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Chapter 3

Dynamical models

The dynamical evolution of nucleons and produced particles in nuclear col-

lisions is not accessible to direct observations. Information on dynamical

processes is obtained from measuring particles that are emitted as the reac-

tion evolves. However, strongly interacting particles are generally rescattered

in a later stage. This limits the information that can be deduced from emit-

ted hadrons. In contrast, photons will not rescatter. Photons emitted at an

early stage of the reaction can, therefore, provide a much better view of the

evolution of a reaction. A general strategy to access the reaction-dynamics

is to use microscopic transport models to predict the evolution of the reac-

tion and compare the outcome with various observables. In order to make

use of bremsstrahlung in such studies the models need to include a realistic

description of this electromagnetic process.

Practical microscopic models for nuclear reactions try to simulate a suit-

able transport equation using a classical approach with phenomenological

additions to model quantum e�ects. The simulation of the transport equa-

tions is in most cases so complicated that one needs to apply severe ap-

proximations. The choice of approximations is governed by practical com-

putational limitations and by the speci�c application. This has resulted in

many di�erent types of transport codes. For this thesis we make use of two

models, both are based on the Boltzmann transport equation. They are the

Boltzmann-Uehling-Uhlenbeck (BUU) model and the Intra-Nuclear Cascade

(INC) model. They will be discussed in some detail. The extension of the

INC-model and BUU to include bremsstrahlung production is also discussed.

It should be noted that the results of BUU are only used to evaluate the

inclusive bremsstrahlung spectrum. The results serve to check the simpler

INC model which is subsequently used to obtain results for photon-nucleon



32 Dynamical models

correlations that can not be predicted by the BUU model.

3.1 Microscopic transport codes

We start our discussion by writing down the Boltzmann Transport Equation

(BTE) with an external potential U which is the basis of the BUU and INC

models, following the notation of Bertsch et al. [Ber88]:

(
@

@t
+ ~v � ~rr � ~rrU �~rp)f(~r1; ~p1) = Icoll (3.1)
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Here the distribution f(~r; ~p) is the time dependent single-particle distribution

function, which gives the probability of �nding a single particle at position

~r with momentum ~p. U is a potential later to be equated with the nuclear

mean-�eld. In the collision integral the two-particle distribution function

f2(~r; ~p; ~p1) which gives the probability of �nding two particles with momen-

tum ~p and ~p1 at position ~r has been approximated by:

f2(~r; ~p; ~p1) ' f(~r; ~p)f(~r; ~p1) (3.3)

where one can view f(~r; ~p1) as the distribution function of the collision part-

ner of a particle given by f(~r; ~p). In this approximation two-particle corre-

lations other than those introduced by the collisions are ignored. Similarly,

f(~r; ~p 0) and f(~r; ~p 0

1) are the distribution functions of particles that populate

(~r; ~p).

The BTE has two modes by which transport phenomena can take place:

collisions and drift, both having their own time scale. The drift term, given

by

~v � ~rr � ~rrU �~rp; (3.4)

has a long time scale and describes slow changes in f(~r; ~p) due to the prop-

agation of particles in a potential U , whereas collisions are described by the

integral (Icoll) on basis of the particle-particle interactions that occur at very

short time scales compared to the drift term.

The mean-�eld (U) is the potential generated by the cumulative inter-

action of one nucleon with all other nucleons in the system. Because the

nuclear force saturates, the mean-�eld changes little with position. The sim-

plest approximation one can take for U is the square well as is used in the
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INC model. An example of a more sophisticated mean �eld is given by the

Skyrme potential in equation 3.6 which parameterizes the mean �eld as a

function of the nuclear density. The Skyrme potential can be used if the

density distribution is well described, as in the BUU model.

The collision cross section (�) in the collision integral is based on a param-

eterization of the nucleon-nucleon interaction. The simplest approximation

is to use the free nucleon-nucleon cross section. In that case the nuclear

potential U and the cross section can not be consistent with each other.

More ambitious microscopic models, however, generate both the in-medium

nucleon-nucleon cross section and the external potential consistently from the

free nucleon-nucleon potential. These models are said to have a self-consistent

mean-�eld.

