considering
the fact that we use a blackbody approximation to deter-
mine these values. Given the fact that a blackbody of a
given temperature has more ionizing photons than a realis-
tic spectrum with the same effective temperature, one can
expect that in the best-fit model the total luminosity will
be underestimated to compensate for this effect. However,
we find that this effect is only very modest and this can
be understood from the fact that we include the dust emis-
sion in the modeling. Grains can be heated very efficiently
by Balmer continuum photons, as well as by Lyman con-
tinuum photons. Therefore, theIRASfluxes give a good
constraint on the Balmer continuum flux. This counteracts
the previouslymentioned underestimation of the total lumi-
nosity and explains the remarkable accuracy of our stellar
broadband fluxes.

Table 2.14 — For the PN in our sample we give in column 2 and
3 the Johnson B and V magnitudes resp. predicted by our model,
in column 4 the internal extinction derived from our model, in
column 5 the average total extinction derived from the Balmer
decrement and the absoluteH� flux, in columns 6 and 7 the
predicted reddened values for the Johnson B and V magnitudes
and in column 8 and 9 the measured magnitudes given in Acker
et al. (1992).

name Bmod Vmod Aint
V Atot

V Bpred Vpred B V
mag mag mag mag mag mag mag mag

H 1�40 15.7 15.7 1.11 5.03 20.8 19.6
M 1�20 14.6 14.9 0.06 2.45 17.8 17.3 17.7 17.1
M 2�4 14.4 14.6 0.14 2.66 17.7 17.2 17.6 17.0
M 2�23 14.6 14.9 0.08 1.64 16.7 16.5 16.7
M 3�15 15.5 15.8 0.10 4.39 21.1 20.1

F. Distance

In our model assumptions we assume the distance to be a
fixed number. However, our method can easily be changed
in such a way that the distance would be maintained as a
free parameter. When this is done, the best-fit model would
also give an estimate for the distance. We have investigated
the possibility to use our method this way. We found that
this method works in principle, but that the spread in the
resulting distance determinations is large. The results are
vulnerable to all kinds of observational errors, especially
to the error in the determination of the angular diameter.
Since the angular diameter is notoriously hard to measure,
this makes the results very uncertain. We have determined
the distances to the bulge nebulae in our sample this way
and found a very large spread in the results (van Hoof & Van
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de Steene 1996). The spread is larger than what is expected
from a statistical method (Van de Steene & Zijlstra 1995).

Closer investigation reveals that this method of deter-
mining distances is in essence identical to the method de-
scribed in Phillips & Pottasch (1984). They already con-
cluded that this method is unreliable. The use of a wrong
value for the distance not only influences the distance de-
pendent parameters but also some distance independent
parameters, as was already discussed in Sect. 2.5.1.A. We
therefore do not recommend this method, and advise the
use of separately determined distances.

2.7 Conclusions and future research

1. We presented a method which enables a fully self-
consistent determination of the physical parameters of
a PN. The method uses the spectrum, theIRASand ra-
dio fluxes and the angular diameter of the nebula. The
method is tested on an artificial set of ‘observations’
and it is shown that it is capable of reproducing all the
physical parameters of the PN.

2. We studied the effect of observational errors on the
derived physical parameters.Theerrors have littleeffect
on the stellar temperature and luminosity, the electron
temperature and the abundances. They have some effect
on the hydrogen density, the inner and the Str¨omgren
radius and the ionized mass. Observational errors have
a larger, though limited, effect on the dust-to-gas ratio
and the ionization parameter. The outer radius and the
total shell mass are very vulnerable to measurement
errors and should be considered unreliable.

3. The best-fit models are mainly influenced by measure-
ment errors in the weak lines, and therefore care should
be taken not to give too much weight to these lines in
the modeling process.

4. The influence of errors in the model assumptions on
the resulting best-fit model was also tested. The errors
that had the largest effect where: the use of a black-
body spectrum instead of a realistic model atmosphere,
the assumption that the inner radius of the gas coin-
cides with the inner radius of the dust, and the attempt
to model a non-spherically symmetric nebula with a
spherically symmetric model. Also the use of a wrong
value for the distance has a large effect, although mainly
on the distance dependent parameters. The presence
of large density fluctuations or other spherically sym-
metric deviations from the assumed density distribution
have surprisingly little influence on the resulting model.
Also the precise value for thefilling factor is not critical.
The only two physical parameters which appear to be
robust against all these errors are the stellar temperature
and the electron temperature. All other parameters are
affected to some degree.

