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Appendix A

Bootstrap method to
obtain confidence intervals
around IRFs

The bootstrap steps to obtain confidence intervals around the IRF s ,based on
Benkwitz et al. (1999), are as follows:

1. Estimate the parameters of the (reduced form of the) VAR model (in
Chapter 3) by a suitable procedure.

2. Generate bootstrap residuals u∗p+1, ..., u∗T by randomly drawing with re-
placement from the set of estimated and recentered residuals,

{up+1 − u, ..., uT − u}, where ut = B(L)yt t = p+ 1, ..., T and u = ui
T .

3. Set y∗1 , ..., y∗p = (y1, ..., yp) and construct bootstrap time series recur-
sively:

y∗t = (I −B(L))y∗t + u∗t , t = p+ 1, ..., T.

4. Reestimate the parameters B1, ..., BP from the generated data.

5. Calculate the bootstrap version of the statistic of interest (IRF estimates,
πij,τ or A0), based on the parameter estimates obtained in Stage 4.
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The Wald test-statistic is:

W = πiC [var{Cπi}]−1Cπi = πi,1[var{πi,1}]−1πi,1 (B.3)

which follows under the null-hypothesis a χ2-distribution with 7 degrees of
freedom (the number of restrictions) where var{πi,1} = (1 − σ2i )X

11 with

(X X)−1 = X11 X12

X21 X22 , where X11 ∈ R7×7 and σ2i is the square of the

i-th canonical correlation coefficient, see Table 5.3.
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Testing the significance of
loadings

According to the canonical correlation model, given a realization ζ1,t = L2,1instt,
we have the following conditional regression model:

ηt = Λζ1,t + εt

= ΛL2,1instt + εt

= Πinstt + εt, t = 1, ..., N (B.1)

with ηt = L1mst and where L1 and L2,1 are given by the canonical correlation
procedure. The variance of εt is D = I − ΛΛ = diag(1 − σ21, ..., 1 − σ27) from
which it follows that the elements of εt are uncorrelated.
For the i-th element of ηt, i = 1, .., 7, we have the regression equation:

ηi,t = insttπi + εi,t, t = 1, ..., N (N = 75)
i = 1, ..., 7

(B.2)

where πi is the i-th row ofΠ and εi,t the i-th element of εt. AssumeE{εi,tεi,s} =
0 for all s = t. The observed value ηi,t = limst, where li is the i-th row of L1
and mst the vector of market shares in period t.
The OLS estimate of πi is:

πi = (X X)
−1
X ηi

with var{π̂i} = (1−σ2i ) (X X)−1 where ηi = ηi,1...ηi,N andX =

 inst1
:
instN


with X ∈ RN×29.
If, for example, we want to test the significant impact of prices, we have as

null-hypothesis H0 : Cπi = πi,1 = 0 where C = [I7 : 0] and πi = [πi,1,πi,2]

with πi,1 ∈ R7.
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Estimation of the CCM

In Appendices C, D, and E we provide details on the procedures for the esti-
mation of the CCM , the FEM , and the RCM . The unit-by-unit models can be
estimated using Feasible Generalized Least Squares (FGLS). FGLS is well-
documented in the literature on multiple time series analysis, so that we do
not provide details on the estimation of these models here but refer the reader
to Hamilton (1994) or Lütkepohl (1993).
The relationships in Equation (6.3) can be rewritten as follows:

Yt = ΦXt +Π1Yt−1 +Π2Yt−2 + · · ·+ΠPYt−P + εt, (C.1)

where Yt is an Nk-dimensional vector that results from stacking the Yit vectors
(there are N of them):

Yt = (Y1t, Y2t, · · · , YNt) .
Furthermore, Φ = IN ⊗ B, where B = diag(β)1, Xt = ιNk, with ιNk an Nk-
dimensional vector of ones2, Πj = IN⊗Cj is a block diagonal Nk×Nk-matrix,
and εt is an Nk-dimensional disturbance vector:

εt = (ε1t, ε2t, · · · , εNt) ,
that is normally distributed with expectation 0 and variance-covariance matrix Ω1 0

. . .
0 ΩN

 .
1Where we use the notation

diag(β) =


β(1) 0

. . .
0 β(k)

 ,
where β(j) denotes the j

th element of β.
2The estimation procedures that are outlined in this section are easily extended to the

case of VARX modelling by including exogenous variables in the Xt vector.
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Let us rewrite Equation (C.1) in the following way3:

Yt = vec(Yt)

= vec [(IN ⊗B)Xt + (IN ⊗C1)Yt−1 + · · ·+ (IN ⊗CP )Yt−P + εt]

= vec (BX∗t ) + vec C1Y
∗
t−1 + · · ·+ vec CpY ∗t−P + εt

= vec

(L)


X∗t
Y ∗t−1
...

