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Chapter 4

Matrix theory

This chapter introduces Matrix theory as the candidate non–perturbative descrip-
tion of (eleven–dimensional) M–theory. After a discussion of the basic set up and
the microscopic Matrix theory degrees of freedom, we will show how extended
BPS objects can be constructed in Matrix theory. Using these extended BPS ob-
jects as our basic building blocks we will construct intersecting or overlapping
BPS states which generically break more supersymmetries. A basic requirement
for any theory claiming to describe M–theory would be that it can reproduce all
BPS states appearing in the eleven–dimensional supersymmetry algebra. As a
check of Matrix Theory we will therefore show how to identify Matrix theory
BPS states with BPS states appearing in the eleven–dimensional supersymmetry
algebra. This chapter reports on work published in [55]. The Matrix theory sub-
ject started with the paper by Banks, Fischler, Schenker and Susskind [50] and we
also refer to the following review papers [56, 57, 58, 59].

4.1 The Matrix model conjecture

In the previous chapter we introduced M–theory as the eleven–dimensional non–
perturbative theory underlying all consistent superstring theories. The low energy
limit of this theory should give eleven–dimensional supergravity and upon com-
pactification on a small circle M–theory should give the IIA superstring. Together
with the eleven–dimensional supersymmetry algebra and its BPS spectrum, basi-
cally this is all we know of M–theory. At this point there are two ways to proceed
in trying to define a microscopic description of M–theory (in a suitable limit). In
the end both attempts turn out to be connected and will lead to the same M–theory
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Chapter 4. Matrix theory

description, the Matrix model.
The first approach is to use the fact that M–theory contains supermembranes

[48], which can be shown to be related to the IIA superstring by a reduction over
the compact circle of the 3–dimensional supermembrane worldvolume theory. We
obtained the fundamental degrees of freedom of Type IIA theory by quantizing
the IIA superstring worldvolume theory. The relation between supermembranes,
M–theory and IIA superstrings suggests that we should try to quantize the super-
membrane to obtain the fundamental degrees of freedom of M–theory.

Quantization of the supermembrane is however problematic. In one exam-
ple of a supermembrane with the spatial topology of a sphere S2 in a light–cone
frame, a regularisation can be made based on the SU(2) rotational symmetry of
the S2. The SU(2) algebra can be used to associate coordinate functions on S2

with matrices generating the SU(2) algebra in the N–dimensional representation.
This means integrals are replaced by traces and it can be verified that in the large
N limit the matrix regularisation reproduces the continuum quantities. The matrix
regularized Hamiltonian can be considered as a classical supersymmetric particle
theory (all spatial integrals are replaced by traces over N�N matrices) with a fi-
nite number of degrees of freedom and the quantization of such a system is rather
straightforward (solving the quantum theory is another issue). For the details of
this construction we refer to [49]. This Hamiltonian turns out to be equivalent to
the Hamiltonian describing N Type IIA D0–branes in a light–cone frame. This
in fact is the other approach towards a description of M–theory, to which we will
now turn our attention.

4.1.1 D0–branes and DLCQ M–theory

In section 2.2.5 we already hinted at a possible formulation of the microscopic
M–theory degrees of freedom in terms of D0–branes. This was based on the fact
that these are the states that become light at strong Type IIA coupling. Let us
pursue this idea in a more precise manner. This discussion will mainly be based
on [60, 61, 62] and the review paper [58].

Let us consider M–theory in a light–cone frame by choosing coordinates x�
and x+ defined as

x� =
1p
2
(x11� t) ; x+ =

1p
2
(x11

+ t) : (4.1)

We choose the light–cone coordinate x+ to play the role of time and consider the
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4.1. The Matrix model conjecture

coordinate x� to be compactified on a circle of radius R. So we identify

x� � x�+R (4.2)

This compactification restricts the momentum P+ to be quantized in units of N=R.
Quantization of a theory in this special frame is called Discrete Light–Cone Quan-
tization (DLCQ) and has some special features. Important for our purposes will be
that the allowed values for the momentum P+ will be strictly positive and that the
theory, for any N, will have Galilean invariance1 in the other transversal directions
Xi .

Consider on the other hand M–theory compactified on a spatial circle Rs,

x110 � x110
+Rs: (4.3)

This system can be related to the compactified light–cone coordinate x� by per-
forming a Lorentz boost

�
t 0

x110

�
=

0
@ 1p

1�β2

βp
1�β2

βp
1�β2

1p
1�β2

1
A� t

x11

�
; (4.4)

with

β =
1q

1+ 2R2
s

R2

(4.5)

and x and t are identified as follows�
�t
x11

�
�

 
�t + Rp

2

x11
+

q
R2

2 +R2
s

!
: (4.6)

In the limit Rs! 0, using the definition of the light–cone coordinates (4.1), we
obtain x+ and x�, with x� compactified on a circle of radius R. The conclusion is
that we can interpret DLCQ M–theory with light–like radius R as a limit Rs! 0
of Lorentz boosted M–theory compactified on a spacelike circle with radius Rs.

By definition we know that M–theory compactified on a spacelike circle is
Type IIA superstring theory. That theory has two parameters which are of im-
portance in this discussion, the string length ls�

p
α 0 and the string coupling gs.

Using (3.25) we can relate these quantities to l11 � l (11)
p and the radius Rs

gs =

�
Rs

l11

�3=2

; l2
s =

l3
11

Rs
: (4.7)

1These properties are general features of DLCQ theories. More details can be found in [60, 63].
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Chapter 4. Matrix theory

Clearly the limit Rs! 0 means that gs! 0, so higher genus corrections vanish
in this limit. The string length tends to ls ! ∞, which is a limit of vanishing
string tension and at first sight does not allow us to use a low energy effective
description. However, let us consider the energy of the states we are interested in
when taking the limit Rs! 0. Let us say we want to describe the behavior of a
state with light–cone energy P� and compact light–cone momentum P+ = N=R.
The momentum in the spacelike compactified theory is going to be P0

= N=Rs,
which means the total energy in the spacelike compactification is

E0
=

N
Rs

+∆E : (4.8)

The energy ∆E and P� can be related by performing the boost (4.4) and we find
(in the limit of small Rs)

∆E �
Rs

R
P� : (4.9)

This means that if we want to study states with finite light–cone energy P�, we
have to study states with vanishing ∆E in spacelike compactified M–theory in
the limit Rs! 0. In fact when we compute the ratio of ∆E and the string scale
ms� 1=ls we find

∆E ls =
P�
R

Rsls =
P�
R

q
Rsl3

11 : (4.10)

This ratio vanishes in the limit Rs! 0 and therefore the energy scales of interest
in the spacelike compactified M–theory are much smaller than the string mass
scale ms. In fact this equation is the square root of condition (3.21), telling us
that we can safely use a low energy effective description. To make this more
transparent it is useful to perform a change of units in the spacelike compactified
theory, introducing a new Planck length l̃11 defined by

