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2 Theory

2.1 Introduction

When a neutral hydrogen layer in a galaxy is observed with a radio sys-

nthesis telescope, at each position in the sky a velocity pro�le is obtained.

This velocity pro�le represents the column density of the gas per unit inter-

val of the line of sight velocity, convolved with the beam and instrumental

velocity resolution pro�le. The interpretation of observed velocity pro�les

in terms of the physical parameters of the gas layer is not straightforward.

The reason is that the observed quantities represent integrals of the density

and velocity distribution of the gas in various directions. One integration is

along the line of sight, two integrations are over the plane of the sky (i.e. the

convolution with the beam), and one integration is along the line of sight

velocity axis (i.e. the convolution with the instrumental velocity pro�le).

The analysis of 21 cm line observations of the HI layers of spiral galaxies

usually is restricted to the observed column density and mean velocity �elds.

For a normalized instrumental velocity pro�le, these �elds are inuenced by

the beam and the layer thickness only, and usually it is assumed that this

inuence is negligible. In this situation the integration along the line of sight

need not be considered and modelling of the observations is relatively easy.

Our aim in the present study is to measure the layer thickness. Because

the size of the beam usually is comparable to the size of the projection of the

layer thickness on the plane of the sky, it cannot be neglected any longer.

To take the e�ects of the beam and the layer thickness into account, local

approximations to the density and velocity distribution of the gas inside the

layer are made, and with these local approximations the integration along

the line of sight and the convolution with the beam and instrumental velocity

5
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Figure 2.1 Local geometry of the observation of a gas layer with a small beam.

In the observation only a small volume inside the gas layer is involved. In the �gure this
volume is indicated as V0. It is located along the line of sight, between the two dotted

ellipses, which are the projections of the beam on the upper and lower plane of the layer.

Two local coordinate systems are de�ned. Of both systems the origin is de�ned as the
intersection of the line of sight with the mid-plane of the layer, and located at the very

centre of the �gure. The x{y{z coordinate system is the coordinate system of the observer.

It is connected to the sky and the line of sight. The x{y plane is the plane of the sky,
and the z{axis is along the line of sight. In the �gure the x{axis is perpendicular to the

plane of the paper, and the y{z axes are in the plane of the paper. The X{Y {Z system

is the coordinate system of the gas layer. The X{Y plane is the plane of the layer, and
the Z{axis is the vertical axis. In the �gure the X{axis is perpendicular to the paper,

and the Y {Z axes are in the plane of the paper. The x{ and X{axes coincide along the

intersection of the plane of the layer with the plane of the sky. In observations of a circular
layer (of a spiral galaxy for example) the x{ and y{axes lie respectively along the major

and minor axes of the image of the layer in the sky.
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pro�le of the density and velocity distribution of the gas will be done.1

In this way simple expressions are obtained for the observed column den-

sities, mean velocities, and velocity dispersions as a function of the physical

quantities in the gas layer. These expressions can be seen as `medium' for

the �tting of models to the observations.

2.2 The Central Moments of Observed Velocity

Pro�les of an Inclined Gas Layer

Figure 2.1 is a sketch of the local geometry of the observation of a single

velocity pro�le in a moderately inclined gas layer. It is supposed that the

observation is not located close to the edge of the image of the layer in the

sky and that, compared to this image, the beam is small. The volume that

contains the gas that is involved in the observation is spanned by the beam

and the vertical extent of the gas layer. In Figure 2.1 this volume is indicated

as V0. The observed velocity pro�le corresponds to the distribution of the

line of sight velocities of the gas inside V0. It is completely determined by

the probability distribution of the random line of sight velocity of the gas,

the positional dependence of the systematic line of sight velocity of the gas,

the density distribution of the gas, and the shape and size of the volume,

and through the volume the velocity pro�le also depends on the size of the

beam and the layer thickness.

Since the gas that is involved in the observation lies all inside V0, only

inside this volume the local approximations that are made to �nd an expres-

sion for the observed velocity pro�le have to hold. Theoretically the volume

V0 is in�nitely large, because the wings of the beam and the vertical density

pro�le extend to in�nity, but in practice, if the beam is small and the layer

is not too thick, the volume where these wings are signi�cant will be small.

