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Chapter 2

Theoretical Background

In this chapter, the theory of three-nucleon systems will be discussed. The theoretical framework,
which has to be employed when dealing with three-nucleon systems using modern mathematical
tools, is rather complex, and a comprehensive discussion of the subject is far beyond the scope of
this thesis. Therefore, a qualitative overview of the theory at the level of diagrams will be given,
with some details when necessary. A detailed review about modern three-nucleon calculations is
given in [Glö96,Gl̈o83].

In the first section of this chapter, a brief derivation of the Lippmann-Schwinger equation for
the general use in scattering formalism will be given. This short derivation follows mainly the
lines of [Gel53, Gl̈o83]. In section 2.1.2, the Faddeev-formalism, used to apply NN-potentials
to three-nucleon (3N) systems, will be described on the level of Feynman diagrams, followed
by an application of the Lippmann-Schwinger equation to three-nucleon systems. This brief
overview follows the lines of reference [Glö96]. In section 2.2, an overview of existing three-
nucleon forces (3NF) will be given. The Tucson-Melbourne force (TM), the original TM and
the modern form TM′, will be discussed in more detail. Finally, the physical observables which
were measured in the experiments described in this work will be discussed in section 2.3.

2.1 Modern Three-Nucleon Calculations

2.1.1 The Lippmann-Schwinger Equation

An approach used extensively in non-relativistic scattering theory is the Lippmann-Schwinger
equation. In the calculations of three-nucleon systems, this approach leads to an integral equa-
tion which has several possible solutions and is therefore not suited for this problem. However,
with the use of Faddeev equations, which will be derived heuristically in section 2.1.2, the am-
biguity of multiple solutions can be resolved. In the present treatment of three-nucleon systems,
the Lippmann-Schwinger equation is then written as a triad of Faddeev-equations which have a
unique solution. In this subsection, a brief derivation of the Lippmann-Schwinger equation will
be given.
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12 Chapter 2. Theoretical Background

A system with an interaction is governed by the Schrödinger equation

i
∂

∂t
Ψ(t) = (H0 + V )Ψ(t) (2.1)

whereΨ(t) is the wave function of the system,H0 is the Hamiltonian of the undisturbed system
andV is the interaction. Solutions of the undisturbed system withV = 0 for an eigentstatei
with amplitudeφi and energyEi are given by

Φi(t) = φie
−iEit

i
∂

∂t
Φi(t) = H0Φi(t)

〈φi|φi〉 = 1

(2.2)

In the form given here for the statesΦi(t) andΨ(t), the choice for the representation in coordinate
or momentum space is still left open. The scattering potentialV transfers the initial stateΦj to the
final stateΦf via the intermediary scattering stateΨj(t). The question is, how can the stationary
scattering stateΨj(t) be projected onto the initial and final statesΦj andΦf? To answer this
question,Ψj(t) is taken initially at a timet = T , T < 0. At this initial time,

Ψj(t) = e−iH(t−T )Φj(T ) (2.3)

with T → −∞ andH ≡ H0 + V . Mathematically, it can be shown that

lim
t→−∞

f(t) = lim
ε→0

ε

∫ 0

−∞
dteεtf(t). (2.4)

Using this, one obtains the integral

Ψj(t) = lim
ε→0

ε

∫ 0

−∞
dTeεT e−iH(t−T )Φj(T ) (2.5)

which results in

Ψj(t) = e−iHt
iε

Ej −H + iε
φj. (2.6)

In equation (2.6), the full Green’s operator for the scattering system withΨj(t) describing an
outgoing wave has been derived,

G ≡ iε

Ej −H + iε
. (2.7)

The Green’s operator for the undisturbed system is given by

G0 ≡
iε

Ej −H0 + iε
(2.8)
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Inserting the algebraic manipulation of the full Green’s operator,

iε

Ej −H + iε
= iε

Ej −H0 + V − V + iε

Ej −H0 + iε

1

Ej −H + iε

=
iε

Ej −H0 + iε
+ iε

1

Ej −H0 + iε
V

1

Ej −H + iε

(2.9)

in equation (2.6), the Lippmann-Schwinger equation for the perturbed system is obtained,

Ψj = φj +
1

Ej −H0 + iε
VΨj

= φj +G0VΨj.