∆E l̃11 = P�
Rsl2

11

Rl̃11

: (4.11)

This is just (4.9) but with the units, which we now assume to be different for the
DLCQ and spacelike compactified M–theory, explicitly inserted. All quantities of
the DLCQ M–theory are measured with respect to the “old” l11 and all quantities
of the spacelike compactified M–theory are measured with respect to the new l̃11.
We define the new Planck length l̃11 in such a way that ∆E is independent of Rs

and equal to P�. Looking at (4.11) this means

Rs

l̃2
11

=
R
l2
11

: (4.12)
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4.1. The Matrix model conjecture

In the limit Rs! 0 we also take l̃11 ! 0 to keep the ratio in (4.12) fixed. All the
transverse coordinates scales as x̃i

=l̃11 = xi
=l11. The new Planck length also gives

a new string coupling g̃s and string length l̃s and we now find in the limit

g̃s =

�
Rs

l̃11

�3=2

! 0 ; l̃2
s =

l̃3
11

Rs
! 0 : (4.13)

Using the new unit we succeeded in keeping the energies of interest fixed and the
string theory parameters both tend to zero in the limit, enabling us to use a low
energy effective description. The surprising thing is that this low energy effective
theory can be used to describe DLCQ M–theory with finite parameters l11 and R.

The low energy effective theory was conjectured to be the one describing the
dynamics of N D0–branes in the limit of the boosted spacelike circle. All other
dynamics of the closed Type IIA superstring theory can be neglected for the fol-
lowing reason. The dynamics of the D0–branes is governed by the Yang–Mills
coupling constant g2

YM, which is related to the string theory parameters in the fol-
lowing way

g2
YM = cpg̃sl̃�3

s ; (4.14)

where cp is a fixed constant. We refer to chapter 5 on how to deduce this re-
lation. Using the expressions for l̃s and g̃s in (4.13) it is not very hard to show
that the Yang–Mills coupling constant is fixed in the limit (4.13), giving rise to
finite D0–brane dynamics. The other dynamics in Type IIA superstring theory is
governed by the gravitational constant (3.29), which in the limit (4.13) becomes
κ10 ∝ l̃4

s g̃s! 0 and therefore can be neglected. Such decoupling limits will be
discussed in more detail in the next chapter.

The Matrix theory conjecture then is that DLCQ M–theory defined by the finite
parameters N,R and l11 can be described by the low energy dynamics of N D0–
branes with finite coupling parameter gYM. Uncompactified M–theory can be
obtained by taking N and R to infinity keeping P+ = N=R fixed in DLCQ M–
theory (it has to be accompanied by taking N to infinity as well because on a
light–like circle the value of R can be changed by a boost). This clearly means
that P0

=N=Rs goes to infinity even before taking the limit Rs! 0, which is called
the Infinite Momentum Frame (IMF). Initially this was the conjecture put forward
by Banks, Fischler, Schenker and Susskind relating M–theory in the IMF to the
quantum mechanical system describing the dynamics of N! ∞ D0–branes [50].

The quantum mechanical model describing N D0–branes can be obtained by
reducing the D = 10 Super Yang–Mills multiplet to D = 0 + 1 dimensions, as
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Chapter 4. Matrix theory

explained in section 2.3.2 . The limit Rs! 0 ensures that we only need to con-
sider the non–relativistic theory of N D0–branes (relativistic corrections are of
order O(Rs=R) and therefore vanish in the limit Rs ! 0). The supersymmetric
Lagrangian is (using static gauge)

LIIA =
1

2 g̃s l̃s
Tr

�
ẊaẊa

+
1

2 l̃4
s

h
Xa

;Xb
i2

+
1

l̃2
s

θT
�

iθ̇�
1

l̃2
s

Γa [X
a
;θ]
��

: (4.15)

In this Lagrangian the Xa are N�N Hermitian matrices with a running over the
9 spatial dimensions, the Hermitian N�N matrix θ is a 16–component Majorana
spinor of SO(9) and Γa are spatial Dirac matrices satisfying

fΓa;Γbg= 2δab: (4.16)

The dot represents a worldline time derivative and we have fixed the gauge to
A0 = 0. The matrices X have dimensions [l ] and the spinors have dimensions [l ]3=2.
In order for the particle action S=

R
dτL to be dimensionless the worldtime

coordinate τ has dimension [l ]. Before the BFSS conjecture the Lagrangian (4.15)
was used to study N slowly moving D0–branes in Type IIA string theory [64, 65,
66].

We can replace all string theory parameters l̃s and g̃s by DLCQ M–theory
parameters R and l11, using (4.13) and (4.12). We also rescale the fields X and θ
with l̃11=l11 according to the appropriate length dimension. We will be left with a
quantum mechanics model with only finite M–theory parameters

LM =
1
2Tr

�
1
R

ẊaẊa
+

R
2 l6

11

h
Xa

;Xb
i2

+
1

l3
11

θT
�

iθ̇�
R
l3
11

Γa [X
a
;θ]
��

: (4.17)

It is also useful to construct the quantum mechanics Hamiltonian which is given
by

HM = RTr

�
1
2P2�

1
4 l6

11

h
Xa

;Xb
i2

+
1

2l6
11

θTΓa [X
a
;θ]
�
; (4.18)

where we extracted an overall factor R and introduced the (standard) canonical
momentum matrix

Pa�
dL

∂ Ẋa
=

Ẋa

R
: (4.19)

The Matrix model is invariant under the following supersymmetry transformations

δXa
= �2 ε̄ Γaθ ;

δθ =
1
2

n
ẊaΓa+

i
2l2

11

[Xa
;Xb

]Γab

o
ε + ε̃ ; (4.20)
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4.1. The Matrix model conjecture

where ε and ε̃ are two independent 16–dimensional supersymmetry parameters
(SO(9) spinors). As mentioned in 2.3.2 this model preserves 16 supersymmetries,
which agrees with the number of preserved supersymmetries on the DLCQ M–
theory side, where half of the initial supersymmetries are broken by the light–
cone frame. The supersymmetry algebra can also be constructed and is given in
[49, 67].

The most important feature of this quantum mechanics model is that its fields
are N�N matrices which are invariant under U(N) transformations. It is known
as the Matrix model of M–theory. Looking at the potential in this model (4.17)
we notice that there exist flat directions when the matrices X commute, which
means the matrices only have diagonal entries. In that case the X can be given
the usual interpretation of denoting the classical position of every D0 particle and
there are no interactions. When two or more D0 particles approach each other,
open strings will stretch between them giving rise to interactions. In the quantum
mechanics model these interactions are represented by the quantum fluctuations
of off-diagonal entries in the matrices X. These are suppressed by the potential,
but when the D0 particles come very close together these fluctuations can become
very large. In that case the matrix X can no longer be interpreted as representing
the “classical geometric” position and we are in a non–commutative geometry
regime.

