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Chapter 3

Superstring low energy limits and
dualities

In this chapter we will introduce the low energy effective supersymmetric models
of superstring theories and D–branes. We will start by discussing supersymmetry
algebras and introduce the eleven–dimensional supersymmetry algebra as an ex-
ample. We then explain the concept of Bogomol’nyi–Prasad–Sommerfield (BPS)
states and show how to identify these states using the supersymmetry algebra.
Using the eleven–dimensional supersymmetry algebra we will deduce all possi-
ble ten–dimensional supersymmetry algebras. After that we will introduce the
corresponding eleven– and ten–dimensional supergravities, the concept of string
dualities, and use the BPS states to test duality conjectures. We will introduce
M–theory as the the eleven–dimensional non–perturbative theory which appears
in the strong coupling limit of Type IIA superstring theory. There are many
good texts on supersymmetry, supergravity, BPS states, dualities and M–theory.
For introductory reviews covering most of the topics in this chapter we refer to
[13, 14, 15, 16, 17].

3.1 Supersymmetry algebras and BPS states

In the previous chapter we concluded that the superstring states, after the GSO
projection, belong to a supersymmetry multiplet. Supersymmetry, like any other
symmetry, leads to conserved supersymmetry charges through Noether’s theo-
rem. The supersymmetry charges transform as spinors under the Lorentz group
and are therefore anticommuting objects. This basically follows from the obser-
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Chapter 3. Superstring low energy limits and dualities

vation that supersymmetry transformations are governed by a spinorial parameter
ε (2.75). By anticommuting the supersymmetry charges we obtain the supersym-
metry algebra. Together with the generators of the Poincaré group, the translation
generators PM and Lorentz rotation generators MMN which commute with the su-
percharges, they form the super–Poincaré algebra and supermultiplets of fields
should transform in irreducible representations of this algebra.

By studying the possible irreducible representations of the super–Poincaré al-
gebra it can be proven that eleven dimensions is the maximal dimension in which
one can have a supergravity theory, by which we mean a theory with spins two
(gravitons) and less. Higher dimensions introduce higher spin fields which can not
be coupled consistently to the lower spin fields1. From the supersymmetry point
of view eleven dimensions therefore seems to have a privileged role. We will use
the eleven–dimensional supersymmetry algebra as a specific example to discuss
the more general concepts of supersymmetry algebras and BPS states. Apart from
minor details, our discussion can be readily generalized to include lower space-
time dimensions. The example of eleven dimensions will turn out to be useful
for other reasons as well. First of all it will help us deduce the ten–dimensional
supersymmetry algebras (and the corresponding supergravities) in which we are
interested from the superstring point of view. Secondly, eleven dimensions turn
out to play a prominent role in strongly coupled superstring theory, as we will
argue when we discuss dualities and M–theory.

3.1.1 The D= 11 supersymmetry algebra

In eleven dimensions we introduce 32–component Majorana supercharges Qα and
generically these will satisfy (M 2 [0;10])

fQα ;Qβg= (ΓM C)αβ PM ; (3.1)

where ΓM
αβ are the Dirac matrices satisfying fΓM

;ΓNg = 2η MN where we sup-
pressed the spinor indices, Cαβ is the charge conjugation matrix and PM is the
momentum vector. Supersymmetry charges in any dimension always lead to
this term containing the momentum tensor. It tells us that two supersymmetry

1There are two (known) ways out of this problem. One is to introduce an infinite tower of
massless higher spin fields and the other is to introduce extra timelike dimensions avoiding the
problem of having to introduce higher spin fields. Both constructions have their own problems
and will not be discussed in this thesis.
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3.1. Supersymmetry algebras and BPS states

transformations combine to give a translation, explaining why local supersym-
metric theories automatically give rise to General Relativity. Looking at (3.1) we
note that the left–hand side is symmetric in its spinor indices and therefore has
1
2 � 32� 33 = 528 components. The right–hand side has only 11 components
and therefore we should expect that this supersymmetry algebra can be extended
to include, what are called, central extensions. The unique central extension of
the eleven–dimensional supersymmetry algebra having 528 components on the
right–hand side is

fQα ;Qβg= (ΓM C)αβ PM +
1
2!
(ΓMNC)αβ ZMN

+
1
5!
(ΓMNPQRC)αβYMNPQR: (3.2)

In this expression we used ΓMN:::P � Γ[M ΓN
: : :Γ P]. The tensorial antisymmetric

charges Z and Y are called central charges because they commute with the super-
symmetry charges Qα . Strictly speaking they are not central charges with respect
to the full Poincaré algebra because they do not commute with the Lorentz rotation
generators MMN.

To discuss the interpretation of these central charges we first have to introduce
some properties of Dirac matrices. In eleven dimensions there exist two represen-
tations of the Dirac matrices. They differ according to whether the product of all
of them is +1 or �1. Because the choice is arbitrary we will choose

Γ0Γ1
: : :Γ9Γjj

=+1 ; (3.3)

where we used the symbol jj to denote the 10th spatial direction , because we will
use Γ10 to mean the product Γ1Γ0. From (3.3) and because (Γjj

)
2
=+1 we deduce

that
Γjj

= Γ01:::9
: (3.4)

Perhaps the reader remembers that this is the definition of the chirality operator
Γ11 in D = 10 (2.91). We will use this when we reduce the eleven–dimensional
supersymmetry algebra to ten dimensions. Using the Majorana representation of
the Dirac matrices, Γ0 has all the properties of the charge conjugation matrix Cαβ
and we can set Cαβ � Γ0

αβ .
In a quantum theory that realizes the algebra (3.2) as an asymptotic symmetry,

the (supersymmetry preserving) vacuum state is annihilated by all the supersym-
metry charges. Irreducible representations of the supersymmetry algebra (without
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Chapter 3. Superstring low energy limits and dualities

central charges) are characterized by their mass and spin, and can be constructed
using the supersymmetry charges as creation and annihilation operators, for more
details on this construction we refer to [13, 15]. Let us now consider a (vacuum)
state which preserves some amount, but not all, of the supersymmetries. Such
a state will be annihilated by some combination of supersymmetry charges and
the expectation value of fQ;Qg will therefore have a number of zero eigenvalues.
This means the determinant of that matrix will vanish. Let us first discuss what
happens when all the central charges vanish and the momentum is the only term
left in the supersymmetry algebra. Taking determinants we find

detfQα ;Qβg= det ΓM PM = (P2
)

16
: (3.5)

Because fQ;Qg is a positive operator it is guaranteed that P2 � 0. This is an
example of a Bogomol’nyi bound [18] and (3.5) only vanishes when P2

= m2
= 0.

So the only state which can preserve some amount of supersymmetry is massless,
it satisfies the Bogomol’nyi bound and is called a BPS state [19]. To determine
the fraction of supersymmetry which is preserved by such a BPS state we choose
a frame in which

PM =
1
2(�1;1;0; : : : ;0) : (3.6)

This defines a massless particle moving in the X1 direction. The algebra can then
be rewritten (using C = Γ0 and (Γ0

)
2
=�1)

fQα ;Qβg=
1
2(1�Γ01)αβ : (3.7)

Since Γ01 squares to one its eigenvalues are �1 and since it is also traceless half
of the eigenvalues are +1 and half are �1. Therefore the eigenspinors of fQ;Qg
which have 16 zero eigenvalues satisfy

Γ01 ε =�ε (3.8)

and we conclude that this BPS state breaks (and preserves) half of the number of
supersymmetries. When we discuss supergravities we will present the half super-
symmetry breaking classical background solution corresponding to this massless
BPS state.

Looking for more supersymmetry breaking vacua involves turning on some
central charges. As an example we will analyze the two–form central charge
Z. Let us assume that the vacuum describing such a state is massive, i.e. P2

=

m2, and by using Lorentz rotations we can go to a frame in which all spacelike
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3.1. Supersymmetry algebras and BPS states

momenta are zero, i.e. P0 =�m. Further assume that just one of the components
of the antisymmetric central charge ZMN is non–zero, let us choose the spacelike
components Z12 = q2. The algebra (3.2) then reduces to

fQα ;Qβg= (m�q2Γ012)αβ : (3.9)

Because Γ012 squares to one and is traceless, we again find that the eigenvalues
of an eigenspinor ε of Γ012 are 16 times +1 and 16 times �1. The positive-
ness of the left–hand side assures us that m� jq2j, which is the Bogomol’nyi
bound. When this bound is satisfied, m= jq2j, the determinant of (3.9) vanishes
and we constructed a BPS state preserving half of the supersymmetries. The cen-
tral charge Z12 suggests that such a state is extended in two spacelike directions
X1 and X2. The classical supergravity background solution corresponding to this
vacuum indeed describes a membrane, an object with two spacelike extended di-
rections called the M2–brane.

