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3 Procedures, Models, and

Tests

3.1 Introduction

The gas layer of a spiral galaxy is usually modelled as a set of circular

rings, all with the same centre and systemic velocity, and orientations that

vary only mildly with radius. This model is called a tilted ring model. On

each ring the gas is described with its rotation velocity, its surface density,

its random velocity dispersion, and the thickness of its distribution perpen-

dicular to the plane of the ring.

If a tilted ring model is not viewed exactly edge-on or face-on, but at

a moderate viewing angle, the observed mean velocity �eld can be used

to determine the following ring parameters: the central positions in the

sky, the systemic line of sight velocities, the orientations in space, and the

rotation velocities of the gas, provided that the thickness of the model and

the observational beam are negligible (Begeman 1987, Ph.D. thesis). Next,

from the observed column density �eld the surface density of the gas for each

ring can be determined, and from the observed velocity dispersion �eld its

random velocity dispersion. The thickness of the model cannot be derived,

however.

When the beam and the layer thickness are not neglected, with equa-

tions (2.1), (2.2) and (2.3), derived in Chapter 2 with local simplifying ap-

proximations to the density and velocity distribution of the gas layer, the

complete tilted ring model can be �tted to the observed column density,

mean velocity, and velocity dispersion �eld of a gas layer. In this chap-

ter this procedure will be described in detail and tests will be done with

simulated observations of schematic tilted ring models of the HI layer of

NGC 3198.
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3.2 The Tilted Ring Model

Tilted Ring Models of the HI Layer of NGC 3198

The arti�cial data are constructed in such a way that they can directly

be compared to the real observations, which will be described in Chapter 4,

Section 4.2. The same area in the sky will be used, the same pixel size and

channel separation, and the same beam and instrumental velocity resolution

pro�le.

Table 3.1 Observational Parameters of the Tilted Ring Models

�eld centre (1950) � = 10h16m48s � = 45�4700000

central velocity channel (heliocentric) 660 km/s
pixel separation 500 � 700

channel separation 4.14 km/s

beam (FWHM) 1800 � 1800

velocity resolution (FWHM) 8.28 km/s (no Hanning smoothing)

r.m.s. noise 0 and 0.3 W.U.

size of channel maps 256�256 pixels
number of channel maps 127

increment in radii of rings 1800

outermost radius 72000

position angle 215�

inclination 70�

rotation velocity from 0 to 150 km/s inside a radius of 20000,
and at further outward (see �gure 3.9)

surface density as in NGC 3198 (see �gure 3.10)

random velocity dispersion 8 km/s
layer thickness (dispersion):

in model with zero thickness 000

in model with thickness 1000 aring to 5500 (see �gures 3.13 or 3.14)

1W.U. = 5mJy/beam

Two models will be made. In the �rst model the layer thickness will be

set to zero and in the second model more or less equal to the value measured

from the observations. Both models will be studied in the absence of noise

as well as in the presence of the noise of the observations.

The Construction of the Tilted Ring Model

To specify a tilted ring model, in the �rst place the ring parameters

themselves must be de�ned, and in the second place the properties of the

gas on the rings.
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The rings are de�ned by their central positions in the sky, systemic veloc-

ities with respect to the observer, radii, and orientations in space. Usually

they are supposed to have a common centre and systemic velocity, but ori-

entations that are allowed to vary with radius. The orientations of the rings

are de�ned with respect to the observer by the position angles (the direction

in the plane of the sky of the intersection of the plane of the ring with the

plane of the sky) and inclinations (the angle between the two planes).

The gas on the rings is described by its surface density, its rotation

velocity, its random velocity dispersion, and the thickness of its vertical

distribution. For all rings, the probability distribution of the random velocity

of the gas is supposed to be Gaussian and isotropic, and also the vertical

density distribution of the gas is supposed to be Gaussian. As measures

for the random velocity dispersion and the layer thickness the dispersions of

these distributions are used.

In the de�nition of the tilted ring model the rings are represented as

circular annuli. The widths and separations of these annuli in the radial

direction are chosen in such a way that the annuli would form a closed disk

if they were placed in one plane. If the layer is warped or twisted, however, at

some positions in the sky the annuli will overlap on the sky, while elsewhere

holes will be visible between them. To prevent that these e�ects are visible

in the arti�cial data, many annuli are used, with widths and separations

much smaller than the spatial resolution of the simulated observations.

In the construction of the tilted ring model, the annuli are modelled one

by one, and the gas is distributed in discrete clouds. On each annulus the

positions of the clouds are chosen randomly, in such a way that on average

the clouds become uniformly distributed over the surface of the annulus.

The height of the clouds above the plane of the annulus is chosen randomly

as well, but from a probability distribution in accordance with the vertical

density pro�le of the gas. In addition to its position in space, the line of

sight velocity of each cloud is needed too. It consists of a systematic and

a random component. The systematic velocity component consists of the

systemic motion of the entire model and rotation. It is calculated from the

systemic velocity of the annulus, its orientation, and the rotation velocity

of the gas (see Begeman 1987, Ph.D. thesis, or Chapter 2, Appendix B).

To introduce the random velocity component, each cloud is divided into

subclouds, and each subcloud is assigned a velocity that is the sum of the

systematic line velocity of the entire cloud, plus a random velocity that is

chosen di�erently for each separate subcloud.

Finally, the signal of each subcloud is added to the signal already present
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at the position in the sky and velocity along the line of sight of the subcloud.

3.3 Simulated Observations

The tilted ring model is stored in the same data structure as observations

are. This data structure is a sequence of maps of the distribution of the gas

on the sky, each map being observed at a di�erent line of sight velocity.

In position as well as in velocity the data are discretely sampled in pixels.

When the tilted ring model is constructed with the procedure described

above, the pixel in the data structure corresponds to the resolution of the

data, in position as well as in velocity, as if the data were observed with the

rectangular pixel as observational beam and instrumental velocity pro�le.

In the WSRT observations, however, the beam and instrumental velocity

resolution pro�le are Gauss functions, with FWHM's that are approximately

twice the pizel sizes. The dispersion measure of the pixel is obtained by di-

viding the full size of the pixel by
p
12, and thus the equivalent FWHM of

the pixel by multiplying the full pixel size by 2:35=
p
12. So, the observa-

tional beam and instrumental velocity resolution pro�le are approximately

2 �
p
12=2:35 � 3 times larger than the equivalent FWHM's of the pixel sizes,

and probably no large errors will be made if the pixel in the data structure

is treated as if it has a Gaussian passband.

With this approach the beam can be introduced by convolving the model

channel maps with an appropriate two-dimensional Gauss function. When

the dispersion measures of the axes of the beam are denoted as B0x and B0y

and the full pixel sizes as �x and �y, the integral of this Gauss function will be

2�B0xB0y=�x�y, and its dispersions in x and y respectively
q
B0x

2 � �x2=12

and
q
B0y

2 � �y2=12.

The instrumental velocity resolution pro�le can be introduced through

the random motions of the gas, by adapting the distribution from which the

random line of sight velocities of the subclouds are drawn. This distribution

must take into account the instrumental velocity resolution pro�le and the

velocity pro�le of the random line of sight velocity of the gas, and it must

compensate for the velocity passband of each channel map. Since all these

three quantities are modelled as Gauss functions, the required velocity dis-

tribution can be a Gauss function too. With the random velocity dispersion

denoted as �ran, the dispersion of the instrumental velocity pro�le as �inst,

and the channel separation in velocity as �v, the dispersion of this Gauss
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function becomes
q
�2
ran

+ �2
inst

� �v2=12, and since the Gauss function rep-

resents a probability distribution its integral will be one.

As mentioned before already, in the procedure used for constructing the

tilted ring model the gas is distributed in discrete clouds and subclouds.

Therefore, in the simulated observations of the models discretization noise

will be present. Each subcloud is assigned the same amount of signal. So

at each position and velocity in the data structure the signal will be propor-

tional to the number of subclouds contributing to it, and the discretization

noise to the square root of this number, which means that the discretization

noise will be proportional to the square root of the signal. This is unlike the

noise in real observations, which is not correlated with the signal. Therefore

the discretization noise must be kept low, even in models with noise as in

real observations. This can be achieved by using a large number of clouds

and subclouds, each representing a small amount of signal.

In observations the signal as well as the noise are correlated over the

area of the beam. Therefore, in the simulated observations, the noise is

added directly after the construction of the data set with the model, before

smoothing the data to the observational resolution. The r.m.s. of the noise

that is added is chosen so large that after the smoothing the noise in the

arti�cial data is equal to the noise in the observations that are simulated

(see also Appendix A).

In observations with the WSRT, usually the sequence of channel maps

is Hanning smoothed in velocity to obtain a Gaussian instrumental velocity

resolution pro�le instead of the sinc-function of the instrument. Due to the

Hanning smoothing, the channel maps are correlated and the noise is reduced

with a factor
p
8=3. In the simulated observations the instrumental velocity

resolution pro�le is already a Gauss function, and therefore no Hanning

smoothing of the channel maps in velocity is needed. So in the simulated

observations the channel maps have remained independent. To compensate

for the fact that the channel maps in real observations are not independent,

in the models a factor
p
8=3 higher noise is used (see also Appendix A).

3.4 The Velocity Pro�les

Fitting Single Component Gauss Functions

To obtain the column density, mean velocity, and velocity dispersion

�elds, at each position in the sky the central moments of the observed ve-

locity pro�le must be determined. In the absence of noise these can be
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calculated by a direct integration of the velocity pro�le, but in the presence

of noise the determination of the higher central moments, corresponding to

the mean velocity and the velocity dispersion, will be disturbed by noise

peaks at velocities far away from the mean velocity of the signal. To reduce

the inuence of the noise, a single component Gauss function is �tted to

each velocity pro�le, and as the central moments of the pro�le the integral,

mean, and dispersion of the �tted Gauss function are used (see also Kaper

et al. 1966). Moments calculated with this procedure are less a�ected by

the noise than ones obtained with a direct calculation, because noise peaks

at velocities far away from the mean velocity of the signal are actually not

included in the �tted Gauss function. In the �tting they only cause addi-

tional local �2-minima in parameter space, but do not disturb the parameter

values found at the global �2-minimum where the Gauss function is �tted.