The original BTE does not take quantum statistics into account. Because

nucleons are fermions one must modify the BTE to include Pauli blocking.

Pauli blocking has been introduced by Uehling and Uhlenbeck who added

two factors (1 � f 01)(1 � f 02) and (1 � f1)(1 � f2) to the collision integral to

eliminate transitions to phase-space regions that are already occupied,

Icoll /
R
d3p2d

3p02 (f
0

1f
0

2(1� f1)(1 � f2)� f1f2(1� f 01)(1� f 02))�
jv12j d�d
Æ

(3)(~p1 + ~p2 � ~p 0

1 � ~p 0

2) (3.5)

where f(~r; ~p1) and f(~r; ~p2) are denoted by f1 and f2, respectively. There

are, in general, no analytical solutions to the equation 3.5. Instead one

approximates the solution by simulating the process implied by the equations.

One method is to represent a volume in phase space by a test particle which is

propagated classically along a path given by the mean �eld U . The collision

term requires that there should be as many test particles as nucleons in the

system considered. This procedure is followed in the INC code, and can

be referred to as the single-ensemble method. In BUU one simultaneously

evaluates many ensembles in parallel and wherever the distribution function f

or the nuclear density � needs to be evaluated, it can be obtained by averaging

over all ensembles. Typically one employs upto the order of several hundred

test particles per nucleon in the system in order to model the Pauli blocking

in equation 3.5 accurately.

An important di�erence between INC and mean-�eld models is the way

the potential U is used. In the INC model it is taken to be a square well (i.e.
~rrU = 0 everywhere except on the boundary) in which the test particles

move on straight-line trajectories which can be evaluated analytically. The

test particles remain con�ned by reection o� the potential walls whenever
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the energy is below the potential well depth. This results in a very fast

computer program. The model has, however, some distinct disadvantages:

� The Fermi distribution is taken from the in�nite Fermi gas model i.e.

a sphere in momentum space with p < pf=1.34 fm�1 corresponding to

a Fermi energy level of 38 MeV measured from the bottom of the well.

� The particle density f(~r; ~p) uctuates rapidly which makes the Pauli

blocking as described above unprecise.

BUU takes a more realistic potential (~rrU 6= 0). This means that one can

not calculate the drift of the test particles analytically any more, and one

must integrate the equations of motion numerically. This results in much

slower computer programs. An example already mentioned before is the

Skyrme parameterization of the mean �eld:

U(~r; �(~r)) = A � �(~r) + B � �(~r)�; (3.6)

where

�(~r) =

Z
f(~r; ~p)d3~p (3.7)

is the nuclear density. A, B and � are model parameters. In order to achieve a

well de�ned value of �, BUU-codes use many test particles, i.e. many parallel

ensembles. This procedure results in much smoother density distributions

than those obtained with INC. The more smooth behavior and thus more

accurate determination of the density in BUU-codes also makes the Pauli-

blocking scheme more reliable. Therefore BUU codes perform much better

in those cases where the density is an important factor, e.g. the inuences

on mean �eld and Pauli blocking. The price to pay for this method is not

only the increase in calculation time, but more importantly is the loss of

particle-particle correlations due to the averaging over the test particles.

3.2 Bremsstrahlung production in BUU

In present BUU codes, proton-neutron bremsstrahlung production has been

included in a perturbative manner [Bir87]. This means that the production

of photons does not a�ect f(~r; ~p), i.e. energy and momentum are not con-

served. This is a reasonable approximation because �pn=�pn is very small

( 5x10�4). Therefore photon production does not inuence the global behav-

ior of nuclear reactions.
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The bremsstrahlung cross section for a reaction is obtained in the fol-

lowing way: For each collision of a proton test-particle with a neutron test-

particle one can calculate a photon distribution d2N/dE d
 (i.e. the

chance of producing a photon with a certain energy and direction) using a

parameterization of the pn cross section. The distributions, calculated for

each pn-collision, are summed to obtain the bremsstrahlung distribution for

the p+nucleus (or nucleus-nucleus) reaction for a certain impact parameter

b. The total bremsstrahlung cross section is given by [Bir87],

d2�

dEd


=

Z
d2b

d2N(b)

dEd


: (3.8)

