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Chapter 6

Modeling

6.1 Probit analysis

6.1.1 The probit model

The probit model can be used to describe dose-response data. The probit curve
is a sigmoid curve, often used in toxicology [102]. In this model it is assumed
that the logarithm of the ED50 is normally distributed over the population:

P (ED50) =
1

σ
√

2π
· e−

(10log(ED50)−10log(ED50))2

2·σ2 (6.1)

where σ indicates the standard deviation of the mean log (ED50) of the
population. For any dose D, given to the population, it is expected that the
fraction of the animals that has a lower ED50 than the applied dose D, will be
a responder. The NTCP can therefore be calculated by:

NTCP (D) =
∫ D

0

P (ED50) · d (ED50) (6.2)

This can be evaluated to be:

NTCP (D) =
1
2
·
(

1 + erf

(
10log(ED50)−10 log(ED50)√

2 · σ

))
(6.3)

Using the definitions m = 1
σ and

Φ(x) =
1
2
·
(

1 + erf

(
x√
2

))
(6.4)

equation 6.3 can be simplified to:

NTCP = Φ
(
m · (10log(ED50)−10 log(ED50)

))
(6.5)

In this equation m has the meaning of slope parameter of the NTCP curve.
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80 CHAPTER 6. MODELING

6.1.2 Probit analysis

Several methods exist to fit the probit model to dose-response data. One method
is using the probit transformation, which transforms data that follows a sigmoid
curve into a straight line, after which the probit parameters are determined from
a least squares fit of a line to the transformed data [102, 103].

This method, however, is not capable to handle all the data. Dose groups
with 0% responders are transformed to −∞ and 100% transforms to ∞. There-
fore, this method needs at least 2 dose groups that have neither 0% nor 100%
responders to be able to do the least squares fit. In the dose-response data a
limited number of dose groups and animals per group is used. Therefore, a large
part of the data consists of 0% and 100% points.

Another method that can be used is the ML fit. This has been described in
section 2.1. Equation 2.10 is then used to find the optimal parameter set. The
95% confidence intervals for both the ED50 and m are easily derived from the
LLmax− 2 iso-LL contour. The LLmax− 3 contour is used to indicate the joint
95% confidence interval for both parameters. This interval is used for checking
the consistency of two similar experiments.
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Figure 6.1: The LL landscape for the uniform irradiations. The inner and outer
contours denote the LLmax − 2 and LLmax − 3 iso-LL contours, respectively.
The contours are plotted as a function of the slope parameter m and the ED50

(horizontal and vertical axis, respectively.) The dotted contours indicate the
iso-LL contours of the two independent 4 mm experiments.
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6.1.3 Uniform dose distributions

The data obtained in the experiments, where uniform irradiation fields are used
is described in paragraph 5.1. In figure 6.1 the likelihood landscapes for the
probit model parameters, obtained from each volume separately, are shown.
Special attention is needed in the analysis of the 20 mm data. The iso-LL
curves are not closed, because the best fit is a step function. This indicates that
insufficient data points are present in the dose range where NTCP increases
from 0.1 to 0.9 to be able to get an indication of the slope of the curve. The
maximum likelihood parameters are ED50=19.7 Gy and m →∞.

The 4 mm experiment was done twice. The outer dotted contours denote
the joint 95% confidence intervals for the parameters of both experiments. The
intervals overlap, which indicates that the experiments are consistent. There-
fore, also the joint data-set was analyzed. This is indicated by the solid contours
labeled 4 mm.

A summary of fit results is given in table 6.1. By looking at the GoF of fits
to combined data-sets additional information on the correspondence between
the data-sets involved can be obtained.

The GoF of the 20 mm experiments is 100%. In that experiment only one
data point had neither 0%, nor 100% responders. This data-set can be fitted
exactly by a probit curve of infinite slope, thus yielding zero deviance. All data-
sets that would be generated from this step function would also be datasets that
can be fitted with zero deviance (again with the same step function.) Therefore,
all simulated alternative experimental outcomes would result in a fit is as good

0 2 4 6 8 10 12 14 16 18 20
0

10

20

30

40

50

60

70

80

90

100

Field length (mm)

E
D

50
 (

G
y)

proton data
van der Kogel 1993

Figure 6.2: The ED50 as a function of irradiated length. The error bars indicate
the 95% confidence limits.
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Table 6.1: Summary of probit-fit results. The data-sets that will be used in
volume-effect model fits are shown bold.

Experiment ED50 Lower Upper GoF
limit limit probit
95% 95% model
c.i. c.i.

