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Chapter 6

Combining Time Series
Cross Sectional Data for
the Analysis of Dynamic
Competitive Marketing
Systems

6.1 Introduction

As we have seen in previous chapters, VAR models are nowadays widely used
in marketing research1. A problem most of the applications encounter is the
high number of parameters required that leads to degrees-of-freedom problems.
In Chapter 4 we overcame this problem by applying Hsiao’s procedure based
on Akaike’s F inal Prediction Error (FPE) criterion, a procedure that does
not impose common lag-structure on the model but allows the lag-lengths to
differ for each variable in each equation. Furthermore, we assumed that some
of the variables were exogenous in the model. In Chapter 5 we introduced
canonical correlation analysis and the related Wiener-Gragner causality testing
for preliminary analysis of the interrelationships among the variables considered
and for testing whether or not to include of certain structural interrelationships
in the model.
The approaches in previous chapters reflect that the practice in marketing

literature up till now has been to use a single time series and to apply restric-
tions that reduce the number of parameters. In this chapter we consider an
alternative approach. We develop models that combine time series data for mul-

1This chapter is based on Horváth and Wieringa (2003).
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tiple units (e.g. stores, store chains, households, or countries). This solves the
degrees-of-freedom problem by increasing the number of available observations.
We apply four different levels of pooling: we consider the Constant Coefficient
M odel (CCM ), the F ixed Effects M odel (FEM ), the Random Coefficients
M odel (RCM ), and the unit-by-unit approach2.
The idea of combining the time series and the cross-sectional dimensions

of the data to arrive at better estimates of a VAR model is not new. In the
first Panel VAR (PVAR) model by Holtz-Eakin et al. (1988) the authors for-
mulate a coherent set of procedures for estimating and testing VAR models for
panel data. The model is applied to study the dynamic relationships between
wages and hours worked in a sample of American males. Another application
of this method is a study by Holtz-Eakin et al. (1989) that considers the dy-
namic relationships between local government revenues and expenditures. Lehr
(1999) applies the Holtz-Eakin approach to show that financial intermediation
can influence fertility and labor decisions by raising market wages. Binder
et al. (2002) suggest a latent variable framework for the analysis of fixed ef-
fects PVARs. Several applications build a VAR model from single-equation
dynamic panel models. Rousseau and Wachtel (2000) for example, apply the
approach of Arellano and Bond (1991) to study dynamic interactions between
stock markets and economic performance in individual countries. Canova and
Ciccarelli (2000) provide Bayesian methods for forecasting variables and pre-
dicting turning points in panel Bayesian VARs.
The references listed above apply models that are developed for panel data,

i.e. for data with finite T (time span) and large N (number of cross-sections).
However, many available data sets in marketing have different characteristics,
and should be considered in a different setting (Beck 2001). In scanner data,
for example, the number of cross-sectional units, i.e. stores or products in a
category, is usually finite and rather limited while the time span is often quite
large (e.g. several weeks). In addition, scanner data is usually only available
for specific cross sections (e.g. for a particular store-chain), that cannot be
considered as a representative sample of the total population. Hence, one
should be reluctant to generalize results of a VAR model that is calibrated on
some subset of cross-sectional units to the entire population of all cross-sectional
units (e.g. all stores in the Netherlands) but rather interpret the parameter
estimates conditional on the observed units. For these reasons, estimation
methods that are consistent for large T may be more suitable than PVAR
models for marketing applications. Papers that discuss this different setting
for estimating pooled univariate time series models are Beck and Katz (1995),
Beck (2001), Beck et al. (2001), and Beck and Katz (2001). We extend their
approach to the case of multiple time series models (i.e. VAR models). In
line with the terminology of the above mentioned papers we refer to these
estimation procedures as T ime Series C ross Sectional (TSCS) methods.

2Despite the fact that the unit-by-unit approach estimates separate models for each cross-
sectional units, we regard it as a pooling approach: the unit-by-unit models may be considered
as one extreme of the pooling-spectrum.
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• we list several tests and approaches for the investigation of parameter
heterogeneity across stores.