(2.10)

For perturbative calculations, equation (2.10) can be expanded as

Ψj ≈ φj +G0V φj +G0V G0V φj + . . . (2.11)

which would be pictorially, for the case of two-nucleon scattering, given by

= +...+U
(2.12)

with the transition operatorU given by

〈φf |U |φj〉 ≡ 〈φf |V |Ψj〉 . (2.13)

As can be seen from equations (2.11) and (2.12), the Green’s operatorG0 corresponds to the
nucleon propagator.

2.1.2 The Faddeev Equations

When scattering a nucleon with a deuteron, four possible outgoing channels exist,

|1〉+ |23〉 →


|1〉+ |23〉 1
|2〉+ |13〉 2
|3〉+ |12〉 3
|1〉+ |2〉+ |3〉 4

(2.14)

Channels1 corresponds to elastic scattering, while channels 2 and 3 represent rearrangement
channels. Channel 4 is the break-up channel. In complete calculations of three-nucleon systems,
all four channels have to be included. To calculate exactly systems consisting of three nucleons,
the Faddeev equations are employed in modern calculations. A brief derivation of these equations
will be given in the next subsection. The actual calculation of three-nucleon systems in a non-
relativistic framework uses Faddeev equations in a form as derived from the triad of Lippmann-
Schwinger equations. The application of the Lippmann-Schwinger equations, as derived in the
previous section, will be discussed at the end of this section.

The interaction of one nucleon with a two-nucleon system can be described by an infinite
Born or Neumann series. In atomic or molecular physics, where the interaction is due to elec-
tromagnetic forces, these series can be calculated in a perturbation with the coupling constant as
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the perturbation parameter, with higher-order terms being negligible. In nuclear physics, how-
ever, the coupling constant is an effective manifestation of the strong interaction and extension
to higher orders is non-trivial. Therefore, it is a priori not possible to calculate the Born or Neu-
mann series for nucleonic systems using perturbation theory. The Faddeev equations form an
alternative way to rewrite the series and split it into three equations, each of which is finite for
a specific pair-interaction in the outgoing channel. The individual Faddeev equations have no
physical content on their own, but they can be solved exactly. Also, solving one equation solves
the other two equations as well. In the following, a brief pictorial derivation of the Faddeev
equations will be given.

The Born or Neumann series for a three-nucleon system, with an initial stateφ1, in which
particle1 is free and particles2 and3 form a bound two-nucleon system, can be represented by

U0

(1) =

3

+

+ +

+ ...

3

2

11

2

1

2

3

1

2

3 3

2

1

3

2

1 1

2

3

1

2

3 3

2

1

3

2

1

(2.15)

U
(1)
0 is the scattering operator for this initial state. In terms of a Born series, equation (2.15)

would be written as

U
(1)
0 φ1 = (V3 + V2 + V1G0V3 + . . .)φ1 (2.16)

whereV3 corresponds to the pair-interaction between particles1 and2 andG0 is the three-particle
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propagator. Equation (2.15) can be rearranged

{
{ {

{ {

{

+ ...

+ ...

+ ...

3 3

2 =

1

2

1

+ +

+ +

++

U0
(1)

(2.17)

In the three groups in equation (2.17), the final pair interaction for each diagram in one group
occurs always between the same two particles. The series of diagrams in the first pair of brackets
is described by the operatorU (1,3)

0 , where the second index3 denotes that particle3 does not take
part in the final pair interaction,

+ ...

3 3

2 2

1 1

=

+ +

U0
(1,3)

(2.18)

Correspondingly, the second bracket in equation (2.17) is denoted by the operatorU
(1,1)
0 and the

third bracket byU (1,2)
0 . The Born series in equations (2.15) and (2.17) can then be written as

U
(1)
0 φ1 = (U

(1,3)
0 + U

(1,1)
0 + U

(1,2)
0 )φ1. (2.19)



16 Chapter 2. Theoretical Background

The infinite series depicted in equation (2.18) can be rewritten as

3

2

11

2

3

=

U0

(1,1)
U0

(1,2)

U0

(1,3)

U0

(1,3)

++

+

(2.20)

or, equivalently

U
(1,3)
0 φ1 = V3φ1 + V3G0

(
U

(1,1)
0 + U

(1,2)
0 + U

(1,3)
0

)
φ1. (2.21)