Because of these local �2-minima the Gauss function may become �tted to a

noise peak, however. Therefore, correctly estimated initial parameter values

for the iterative procedure used for the �tting of the Gauss functions are of

crucial importance, especially the estimate for the mean velocity.

As initial values for the parameters of the Gauss functions we use the

directly calculated integral, mean velocity, and velocity dispersion of the

largest positive peak (de�ned as the peak with the largest integral in between

two non-positive data values) in each velocity pro�le. A direct calculation of

the central moments of this peak is not much inuenced by the noise, because

noise peaks far o� in position on the velocity axis are not included. However,

positive noise peaks adjacent to the peak are included, while negative noise

peaks are not. So the initial values for the integral and dispersion of the

Gauss function obtained in this way will be slight overestimates.

As initial estimate of the mean of the Gauss function the average of the

median 1 and mode2 of the peak is used. With the assumption that the peak

has a Gaussian shape, its amplitude, integral, and FWHP3 can all three be

used to obtain the initial estimates for the amplitude and dispersion of the

Gauss function. The FWHM cannot be used, because its calculation would

be too much disturbed by observational noise. As initial estimate for the

dispersion, the geometric mean of the FWHP of the peak divided by 1.35

and the integral divided by
p
2� � the peak amplitude are used. The initial

estimate of the amplitude of the Gauss function is obtained in the same way:

1On either side of the median the peak has equal integral.
2Abscissa of maximum of the peak.
3Full Width Half Power
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the peak amplitude itself, and the integral of the peak divided by
p
2� �

the dispersion calculated from the FWHP are averaged geometrically.

With the initial estimates obtained in this way, to each velocity pro�le

a Gauss function is �tted, with the amplitude, mean and dispersion as free

parameters. Afterwards the integral of the �tted Gauss function is calculated

as
p
2� times the product of its amplitude and dispersion. As uncertainties

in the �tted parameters the formal 1�-uncertainties are used, given by the

square roots of the diagonal elements of the covariance matrix of the �t, and

possible correlation between the amplitude and the dispersion is neglected.

To calculate the uncertainty in the integral of the �tted Gauss function the

o�-diagonal elements of the covariance matrix of the �t are needed too,

because the integral is not a free parameter in the �t, but it is derived from

the �tted amplitude and dispersion (equations (2.15) and (2.16), Kaper et

al. 1966, or Appendix D, equations (3D.1) and (3D.2)).

It can be disadvantageous to calculate the uncertainties in the param-

eters of a �tted Gauss function with theoretical expressions like the ones

given by Kaper et al. (1966, equations (5.7), (5.8), and (5.9)). Such ex-

pressions are usually only a function of the �tted parameters, the sample

interval of the data, and the noise, but not of the actual distribution of the

data points along the velocity axis. In pro�les without strong signal this

can cause problems if the �tting of the Gauss function diverges, especially if

there are points on the velocity axis where no data are present. In pro�les

without strong signal there are three possible solutions that have all low

�2's. In the �rst place of course a Gauss function can be found with a very

small amplitude and arbitrary mean and dispersion, as would be expected in

a pro�le without strong signal, but in the second place also a Gauss function

can be found with only one of its wings in the range sampled by the data, or

a Gauss function can be found with a very small dispersion and a mean right

in between two sample points. On the basis of their �2's these solutions can-

not be distinguished from solutions in pro�les with signal where the �tting

has not diverged. Moreover, especially in the latter two solutions, where the

peak of the Gauss function has actually not been �tted to the data at all, the

�tted parameters can have virtually arbitrary values. So the solutions can

neither be distinguished on the basis of the �tted parameters, nor can this

be done on the basis of uncertainties in the �tted parameters calculated from

theoretical expressions that are actually a function of the �tted parameters

themselves only. The uncertainties calculated from the actual covariance

matrix of the �t, however, take the distribution of the data points along

the velocity axis into account (see Appendix D, equation (3D.3)). Therefore
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Figure 3.1 The statistical distributions of the central moments of the velocity

pro�les obtained from the simulated observations of the tilted ring models, in

the presence of noise. For the models with and without thickness the distributions are

the same. The top row represents the results obtained with a straightforward calculation
on the largest positive peak in each pro�le, and the lower two rows the results obtained by

�tting single component Gauss functions to the pro�les. The uncertainties presented in the

bottom row are the formal 1�-uncertainties, and the uncertainties in the mean velocities
are virtually the same as in the velocity dispersions. The thin lines represent pro�les with

only noise, and the thick lines pro�les with signal. Each histogram consists of 50 bins,

and has been normalized with respect to its peak value. On top of each panel, on the
left the medians of the distributions are given, and on the right the lower boundary of

the upper 3�-tail of the distribution found in pro�les with only noise. Above this value a

fraction of 0.27% of the distribution is located, and the value can be considered as the 3�-

con�dence level for pro�les with signal. In the panel in the lower right corner, in addition

to the actual distributions of the reduced-�2's of the �ts, also the theoretical distribution

is shown, which is a �
2-distribution with 11 degrees of freedom, scaled to a mean value

of one. The mean reduced-�2 found in pro�les with signal is 1.02, and in pro�les without

signal it is 0.96.
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these uncertainties will be high if the peak of the �tted Gauss function does

not coincide with the sample points of the data. For this reason, here the

uncertainties in the parameters of the �tted Gauss functions will be calcu-

lated from the actual covariance matrix in the �t, and not from theoretical

expressions.

To judge how well the �tted Gauss functions represent the velocity pro-

�les the �2's of the �ts are used. In each velocity pro�le the signal is located

at only a small fraction of the total velocity range in the pro�le. Therefore,

if the entire velocity pro�le is used to calculate the �2 of a Gauss function

�t, the result will represent the �tting of the wings of the Gauss function to

the noise, and not the �tting of the peak of the Gauss function to the sig-

nal. To prevent this, in the calculation of the �2's only data near the mean

velocities of the �tted Gauss functions are used, inside a velocity interval

from minus to plus three times the average velocity dispersion of the Gauss

functions �tted to signal. Theoretically, approximately 99.73% of the signal

is included in this interval.

The �tting of the Gauss functions can be trusted if the distribution of

the �2's is the theoretical chi-square distribution, and the �2's show no

structure in their distribution on the sky. Gauss functions �tted to noise

can be expected to correctly represent the data. So, the distribution of the

�2's of the Gauss function �ts to pro�les with only noise will be the theoret-

ical distribution. If the Gauss functions also correctly represent the signal

in the velocity pro�les, for pro�les with and without signal the statistical

distributions of the �2's of the �ts will be the same, and they will be equal

to the theoretical distribution. This is indeed the case (see �gure 3.1, lower

right panel), and neither does the distribution in the sky of the �2's of the

�ts show structure.

The Separation of Signal and Noise

Usually, only a small fraction of the observed region in the sky contains

the signal. So most observed velocity pro�les contain only noise. The means

and dispersions of Gauss functions �tted to noise can have arbitrary value.

In general, these values deviate strongly from the values found in pro�les

with signal, but have uncertainties that are not exceptional. Therefore, the

mean velocities and velocity dispersions found in pro�les with only noise

cannot be recognized on the basis of their uncertainties, and they must be

removed from the velocity and velocity dispersion �elds before models are

�tted. For this purpose the parameters of the �tted Gauss functions, their
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uncertainties, and the �2's of the �ts are used.

Normally in observations the noise is known and the signal is not, and

signal and noise are separated by considering all data that are unlike noise

as signal. Here the same approach can be followed, provided that �rst the

statistical distributions of the parameters of the Gauss functions �tted to

noise are determined. A Gauss function that has one or more of its param-

eters far in the tails of these distributions is unlikely to have been �tted to

noise, and can therefore be considered to have been �tted to signal.

To determine the distributions of the parameters of the Gauss functions

�tted to noise, a collection of these Gauss functions is obtained by removing

the region with signal from the column density �eld. This must be done

in such a way that it is guaranteed that no Gauss functions �tted to signal

are left in the collection. The reason is that these will appear in the tails

of the distributions, and there they are quite undesirable since not many

Gauss functions �tted to noise are present to compensate their inuence, and

exactly the tails of the distributions are most important in the separation

of Gauss functions �tted to signal from ones �tted to noise. Missing a few

Gauss functions in the collection does not matter so much. It will only make

the de�nition of the distributions less precise, but it will not cause systematic

errors.

For the selection of Gauss functions �tted to signal on the basis of their

�tted parameters in the way described above, the parameters that can be

used are the amplitude, integral, and SNR (signal-to-noise ratio), which is

de�ned as the integral divided by its formal uncertainty. The dispersion

cannot be used because there is no range of dispersions typical for pro�les

with signal (see also �gure 3.1). So any Gauss function that has a large

enough amplitude, a large enough integral, or a large enough SNR can be

considered to have been �tted to signal.

However, due to the instability of �tting Gauss functions in the absence

of strong signal, as it has been described earlier, also in pro�les with only

noise the amplitudes and integrals of �tted Gauss functions can be large.