(Gy) (Gy) (Gy) (%)
2 mm 87.5 81.2 94.0 32.3

4 mm (1) 51.3 47.2 56.7 31.6
4 mm (2) 55.5 53.0 58.2 15.6

4 mm (1+2) 53.5 51.3 56.5 1.9
8 mm 24.8 22.0 28.6 39.5
20 mm 19.7 19.7 21.4 100.0

2 mm + 20 mm / 18 Gy 30.6 27.4 33.3 11.5
2 mm + 20 mm / 4 Gy 56.0 56.0 63.6 100.0
4 mm + 20 mm / 18 Gy 31.3 27.7 34.2 24.6

4 mm + 20 mm / 12 Gy (1) 35.0 32.9 37.0 100.0
4 mm + 20 mm / 12 Gy (2) 31.9 28.8 34.3 4.3

4 mm + 20 mm / 12 Gy (1+2) 33.2 31.5 34.9 4.0
4 mm + 20 mm / 4 Gy (1) 40.6 36.8 43.7 2.7
4 mm + 20 mm / 4 Gy (2) 37.2 33.7 39.7 37.9
4 mm + 20 mm / 4 Gy (3) 38.5 36.4 40.6 27.1

4 mm + 20 mm / 4 Gy (1+2+3) 38.7 37.3 40.2 9.1
4 mm + 20 mm / 4 Gy (2+3) 38.1 36.6 39.6 64.7
4 mm + 12 mm / 18 Gy (caudal) 36.8 29.8 44.3
4 mm + 12 mm / 18 Gy (cranial) 38.1 34.3 42.5

4 mm + 12 mm / 18 Gy (ca+cr) 37.4 34.4 40.8 90.9
2x4 mm (8 mm separation) 46.3 42.6 52.7 44.5
2x4 mm (12 mm separation) 41.8 38.4 45.9 53.8
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as that to the measured one. By definition this corresponds to a GoF of 100%.
The GoF of the combined 4 mm data-set is only 1.9%. Even though the

probit parameters found in both experiments were not inconsistent, on the level
of individual data points there is an inconsistency. This low GoF indicates that
the combined data-set is no longer described accurately by the probit model.
All volume-effect models give sigmoid-shaped curves like the probit model. The
combined 4 mm data-set will thus always reject any dose-effect model, even
though the separate experiments wouldn’t. This was confirmed by carrying
out the fits while leaving out the first 4 mm data-set. Therefore, when fitting
dose-volume-effect models to these data, the second 4 mm data-set will not be
included. The second was chosen to be left out because it has the lowest GoF
of both sets.

In figure 6.2 the ED50 is plotted as a function of irradiated length. The
8 mm and 20 mm experiments can be seen to be consistent with the data by
Van der Kogel et al. [101]. The present 4 mm result shows a slightly higher
ED50 than measured by Van der Kogel et al. This may be due to the smaller
penumbra of the proton field. The larger penumbra of a 6 MV photon field may
have resulted in a slightly larger effective field size.

6.1.4 Non-contiguous dose distributions

The non-contiguous irradiations should be compared to the 8 mm irradiation,
since they have the same total volume. In figure 6.3 the LL landscape of the
probit model fitted to these three experiments as well as the single 4 mm ex-
periment is shown.

The probit model parameters found with the non-contiguous dose distribu-
tion are not significantly different from each other. They do, however, differ
considerably from the 8 mm values. Actually the ED50 of the non-contiguous
experiments is closer to the 4 mm result than the 8 mm result.

6.1.5 “Bath and Shower” experiments

In chapter 5.1 two series of bath and shower experiments were described. In the
first series the length of the shower dose distribution was 4 mm. The likelihood
landscapes of those experiments are shown in figure 6.4. In this figure the
dotted contours indicate the three separate experiments where a 4 Gy bath was
used. The dash-dotted contours indicate the two 12 Gy bath experiments. The
separate experiments can be seen to be consistent. The results of the analysis
of the combined data-sets is indicated by the solid contours, both for the 4 Gy
and 12 Gy baths.

Figure 6.5 shows the iso-LL contours obtained from the 2 mm shower exper-
iments and the probit model. The contours of the 12 Gy experiments are open
and the maximum-likelihood parameters are ED50 = 56 Gy and m →∞.

Two asymmetric experiments were done. In one the bath dose was only
given on the caudal side of the shower and in the other the bath was located
only on the cranial side of the shower. In figure 6.6, the iso-LL contours obtained
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from the asymmetric bath and shower experiments and the probit model are
shown. The large overlap of these contours show that both experiments are not
significantly different from each other. In table 6.1 the GoF of the probit model
fit to the combined data-set is shown. The high value of 90.9% shows that both
data-sets are not inconsistent. It is therefore assumed that the two data-sets
result from the same dose-effect relation and may be combined.

The 12 Gy bath and shower experiment with a 4 mm shower was also per-
formed twice. In terms of probit parameters both experiments were consistent,
however, also the GoF of the probit model to the joint data-sets is weak. This is
caused by the GoF of the second experiment which is too low. This experiment
will not be included in further analysis.

The first experiment with a 4 mm field and a 4 Gy bath resulted in a GoF
of 2.7%. Both repetitions of the experiment gave a reasonable GoF. The first
experiment will therefore not be used for analysis with dose-volume-effect mod-
els.