Therefore the approximations can indeed be considered local.

The following local approximations are made:

1 The plane of the layer is not warped.

2 The density of the gas is not dependent on position in the plane of the

layer, only on height above the plane of the layer.

1Somewhat similar local approximations were used by Begeman, to correct observed

mean line of sight velocities for the inuence of the beam (Begeman 1987, Ph.D. thesis,
page 40).
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3 The gas layer is symmetrical with respect to its principal plane.

4 The systematic velocity of the gas depends linearly on position in space.

5 The probability distribution of the random velocity of the gas does not

depend on position in space.

6 The systematic velocity of the gas is not dependent on height above the

plane of the layer.

For the observed velocity pro�le itself no suitable equation can be derived

with these approximations, but for the observed ux per beam, Fobs, mean

velocity, vobs, and velocity dispersion, �obs, respectively equations (2.1),

(2.2), and (2.3) are found (see Appendix A). Actually, in the observations

that are used in this study (see Chapter 4) the noise is so high that the ob-

served velocity pro�les contain no more information than these three quan-

tities anyway.

In the x, y, z coordinate system the x{ and y{axes lie in the plane of the

sky, with the x{axis along the intersection of the plane of the sky with the

plane of the gas layer, and the z{axis is the line of sight (see also �gure 2.1).

The beam is assumed to be point symmetrical. Its area is denoted as


B, and the dispersion measures of its x{ and y{axes as B0x and B0y . The

instrumental velocity resolution pro�le is supposed to be symmetrical around

velocity zero, and its integral and velocity dispersion are denoted as Iinst
and �inst. As a measure for the layer thickness, the dispersion of the density

distribution of the gas in the layer in the vertical direction is used, which is

denoted as Z0.

Equation (2.1) for the observed ux per beam, given below, is well known.

It implies that the observed column density is the surface density of the gas

at the position of the observation in the plane of the layer, denoted as �,

corrected for the inclination of the layer, denoted as i.

Fobs = Iinst
B

�

cos(i)
(2.1)

Equation (2.2) for the observed mean velocity of the gas is less well

known, but it is implicitly used when it is assumed that the beam and

layer thickness do not inuence the observed mean velocity �eld. It says

that the observed mean velocity is the systematic velocity of the gas at the
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intersection of the line of sight with the mid-plane of the layer, which is

denoted as vsys(z=0).

vobs = vsys(z=0) (2.2)

Equation (2.3) for the observed velocity dispersion is new. Three con-

tributions can be recognized. The �rst, �inst, is the instrumental velocity

resolution. The second, �ran(z=0), is the random line of sight velocity dis-

persion of the gas at the intersection of the line of sight with the mid-plane

of the layer. The third contribution is the dispersion of the systematic line

of sight velocity of the gas inside the volume that is involved in the obser-

vation of the velocity pro�le. It is represented by the last three terms in

the equation, with the derivatives of the observed mean line of sight velocity

of the gas with respect to position in the sky. It can be separated into a

dispersion over the area of the beam, given by the terms with B0x and B0y,

and a dispersion along the line of sight, given by the term with Z0 sin(i). (It

should be noticed that Z0 sin(i) is the projection of the layer thickness on

the plane of the sky.)

�2obs = �2inst + �2ran(z=0) +

�
@vobs

@x

�2
B2

0x +

�
@vobs

@y

�2
B2

0y +

�
@vobs

@y

�2
sin2(i)Z2

0

(2.3)

With the aid of these three equations the physical parameters of a gas

layer can be derived by �tting models to the observed column density, mean

velocity, and velocity dispersion �elds.

2.3 The Measurement of the Gas Layer Thickness

in Nearby Spiral Galaxies

Usually the gas layer of a spiral galaxy is modelled as a set of concentric

circular rings with orientations that vary mildly with radius. This model is

called a tilted ring model. The orientations of the rings and the rotation

velocities of the gas are determined from the observed mean velocity �eld,

with equation (2.2), and the surface densities of the gas on the rings from

the observed column density �eld, with equation (2.1).