Therefore, the distributions of the amplitudes, dispersions, and integrals of

the Gauss functions �tted to pro�les with only noise have relatively large

tails. (This can be seen in �gure 3.1: in the distribution of the amplitudes

obtained in the �tting of the Gauss functions to pro�les with only noise the

tail is clearly visible, and also the 3�-con�dence levels for pro�les with signal

found from the �tting of the Gauss functions are higher than the ones found

from the direct calculation.) Consequently the amplitudes and integrals

of �tted Gauss functions cannot be used to separate velocity pro�les with
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signal from pro�les without. The SNR does not su�er from this problem. It

is always low if a Gauss function has been �tted to noise, whether the �tting

has diverged or not. The reason is that the SNR is de�ned as the integral

of the �tted Gauss function divided by its formal uncertainty. Therefore, if

the �tting does not diverge, the SNR will be low because the integral itself

will be low, and if the �tting diverges, it will be low because the formal

uncertainty in the integral will be high, at least if it has been calculated

from the actual covariance matrix in the �t, even though the integral itself

can have any value.

The rejection of Gauss functions �tted to noise is done at the 3�-con�-

dence level in the SNR, which can also be seen as 3�-clipping. In this way,

theoretically 99.73% of the Gauss functions �tted to noise is removed.

Usually, after the rejection of the majority of the Gauss functions �tted

to noise, the collection of many Gauss functions �tted to noise, and relatively

few to signal has been turned into a collection of almost only Gauss functions

�tted to signal, and only few �tted to noise. This means that the location of

the signal in the sky, the range of the signal in line of sight velocity, and the

statistical distributions of the parameters of Gauss functions �tted to signal

have become su�ciently well known to be used for the rejection of additional

Gauss functions �tted to noise. To begin with, the continuity of the signal

in space and velocity can be used in this way. Noise is not con�ned in

position in the sky or in line of sight velocity, while signal is, especially after

the subtraction of a model. In this fashion all Gauss functions at positions

in the sky far outside the region with the signal and with mean velocities

more than 20 km/s o� a mean velocity predicted by a rough model based on

systemic motion and rotation are rejected. Also the statistical distributions

of the parameters of the Gauss functions �tted to signal can be used in this

way. Any Gauss function that has parameters far in the tail of one or more

of these distributions at the edge typical for Gauss functions �tted to noise is

not likely to have been �tted to signal. So it can be rejected, as its parameter

values would probably not have occurred if it were �tted to signal. Primarily

Gauss functions with very small dispersions are rejected in this way.

The separation of signal and noise can thus be summarized in two steps.

In the �rst step all data that do not match the properties of the noise are

considered signal. This is done on the basis of `or ' criteria. For example, a

Gauss function is considered to have been �tted to signal when it has either

a su�ciently large SNR or amplitude or integral. In the second step, as

the properties of the signal have become known, only data that really match

these properties are accepted as real signal. This is done on the basis of



32

`and ' criteria. For example, a Gauss function is only accepted to represent

signal if it agrees with the signal at the position in the sky where it has been

�tted, and in mean line of sight velocity, and has a su�ciently large velocity

dispersion.

In this two-step procedure the clip levels in each of the steps are not

critically important. If much noise passes through the �rst step, in the

second step it can still be rejected. However, for the acceptance of data

on the basis of `or ' criteria usually higher clip levels are used than for the

rejection on the basis of `and ' criteria. For example, in the phase where

`and ' criteria are used, a Gauss function with a too low amplitude is always

rejected, even if it has a large integral due to a large dispersion, but when

`or ' criteria are used, it may be accepted because of its integral.

3.5 The Column Density, Mean Velocity, and Ve-

locity Dispersion Fields

The Theoretical Fields

The column density, mean velocity, and velocity dispersion �elds of

a gas layer with zero thickness that is not warped, and that is observed

with a zero sized beam and perfect velocity resolution, exactly represent

the distributions in the sky of the column density, systematic line of sight

velocity, and random line of sight velocity dispersion of the gas in the plane

of the layer. To obtain the physical parameters of the layer only correction

for the projection of the layer on the plane of the sky is needed.

In the presence of a non-zero but small beam and layer thickness, the

observed column density, mean velocity, and velocity dispersion �elds can be

calculated with respectively equations (2.1), (2.2), and (2.3), derived with

local low order approximations to the density and velocity distribution of the

gas inside the layer (see Chapter 2, Section 2.2). For the tilted ring models,

described in Section 3.2, the evaluation of these equations is straightfor-

ward (see Chapter 2, Appendix B). The results are shown in Figure 3.2 and

they will be indicated as the theoretical column density, mean velocity, and

velocity dispersion �elds.

In this approximation, the beam and layer thickness have no inuence on

the column density and velocity �eld, they a�ect only the velocity dispersion

�eld.

There they cause X-shaped features (see �gure 3.2, two panels on the
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right). The volume inside the galaxy involved in a single observed velocity

pro�le is spanned by the beam and the layer thickness (see also �gure 2.1),

and the dispersion of this velocity pro�le therefore includes both random

motions and a range in systematic line of sight velocity. This `systematic

velocity dispersion' is proportional to the size of the volume. So it is large

when the beam and the layer thickness are, which explains why in the outer

parts of the model with thickness the X-feature is much more pronounced.

The systematic velocity dispersion is also inuenced by the positional de-

pendence of the systematic line of sight velocity of the gas. In the velocity

�eld these regions can be recognized as the regions where the iso-velocity

contours are closest together, and these regions indeed coincide with the X-

features in the velocity dispersion �elds. This explains why the X-features

are pronounced in the inner regions.

Figure 3.2The theoretical column density, mean velocity, and velocity dispersion

�elds of the tilted ring models. The maps have been calculated with equations (2.1),

(2.2), and (2.3), derived in Chapter 2 with local low order approximations to the density

and velocity distribution inside the gas layer. In the column density �eld the contours run
from 0 to 110 in steps of 22 W.U. km/s, in the mean velocity �eld from 500 to 800 km/s in

steps of 20 km/s, and in the velocity dispersion �elds the contours are 9.25 and 11.75 km/s.

The dotted ellipse indicates the projection on the sky of the outer boundary of the layer.
In the lower left corner of the leftmost panel the beam is shown.

The Inuence of the Beam and Layer Thickness

In practice the beam and layer thickness cause smoothing of the data

in the channel maps. The beam does so in both directions on the sky, and

the layer thickness only in the direction of the projection on the sky of the

vertical extent of the layer. For a circular layer this direction lies along
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the minor axis of the image of the layer on the sky. Since the velocity

pro�les constitute of a sequence of channel maps in velocity, the smoothing

a�ects also the velocity pro�les, and consequently the column density, mean

velocity, and velocity dispersion �elds as well. In general this is not an

ordinary smoothing. Only for the column density �eld it is, because the

column density �eld is basically the sum of the channel maps in velocity,

and a smoothing is a summation of data as well. Of these two summations

the order can be inverted without a�ecting the result. For the mean velocity

and the velocity dispersion �eld the situation is more complex, because the

smoothing of the signal by the beam and the layer thickness take place before

the central moments of the velocity pro�les are calculated, and of these two

operations the order cannot be inverted without a�ecting the result.

The beam also causes correlation of the data in the channel maps. There-

fore, the data in the column density, mean velocity and velocity dispersion

�elds will also be correlated. In the channel maps the correlation of the data

occurs over the entire area of the beam, but in the column density, mean

velocity, and velocity dispersion �eld it may be restricted to a smaller area,

because in velocity pro�les that are close to each other in position in the

sky the signal can lie at di�erent line of sight velocities, and therefore be

uncorrelated.

So, the correlation of the data will be inversely proportional to the posi-

tion gradient in the mean line of sight velocity of the gas. Still, because there

are regions where this gradient is zero, one may suppose that the data in the

column density, mean velocity, and velocity dispersion �eld are correlated

over the entire area of the beam.

The Inuence of the Noise

When the signal to noise ratio in a velocity pro�le is low, the central

moments of the pro�le cannot reliably be determined. Therefore, in the

presence of noise, the region in the sky where the central moments of the

velocity pro�les can be determined is usually limited by the signal to noise,

and not by the size of the layer that is observed. Especially the determination

of the mean velocity and velocity dispersion is di�cult when the signal to

noise is low. Therefore, in the outer regions, where the column density is

low, in the mean velocity and velocity dispersion �elds the noise will be

relatively high, and as a consequence in the model with thickness even the

discretization noise can be seen.

Due to the beam and vertical extent of the layer the signal is distributed
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over a larger region in the sky. On average this causes a decrease of the

signal to noise, especially in the outer regions. Therefore in the presence of

noise, the beam and layer thickness may cause a decrease of the region in

the sky where the column densities, mean velocities, and velocity dispersions

can be determined, and not the expected increase.

The Simulated Fields

The column density, mean velocity, and velocity dispersion �elds that are

obtained from the simulated observations will be indicated as the simulated

�elds (see �gures 3.3 to 3.8). These �elds di�er from the theoretical �elds

predicted by equations (2.1), (2.2), and (2.3), because the local low order

approximations to the density and velocity distribution of the gas inside the

layer that were made in the derivation of the equations (see Chapter 2) will

in general be violated.

This occurs especially in regions with a strong positional dependence

of the density and velocity, in the inner parts of the layer, and where the

layer is thick. So in these regions the di�erences between the simulated and

theoretical �elds will be largest.

The Column Density Field

In the simulated column density �elds (see �gure 3.3) the e�ect of a non-

zero beam and layer thickness is an ordinary convolution. In the model with

zero thickness only the beam plays a role, but in the model with thickness the

vertical extent of the layer is also important. In the model with thickness,

the column density �eld is disturbed also in the inner regions: the contours

are not the perfect ellipses in the theoretical column density �eld.

In the presence of noise an important aspect is the decrease of the region

in the sky where the column densities have been determined, due to the low

signal to noise in the outer regions of the image of the layer in the sky. (In

the model with thickness the decrease is in principle more serious than in

the model with zero thickness, because of the decrease of the signal to noise

caused by the large layer thickness in the outer regions, but this e�ect is

hardly visible.)