In figure 6.7 the influence of a bath dose surrounding a small volume is
shown. A small dose (4 Gy) is of huge influence on the ED50 to the small field
already. The dose of 4 Gy is a lot lower than the ED50 for the volume it was
given in.
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Figure 6.3: The LL landscape for the non-contiguous experiments. The inner
and outer contours denote respectively the LLmax − 2 and LLmax − 3 iso-LL
contour
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6.2 Models employing functional sub-units

6.2.1 The functional sub-unit

Several models have been published that assume that an organ consists of so-
called functional sub-units (FSU’s) [42, 41, 43]. The concept of the FSU was
introduced by Withers et al. [104]. They distinguished between two types of
FSU’s. The first was a structural defined FSU. This is a division of the organ
into identifiable, independent structures such as nephrons in the kidneys. The
second type is a structural undefined FSU for tissues that are not composed of
clearly independent sub-structures, such as the skin. Also, the glial tissue in
the CNS was mentioned as forming structurally undefined FSUs. Withers et al.
described this second type of FSU as the largest volume of tissue that can be
repopulated by a single stem cell.

In their paper Jackson et al. [41] described the FSU as a sub-volume of
the organ that carries out the function of the organ and is able to be fully
repopulated by a single surviving stem cell. Furthermore, the FSUs respond to
irradiation independently of each other. Moreover, they state that the exact
relationship between FSU disablement and dose “depends on the sub-structure
of the FSU, and may differ from organ to organ.”

As an example they describe a FSU which contains Nc stem cells, which

0 10 20 30 40 50 60 70 80 90 100
20

25

30

35

40

45

50

55

60

m

E
D

50
 (

G
y)

0 Gy

18 Gy
12 Gy

4 Gy

Figure 6.4: The LL landscape for the bath and shower irradiations where a 4
mm bath was used. The inner and outer contours denote the LLmax − 2 and
LLmax − 3 iso-LL contours, respectively. The dotted contours were derived
from the three separate 4 Gy bath experiments. The dash-dotted contours were
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Figure 6.5: The LL landscape for the bath and shower irradiations where a 2
mm shower was used. The inner and outer contours denote the LLmax − 2 and
LLmax − 3 iso-LL contours, respectively.
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by definition all have to die before the FSU is disabled. For stem cells the
survival probability after irradiation is given by the LQ model [6], but as in this
thesis only non-fractionated experiments are considered, the single-hit model [6]
should be used instead:

Psurvive = e−α·D (6.6)

In equation 6.6, α is the radiosensitivity of the target cells and D the dose
to which they are irradiated.

The kill probability of a single cell is then given by Pkill = 1−Psurvive. The
probability that no cell survives, which is also the probability that an FSU will
not be able to recover, is given by:

PFSU = PNc

kill = (1− e−αD)Nc (6.7)

This description is similar to, for example, the logit curve, the Poisson curve
or other approximations of the sigmoid curve of equation 6.7 and usually any of
these 4 is used. This description of the FSU does not fit in our present biological
concept of paralysis, because in our concept, the endothelial cell is considered an
important primary radiation target. (See also section 1.4.) In the vasculature,
the probability of failure is, apart from the surviving fraction, also dependent
on the spatial distribution of vessels.

Still the mathematical formulation can be used. If one assumes that damage
is inflicted locally and correlates fully to the deposited dose, it is reasonable to
expect that the probability of depleting an FSU as a function of dose shows a
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sigmoid behavior. The only consequence is that the description of the PFSU is
empirical and not mechanistic anymore.
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Figure 6.8: Uniform irradiation data compared to the best-fitting curves ob-
tained from the critical-element model.

6.2.2 Critical-element model

This model was first published by Niemierko and Goitein [42]. It assumes that an
organ consists of identical elements whose response to radiation is independent
of each other. They identified these elements to be the FSU introduced by
Withers et al. Typical for this model is, that it assumes that a complication
occurs when only a single FSU is killed. This corresponds to the idea that the
spinal cord is a long wire, from which removal of even the smallest portion would
lead to disablement of its function.

For a uniform irradiation of N FSU’s the probability that no complication
arises (1−NTCP ) is given by the probability that all FSU’s survive:

1−NTCP = (1− PFSU (D))N (6.8)

This formalism is only applicable to uniform irradiations. In practice all
dose distributions are non-uniform to some degree. A uniform dose distribution
can be defined by the bin size dx in the profile and the dose Di of bin i. The
probability that no complication is seen is then given by:

1−NTCP =
∏

i

(1− PFSU (Di))Ni (6.9)
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The best fit of this model to the uniform irradiation data results in the curves
drawn in figure 6.8. It is obvious that the behavior of the model is very different
from the data. The deviance of this fit was 63.0, which results in a GoF below
0.1%.

Serial organs only show a small volume effect for low NTCP values. Espe-
cially for low NTCP this behavior is clearly visible in the model curves shown
in figure 6.8. This serial character is often thought to be appropriate to the
spinal cord. This behavior is clearly not present in the data obtained in the
experiments listed in chapter 5.