Y ∗t−P


+ εt

= (X∗t , Y
∗
t−1, · · · , Y ∗t−P )⊗ Ik vec (L) + εt, (C.2)

where

Y ∗t = (Y1t, Y2t, · · · , YNt),
X∗t = (X1t,X2t, · · · ,XNt), and
L = (B,C1, · · · , CP ).

From Equation (C.2), it follows that we can estimate the CCM-VAR model by
a simple reparameterization . Define

Y = Y ∗p+1, Y
∗
p+2, · · · , Y ∗T ,

and

W =


(X∗p+1,Y ∗p , · · · , Y ∗1 ) ⊗ Ik
(X∗p+2,Y ∗p+1, · · · , Y ∗2 ) ⊗ Ik

...
(X∗T , Y

∗
T−1,· · · , Y ∗T−p) ⊗ Ik

 =


Wp

Wp+1

...
WT−1

 , (C.3)

and finally,

ε = εp+1, εp+2, · · · , εT .

3We use the following property of the vec-operator several times: vec(ABC) = (C ⊗
A)vec(B), which holds for matrices A,B and C that are of such dimensions that the matrix
product ABC is defined (see Magnus and Neudecker (1988) page 31, Equation 7).

3Note that Equation (C.2) can be simplified by noticing that

X∗t ⊗ Ik vec (diag(β)) = vec diag(β)ιkιN

= vec βιN

= (ιN ⊗ Ik)β.
Hence, in Equation (C.2), X∗t can be replaced by ιN , and the first k2 elements of vec(L) by
β. We opt for this notation because the formulas above are also valid for estimating a VARX
model. In that case, observations of the eXogenous variables are added to the Xi,t vector, so
that its length increases, and the number of columns of B increases accordingly. Note that
in the VARX case, the simplification in this footnote also holds, but then only for that part
of the X∗t -matrix that deals with the intercepts.
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In this notation, the model is

Y =Wvec(L) + ε. (C.4)

The OLS estimate for the parameter vector vec(L) is obtained by

vec(L) = (W W )−1W Y. (C.5)

The disturbances of the reduced VAR system are, in general, contemporane-
ously correlated. Hence, a system estimator is applicable. Zellner’s (1962)
E stimated Generalized Least Squares (EGLS) estimator can be used to gain
efficiency from the cross-equation correlations of the OLS disturbances4:

vec(L) = (W Ψ−1W )−1W Ψ−1Y , (C.6)

where

Ψ = I(T−p) ⊗

 Ω1 0
. . .

0 ΩN

 .

4 In case of panel homoscedasticity the GLS estimator reduces to the OLS estimator. This
can be proven as follows. Rewrite Equation C.3 as follows:

W = A⊗ Ik where A =


X∗p+1 Y ∗p · · · Y ∗1
X∗p+2 Y ∗p+1 · · · Y ∗2
...

...
...

X∗T Y ∗T−1 · · · Y ∗T−p

 .

The OLS estimator of vec(L) is

vec(L)OLS = (A⊗ Ik) (A⊗ Ik) −1 (A⊗ Ik) vec(Y ).
The GLS estimator of vec(L) is

vec(L)GLS = (A⊗ Ik) (IN(T−p) ⊗ Ω)−1(A⊗ Ik) −1 (A⊗ Ik) (IN(T−p) ⊗ Ω)−1vec(Y )

= A A⊗ Ω−1 −1A ⊗Ω−1vec(Y )

= Ik(p+1)A A ⊗ Ω−1Ik
−1

Ik(p+1)A ⊗ Ω−1Ik vec(Y )

= A A⊗ Ik −1
Ik(p+1) ⊗Ω−1 −1 Ik(p+1) ⊗ Ω−1 A ⊗ Ik vec(Y )

= (A⊗ Ik) (A⊗ Ik) −1 (A⊗ Ik) vec(Y ).
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Estimation of the FEM

For estimating the FEM , we use FGLS with Dummy V ariables (FGLSDV ).
The estimation procedure proceeds analogously to that of the CCM 1. The
differences are that in Equation (C.1), we now define Φ as:

Φ =

 B1 0
. . .