Although the basic constituents of this model are the N D0 particles, we could
consider block diagonal matrices. Every block has Nn�Nn entries and ∑Nn = N.
If the classical distance represented by the difference between the averages of the
Nn diagonal elements in every block is large, these blocks will move indepen-
dently of each other and in fact represent different (asymptotic) states. In this
precise sense the model can be interpreted as a second quantized theory (remem-
ber that perturbative string theory only described the dynamics of a single string).
It is conjectured that these block diagonal matrices represent supergravitons, each
carrying an integer Nn times the minimal light–cone momentum 1=R. That also
means that for every N there exists a threshold BPS bound state in the theory, in
order to match the number of excitations of such a state with that of a supergravi-
ton. The existence of such a state was proven for N = 2 in [68], and more general
evidence (including different gauge groups) for the existence of those states was
presented in [69]. The scattering of 2 and 3 D0 particles indeed reproduces D= 11
supergraviton results, giving evidence for the conjecture [70, 71, 72, 73].

If the Matrix model describes DLCQ M–theory, the Matrix model on a com-
pact space C should describe DLCQ M–theory on the same compact space C.
Compactifying Matrix theory is not as straightforward as in ordinary field theory,
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Chapter 4. Matrix theory

because of the open string degrees of freedom which should be treated carefully
on compact spaces [74]. In fact we already saw how to deal with toroidal com-
pactifications of such open string models when we considered D–brane T–duality.
Compactifying one of the transverse directions of a Dp–brane on a circle of ra-
dius Rc was equivalent to wrapping one leg of a D(p+ 1)–brane on a T–dual
circle of radius 1=Rc. In the limit Rc! 0 we are left with the (unwrapped) theory
of the D(p+1)–brane. Using this we conclude that the theory describing DLCQ
M–theory on a circle Rc, which by definition is DLCQ IIA superstring theory, is
the 2–dimensional U(N) Yang–Mills worldvolume theory of N D1–branes [75].
When we consider higher–dimensional tori Tp we will obtain higher dimensional
U(N) Yang–Mills theories describing DLCQ M–theory on Tp

2. Strangely enough
DLCQ M–theory on higher–dimensional tori (thus being a lower–dimensionalef-
fective theory) acquires more degrees of freedom (the dimension of the corre-
sponding Matrix theory increases).

4.2 BPS objects in Matrix theory

The Matrix model Lagrangian (4.17) is the same as the matrix regularized super-
membrane model. This can be considered additional evidence for the correctness
of the Matrix model. This connection also clarified the initial problems people
had in interpreting the supermembrane spectrum, which could be shown to be
continuous. The absence of a discrete spectrum was considered a serious draw-
back because the hope was that states in the supermembrane spectrum could be
put in a one–to–one correspondence with elementary particle states (like in super-
string theory), which clearly is impossible if the spectrum is continuous. We now
understand that the supermembrane theory, or the Matrix model, should be under-
stood as a second–quantized theory, describing multiple particle states explaining
the appearance of a continuous spectrum. The connection with the regularized
supermembrane model also suggests that a stable supermembrane should be con-
sidered a condensate of N ! ∞ D0–branes [47]. The same idea can be used to
construct higher–dimensional solitons as we will see.

2For p> 3 we are in trouble because the corresponding field theories are non–renormalizable,
meaning that new degrees of freedom appear at some scale. This means that the theories describing
DLCQ M–theory on Tp for p> 3 can not be described by the U(N) Yang–Mills field theory at all
scales and new ingredients are needed [61, 62].
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4.2. BPS objects in Matrix theory

4.2.1 Basic Matrix theory extended objects

Extended objects in Matrix theory have to be condensates of D0–branes. These
objects, like the M2–brane and the M5–brane, can only be stable when they are
infinitely extended3. This means that we can only construct stable BPS extended
objects in Matrix theory in the N!∞ limit. This is also clear from the connection
with the supermembrane model, only in the limit N! ∞ can we replace the ma-
trices by smooth functions on a membrane surface of a particular topology. In fact
every spatial topology has its own matrix regularisation, basically governed by the
Poisson bracket of smooth functions which we replace by a matrix commutation
relation [49].

How it is possible to construct membranes out of D0–branes can be most easily
seen in the context of Type IIA superstring theory. In Type IIA theory this would
correspond to the construction of a IIA D2–brane out of the degrees of freedom
describing a system of N D0–branes. An important observation is that D0–branes
can be identified with the magnetic flux of the gauge field living on a set of N
D2–branes [76]. Consider N D2–branes wrapped on a 2–torus T2 with k units of
magnetic flux on its worldvolume

Z
T2

F = 2πk; (4.21)

which can be identified with k D0–branes living on the worldvolume of N D2–
branes. Performing a T–duality transformation in both directions of the torus T2

will give us a (worldvolume) theory of N D0–branes. The magnetic flux condi-
tion on the worldvolume of the D2–brane (4.21) is translated into a commutator
condition on the D0–brane matrices in the dual torus T̃2 directions

Tr[X1
;X2

] =
iAk
2π

: (4.22)

In this expression A denotes the two–dimensional area of the T–dual torus. Of
course the trace of a commutator of matrices can only be non–zero when the
matrices are infinite and because of the compactness of the torus and the details
of open string T–duality they are indeed infinite [74]. The parameter k should
now be interpreted as the number of D2–brane charges. This again follows from
T–duality, the k D0–brane charges on the worldvolume of N D2–branes under T–
duality are transformed into k D2–brane charges. This shows that it is possible to
create membrane charges in a theory of just D0–particles.

3Or they have to be wrapped onto a compact surface, in which case we should consider a
compactification of the Matrix model (4.17).
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So in the context of Matrix theory we should identify non–trivial commutators
of (N!∞) matrices with membrane charges in DLCQ M-theory. There are some
differences with the Type IIA situation described above. We would like to describe
infinitely extended membranes, so the membrane is not wrapping any compact
directions. The only way in which we can then make the matrices X infinite is by
taking N ! ∞. These subtleties aside, a single infinitely extended Matrix theory
M2–brane with one unit of charge density should correspond to the following
commutator

Tr [Xa
;Xb

] = iA2 ; (4.23)

where A2 is the surface area of the Matrix M2–brane, which should be infinite in
the limit N! ∞. We will assume the area of a single M2–brane to scale linearly
with the number N of D0–particles

A2 = Nε2 ; (4.24)

which defines a minimal area ε2. The commutator defines one unit of total mem-
brane (central) charge Zab with the standard dimensions of mass through

Zab
=�

1
l3
11

i Tr [Xa
;Xb

] : (4.25)

The unit charge density qM2 with the appropriate dimensions obviously is

qM2 =
1

l3
11

: (4.26)

Although the equation (4.23) can only be satisfied when N! ∞, a useful formal
solution exists by taking matrices X satisfying

[Xa
;Xb

]i j = i ε2 δi j ; (4.27)

where we inserted the matrix indices and used the minimal area defined through
(4.24). After taking the trace we will obtain a factor of N which nicely represents
the scaling of the total area of the single M2–brane.