6.2.3 Critical-volume model
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Figure 6.9: Uniform irradiation data compared to the best-fitting curves ob-
tained from the critical-volume model.

The critical-volume model also assumes a division of the organ into FSU’s
[40, 35, 105]. The difference with the critical-element model is that a certain
part of the FSU’s is assumed to be redundant and may be damaged without the
occurrence of organ failure. The redundant volume is also called the functional
reserve. The probability distribution of the functional reserve is assumed to be
a normal distribution. The NTCP is then given by the probability that the
damaged volume exceeds the functional reserve. This can be calculated using
the cumulative normal distribution:

NTCP = Φ

(√
NFSU

σ2
· (µ− λ)

)
(6.10)
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In equation 6.10 NFSU denotes the number of FSU’s per unit length. λ is
the population mean of the functional reserve and µ gives the expected damaged
volume. σ is the statistical spread in the damaged length, given by:

σ2 =
∫

PFSU (D (x)) · (1− PFSU (D (x))) · dx (6.11)

The best-fitting model curves are shown in figure 6.9. The result is better
than obtained with the critical-element model when looking at the position of
the curves. The slope of the curves, however, is generally shallow and the 8 mm
field is not described very well. The GoF of this model to the uniform-irradiation
data is smaller than 0.1%.

The critical-volume model corresponds better to the data, because it does
not show the serial behavior (small volume effect for low NTCP values) of the
critical-element model. The dependence of the ED50 on the irradiated volume,
however, deviates from the data.

6.2.4 Relative serialty model
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Figure 6.10: The uniform-field data compared to the best-fitting curves obtained
from the relative serialty model.

Another model that uses the concept of FSUs is the relative serialty model
[43, 67]. The model assumes that an organ can be described as a series of
parallel organized fibers of FSU’s. A fiber is assumed to fail if one of its FSUs
is disabled. The organ as a whole, however, will survive until all of its fibers are
disabled. The parameter s (the “serialty” of the organ) determines the volume
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behavior of the NTCP. The NTCP is calculated from the whole organ response,
which is assumed to follow a Poisson curve:

P (D) = 2−e
e·γ37·(1− D

D50 )
(6.12)

In equation 6.12 γ37 is the slope parameter of the sigmoid curve. D50 indi-
cates the ED50 for a uniform whole-organ irradiation. Using this probability of
organ failure to whole-organ irradiation the NTCP can be calculated using:

NTCP = (1− (1− P (D)s))
1
s (6.13)

In equation 6.13 s is a parameter indicating the length of the serial strings,
relative to the total number of FSUs in the organ. A low value of s indicates
a merely parallel organization, while a high value of s indicates a more serial
organization. The best fit of this model to the data obtained with homogeneous
irradiations is shown in figure 6.10. The GoF of this model is less than 0.1%.

6.2.5 Contiguous damaging of functional sub-units
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Figure 6.11: Uniform-irradiation data compared to the best-fitting curves ob-
tained from the single-fiber contiguous-damaged FSU model.

This model by Stavreva et al. [106] assumes the division of the organ into
functional sub-units. It assumes that the FSU’s are organized in fibers. A fiber
is assumed to be failing its function when a minimum contiguous number of
FSU’s is killed. The functional reserve of the organ is assumed to be a certain
number of fibers.
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In their paper Stavreva et al. choose to employ a mathematical implemen-
tation based on binomial coefficients. This implementation can only be used
for homogeneous dose distributions, since in the combinatorial calculations the
probability of FSU disablement should be the same for all FSUs. In this thesis
several different non-uniform dose distributions have been used and therefore
the implementation by Stavreva et al. can not be used. Instead a formulation
in terms of the probability of FSU disablement is given in appendix A.

A major problem of this model is the huge amount of processor time needed
in fitting it to data. The most time consuming part is to evaluate the probability
of a failing fiber. Fitting a model using this concept took about 100 hours per
fit.

Four possible tissue responses were investigated. Firstly it was assumed
that the spinal cord could be viewed as a single fiber, failure of which results in
paralysis:

NTCP = Pfiber (6.14)

The curves that best fit the data are shown in figure 6.11. In this fit a
deviance of 71.7 was obtained. The GoF was not calculated using the MC tech-
nique, due to the huge amount of processing time needed and the expectation
that this high deviance will never produce a GoF that is higher than 0.1%.
Furthermore, it was assumed that the spinal cord could be modeled using two
fibers, and that damaging just one would result in paralysis:

NTCP = 2 · Pfiber − P 2
fiber (6.15)

This fit yielded a deviance of 60.3, which is still believed to be too high to
correspond to a GoF larger than 0.1%. Thirdly it was investigated if a model
in which both fibers must be destroyed gives a better description:

NTCP = P 2
fiber (6.16)

The curves that best fit the data are shown in figure 6.12. The result was a
deviance of 52.7, which most likely corresponds to a GoF less than 0.1%.