The same analysis can be performed for the five–form central charge Y and
leads to the construction of another 1

2 supersymmetry preserving BPS state. The
Bogomol’nyi bound m= jq5j is satisfied by an object having five spacelike ex-
tended directions called the M5–brane. Such a state can again be constructed as a
solution of the D = 11 supergravity equations of motion.

At this point we conclude that any central charge of rank p appearing in the
supersymmetry algebra corresponds to a BPS state with p spatial extended di-
rections, breaking and preserving half of the number of supersymmetries. Let us
now study what happens when we allow one of the spacetime indices of the central
charges to be timelike2. Because of (3.3) any multiplication of n Dirac matrices is
related to a multiplication of 11�n Dirac matrices

1
n!

ΓM1:::Mn

Mn+1:::M11ΓM1:::Mn = ΓMn+1:::M11 ; (3.10)

where n < 11. In the same way the antisymmetric central charges can be dual-
ized using the eleven–dimensional antisymmetric Levi–Civita tensor ε . In eleven
dimensions this relates a rank r < 11 antisymmetric tensor to a rank 11� r anti-
symmetric tensor in the following way

1
r!

εMr+1:::M11

M1:::Mr ZM1:::Mr
= Z̃Mr+1:::M11

: (3.11)

2Central charges with no Lorentz indices, representing pointlike massive BPS objects, are nec-
essarily excluded from this analysis.
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Chapter 3. Superstring low energy limits and dualities

When we choose a non–zero component of the central charges to be labeled by
a timelike index, we can use the above relations to relate that component to a
Hodge dual central charge with only spacelike indices. Let us again use eleven
dimensions to illustrate this. The rank 2 central charge Z can be related to a rank
9 central charge Z̃. If we choose one of the indices on Z to be timelike, then
Z̃ will only have spacelike indices. The latter central charge will have the usual
interpretation as a BPS state with 9 extended spatial directions. The same holds
for the rank 5 central charge Y with one timelike index. The corresponding rank 6
central charge Ỹ will have only spacelike indices and gives rise to a BPS state with
6 extended spatial directions. The 6–brane can again be constructed as a soliton
solution in the corresponding supergravity theory. The 9–brane however, usually
referred to as the M9–brane, is special. Although progress has been made in
identifying and constructing this state in the supergravity model [20], its properties
are still not completely understood.

All these states break half of the supersymmetry. Putting several BPS states
together, letting them overlap or intersect, generically breaks all supersymmetries.
Only when the branes are oriented in special ways with respect to each other we
find BPS states preserving less than half of the supersymmetries [21, 22]. We will
study these intersecting (or overlapping) configurations appearing in the eleven–
dimensional supersymmetry algebra in the next chapter.

The massive irreducible representations belonging to these BPS states is shor-
ter than the generic massive multiplet3. This follows from the fact that half of
(combinations of) the supersymmetry charges annihilate the BPS state. Only the
other half can be used as creation operators to construct representations and thus
lead to fewer states. For a BPS multiplet to become a generic massive multi-
plet would require the sudden appearance of more states, which is impossible
if we smoothly alter the parameters of the theory. Exactly for this reason we
expect the number and type of BPS multiplets to be the same in the classical
and quantum theories, regardless of the coupling constant of the quantum theory.
This enables us to verify the existence of BPS states when the coupling is small
and then conclude that these BPS states will still be present at strong coupling.
Even better, in a sense these states are like massless particles (which are also de-
scribed by short multiplets). Once a particle is massless it will stay massless, or
put differently its mass will not be changed by quantum corrections. The same
“no–renormalisation” theorem holds for massive BPS states. This enables us to

3The massless BPS state we constructed just corresponds to the generic massless short (super-
graviton) multiplet.

56



3.1. Supersymmetry algebras and BPS states

determine the mass (and charge) of the BPS objects at weak coupling and extrap-
olate these expressions to strong coupling. These properties of BPS states play
a very important role in checking duality conjectures relating strongly coupled
theories to weakly coupled theories.

3.1.2 Supersymmetry algebras in ten dimensions

Reducing the eleven–dimensional supersymmetry algebra to ten dimensions by
simply decomposing the SO(10;1) representations into SO(9;1) representations
we obtain

fQα ;Qβg= (Γµ C)αβ Pµ +(ΓjjC)αβ Pjj

+(ΓµΓjjC)αβ Zµ +
1
2!
(Γµν C)αβ Zµν (3.12)

+
1
4!
(ΓµνρσΓjjC)αβYµνρσ +

1
5!
(Γµνρσδ C)αβYµνρσδ :

The first line in this expression is the straightforward decomposition of M 2 (µ; jj)
of the momentum PM in eleven dimensions (jj represents the tenth spatial direc-
tion). The second and third line does the same for the rank 2 and 5 central charges
in D = 11. Because the definition of the D = 10 chirality operator equals Γjj, we
can replace Γjj with Γ11. One Majorana spinor in D = 11 should give rise to two
Majorana–Weyl spinors in D = 10. Because the reduction will not project the
spinors to one out of the two possible chiralities, we conclude that this supersym-
metry algebra describes non–chiral N= 2 supersymmetry4. Therefore this algebra
can only describe IIA superstrings, which is the only N = 2 spacetime supersym-
metric theory which is non–chiral. Consequently the corresponding supergravities
in D = 10 and D = 11 should also be related by dimensional reduction, which will
have important consequences as we will see.

Looking at (3.12) we see that this algebra contains a scalar central charge Pjj
related to the momentum in the internal 10th direction. These are the Kaluza–
Klein momentum modes already encountered in section 1.1.4, when we discussed
them in the context of T–duality in string theory, and we now see that they are BPS
states (these massive pointlike objects turn out to be the D0–branes of Type IIA
string theory). Besides the scalar central charge we find rank 1, rank 2, rank 4 and
rank 5 central charges. They would correspond, using the results of the previous

4Put differently, in D = 10 we can assemble two Majorana-Weyl supersymmetry charges of
opposite chirality into a single non–chiral Majorana supercharge.
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Chapter 3. Superstring low energy limits and dualities

section, to BPS states having 1 and 95, 2 and 8, 4 and 6 and 5 extended spatial
directions. The appearance of more central charges in the IIA algebra is of course
due to the fact that, thinking in terms of the corresponding extended objects, one
or none of the spatial legs of the extended object can be wrapped around the
eleventh compact direction, giving rise to two distinct extended objects in D = 10.
When we discuss IIA supergravity we will identify the corresponding BPS soliton
solutions. For now let me just mention that all the even central charges in the Type
IIA supersymmetry algebra in fact correspond to the D–brane BPS string solitons
as discussed in section 1.2.5.

Let us continue and deduce the Type IIB supersymmetry algebra. To do this
we rewrite the IIA supersymmetry algebra into a form in which the D = 10 Ma-
jorana supercharge Q is decomposed into the sum of two Majorana–Weyl super-
charges Q� of opposite chirality

Q�
=P

�Q ; P
� � 1

2(1�Γ11) : (3.13)

Using this decomposition the IIA supersymmetry algebra becomes

fQ+
α ;Q

+
β g= (P

+Γµ C)αβ (P+Z)µ +
1
5!
(Γµνρσδ C)αβY+

µνρσδ

fQ�
α ;Q

�
β g= (P

�Γµ C)αβ (P�Z)µ +
1
5!
(Γµνρσδ C)αβY�

µνρσδ

fQ+
α ;Q

�
β g= (P

+C)αβ Pjj+
1
2!
(P

+Γµν C)αβ Zµν (3.14)

+
1
4!
(P

+Γµνρσ C)αβYµνρσ ;

where the rank 5 Y� describe irreducible Hodge self–dual and anti self–dual
charges6 which are defined using the ten–dimensional Levi–Civita tensor

Y�
µ0µ1:::µ4

��
1
5!

εµ0µ1:::µ4

µ5µ6:::µ9Y�
µ5µ6:::µ9

: (3.15)

This is just a special case of (3.11) where the tensors on both sides are of the same
rank and therefore can be identified. The Y+ and Y� can be used to construct two

5This would correspond to a spacetime filling brane which is special. It can be given a suitable
interpretation and we refer to [23] for more details.