This chapter is organized as follows. In Section 6.2 we specify VAR mod-
els for the analysis of cross-sectional-level data. We introduce and discuss the
main approaches of pooling in Section 6.3. In Section 6.4 we compare the four
most widely applied approaches that provide mean VAR parameters: RCM ,
FEM/CCM , estimating VAR models from aggregate data, and averaging dis-
aggregate estimates. We examine their small sample behavior under parameter
heterogeneity through a small simulation study in Section 6.5. Several poola-
bility tests are discussed in Section 6.6. Finally, we conclude the chapter and
point out areas that require further exploration in Section 6.7. An application
of the TSCS approach can be found in Chapter 7.

6.2 VAR models for multiple units

All of the VAR applications in marketing up till now use a market-level model
specification. In previous chapters we also followed this approach. In this chap-
ter, however, we assume that the available data allow for a model specification
on a more disaggregate cross-sectional level. For example, the model that we
will discuss in Chapter 7 is specified at the store-level. Furthermore, we assume
that T (the time-span) is fairly large.
A general VAR model of order P for cross-section i has the following struc-

ture:

Ai,0Yi,t = αi +
P

t∗=1

Ai,t∗Yi,t−t∗ + ui,t, (6.1)

where Yi,t is a k-dimensional vector of endogenous variables of cross-section i at
time t, Ai,t∗ is a k×k matrix that contains the immediate reaction parameters
for t∗ = 0, and the delayed reaction parameters for t∗ ∈ {1, 2, · · · , P} for cross-
sectional unit i. The vector αi is a cross-section-specific intercept, and ui,t is a
disturbance term, ui,t ∼ N (0,Σi) where Σi is usually assumed to be diagonal.
This is the structural representation of the VAR model for cross-section i.
As we know from Chapter 3, multiplication of Equation (6.1) with any

nonsingular k×k matrix results in an equivalent representation of the process.
The reduced form of the model is obtained by pre-multiplying Equation (6.1)
with A−1i,0 , which gives:

Yi,t = βi +
P

t∗=1

Ci,t∗Yi,t−t∗ + εi,t, (6.2)

where βi = A
−1
i,0αi, Ci,t∗ = A

−1
i,0Ai,t∗ for t

∗ = 1, · · · , P , and εi,t = A−1i,0ui,t, with
εi,t ∼ N (0,Ωi), where Ωi = A−1i,0ΣiA

−1
i,0 .
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6.3 Four modeling approaches
In this section, we discuss four modeling approaches that provide mean esti-
mates of the VARX parameters based on disaggregate data. The four modeling
approaches are:

1. unit-by-unit modeling;

2. constant coefficients modeling;

3. fixed effects modeling;

4. random coefficients modeling.

Ad 1.) The first modeling approach is the collection of models that were
discussed in Chapter 3. Equation (6.2) specifies a separate VAR model for
each cross-sectional unit. These models are useful to consider in the ideal
situation where the time span of the data is long enough to ensure efficient
and reliable estimation of all cross-sectional models, so that there is no need
to combine the information across cross sections. We refer to the models in
Equation (6.2) as the unit-by-unit models. This modeling approach assumes
that the cross-sections are not related at all and fully accommodates cross-
sectional heterogeneity. The unit-by-unit models are not pooled at all, and
may be considered as one extreme of the pooling-spectrum.
Ad 2.) The second modeling approach is at the other extreme, viz. it assumes
complete homogeneity across cross-sections (i.e. governed by the same specifi-
cation). We refer to such a model as the Constant Coefficients M odel (CCM ).
A CCM version of Equation (6.2) is:

Yi,t = β +
P

t∗=1

Ct∗Yi,t−t∗ + εi,t, (6.3)

with εi,t
i . i . d .∼ N(0,Ωi). The unit-by-unit model and the CCM can be esti-

mated using Feasible Generalized Least Squares (FGLS). Details concerning
the estimation of these models can be found in Appendix C. Relative to the
unit-by-unit models, the CCM has more degrees of freedom available for esti-
mation. However, at the cost of the often untenable assumption of complete
cross-sectional homogeneity.
The third and the fourth modeling approaches can be used to achieve a

trade-off between the efficiency of the estimates and the level of heterogeneity
that is accommodated by the model.
Ad 3.) For the third modeling approach we assume that the cross-sectional

heterogeneity can be captured by cross-section specific intercepts. Specifically,
we consider F ixed EffectM odels (FEM s)3, where the intercept is cross-section

3One might also contemplate to consider Random Effect M odels (REM s). However, as
T grows large, the REM converge to the FEM (see, for example, Beck 2001 or Pesaran and
Smith 1995). Consequently, here we focus on the FEM and expect similar results for the
REM s. In addition, the REM can be considered as a special case of RCM.
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specific, but the other parameters are fully pooled. We specify the FEM analog
of the unit-by-unit models in Equation (6.2) as:

Yi,t = βi +
P

t∗=1

Ct∗Yi,t−t∗ + εi,t, (6.4)

with εi,t
i . i .d .∼ N(0,Ωi). In Chapter 7 we present a VAR model that contains

sales response functions, specified in log-log form. For these equations, a store-
specific intercept may accommodate sales differences that are due to e.g. store
size. If it is reasonable to assume that the customers of the different stores
react with the same elasticity to promotional activities, the FEM may cap-
ture enough cross-sectional heterogeneity, while preserving a high number of
degrees-of-freedom.
Estimation of the parameters of a FEM with FGLS with Dummy V ariables

(FGLSDV ) provides a consistent estimator that are asymptotically efficient
when T →∞ under standard regularity conditions (Bun 2001). This estimation
procedure for FEM s is outlined in Appendix D.
Ad 4.) The fourth modeling approach allows for cross-sectional hetero-

geneity in all parameters. However, the restriction is that the parameters vary
jointly in a random manner, specified by a certain multivariate distribution.
Thus, the parameters of a cross-sectional model are considered as drawings
from some multivariate distribution. These models are referred to as Random
Coefficient M odels (RCM s)4.
We specify the RCM -analog of Equation (6.2) as follows5:

Yi,t = βi +
P

t∗=1

Ci,t∗Yi,t−t∗ + εi,t,

where Hi = (βi, Ci,1, · · · , Ci,P ), the matrix containing the parameters of the
model satisfies the following restrictions:

vec(Hi) ∼ N(vec(H),Γ)

E(Hi −H|Yi,t−1, Yi,t−2, · · · , Yi,t−P ) = 0 (6.5)

E(εi,t|Yi,t−1, Yi,t−2, · · · , Yi,t−P ) = 0

E(εi,tεj,t) =
Ωi if i = j
0 if i = j

.

To get some intuitive understanding of the RCM, it is useful to think of it as
a shrinkage estimator. If the individualHis are completely shrunk back to their

4These models are also often referred to as Random Coefficient Regression Models. The
terminology we use is also used by Beck and Katz (2001) and Beck et al. (2001).

5The methodology described here can be considered as a multiple equation extension of
the work of Beck and Katz (2001) and Swamy (1971).
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mean H, then RCM hardly captures more heterogeneity than the CCM does.
On the other hand, if there is almost no shrinkage, then using RCM provides
no efficiency gain relative to the GLS estimates of the unit-by-unit models.
The degree of shrinkage is a function of the heterogeneity in the unit-by-unit
estimates and the information that is contained in these estimates. The RCM
can be estimated by a modified Swamy estimator. The estimation of RCM,
based on the works by Beck and Katz (2001) and Swamy (1971), is explained
in detail in Appendix E.