6.3 Variable critical-volume model

The variable critical-volume model by Bonta et al. [107] assumes that the
amount of damage that an organ can tolerate is dependent on the volume in
which damage is done. If the damage in a sub-volume exceeds the tolerance
for that sub-volume the complication occurs, regardless of the rest of the dose
distribution. Note that despite the similarity in its name, this model does not
use the concept of FSU’s like the critical-volume model.

To calculate the NTCP first the damage that is done to regions bounded by
iso-dose contours ranging from 0-100% should be calculated. The mean dose in
these sub-volumes v is transformed into the equivalent uniform dose by a power
law:
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Deq = Daverage (v) · vn (6.17)

The sub-volume with the highest equivalent uniform dose will be the sub-
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Figure 6.12: Uniform-irradiation data compared to the best-fitting curves ob-
tained from the double-fiber contiguous-damaged FSU model.
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Figure 6.13: Uniform-irradiation data compared to the best-fitting curves ob-
tained from the variable critical-volume model.
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volume with the highest damage. Bonta et al. [107] model the probability that
the damage to that sub-volume exceeds the tolerance by a logistic function:

NTCP =
1

1 +
(

TD50
Deq,max

)k
(6.18)

In equation 6.18 TD50 denotes tolerance value of the equivalent uniform
dose. Parameter k determines the slope of the NTCP curve.

The best fitting curves of this model to the homogeneous irradiation data
are shown in figure 6.13. All curves are too shallow and as such none of them
describes the corresponding experiment well. This is reflected in the deviance
which is 75.8. This results in a GoF of this model of less than 0.1%.

6.4 Equivalent uniform dose
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Figure 6.14: Uniform-irradiation data compared to the-best fitting curves ob-
tained from the equivalent uniform dose model.

A model solely based on cell death was published by Niemierko [108]. He
constructed a model that allowed transformation of a non-uniform dose distri-
bution into an equivalent uniform one, based on the surviving fraction of target
cells. The occurrence of white matter necrosis is not a direct function of the
surviving fraction of endothelial cells, because the failure of blood vessels can
not simply be described as a function of the surviving fraction of these cells.

After transforming an inhomogeneous dose distribution into a homogeneous
one, the NTCP can be derived from the dose-effect relation for the whole-organ
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irradiation. In the current work a probit model is used for that. The best
fitting curves to the data obtained in homogeneous irradiations are shown in
figure 6.14.

The deviance of the fit of this model to the uniform-irradiation data is 31.7,
which resulted in a GoF of this model to the data of approximately 0.1%. The
main assumption of this model is that the amount of damage inflicted by a
certain dose is determined by the amount of cell death it causes in a single cell
type. This concept has been disputed, amongst others by Hopewell and Trott [4].
The result of this fit supports Hopewell and Trott’s conclusion that the volume
effect in the spinal cord is more related to organ anatomy and physiology than
to the cellular response to radiation.

6.5 A local-damage model by Alber and Nüsslin

Alber and Nüsslin [109] reported on a formalism that can be used to construct
mechanistic dose-volume models. Their formalism was specifically tailored to
yield models that were invariant under scaling of dose and volume. Therefore,
only complications that originate from locally inflicted tissue damage can be
described. This assumption is similar to the assumption that the radiation
responses of FSUs are independent of each other(see section 6.2). Using their
framework, they derived a model for the spinal cord based on the assumption
that it is a serial organ, by which they mean that damaging even the smallest
fraction will lead to paralysis. Their expression for the NTCP is:

NTCP = 1− e
−
(

d
d0

)k

(6.19)

where k and d0 are the free parameters that describe the volume effect and d is
given by

d =
(∫

Dk (x) · dx3

V

) 1
k

(6.20)

As in the data presented in chapter 5 the only dose variations are in the
longitudinal direction and the dose distribution is a discrete function consisting
of dose bins, equation 6.20 may be rewritten to:

d =

(∑N
i=0 Dk

i

N

) 1
k

(6.21)

where N is the number of dose bins in the dose profile and Di is the dose in
dose bin i.

The curves obtained from this model that best fit the uniform-irradiation
data are shown in figure 6.15. The deviance of this fit is 64.2, which corresponds
to a GoF that is smaller than 0.1%.



96 CHAPTER 6. MODELING

6.6 Models employing repair of damage

6.6.1 The critical-element model with cell migration

Shirato et al. reported on a critical-element-like model that included repair by
cell migration [110]. The model has similar assumptions as the conventional
critical-element model: the division of the organ into FSUs and organ function
impairment occurs after the disablement of a single FSU. Furthermore, it is
assumed that cells that are killed may be replaced by migrating cells, thereby
restoring the functionality of disabled FSUs. This migration is assumed to
happen uniformly over the organ. Cell migration is assumed to be caused by
growth factor secretion by surviving cells. Therefore, the number of migrating
cells is proportional to the total number of surviving cells in the organ that is
studied.