6The property of the Dirac matrices (3.3), together with the projection operatorP� is respon-
sible for the fact that the rank 5 central charge Y decomposes into its self–dual and anti self–dual
parts in the supersymmetry algebra.
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3.1. Supersymmetry algebras and BPS states

independent charges by summing or subtracting them

Y =Y+
+Y�

; Ỹ =Y+�Y�
; (3.16)

where we suppressed the Lorentz indices. The charges Y and Ỹ are related by the
transformation (3.11), so symbolically we have Ỹ = ε(10)Y. These two charges
represent different BPS objects because they will appear with different projection
operators. This follows by using (3.10), giving the Hodge dual charge Ỹ an extra
factor of Γ11.

We can now obtain the ten–dimensional Type IIB supersymmetry algebra from
the Type IIA algebra (3.14) by considering a T–duality transformation. We can
interpret T–duality as a one–sided parity transformation changing the chirality in
one sector of the theory. This is accomplished in the supersymmetry algebra by
transforming Q� into Q̃+Γ9, where X9 is the compact direction. Because mul-
tiplication with Γ9 changes the chirality, the supersymmetry charge Q̃+ now has
the same chirality as Q+, so after this transformation the theory is indeed chiral.
Explicitly performing the T–duality in the algebra requires a transformation of the
IIA central charges as well, in order to be able to consider the ten–dimensional co-
variant limit R9 ! ∞. For more details on this T–duality transformation we refer
to [24].

The final D = 10 Type IIB algebra has two chiral supercharges which can be
combined into a SO(2) vector QI

= (Q+
;Q̃+

) and can be written in the form

fQI
α ;Q

J
βg = (CP+Γµ

)αβ
�
δIJPµ +σ IJ

3 Zµ +σ IJ
1 Z̃µ

�
+

1
3!

σ IJ
2 (CP+Γµνρ

)αβWµνρ +
1
5!

δIJ
(CP+Γµνρσλ

)αβ K+
µνρσλ

+
1
5!
(CP+Γµνρσλ

)αβ

�
σ IJ

3 V+
µνρσλ +σ IJ

1 Ṽ+
µνρσλ

�
; (3.17)

where the Pauli matrices σ set up the (standard) representation of the SO(2) al-
gebra. We note that all even rank central charges after T–duality become odd
rank central charges. The resulting odd rank charges correspond to D–branes in
IIB theory. This is in agreement with the results on T–duality in the open super-
string. There we concluded that T–duality turns a Dp–brane into a D(p� 1)– or
a D(p+1)–brane depending on the direction in which we perform the T–duality.
If IIA only contains even Dp–branes then the T–dual IIB theory will only contain
odd Dp–branes, including a D5 brane representing the extended object responsi-
ble for the self–dual rank 5 central charge Ṽ+. Similar observations can be made
for the other central charges.
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Chapter 3. Superstring low energy limits and dualities

The IIB supersymmetry algebra (3.17) is invariant under the following two
involutions

QI ! σ IJ
3 QJ

Z̃ ! �Z̃

W ! �W (3.18)

Ṽ+ ! �Ṽ+

and

QI ! σ IJ
1 QJ

Z̃ ! �Z

W ! �W (3.19)

Ṽ+ ! �V+
:

Both symmetries can be used to truncate the IIB supersymmetry algebra (by mod-
ding out) to an N = 1 supersymmetry algebra. In fact we find that both supersym-
metry algebras are isomorphic to each other. One can be obtained from the other
by replacing Zµ by Z̃µ and the rank 5 Y+ by Ṽ+. The N = 1 algebra using the Z
and Y+ charges equals

fQ+
α ;Q

+
β g= (P

+Γµ C)αβ (P+Z)µ +
1

25!
(Γµνρσδ C)αβ (Y+Ỹ)µνρσδ ; (3.20)

We already mentioned that the charges Z̃ and Ṽ+ represent D–brane BPS solitons,
whereas the charges Z and Y+ represent a fundamental string winding mode (the
F1) and a true solitonic7 object (the NS5–brane). We note that this distinction
can not be made by just comparing the N = 1 supersymmetry algebras. Because
the Heterotic superstring theory does not contain D–branes, as opposed to Type I
theory, we conclude that the Heterotic supersymmetry algebra (corresponding to
either SO(32) or the E8�E8 Heterotic string theory) has to be the one with the Z
and Y+ charges, which means the other isomorphic algebra has to belong to Type
I theory. That the two N = 1 supersymmetry algebras are isomorphic is already
an indication that the Heterotic superstrings and the Type I superstring are not as
different as one might have thought.

Although much (kinetic) information is contained in the supersymmetry alge-
bra, any dynamical information can only be studied by constructing the relevant

7By this we mean that the mass (and charge) of this object scales as 1=g2
s, which is the expected

scaling of an ordinary soliton.
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3.2. Supergravities

local or global supersymmetric field theories. When considering low energy lim-
its of superstring theories (which contain gravitons), we need to construct a su-
pergravity field theory. In the case of D–branes we need to construct a globally
supersymmetric field theory. All the BPS states suggested by the supersymme-
try algebra should appear as soliton solutions in the corresponding supergravities.
The exact relation of these soliton solutions to the central charges appearing in the
supersymmetry algebra will justify the identifications we made between central
charges and BPS extended objects in this section. Of particular interest are the D–
brane soliton solutions because of their microscopic description in terms of open
superstrings.

3.2 Supergravities

From the analysis of the consistent superstring theories we deduce that there
should exist five different effective low energy supergravities in D = 10. Two of
those should have N = 2 (maximal) supersymmetry and three should have N = 1
supersymmetry. Spacetime supersymmetry, field content, chirality properties and
the gauge group in the N = 1 case, uniquely determine the corresponding super-
gravity model.

Let us first define what we exactly mean by a low energy limit in string theory.
At this point, before having discussed string dualities, this involves small string
coupling gs, because only in that regime is the interacting string theory well de-
fined. By definition it involves considering low energy processes determined by a
scale U , more precisely this means energies much smaller than the Planck mass.
The Regge slope parameter α 0 is considered to be of the order of the Planck length
squared, so in an equation the low energy condition reads

U2 α 0� 1 : (3.21)

As we saw in the previous chapter (2.86) the massive string states have masses
which are of the order M2α 0� 1. So this means we only have to consider massless
asymptotic states in a low energy limit. In the small coupling and low energy limit
we only need to consider string tree diagrams for these massless states which are
well approximated by a classical supergravity field theory. This is an example
of a correspondence principle. At small energies or at scales much larger than
the string scale ls�

p
α 0, the string–like structure should become invisible and a

particle theory should be adequate.
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Chapter 3. Superstring low energy limits and dualities

The above low energy limit is globally consistent when we scatter massless
string states on a flat Minkowski background. This is because the background is
exact (no stringy α 0 corrections) and because the string coupling gs = eΦ can be
chosen to be small everywhere. For other backgrounds generically this is not true.
First of all the background fields will receive stringy corrections (2.70) when the
variations of the fields, basically measured by the curvatures, become large. More
concretely, when the Ricci curvature Rα 0 � 1 the corrections become large and
take us away from the supergravity limit. Another feature of generic backgrounds
is that the string coupling gs = eΦ depends on where we are in the background
and usually becomes large somewhere. String loop corrections will then become
very important, again taking us away from the supergravity limit. This means that
we can only trust supergravity backgrounds when the curvatures and the string
coupling are small. Exactly in those regions we can use supergravity as a good
approximation to superstring theory.

Constructing supergravities was a very active research subject in the 70’s and
80’s. In those days the hope was that supergravities by themselves were finite
quantum gravity theories. Nowadays supergravity theories, although better be-
haved than ordinary General Relativity, are believed to be non–renormalizable as
well. Our approach to constructing the N= 1 and N= 2 D= 10 supergravities will
heavily rely on the information we obtained from the corresponding superstring
theories. Although at first sight not related to superstring theories, we will start
by constructing the eleven–dimensional supergravity and show that it appears in a
strongly coupled limit of IIA superstring theory. We will not write down complete
supergravity actions. We will only present the bosonic sector of the supergravi-
ties, keeping in mind that supersymmetry determines the fermionic sector. This
will be all the information we need for our purposes in this thesis.