6.4 Comparison of approaches for obtaining mean
parameter estimates

There are many alternative approaches to obtain estimates of VAR models
that capture the average behavior of the cross-sectional units. We compare the
four most widely used approaches; (1) estimating a VAR model from aggregate
data, (2) averaging disaggregate estimates (unit-by-unit model), (3) FEM 6,
and (4) RCM . Table 6.1 provides a short overview of the differences among the
approaches.
(1) estimating a VAR model from aggregate data
The most widely used approach in marketing is to build a VAR model on

aggregate data (e.g., Dekimpe and Hanssens 1995, 1999, 2000, Dekimpe et al.
1999, Nijs et al. 2001, Srinivasan et al. 2000, Srinivasan and Bass 2001, and
Takada and Bass 1998 ). This method requires a relatively small, manageable,
and usually not so expensive data set, however, it may easily lead to degrees
of freedom problems. It is also subject to potential aggregation bias7 and to
potential bias due to heterogeneity among the cross-sections. In addition, “the
aggregation process destroys the variability between brands or districts which
often represent important sources of information with respect to brand, or sales
district uniqueness” (Moriarty 1975).
Christen et al. (1997) focus on the bias that arises from linear aggregation

when using a non-linear model8. They conclude that “the magnitude of bias
is substantial and should not be ignored”. They show that especially in the
case of models with many variables (such as the basic SCAN*PROmodel or the
VARX model) the biases in estimated effects from the aggregate (market-level)
data can be very large. As market response functions are usually nonlinear
(Christen et al. 1997 and Leeflang et al. 2000) and as there is a tendency for
VARX models to be defined in a log-log specification in marketing (Horváth
et al. 2001, Nijs et al. 2001, and Steenkamp et al. 2001) aggregation bias is a
serious potential problem for VARX applications.

6We do not discuss the CCM here since it can be considered as a special case of the FEM
and the main arguments that hold for the FEM are also valid for the CCM.

7Problems caused by improper aggregation are generally referred to as aggregation bias.
8Leeflang et al. (2000) emphasize that a linear model might be unjustifiable for real-world

data.
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(2) unit-by-unit model
Another method is to estimate unit-by-unit models and average these esti-

mates. This approach requires a large data set and does not utilize relation-
ships between cross-sectional units (i.e. “does not borrow strength”). Hence,
it arrives at the degrees-of-freedom problem very easily. In fact, faster than
the aggregate approach because the variation can be quite low (for example,
if one wants to estimate the price elasticity of a brand from a series of 104
data points but the analyzed brand is only promoted four times in this period,
the parameter estimates are not reliable due to the low variation in the data).
This approach does neither suffer from aggregation bias nor from bias due to
uncaptured heterogeneity.
pooling: (3) FEM and (4) RCM
The approaches that actually combine time series data over multiple units

are the FEM and the RCM. Both of these methods increase the number of
available observations for the estimation of the parameters by utilizing the
relationships between the cross-sectional units. They both do not suffer from
aggregation bias but FEM is incapable of capturing heterogeneity in the slope
coefficients.
Besides solving the degrees-of-freedom problem, FEM and RCM offers some

further advantages, viz. they avoid aggregation bias and they offers the oppor-
tunity to exploit both cross-sectional and time-series variation for parameter
estimation. In addition the RCM avoids bias that arises in the case of dynamic
models when parameter heterogeneity between units is incorrectly ignored (Pe-
saran and Smith 1998) and using RCM the homogeneity assumptions can be
tested and heterogeneity can be accommodated in several ways.

6.5 Simulation studies

We run Monte Carlo simulations to address the small-sample properties of the
different approaches. We draw 1000 data-sets from VAR(1) models with two
endogenous variables and constant terms for 10 cross-sectional units over 100
time periods. We draw the error terms from a multivariate normal distribu-
tion with zero expected value. To induce heterogeneity between the cross-
sections we split them into two homogenous groups of 5. We induce different
data-generating processes (i.e. different VAR parameters) for the groups. The
original parameter values of the two models are presented in Table 6.2 together
with other details concerning the setup of the simulation study9. We apply

9 In Table 6.2 the parameter matrices of the VAR system are vectorized and trasposed.
Hence, the VAR model of the second group is:

Yt =
2
3

+
0.7 0.3
−0.5 0.5

Yt−1 + εt,

with Cov(εt) =
1 0.3
0.3 0.7

.
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Table 6.1: Alternative methods of combining time series data for multiple units
Approaches

Impact
Aggregation

(1)
Unit-by-unit
model (2)

FEM
(3)

RCM
(4)

Data size smallest large large large

Number of
coefficients

small large small
smaller than
(2) but larger
than (1) or (3)

Number of
available
observations
per parameter

same as (2) same as (1) highest
higher than (1)
and (2) but
smaller than (3)

Aggregation
bias

potential
problem

no problem no problem no problem

Heterogeneity/
homogeneity

homogeneity heterogeneity
heterogeneity
only in intercepts

restricted
heterogeneity

the four approaches to estimate the mean parameters of the VAR model that
were discussed in the previous section: (1) we aggregate the data over the 10
cross-sections and estimate a VAR model from the aggregated data (aggregate
approach), (2) we build separateVAR models for each cross-section and average
the estimated parameters afterwards (disaggregate approach), (3) we estimate
mean parameters from a FEM , and (4) we estimate mean parameters using a
RCM . To get an idea about the distribution of VAR parameter estimates, we
present box plots of the simulation results for each of the different estimation
techniques in (Figure 6.1)10 . The dashed line indicates the original (mean)
parameters. Each subplot in the figure shows the boxplots of the simulated
parameter estimates for the four approaches of one of the four parameters.
The upper-left subplot shows, for example, the boxplots of the simulation re-
sults for the first parameter in Table 6.2. The upper-right box corresponds
to the second, the lower left to the third, and the lower right to the fourth
parameter. The boxplots clearly indicate that (for the setup of the simulation
study) aggregation and the FEM approach (i.e. the approaches that do not
allow for heterogeneity in the slope coefficients) lead to biased estimates of the
mean parameters. The RCM performs quite well (its mean and median are
the closest to the original mean and it has relatively low standard deviation of
the parameter estimates) despite the fact that the distribution of the parame-
ters over the cross-sections is far from normal. The disaggregate approach also

10We only provide box-plots of the slope parameters because IRA and FEVD utilize these
parameters.
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Table 6.2: Summary statistics of the simulation study
Number of draws 1000
Number of data points (T ) 100
Number of cross-sections (N) 10

Slope Parameters Constants
Original 1 (5 units) −0.3 0.1 0.1 −0.4 2 3
Original 2 (5 units) 0.7 0.3 −0.5 0.5 2 3
Original mean values 0.2 0.2 -0.2 0.05 2 3

Var-cov matrix of the residuals (vectorised) 1 0.3 0.3 0.7

performs well, its results are comparable to the RCM . To gain further insight
into the small sample behavior of the different approaches we compute the
Average Squared Prediction Error (ASPE), also known as the M ean Squared
Error (MSE), for each approach. The ASPE captures bias and variance of
the parameter estimates. We decompose it according to Leeflang et al. (2000,
p. 507) into the Average Prediction Error (APE ) that captures bias and into
a variance component to capture unreliability (variance), see Table 6.3. We

Table 6.3: Monte Carlo experiment results - experiment 1
Slope Parameters Constants

ASPE (MSE)
Aggregate 0.0462 0.0132 0.0542 0.1091 0.2805 0.5379
FEM 0.0233 0.0050 0.0371 0.0654 1.4581 0.5835
Disaggregate 0.0008 0.0010 0.0006 0.0007 0.0178 0.0108
RCM 0.0008 0.0006 0.0010 0.0007 0.0163 0.0102

APE
Aggregate 0.1943 -0.0811 -0.2244 0.3229 0.3246 -0.6798
FEM 0.1471 -0.0606 -0.1910 0.2534 -1.2006 -0.7564
Disaggregate -0.0076 0.0017 -0.0061 -0.0019 0.0577 0.0296
RCM -0.0041 -0.0066 -0.0006 -0.0002 0.0449 0.0220