The residuals caused by the beam and layer thickness (see �gure 3.4) are

small compared to the noise in the simulated column density �elds, which is

equal to the average formal uncertainty in the observed column densities of

4.5 W.U. km/s (see also �gure 3.1).
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Figure 3.3 The simulated column density �elds of the tilted ring models. The

contours run from 0 to 110 in steps 22 W.U. km/s. The gray scales run from �3.8 to
+188.0 W.U. km/s. The dotted ellipse indicates the projection on the sky of the outer

boundary of the layer. In the lower left corner of the leftmost panel the beam is shown.

Figure 3.4 The di�erences between the theoretical and the simulated column

density �elds of the tilted ring models. The maps have been obtained by subtracting

the theoretical column density �eld (see �gure 3.2, leftmost panel) from the simulated �elds
(see �gure 3.3). (Because the theoretical image of the layer in the sky is smaller than

the image obtained from the simulated observations, the model has been extrapolated to

in�nite radius to calculate the �gure.) The (non-linear) gray scales saturate at �4 and
+4 W.U. km/s. In all panels the mean data value in the region with signal is zero, and

the dispersion of the data values in the region has been given in the lower left corner of

each panel. The dotted ellipse indicates the projection on the sky of the outer boundary

of the layer. In the lower left corner of the leftmost panel the beam is shown.
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Figure 3.5 The simulated velocity �elds of the tilted ring models. The contours

run from 500 to 800 km/s in steps of 20 km/s. The dotted ellipse indicates the projection

on the sky of the outer boundary of the layer. In the lower left corner of the leftmost panel
the beam is shown.

Figure 3.6 The di�erences between the theoretical and the simulated velocity

�elds. The maps have been obtained by subtracting the theoretical velocity �eld (see

�gure 3.2, second panel from the left) from the simulated �elds (see �gure 3.5). (Because

the theoretical image of the layer is smaller than the image obtained from the simulated
observations the model has been extrapolated to in�nite radius to calculate the �gure.)

The contours are �0.5 and +0.5 km/s, and the negative contour is dashed. The (non-

linear) gray scales saturate at �3 and +3 km/s. In all panels the mean data value in the
region with signal is zero, and the dispersion of the data values in the region has been

given in the lower left corner of each panel. The dotted ellipse indicates the projection on

the sky of the outer boundary of the layer. In the lower left corner of the leftmost panel
the beam is shown.
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Figure 3.7 The simulated velocity dispersion �elds of the tilted ring models. The
contours are at 9.25 and 11.75 km/s. The gray scales run from 8 to 24 km/s. The dotted

ellipse indicates the projection on the sky of the outer boundary of the layer. In the lower

left corner of the leftmost panel the beam is shown.

Figure 3.8 The di�erences between the theoretical and the simulated velocity

dispersion �elds. The maps have been obtained by subtracting the theoretical velocity

dispersion �elds (see �gure 3.2, rightmost two panels) from the simulated �elds (see �g-

ure 3.7). (Because the theoretical image of the layer is smaller than the image obtained

from the simulated observations the model has been extrapolated to in�nite radius to cal-

culate the �gure.) The contours are at �0.5 and +0.5 km/s, and the negative contour is

dashed. The (non-linear) gray scales saturate at �3 and +3 km/s. In the lower left corner

of each panel the mean and dispersion of the data values in the region with signal have

been given, unless they have zero values. The dotted ellipse indicates the projection on
the sky of the outer boundary. In the lower left corner of the leftmost panel the beam is

shown.
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The Mean Velocity Field

In the simulated velocity �elds (see �gure 3.5) the e�ect of the beam

and layer thickness is more complicated than the ordinary convolution in

the column density �eld. In the absence of noise, outside the projection on

the sky of the outer boundary of the model, the beam as well as the layer

thickness cause curving of the velocity contours towards the minor axis of

the image of the model in the sky. In sofar that this e�ect is caused by the

circular beam it is due to the elongated shape of the image: smoothing with

a circular beam is more signi�cant in the direction of the minor axis. In

sofar as the e�ect is caused by the layer thickness it is a result of the fact

that thickness e�ects occur along the direction of the minor axis. In the

model with thickness also in the inner regions the velocity �eld is disturbed,

especially on the major axis.

In the presence of noise the most signi�cant e�ect is the decrease of the

region where the mean velocities have been determined, due to the low signal

to noise in the outer regions. The inuence of the beam and layer thickness

is hardly visible.

The residuals caused by the beam and layer thickness (see �gure 3.6)

have a periodicity of three in azimuth. They are largest in the inner regions

and where the layer is thick. In the outermost regions, near and outside the

projection in the sky of the outer boundary of the layer, the residuals are

caused by the curving of the velocity contours towards the minor axis of the

image of the layer in the sky. In contrast to the residuals in the inner regions

these residuals have a periodicity of two.

Also in the presence of noise the periodicity of three in residuals is visi-

ble. This means that the residuals caused by the beam and layer thickness,

especially the ones caused by the layer thickness, are not insigni�cant com-

pared to the noise and formal uncertainties in the velocity �eld, which are

of the order of 1.4 km/s (see also �gure 3.1). In the outer regions a strong

increase of the noise is visible, which is caused by the low signal to noise in

the velocity pro�les there.

The Velocity Dispersion Field

In the theoretical (see �gure 3.2), as well as in the simulated velocity

dispersion �elds (see �gure 3.7), the beam and the layer thickness cause

the X-features already described before, but there are also residuals (see

�gure 3.8) caused by violation of the local approximations that are made in
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the derivation of the equations for the theoretical �elds (see Chapter 2).

In the absence of noise, the increase of the region where the velocity

dispersions have been determined is the most striking feature. In the model

with thickness also di�erences between the theoretically predicted X-feature

and theX-feature found in the simulated velocity dispersion �eld are present.

In the presence of noise, the strongest e�ects are the high noise in the outer

regions and the decrease of the region where the velocity dispersions have

been determined. Both are due to the low signal to noise in the velocity

pro�les in the outer regions.

The residuals caused by the beam are negligible, but those caused by the

layer thickness are not. They coincide with theX-features, and in magnitude

they are comparable to the noise and the uncertainties in the velocity dis-

persion �eld, which are of the order of 1.4 km/s (see also �gure 3.1). So the

residuals may disturb the measurements of the random velocity dispersion

and the layer thickness.

3.6 The Rings and Rotation Velocities

Fitting Circular Rings to the Velocity Field

To �nd the rotation velocities of the gas and the orientations of the rings,

a tilted ring model with zero thickness is �tted to the velocity �eld (Begeman

1987, Ph.D. thesis). As shown by Begeman, for a narrow beam and zero layer

thickness this works correctly. Here we test whether this is also true for a

non-zero layer thickness. For this purpose Begeman's procedure is applied

to the simulated velocity �elds of the tilted ring models in Figure 3.5, and

the results are compared to the input rings and rotation velocities of the

models.

Procedure

Each ring is �tted separately. It is represented as a circular annulus

with a non-zero radial width, which is �tted to all data in the velocity �eld

located at the projection of the annulus on the sky. The radius of the ring is

kept �xed, and its central position in the sky, systemic velocity with respect

to the observer, position angle, inclination, and the rotation velocity along

the ring are used as free parameters.

The data in the mean velocity �eld depend non-linearly on the parame-

ters of the rings. Therefore the rings are �tted with an iterative procedure,
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which is started with rough initial estimates of the parameters of each ring.

Each iteration consists of two steps. In the �rst step the data are collected

from the mean velocity �eld and the residual of the �t is calculated, and in

the second step the data are used to calculate the new, updated parameters

of the ring. After the second step, the parameters of the ring and the data

in the velocity �eld they have been calculated from do not match anymore.

So it is not guaranteed that the second step indeed yields an improvement

of the �t. Therefore, in case of failure of the second step, it is replaced by

reducing the residual of the �t with a few iterations of simplex minimization

(see Numerical Recipes 1992, page 408). Simplex minimization uses only

evaluations of the function that is minimized, and in each evaluation of the

residual of the �t new data is obtained from the mean velocity �eld.4

To avoid that the parameters of di�erent rings derived from the �ts are

correlated, data points in the velocity �eld should not be used in the �tting

of more than one ring. This is achieved by taking the radial widths of the

annuli used to represent the rings equal to their separation in radius. In

general this works correctly, unless the annuli are disconnected or overlap

in the line of sight, which can be the case if the orientations of the rings

strongly depend on radius, but does not occur in the tilted ring models used

here.

As uncertainties in the ring parameters the 1�-uncertainties are used,

and possible correlation between the �tted parameters, especially between

the inclinations and the rotation velocities (see Begeman 1987, Ph.D. thesis,

page 17) is neglected. In the absence of noise, there are no uncertainties in

the velocity �eld, and so the uncertainties in the �tted parameters must be

calculated using the residual of the �t as the noise in the data. Therefore,

in the absence of noise the uncertainties in the �tted parameters can be

considered as real uncertainties, based on the disagreement between data and

�tted model. In the presence of noise, the uncertainties in the velocity �eld

are taken into account in the �tting process, and are also used to calculate

the uncertainties in the �tted parameters. So, in the presence of noise the

uncertainties in the �tted parameters are the formal uncertainties, based on

the uncertainties in the data. Also the correlation of the data in the velocity

�eld over the area of the beam is taken into account in the uncertainties. For

this purpose they are multiplied by a factor of 4.6 (see also Appendices A

4Actually a mixture of the two step iteration procedure and the simplex method is used:

each time a two step iteration fails, simplex iterations are done until either convergence

is reached, and the �tting can be stopped, or improvement of the �t is achieved, and the
two step iterations are continued.
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and B).

In the �tting process no weighting of the velocity data as a function of

azimuth in the plane of the layer is applied (see Begeman 1987, Ph.D. thesis,

page 16{17). This might have been convenient if the plane of the layer were

warped, in order to exclude regions where the rings overlap in the line of

sight, but in the tilted ring models used here the plane of the layer is at.

By not applying this weighting also unnecessary correlation between the

�tted inclinations and rotation velocities is avoided.