Similar equations apply toU (1,1)
0 andU (1,2)

0 . The final set of Faddeev equations is obtained, by
solving equation (2.20) or (2.21) forU (1,3)

0 ,

(1− V3G0)U
(1,3)
0 φ1 = V3φ1 + V3G0(U

(1,1)
0 + U

(1,2)
0 )φ1. (2.22)

The same has to be done for the operatorsU
(1,1)
0 andU (1,2)

0 . Analytically, the Faddeev equations
then read as

U
(1,3)
0 φ1 = t3φ1 + t3G0(U

(1,1)
0 + U

(1,2)
0 )φ1

U
(1,1)
0 φ1 = t1G0(U

(1,3)
0 + U

(1,2)
0 )φ1

U
(1,2)
0 φ1 = t2φ1 + t2G0(U

(1,3)
0 + U

(1,1)
0 )φ1

(2.23)

with

t3 ≡ (1− V3G0)−1V3

and similar equations fort1 andt2.
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The theory discussed so far is general and applies to elastic scattering as well as to the breakup
of the deuteron. However, for the work done in this thesis, only the elastic scattering operator is
needed. The equation for elastic scattering, which corresponds to equation (2.15), is then

++

3

2

1 1

2

3

=

+ ...

U
(1)

(2.24)

In equation (2.24), no processes occur where the final pair interaction to the left takes place
between the bound particles2 and3. Thus, an interaction like

(2.25)

is not a part of equation (2.24). To obtain the complete operator for elastic scattering, all possible
initial states have to be taken into account. Therefore, and to obey the Pauli-principle, equation
(2.24) has to be antisymmetrised,

3

2

11

2

3

=

++ U
(3)

U
(2)

U
(1)U

(2.26)

2.1.3 The Lippmann-Schwinger Approach to Three-Nucleon Systems

The heuristic approach used so far is an intuitive way to obtain a set of three coupled Faddeev
equations. However, for the actual calculations, it is mathematically more exact to start with the
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Lippmann-Schwinger equation derived in section 2.1.1. Within this framework, a Lippmann-
Schwinger triad can be obtained for the three-nucleon system,

Ψ1 = δi1Φ1 +GiV
iΨ1 (2.27)

wherei = 1, 2, 3. Φ1 is a specific initial state (particle1 free and particles2 and3 bound).Gi is
the Green’s operator for the pair interaction between particlesj andk,

Gi =
1

E −Hi + iε
(2.28)

with

Hi = H0 + Vi. (2.29)

The interactionVi is the pair-interaction between particlesj andk, without particlei. The re-
maining pair interactions of particlesj andk with particlei are given by

V i = Vji + Vik. (2.30)

As can be seen from equations (2.28) - (2.30), the three-nucleon interaction is written in this ap-
proach as a sum of two pair-interactions, in which the third particle takes part only as a spectator.
The Lippmann-Schwinger triad given in equation (2.27) consists of a system of three differential
equations, two homogeneous and one inhomogeneous, which defines a unique solution forΨ1.

The amplitude for a transition from the scattering stateΨ1 to the stateΦi, where particlei is
free, is given by

Ai1 = 〈Φi|V i |Ψ1〉 , (2.31)

leading to the transition operator

Ui1 |Φ1〉 = V i |Ψ1〉 . (2.32)

Applying this transition operator to equation (2.27) leads again to a set of three Faddeev equa-
tions. Equation (2.27) and the resulting Faddeev equations apply to one specific starting condi-
tion, namely, particle1 being free and particles2 and3 bound. For the full scattering operator,
an anti-symmetric initial state containing all possible configurations has to be used,

Φ = Φ1 + Φ2 + Φ3. (2.33)

Further, the stationary scattering stateΨ has to be anti-symmetrised in the same way. Using the
anti-symmetrised states, the transition operatorU for elastic scattering is obtained as

UΦ = G−1
0 PΦ + PtG0UΦ, (2.34)

whereP is the permutation operator stemming from the antisymmetrisation. The operatort is
defined by

ViGi ≡ tiG0. (2.35)
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The transition operatorU , which corresponds to theT -matrix is used, e.g., for the calculation of
the differential cross section,

dσ

dΩ
∝ |〈φ′|U |φ〉|2 . (2.36)