Variance
Aggregate 0.0085 0.0066 0.0039 0.0048 0.1751 0.0758
FEM 0.0017 0.0013 0.0006 0.0012 0.0166 0.0113
Disaggregate 0.0008 0.0010 0.0005 0.0007 0.0145 0.0099
RCM 0.0008 0.0005 0.0010 0.0007 0.0143 0.0097

see that the RCM and the disaggregate approach outperform the aggregate
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Figure 6.1: Boxplots of the population of the parameter estimates (using four ap-
proaches)
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The dashed lines indicate the original (mean) parameters.

approach and the FEM both in terms of variability and unbiasedness. RCM
performs slightly better than the disaggregate approach especially with respect
to variance. This lower variance is due to the efficiency gain from combining
cross-sectional units. For the slope parameters, the aggregate approach is the
worst according to all measures. For the constants, the disaggregate approach
and the RCM approach perform better than the aggregate approach and the
FEM approach. The poor performance of the aggregate approach is due to
both larger bias and larger variability, whereas the poor performance of FEM
is due to larger bias only.

To examine the relative performance of the approaches when the number
of observations is smaller, we run new Monte Carlo experiments with a smaller
number of time points (T = 10). We decompose the ASPE analogously to
Table 6.3. The results are presented in Table 6.4. We see that all methods
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Table 6.4: Monte Carlo experiment results - experiment 2
Slope Parameters Constants

ASPE (MSE)
Aggregate 0.1545 0.0482 0.1081 0.1689 1.2335 0.8694
FEM 0.0388 0.0217 0.1024 0.1014 1.5770 0.6120
Disaggregate 0.0136 0.0182 0.0132 0.0108 0.3259 0.2105
RCM 0.0108 0.0163 0.0115 0.0095 0.2753 0.1801

APE
Aggregate 0.3337 -0.0635 -0.2893 0.3780 -0.2041 -0.4514
FEM 0.1679 -0.0932 -0.3123 0.3058 -1.1796 -0.6944
Disaggregate -0.0598 -0.0290 -0.0578 -0.0411 0.3916 0.3218
RCM -0.0359 -0.0333 -0.0560 -0.0293 0.3303 0.2735

Variance
Aggregate 0.0432 0.0442 0.0244 0.0261 1.1918 0.6656
FEM 0.0106 0.0130 0.0049 0.0079 0.1857 0.1298
Disaggregate 0.0101 0.0174 0.0099 0.0091 0.1725 0.1070
RCM 0.0095 0.0152 0.0084 0.0086 0.1662 0.1053

perform worse than in the previous case due to the small sample bias that
gets more serious for short time series and due to the reduced number of de-
grees of freedom. Again, the approaches that allow for heterogeneity in the
slope parameters outperform the other two. The aggregate method has the
highest ASPE values and the highest variance. The variances of the parame-
ters using the other three estimators increase as the sample size gets smaller
but they all stay relatively small. The FEM estimates have in general the
smallest variance. This is probably due to the fact that this model applies the
strongest assumption about cross-sectional heterogeneity and hence, has the
largest number of degrees of freedom. This becomes essential when the num-
ber of available longitudinal observations is small. However, the estimates are
significantly more biased than those of the unit-by-unit model or the RCM. The
last two approaches perform very similarly with respect to bias but the RCM
parameters have smaller variation due to the efficiency gain from combining
the cross sections. This results in lower ASPE values, too.
Our findings are in line with those of Pesaran and Smith (1995) who examine

the consistency of several approaches to estimate the average coefficients in dy-
namic models. They find that “when the coefficients differ across groups (cross
sections), pooling and aggregating give inconsistent and potentially highly mis-
leading estimates of the coefficients ... in dynamic models, even for large N
and T”
Bartels (1996) argues that “we are always in the position of deciding how

much we should pool some observations with others, and we always have a
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choice ranging from complete pooling to assuming that the data have nothing
to do with each other”. He proposes that one should estimate a model allowing
for varying degrees of pooling and then take a scientific decision after examining
the locus of all such estimates. In the nect section we discuss several test that
facilitate such a decision.