Results

The Central Positions and Systematic Velocities

The central positions in the sky and the systemic velocities with respect

to the observer are the same for all rings, and they will be kept �xed in

the determination of the other parameters. Therefore they are determined

�rst. For this purpose all parameters are left free in the �t, and the central

positions and systemic velocities of the individual rings are averaged, with

the uncertainties in the determinations for the separate rings taken into

account. In the absence of noise, the dispersion in the determinations for the

separate rings divided by the number of �tted rings is used as the uncertainty

in the average central position and systemic velocity of the entire layer. In

the presence of noise the average formal uncertainty for a separate ring

divided by the square root of the number of �tted rings is used (see also

Appendix C).

Table 3.2The measured central position in the sky and systemic velocity with re-

spect to the observer of the entire layer. The uncertainties are the 1�-uncertainties,

corrected for the correlation of the data over the area of the beam. In the absence of noise
they are real uncertainties, calculated from the residual of the �t, and in the presence of

noise they are formal uncertainties, calculated from the noise in the data.

Model Central position Systemic velocity

error uncertainty error uncertainty
R.A. DEC. R.A. DEC.
00 00 00 00 km/s km/s

no thickness, no noise �0:0011 �0:0013 0:006 0:008 �0:0019 0:003

no thickness, noise +0:12 �0:27 0:12 0:15 +0:13 0:069

thickness, no noise �0:0002 +0:0032 0:018 0:028 �0:0041 0:012

thickness, noise +0:0083 �0:17 0:14 0:18 +0:088 0:079

As can be seen in Table 3.2, compared to the noise, a non-zero beam and
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layer thickness are no serious sources of error in the determination of the

central position and the systemic velocity of the entire layer. For simplicity

therefore, in the determination of the other ring parameters, the input central

positions and systemic velocities will be used.

The Inclinations, Position Angles, and Rotation Velocities

After the central position and systemic velocity of the entire layer have

been determined, the position angles, inclinations, and rotation velocities of

the separate rings are measured. For this purpose a tilted ring model is �tted

a second time, but with the central position and systemic velocity kept �xed

at the values already determined, and with the position angles, inclinations,

and rotation velocities as free parameters. In the determination of the ring

parameters, one should take the uncertainties in the central position and

systemic velocity of the entire layer into account, but this was considered

too complicated. Therefore, the uncertainties in the �tted position angles,

inclinations, and rotation velocities will be slightly underestimated.

The results can be seen in Figure 3.9. At small radii the errors and

uncertainties are relatively large. This is for two reasons. First, only a

small number of data points from the velocity �eld is used in the �t at small

radii. This causes large formal uncertainties and random errors. Second,

the beam and the layer thickness strongly a�ect the observed mean line-of-

sight velocities of the gas at small radii, because of the strong positional

dependence of the velocity of the gas in the inner regions of the layer. This

causes large uncertainties and systematic errors. At intermediate radii the

parameters of the rings are retrievedmore or less correctly. Only in the model

with thickness, at radii of about 20000, the inclination is underestimated. At

large radii, large systematic errors are present in the absence of noise, and in

the presence of noise large uncertainties and random errors. The systematic

errors are caused by the bending of the velocity contours towards the minor

axis of the image of the layer in the sky, at the extension caused by the

non-zero beam and layer thickness (see �gure 3.5). At the extension, the

inclinations of the rings are underestimated, and consequently the rotation

velocities are overestimated, since they are anti-correlated with the �tted

inclinations. In the model without thickness these e�ects only occur at the

largest ring, with a radius of 72000, but in the model with thickness already

at radii larger than � 55000 the inclination is underestimated, and at radii

larger than � 65000 the rotation velocity is overestimated as well. In the

presence of noise, the region in the sky where the velocity �eld is determined
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Figure 3.9 The measured position angles, inclinations, and rotation velocities.

The thin solid lines represent the input values to the models, and the dots with the error

bars the measurements and their 1�-uncertainties. In the absence of noise the error bars

indicate real uncertainties, calculated from the residual of the �t, and in the presence of

noise formal uncertainties, calculated from the noise. The uncertainties have also been

corrected for the correlation of the data over the area of the beam.
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is limited by the signal to noise ratio. Therefore, the extension of the image

of the layer due to the beam and layer thickness is absent, and consequently

also the underestimate of the inclinations and overestimate of the rotation

velocities.

In the absence of noise, the layer thickness and beam appear to be serious

sources of error in the determination of the position angles, inclinations, and

rotation velocities. In real observations, however, usually a smoothing of the

parameters of the rings as a function of radius is done to reduce small-scale

uctuations. Here, from the parameters obtained in the presence of noise

with such a smoothing the input parameters of the models will be retrieved.

Therefore, in the forthcoming two sections, in which the surface densities,

random velocity dispersions and layer thicknesses are determined, we shall

use the ring parameters obtained from the simulated velocity �elds in the

absence of noise, and the input ring parameters to the models in the presence

of noise.

3.7 The Surface Densities

Measuring the Surface Densities from the Column Density

Field

The average surface densities of the gas on the rings are determined by

averaging the relevant column densities and multiplying the result by the

cosine of the inclination of the ring. In this section this procedure is applied

to the simulated column density �elds of the tilted ring models in Figure 3.3,

and it is tested whether it yields the correct results in the presence of a non-

zero beam and layer thickness.

There are two sources of error in the procedure. First, there is the e�ect

of the non-zero beam and layer thickness, and the noise. Second, the surface

densities are not measured on the rings in the tilted ring model, but on

the rings obtained from the simulated velocity �eld, which can be slightly

di�erent.

Procedure

The column density �eld obtained by �tting Gauss functions to the

velocity pro�les cannot be used. The reason is that this column density �eld

is unde�ned at positions in the sky where the signal to noise in the velocity

pro�les is low. Therefore it cannot be used to determine the low values of
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Figure 3.10 The measured surface

densities. The thin solid lines rep-

resent the input values to the mod-
els, and the dots with the error

bars the measurements and their 1�-

uncertainties. In the absence of noise
the error bars indicate real uncertain-

ties, calculated from the residual of the

�t, and in the presence of noise for-
mal uncertainties, calculated from the

noise. The uncertainties have been cor-

rected for the correlation of the data
over the area of the beam.

the average surface densities on the largest rings. There is no good solution

for this problem. On the one hand, if the unde�ned values are simply not

used, the average surface densities will become overestimated on rings with

large radii. If, on the other hand, the unde�ned values are replaced by zeros,

the average surface densities will be underestimated.

The column density �eld calculated by adding the channel maps and

multiplying the result by the channel separation in velocity does not have

this problem. Of course it is more a�ected by the noise than the column

density �eld obtained by �tting the Gauss functions, but this is not a serious

problem since in the determination of the average surface densities on rings

the column densities are averaged over substantial areas. Only for the rings

with the smallest radii noise may be a problem.
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Results

The beam and the layer thickness cause a smoothing of the column

density �eld. Therefore, also the measured average surface densities on the

annuli in the tilted model are smoothed as a function of radius. Especially

at small radii, where the surface densities strongly depend on radius, this

smoothing has a signi�cant e�ect. In the absence of noise, at small radii,

also the e�ect of the errors in the orientations of the rings is visible (see

�gure 3.10, �rst and third panel from top).

At the largest radii smoothing by beam and layer thickness causes a

decrease in the average column densites. Therefore, for the outer rings the

average surface densities are underestimated, especially in the model with

thickness (see �gure 3.10, third panel from top).

Globally speaking, however, the surface densities in the tilted ring model

are retrieved correctly.

3.8 The Random Velocity Dispersion and Layer

Thickness

Measuring the Random Velocity Dispersion and the Layer

Thickness from the Velocity Dispersion Field

As explained in Chapter 2, the random velocity dispersion and the

thickness for the rings in the tilted ring model are measured by �tting equa-

tion (2.3) to the velocity dispersion �eld.

In this section the procedure for the measurement is explained in detail

and tested, by retrieving the input random velocity dispersions and layer

thicknesses of the tilted ring models from the simulated velocity dispersion

�elds in Figure 3.7.

Just as in the determination of the surface densities of the gas there

are two sources of error: the di�erences between the simulated and theo-

retical velocity dispersion �elds (see also �gure 3.8), and the errors in the

orientations of the rings obtained from the simulated velocity �elds.

Procedure

The Equation

In the measurement equation (2.3) itself will not be used for three rea-

sons. First, the left hand side of equation (2.3 is not the observed velocity
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dispersion but its square. An unbiased estimator for this quantity, obtained

from a measurement � with an uncertainty ��, is not equal to �2, but to

�2 � ��2, and �� is not well known.5 This di�culty is avoided by using

the observed velocity dispersions themselves instead of their squares, taking

the square root of equation (2.3). Second, the squares of the random veloc-

ity dispersion and the layer thickness will be replaced by products involving

their absolute values. In this way negative values for the random velocity

dispersion and the layer thickness are allowed to obtain a better agreement

between data and �t, even though such a result is unphysical. We adopted

this approach to avoid a positive bias in case the random velocity dispersion

and the layer thickness have low values and considerable noise is present.