By �tting equation (2.3) to the observed velocity dispersion �eld also the

random velocity dispersion of the gas and the layer thickness on the rings can

be measured. The instrumental velocity dispersion, �inst, and the widths of

the beam, B0x and B0y , are known and the position angles and inclinations

already have been determined in the �tting of the rings to the velocity �eld.
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Although the position angle does not explicitly appear in equation (2.3), it

de�nes the directions of the x{ and y{axes, and so its value is needed as

well. The derivatives of the velocity �eld with respect to position in the

sky, @vobs=@x and @vobs=@y, must also be determined from the velocity �eld,

as the parameters of the �tted circular rings or as the linear coe�cients of

locally �tted polynomials.

Table 2.1The feasibility of measuring the thickness of a gas layer with dispersion

measure of 500 pc in nearby spiral galaxies. For a signi�cant measurement the

projection of the layer thickness on the sky should not be small compared to the size of

the beam, and the contribution to the observed velocity dispersion by the layer thickness
should be su�ciently large compared to the contribution from the combination of the

random velocity dispersion and the instrumental velocity resolution, which combination
usually is of the order of 10 km/s.

galaxy M31 N2403 N3198 N6503 N7331

distance1 2 (Mpc) 0.69 3.25 9.36 5.94 14.9

inclination2 (degrees) 77.5 60 72 74 75

systemic velocity2 (km/s) �299 133 660 25.5 820

rotation velocity2 (km/s) 257 130 150 115 240

radial extent of HI (arcsec) 4780 1240 660 775 510

projection of layer thickness on sky
(dispersion, arcsec)

146 27 10 17 7

smallest beam of WSRT (major

axis, dispersion, arcsec)

7.7 5.5 7.7 5.4 9.0

maximum contribution to observed
velocity dispersion from layer thickness

at 2/3 of total extent of layer (km/s)

26 3.7 5.2 6.6 9.2

velocity resolution of WSRT

(dispersion, km/s)

3.5 3.5 3.5 3.5 3.5

1As Hubble constant 75 km s�1 Mpc�1 has been used.
2Data M31 from Brinks (1984), further from Begeman (1987).

The feasibility of measuring of the random velocity dispersion and the

layer thickness depends on two criteria. First, the projection of the layer

thickness on the sky, Z0 sin(i), should not be small compared to the size of

the beam in the y-direction, B0y , otherwise the contribution to the observed

velocity dispersion from the layer thickness cannot be measured in the pres-

ence of the contribution from the beam. Second, the contribution to the

observed velocity dispersion from the layer thickness, (@vobs=@y)Z0 sin(i),
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itself must be large enough compared to the combination of the random ve-

locity dispersion, �ran, and the instrumental velocity dispersion, �inst, which

is usually of the order of 10 km/s. The contribution by the layer thickness

to the observed velocity dispersion is largest where the derivative is max-

imal, and this occurs at two lines in the plane of the sky, with equations

y = �x cos(i) (see Appendix B). These two lines form an X-shaped feature,

which can indeed be recognized in the simulated velocity dispersion �elds of

models, and in the observed HI velocity dispersion �elds of spiral galaxies

(see Chapter 3, Section 3.5, and Chapter 4, Section 4.2).

For all galaxies given in Table 2.1, measuring a layer thickness with a dis-

persion measure of 500pc seems possible with the WSRT. The most di�cult

cases appear to be NGC 2403 and NGC 7331. In NGC 2403 the problem

is that the expected contribution to the observed velocity dispersion from

the layer thickness is too small, because of the low inclination of the galaxy

in combination with the low rotation velocity of its gas. In NGC 7331 the

problem is that its large distance results in a small projection of the thick-

ness of its gas layer on the plane of the sky. In principle these problems can

be solved with high signal to noise, and high spatial and velocity resolutions.

Not all problems can be solved by improving the quality of the observa-

tions, however. If the layer is thick and its inclination is large, the volume

that is involved in the observation of an individual velocity pro�le will be too

large for the local approximations to hold. In principle this problem can be

solved by increasing the order of the approximations. The positional depen-

dence of the surface density of the gas can be approximated linearly, instead

of kept constant, and the positional dependence of the systematic line of

sight velocity of the gas can be approximated by a second degree instead of

a �rst degree polynomial. Using higher order approximations, however, will

also make the equations involved much more complicated. Moreover, since

higher order derivatives with respect to position in the sky of the observed

column density, mean velocity, and velocity dispersion �elds will be needed,

observations with an extremely high signal to noise ratio would be required.