6.6 Testing poolability

Despite the widespread application of panel and TSCS data models in prac-
tise testing of the so-called poolability hypothesis of constant slope coefficient
vectors is often neglected in empirical analysis. However, when estimating a re-
gression relationship poor inference may be drawn if the true slope coefficients
vary across units and we do not accommodate for this heterogeneity, especially
when dynamics are present (Bun 2001, Pesaran and Smith 1995, and Robert-
son and Symons 1992 ). So, a thorough investigation of heterogeneity should
precede the choice of the final TSCS model. To facilitate this investigation, we
briefly discuss several pooling tests in this section.
The most popular test for the poolability of TSCS is the Chow (1960) F

test. This test can be applied to investigate the null-hypothesis of parameter ho-
mogeneity: Hi = Hj for all i = j11 . The statistic that follows an F -distribution
with r and d degrees of freedom is:

F =
(RRSS − URSS)/r

URSS/d
,

whereRRSS is the sum of squared residuals from the restricted (pooled) model,
URSS is the sum of squared residuals from the unrestricted (unit-by-unit)
model, r is the number of linearly independent restrictions, and d is the number
of degrees of freedom for the unrestricted model. This statistic has a logical
extension for the system of equation context, that is, instead of using RSS, we
use the trace of the variance-covariance matrix of residuals.
Swamy (1971), p. 123−124, suggested that a test of the random coefficient

model can be based on the differences between the unit-by-unit estimates and
a weighted average of these estimates:

χ2 =
N

i=1

hOLSi − h V −1i hOLSi − h ,

where

h =
N

i=1

V −1i

−1 N

i=1

V −1i hOLSi ,

11The Chow test can also be applied on a subset of the model parameters. It can, for
example be used to evaluate the null hypothesis of equal slope coefficients for the cross-
sections, but different intercepts.
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where hOLSi and Vi are defined as in Appendix E. This statistic follows a χ2-
distribution with Q(N − 1) degrees of freedom where Q is the number of pa-
rameters for one cross section in the VAR model, and N is the number of cross
sections.
Bun (2001b) examines the small sample performance of these classical asymp-

totic tests for regression models with both lagged dependent variables and
nonspherical disturbances. His conclusion is that these test procedures per-
form rather poorly when using critical values from either the F - or the χ2-
distribution. He suggests to use the original Chow F test statistics with boot-
strapped critical values to increase accuracy.
Baltagi et al. (1996) derive a nonparametric poolability test for panel data.

They find that the advantage of this approach over conventional parametric
tests is its robustness to regression functional form misspecification.
Another way of exploring heterogeneity is cross-validation. Beck (2001)

suggests this approach for TSCS data. This procedure involves estimating
the model several times, leaving one cross-sectional unit out at a time. The
estimation results are then compared to find out whether some cross sections
are predicted less well than others.
In the empirical application that we discuss in the next chapter, we will

apply the Chow-test to test the poolability of the parameters. To this end,
we start by estimating the unit-by-unit models. Subsequently, we estimate the
three remaining models and test whether pooling is allowed.

6.7 Conclusions, limitations, future research

In this chapter we proposed a modeling strategy that overcomes one of the
main drawbacks of VAR modeling, viz. the degrees-of-freedom problem. This
problem occurs frequently in practical VAR applications due the fact that the
number of parameters of a VAR model increases quadratically with the dimen-
sion of the system of equations. This requires a large number of data points.
In addition, unbiasedness of the estimates depends on asymptotics: this puts
additional demands on the number of observations. Obviously, the potential
danger of this problem lies in obtaining unreliable estimation results due to a
shortage of degrees of freedom.
All applications of VAR modeling in marketing to date use specifications

on a high aggregation (market-) level. The usual approach for gaining degrees
of freedom is to reduce the number of parameters by restricting the model.
However, in many cases, the data is also available at a lower aggregation level
(e.g. store-level). We proposed to gain degrees of freedom not by reducing the
number of parameters, but by increasing the number of observations through
pooling of the data of multiple cross-sectional units.
We discussed four different pooling approaches. We started with the two