Third, a circular beam is assumed. This simpli�es the calculations consid-

erably, because the x{ and y{axes in the measurement, which are de�ned

along and perpendicular to the intersection of the plane of the layer and

that of the sky (for a circular layer these axes lie along the major and minor

axes), almost never align with the major and minor axes of the beam. So,

in equation (2.3) the beam sizes B0x and B0y , along the x{ and y{axes,

are replaced by one beam size, denoted as B0. With these modi�cations

equation (2.3) takes the following form:

� =

s
�2
inst

+ j�ranj�ran +
�
@v

@x

�2
B2
0
+

�
@v

@y

�2
(B2

0
+ sin2(i) jZ0jZ0) (3.1)

with:

� � the observed velocity dispersion

� �inst the instrumental velocity resolution, expressed as a dispersion

� �ran the velocity dispersion of the random motions

� @v=@x and @v=@y the derivatives of the mean velocity �eld in the x

and y directions, de�ned along and perpendicular to the intersection

of the plane of the layer and the plane of the sky

� B0 the beam size, expressed as a dispersion

� Z0 the layer thickness, expressed as a dispersion

� i the inclination of the layer
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The Derivatives of the Mean Velocity Field

In addition to the observed velocity dispersion at each position in the

sky, in equation (3.1) also the derivatives with respect to position in the sky

of the velocity �eld are present. These derivatives can be determined in two

ways. In the �rst place, theoretical derivatives can be calculated from the

parameters of the circular rings �tted to the velocity �eld (see Chapter 2,

Appendix B). In the second place, observed derivatives can be obtained,

as the linear coe�cients of a two-dimensional polynomial, locally �tted to

the velocity �eld, at each position in the sky. The latter may be especially

useful when the random velocity dispersions of HI and the layer thickness

are measured in a galaxy where spiral features are present in the HI (see

Chapter 4). Both approaches will be used, but �rst the determination of the

observed derivatives will be explained in further detail.

In the �tting of the polynomials, the size and shape of the regions used

in the �ts must be chosen with care. If the region is too large the polynomial

cannot correctly represent the velocity �eld over its entire area. Then large

residuals and large systematic errors in the derivatives will be present. In

the absence of noise the region can be chosen arbitrarily small, provided that

it contains enough independent data for the determination of all coe�cients

of the polynomial. In the presence of noise this is not the case, because a

�t to noise would result. Therefore, in the presence of noise, the region is

chosen such that the residual of the �t is equal to the noise in the data. This

is judged by the reduced-�2 of the �t, which is de�ned as the ordinary �2

divided by the degree of freedom in the �t. So, if the reduced-�2 is equal to

unity, the residual of the �t will be equal to the noise in the data.

To obtain a reduced-�2 of one for each �tted polynomial, the area used

in the �t is decreased when a reduced-�2 larger than one is found, and

increased when a reduced-�2 smaller than one is found. However, if there

is much small scale structure in the velocity �eld, it may be impossible to

obtain a reduced-�2 of one in this way. If the region the polynomial is �tted

to is already small, its further reduction may lead to a decrease in the degree

of freedom in the �t that is more signi�cant than the reduction of the residual

of the �t. This will lead to an increase of the reduced-�2 of the �t, instead

of the expected decrease. So as a function of the area of the �t region the

reduced-�2 of the �t will not have a lowest value of zero at an area of zero,

but a minimum value larger than zero at an area larger than zero. If the

representation of the velocity �eld by the polynomial is problematic, this

minimum value may even be larger than one, which means that the region
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in the velocity �eld for which a reduced-�2 of one is obtained does not exist.

In these cases the region is chosen so, that the reduced-�2 of the �t has the

lowest possible value.

The shape of the region a�ects the relative uncertainties in the coe�-

cients of the polynomial. If the region is extended in a certain direction, the

uncertainty in a coe�cient corresponding to that direction will be smaller.

The correlation of the data in the velocity �eld over the area of the beam

has a similar e�ect. To obtain equal uncertainties in the two derivatives of

the velocity �eld, the �t region is given the shape of the beam.

The degree of the polynomials must at least be one, but it can also be

larger. Because the �t regions are adapted in such a way that the reduced-

�2 of the �t becomes one, actually the choice must be made made between

representing a relatively large region in the velocity �eld with a high degree

polynomial, versus representing a small region with a low degree polynomial.

There seems to be no reason to use a polynomial of a degree higher than

one. So, for simplicity, linear polynomials are used.

In practice all derivatives are determined in the RA and DEC directions,

and in the measurement of the random velocity dispersion and the layer

thickness, these directions are transformed to the x and y directions, parallel

and perpendicular to the intersection of the plane of the ring and the plane

of the sky.

In the presence of noise, in addition to the observed velocity dispersions,

also the derivatives of the velocity �eld have uncertainties. In the theoretical

derivatives the uncertainties will be small, since they reect the uncertain-

ties in the parameters of the circular rings �tted to the velocity �eld, and

these parameters are in fact averages over substantial regions in the sky.

Therefore, in the theoretical derivatives the uncertainties are neglected. In

the observed derivatives the formal 1�-uncertainties in the coe�cients of

the �tted polynomials are used as the uncertainties, obtained by taking the

square roots of the diagonal elements of the covariance matrix in the �t (see

also Appendix D).

Fitting the Equation

To measure the random velocity dispersion and layer thickness for the

annuli in the tilted ring models, for each annulus equation (3.1) is �tted to

the velocity dispersion �eld and the �elds with the derivatives of the velocity

�eld, using corresponding data points. The other parameters in the equation

are assumed to be known: the inclinations are parameters of the annuli, and
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the beam size and instrumental velocity dispersion are known, observational

parameters.

In the absence of noise there are no uncertainties in the observed velocity

dispersions, neither in the derivatives of the velocity �eld. As already men-

tioned before, in the theoretical derivatives the uncertainties are neglected,

but in the presence of noise, the observed derivatives have uncertainties.

These are taken into account by adapting the �2 that is minimized in the

�tting (see Appendix E).

In the absence of noise the 1�-uncertainties in the measured random

velocity dispersions and the layer thicknesses are calculated with the residual

of the �t as the noise in the data, and in the presence of noise from the

uncertainties in the observed velocity dispersions and in the derivatives of

the velocity �eld.

The Residuals

In Figure 3.8 the di�erences are shown between the simulated and the

theoretical velocity dispersion �elds calculated from the parameters of the

tilted ring models. Also the derivatives of the velocity �eld were calculated

from these parameters. In observations, however, the actual rings of the gas

are not known neither the correct derivatives of the velocity �eld. Only ring

parameters obtained from the observed velocity �eld are available, which

are usually not entirely correct. This will cause residuals, even if in the

measurement of the random velocity dispersion and layer thickness the input

values to the tilted ring models are retrieved. In this section these residuals

will be presented, for the theoretical (see �gure 3.11) as well as for the

observed (see �gure 3.12) derivatives of the velocity �eld.

When the layer has zero thickness, in the absence of noise the residuals

are virtually zero, and in the presence of noise they reect the noise in the

observed velocity dispersion �eld. When the layer has non-zero thickness,

this is di�erent. In the absence of noise there are non-zero residuals. These

are caused by the incorrect representation of the simulated velocity disper-

sion �eld by equation (3.1), errors in the derivatives of the velocity �eld,

and errors in the position angles and inclinations of the rings. In the outer

regions these residuals more or less coincide with the X-features in the ve-

locity dispersion �eld. So at radii where they are positive the layer thickness

will be overestimated, and vice versa. In the presence of noise the residuals

still seem to reect only the noise in the velocity dispersion �eld.
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Figure 3.11 The di�erences between the simulated and the theoretical velocity

dispersion �elds calculated from the �tted rings and the theoretical derivatives

of the velocity �eld. To obtain these maps, the theoretical �elds have been subtracted
from the simulated �elds (see also �gure 3.8). The contours are at �0.5 and +0.5 km/s,

and the negative contour is dashed. The (non-linear) gray scales saturate at �3 and

+3 km/s. In the lower left corner of each panel the mean and dispersion of the data values
in the region with signal are indicated, unless they are zero. The dotted ellipse indicates

the projection on the sky of the outer boundary of the layer. In the lower left corner of

the leftmost panel the beam is shown.

Figure 3.12 The di�erences between the simulated and theoretical velocity dis-

persion �elds calculated from the �tted rings and the observed derivatives of

the velocity �eld. To obtain these maps, the theoretical �elds have been subtracted from

the simulated �elds (see also �gure 3.8). The contours are at �0.5 and +0.5 km/s, and
the negative contour is dashed. The (non-linear) gray scales saturate at �3 and +3 km/s.

In the lower left corner of each panel the mean and dispersion of the data values in the

region with signal are indicated, unless they are zero. The dotted ellipse indicates the

projection on the sky of the outer boundary of the layer. In the lower left corner of the

leftmost panel the beam is shown.
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Results

Globally, the random velocity dispersions and the layer thickness on

the individual rings in the tilted ring model are retrieved correctly, with the

theoretical (see �gure 3.13) as well as with the observed derivatives of the

velocity �eld (see �gure 3.14). Still there are a few problems.

In the �rst place, in the measurements of a zero layer thickness in the

presence of noise, unexpectedly large residuals and random errors are present

(see �gures 3.13 and 3.14, second row from top, right panels), much larger

than in the measurements of a non-zero layer thickness (see �gures 3.13

and 3.14, bottom row, right panels). The reason is that the derivatives of the

right hand side of equation (3.1) with respect to random velocity dispersion

and layer thickness are proportional to the values of the two quantities. So

these derivatives will be small when the random velocity dispersion and layer

thickness are small. Therefore, when equation (3.1) is �tted to the velocity

dispersion �eld, the curvature matrix of the �t, which basically consists of

the �rst derivatives of the model with respect to the �tted parameters (see

Numerical Recipes 1992, page 682{683), is close to singular when the random

velocity dispersion and the layer thickness are small. In this situation the �2-

minimum of the �t is broad and shallow, and consequently the measurement

is insensitive, causing large random errors and uncertainties.

In the second place, systematic errors are present that are caused by the

violation of the local approximations to the density and velocity distribution

inside the gas layer (see Chapter 2). These systematic errors show up in the

measurements done in the absence of noise (see �gures 3.13 and 3.14, �rst

and third row from top), and they correspond to the residuals described in

the previous section (see �gures 3.11 and 3.12, �rst and third panels from the

left). They are largest at the smallest radii, where the positional dependence

of density and velocity distribution of the gas is strongest, and at the largest

radii, where edge e�ects occur. They are also large where the layer thickness

is large, because for a large layer thickness the local approximations have to

hold inside a large volume. Also the errors caused by the slightly incorrect

ring parameters lead to such systematic errors.