Higher dimensional (infinitely extended) branes can be constructed by consid-
ering tensor products of the basic non–trivial commutator. In this sense higher
dimensional objects like M5–branes, Kaluza–Klein monopoles and hypothetical
M9–branes are build out of all the lower dimensional brane charges, which ulti-
mately can be related to the D0 particles. Every basic M2 commutator is accom-
panied by a scale factor 1=l3

11, which means that to relate the tensor products to
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4.2. BPS objects in Matrix theory

total charges (which have dimension of mass) we need to multiply with another
length scale which has to be the radius Rof the DLCQ M–theory. This enables us
to define the following higher–dimensional unit charges in Matrix theory

Za1���a4
M5

�
A5

l6
11

=
�R
l6
11

TrX[a1Xa2Xa3Xa4] ;

Za1���a6
KK

�
A6

l7
11

=
iR2

l9
11

TrX[a1Xa2 � � �Xa6] ;

Za1���a8
M9

�
A7

l10
11

=
R3

l12
11

TrX[a1Xa2 � � �Xa8] : (4.28)

It is not entirely obvious how these charges can be related to the higher–dimen-
sional branes in M–theory. This is basically because the number of indices only
refer to the “transverse” dimensions (from the light–cone perspective). We can
however make the following identifications. The ZM5 is identified with the charge
of an M5–brane wrapped around the compactified light–cone dimension of DLCQ
M–theory. This also explains the appearance of the factor of R in the definition of
ZM5, the total charge (and tension) of this wrapped M5–brane has to be propor-
tional to the radius R of the wrapped light–cone dimension. The ZKK is identified
with a Kaluza–Klein monopole with its special Taub–Nut direction in the com-
pact light–cone direction. The Kaluza–Klein charge and tension have indeed been
found to scale with the squared radius of the Taub–Nut direction [43, 44], which
explains the factor of R2. The ZM9 will be identified with the M9–brane wrapped
around the compact light–cone direction. Although the M9–brane is not under-
stood very well, it is known that the tension and charge of such an object scale
with R3 [20, 77], in agreement with the definition of ZM9 in (4.28).

Matrix configurations giving rise to these higher–dimensional charges can be
constructed by considering tensor products of (4.27). For example, to construct a
non–vanishing wrapped M5–brane charge extended in the directions X1

: : :X4 we
can take

[X1
;X2

]i j = i ε2 δi j ;

[X3
;X4

]i j = i ε2 δi j : (4.29)

Besides M5–brane charge this configuration will carry M2–brane charges in the
directions X1

;X2 and X3
;X4 as well. The different charges in this configuration

are

Z12
=

Nε2

l3
11
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Chapter 4. Matrix theory

Z34
=

Nε2

l3
11

(4.30)

Z1234
M5 =

RA2
2

l6
11

We would like this configuration to carry one unit of wrapped M5–brane charge
and the area A4 = A2

2 of a single M5–brane should scale linearly with N. This
means the area of the M2–branes scales as A2 ∝

p
N, leaving us with a factor ofp

N in the membrane charges Z12 and Z34. We interpret this by saying we have
one unit of wrapped M5–brane charge which is build out of an infinite number
n=

p
N of stacked M2–branes in the X1

;X2 and X3
;X4 directions. Although the

number of M2–branes in a single stack is infinite, the charge density in a single
stack is equivalent to that of a single M2–brane and therefore finite (an intuitive
picture would be to consider a single M2–brane and fold it in such a way that it
can also be interpreted as a stack of different M2–branes, this will obviously not
affect the charge density). This is a natural continuation of our story so far. We
constructed an M2–brane out of an infinite number of Matrix theory quanta (or
D0–particles) and we now conclude that we can construct a (wrapped) M5–brane
out of infinite stacks of M2–branes.

Similarly we can construct matrix configurations giving rise to KK and M9–
brane charges. We just repeat the structure as given in (4.29). So for obtaining a
single non–zero KK–charge extended in the directions X1

: : :X6 we can take

[X1
;X2

]i j = i ε2 δi j ;

[X3
;X4

]i j = i ε2 δi j :

[X5
;X6

]i j = i ε2 δi j ; (4.31)

giving rise to the following charges

Zab
=

N2=3A2

l3
11

ab= 12;34;56

Zabcd
M5 =

RN1=3A4

l6
11

abcd= 1234;1256;3456 (4.32)

Z123456
KK =

R2 A6

l9
11

: (4.33)

The interpretation of this Matrix configuration should be clear. We have 3�n=

3N2=3 M2–brane charges, 3�m= 3N1=3 wrapped M5–brane charges and one
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4.2. BPS objects in Matrix theory

KK–charge in this Matrix configuration. We can repeat this procedure in con-
structing one M9–brane charge, using four copies of (4.27) and scaling the ar-
eas appropriately. This gives 4�N3=4 M2–brane charges, 12�N1=2 M5–brane
charges, 8�N1=4 KK–charges and one M9–brane charge. There is a structure in
these constructions which can be summarized by the following expression

Z2n = P1�n
+

n

∏
i=1

Z2;i n= 1; : : : ;4 ; (4.34)

relating all higher–dimensional charges to the membrane charges appearing in
the configuration by multiplying with a power of the light–cone momentum P+ =

N=R. The parameter n denotes the number of indices on a particular Matrix charge
and it should be clear to what kind of Matrix brane this is related.

Looking at the Hamiltonian of the Matrix model (4.18) we find it straightfor-
ward to determine the energy of an extended object. Assuming vanishing momen-
tum and fermions we obtain the (light–cone) energy expression

P� =�
R

4l6
11

Tr[Xa
;Xb

]
2
: (4.35)

For all the Matrix configurations discussed so far (which all have membrane
charges), the light–cone energy reduces to

P�
(2n)

=
1

2P+
∑
n

Z2
2
; (4.36)

where the sum is over the membrane charges in the different stacks, so n = 1
denotes the energy of a single M2–brane, n= 2 denotes the energy of a wrapped
M5–brane and so on.

We did not yet show that these objects are in fact BPS states. To show that
these object indeed preserve half of the 32 maximal supersymmetries, we will
use the supersymmetry transformation rules (4.20). If the Matrix configurations
preserve some supersymmetry there should exist so–called Killing spinors which
make the fermion supersymmetry variation vanish. Then the solution without
fermions (θ = 0) will be invariant under those supersymmetry transformations.
So we are only interested in the fermionic variation and we also assume the mo-
mentum Pa vanishes. Then we obtain the following condition for the vanishing of
the supersymmetry transformation of θ

δi j ε̃ =�
i

4l2
11

[Xa
;Xb

]i j Γabε ; (4.37)
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where we inserted the matrix indices i; j . So we need to cancel the supersymmetry
transformation of ε̃ against the supersymmetry transformation of ε . This requires
that the commutators of Xa are multiples of the unit matrix

[Xa
;Xb

] = iF abδi j : (4.38)

In that case ε̃ is completely determined in terms of ε through (4.37) and no extra
breaking of supersymmetry occurs and so 16 supersymmetries are preserved. As
can be checked, all extended objects constructed so far satisfy this requirement
and therefore break and preserve half of the supersymmetries.