0 BN


where Bi = diag(βi). After applying the simplification of footnote 9, we
have in Equation C.2 that X∗t = IN and the first kN elements of vec(L) are
β1,β2, · · · ,βN .

1Analogous to the proof for the CCM it is possible to show that, in case of panel ho-
moscedasticity, GLS with dummy variables reduces to OLS with dummy variables.
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Estimation of RCM

Let us rewrite the VAR model in a compact form:

Yi = HiZi + εi, (E.1)

where Yi = (Yi,1, ..., Yi,T ) andHi were defined in Chapter 6. Furthermore, Zi =
(Zi,P+1, ..., Zi,T ), with Zi,t = Xi,t, Yi,t−1, Yi,t−2, · · · , Yi,t−P , where Xi,t =

11. Finally, εi = (εi,1, ..., εi,T ) where εi,t
i . i .d .∼ N(0,Ωi).

Next, we define:

Gi = Hi −H , (E.2)

so that vec(Gi) ∼ N(0,Γ). Using this in Equation (E.1) results in:

Yi = HZi + (εi +GiZi)

Yi = HZi + ωi, (E.3)

where ωi is the new composite error term. The first part of this error term
(εi) is the standard stochastic part of the regression model. The second part
(GiZi) is the error associated with the deviation of the Hi of a particular cross-
sectional unit i from the overall mean H. Vectorizing Equation (E.3) gives:

vec(Yi) = (Zi ⊗ Ik)vec(H) + vec(ωi).
The covariance matrix of vec(ωi) is:

E [vec(ωi)vec(ωi) ]
= E (vec(εi) + (Zi ⊗ Ik)vec(Gi)) (vec(εi) + (Zi ⊗ Ik)vec(Gi))
= IT ⊗Ωi + (Zi ⊗ Ik)Γ(Zi ⊗ Ik) = Υi.

1This specification is extended to a VARX model in a straightforward manner by redefin-
ing Xi,t as a vector whose first element equals one, and the remaining elements are the values
of the eXogenous variables at time t.
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Furthermore, we assume that the errors are not correlated across cross sections,
so that Λ, the covariance matrix of ω = (ω1,ω2, · · · ,ωN), has the following
structure:

E [vec(ω)vec(ω) ] = Λ =


Υ1 0 · · · 0
0 Υ2 · · · 0
...

...
. . .

...
0 0 · · · ΥN

 .
We employ GLS to obtain consistent estimates of H and Hi. In Appendix F
we show that h, the GLS estimator of vec(H), is a weighted average of hOLSi ,
the unit-by-unit OLS estimates of the vec(Hi)’s:

h =
N

i=1

Wi h
OLS
i , (E.4)

where the weights can be written as:

Wi =
N

i=1

(Vi + Γ)
−1

−1

(Vi + Γ)
−1 ,

with

Vi = (ZiZi)
−1 ⊗Ωi.

The weights are inversely related to the variance of the unit-by-unit OLS esti-
mates since:

Var hOLSi = (ZiZi ⊗ Ik)−1 [(Zi ⊗ Ik) (IT ⊗Ωi) (Zi ⊗ Ik)] (ZiZi ⊗ Ik)−1
+(ZiZi ⊗ Ik)−1(ZiZi ⊗ Ik)Γ(ZiZi ⊗ Ik)(ZiZi ⊗ Ik)−1

= Vi + Γ.

Let us denote the Best Linear Unbiased Predictor (BLUP) of vec(Hi) that
comes from the GLS framework by hi. For hi we have the following2:

hi = (Γ−1 + V −1i )−1(Γ−1h+ V −1i hOLSi ) (E.5)

= Tih+ (IQ − Ti)hOLSi , (E.6)

2An important assumption for the calculations of His of Swamy (1971) is that N > Q,
i.e. that the number of cross sections is higher than the number of parameters of the model.
This is important because otherwise Γ will not be of full rank. It will be singular and hence,
one cannot take its inverse and His cannot be calculated. In the case of a VARX model
Q may be quite large. Therefore, the assumption may not hold with the TSCS data where
one assumes finite (few) N and large T . In this case one could save significant number of
parameters, and hence regain non-singularity of Γ, by imposing some structure on it, for
example, by restricting it to be diagonal.
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whereQ is the number of regressors in theVARmodel and Ti = Γ−1 + V −1i

−1
Γ−1.