Note that though the inclusion of migration into the model suggests that
damage to sub-units is correlated, it is in fact not. Both the FSUs cell type
and the migrating cell type are equally sensitive. Migration is assumed to have
a uniform effect on all FSUs. This means that PFSU of the critical-element
model is simply modified with a quantity depending on the integrated dose.
The integrated dose does not contain any spatial information. As a result the
probability of an FSU to be killed is still not linked to the fate of other specific
FSU’s.

A cell type which does spread uniformly over the tissue after irradiation is
the O-2A progenitor cell. However, in section 1.4 some evidence against these
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Figure 6.15: Uniform-irradiation data compared to the best-fitting curves ob-
tained from the model by Alber and Nüsslin [109].
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progenitor cells as a target for white-matter necrosis was given.
In their description Shirato et al. assume that the probability of cell kill can

be described by the LQ model. As previously mentioned in section 6.2.1 the
single hit model, given by equation 6.6 is more correct for use with the data
presented in this thesis.

The best fit of this model to the uniform-irradiation data has a deviance
of 21.0, which corresponds to a GoF of 14.6%. In figure 6.16 it can be seen
that even though the curves resemble the data, they still show the same serial
behavior as the critical-element model (see figure 6.8), which causes most of the
deviations in the 4 mm and 2 mm data.

The fit procedure was also repeated with all contiguous and symmetric dose
distributions. The best fit of the model to this data-set resulted in a deviance
of 146.6, which corresponds to a GoF less than 0.1%.

6.6.2 The critical-volume model with cell migration

The repair-by-migration principle postulated by Shirato et al. [110] can also
easily be implemented in the critical-volume model by using the probability of
FSU failure by Shirato et al. instead of equation 6.7.

The GoF of this model to the data obtained with uniform irradiations is
16%, which is an improvement over the critical-element model with migration.
The best-fitting model curves and the uniform-irradiation data are shown in
figure 6.17.

The fit procedure was also repeated with all contiguous and symmetric dose
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Figure 6.16: Uniform-irradiation data compared to the best-fitting curves ob-
tained from the critical-element model with migration.
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distributions. The best fit of the model to this data-set resulted in a deviance
of 131.8, which corresponds to a GoF less than 0.1%.

6.7 Empirical models

6.7.1 Lyman model

One of the first models that was suggested to describe the dose-volume-effect
behavior of healthy organs is the empirical model by Lyman [111, 45]. It assumes
that the relation between the ED50 and irradiated volume v is a power law:

D50 (v) =
D50 (vref )

vn
(6.22)

where n is a free parameter and D50 (vref ) denotes the ED50 to uniform irra-
diation of the reference volume vref . The NTCP is then calculated using:

NTCP =
1
2
·
(

1 + erf
(

Dmax −D50 (v)
m ·D50

))
(6.23)

where the slope parameter m determines the slope of the NTCP curves. The
curves that fit best the data are shown in figure 6.18. Equation 6.22 can only
be used if the irradiation was done in a well-defined volume. In general, one
needs to be able to calculate NTCP values for inhomogeneous dose distributions
as well. Therefore, inhomogeneous dose distributions need to be converted to

0 20 40 60 80 100 120
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

D
max

N
T

C
P

2 mm
4 mm
8 mm
20 mm

Figure 6.17: Uniform-irradiation data compared to the best-fitting curves ob-
tained from the critical-volume model with migration.
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equivalent homogeneous distributions. Several schemes for this have been re-
ported in references [112, 113]. In this work the effective-volume method by
Kutcher and Burman [113] is used:

veff =
∑

i

vi ·
(

Di

Dmax

) 1
n

(6.24)

The curves that best fit the uniform-irradiation data are shown in figure
6.18. The GoF of this model is lower than 0.1%.

6.7.2 Exponential dependence of the ED50 on the irradi-
ated volume

A fully empirical model was constructed based on figure 6.2. The data indicate
a certain minimum ED50 for large volumes. For smaller volumes the tolerance
dose increases steeply. This behavior can be described, for example, by an
exponential added to the ED50 of a large irradiated volume:

ED50 (v) = ED50 (∞) + a · eb·v (6.25)

This model can only be used on ideally block-shaped dose distributions, as
those are the only ones that have a well-defined volume. In smaller dose distribu-
tions of the experiments listed in chapter 5, the penumbras are a significant part
of the dose distribution. Therefore, dose profiles are transformed to equivalent
uniform ones using the mean dose approximation:
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Figure 6.18: Uniform-irradiation data compared to the best-fitting curves ob-
tained from the Lyman model.
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veff =
∑

i

vi · di (6.26)

where di indicates the relative dose in dose bin i of the dose distribution. This
dose bin has volume vi. The NTCP of the homogeneous irradiation is assumed
to follow the probit curve given by equation 6.5 where ED50 is calculated using
equation 6.25 and the slope parameter m is a free fitting parameter.