Finally it should be mentioned that the systematic velocity of the gas

may not be independent of height above the plane of the layer as has been

assumed. Such an e�ect has been found by Swaters and Sancisi in NGC 891

(Swaters, Sancisi, van der Hulst, in preparation). Also the assumption that

the layer thickness and random velocity dispersion are constant on circular

rings may be incorrect, but no better alternative is available at present.
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Appendix A Velocity Pro�les of a Gas Layer

In this appendix equations (2.1), (2.2) and (2.3) for the observed ux

per beam, mean velocity, and velocity dispersion will be derived.

A continuum description of the gas will be applied, characterized by the

density, �(~x), the systematic velocity, ~vsys(~x), and the probability distribu-

tion of the random velocity, pran(~x;~v). At each position in space, the velocity

distribution of gas is centered on the local systematic velocity, that is, its

probability distribution, p(~x;~v), is given by:

p(~x;~v) = pran(~x;~v � ~vsys(~x)) : (2A.1)

In 6D position-velocity space the gas is described with its phase density,

f(~x;~v). This is the amount of gas per six-dimensional unit of space and

velocity. The phase density is equal to the product of the density and the

probability distribution of the velocity of the gas:

f(~x;~v) = �(~x) p(~x;~v) = �(~x) pran(~x;~v � ~vsys(~x)) : (2A.2)

The phase density is not an observable quantity. In observations one

measures its integral over velocity in the plane of the sky and position along

the line of sight, convolved with the beam and the instrumental velocity

pro�le. To obtain an expression for the observed velocity pro�les of a gas

layer, these integrations and convolutions are evaluated below.

The directions in the plane of the sky are indicated by x and y, the direc-

tion along the line of sight by z, and the corresponding velocity components

by respectively vx, vy , and vz . The beam is denoted as B(x; y), its area as


B, and its dispersion measures along the x{ and y{axes as B0x and B0y.

The instrumental velocity pro�le is denoted as pinst(vz), and its integral and

velocity dispersion as Iinst and �inst. The data values in observed velocity

pro�les are ux densities per beam. They are denoted as fobs. The velocity

pro�le then is given by:

fobs(x; y; vz) = (2A.3)Z
dvxdvydv

0

zdx
0dy0dz pinst(v

0

z)B(x
0; y0) �(�~x) pran(�~x;�~v � ~vsys(�~x))

with �~x = (x� x0; y � y0; z) and �~v = (vx; vy; vz � v0z).
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The ux per beam, Fobs, mean velocity, vobs, and velocity dispersion,

�obs are respectively the zeroth, �rst, and second central moments of the

velocity pro�le. They are given by:

Fobs(x; y) =

Z
dvz fobs(x; y; vz) (2A.4)

vobs(x; y) =
1

Fobs(x; y)

Z
dvz fobs(x; y; vz) vz (2A.5)

�2
obs

(x; y) =
1

Fobs(x; y)

Z
dvz fobs(x; y; vz) (vz � vobs(x; y))

2 (2A.6)

Substituting equation (2A.3) in equations (2A.4), (2A.5), and (2A.6), and

evaluating the integrations over vx, vy and vz yields:

Fobs(x; y) =

Z
dv0zdx

0dy0dz
h
pinst(v

0

z)B(x
0; y0) �(�~x)

i
(2A.7)

vobs(x; y) =
1

Fobs(x; y)

Z
dv0zdx

0dy0dz

h
pinst(v

0

z)B(x
0; y0) �(�~x)(v0z + vsys(�~x))

i
(2A.8)

�2obs(x; y) =
1

Fobs(x; y)

Z
dv0zdx

0dy0dz

h
pinst(v

0

z)B(x
0; y0) �(�~x)

�
�2
ran

(�~x)+(v0z+vsys(�~x)�vobs(x; y))
2
�i
(2A.9)

with �~x = (x� x0; y � y0; z). Evaluating also the integration in v0z yields:

Fobs(x; y) = Iinst

Z
dx0dy0dz

h
B(x0; y0)�(�~x)

i
(2A.10)

vobs(x; y) =
Iinst

Fobs(x; y)