3.2.1 Supergravity in eleven dimensions

We cannot use the states found in a superstring theory to predict the bosonic mass-
less states appearing in D = 11 supergravity. However (maximal) supersymmetry
uniquely determines the the supergravity action in D = 11. We will denote all
eleven–dimensional fields with hats, to distinguish them from ten–dimensional
fields. It consists of the following massless bosonic fields (with M;N;P2 [0;10])

62



3.2. Supergravities

(ĜMN
;ĈMNP

) : (3.22)

Only a metric tensor ĜMN and a rank 3 antisymmetric tensor field Ĉ appear. The
bosonic part of the action reads [25]

SD=11 =
1

κ 2
11

Z
d11x

p
�Ĝ ( R̂+

1
12

F̂2
)

+
2

722

Z
F̂ ^ F̂ ^Ĉ: (3.23)

In this action F̂ = dĈ. The topological term in the action modifies the Bianchi
identity of the Hodge dual field strength ˆ̃F , which is a rank 7 tensor and which
can be constructed using the D = 11 Levi–Civita tensor (as in (3.11)).

In the supersymmetry algebra discussion we noted that the IIA supersymmetry
algebra is related to the eleven–dimensional supersymmetry algebra by a simple
reduction. In that sense we used the eleven–dimensional supersymmetry algebra
as a nice starting point from which all ten–dimensional supersymmetry algebras
could be deduced (using superstring T–duality as well). The same should hold
for the supergravity theories. However the precise relation between the fields in
D = 11 supergravity and the fields in D = 10 Type IIA supergravity, suggests a
much deeper connection.

Let us assume the existence of a compact spacelike direction giving rise to
a U(1) isometry with killing vector field k. This means that the Lie derivative
with respect to k acting on all eleven–dimensional fields vanishes, i.e. LkĜ = 0
and LkF̂ = 0. Splitting coordinates xM

= (xµ
;y) for which k = ∂=∂y we can

decompose the D = 11 bosonic fields as follows

ds2
= e�

2
3 Φ(x)dxµdxνGµν (x)+e

4
3 Φ(x)

(dy�dxµAµ(x))
2

Ĉ =
1
6

dxµ ^dxν ^dxρCµνρ(x)+
1
2dxµ ^dxν ^dyBµν (x) : (3.24)

The decomposition is done in such a way that the fields appearing all nicely trans-
form in irreducible representation of the SO(1;9) Poincaré algebra. This means
we can just read off the fields that will appear in D = 10 from this decomposition.
We find the dilaton Φ, the ten–dimensional metric Gµν and the vector Aµ all ap-
pearing in the decomposition of the metric, and rank 2 and rank 3 antisymmetric
tensors coming from the rank 3 antisymmetric tensor in D= 11. We recognize this
as the massless field content of Type IIA superstrings and using this decomposi-
tion to rewrite the D = 11 action we will obtain the D = 10 Type IIA supergravity
action, which we will write down explicitly in the next subsection.
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Chapter 3. Superstring low energy limits and dualities

Looking at the decomposition of the metric (3.24) it follows that the radius
of the compact direction y, let us call it R11, is measured by e

2
3 Φ. Because of

the relation between the string coupling constant gs and the dilaton we can make
the following important identification (putting in the eleven–dimensional Planck
length)

R11 = l (11)
p g2=3

s ; (3.25)

where gs is the IIA superstring coupling constant. So the IIA superstring coupling
constant measures the size of the eleventh dimension. To be more precise, this is
the radius as measured by an observer using eleven–dimensional Planck units. By
looking at (3.24) we see that the radius as measured by the ten–dimensional metric
Gµν , which is measured using string length units

p
α 0, actually is proportional to

gs

R11 =
p

α 0eΦ �
p

α 0gs: (3.26)

We note that this means that l (11)
p =

p
α 0g1=3

s . So when we increase the IIA cou-
pling constant we blow up the eleventh dimension. The reason why nobody de-
tected this hidden dimension in IIA superstring theory was because that theory
is only defined at weak coupling gs! 0, which means the eleventh dimension is
very small and therefore invisible in IIA superstring perturbation theory.

All this suggests the conjecture that eleven–dimensional supergravity is the
low energy effective supergravity of strongly coupled (gs ! ∞) IIA superstring
theory. In order for this to be possible some states in the IIA superstring theory
should become light at strong coupling, otherwise a low energy effective theory
would not make sense. These states indeed exist in IIA superstring theory and
we in fact already discussed them in the context of D–branes and in the context
of the IIA supersymmetry algebra. In the IIA supersymmetry algebra (3.12) we
found BPS particle states that from the eleven–dimensional point of view were
Kaluza-Klein momentum modes. From the IIA superstring point of view these
particle states are in fact D0–branes, point-like defects on which open strings can
end. D–branes masses are proportional to 1=gs, so clearly when we increase the
coupling the D0–branes become light. In the limit gs! ∞ these states become
massless and at the same time we also decompactified to D = 11. This resulted
in the conjecture that the effective low energy description of strongly coupled IIA
superstring theory is D = 11 supergravity [26, 27] and it also suggests that the
fundamental degrees of freedom in this eleven–dimensional theory are related to
D0–branes.
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3.2.2 Supergravities in ten dimensions

Let us now work our way through all the low energy effective supergravity theo-
ries of the different superstring theories. One way to proceed would be to write
down the β–functions (2.70) of the corresponding superstring theories, but the
uniqueness of the different supergravity theories in D = 10 allows us to use more
direct field theoretical methods. For a more extensive discussion on the D = 10
supergravities and their original constructions we refer to [7] (part two) and the
references therein. We will begin with the Type IIA supergravity action which
is determined by the reduction of eleven–dimensional supergravity (3.24) as we
already saw.

The following massless bosonic fields appear in IIA supergravity

(Φ;Gµν
;Bµν ;Aµ

;Aµνρ
) : (3.27)

Where the first three fields are the Neveu–Schwarz fields combining to give the
bosonic part of an N = 1 supergraviton multiplet. This basic Neveu–Schwarz
supergravity multiplet will appear in all closed superstring low energy effective
supergravity theories. The other two fields are Ramond–Ramond tensor fields
giving rise to rank 2 and rank 4 field strengths (called F and G respectively) ap-
pearing in the supergravity action. We also find a topological term resulting in
a modification of the Bianchi identity for the Ramond–Ramond field strength G
giving G= dA+12B^F (where B is the rank 2 Neveu–Schwarz field). The Type
IIA supergravity action reads

SIIA =
1

κ 2
10

Z
d10x

p
�Gf e�2Φ

(R+4(∂Φ)
2�

1
3

H2
)

+F2
+

1
12

G2 g+
1

144

Z
G^G^B: (3.28)

In this action κ10 is the ten–dimensional gravitational constant which can be re-
lated to α 0 by just counting mass dimensions, κ10 ∝ α 02. Notice that all the fields
of the Neveu–Schwarz N = 1 supergravity multiplet are multiplied by the same
factor e�2Φ ∝ 1=g2

s. Extracting the powers of the string coupling constant gs and
redefining κ10 to include the powers of gs we conclude that

κ10 ∝ α 02 gs: (3.29)

The appearance of e�2Φ is a result of the fact that this action can be deduced
from tree level closed Type IIA superstring theory. The worldsheet at this level
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topologically is a sphere which has genus zero and Euler number χ = 2. Therefore
all diagrams are weighted with e�2Φ (see 1.1.6), explaining the dilaton factor. This
will be a common feature of all supergravity fields which are massless closed
string states in the Neveu–Schwarz sector. Ramond–Ramond fields are special
because they invalidate the conclusion that at tree level closed string states are
weighted with e�2Φ. One could start with Ramond–Ramond fields C0 weighted
as usual, but it can be shown that when the dilaton background is non–trivial the
Bianchi identity and the field equations pick up terms proportional to dΦ. This
means C0 is no longer of the form dA. Defining C� e�ΦC0 gets rid of the terms
proportional to dΦ and restores the usual Bianchi identity (and field equations).
This redefinition decouples the Ramond–Ramond fields from the dilaton and so
they appear in the action without a factor of eΦ. Again this will be a common
feature of all supergravities containing Ramond–Ramond fields.

We should mention that IIA supergravity can be extended to include a cosmo-
logical constant consistent with supersymmetry. This cosmological constant, by
using Hodge duality, can be related to a rank 10 field strength8 which is of the
Ramond–Ramond type which means that it does not couple to the dilaton. So the
extension called massive IIA supergravity involves the addition of a cosmological
constant in the Ramond–Ramond part of the action [28].

The action (3.28) is invariant under the dilation or global scale transformation

Φ ! Φ+4λ
Gµν ! e�2λ Gµν

Bµν ! e2λ Bµν (3.30)

Aµ ! e�3λ Aµ

Aµνρ ! e�λ Aµνρ ;

explaining the name of the dilaton scalar. The vacuum in which Φ takes on a
particular value is not invariant, so this symmetry is a spontaneously broken one
for which the dilaton is the Nambu–Goldstone boson.