In figure 6.19 the best fit of this model to the data obtained with uniform
dose distributions is shown. This model has a GoF of 19.1%. The model was
also fitted to the bath and shower experiments separately. The resulting GoF
was below 0.1%.

6.8 Discussion

6.8.1 Mechanistic versus empirical modeling

Usually two types of mathematical models are distinguished. The first is the
mechanistic model which formulates a number of assumptions that allow for
calculation of the expected effect on the basis of the processes that take place.
The opposite is an empirical model, which is not based on assumptions that
are related to the processes that lead to the effect to be predicted. An em-
pirical model only uses the observations as a basis for calculations and making
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Figure 6.19: Uniform-irradiation data compared to the best-fitting curves ob-
tained from the empirical model, assuming an exponential increase in ED50
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predictions.
In the previous sections several models were described. Most of them were

more or less mechanistic in the sense that they attempted to describe the mea-
sured effects from the structure of the organ or mechanisms leading to the com-
plication. In section 6.7.2 a purely empirical model was constructed by simply
looking at the data and “guessing” an appropriate functional description.

NTCP calculations in radiotherapy may be used to compare and optimize
treatment plans, based on analysis of risk and benefit of the proposed treatment.
For this purpose the only important item is the use of a reliable model, that
accurately describes the known data. Both empirical and mechanistic models
could fulfill this function. Empirical modeling has the obvious advantage that it
leaves the user much more freedom and offers a quick and simple description. As
the parameters do not have physical properties associated to them, it is easier
to construct them in a statistically efficient way with as small correlations as
possible.

A mechanistic model has the advantage that the parameters do have a phys-
ical meaning and something can be learnt from it. Also, the parameters could
be obtained from different types of experiments (e.g. α of the single-hit model
could be derived from cell survival studies instead of NTCP measurements.) If
on the other hand a mechanistic model is fitted to a data-set, which insufficiently
determines the properties of the underlying process, the mechanistic model is
used like an advanced interpolation scheme and is in fact used as an empirical
model as well.

A clear example of this is the migration-based repair model by Shirato et al.
[110] (see also section 6.6.1). In their paper they show that the model nicely
describes a data-set obtained with uniform dose distributions. This also corre-
sponds nicely to our result. It should, however, be noted that these uniform
irradiations contain little information on the migration effect. If dose distribu-
tions, like those used in the bath and shower experiments, that do contain more
information on the migration behavior, are used, the model is no longer able
to describe the data. This means that the mechanism is wrong and the model
should thus be regarded as a very complex empirical model.

As biological processes that lead from dose deposition to the occurrence of
relevant tissue damage are very complicated, usually a large number of param-
eters or model simplifications is required. If the number of parameters in the
model becomes too large, a huge data-set is required to be able to determine
them accurately. When simplifying the processes too far by leaving out param-
eters, either a bad or an empirical description is obtained.

6.8.2 Functional sub-units

There is a contradiction between the definition of the FSU by Withers et al.
[104] and the mathematical implementation by several authors that presented
FSU based models [42, 110, 106] for application to NTCP modeling of the spinal
cord. Withers et al. classified the glial tissue in the spinal cord as a structurally
undefined FSU. A structurally undefined FSU is not localized: a region may be
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repopulated from two different stem cells that are one FSU-size apart, thereby
resulting in overlapping regions. As a result the independence of the FSU’s is
very doubtful. Still the independence was an important assumption in all FSU
based models.

An additional problem is that for a model using FSU’s a prime requirement
is that the direct killing with radiation of a single cell type is responsible for the
occurrence of the complication in the entire dose distribution range in which the
model and its parameters are applied. In section 1.4 it was already argued that
this is probably not correct. Even if the O-2A progenitor cell would be the target
cell and the white-matter necrosis would be directly caused by its loss, then the
work of Chari and Blakemore [23] showed that according to the definition of the
structurally undefined FSU introduced by Withers and Blakemore, the spinal-
cord FSU would have a size of at least 7 mm. As a result it is highly unlikely that
all progenitor cells within a 7 mm region could be killed in the 2 mm uniform
irradiation experiment. This shows that none of the FSU employing models can
describe the data obtained in the present work, unless they coincidently provide
a correct empirical description.

6.8.3 Dose vs. damage

In most models the tissue damage is assumed to depend solely on the locally
deposited dose. For example, the FSU based models use the PFSU to translate
local dose in local tissue damage. The variable critical-volume model uses a
power law to transform doses in sub-volumes in equivalent doses in terms of
damage in the reference volume. As a consequence these models do not need
spatial information on the dose deposition to calculate the NTCP. Therefore,
these models only use a dose-volume histogram (DVH) as input to calculate the
NTCP.

The empirical model described in paragraph 6.7.2 was able to describe the
uniform irradiations only. The split-field experiment obviously can not be de-
scribed because its DVH is similar to the 8 mm uniform dose distribution, while
the ED50 is nearly twice as high. The GoF of the fit to the bath and shower
data separately was already below 0.1%. This will get even worse when it is
joined with the uniform-irradiation data.