Z
dx0dy0dz

h
B(x0; y0)�(�~x) vsys(�~x)

i
(2A.11)

�2obs(x; y) =
Iinst

Fobs(x; y)

Z
dx0dy0dz

h
B(x0; y0)�(�~x)(�2inst + �2ran(�~x) + (vsys(�~x)� vobs(x; y))

2)
i

(2A.12)

all with �~x = (x � x0; y � y0; z). To evaluate the integrations over x0, y0
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and z, local simplifying approximations to the positional dependence of the

density, systematic velocity, and random velocity distribution of the gas will

be made. For notational convenience, in the evaluation of the integrations,

only one velocity pro�le will considered at a time, and as the origin of the

coordinate system in x and y the position in the sky of the observation will

be used. So, in equations (2A.10), (2A.11) and (2A.12), x and y become

zero, the (x; y) dependence of Fobs, vobs and �obs can be omitted, and x0 and

y0 can be replaced by x and y.

The �rst local approximation concerns the x, y, z dependence.

1 Locally the layer is not warped.

It is assumed that locally the layer is at and consequently the intersection

of the mid-plane of the layer with the plane of the sky is a straight line.

So locally the position angle of the layer can be de�ned as the orientation

of this intersection in the plane of the sky, and the inclination as the angle

between the plane of the sky and the plane of the layer.

This is used to complete the de�nition of the x{y{z coordinate system.

The x{y plane and the z{axis have already been de�ned, as respectively the

plane of the sky and the line of sight, but the location of the origin and the

x{ and y{axes themselves have not completely been de�ned yet. The origin

is de�ned as the intersection of the line of sight with the mid-plane of the

layer, and the x{axis as the intersection of the plane of the sky with the

mid-plane of the layer, with the y{axis perpendicular to this intersection.

Locally, because the layer is at, the x{ and y{axes are straight lines.

Because the approximations concern the gas layer and not the observer,

in addition to the x{y{z frame, which is connected to the observer and the

sky, also an X{Y {Z frame that is connected to the layer is de�ned (see �g-

ure 2.1). The transformation between the two coordinate frames is given by:

8><
>:

x = X

y = Y cos(i)� Z sin(i)

z = Y sin(i) + Z cos(i)

and

8><
>:

X = x

Y = y cos(i) + z sin(i)

Z = �y sin(i) + z cos(i)

(2A.13)

with i indicating the inclination of the layer. For the calculations actu-

ally the x{y{Z coordinate system is most suitable. In this frame the z{

coordinate is given by (Z+ y sin(i))= cos(i), and the volume element dxdydz

by dxdydZ= cos(i).
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The second local approximation concerns the density distribution of the

gas layer:

2 The density of the gas depends only on height above the plane of the layer:

�(~x) = �(Z) : (2A.14)

The third local approximation is actually an assumption. It also concerns

the density distribution of the gas layer.

3 The layer is symmetrical with respect to its plane:

�(�Z) = �(+Z) : (2A.15)

By substituting (2A.14) in (2A.10), and evaluating the integrations equa-

tion (2A.16) is obtained, which is equation (2.1) in the text.

Fobs = Iinst

ZZZ
+1

�1

dxdy
dZ

cos(i)

2
4B(x; y) �(Z)

3
5

= Iinst
B

�

cos(i)
; (2A.16)

with � indicating the surface density of the gas layer, given by:

� =

Z
+1

�1

dZ �(Z) : (2A.17)

The fourth local approximation concerns the systematic velocity distri-

bution inside the gas layer.

4 The systematic line of sight velocity of the gas depends only linearly on

position:

vsys(~x) = vsys +
@vsys

@x
x+

@vsys

@y
y +

@vsys

@z
z : (2A.18)

By substituting equations (2A.14), (2A.15), and (2A.18), in equation (2A.11),

and evaluating the integrations, equation (2A.19) is obtained, which is equa-

tion (2.2) in the text.
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vobs =
Iinst

Fobs

ZZZ
+1

�1

dxdy
dZ

cos(i)2
4B(x; y) �(Z)

 
vsys �

@vsys

@x
x�

@vsys

@y
y +

@vsys

@z

Z � y sin(i)

cos(i)

!3
5

= vsys (2A.19)

The �fth local approximation concerns the random velocity dispersion of

the gas.