A disadvantage of this method is the fact that one does not retain the cor-

relations between nucleons and photons. If one wants to keep the corre-

lation between nucleons and photons one needs to produce photons non-

perturbatively, i.e. one must obey momentum and energy conservation laws

when producing a photon. This is only possible if one produces just one pho-

ton in a proton-neutron collision. Thus one needs to simulate a large amount

(105-106) of reactions to gather enough photon statistics to make distribu-

tions. It makes the implementation of non-perturbative bremsstrahlung pro-

duction in BUU very unpractical. A more fundamental problem is that the

average potential and blocking factors would be determined from the distri-

butions where no photon has been produced. In section 3.4 the BUU model

will be compared with the results of the INC model which is described in the

next section.

3.3 Bremsstrahlung production in INC

Perturbative photon production can be included in the INC model in the

same way as described for the BUU model. Because the INC model does not

average the single-particle distribution function f(~r; ~p) over many ensembles,

the INC is a very fast code compared to BUU. This allows one to implement

non-perturbative photon production in this model. The details of the imple-

mentation will be discussed after a brief introduction to some of the basic

ideas of the INC model.

3.3.1 INC model

As discussed above, the INC model is a microscopic transport model that

simulates nuclear reactions to obtain an approximate solution to the Boltz-

mann Transport Equation (BTE). The practical implementation is shown in
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Figure 3.1: Flow diagram of the Intra-Nuclear Cascade model. The step

numbers 1,2,3,4,5 are used as references in the text.

the diagram in �gure 3.1. The �rst step (step 1) is the initialization of the

target nucleus and the projectile (in this case the incoming proton). The

target is initialized by choosing the position of each nucleon at random in a

sphere of radius 1.2A
1=3

target fm. Similarly, the momentum of each nucleon is

chosen uniformly distributed in a sphere with radius pf (1.34 fm�1) and pf
is de�ned by the depth of the potential well and the separation energy, which

are taken as 46 MeV and 8 MeV, respectively. The maximum energy of a
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nucleon in the nucleus is then the Fermi-energy of 38 MeV. The projectile

proton has a �xed energy and direction (that of the beam) but the impact

parameter is chosen randomly over the surface of the target nucleus. As the

projectile enters the potential well it acquires extra energy equal to the depth

of the potential (i.e. 46 MeV). After the initialization a list of collisions is cal-

culated (step 2) and ordered sequentially in time. Here collisions are de�ned

as those instances when a nucleon hits the potential wall of the nucleus, or

when the distance of closest approach of two nucleons is smaller than
p
�NN .

Where �NN is the total nucleon-nucleon cross section which has been taken

from a parameterization by Cugnon et al. [Cug87]. There are two additional

conditions before two nucleons are permitted to collide: First their center-

of-mass energy must be larger than 20 MeV and second, at least one of the

nucleons must be part of the cascade, which is de�ned in �gure 3.2. The lat-

ter condition prohibits the collision between `spectator' nucleons that do not

take part in the reaction. This has the additional advantage that the nucleus

can not evaporate nucleons that were not involved in the cascade. The �rst

condition prevents the evaluation of nucleon-nucleon collisions which will be

Pauli-blocked anyway and thus only serves to speed up the code. If there is

a collision before the end of the simulation (which is taken to occur at tmax
= 50 fm/c after the incoming proton has entered the target) the nucleons

are transported until the next collision can occur (step 3). The calculation

of the new coordinates of each nucleon can be performed analytically as the

particles move on straight-line trajectories. If the collision involves a nucleon