To include a three-nucleon force into the calculations, it is added to the Hamiltonian in equation
(2.29),

H4 = H0 + Vi + V4, (2.37)

whereV4 gives the three-nucleon force. One way to proceed, is, to separate the three-nucleon
forceV4 from the two-particle interactionsVi using the algebraic manipulation of equation (2.9).
In this way, the Green operatorG4 is obtained

G4 ≡ lim
ε→0

1

E + iε−H0 − V4

. (2.38)

The Lippmann-Schwinger triad from equation (2.27) is then expanded by a fourth equation

Ψ1 = G4(V1 + V2 + V3)Ψ1. (2.39)

This assumes, that

lim
ε→0

iεG4φ1 = 0, (2.40)

i.e., the initial state is not affected by the three-nucleon force. Further algebra leads then to the
extended operatorU for elastic scattering,

UΦ = G−1
0 PΦ + PtG0UΦ + t4G0UΦ, (2.41)

wheret4 is given by

t4 ≡ V4 + V4G0t4. (2.42)

2.2 Overview of Three-Nucleon Forces

In this section, the theoretical framework of three-nucleon forces (3NF) will be discussed. The
construction of three-nucleon forces is very difficult and a theoretical challenge. Therefore, this
section will only give a brief overview on existing 3NFs. First, a few general remarks about
3NFs will be given. In subsection 2.2.1, the Tucson-Melbourne force will be described in some
more detail. In subsection 2.2.2, other existing approaches to calculate 3NFs will be mentioned.

Already before the existence of two-nucleon potentials which could make reliable predictions
for physical observables, it was clear that three-nucleon forces should exist [Pri39]. Three-
nucleon forces as such are defined as interactions, in which three nucleons are present and are
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1 2 3

Figure 2.1: Diagrams showing typical three-nucleon forces used in modern calculations.

Figure 2.2: Non-separable two-pion exchange three-nucleon force.

interacting with each other in a non-separable and irreducable way, as is shown in the diagrams
in figure 2.1. On the left side of figure 2.1, a general three-nucleon force is shown, where a one-
pion exchange takes place between nucleon1 and3 with intermediate rescattering of the pion
from nucleon2. The possible physical processes which contribute to this rescattering process
have been contracted to a point-like interaction. On the right side of figure 2.1, one of the
possible contributions is shown, which is the interaction of three nucleons by successive one-pion
exchanges, with one of the nucleons forming an intermediate∆-state. This diagram is the Fujita-
Miyazawa force [Fuj57], which is one of the earliest attempts to calculate three-nucleon forces.
It is obvious, that an intermediate excitation to a low excited state should play an important role
in the three-nucleon force. From a simple picture using meson exchange, it is not clear to which
extent three-nucleon forces should be present in few-nucleon systems. However, from chiral-
perturbation theory it is known now, that three-nucleon forces are of much smaller magnitude
than the two-nucleon interaction.

The diagram showing the Fuijta-Miyazawa force in figure 2.1 does not contain all possi-
ble contributions to the three-nucleon force, according to the available energy. For instance,
pion-exchanges like the one shown in figure 2.2 should be taken into account, which shows a
non-separable two-pion exchange between three nucleons. Higher orders, like the exchange of
mesons with larger masses, should also be included either explicitly or accounted for by point-
like vertices as shown on the left of figure 2.1. The first approach, to build a three-nucleon force



2.2 Overview of Three-Nucleon Forces 21

according to these conditions, taking constraints such as chiral symmetry into account, was done
by Coonet al. [Coo79] in the so-called Tucson-Melbourne three-nucleon force.

2.2.1 The Tucson-Melbourne Force

The Tucson-Melbourne (TM) force [Coo79] was one of the first serious attempts, to build a
complete three-nucleon force with the inclusion of short- and long-range parts of the interaction
based on two-pion exchange. The original approach was based on current-algebra using partially-
conserved axial currents. The TM force consists basically of a sum of the Fuijta-Miyazawa force
and higher order interactions, according to the pionic mass. In terms of diagrams, it is given by

+=

.
(2.43)

The long-range part in (2.43) consists of the two-pion exchange (2PE) amplitude between the
three nucleons. Short range interactions are considered in point-like vertices.