The extended object constructed so far are not the only BPS states carrying one
unit of charge density. For example, we expect a BPS state representing momen-
tum, corresponding to the M–theory BPS wave. From (4.37) we see that we can
consider the following BPS configuration, preserving half of the supersymmetries

(Ẋa
)i j = R paδi j ; (4.39)

representing Matrix theory momentum traveling in the transversal direction Xa.
The factor R is included because of (4.19).

It turns out to be possible to define “pure” M5–brane, KK–monopole and M9–
brane charges. By “pure” we mean configurations with just the charge correspond-
ing to the brane we want to be describing. So far we constructed higher brane
charges which consisted of lower brane charges as well, the exception being the
M2–brane. Consider the following configuration

[X1
;X2

]i j = i ε2 diag( l1;� l1)i j ;

[X3
;X4

]i j = i ε2 diag( l1;� l1)i j ; (4.40)

The opposite signs in the matrix diag( l1;� l1)i j will ensure that the trace of each
commutator separately vanishes, that means we do not have M2–brane charge.
However the tensor product of these commutators will give the ordinary unit
matrix, that means we still have M5–brane charge. We find the following two
equations that have to be satisfied if we want this configuration to preserve some
supersymmetry (4.37)

ε̃ = (ε2Γ12
+ ε2Γ34

)ε
ε̃ = �(ε2Γ12

+ ε2Γ34
)ε : (4.41)

Obviously this implies that ε̃ = 0 and

(Γ12
+Γ34

)ε = 0 : (4.42)
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Multiplying with Γ12 we obtain the projection equation

(1�Γ1234
)ε = 0 : (4.43)

Because Γ1234 squares to one and the its trace vanishes, its eigenvalues are 8�
(+1) and 8� (�1). Only 8 supersymmetries are therefore preserved by an eigen-
spinor ε in this configuration. This is 1=4 of the total number of supersymmetries,
as opposed to the wrapped M5–brane we constructed before, which preserved 1=2
of the supersymmetries. We will call this Matrix theory BPS state the P5–brane.

The same idea can be used to construct higher–dimensional pure branes. Con-
sider for example

[X1
;X2

]i j = i ε2 diag( l1; l1;� l1;� l1)i j ;

[X3
;X4

]i j = i ε2 diag( l1;� l1; l1;� l1)i j ; (4.44)

[X5
;X6

]i j = i ε2 diag( l1;� l1;� l1; l1)i j :

All M2–brane charges obviously vanish after taking the trace. In this configura-
tion the trace of all tensor products of two commutators vanishes, so M5–brane
charges are absent as well. The trace of the tensor product of all three commuta-
tors instead gives the N�N unit matrix, meaning we do find a KK–charge. In a
precise sense, looking at (4.44), this KK–charge can be thought of a being build
out of 4 KK–monopoles with different signs for the internal brane charges in the
different directions. “Summing” these 4 KK–monopoles all internal charges can-
cel except for the total KK–charge, which is normalized to one unit of charge
density. However the equations governing the number of supersymmetries pre-
served by this configuration become more complicated. We again find that ε̃ = 0,
which is a consequence of the fact that the sum of terms in any commutator is
zero, and we are left with four conditions on ε

(Γ12
+Γ34

+Γ56
)ε = 0

(Γ12�Γ34�Γ56
)ε = 0

(�Γ12
+Γ34�Γ56

)ε = 0 (4.45)

(�Γ12�Γ34
+Γ56

)ε = 0 :

This system of equations has no Killing spinor solution and we therefore conclude
that this configuration, which we call the P6, breaks all supersymmetries. The
same thing happens if we want to construct a pure M9–brane, the P9 configuration.
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By doubling the tensor structure in (4.44) all lower–dimensional charges will be
absent, but again the supersymmetry Killing equations have no solution.

Copying the matrix configuration in (4.40) in directions X5
: : :X8 we construct

an 9–brane charge which, although it is not entirely pure since the constituent P5–
charges do not vanish, has no M2 or KK–monopole charges. From the supersym-
metry Killing equations we find the following equation for ε (ε̃ = 0 of course)

(Γ12
+Γ34

+Γ56
+Γ78

)ε = 0 ; (4.46)

which can be rewritten as (1�P)ε = 0 with

P= (Γ1234
+Γ1256

+Γ1278
) : (4.47)

The Dirac matrices in P all commute with each other and they all square to one.
Also their trace, and the trace of their products, vanishes. These conditions de-
termine the eigenvalues of P. We want to count the number of +1 eigenvalues
of P. Necessarily the +1 eigenvalues of P are the sum of two +1 eigenvalues
and one �1 eigenvalue of the three different Dirac matrices in P, which because
they commute are separately diagonalizable. Because the traces of the products
also vanish, the eigenvalues of the Dirac matrices have to be divided over the (16)
available diagonal entries in the following way

Γ1234
= (+ + + + � � � �)

Γ1256
= (+ + � � � � + +)

Γ1278
= (+ � � + � + + �)

; (4.48)

where we only showed half of them for simplicity of presentation. Looking at this
expression we find that three of the 8 combinations consist of two +1 and one �1
eigenvalue giving rise to an eigenvalue +1 for the operator P. This means 3=8�
1=2 = 3=16 of the 32 supersymmetries are preserved by this configuration. This
strange number is a result of the the different P5 constituents. This configuration
we will call the P95. This ends our discussion on extended BPS objects in Matrix
theory carrying one unit of charge (density).

As already mentioned, all these Matrix configurations only make sense in
the limit N ! ∞, where they should describe the semiclassical branes of IMF
M–theory if the Matrix theory conjecture is correct. We will only use these in-
finitely extended BPS objects to study their kinematical properties. Extended ob-
jects with different topology and properties have been discussed in the literature
[78, 79, 80, 81] and also in a dynamical context in [82, 83, 84, 85, 86]. Although
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we introduced a wrapped (around the light–cone direction) M5–brane, we did not
find a transverse M5–brane charge. If Matrix theory describes DLCQ M–theory,
a priori one might think that such a state should exist. Although the absence of
the transversal M5–brane is still not completely understood, it is believed to be
the result of the special light–cone frame. In superstring theory in a light–cone
formalism, the strings must have Neumann boundary conditions in both the light–
cone directions X+ and X� which ensures that all Dp–branes have one leg in the
light–cone direction. The same thing happens for supermembranes and because
the M5–brane can be interpreted as a a topological defect on which open mem-
branes can end, this means it would only be possible to see light–cone wrapped
M5–branes [67]. More on transverse M5–branes can be found in [87, 88]. The
same argument can in fact be used to explain the absence of a transverse M9–
brane. We did not discuss light–cone wrapped M2–branes which gives rise to the
fundamental string BPS state in Type IIA theory. Such a state can be shown to
exist [67] and is sometimes called a matrix string, but we will not use it in this
thesis.