with the potential wall (step 4a) the nucleon can escape if its energy is larger

than the depth of the potential. If the energy is less, the nucleon is reected

back into the nucleus. In case of protons, however, the Coulomb barrier is

taken into account and the chance of tunneling through the barrier is evalu-

ated. If the chance of tunneling through the barrier is not met, the proton

is reected back. In case of a collision (step 4b) between two nucleons the

nucleons are scattered by choosing the scattering angle and energy of one

nucleon at random from a parameterization of the elastic �NN cross section

[Cug87]. After the scattering it is checked if one of the two nucleons would be

Pauli-blocked (step 5). One implementation of Pauli blocking just calculates

the occupation density in the phase space around each nucleon (taking into

account that protons and neutrons are not identical) and then calculates the

chance whether or not the collision is blocked. This way of implementing

Pauli-blocking is ine�ective and can lead to unphysical results in particular

when calculating the bremsstrahlung cross section. The implementation of

Pauli blocking in this work requires that both nucleons scatter to energies
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step 1 Step 2 Step 3.....

Incoming proton

Figure 3.2: Graphical representation of a cascade. Each vertex represents a

NN-collision. The �rst collision is that of the incoming proton with a target

nucleon, after which both nucleons can collide with other nucleons, etc. All

nucleons in the �gure are connected to the incoming proton and are said to

be part of the cascade.
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above the Fermi-energy (38 MeV). The reasoning behind this implementation

is that the states below the Fermi-energy are completely �lled at the begin-

ning of the reaction (i.e. the nucleus has zero temperature). This means

that the nucleons cannot scatter to these states. This argument holds for the

initial stages of the reaction but breakes down as more holes are created in

the Fermi sea. Returning to the discussion of �gure 3.3 (step 5): If the colli-

sion was Pauli-blocked the original 4-momenta of the two colliding nucleons

are restored. After this the list of collisions is updated and the simulation

continues in step 2. The program cycles through the ow diagram until there

are no collisions or until the end of the simulation at 50 fm/c.

3.3.2 Non-perturbative bremsstrahlung in INC

The implementation of non-perturbative bremsstrahlung production in INC

only requires to modify step 4b of the ow diagram 3.1. The �rst decision

concerns the photon production probability in the nucleon-nucleon collision,

step 4b of �gure 3.3. If two protons or two neutrons collide this probability

is taken to be 0. This approximation was justi�ed in section 2.1. In the case

of a proton-neutron collision, however, the chance P
pn
 of creating a photon

in the proton-neutron collision is calculated from:

P pn

 (Ecm) = F �
�totpn

�totpn

; (3.9)

where Ecm is the energy in the NN center-of-mass system. Because of the

1/E behavior of the bremsstrahlung energy distribution a low-energy cut-

o� must be introduced in order to have a �nite photon cross-section. This

cut-o� is chosen at 10 MeV (in the NN center of mass system), which is just

below the experimental obervation limit in this work. The factor F is used

to arti�cially increase the bremsstrahlung cross section in order to obtain

higher photon statistics with the same number of events. This factor should

be taken small enough such that P
pn
 is still much smaller than 1. The value

of F is chosen such that about 10% of the simulated reactions produce a

photon and is in the range of 30-100. Accordingly, the weight W of the

photons has to contain a factor 1/F to obtain the correct normalization (see

equation 3.10).

In this implementation a parameterization of the proton-neutron brems-

strahlung cross section is used which is obtained from a SPA calculation of

the pn cross section which has been discussed in section 2.1.3. The proton-

neutron cross section has been taken from the INC model. The resulting
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Step 4a

Determine if nucleon
escapes.
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Create a photon in this
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Sample the phase space distribution Do original calculation
of new momenta
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Step 4e

collision ? (eq. 3.9)

Calculate the weight (eq. 3.10)

of the proton, neutron and photon

Figure 3.3: Modi�cation of step 4b in 3.1 to allow non-perturbative photon

production.
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P
pn
 is then only a function of the center-of-mass energy of the proton and

neutron. In order to speed up the INC code, P
pn
 has been parametrized

using a Taylor expansion in terms of Ecm.

If a photon is produced, the proton-neutron-photon phase-space distribu-

tion is sampled uniformly generating three 4-momenta (step 4d in �gure 3.3.