5 The random line of sight velocity dispersion of the gas is independent of

position:

�ran(~x) = �ran : (2A.20)

By substituting equations (2A.14), (2A.15), (2A.18), and (2A.20) into equa-

tion (2A.12), and evaluating the integrations, equation (2A.21) is obtained:

�2obs = �2inst +
Iinst

Fobs

ZZZ
+1

�1

dxdy
dZ

cos(i)2
4B(x; y) �(Z)

 
�2
ran

+

�
�
@vsys

@x
x �

@vsys

@y
y +

@vsys

@z

Z � y sin(i)

cos(i)

�2!35
= �2

inst
+ �2

ran

+

�
@vsys

@x

�2
B2

0x +

�
@vsys

@y
+
sin(i)

cos(i)

@vsys

@z

�2
B2

0y +

�
@vsys

@z

�2 Z2
0

cos2(i)
;

(2A.21)

with Z0 the dispersion of the vertical density pro�le of the layer in the Z

direction:

Z0
2 =

1

�

Z
+1

�1

dZ Z2�(Z) : (2A.22)

With the sixth local approximation, which is actually an assumption, the

three derivatives in equation (2A.21) of the systematic velocity of the gas

with respect to position in space: @vsys=@x, @vsys=@y, and @vsys=@z, can be
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expressed into the two derivatives of the observed mean line-of-sight velocity

of the gas with respect to position in the sky: @vobs=@x and @vobs=@y. The

assumption concerns the systematic velocity of the gas.

6 The systematic line of sight velocity does not depend on height above the

plane of the layer:

@vsys

@Z
= 0 : (2A.23)

First a relation will be derived between @vsys=@y and @vsys=@z, to solve the

problem that expressing three derivatives of vsys into two derivatives of vobs
is underdetermined, and next the derivatives of vsys will be expressed in the

derivatives of vobs.

A di�erence, dvsys, in the systematic velocity of the gas caused by a shift

(dx; dy; dz) in position is equal to:

dvsys =
@vsys

@x
dx+

@vsys

@y
dy +

@vsys

@z
dz : (2A.24)

If (dx; dy; dx) and (dX; dY; dZ) represent the same displacement in space

dvsys can also be written as:

dvsys =
@vsys

@X
dX +

@vsys

@Y
dY +

@vsys

@Z
dZ : (2A.25)

Consequently:

@vsys

@X
dX+

@vsys

@Y
dY +

@vsys

@Z
dZ =

@vsys

@x
dx+

@vsys

@y
dy+

@vsys

@z
dz : (2A.26)

Because the x{ and X{axes are the same, the terms with dX and dx cancel.

According to equation (2A.23) the term with dZ becomes zero. So:

@vsys

@Y
dY =

@vsys

@y
dy +

@vsys

@z
dz : (2A.27)

From equation (2A.13) it follows that dY = cos(i)dy+sin(i)dz. Substituting

this into the left hand side of equation (2A.27) yields:

cos(i)
@vsys

@Y
dy + sin(i)

@vsys

@Y
dz =

@vsys

@y
dy +

@vsys

@z
dz ; (2A.28)

which leads to:
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cos(i)
@vsys

@Y
=

@vsys

@y
, sin(i)

@vsys

@Y
=

@vsys

@z
; (2A.29)

and consequently:

@vsys

@z
= tan(i)

@vsys

@y
; (2A.30)

which is the required relation between @vsys=@y and @vsys=@z.

A di�erence, dvobs, in the observed mean velocity of the gas caused by a

shift (dx; dy) in the position of the observation in the sky can be written as:

dvobs =
@vobs

@x
dx+

@vobs

@y
dy : (2A.31)

Equation (2A.19) states that the observed mean velocity is equal to the

systematic velocity of the gas in the plane of the layer. So the change in

vobs due to a shift (dx; dy) in position in the plane of the sky is equal to the

change in vsys due to the projection of this shift on the plane of the layer.