More Matrix configurations can be constructed representing overlapping or in-
tersecting branes breaking more, but not all, of the supersymmetries. We will con-
struct these states and match those with states appearing in the eleven–dimensional
supersymmetry algebra. In this way we will check if and how Matrix theory re-
produces (part of) the BPS spectrum of the eleven–dimensional supersymmetry
algebra, which can be considered a test of the Matrix theory conjecture.

4.2.2 Intersecting BPS objects in Matrix theory

In the preceding sections we always considered one unit of charge of the (highest–
dimensional) BPS object. It should be obvious how to extend the discussion to
include k charges. We just multiply the basic non–trivial commutator (4.27) with
an integer q and demand that for an object with 2n (transversal) indices which we
want to have k units of charge that k� ∏nqn. We will use the freedom to add
these factors in the following.

Using the basic objects in Matrix theory we are interested in considering inter-
secting or overlapping configurations. In eleven–dimensional supergravity much
research was done in constructing intersecting M–brane configurations [21, 22,
89]. The basic phenomenon is that when two (or more) M–branes are oriented
in a particular way with respect to each other, the system will preserve some su-
persymmetry [90] (which will be less than 1=2) and is therefore stable. When
considering intersections at threshold, we mean that these systems do not have
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any binding energy. The different constituents can be separated without a cost in
energy. Real bound states (also called non–threshold intersections) of different
branes also exist [91] and in fact most of the Matrix theory configurations consid-
ered so far correspond to non–threshold bound states in the D= 11 supersymmetry
algebra, as we will show when we compare with BPS states in the supersymmetry
algebra. For the moment we will be interested in constructing the basic pairwise
threshold intersecting configurations in Matrix theory.

In Matrix theory we can break more supersymmetries by taking configurations
with commutators which are not proportional to the unit matrix (4.38). This is
also the mechanism we will use to introduce intersecting brane configurations.
Let us discuss a specific example which is based on the expectation that two M2–
branes can intersect over a point [21, 22]. Let us consider the following matrix
configuration

[X1
;X2

]i j = i
N k1

N1
ε2 diag( l1N1

;0)i j ;

[X3
;X4

]i j = i
N k2

N2
ε2 diag(0; l1N2

)i j ; (4.49)

where the unit matrices are N1�N1 and N2�N2 dimensional and of course N1 +

N2 = N. We interpret this configuration as representing N k1=N1 M2–branes in the
X1

;X2–plane and N k2=N2 M2–branes in the X3
;X4–plane. The factors N=N1 and

N=N2 are included because we can only compare the number of charges if the total
charges, which requires a trace, scale in the same way with N. Obviously to obtain
a finite number of charges, the limit N ! ∞ is taken in such a way that the ratio
N1=N2 stays fixed. Notice also that this configuration does not carry M5–brane
charges. Preservation of supersymmetry (4.37) implies

ε̃ = �
N k1

N1
Γ12ε

ε̃ = �
N k2

N2
Γ34ε ; (4.50)

which reduces to the following equation for ε (ε̃ is determined by any of the above
equations (4.50))

(1�
N1 k2

N2 k1
Γ1234

)ε = 0 : (4.51)

To solve this equation we need N1 k2 = N2 k1. Because the ratio N1=N2 is arbitrary
(and finite), the number of charges are arbitrary as well. Because Γ1234 squares
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to one and is traceless, this Killing equation is then solved by an eigenspinor with
8 positive unit eigenvalues. The system therefore preserves 1=4 of the maximal
supersymmetry. The properties of this intersecting M2–brane system in Matrix
theory, 1=4 supersymmetry preservation and arbitrary charges, are in agreement
with results from the D = 11 supersymmetry algebra and from the supergravity
soliton solutions.

The idea should now be clear. We consider n separate independent extended
objects in Matrix theory through commutators equal to Nn unit matrices with
l1N1
� : : :� l1Nn

= l1N. Intersections can then be described by taking non–vanish-
ing commutators in different directions. Generically the supersymmetry Killing
equations will then fall in the following class

(k1 Γ12
+k2 Γ34

+k3 Γ56
+k4Γ78

)ε = 0 ; (4.52)

which we can rewrite as (1�P)ε = 0 with

P=
1
k1
(k2 Γ1234

+k3 Γ1256
+k4Γ1278

) : (4.53)

To look for solutions it is useful to calculate P2

P2
=

1
k2

1

(k2
2 +k2

3 +k2
4�2k2k3Γ3456�2k2k4Γ3478�2k3k4Γ5678

) : (4.54)

The Dirac matrices in P2 all commute, square to one and are traceless, meaning
they can be diagonalized simultaneously and their eigenvalues are 8� (+1) and
8� (�1). To solve the equation (1�P)ε = 0 we need at least one constraint
(to make P2

= 1) on the parameters kn and at most 3. More constraints means
more supersymmetry is preserved, to be precise 2n of the 32 supersymmetries
are preserved when we have n = 1;2;3 constraints. This means that in all the
cases where the supersymmetry equations look like (4.52) the possible fractions
of supersymmetry are 1=16;1=8 or 3=16. We already saw an example of this last
fraction in (4.46), where we took k1 = k2 = k3 = k4. As soon as we truncate
by taking some kn to be zero, the number of possible preserved supersymmetries
increases to either 1=4 or 1=2. These are then the only fractions we will encounter
in our analysis. Let us end this subsection by giving the results for the different
pairwise intersections.

� Pairwise Matrix theory configurations with a wave. Matrix momentum (a
gravitational wave) can only be added to the “non–pure” Matrix branes (M2,
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Matrix configuration SUSY

(1jW;M2) 1
4

(1jW;M5) 1
4

(1jW;M6) 1
8

(1jW;M9) 1
8 ;

1
16 ;

3
16

Table 4.1: Supersymmetric pair intersections involving W. The notation (pjA;B) indi-
cates that the objects A and B have p common spacelike worldvolume directions. The
second column gives the amount of residual supersymmetry that can be obtained.