We could also consider local scale transformations with a function eλ Φ(x) de-
pending on the dilaton scalar. Such a transformation is called a conformal trans-
formation and defines a new metric tensor Gµν

c

Gµν
c = e�λ ΦGµν

: (3.31)
8Such a field strength can be consistently added without breaking supersymmetry because it

does not describe local degrees of freedom. It only carries a global degree of freedom, consistent
with the fact that it should be related to a cosmological constant.
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This kind of transformation will transform the action (3.28) into

Sc
IIA =

1
κ 2

10

Z
d10x

p
�Gc ( e(�2+4λ )Φ�Rc+δ (∂Φ)

2� (3.32)

�
1
3

e(�2+2λ )Φ H2
+e3λ Φ F2

+
1

12
eλ Φ G2

) ;

with δ = 4�16λ 2
(D�1)=(D�2). Every value of λ picks out a specific metric

frame which determines the form of the supergravity action. Our starting point
action (3.28) is written using the so–called string frame metric Gµν

s . This is the
naturally preferred frame for strings probing a background solution, in the sense
that the string action (2.1) in this frame does not depend on the dilaton scalar (it
will depend on the dilaton scalar when performing a conformal transformation to
another metric frame). Another convenient (and standard) frame is the Einstein
frame, which is defined as the frame in which the Ricci curvature tensor is not
multiplied with a dilaton factor. From (3.32) we see that this happens when we
take λ =

1
2 , fixing the relation between the Einstein and string frame metric

Gµν
E = e�

1
2ΦGµν

s : (3.33)

The Einstein frame IIA supergravity action becomes

SE
IIA =

1
κ 2

10

Z
d10x

p
�GE (

�
RE�

1
2(∂Φ)

2� (3.34)

�
1
3

e�Φ H2
+e

3
2 Φ F2

+
1

12
e

1
2 Φ G2

:

Similar scaling properties exist for all the D� 10 supergravity actions which have
a dilaton scalar. Although the actual physics should be independent of the frame
we use, some properties of supergravity (or properties of solutions) are much eas-
ier detected using a specific frame. Different probes (appearing in the theory) have
naturally preferred frames in which the probe worldvolume actions do not depend
on the dilaton scalar.

Type IIB supergravity should be a chiral N = 2 supergravity which is uniquely
determined by supersymmetry. From IIB superstring theory we concluded that at
the massless level we find the following bosonic states

(Φ;Gµν
;Bµν ;λ ;Aµν

;Aµνρσ
+ ) : (3.35)

The first three states are Neveu–Schwarz fields, which in the action should all be
multiplied with a factor e�2Φ because they arise at tree level in closed superstring
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theory. The other fields are Ramond–Ramond fields and we concluded that those
should appear in the action without a factor of e�2Φ.

The rank 5 field strength C+
= dA+ constructed from the rank 4 Ramond–

Ramond gauge field should be self–dual, i.e. symbolically C+
= εC+. This fol-

lows from supersymmetry (otherwise the degrees of freedom do not match) but
complicates the construction of an action for Type IIB supergravity because the
self–duality condition does not follow from varying a (covariant) action. There
are ways around that, but we will use a simpler procedure. The action will be
constructed using a standard rank 5 field strength tensor and we will keep in mind
that we have to add the self–duality constraint to the equations of motion follow-
ing from the IIB action by hand (as an extra equation which does not follow from
varying the action). Keeping this in mind, and omitting fermions, the Type IIB
supergravity action is

SIIB =
1

κ 2
10

Z
d10x

p
�G f e�2Φ

(R+4(∂Φ)
2�

1
3

H2
)

�2(∂λ )
2�

1
3
(H 0�λ H)

2�
1

60
C+2 g

�
1
48

Z
A+^H ^H 0

: (3.36)

In this action H = dBwith B the rank 2 Neveu–Schwarz field and H0
= dAwith A

being the rank 2 Ramond–Ramond field. We also added a topological term which
is responsible for a modification of the Bianchi identity of C+ which adds Chern–
Simons terms in the self–dual field strength C+. We find that dC+

= H ^H 0. The
pseudo–scalar λ is usually called the axion. Notice that H, H 0 and the axion are
connected in the term H� λ H 0 appearing in the action (3.36). The form of this
term is determined by supersymmetry, and we will see that it is consistent with an
SL(2;R) symmetry of IIB supergravity.

It is also possible to deduce Type IIB supergravity from Type IIA supergravity
using T–duality. As we concluded in 1.1.4, T–duality interchanges winding and
Kaluza–Klein momentum modes and changes the chirality of one of the spacetime
spinors. Winding and Kaluza–Klein modes need a compact direction and couple
to abelian (massless) vectors in the lower dimensional (let us say 9–dimensional)
theory, so interchanging these states from the supergravity point of view just
means exchanging the winding and Kaluza–Klein vectors. This generalizes to
all the other fields appearing in the IIA and IIB theories after reduction to D = 9.
T–duality in this supergravity context then means that in the reduced D = 9 su-
pergravity a simple relabeling of fields should relate the IIA reduction to the IIB

68



3.2. Supergravities

reduction, telling us that these two different supergravity theories in D = 10 are
equivalent in D = 9 [29].

Let us again write the supergravity theory using the Einstein frame metric as
defined in (3.33). This results in the following Einstein frame action

SE
IIB =

1
κ 2

10

Z
d10x

p
�G f R�2 [ (∂Φ)

2
+e2Φ

(∂λ )
2
] �

1
60

C+2

�
1
3
[e�ΦH2

+eΦ
(H 0�λ H)

2
] g

�
1
48

Z
A+^H ^H 0

: (3.37)

Defining a complex scalar field τ = λ + ie�Φ we can rewrite the kinetic scalar
terms as �2e2Φj∂τ j2. This kinetic term is invariant under fractional linear trans-
formations working on the complex scalar τ as

τ !
aτ +b
cτ +d

; (3.38)

where �
a b
c d

�
2 SL(2;R ) : (3.39)

In order for this SL(2;R ) matrix to have unit determinant the parameters a;b;c and
d have to satisfy ad�bc= 1. This symmetry extends to the full action (includ-
ing fermions) provided that the rank 2 Neveu–Schwarz field B and the Ramond–
Ramond field A transform as an SL(2;R ) doublet�

B
�A

�
!
�

a b
c d

� �
B
�A

�
: (3.40)

Although we did not discuss it, an SO(2) subgroup of this SL(2;R ) also appears
in the IIB supersymmetry algebra.

Let us concentrate on a special SL(2;R ) matrix having a = d = 0 and b =

�c= 1 and assume λ = 0. In this special case we conclude that IIB supergravity
is invariant under a discrete subgroup taking Φ ! �Φ if we at the same time
interchange the rank 2 Ramond–Ramond and Neveu–Schwarz fields. From the
superstring point of view this transforms strong string coupling to weak string
coupling. This is called an S–duality transformation. As opposed to strongly
coupled Type IIA superstring theory, which is described by D = 11 supergravity
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in a low energy limit, in Type IIB we find that S–duality maps strongly coupled
IIB theory to the sameweakly coupled IIB theory. Therefore IIB is called self–
dual and the full non–perturbative symmetry group of IIB superstring theory is
conjectured to be SL(2;Z)9 [26, 30, 31, 32].

Let us now move on to the N = 1 supergravity theories. In the Heterotic
superstring theory we found four bosonic states at the massless level, which are

(Φ;Gµν
;Bµν ;A µ

H ) ; (3.41)

corresponding to a dilaton scalar, the metric tensor, a Neveu–Schwarz rank 2
gauge field and a Yang–Mills vector taking values in the Lie algebra of SO(32) or
E8�E8. Constructing a N = 1 supergravity from these states again implies the ap-
pearance of the graviton supermultiplet, having one gravitino and one Majorana–
Weyl fermion being the superpartners of the graviton, the Neveu–Schwarz tensor
and the dilaton.

Besides that, N = 1 supergravity can be coupled to a Yang–Mills supermul-
tiplet consisting of a Yang–Mills vector and a Majorana–Weyl spinor. This cou-
pling is non–trivial and will give rise to a modification of the field strength H of the
rank 2 Neveu–Schwarz tensor B to include a so–called Yang–Mills Chern–Simons
term. Schematically, using differential form notation, in the abelian case this gives
H = dB+

1
2AH ^FH (whereFH = dAH), which means dH =

1
2FH ^FH which

is no longer the standard Bianchi identity. Canceling anomalies requires the gauge
groups to be either SO(32) or E8�E8. For simplicity we will consider the Het-
erotic supergravity action without the Chern–Simons terms (and we will do the
same for Type I supergravity).