The explicit three-nucleon force is given by [Coo00]

〈p′1p′2p′3|Wππ(3) |p1p2p3〉 =

(2π)3 (σ1 · q)(σ2 · q′)
(q2 + µ2)(q′2 + µ2)︸ ︷︷ ︸

pion-propagators

g2

4m2︸︷︷︸
coupling constant

F 2
πNN(q2)F 2

πNN(q′
2
)︸ ︷︷ ︸

πNN−form-factors

×

{
(τ1 · τ2)

[
a+ bq · q′ + c(q2 + q′

2
)
]

+ (iτ3 · τ1 × τ2)d(iσ3 · q× q′)
}
.

(2.44)

In equation (2.44),µ is the pionic mass,q = p2−p′2 andq′ = p3−p′3 andpi,p
′
i, i = 1, 2, 3, are

the incoming and outgoing momenta of the nucleons.σi, τi are the spin and isospin operators,
respectively.

As can be seen in equation (2.44), the Tucson-Melbourne force is parameterised by coeffi-
cientsa, b, c, andd. The parametera contributes to the explicit2π-exchange amplitude. The
parameterb contributes mainly to the∆-excitation, thec-parameter contains an explicit2π-
exchange amplitude and further interactions. The parameterd consists of a sum of a contribution
to the∆-excitation, an electromagnetic form factor and a third term describing a nucleon pole
term.

Explicit calculations forπ − ρ and2ρ exchanges also exist [Coo93,Coo95]. However, these
are not yet implemented in full three-nucleon calculations [Wit01] as discussed in section 2.1.1.

Recently, the Tucson-Melbourne three-nucleon force, as given in equations (2.43) and (2.44),
was derived in the framework of chiral perturbation theory from a chirally symmetric Lagrangian
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[Fri99]. However, in the form of the Tucson-Melbourne force derived from this Lagrangian, the
c-term in equation (2.44) was missing. Thorough investigation [Fri99, Coo00] showed, that this
term should indeed not have been present in the TM force in the first place. The investigation
given in [Coo00] is briefly reviewed here:

The multiplicative factor of thec-term can be rewritten as

q2 + q′2

(q2 + µ2)(q′2 + µ2)

=
q2

(q2 + µ2)

1

(q′2 + µ2)
+ q↔ q′

=
q2 + µ2 − µ2

(q2 + µ2)

1

(q′2 + µ2)
+ q↔ q′

=

{
1− µ2

(q2 + µ2)

}
1

(q′2 + µ2)
+ q↔ q′

(2.45)

The second term in the last line of equation (2.45) has the same operator-structure as the mul-
tiplicand of the a-term and corresponds to a2π-exchange which should be absorbed in the a-
coefficient. The first term, without a form factor, corresponds to a Dirac-delta function and
is, therefore, a short-range term. This short-range term does not appear in the three-nucleon
force derived from a chirally symmetric Lagrangian [Fri99]. Its presence in the ‘old’ Tucson-
Melbourne force is due to missing constraints in the original current-algebra approach [Coo79,
Coo00]. The term is, therefore, unphysical and should be dropped. Thus, by redefining the
a-term,

a→ a− 2µ2c (2.46)

a ‘new’ Tucson-Melbourne force is defined, which is denoted TM′ in the literature and also in
this thesis.

2.2.2 Other Three-Nucleon Forces

Apart from the Tucson-Melbourne force, discussed in the last subsection, other three-nucleon
forces exist. Parts of these three-nucleon forces have been developed to inspect specific prop-
erties of three-nucleon systems. An example for this type are calculations by Saueret al.
[Nem98, Haj83, Del02], which combine modern nucleon-nucleon potentials, e.g., CD-Bonn or
Nijmegen-II, with an explicit∆ excitation of one of the nucleons. In figure 2.3, a non-separable
2π-exchange between two-nucleons with an explicit∆-excitation is shown. This type of dia-
gram is employed in a coupled-channel approach together with a two-nucleon interaction with
two-pion exchange only. In these calculations, the third nucleon is included as a spectator using
Alt-Grassberger-Sandhas equations [Alt67], which are an alternative formulation of the Faddeev
equations. These calculations incorporate furthermoreπ-ρ and ρ-ρ exchanges, but no short-
ranges interactions.
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Figure 2.3: Non-separable2π-exchange between two-nucleons with an explicit∆-excitation, as
it is used, e.g., in calculations by Sauer et al. [Nem98,Haj83].