So hi is the weighted average of the estimates of the most and least pooled
model. The remaining problem is to estimate Vi and Γ. We estimate Vi by:

Vi = (ZiZi)
−1 ⊗Ωi ,

where

Ωi =
eiei

T −Q/k ,

where ei are the standard OLS residuals.
For estimating Γ, one would like to observe the individual vec(Hi)s. In-

stead, we only have noisy estimates in the form of hOLSi available. The Swamy
estimator (Swamy 1971) corrects for this extra sampling variability. The prob-
lem with this estimator is that in finite samples it may not provide a positive
definite Γ. In order to solve this problem we apply the approach of the so-called
‘Beck-Katz kludge’ (Beck and Katz (2001)):

Γ = max 0,
1

N − 1
N

i=1

hOLSi hOLSi −NhOLSi hOLSi − 1

N

N

i=1

Vi ,

where hOLSi is the mean of the hOLSi s. The resulting estimate for Γ is equal
to the Swamy estimator (right expression in the square brackets) if this is a
positive definite matrix, whereas Γ = 0 if the Swamy estimator is not positive
definite. In that case, the RCM estimates of vec(Hi) are equal to the CCM
estimate.

E.1 The proof that Equation (E.4) is equivalent
with the GLS estimator

Define

Y = [vec(Y1) , vec(Y2) , · · · , vec(YN) ]
and

Z = [(Z1 ⊗ Ik) , (Z2 ⊗ Ik) , ..., (ZN ⊗ Ik)] .
The GLS estimator of vec(L) equals:

h = Z Λ−1Z Z Λ−1vec(Y )

=
N

i=1

(Zi ⊗ Ik)Υ−1i (Zi ⊗ Ik)
−1 N

i=1

(Zi ⊗ Ik)Υ−1i vec(Yi).
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Next, we write vec(Yi) = (Zi ⊗ Ik)hOLSi +vec(νi), where νi denotes the matrix
of fitted residuals, and insert this in the preceding expression:

h =
N

i=1

(Zi ⊗ Ik)Υ−1i (Zi ⊗ Ik)
−1 N

i=1

(Zi ⊗ Ik)Υ−1i (Zi ⊗ Ik)hOLSi

+
N

i=1

(Zi ⊗ Ik)Υ−1i (Zi ⊗ Ik)
−1 N

i=1

(Zi ⊗ Ik)Υ−1i vec(νi).(E.7)

Subsequently, we recall that Υi = IT ⊗Ωi+(Zi ⊗ Ik)Γ (Zi ⊗ Ik) and we apply
the property: (A ± BCB )−1 = A−1 ∓ A−1B C−1 ±B A−1B −1

B A−1 to
rewrite Υ−1i in the following way:

Υ−1i = IT ⊗Ω−1i −

 IT ⊗Ω−1i (Zi ⊗ Ik)

× Γ−1 + (Zi ⊗ Ik) IT ⊗Ω−1i (Zi ⊗ Ik) −1

(Zi ⊗ Ik) IT ⊗Ω−1i


The second part of the expression in Equation (E.7) is equal to zero as

(Zi ⊗ Ik) IT ⊗Ω−1i = Zi ⊗Ω−1i = Is ⊗Ω−1i (Zi ⊗ Ik)
and because νiZi = 0, where s (= Q/k) is the number of regressors in one
equation. This leaves us with only the first part:

h =
N

i=1

(Zi ⊗ Ik)Υ−1i (Zi ⊗ Ik)
−1 N

i=1

(Zi ⊗ Ik)Υ−1i (Zi ⊗ Ik)hOLSi

=
N

i=1

Wih
OLS
i , (E.8)

where

Wi =
N

i=1

(Zi ⊗ Ik)Υ−1i (Zi ⊗ Ik)
−1

(Zi ⊗ Ik)Υ−1i (Zi ⊗ Ik) .