The bosonic sector of the action of N = 1 Heterotic supergravity in the string
frame is

SHet =
1

κ 2
10

Z
d10x

p
�Ge�2Φ

�
R+4(∂Φ)

2�
1
3

H2�α 0TrF 2
H

�
: (3.42)

The symbol Tr means we trace over the gauge group indices which are either in
SO(32) or in E8�E8. We note that the Yang–Mills part of this action apparently
is higher order in the α 0 expansion and that all the fields are multiplied by a com-
mon factor of e�2Φ because this action can be deduced by considering (closed)

9The restriction to integers Z is because this symmetry interchanges charged objects (BPS
states) in the theory. These charges are quantized and lie on an integer charge lattice, which only
maps to itself if the symmetry group is restricted to SL(2;Z ).
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Heterotic string states at tree level. Performing a conformal transformation to the
Einstein frame action we find

SE
Het =

1
κ 2

10

Z
d10x

p
�GE (

�
RE�

1
2(∂Φ)

2� (3.43)

�
1
3

e�Φ H2�α 0e�
1
2 Φ TrF 2

H ) :

Although at this point there seems to be nothing especially interesting in writing
the action this way, when we compare with the (Einstein frame) Type I supergrav-
ity it will become clear why this frame is useful.

As in the Heterotic superstring, in the Type I superstring theory we found four
bosonic states at the massless level, which are

(Φ;Gµν
;Aµν ;A µ

I ) ; (3.44)

corresponding to a dilaton scalar, the metric tensor, a rank 2 Ramond–Ramond
gauge field and a Yang–Mills vector taking values in the Lie algebra of SO(32).
Essentially these are the same fields as in the case of the Heterotic superstring
and therefore the supergravity action should be similar, as we also saw in the
corresponding supersymmetry algebras. Differences will arise from the fact that in
Type I superstrings we are dealing with open and closed superstring states which
are weighted differently with eΦ ∝ gs at tree level. Also the rank 2 gauge field is
a Ramond–Ramond field as opposed to the rank 2 Neveu–Schwarz gauge field in
Heterotic supergravity.

The gauge fields arise from the open strings and therefore are weighted with
e�Φ whereas the metric and the dilaton are Neveu–Schwarz closed string states
weighted by e�2Φ. Putting all these things together we find the following bosonic
sector of the Type I supergravity action in the string frame

SI =
1

κ 2
10

Z
d10x

p
�G

�
e�2Φ �R+4(∂Φ)

2�� 1
3
C2�α 0e�Φ TrF 2

I

�
: (3.45)

In this action C= dAandFI = dAI are the rank 3 Ramond–Ramond field strength
and the rank 2 Yang–Mills field strength respectively.

We find the following Einstein frame action for Type I

SE
I =

1
κ 2

10

Z
d10x

p
�GE (

�
RE�

1
2(∂Φ)

2� (3.46)
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e+ΦC2�α 0e+
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2 Φ TrF 2

I ) :
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Except for the signs of the factors eΦ this is exactly the same action as in the case
of the Heterotic Einstein frame action (3.43). We can perform the following field
transformations to go from the Type I to the Heterotic SO(32) action

C ! B

FI ! FH (3.47)

eΦ ! e�Φ

Because eΦ ∝ gs this transformation takes strong coupling in Type I theory to
weak coupling in the Heterotic theory and vice versa. It suggests that strongly
coupled Type I superstrings can be described by weakly coupled Heterotic SO(32)
superstrings and vice versa [26, 31]. This sound peculiar because the Heterotic
SO(32) superstring theory is a theory of closed strings only, whereas the Type I
superstring consists of closed and open superstrings. However lots of evidence
has been gathered supporting this S–duality conjecture, most of them relying on
supersymmetry and BPS states [33, 34].

3.3 Dualities, M–theory and p–branes

In this section we want to make the final connection between central charges, p–
brane soliton solutions and superstring dualities. This will lead to the introduction
of M–theory, first defined as the eleven–dimensional strong coupling limit of Type
IIA superstring theory, but by now believed to reproduce all string theories as
different perturbative corners in its moduli space10. The most important argument
for believing in M–theory and the dualities following from it, is the existence
of (extended) BPS soliton objects appearing in the low energy effective theories
[35, 36, 37, 16].

3.3.1 BPS p–brane solutions

We want to construct solutions to the closed string low energy supergravity equa-
tions of motion preserving some amount of supersymmetry. The charge of such
a solution we want to relate to the central charge appearing in the corresponding
supersymmetry algebra. In general what we need to construct such a solution is
General Relativity coupled to a dilaton scalar and an antisymmetric field strength

10A moduli space is the space of all free parameters and/or collective coordinates in a theory.

72



3.3. Dualities, M–theory and p–branes

tensor. Because we want such a solution to preserve some amount of supersym-
metry, it is sufficient to use the bosonic fields. Preservation of some amount of
supersymmetry just means that a subset of supersymmetry transformations will
leave the bosonic solution invariant, i.e. will not introduce fermions. For a more
extensive review on BPS soliton solutions we refer to [16].

We will solve for BPS solutions to the equations of motion obtained from the
following general (Einstein frame) action

SD =

Z
dDx

p
G
h
R�

4
D�2

(∂Φ)
2�

1
2(p+2)!

eaΦF2
p+2

i
; (3.48)

For special values of a and p this is a (bosonic) truncation of a supergravity action
in D dimensions. This will cover all D = 11 and D = 10 supergravity examples
by choosing the parameters p and a (and D of course) appropriately. It also covers
(truncated) possible compactifications of the D = 11 and D = 10 supergravities,
either on tori or on more sophisticated compact manifolds like Calabi–Yau man-
ifolds. Any supersymmetry preserving p–brane solution will therefore also have
a natural place in any of the (compactified) superstring theories and/or M–theory.
The advantage of this general action is of course that it enables us to discuss many
different p–brane solutions in various dimensions at once.

A p–brane will naturally couple to a rank p+ 1 gauge potential which leads
to a rank p+ 2 field strength, explaining the interpretation of the parameter p
appearing in this action. Every field strength can be related to a rank D� p� 2
field strength through Hodge duality of which we already saw some examples in
the supersymmetry algebras, but in the presence of a dilaton scalar and a metric
the relation (3.11) needs to be modified to become

F̃µ1:::µD�p�2 =
(�1)D+p�1
p

G(p+2)!
eaΦεν1:::νp+2µ1:::µD�p�2 Fν1:::νp+2

: (3.49)

Such a pair possibly gives rise to a p–brane and a D� p� 4–brane. A special
case occurs when the rank of the field strength equals the rank of the Hodge dual
field strength. Then we can apply a self–duality condition identifying the two
field strengths, as we did in the Type IIB action for the rank 5 field strength. The
parameter a denotes the coupling of the dilaton to the field strength in the Einstein
frame.

We will need to introduce an ansatz for the different fields to solve the equa-
tions of motion. This ansatz will be based on the fact that we expect to find a
p–brane solution, which has p+1 isometries called worldvolume directions. For
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one thing, this means the solution can only depend on coordinates transverse to
the worldvolume directions of the p–brane (this also means we will use a static
gauge, i.e. the p–brane is not moving). Let us assume the p–brane is extended
in the directions xµ

= 0;1; : : : p splitting up the D–dimensional coordinates into
xµ

= (xm
;yi

) with m2 [0;1; : : : ; p] and i 2 [p+1; : : :D� p�1], then we will use
the following two–block ansatz

ds2
E = H(y)α dx2

p+1 +H(y)β dy2
D�p�1 ;

eΦ
= H(y)γ

; (3.50)

F01:::pi = δ ∂iH(y)ε
;

where the function H(y) is harmonic on the transverse space meaning

∂i∂
iH(y) = 0 : (3.51)

This is a harmonic equation in D� p�1 dimensions which, when D� p�1 6= 2
excluding p= (D�3)–branes, is solved by

H(y) = c+
� r0

r

�D�p�3
; (3.52)

with c an arbitrary integration constant which for all practical purposes can be
set equal to one, and r is the radius in transverse space. Varying the action and
solving the equations of motion11 for the ansatz (3.50) we obtain the following
expressions for the parameters α , β , γ, δ and ε [38, 39]

α =
�4(D� p�3)

(D�2)∆
; β =

4(p+1)
(D�2)∆

γ =
(D�2)a

4∆
(3.53)