In the third place, errors are present caused by errors in the derivatives of

the velocity �eld. In the theoretical derivatives the errors are due to the er-

rors in the parameters of the rings �tted to the velocity �eld. In the observed

derivatives the errors are systematic errors, caused by a poor representation

of the velocity �eld by the �tted polynomials, and random errors, caused by

the noise. In the absence of noise the polynomials can be �tted to arbitrarily
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Figure 3.13 The random velocity dispersions and the layer thickness measured

with the theoretical derivatives of the velocity �eld. The thin solid lines represent

the input values to the models, and the dots with the error bars the measurements and
their 1�-uncertainties. In the absence of noise the error bars indicate real uncertainties,

calculated from the residual of the �t, and in the presence of noise formal uncertainties,

calculated from the noise. The uncertainties have been corrected for the correlation of the
data over the area of the beam.
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Figure 3.14 The random velocity dispersions and the layer thickness measured

with the observed derivatives of the velocity �eld. The thin solid lines represent

the input values to the models, and the dots with the error bars the measurements and
their 1�-uncertainties. In the absence of noise the error bars indicate real uncertainties,

calculated from the residual of the �t, and in the presence of noise formal uncertainties,

calculated from the noise. The uncertainties have been corrected for the correlation of the
data over the area of the beam.
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small areas if this is required to obtain a good representation of the velocity

�eld. Therefore, in the absence of noise, there are no systematic errors in

the observed derivatives. In the presence of noise the polynomials cannot be

�tted to arbitrarily small areas, because then the derivatives would become

too much disturbed by the noise. Therefore, in the presence of noise, there

are random as well as systematic errors in the observed derivatives. These

systematic errors will occur especially in the inner regions, where the veloc-

ity data depend strongest on position in the sky. Probably these errors cause

the overestimate of the random velocity dispersions at small radii with the

observed derivatives (see �gure 3.14, second and fourth rows from top, left

panels), which is not present when the theoretical derivatives are used (see

�gure 3.13, second and fourth rows from top, left panels).

Finally, in all measurements the random errors and residuals caused by

the noise by far exceed the systematic errors, especially at large radii, where

the signal to noise is low. Moreover, due to the low signal to noise, not only

large random errors and residuals are present in the velocity and velocity

dispersion �elds, but the �elds are also sparsely sampled, which causes even

larger errors in the measurements of the random velocity dispersion and

layer thicknesses.
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Appendix A Correlated Data

Often data values are correlated. Usually the correlation can be in-

terpreted as the consequence of a convolution with some function. In this

convolution each data value is replaced by a weighted sum of the data value

itself, and the data values at abscissas nearby.

In measurements yi of a signal �, in the presence of noise �:

yi = � ; (yi � �)2 = �2 : (3A.1)

In a convolution with weights wj the measurements become:

y0i �
P

j wjyi�j : (3A.2)

If the measurements are independent of each other:

yiyj = yi yj = �2 : (3A.3)

Then, after the convolution the signal and the noise will be:

�0 � y0i =
P

j wjyi�j =
P

j wjyi�j =
P

j wj� ;

�02 �
�
y0i � �0

�2
=
�P

j wjyi�j �
P

j wj�
�2

=
�P

j wj(yi�j � �)
�2

=
P

j w
2
j (yi�j � �)2 +

P
j 6=j0 wjwj0 (yi�j � �)(yi�j0 � �) =

P
j w

2
j�

2 :

(3A.4)

So the consequence of convolving data with weights wi is that the signal

increases with a factor
P

i wi, the noise with a factor
qP

i w
2
i , and that the

data values become correlated.

Due to the correlation of the data, the signal to noise increases with a

factor
P

j wj=
qP

j w
2
j , and if the weights were normalized, the signal would

remain the same, and the noise (or the uncertainties in the data) would

decrease with this factor. Consequently, the uncertainties in parameters that

are determined from more than one data value, by averaging (or modelling)

the data for example, decrease with this factor.

Also the �2's for models �tted to the data are inuenced by a correlation

of the data. For uncorrelated data values yi, with yi = 0 and y2i = 1,

the �2, de�ned as
PN

i=1 y
2
i , has a chi-square distribution with N degrees of
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freedom, and a theoretical value of N . When the data values are correlated

this is di�erent. The theoretical �2 is still N but the distribution of the �2

is di�erent. Therefore, if a model with M free parameters is �tted to N

correlated data values, the theoretical �2 will not be equal to N �M , as for

uncorrelated data, but a little lower. The lower N �M , the more signi�cant

this e�ect, and even before N �M is zero, the actual degree of freedom in

the �t will be lower than zero, and the �t will fail.

Usually, when data values are correlated, the theoretical distribution of

the �2 is not known, neither is its theoretical value. So, if the agreement

between the data and �tted model must be judged by the �2 of the �t, in

addition to the actual �2 of the �t, also its theoretical value and theoretical

distribution must be determined. Even if these quantities cannot be derived

analytically, they can always be derived empirically. For this purpose, �rst

arti�cial data for the model must be generated, and noise added to this data.

Next the arti�cial data must be convolved with the function that caused the

correlation of the real data, and �nally the model must be �tted to the

arti�cial data. The �2 of the �t that is obtained in this way is an estimator

for the theoretical value of the �2, and the theoretical distribution of the �2

can be found by repeating the process many times, each time with new noise

added to the arti�cial data.

The two sources of correlation of data that occur in the present study

are Hanning smoothing of velocity pro�les and convolution of data with a

Gaussian beam.

Due to Hanning smoothing, with normalized weights of 0.25, 0.5, and

0.25, on average the signal and the noise increase with factors:

P
i wi = 1 ;

�P
i w

2
i

�1
2

=
p
3=8 : (3A.5)

So uncertainties in parameters determined from Hanning smoothed data

must be multiplied with a factor
p
8=3 to correct for the correlation of the

data.

In an observed HI velocity pro�le the signal is usually located at only a

small number of sample points. When a single Gauss component is �tted to

the pro�le, the peak of the Gauss function is actually �tted to these sample

points only. So the actual degree of freedom in the �t is small, smaller

than the total number of sample points in the pro�le minus the three �tted

parameters. Therefore, the correlation of the data in the pro�le due to the

Hanning smoothing will have a signi�cant inuence on the �2 that is found.

This means that the theoretical distribution of the �2's is not known for �ts
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of Gauss functions to velocity pro�les. However, a single Gauss component

with amplitude zero will correctly represent the baseline in a pro�le without

signal. So, the distribution of the �2's of the �ts of Gauss functions to pro�les

without signal will be the theoretical distribution. Due to convolution of data

with a Gaussian beam, with weights wij = exp(�x2i =2B2
0x � y2j =2B

2
0y), the

signal and the noise increase with factors:

P
ij wij �

ZZ
+1

�1

dxdy

�x�y
exp

�
� x2

2B2
0x

� y2

2B2
0y

�
=

2�B0xB0y

�x�y
;

�P
ij w

2
ij

�1
2 �

 ZZ
+1

�1

dxdy

�x�y
exp

�
� x2

B2
0x

� y2

B2
0y

�!1

2

=

s
�B0xB0y

�x�y
:

(3A.6)

Therefore, the uncertainties in parameters that are determined from the

convolved data must be multiplied by a factor
q
4�B0xB0y=�x�y to correct

for the correlation of the data.

In the determination of parameters of tilted ring models, the data are

collected from elliptical annuli on the sky. Normally these annulli have an

area that is many times larger than the area of the beam. So the degree of

freedom in the �t will be large, and as a result the correlation of the data

over the area of the beam will have little inuence on the �2's that are found,

and can therefore be neglected.

In the determination of the derivatives of the velocity �eld by locally

�tting polynomials, the region involved in the �t for a given polynomial

usually has an area of only a few times that of the beam. Because the data

are correlated over the area of the beam, the degree of freedom in the �t will

be low. Consequently, the correlation of the data will signi�cantly a�ect the

�2's that are found. They will be underestimated. So, before the �2's can

be used to judge the �tting of the polynomials, their theoretical distribution

must determined as well. For this purpose the polynomials may be �tted to

noise that has been convolved with the beam.

Appendix B Formal and Real Uncertainties

When parameters are determined by averaging or modelling data, there

are two contributions to the uncertainties in the results: noise, denoted as �,

and a contribution from systematic errors, denoted as ". Usually the noise

is known, and the systematic errors are not. If the systematic errors are
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uncorrelated with the noise, and if the number of data points is su�ciently

large, the reduced-�2 values are given by:

�2 � n�2 + n"2

n�2
=

�2 + "2

�2
; (3B.1)

and the power in the systematic errors can be found from:

"2 = �2(�2 � 1) : (3B.2)

Formal uncertainties represent the noise in the data only. They do not

indicate whether or not the average or �tted model correctly represent the

data. The relation between the formal uncertainties, denoted as u� , and the

noise in the data can be written as:

u� = C� : (3B.3)

where C is a factor that is a function of the dependence of the model on the

�tted parameters (whether or not the determination is ill-conditioned) and

the number of data points used. The relation between the total uncertainty

in the average or �tted parameter, denoted as u, and the random and sys-

tematic errors may be written in a similar way:

u2 = u2� + u2" = C(�2 + "2) = C�2�2 : (3B.4)

When the data values are correlated, the uncertainties in average values

or �tted parameters need to be corrected for this correlation. The formal

uncertainties can be corrected by multiplying them by a factor correspond-

ing to the increase in the signal to noise ratio due to the correlation of the

data (see Appendix A), here denoted as s:

u� = C�s : (3B.5)

When the systematic errors are incorporated in the uncertainties, the

correction for the correlation of the data depends on the nature of the sys-

tematic errors. They can behave like an oscillating function of the abscissas

of the data, and consequently be averaged out by the correlation, like noise,

but they can also behave like an o�set, and thus not be averaged out at

all, like signal. In the �rst case the fraction of the uncertainty caused by



61

systematic errors must be corrected for the correlation of the data in the

same way as formal uncertainties are:

u2 = C2�2s2 + C2"2s2 = C2�2s2�2 : (3B.6)

In the second case the fraction of the uncertainty caused by systematic errors

should not be corrected at all:

u2 = C2�2s2 + C2"2 = C2�2(s2 + �2 � 1) : (3B.7)

When it is not known whether the systematic errors behave like an o�set

or oscillating function, the highest of the two corrections may be applied in

order to avoid underestimation of the uncertainties.