Finally, we use the above result about Υ−1i and use the same property3 once
more with A, B, and C defined as A−1 = (Zi ⊗ Ik) IT ⊗Ω−1i (Zi ⊗ Ik) , B =

3Note that we could only use this property in the system of equations context because
of the special structure of an (unrestricted) VARX model, the panel homoskedasticity and
because of the block-diagonality of the Λ matrix.
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I and C = Γ. The desired result is then obtained by noting that

(Zi ⊗ Ik)Υ−1i (Zi ⊗ Ik) = (Zi ⊗ Ik) IT ⊗Ω−1i (Zi ⊗ Ik)

−

 (Zi ⊗ Ik) IT ⊗Ω−1i (Zi ⊗ Ik)

× Γ−1 + (Zi ⊗ Ik) IT ⊗Ω−1i (Zi ⊗ Ik)
−1

× (Zi ⊗ Ik) IT ⊗Ω−1i (Zi ⊗ Ik)


= (ZiZi ⊗Ω−1i )−1 + Γ

−1

= (Vi + Γ)
−1 .





Appendix F

Impulse response analysis
of structural vector
autoregressive
log-transformed time series

Motivation

In empirical time series analysis it is common to transform the variables of
interest using natural logarithm prior to the construction of econometric models
that are used to analyze and/or forecast a dynamic system (Ariño and Franses
2000). For examples, see, Nijs et al. 2001, Van Heerde et al. 2000. Motivations
for such a transformation might be that it reduces the impact of outliers and
that lessens the often observed increasing variance of trending series. Another
reason for the log-transformation might be to linearize a multiplicative model
for simpler estimation. In this case although estimating a multiplicative model
transformed by taking the natural logarithm of the equation the focus may still
be on the forecasts and impulse response functions in the level of the series.

As Ariño and Franses (2000) pointed out the parameters of VAR models
are not easy to interpret by themselves, and usually IRF s are calculated to get
some insight into the dynamics of the VAR system. The IRF s defined for the
transformed model capture some kind of elasticities that are rather difficult
to interpret if we keep in mind that the reference value of the variables in the
point elasticities change over time. This characteristic is especially troublesome
when the interest is in calculating net effects (e.g. the overall effect of a unit
price shock on sales after the dust-settling period) as these elasticities cannot
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easily be summed up because they do not have the same “reference value”1. To
solve these problems we developed the procedure of Ariño and Franses (2000)
further in order to compute IRF s on level from a log-transformed model.

Procedure

Let Xt be an m-dimensional vector time series: Xt = (X1,t, · · · ,Xm,t), such
that Yt with Yt = (Y1,t, · · · , Ym,t) with Yi,t = lnXi,t, follows a structural
VAR(p) model:

A0Yt = α+A1Yt−1 +A2Yt−2 + · · ·ApYt−p + εt, (F.1)

where α = (α1, · · · ,αm) is an m-dimensional vector of intercepts, Ar (r =
0, · · · , p) are (m×m)-matrices containing the immediate reaction coefficients
if r = 0, and the lagged reaction coefficients if r ≥ 1. Furthermore, εt =
(ε1,t, · · · , εm,t) is anm-dimensional vector of disturbances, with εt i . i . d .∼ N(0,Σ)2.
Assuming that A0 is nonsingular (this is certainly the case if the immediate
effects are identified), the reduced form of Equation (F.1) is

Yt = b+B1Yt−1 +B2Yt−2 + ...+BpYt−p + ut, (F.2)

where b = A−10 α, Br = A−10 Ar (r = 1, · · · , p), and ut = A−10 εt, so that
ut

i . i . d .∼ N (0,Ω), where Ω = A−10 ΣA
−1
0

3 .
Given the linear additive structure of a VAR model, the IRF s in terms of

{Yt} can be computed independently of the values of the elements of Yt at
period t, the time when the shock is applied to the system, and of preceding
values (see e.g. Lütkepohl 1993); the effects of a shock on the variables over
time are additive to the corresponding non-shocked values. However, if it is
desired to compute the reaction to a shock in εt in terms of {Xt}, the multi-
plicative interactions make the IRF s dependent on the values of the elements
in Xt,Xt−1, · · · . For this reason, we compute the level-IRF s as follows:

1. We compute Xt|Xt
,Xt+1|Xt

, · · · ;

2. We compute Xs
t|Xt

,Xs
t+1|Xt

, · · · ;
3. We compute the k-th value of the IRF as

IRF(k|Xt) = Xs
t+k|Xt

−Xt+k|Xt
for k = 0, 1, 2, · · · ,

where Xt+k|Xt
denotes the forecast of the X-vector at period t+k, conditional

on the information that is known at time t (i.e. conditional on the values

1Nijs et al. (2001) argue that, when working with log-log model specifications, the resulting
net effect can be interpreted as an elasticity. We do not agree with this interpretation.

2Σ is usually assumed to be diagonal.
3We note that from now on we assume that the VAR system is properly identified.



Impulse response analysis of structural vector autoregressive log-transformed
time series 171

of Xt,Xt−1, · · · ), assuming that no shock is applied the variables. Similarly,
Xs

t+k|Xt
denotes the conditional forecast of Xt+k, assuming that a shock has

been applied to one of the elements of the X-vector at time t4.
Ariño and Franses (2000) show that

Xi,t+k|Xt
= exp

ei(k)

2
+ c0,i(k)

p

r=1

m

j=1

Xj(t− r + 1)ci,j,r(k)

is an unbiased conditional forecast of the i-th element of Xt+k, where

ei(k) = ei(k − 1) + (di,1(k), ..., di,m(k)) Ω̂ (di,1(k), ..., di,m(k)) .
In this expression, ei(0) = 0 and di,j(k) is the element in the i-th row and the
j-th column of a matrix D(k) that satisfies the recursion

D(k) =

p

r=1

BrD(k − r),

with initial conditions D(1) = Im and D(j) = 0 for j ≤ 0, and Ω̂ is an estimate
of the variance-covariance matrix of ut. Furthermore, c0,i(k) is the i-th element
of a column-vector C0(k) that satisfies the recursion

C0(k) = b+

p

r=1

BrC0(k − r),

with initial conditions C0(j) = 0 for j ≤ 0. Finally, ci,j,h(k) is the element in
the i-th row and the j-th column of a matrix Ch(k) (h = 1, · · · , p) that satisfies

Ch(k) =

p

r=1

BrCh(k − r),

4 In cases where it is undesirable to have the IRF depending on a particular set of
realizations of Xt, Xt−1, · · · , one can compute the elements of the IRF as IRF(k|X) =
Xs

t+k|X − Xt+k|X, where all the computations assume that Xt, Xt−1, · · · are all equal to
their mean. Another option is to replace these values by an estimate of the expected value
of Xt, given the estimated VAR system. To this end, we first estimate the expected value of
Yt using Equation (F.2):

E(Yt) = (I − B̂1 − B̂2 − ...− B̂p)−1b̂.
Subsequently, the expected value of Xt is estimated as:

E(Xi,t) = E(Yi,t) exp
σ̂i,1 + ...+ σ̂i,k

2
,

where σ̂i,j is the element in the i-th row and in the j-th column of Σ̂. This estimated expected
value can be used to compute the constant value of the naive forecast (i.e. the forecast of Xi,t
when we do not induce any shock) and can also be used for the initial values for forecasting
the system when shocks are induced. The IRF s that result from employing either of the two
approaches can be interpreted as average impulse responses.
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with initial conditions for j ≤ 0

Ch(j) =
Im if j = 1− h
0 otherwise.

For the computation of Xs
t+k|Xt

we note that shocking the l-th element of
the X-vector with a portion of δ at time t is equivalent to adding gl to εt, the
disturbance term in the structural VAR model of Equation (F.1), where gl is
an m-dimensional vector whose elements are all equal to zero, except for the
l-th element, which equals ln(1 + δ). This shock in the structural VAR model
is equivalent to adding A−10 gl to ut, the disturbance term of the reduced VAR
model of Equation (F.2), so that

Xs
i,t+k|Xt

=

exp ei(k)
2 + (di,1, · · · , di,m)A−10 gl + c0,i(k) ·

· p
r=1

m
j=1Xj(t− r + 1)ci,j,r(k)

is an unbiased conditional forecast of the i-th element of the X-vector at period
t+ k when its l-th element was shocked at period t.