δ2
=

4
∆

; ε =�1 ;

where the special parameter ∆ is

∆ =
(D�2)a2

8
+2

(p+1)(D� p�3)
(D�2)

: (3.54)

11When the field strength tensor also satisfies a self–duality condition, the p–brane solution is
dyonic and the field strength solution F requires an extra factor 1

2

p
2. For the moment we also

assume that p< D�2. The cases with p= D�2 are called domain–walls and will be discussed
in chapter 5.
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This parameter is special because it is invariant under toroidal dimensional reduc-
tion of a specific solution in the Einstein frame [38]. This makes it easy to identify
p–branes in different dimensions with their higher–dimensional “parent” p–brane
solutions. Another special feature of ∆ is that for supersymmetry preserving solu-
tions it should equal

∆susy=
4
n

with n2 Z
+
: (3.55)

This picks out the values of a, D and p for which the action (3.48) is a truncation of
a supergravity theory. In those cases the solutions can be shown to preserve some
amount of supersymmetry by solving what are called the Killing spinor equations.
Basically this means that for the p–brane solution there exist special supersym-
metry transformation parameters η (the Killing spinors) for which the variation
of the spin half fields appearing in the supergravity theory vanish δΨ = 0. The
(spinorial) dimension these Killing spinors span determines the number of super-
symmetries preserved. Compare with breaking Lorentz symmetry by introducing
an extended object in the theory. This will break some, but not all of the Lorentz
symmetry. The theory will still be invariant under Lorentz transformations in the
worldvolume directions of the extended object. In Table 3.1 we listed a variety
of half supersymmetry preserving p–brane solutions in various dimensions cov-
ered by the solution (3.53), most notably the D = 11 M–branes and the D = 10
Dp–branes are listed in there as well.

All these extremeBPS solutions are limits of more general black p–brane so-
lutions [36, 35] breaking all of the supersymmetry, but satisfying the Bogomol’nyi
bound inequality M > Q. These non–extreme p–brane solutions are called black
because they resemble black holes which have a true horizon, classically acting
as a one–way gate. Semi–classically the black p–brane will Hawking radiate and
lose energy until it reaches the extreme BPS p–brane ground state solution with
M = Q.

The shape of an extended object should be allowed to fluctuate, or equivalently
the p–brane is a dynamical object. It should be possible to describe the fluctua-
tions of a brane by a worldvolume (effective) action. This worldvolume theory
should be supersymmetric, precisely because the supergravity solution is BPS. A
first guess for the coupling to the spacetime string framemetric would be a further
generalization of the Nambu–Goto string action (2.1) to p–dimensional extended
objects

Sp = Tp

Z
dp+1ξ e�kΦ

q
det∂iX

µ∂ jX
ν gµν (3.56)

with Tp representing the tension of the p–brane. In theories with a 6= 0 we have
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Dimension a ∆ Name
11 0 4 M–branes
10 3�p

2 4 Dp–branes
–1 4 NS1–brane
1 4 NS5–brane

6 1� p 2 dp–branes
5 0 4/3 m–branes
4 2

p
3 4 black hole

2 2 ,,
2=
p

3 4/3 ,,
0 1 RN black hole

Table 3.1: The Table indicates the values of a and ∆ (in the Einstein frame) for a variety
of branes in diverse dimensions.

to allow for a factor e�kΦ where k is determined by adding Sp to the action (3.48)
rewritten in the string frame and demanding that the total action transforms homo-
geneously under global scale transformations of the spacetime fields (3.30) [37].
Notice that a suitably chosen conformal transformation (3.31) can make the dila-
ton dependence of the worldvolume action (3.56) disappear. For every p–brane
there exists a naturally preferred metric frame in which the worldvolume action
does not depend on the dilaton. The dilaton dependence in the string frame will
determine the scaling of the effective tension with e�kΦ ∝ g�k

s ,

τp = Tpg�k
s : (3.57)

Besides the coupling to the spacetime metric a p–brane couples to a p+ 1–
form potential. In the worldvolume theory this is described by a term

SWZ =

Z
Σ
(p+1)

AM1:::Mp+1
dXM1 ^ : : :^dXMp+1 : (3.58)

In this equation Σp+1 represents the p+ 1 dimensional p–brane surface and the

XM are target spacetime coordinates. This is called a Wess–Zumino term and
is a straightforward generalization of a point particle coupling to a gauge vector
potential. This term will give rise to a rank p+1 spacetime current

JM1:::Mp+1(X) =

Z
Σ
(p+1)

dXM1 ^ : : :^dXMp+1 δ(∆X) ; (3.59)
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where ∆X = X�X(σ) in the δ–function, X(σ) representing the position of the
p–brane. For the static configuration we want to discuss, this expression reduces
to a charge

Zi1:::i p
� J0 i1:::i p

= τp

Z
Σ
(p)

dXi1 ^ : : :^dXip
; (3.60)

where we integrated over worldvolume time and the δ–function and introduced a
charge density qp� τp. The i’s are spatial indices and by definition (3.59) this ten-
sor is completely antisymmetric. These are the central charges Zi1:::i p

appearing
in the supersymmetry algebra. Looking at (3.60) this expression is a topological
winding charge, proportional to the volume of the p–brane and vanishing for con-
figurations which are not topologically stable. So we now established a precise
connection between BPS soliton solutions and central charges in the supersym-
metry algebra [40].

Let us as an example concentrate on the solutions appearing in D = 11 su-
pergravity [35]. So we have to choose the appropriate parameters. Eleven–
dimensional supergravity (3.23) does not have a dilaton scalar. Although that
means (3.48) strictly speaking is no truncation of D = 11 supergravity, a solution
having Φ = 0 should also be solution of D = 11 supergravity. Taking a = 0 will
do exactly that. The rank 4 field strength can give rise to a 2–brane solution and a
D� p�4 = 5–brane solution. This gives ∆ = 4 or n= 1 in both cases. The solu-
tions are respectively called the M2– and M5–brane. For the M2–brane, extending
in the 012 direction we find the solution

ds2
M2 = HM2

� 2
3 dx2

3 +HM2
1
3 dy2

8

F012 i = ∂i HM2
�1

: (3.61)

For the M5–brane we find

ds2
M5 = HM5

� 1
3 dx2

6 +HM5
2
3 dy2

5
?F01:::5 i = ∂i HM5

�1
: (3.62)

Although we will not prove this here, these solutions interpolate between differ-
ent vacua of eleven–dimensional supergravity, one of them being flat Minkowski
space at infinity. This is in fact a generic feature of most p–brane solutions [41, 42]
and we will make this more precise in chapter 5. They only have one free phys-
ical parameter appearing in the harmonic function (3.52) which should represent
both the mass density m and the charge density q of the p–brane12. The rela-

12Because the p–branes are infinitely extended, their total mass and charge must be infinite.
Only the mass and charge density are finite.
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tions between these charge densities satisfies the Bogomol’nyi bound we deduced
from the eleven–dimensional supersymmetry algebra. For the M2– and M5–brane
central charges we have

Z12 = qM2

Z
dX1^dX2

Y1:::5 = qM5

Z
dX1^ : : :^dX5 : (3.63)

Let us be brief on the p–brane solutions in the D = 10 string low energy effec-
tive supergravities. Most of them can be found in Table 3.1. On plugging in the
appropriate parameters which can be read off from the Einstein frame supergravity
actions, it must be clear that 2 p–brane solutions exist for every field strength ap-
pearing in the supergravity action13. All solutions again have ∆ = 4. For the Het-
erotic supergravity (3.43) we find a Neveu–Schwarz string and a Neveu–Schwarz
five–brane (we will not consider non–abelian solitons). In Type I supergrav-
ity we find a Ramond–Ramond string and a Ramond–Ramond five–brane. The
Neveu–Schwarz string and five–brane also appear in Type IIA and Type IIB, the
Neveu–Schwarz string being the BPS winding mode of a closed Heterotic, IIA
or IIB superstring and the five–brane being the Hodge dual. In IIA we find all
the even Ramond–Ramond Dp–branes and in IIB we find all the odd Ramond–
Ramond Dp–branes. Masses and charges of Ramond–Ramond BPS solutions can
be shown to scale as 1=gs or k = 1 (3.57) (as they should if they are Dp–branes).
For the Neveu–Schwarz five–branes we find a 1=(gs)

2 or k= 2 (3.57) behavior for
the masses, which is what we expect for a true soliton solution. Because we al-
ready said that the Neveu–Schwarz strings correspond to the BPS winding modes
of fundamental superstrings, it should be no surprise that the masses and charges
of these object do not scale with gs or k= 0 in (3.57).