Configuration SUSY Configuration SUSY

(0jM2;M2) 1
4 (4jM5;M5) 1

2 ;
1
4

(2jM2;M2) 1
2 (2jM5;M6) 1

8 ;
1

16 ;
3
16

(0jM2;M5) 1
8 (4jM5;M6) 1

4 ;
1
8

(2jM2;M5) 1
4 (4jM5;M9) 1

4 ;
1
8 ;

1
16 ;

3
16

(0jM2;M6) 1
8 ;

1
16 ;

3
16 (4jM6;M6) 1

4 ;
1
8 ;

1
16 ;

3
16

(2jM2;M6) 1
4 ;

1
8 (6jM6;M6) 1

2 ;
1
4 ;

1
8

(2jM2;M9) 1
8 :

1
16 ;

3
16 (6jM6;M9) 1

4 ;
1
8 ;

1
16 ;

3
16

(0jM5;M5) 1
8 ;

1
16 ;

3
16 (8jM9;M9) 1

2 ;
1
4 ;

1
8 ;

1
16 ;

3
16

(2jM5;M5) 1
4 ;

1
8

Table 4.2: Pair intersections of M2, M5, M6, M9. Only branes are considered which are
built up out of membranes in the 12, 34, 56 and 78 directions.
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M5, KK–monopole and the M9) if we want to preserve some supersym-
metry. The direction of the wave must necessarily be in a worldvolume
direction of the brane. We summarized the possibilities and fractions of
preserved supersymmetry in Table 4.1.

� Pairwise intersections of M2, M5, KK-monopole and M9. This is going to
be a rather extensive list. There exist many possibilities and many fractions
of supersymmetry can be preserved. We only considered Matrix branes
which are build out of non–vanishing commutators in the X1

;X2, X3
;X4,

X5
;X6 and X7

;X8 directions. We summarized the possibilities in Table 4.2.

4.2.3 Matrix BPS states and the M–theory algebra

Clearly we found a lot of BPS states in Matrix theory. We would now like to
check if the same states appear in the M–theory supersymmetry algebra (3.2). The
conjecture is that Matrix theory describes DLCQ M–theory, so we better compare
with the the DLCQ supersymmetry algebra. The easiest way to compare is to
note that the only thing the special (compactified) light–cone frame does from the
supersymmetry algebra point of view, is it places momentum P+ in the (compact)
x� direction. This can be interpreted as a BPS wave which has to added to any
state we would like to consider. Let us first see to what extent it is possible to relate
states by assuming this BPS wave to have momentum in a spatial direction X11

(instead of a light–like direction). As we will see this works fine in all situations.
The reason for this is that we know the relation between a (limit of a) spatial
compactification of M–theory and a light–like compactification, as was discussed
in section 3.1.1.

Keeping this in mind, let us look for the appropriate BPS states in the super-
symmetry algebra. First we are going to rewrite the supersymmetry algebra in the
following form

fQ;Qg= P0
( l1 + Γ̄) ; (4.55)

with the operator Γ̄ equal to

Γ̄ =
1
P0

�
Γ0mPm+

1
2

Γ0MN ZMN +
1
5!

Γ0M1:::M5 YM1:::M5

�
; (4.56)

where the small Roman index m only runs over the spatial directions m2 (11; i)
where i is of course an SO(9) index and the capital Roman index M runs over all
directions M 2 (0;11; i). Writing the algebra this way (4.55) makes it clear that in
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order to preserve some supersymmetry we need Γ̄2
= 1, meaning the eigenvalues

of Γ̄ are �1.
As a first example, let us consider the Matrix M5–brane, which besides M5–

brane charge carries M2–brane charges in the appropriate directions as well. We
also need to put one leg of the Matrix M5–brane in the X11 direction. We take the
following central charge configuration

Z12
= z1 ; Z34

= z2

Y�1234
= y (4.57)

and we need momentum p in the direction X11. Plugging these charges into (4.56)
and calculating its square we find

Γ̄2
=

1

P02

�
p2

+z2
1 +z2

2 +y2
+2(py�z1 z2)Γ

1234�
: (4.58)

If we want this configuration to break only half of the supersymmetries, as it does
in Matrix theory, the term with the Dirac matrix needs to vanish. This leads to a
constraint on the charges

p y= z1 z2 ; (4.59)

which is exactly the relation between the charges we found in Matrix theory (4.34)
if we replace p by P+. This replacement can be made by performing the change
of units to the DLCQ M–theory units, defined by (4.12). We can make Γ̄2

= 1 by
choosing P0 appropriately. From (4.58) and (4.59) we deduce that

P0
=

s
p2 +z2

1 +z2
2 +

z2
1 z2

2

p2 (4.60)

We note that this has to be a non–threshold bound state. The sum of the BPS
energies of all the separate constituents is larger than P0 in (4.60), so this system
must have non–zero binding energy. An extensive study of non–threshold bound
states in M–theory and their construction can be found in [91]. The momentum
p in this expression equals N=Rs. To relate the energy P0 to the DLCQ energy
P� we take the limit Rs! 0, as discussed in section 3.1.1. This means we can
safely neglect the last term in P0, which is of order 1=p2 and vanishes in the limit.
Extracting a factor of p and expanding the squareroot we find

P0 �
N
Rs

+∆E =
N
Rs

+
1
2

z2
1 +z2

2

p
: (4.61)
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Now using the relation (4.9) we see that the light–cone energy P� equals

P� =
1

2P+
(z2

1 +z2
2) ; (4.62)

which is equivalent to the (more general) expression (4.36). So the supersymmetry
algebra nicely reproduces the Matrix theory results.

Similar results can be obtained for the matrix KK–monopole and M9–brane.
Both matrix branes have all lower–dimensional charges activated which should be
incorporated in the supersymmetry analysis. Again we find that when we want to
preserve 1=2 of the supersymmetry we have to impose constraints on the charges.
These constraints exactly reproduce the relations (4.34) found in Matrix theory.
These are all non–threshold bound states and the light–cone energy as obtained
from the supersymmetry algebra nicely reproduces (4.36).

We can also consider the P5, which does not carry any membrane charges so
(4.58) reduces to

Γ̄2
=

1

P02

�
p2

+y2
+2pyΓ1234�

: (4.63)

Now we can not get rid of the Dirac matrix Γ1234. However we can set 16 of the
eigenvalues of Γ̄2 to one by choosing P0 appropriately. This means we have 8
eigenvalues equal to �1 and 1=4 of the supersymmetry is preserved. The energy
P0 equals

P0
= p+y; (4.64)

which therefore has to be a threshold bound state of a wave and a M5–brane, with
the wave and one leg of the M5–brane in the eleventh direction. The light–cone
energy P� is exactly equal to y in this case. This is also what we find in the Matrix
theory.