Figure 2.4: Three-nucleon force terms which appear for the first time in Next-to-Next-to-Leading
Order (NNLO) in chiral perturbation theory (χPT).

Another example is a phenomenological three-nucleon force by Kievskyet al.[Kie99], which
deals with the spin-orbit coupling of three-nucleon systems.

Other three-nucleon forces were developed to be incorporated in specific two-nucleon poten-
tials. An example for this type is the Urbana-IX three-nucleon force [Pud95, Car83], which has
been developed together with the Argonne V18 two-nucleon potential AV18 and is based on a
phenomenological2π exchange with an intermediate∆ excitation. As was already remarked in
the introduction, the AV18 potential was constructed for use in many-body calculations. Both,
the AV18 potential and the Urbana-IX three-nucleon force are used as input for quantum Monte-
Carlo computations of heavier nuclei [Pud97].

A new approach for the calculation of three-nucleon systems is chiral perturbation the-
ory [Wei90, Wei92]. In this framework, no specific three-nucleon forces have to be developed.
Rather, three-nucleon forces are naturally produced in higher-order terms along with the nucleon-
nucleon interaction. For the first time, three-nucleon terms appear at Next-to-Next-to Leading
Order (NNLO) inχPT. The three-nucleon vertices that appear at NNLO are shown in figure 2.4.
In comparison with theadhocapproach of adding two-nucleon potentials and some three-nucleon
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force, chiral-perturbation theory clearly has the advantage of being a sophisticated stand-alone
theory. However, due to the calculation in terms ofp/Λ andµ/Λ, wherep is the corresponding
momentum,µ is the pion mass andΛ the hadronic scale,Λ ≈ 1 GeV,χPT will probably only
work up to energies wherep ≈ µ corresponding toE ≈ 100 MeV. Therefore, it is at present not
clear, whetherχPT will also be useful at the kinetic energies used in this work.

2.3 Derivation of the Observables

In this section, the derivation of the physical observables, used in this thesis to search for three-
nucleon force effects, will be given. These observables are the differential cross section for
elastic scattering, vector analysing powers in the case of the2H(~p, dp) reaction and vector and
tensor analysing powers in the case of theH(~d, dp) reaction. Since this work covers spin-selective
observables as well as spin-averaged ones, it is natural to start the discussion with the spin of the
particles involved in the reactions.

The proton spin can be described by the Pauli-matricesσi, the deuteron spin is usually
described by spin 1 tensor and vector operatorsSjk. The explicit operators are given, e.g.,
in [Ohl72]. An initial superposition of pure spin states is given by

|n〉 =
∑
j

a
(n)
j |λj〉 (2.47)

with

|λ〉 = |mN〉 |md〉 (2.48)

wheremN andmd may take on all allowed spin-eigenvalues for a nucleon-deuteron system. The
matrix elementMfi giving the probability amplitude for the transition from an initial state|ni〉
to a final state|nf〉 with a transition operatorU ,

|nf〉 = U |ni〉 (2.49)

is given by

Mfi = 〈nf |U |ni〉 . (2.50)

The differential cross sectionI is then obtained from

I =
∑
|Mfi|2

= Tr(MM †)
(2.51)

where the sum goes over all the matrix elements ofM .
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For spin observables, however, it is more convenient to use the formalism of density matrices.
Defining the density matrix for the initial state as

ρi =
∑
ni

|ni〉 〈ni|

=
∑
ni

∑
j

|λj〉 a(ni)
j a

(ni)
j

∗
〈λj|

=
∑
j

|λj〉 p(i)
j 〈λj|

(2.52)

and equivalently the density matrix for the final state,

ρf =
∑
j

|λj〉 p(f)
j 〈λj| , (2.53)

the equivalent to equation (2.49) is

ρf = MρiM
†. (2.54)

The differential cross section, depending on the initial spin-state, is then given by

I = Tr(ρf )

= Tr(MρiM
†)

(2.55)

whereρi is assumed to be normalised to unity. The density operator of the initial state may be
expanded in terms of the spin operatorsσi andSjk, which also contain the unit matrix,

ρi = 1 +
∑
k

a
(i)
k σ

k +
∑
jk

b
(i)
jkS

jk. (2.56)

The two indicesjk in the second sum should indicate here and in the following, that the sum
goes over vector as well as tensor operators. Therefore, equation (2.55) can also be written as

I = Tr(MM †)

(
1 +

∑
jk

Tr(Mρjki M
†)

Tr(MM †)

)

= I0

(
1 +

∑
jk

PjkAjk

)
.