We still seem to be missing some BPS soliton solutions, for example we did
not find a massless BPS solution and in D = 11 we also did not find a p = 6–
brane. These solutions do exist but they do not couple to a gauge potential and
are described by purely gravitational solutions. Therefore they exist in any (su-
per)gravity theory. The massless solution is nothing but a gravitational Brinkman
wave. The other (massive and topologically stable) gravitational BPS solution is
called a Kaluza–Klein monopole and is described by an off–diagonal Taub–Nut
metric in only four spacelike dimensions (which we would consider transverse

13In the case of a non–vanishing dilaton coupling a the Hodge dual field strength will appear in
the action with a dilaton coupling �a because of (3.49).
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to the Kaluza–Klein brane) of which one needs to be a special compact isometry
direction14. For the wave we find the off–diagonal metric

ds2
W = (H(t +z;y)�2)dt2

+H(t +z;y)dz2

+2(H(t +z;y)�1)dtdz+dy2
D�2 (3.64)

and for the Kaluza–Klein monopole the off–diagonal metric is

ds2
KK = dx2

D�4 +H(y)�1
(dz+Aidyi)

2
+H(y)dy2

3 : (3.65)

The wave corresponds to momentum traveling in the z direction and when z is
a compact isometry direction it corresponds to a BPS Kaluza–Klein mode. The
Kaluza–Klein monopole corresponds to a p= D�5–brane, because it clearly has
p spatial isometry directions, the z isometry being special ensuring the topological
stability of the solution. In D = 11 the Kaluza–Klein monopole therefore repre-
sents the 6–brane found in the D = 11 supersymmetry algebra [43]. The world-
volume theory of a Kaluza–Klein monopole is described by so–called gauged
sigma–models, for more details we refer to [44].

3.3.2 Dualities and effective worldvolume theories

All the conjectured dualities between superstring theories [26, 5, 45, 46] can now
be tested by studying the BPS soliton spectrum, which should be the same for
two dual supersymmetric theories. Because we can trust the masses and charges
of these BPS objects at weak and at strong coupling, we can analyze which of
the states become light and can possibly be used as fundamental objects in a dual
description allowing for a low energy effective supergravity approximation.

Let us first come back to the low energy effective worldvolume theories that
should describe the small fluctuations of the p–brane solutions. Generically these
theories are effective by definition because they are deduced from a solution to
a low energy effective supergravity. We already mentioned that there is an ex-
ception. For N Dp–branes we do know the microscopic description in terms of
open superstring theory with Dirichlet boundary conditions. As we saw in section
1.2.5, the states on N Dp–branes, at the massless level, are non–abelian U(N) fo-
tons and scalars whose fluctuations deform the shape of N Dp–branes. This means
the low energy effective action can only be a supersymmetric U(N) Yang–Mills

14This means 4 Euclidean dimensions is the smallest dimension in which such a solution exists
and in that case it is called a Taub–Nut instanton.
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theory, which has 16 real supersymmetries. This holds for all the Dp–branes and
in fact all p+ 1–dimensional worldvolume theories are related to the D = 10 su-
persymmetric U(N) Yang–Mills theory by reduction. In D = 10 the bosonic part
is just

SSYM=
1

g2
YM

Z
d10xTrF2

: (3.66)

This theory would be describing the worldvolume theory of N D9–branes,
which has no scalars denoting its position in the D = 10 target spacetime because
the brane is spacetime filling. If we reduce this theory on a torus Tn we ob-
tain a theory with U(N) vectors and n adjoint scalars with a commutator scalar
potential, describing the degrees of freedom of N D(9�n)–branes moving in a
ten–dimensional target spacetime. When n = 9 we arrive at a supersymmetric
quantum mechanics model describing the dynamics of N D0–branes in Type IIA
superstring theory. We will say a lot more about that model in the next chapter.

Of course this is a lowest order in α 0 approximation. In fact we can do a lot
better and the full action is known to be described by what is called a Dirac–Born–
Infeld action [9]

SDp = TDp

Z
dp+1xe�Φ

q
det(Gµν �α 0Fµν ) : (3.67)

Expanding the squareroot of the determinant we will arrive at the supersymmetric
U(1) Yang–Mills action. This action is hard to generalize to include non–abelian
gauge groups. Proposals have been made, but so far it is unclear if those proposals
are correct. Whenever we will need Dp–brane worldvolume theories in this thesis
we will use the low energy effective supersymmetric Yang–Mills theory instead
of the Born–Infeld theory.

Using all this information on BPS states in general and Dp–branes in particular
we now want to re–analyze the conjectured dualities.

� Heterotic SO(32) – Type I SO(32) S–duality
At strong coupling in Type I the BPS D1 string becomes light and in fact
it can be shown to map perfectly to the fundamental closed superstring of
Heterotic superstring theory [33]. All the other states also map perfectly
giving strong evidence for this conjecture [34].

� Type IIB SL(2;R) self–duality
The same phenomenon occurs, the D1 string maps to the fundamental Type
IIB superstring at strong coupling and vice versa. The SL(2;R) symmetry
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leads us to consider (p;q) strings in the theory representing a bound state
of p Neveu–Schwarz strings and q Ramond-Ramond D1 strings [32]. The
same mapping is at work for all the other BPS branes.

� Type IIA and M–theory
At strong coupling of type IIA we concluded that an extra eleventh dimen-
sion is developed. All the BPS states of type IIA should have a counterpart
in M–theory, where M–theory is defined as the eleven–dimensional funda-
mental theory giving Type IIA superstrings in D = 10 if the eleventh di-
mension is very small. Using the relation between eleven– dimensional su-
pergravity and Type IIA supergravity we conclude that the M2–brane gives
rise to the NS string and the D2–brane. The M5–brane reduces to the D4–
and the NS5–brane. The D = 11 KK–monopole reduces to the D = 10 KK–
monopole and to the D6–brane if reduced over the special compact isometry
direction z in the D = 11 KK–monopole. Finally, but very importantly, the
Kaluza–Klein momentum modes (or the gravitational waves having their
momentum in the compact direction) reduce to the D0–branes15 [47].

One attempt to define M–theory made use of the fact that the theory con-
tains M2–branes [27]. The idea was to try to quantize the supermembrane
[48], just as we quantized the superstring. However, the standard quantized
supermembrane has a continuous spectrum and no natural dimensionless
coupling constant to set up a perturbative expansion, making a (standard)
elementary particle interpretation problematic [49]. We will say a little bit
more about this in the next chapter. The states becoming light at strong cou-
pling are the D0–branes and therefore an obvious idea is to use D0–branes
as the fundamental degrees of freedom describing M–theory. That theory is
named Matrix theory [50] and is the subject of the next chapter.

� M–theory dualities
Because Type IIB superstring theory can be obtained through Type IIA su-
perstring theory using T–duality we can also obtain Type IIB theory from
M–theory. T–duality requires another (besides the eleventh direction) com-
pact direction and therefore should be related to M–theory on a two–torus
T2. Shrinking one cycle of the T2 will give Type IIA superstring theory.
Using T–duality, shrinking both cycles of the T2 should give Type IIB su-
perstring theory in D = 10 [6].

15The gravitational waves in D = 10 are just the gravitational waves in D = 11 not having their
momentum in the compact direction.
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IIB

D=11 supergravity

IIA

Type I

Het SO(32)

Het E8 x E8 M-Theory

Figure 3.1: The moduli space of M–theory with its different perturbative corners.

We can also relate M–theory to the N = 1 superstring theories [51, 52].
This can be done by considering M–theory on an interval S1

=Z 2 [52], this
will break half of the supersymmetries giving a N = 1 theory in D = 10.
This theory is related to the strong coupling limit of Heterotic E8 �E8,
where the coupling constant gs is given by the length of the interval. Be-
cause Heterotic E8 �E8 is T–dual to Heterotic SO(32) (if we break the
gauge group to SO(16)�SO(16)), and Heterotic SO(32) is S–dual to Type
I superstring theory, we related all consistent superstring theories to M–
theory. A situation pictorially displayed in Figure 3.1. If we consider other
compact manifolds many more examples of these dualities can be found
[26, 53, 54, 14]. One example is the IIA superstring theory compactified
on a four–dimensional K3 Calabi–Yau manifold (breaking half of the su-
persymmetries), which is conjectured to be S–dual to Heterotic superstring
theory on a four–dimensional torus T4. Altogether this is significant ev-
idence for the existence of one non–perturbative structure underlying all
superstring theories called M–theory.
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