In Matrix theory we saw that pure P6 and P9 charges did not preserve any
supersymmetry. This can in fact not be deduced from the supersymmetry alge-
bra which suggests that the P6 is a non–threshold bound state of a KK–monopole
and a wave breaking 1=2 of the supersymmetry. The P9 is considered a threshold
bound state with a wave, from the algebra point of view. This can be deduced
using the same techniques as in the P5–brane case. The exact reason for this
discrepancy is not clear. However probably the fact that both branes require a
special compact direction that scales unusually with Rs (or R in the DLCQ frame)
(4.28) has something to do with it. Remember that the momentum wave has to
lie in this special direction. In Type IIA these configurations would correspond to
D6– and D8–branes with D0–branes on their worldvolume. It is known that these
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bound states are special [92]. In [92] classically stable bound states of D0–branes
and D6– or D8–branes are constructed which do not preserve any supersymme-
try. These solutions are constructed out of four D6–branes and eight D8–branes,
which is in agreement with our Matrix theory constructions of these states.

As an example of a state preserving 3/16 of the supersymmetry we analyze
P95. There is one M9–brane charge, mixed with 6 M5–brane charges and mo-
mentum in the eleventh direction. The M9–brane charge corresponds to4 Z09 = q.
Including all charges we obtain

P0Γ̄ = Γ09 p+Γ01234jjy1 +Γ01256jjy2 +Γ01278jjy3

+Γ03456jjy4 +Γ03478jjy5 +Γ05678jjy6 +Γ9q; (4.65)

In (P0Γ̄)2 there are three independent commuting Γ-matrices so that in the generic
case this configuration will preserve 1/16 of the supersymmetry. This corresponds
to a threshold bound state of six M5–branes, an M9–brane and a wave. We
can also obtain configurations which preserve 1/8 and 3/16, by restricting the
coefficients. If we set y2 = y3 = y4 = y5 = y, leaving y1 and y6 arbitrary, we
find that (P0Γ̄)2 has the following eigenvalues: (p� q� (y1� y6))

2 with mul-
tiplicity 8 for each choice of sign, (p+ q+ y1 + y6)

2 with multiplicity 8, and
(p+q�y1�y6�4y)2 with multiplicity 4 for each sign. Therefore, by choosing
P0 appropriately, we preserve 1/8 supersymmetry, for each of the eigenvalues of
multiplicity 8. If we also set y1 = y6 = y, the eigenvalues simplify further. There
are then 12 eigenvalues equal to (p+ q+ 2y)2, leading to 3/16 of the maximal
supersymmetry, which is the case related to the Matrix theory P95–brane we con-
structed. This can also be interpreted as a threshold bound state of one M9–brane
with 2 M5–branes (suggested by the factor 2 in the energy expression) which in-
tersect at an angle. Indeed a system of two M5–branes at angles intersecting over
a string, which can be related to two D4–branes at angles in Type IIA superstring
theory, was shown in [93] to preserve 3=16 of the supersymmetry. A more general
discussion of M–branes at angles can be found in [94, 95].

Except for the P6 and P9 charges all basic Matrix theory charges correspond
to BPS states in the M–theory supersymmetry algebra. Intersections of these basic
branes can be considered in the supersymmetry algebra as well and are in agree-
ment with the obtained results in Matrix theory. We also hinted at an explanation
of why the P6– and P9–branes are special. Although we did not explicitly check
every Matrix theory state, we do believe that any Matrix theory BPS state has an

4Remember that the symbol jj indicates the eleventh direction and Γ9 = Γ012345678jj.
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analogue in the M–theory supersymmetry algebra. Obviously this is not true the
other way around. Not all BPS states in the M–theory supersymmetry algebra
can be found in the Matrix theory. This is mainly due to the special DLCQ frame
in which we should analyze the Matrix theory BPS states (except for the P6 and
P9). The exotic fraction 3=16 of supersymmetry preservation which can occur in
Matrix theory, has also been found in the analysis of intersecting branes at angles.
We expect that the Matrix theory states can in fact be identified with those states,
as we saw in one explicit example.

4.3 The status of Matrix theory

A great deal of evidence has been gathered in favor of the Matrix theory con-
jecture. In this chapter we showed that extended objects appear naturally in the
Matrix model and can be used to construct more involved intersecting BPS states,
which also occur in the M–theory supersymmetry algebra. This can be considered
(kinematical) evidence in favor of the conjecture. Besides that much dynamical
evidence in favor of the conjecture has been obtained as well [73, 70, 71, 72, 86,
85, 84, 82] and also evidence based on M–theory dualities [96, 97, 98, 99, 100].

Although the model seems very attractive as a description of M–theory be-
cause of its simplicity and its non–perturbative nature, there are problems with
the model as well. Most of them can be traced back to the broken covariance and
background dependence of the Matrix model. Different backgrounds all lead to
different Matrix models. Matrix theory on curved backgrounds is a subject on
which some progress has been made [101, 102], but in general this is not yet well
understood. There have also been attempts to look for covariant Matrix models
[103], but so far no real progress has been made in that direction. It seems that
although the Matrix model looks simple and nice, the (calculational) details of the
conjecture turn out to be rather unclear and difficult (mainly because of the matrix
structure and the large N limit). Also when compactifying Matrix theory on tori
the theory gets more and more involved when the dimension of the torus grows.
Matrix theory compactified on T4 and higher requires new degrees of freedom at
a particular scale. This also means that four–dimensional physics cannot be well
understood using the Matrix theory.

If correct, Matrix theory does teach us a lot about the nature of quantum–
gravity. It is very surprising, to say the least, that a 0+ 1–dimensional quantum
mechanics model can describe certain aspects of (eleven–dimensional) quantum
gravity (like graviton scattering). That this is possible can be traced back to the
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supersymmetry and the matrix nature of the quantum mechanics model. Without
supersymmetry bound states of the basic D0–particles would not have been pos-
sible and without the matrix structure the interactions could not possibly have
described gravity. Matrix theory in fact realizes some interesting ideas about
quantum gravity. First of all, spacetime is represented by matrices and therefore
noncommutative [104] and secondly Matrix theory realizes the so–called Holo-
graphic principle, which is an idea first discussed by ’t Hooft [105] and Susskind
[106]. The Holographic principle tells us that the entropy in a theory of quantum
gravity is not proportional to the volume of a part of spacetime (as it is in ordinary
quantum field theory), but to the area surrounding that part of spacetime with an
upper limit of one bit per Planck area. This idea is motivated by the Bekenstein–
Hawking entropy formula for black holes. All the information in a particular
volume of spacetime is stored, or can be mapped, holographically in the area sur-
rounding it, hence the name for the principle. In the original conjecture [50] it was
already suggested that Matrix theory is in correspondence with the Holographic
principle. We will see very explicit manifestations of the Holographic principle in
another, but related, context in the next chapter.

We conclude that, although many details of the Matrix theory conjecture are
still poorly understood, there exists much evidence in favor of the conjecture that
the Matrix model describes the DLCQ sector of M–theory. The model is a nice
tool to potentially learn more about the nature of quantum–gravity and string the-
ory. Matrix theory can be “deduced” as a certain limit (4.13) of Type IIA super-
string theory with D0–branes. We are going to consider this limit, and a general-
ization of it to higher–dimensional branes, in more detail in the next chapter.
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