Projected on the plane of the layer a shift (dx; dy) in position in the sky is

(dx; dy; dy tan(i)). So, with equation (2A.24), dvobs can be written as:

dvobs =
@vsys

@x
dx+

@vsys

@y
dy +

@vsys

@z
tan(i)dy : (2A.32)

Combining equations (2A.31) and (2A.32) yields:

@vobs

@x
dx+

@vobs

@y
dy =

@vsys

@x
dx+

@vsys

@y
dy +

@vsys

@z
tan(i)dy ; (2A.33)

hence:

@vobs

@x
=

@vsys

@x
,

@vobs

@y
=

@vsys

@y
+ tan(i)

@vsys

@z
: (2A.34)

By substituting equation (2A.30) into equation (2A.34), @vobs=@y can

be expressed either as a function of only @vsys=@y, or as a function of only

@vsys=@z. This yields:

@vsys

@x
=
@vobs

@x
,
@vsys

@y
=cos2(i)

@vobs

@y
,
@vsys

@z
=cos(i) sin(i)

@vobs

@y
; (2A.35)
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which is the required expression for replacing the three derivatives of vsys
with respect to position in space, by the two derivatives of vobs with respect

to position in the sky.

By substituting equation (2A.35) in equation (2A.22), equation (2A.36)

is obtained, which is equation (2.3) in the text.

�2obs = �2inst + �2ran

+

�
@vobs

@x

�2
B2

0x +

�
@vobs

@y

�2
B2

0y +

�
@vobs

@y

�2
sin2(i)Z2

0 (2A.36)

Appendix B The Column Density, Mean Velocity,

and Velocity Dispersion Fields of Tilted Ring Mod-

els

In a model of the gas layer of a spiral galaxy, with the gas on circular

rings, all with the same centre and systemic velocity, and with a constant

orientation in space, equations (2.1), (2.2), and (2.3) for the observed column

density, mean velocity, and velocity dispersion �elds can easily be evaluated.

Since in the model the entire plane of the layer is at, the x{y{z and

X{Y {Z coordinate systems (see �gure 2.1) cannot only be de�ned locally

at the position of the observation, but also globally for the entire layer, with

the origin at the common centre of the rings. The x{axis then becomes the

major axis, and the y{axis the minor axis of the image of the layer in the

sky.

By using equation (2A.13) for the transformation between the two coor-

dinate frames, the radius in the plane of the layer, R, and azimuth in the

plane of the layer, ', can be written as:

R =
p
X2 + Y 2 =

q
x2 + y2= cos2(i) ; (2B.1)

and

cos(') = X=R = x=R , sin(') = Y=R = y=(cos(i)R) : (2B.2)

The surface density of the gas, �(R), the thickness of the layer, Z0(R), the

rotation velocity of the gas, vrot(R), and the random velocity dispersion of

the gas, �ran(R), are only functions of radius in the plane of the layer.
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According to equation (2.1) the ux per beam becomes:

Fobs(x; y) = Iinst
B

�(R)

cos(i)
: (2B.3)

The systematic line of sight velocity is the systemic velocity of the entire

layer, vsystem plus the line of sight component of the rotation of the gas,

cos(')vrot(R) sin(i). According to equation (2.2), the observed mean veloc-

ity of the gas then becomes:

vobs(x; y) = vsystem+ cos(')vrot(R) sin(i) : (2B.4)

The derivatives of equation (2B.4) with respect to x and y are:

�
@vobs

@x

�
(R;')

= sin(i)

�
cos2(')

dvrot(R)

dR
+ sin2(')

vrot(R)

R

�
; (2B.5A)

�
@vobs

@y

�
(R;')

=
sin(i)

cos(i)

�
sin(2')

2

dvrot(R)

dR
�

sin(2')

2

vrot(R)

R

�
: (2B.5B)

According to equation (2.3) the observed velocity dispersion becomes:

�2obs(x; y) = �2inst + �2ran(R)

+

�
@vobs

@x

�2
(R;')

B2

0x +

�
@vobs

@y

�2
(R;')

B2

0y +

�
@vobs

@y

�2
(R;')

sin2(i)Z2

0(R): (2B.6)

The contribution to the observed line of sight velocity dispersion from

the layer thickness is equal to (@vobs=@y)Z0 sin(i). For each circular ring in

the plane of the layer, de�ned by a �xed R, the maxima of @vobs=@y lie at

the lines ' = ��=4, or Y = �X . Projected on the plane of the sky these

lines are: y = �x cos(i).
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