(2.57)

Equation (2.57) is the general form for the differential cross section.I0 is the differential cross
section for an unpolarised beam, the tensorsPjk give the initial polarisations. The quantities

Ajk =
1

Pjk

Tr(Mρjki M
†)

Tr(MM †)
(2.58)

defined in equation (2.57) are the analysing powers and describe the dependence of the differen-
tial cross section on the spin of the incoming particle. Since the initial spin state will be different
for the two reactions2H(~p, dp) andH(~d, dp), leading to different analysing powers, the formal-
ism for those reactions will be treated separately in the next two subsections.
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2.3.1 Observables for Elastic Proton-Deuteron Scattering

If a polarised proton scatters from an unpolarised deuteron, only vector spin operators have to be
taken into account. In cartesian coordinates, the spin of the protons can be described by the set
of orthogonal statespx, py andpz, wherex, y andz are the coordinates in the laboratory frame of
reference. The analysing power can be written as a vector quantity

A = (Ax, Ay, Az)

where, due do parity conservation,Ax andAz vanish for elastic scattering. The differential cross
section is then

I(θ) = I0(θ)(1 + pyAy). (2.59)

Due to the transformation of the spin quantisation axis, as it is explained in more detail in ap-
pendix A, it is convenient to write the differential cross section using the polarisation in the spin
frame of reference,

I(θ, φ) = I0(θ)(1 + pZAy cosφ). (2.60)

The angleφ is the angle between the direction of the incoming spin and the normal to the scat-
tering plane. A derivation of equation (2.60) is given in appendix A.

2.3.2 Observables for Elastic Deuteron-Proton Scattering

For the elastic scattering of polarised deuterons on unpolarised protons, equation (2.57) contains
vector and tensor analysing powers,

I(Θ) = I0(Θ)[1 +
3

2
pyAy

+
2

3
pxzAxz +

1

3
(pxxAxx + pyyAyy + pzzAzz)]

(2.61)

As for elastic proton-deuteron scattering, other vector and tensor analysing powers vanish due to
parity conservation. The polarisation and analysing power operators satisfy the identities

pxx + pyy + pzz = 0

Axx + Ayy + Azz = 0.
(2.62)

The differential cross section can therefore be expressed with the independent variables

pxx − pyy & pzz

Axx − Ayy & Azz
(2.63)

which gives

I(Θ) = I0(Θ)[1 +
3

2
pyAy

+
2

3
pxzAxz +

1

6
(pxx − pyy)(Axx − Ayy) +

1

2
pzzAzz].

(2.64)
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Also here, it is more convenient, to go to the spin frame of reference. Furthermore, for the exper-
iment done in this work, it is useful to replace the cartesian analysing powersAy, Axz, Axx, Ayy
andAzz by spherical quantitiesiT11, T20, T21 andT22. Then, the spin-dependent differential cross
section is given by

I(θ, φ, β) = I0(θ)[1 + iT11

√
3 pZ sin β cosφ

+
√

3T21 pZZ sinφ cos β sin β

−
√

3

2
T22 pZZ sin2 β cos 2φ

+
1√
8
T20 pZZ

(
3 cos2 β − 1

)
].

(2.65)

In equation (2.65),φ is the angle between the normal component of the direction of the incoming
spin and the scattering plane in the laboratory frame of reference andβ the angle between the
direction of the spin and the beam axis. For experiments at KVI,β = 90◦ and equation (2.65)
simplifies to

I(θ, φ) = I0(θ)[1 +
√

3 pZiT11 cosφ

−
√

3

2
pZZ T22 cos 2φ

− 1√
8
pZZ T20].

(2.66)

From equation (2.66) it can be seen that, at present, it is not possible to measureT21 at KVI.
Further explanations about the transformation from the spin frame of reference to the laboratory
is given in appendix A.
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