5. We applied the method to a sample of five galactic bulge
PN. Comparison of the distance independent physical

parameters with published data shows that the stellar
temperatures generally are in good agreement and can
be considered reliable. The literature data for the elec-
tron temperature, electron density and also for theabun-
dances show a large spread, indicating that the use of
line diagnostics is not reliable. Comparison of the vari-
ous abundance determinations indicates that the uncer-
tainty in the electron temperature is the main source of
uncertainty in the abundance determination. The large
spread in the literature data makes a comparison with
our results meaningless.

6. Our conclusion is that our method for making photo-
ionization models works, provided that ample observa-
tional data of good quality are available and that suf-
ficient emission lines of various ionization stages are
observed in the spectrum. Where possible, particular
care should be taken to make the model assumptions as
realistic as possible.

7. Future research will be aimed at improving the stabil-
ity of our method and finding new and easier ways of
assessing the accuracy of modeling results. In the near
future, our aims will be directed at improving the crit-
ical dependence of the modeling results on theIRAS
12�m over 25�m ratio. Also the discrepancy between
our electron temperature determinations and the values
from other methods should be investigated. In future
modeling we also want to test other model assumptions
which may better describe the PN structure and might
improve our ability to model bipolar nebulae. Finally
we wish to include the use of model atmospheres in our
method as soon as a suitable grid becomes available.
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2.8 Appendix: Symbols

The following definitions for the symbols have been used.

AV – The extinction at the central wavelength of the
JohnsonV band (5553Å) in magnitudes.

B – The magnitude of a star in the JohnsonB
band.

c – The speed of light.
D – The distance to the nebula.
e1;2 – Error estimate for the line flux ratios.
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E(B �V ) – Measure for the interstellar extinction,AV =
3.066� E(B � V )

F – The flux. A subscript� or � indicates the flux
density per unit wavelength or frequency.

g – The gravitational acceleration.
K� – Calibration of a raw spectrum in absolute flux

units per count as a function of wavelength.
L� – The luminosity of the central star.
M – Generic symbol for a model parameter of a

PN.
Mion – The mass of the ionized material in the nebula.
Msh – The total mass of the nebula.
ne – The electron density.
ne – Average electron density, defined asne =R

n
3
edV=

R
n

2
edV .

nH – The total number density of hydrogen.
N� – The number of counts as a function of wave-

length in a raw spectrum.
O – Generic symbol for an observable of a PN.
P – Generic symbol for a physical parameter of a

PN.
QH – The number of hydrogen ionizing photons

emitted by the central star.
r – Distance from the central star.
rin – The inner radius of the nebula.
rout – The outer radius of the nebula.
rstr – The Strömgren radius of the nebula.
r� – The residual of the fit as a function of wave-

length.
R – The intrinsic ratio ofF (H�)=F (H�).
R� – Relative detector response, the number of

counts per flux unit as a function of wave-
length.

t
2 – The r.m.s. of the fluctuations in the electron

temperature.
T� – The effective temperature of the central star.
Te – The electron temperature in the nebula.
Te – Average electron temperature computed by

CLOUDY, Te =
R
n

2
eTedV=

R
n

2
edV .

U – The ionization parameter,U = QH=4�r2
innHc.

vLSR – The radial velocity w.r.t. the Local Standard
of Rest

V – The magnitude of a star in the JohnsonV
band.

Z – The number density of metals in the star w.r.t.
the solar value.

� – Right Ascension.
Γ – The dust-to-gas mass ratio.
� – Declination.
∆ – The absolute error in a certain quantity.
� – The filling factor, describing the small scale

clumpiness of the gas in the nebula.
�(: : :) – The logarithmic number density of an ele-

ment.�(H) � 12.
� – Coefficient describing theaccuracy of amodel

parameter, defined in eqs. (2) and (3).
Θd – The angular diameter of the nebula.

� – The wavelength.
� – The frequency.
� – The standard deviation. A subscript� indi-

cates the standard deviation as a function of
wavelength.

�
2 – Goodness-of-fit estimator.
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