This is achieved using the n-body phase-space sampling routine GENBOD

[CER93]. With these three 4-momenta (and the two 4-momenta from the in-

coming proton and neutron) one can calculate the weight W of the photon

event,

W =
jM(p1; p2; p

0

1; p
0

2; k)j2 � dP
�tot(Ecm)pn � F

: (3.10)

M(p1,p2,p
0

1,p
0

2,k) is the bremsstrahlung matrix element obtained from the

SPA calculation of Korchin et al. [Kor96], p1, p2, p
0

1 and p02 are the initial

and �nal 4-momenta of the nucleons, k is the 4-momentum of the photon

and dP is the size of the volume element of the phase-space. The weight

factor W is stored for each photon and is later used to generate the photon

distributions. In this implementation the number of photons per event has

been limited to one. The total photon cross section, which also is used to

calculate P
pn
 , is obtained from a Monte Carlo integration of

�tot(Ecm)pn =

Z
P

jM(p1; p2; p
0

1; p
0

2; k)j
2dP; (3.11)

where the integration over P denotes an integration over the whole phase-

space (c.f. section 2.1.3).

Each generated photon (one per event) contributes to the photon proba-

bility distribution with a dimensionless weight W de�ned in equation 3.10.

The photon distribution, dN=dE, that one obtains after simulating N events

(where N is typically of the order of 106) has to be normalized in order to ob-

tain the di�erential cross section. This is achieved by scaling the distributions

with the geometrical cross section �reaction:

d� = dN �
�reaction

N
: (3.12)

This procedure provides the photon spectra that can be compared directly

to experimental spectra.

The implementation in the original INC code of non-perturbative photon

production as described above, has a characteristic de�ciency. It creates an

excess of photons, in particular, beyond the kinematical limit. This problem

is caused by the original Pauli blocking scheme which permits nucleons to
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Figure 3.4: The e�ect of two di�erent Pauli blocking schemes. The original

blocking scheme (solid line) and the `Fermi-sphere' blocking scheme (dashed

line). The calculations have been performed for the p+C reaction at 190

MeV.

scatter to states with an energy below the Fermi level. This is a result of the

rapid nuclear density uctuations in the single-ensemble method. The per-

formance of the Pauli-blocking scheme is improved by demanding that both

nucleons in a nucleon-nucleon collision must scatter to a state with an energy

above the Fermi-energy (the Fermi-sphere blocking) as described earlier. A

photon spectrum generated by applying our Pauli-blocking ('Fermi-sphere'

blocking) scheme is compared with the original scheme in �gure 3.4. This

shows that the new Pauli-blocking scheme performs better since by construc-

tion, it does not allow to create photons with an energy higher than the beam

energy. That the whole spectrum seems to be reduced is due to the fact that

collisions where one of the nucleons ends up inside the Fermi sphere are also

blocked, i.e. there are fewer pn-collisions in which a photon can be produced

in the modi�ed scheme.
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3.4 Comparison of the BUU and INC result

The implementation of photon production in INC described in the previous

section has been used to calculate bremsstrahlung spectra. These spectra will

be compared with the data from this work in chapter 7. Notice, however,

that the INC and BUU models perform an incoherent addition of the photon

production amplitudes, and will therefore not show any quenching e�ects.

To get an idea about the performance of the calculations with respect to

BUU calculations, the double-di�erential cross section d2�/dEd
 at � =

90Æ from a simulation of the p+Tb reaction at 168 MeV is shown in �gure 3.5

in which also the BUU result is given. It shows that the BUU and the INC

codes give essentially the same result for the low-energy part of the inclusive

photon spectra. But at high photon energies there is a small deviation which

can be attributed to the di�erences in INC and BUU, mostly the treatment

of the Fermi distribution. From this it can be concluded that the procedures

followed in the INC-code are correct, and that for the inclusive photon spectra

the INC and BUU results are equivalent. The angular distributions with

E > 40 MeV predicted by INC and BUU are compared in �gure 3.6 for

p+12C at 190 MeV. Also here the agreement is satisfactory.
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Figure 3.5: Comparison of calculations of the double-di�erential brems-

strahlung spectrum at � = 90Æ for p+Tb at 168 MeV using INC (solid line)

and BUU (dashed line).
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