The experiments presented in chapter 5 and the model fits described in the
previous sections show that the DVH does not offer sufficient information to
be able to calculate the NTCP. The only assumption that needs to be correct
to allow for a DVH to be used instead of a full dose distribution (including its
spatial information) is that the events taking place in the different bins of the
dose distribution are independent of each other. Apparently this assumption
does not hold for the endpoint that was studied in the experiments presented
in chapter 5.
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6.8.4 Spatial effects

In chapter 5 it was shown that the ED50 to a 2×4 mm field is higher than that
of an 8 mm field. The main difference between these two dose distributions is
the number of zero-dose regions in the dose distribution. This suggests that on
the edges of the dose distributions, tissue repair is possible. The huge impact of
a 4 Gy bath dose on the tolerance to a 4 mm irradiation suggests that this repair
process is not local, but originates from surrounding tissue. Also, it suggests
that the non-local tissue repair can be disabled by a dose that in itself would
not cause paralysis.

A model featuring non-local tissue repair should thus consist of three compo-
nents. Firstly, one that describes the influence of dose on the ability to perform
the non-local repair. Another essential component is to describe the initial dam-
age to the tissue. Thirdly, a component that describes the repair of the initial
normal-tissue damage by processes that originate from unirradiated tissue is
required.

Following these guidelines a model is constructed using the following as-
sumptions:

• CNS tissue is initially damaged at all positions where the dose exceeds Dt.
All damaged regions together form a total initially damaged length lid.

• Non-local repair is possible over a limited distance lr. After repair the
initially damaged length is reduced. After this repair the residual damaged
length is written lrd.

• Non-local repair is disabled from all positions where the dose exceeds Dr.
Furthermore, Dr < Dt.

Note that the second assumption introduces a correlation between the events
in different dose bins. This assumption makes the model constructed here,
fundamentally different from the model of Shirato et al. [110] described in
paragraph 6.6.1.

The sensitivity and the ED50 of 19.7 Gy in a 20 mm field indicate that below
18 Gy the damage leading to white-matter necrosis is not inflicted anymore.
Therefore, Dt was assumed to be 19 Gy. The 4 Gy bath shows that 4 Gy is
already doing a lot of damage to the non-local repair. In figure 6.20 the ED50

is plotted against the size of the region where the dose exceeded Dt dose profile
for which the NTCP is 0.5. This size is lid. Note that from the bath and shower
experiments only the data with 18 Gy baths was used, because that was the
highest dose still below Dt, used in the experiments.

Non-local repair may undo part of this damage, thereby reducing the dam-
aged length. In the symmetric bath and shower experiment no repair takes
place, because the bath dose exceeded Dr. As a result lid = lrd. In the asym-
metric bath and shower experiment, repair can occur from the one side where
the bath is missing. This means that the residual damaged length is given by
lrd = lid − lr and the corresponding data point in figure 6.20 has to be shifted
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left by lr. After uniform irradiation repair can occur through both penum-
bra’s. For these experiments, the residual damaged length is therefore given by
lrd = lid−2 · lr and the data points have to be shifted left by two times lr. In the
split field experiments, the migration can occur on all 4 penumbra’s. Therefore,
lrd is given by lid − 4 · lr. Consequently, the data points have to be shifted left
over a distance of four times ld.

The resulting (lrd, ED50) points can be fitted by the empirical expression of
equation 6.25. The model curve in figure 6.20 was obtained by simultaneously
fitting lr and the 3 parameters of equation 6.25. From this fit the maximum
length, over which repair can take place, was found to be 1.5 mm.
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Figure 6.20: ED50 values plotted vs. the length in which the dose exceeded 19
Gy. The error bars indicate the 95% confidence interval of the ED50. Non-local
repair over a maximum length of 1.5 mm was applied to obtain the diamonds.
The curve indicates a best fit of the empirical exponential model (see paragraph
6.7.2) to the data.

The model presented in this section is by no means complete. Experiments
with different bath levels were not included. 18 Gy is the largest dose that is
known to be below the ED50 of the 20 mm field. The assumptions were quite
general and do not give any way to implement the influence of bath dose on
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the effectiveness of the non-local repair process. The 18 Gy bath experiments
provide optimal inhibition of the non-local repair and in this simple model they
are the most well-defined points in terms of non-local repair.
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Table 6.2: Summary of fits of volume-effect models to the results presented in
chapter 5.

Model Deviance GoF
Critical element 63 <0.1%
Critical volume 42 <0.1%
Relative serialty 47 <0.1%
Contiguous damaging of FSUs 53 <0.1%
Variable critical volume 76 <0.1%
Equivalent uniform dose 32 <0.1%
Local damage (Alber And Nüsslin) 64 <0.1%
Critical element + migration 21 15%
Critical volume + migration 17 16%
Lyman 52 <0.1%
Exponential ED50 − v dependence 17 19%