Appendix C The Uncertainty in the Average of

Measurements with Unequal Uncertainties

Averaging n data values, yi, with uncertainties �yi, and weights wi, can

be seen as �tting a very simple model in which all data values have the same

value, y. The reduced-�2 of the �t, which is the square of the factor that

the deviations between data and �tted model are larger than the noise, is

given by:

�
2 =
X

i

wi

�yi
2
(yi � y)2 : (3C.1)

The average value, y, is found at the minimum of the �2:

0 =
@�2

@y
= �2

X

i

wi

�yi
2
(yi � y) : (3C.2)

This leads to:

y =
X

i

wiyi

�yi
2

,X
i

wi

�yi
2
: (3C.3)

The formal uncertainty in the average value, y is given by:

�y 2 =
X

i

�yi
2

�
@y

@yi

�2
(3C.4)
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(see Numerical Recipes 1992, page 673, equation 15.4.12). The derivative in

equation (3C.4) can be found from equation (3C.3):

@y

@yi
=

wi

�yi
2

,X
j

wj

�yj
2
: (3C.5)

Substituting equation (3C.5) into (3C.4) yields:

�y 2 =

X

i

wi
2

�yi
2

,�X
i

wi

�yi
2

�2

: (3C.6)

By multiplying the formal uncertainty given by equation (3C.6) by the

reduced-�2 de�ned in equation (3C.1), a real uncertainty based on the dis-

persion of the data values may be de�ned.

Appendix D Theoretical Formal Uncertainties in

Fitted Parameters

In the �t of a model that depends on a vector of parameters, ~a, with

individual elements ap, the formal 1�-uncertainties in the �tted parameters,

�ap, are equal to the square roots of the diagonal elements of the covariance

matrix in the �t, which will be indicated as C:

�ap
2 = Cpp (3D.1)

(e.g. Kaper et al. 1966, eq. 2.15). For a function f(~a) of the �tted parameters,

the 1�-uncertainty is given by:

�f(~a)2 =
X

p

X

q

 
@f

@ap

!
Cpq

 
@f

@aq

!
(3D.2)

(e.g. Kaper et al. 1966, eq. 2.16).

The covariance matrix of the �t, C, is the inverse of the curvature matrix

in the �t, �, which is usually calculated as:

�pq =
X

i

 
@y

@ap

!
xi

 
@y

@aq

!
xi

wi

�yi
2

(3D.3)

(Numerical Recipes 1992, pages 682{683, or Kaper et al., eq. 2.9). In this
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equation y represents the model that is �tted to measurements yi at abscissas

xi with uncertainties �yi and weights wi.

If the sample interval of the data, �(x), the uncertainties in the data,

�y(x), and the weights, w(x), are continuous functions of the abscissa, x, the

summation over i in equation (3D.3) can be approximated by an integration

over x:

�pq =

Z
+1

�1

dx

�(x)

 
@y

@ap

!
x

 
@y

@aq

!
x

w(x)

�y(x)2
: (3D.4)

In this way the theoretical curvature and covariance matrices are obtained.

For the �tting of one-dimensional, multi-component Gauss functions this

approach has been worked out by Kaper et al. (1966, Appendix C). For a

single component Gauss function, �tted with the integral, I , mean, �, and

dispersion, �, as free parameters, and the sample interval, �, and the un-

certainties in the data values, �y, not being a function of the abscissas of

the data, Kaper et al. obtained the theoretical covariance matrix, Cpq, given

below.

Cpq =
p
��

0
B@ 3 0 2�=I

0 4�2=I2 0

2�=I 0 4�2=I2

1
CA ��y2 : (3D.5)

The square roots of the diagonal elements of the matrix given by equa-

tion (3D.5) can be used as theoretical 1�-uncertainties in the integral, mean,

and dispersion of a �tted Gauss function.

In case the �tting of a Gauss function diverges, usually only one or both

of its wings are �tted to the noise, while the peak is pushed right in between

two adjacent data points, or pushed completely outside the range of the

abscissas of the data. In this situation the peak of the Gauss function is

actually not �tted to any data. So the uncertainties in the parameters of

the Gauss function should become large. For the theoretical uncertainties,

calculated from equation (3D.5), this is not the case, because they do not

take into account the di�erence between the actual abscissas of the data and

the abscissa of the peak of the �tted Gauss function. Therefore, if there is a

risk that the �t will diverge, the uncertainties in the parameters of a �tted

Gauss function should not be calculated from theoretical expressions derived

in the way described above.

Unlike the theoretical covariance matrix, the actual covariance matrix in

the �t is not calculated by approximating the summation in equation (3D.3)
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by the integral in equation (3D.4), but by really evaluating the summation.

If the �t diverges, and consequently the peak of the �tted Gauss function is

not located near the abscissas of the data, in the summation the derivatives

of the �tted Gauss function will be low. So the coe�cients in the curvature

matrix given by equation (3D.3) will be small as well, and consequently the

coe�cients of the covariance matrix calculated by inverting this curvature

matrix will be high. So if the �t diverges, the uncertainties in the �tted

parameters calculated from the actual covariance matrix in the �t will be

high. Therefore, even if the �t diverges, the uncertainties in the �tted pa-

rameters of a �tted Gauss function can still be reliably calculated from the

actual covariance matrix in the �t.

In the �t of a two dimensional, linear polynomial, a0 + a1x + a2y, to

data vij , with uncertainties �vij , that is discretely sampled at abscissas

(xi; yj) = (i�x; j�y), with weights wij , the curvature matrix, �pq, given by

equation (3D.3) becomes:

�pq =
X

ij

0
B@ 1 xi yj

xi x2i xiyj
yj xiyj y2j

1
CA wij

�vij
2
: (3D.6)

If in the �t only the data are used at abscissas inside a Gaussian beam,

with the dispersion measures of its axes denoted asD0x and D0y, the weights

are given by: wij = exp(�x2i =2D2
0x� y2j =2D

2
0y). If all uncertainties �vij are

equal to �v, the matrix in equation (3D.6) can be evaluated by replacing

the summation by the integral given by equation (3D.4), and the result can

be inverted to obtain the theoretical covariance matrix given below:

Cpq =
1

2�D0xD0y

0
B@ 1 0 0

0 1=D2
0x 0

0 0 1=D2
0y

1
CA �x�y�v2: (3D.7)

The square roots of the diagonal elements of the matrix given by equa-

tion (3D.7) are the theoretical uncertainties in the coe�cients of the �tted

polynomial. Since no other than the diagonal elements are present, theoret-

ically there is no correlation between the di�erent coe�cients of the poly-

nomial. In practice however, if at certain positions data values are lacking,

this correlation may still be present.
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Appendix E Fitting a Model in the Presence of

Uncertainties in the Sampling Positions as well as

in the Values of Data

When a model is �tted to data, in addition to the uncertainties in the

data values, also uncertainties in the abscissas of the data points may be

present. These uncertainties can be taken into account with the �2 de�ned

below (see also Numerical Recipes 1992, page 666, where the problem of

�tting a straight line in the presence of uncertainties in the values as well as

the abscissas of the data is discussed).

�
2=

X

i

0
BB@

�
yi � y(~xi)

�2
�yi

2 +
P

j

�
@y
@xij

�2
xij
�xij

2

+ log

2
64�yi

2 +
P

j

�
@y
@xij

�2
xij
�xij

2

�yi
2

3
75
1
CCA

(3E.1)

In equation (3E.1) the model is represented as y, the data values as yi, and

their uncertainties as �yi. The data may be sampled along more than one

axis, in a plane for example. Therefore, the abscissas of the data are indi-

cated by vectors, ~xi, with coe�cients xij , having uncertainties �xij . The

derivatives of the model with respect to the coe�cients of the x-vectors,

@y=@xij, serve to convert the uncertainties in the abscissas of the data to

uncertainties in the values of the data. In ordinary �tting problems, without

uncertainties in the abscissas, all �xij in equation (3E.1) are zero. Then the

second term in the equation is zero and the �rst term is just the ordinary �2.

The �rst term under the summation symbol is basically an ordinary �2.

Its enumerator is the di�erence between a data value and the �tted model,

and its denominator can be imagined as the total uncertainty in the data

value, which takes into account the uncertainties in the abscissas as well. To

transform the uncertainties in the abscissas to the uncertainty in the data

value, it is assumed that the model correctly represents the data, can be

approximated linearly, and that the uncertainties in the abscissas and in the

data value are all uncorrelated, and therefore can be added quadratically.

The transformation is done by multiplying the uncertainties in the abscissas

by the �rst derivatives of the model with respect to its abscissas.

The second term under the summation symbol, the `log-term', is needed

for agreement with maximum likelyhood theory. It takes the normalization

of the distribution of the measurement uncertainties into account (Numerical
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Recipes 1992, page 657{659). Its need was pointed out to me by G. Lemson.

It is necessary because, in problems with uncertainties in the values as well as

the abscissas of the data, the �rst term under the summation symbol cannot

only be minimized by minimizing its enumerator, which is the disagreement

between the data and the �tted model, but also by maximizing its denomi-

nator, by maximizing one or more of the derivatives of the �tted model with

respect to its abscissas. The `log-term' serves to forbid this solution, but in

the neighborhood of the real solution it is of almost no inuence.
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