extremes of ‘the pooling spectrum’. First we discussed the unit-by-unit ap-
proach. In this approach the cross-sectional units are not pooled at all; a
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separate model is estimated for each cross-sectional unit. Secondly, we consid-
ered the Constant Coefficient M odel (CCM ). This model offers the highest
possible degree of pooling, since all parameters in the model are assumed to
be constant for all cross-sectional units. The third and the fourth pooling ap-
proaches were the F ixed Effects M odel (FEM ) and the Random Coefficients
M odel (RCM ), respectively. These models can be used to strike a balance
between the level of pooling and the amount of parameter heterogeneity that
is allowed for. For each of the four pooling approaches, we provided details on
estimation methods.
Subsequently, we compared the FEM s, the RCM s and two other methods

(estimating VAR model from aggregate data and averaging disaggregate esti-
mates) based on theoretical and practical issues. We discussed the alternative
models, with special interest in the RCM, and addressed their small-sample be-
havior (when heterogeneity is present between cross-sections) by small Monte
Carlo studies.
We found (in accordance with Pesaran and Smith 1995) that in the presence

of heterogeneity in the slope coefficients between the cross sections the usage
of FEM s or models on aggregated data (i.e.if we apply approaches that do
not allow for heterogeneity in the slope coefficients) may lead to biased mean
estimates in case of dynamic models. In our Monte Carlo studies the RCM
outperformed all other considered approaches (i.e. the aggregate approach,
the disaggregate approach, and the FEM ) even when the distribution of the
parameters over the cross-sections was far from normal.
The finding that FEM s and models based on aggregate data may lead to

biased estimates in case of heterogeneity between cross-sectional units draws
attention to the heterogeneity issue and the possible bias that may arise from
ignoring heterogeneity. In the light of these results we recommend to investigate
heterogeneity using statistical tests before selecting the final, “optimal ” model
and to apply approaches that sufficiently allow for heterogeneity between cross-
sectional units.
We leave several areas for further investigation.
First, in this chapter we investigated how to implement the ‘classical’ pool-

ing approaches in a VAR setting. It might be interesting to study alternative
approaches. We list several possibilities.

• It might be interesting to discover segments in the cross-sectional units
and to estimate a pooled model per segment (using e.g. “fuzzy pooling”,
see Ramaswamy et al. 1993);

• Another possibility is the Bayesian hierarchical model developed by West-
ern (1998) that allows the time-series coefficients to vary across cross-
sections;

• Bemmaor et al. (1999) suggest to pool the data for some subset of the
variables (“partial pooling”). A similar idea can be implemented in a
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VAR setting through restriction of elements of the Γ matrix of the RCM
(Equation (6.5));

• Bartels (1996) suggests to obtain so-called “fractional pooled” regression
estimators by properly weighting the unit-by-unit estimates based on the-
ory prior beliefs about the theoretical relevance of disparate observations.
He proposes that one should estimate a model allowing for varying de-
grees of pooling and then take a scientific decision after examining the
locus of all such estimates.

Second, we assumed a spherical covariance structure for the disturbance
term of the VAR models. Hence, we do not allow for spatial interactions of
the cross-sectional units. It might be interesting to study how to relax this
restriction.
Third, we only focused on stationary variables. Our approach can be ex-

tended to systems with evolving and cointegrated variables.
Fourth, pooling provides opportunities to extend the VAR model to a higher

system and model competition for non-price instruments, as well. We have
already mentioned in Chapters 3, 4, and 5 that most of the marketing literature
that use VARX models to analyze competitive behavior only consider sales
and prices as endogenous variables and keep other marketing mix variables
exogenous. This choice is often justified by the degrees-of-freedom problem
that (high dimensional) VAR models face. The approach of pooling provides
opportunities to consider a more general model because degrees of freedom are
gained from combining cross-sectional units. Although, a problem may arise
when other marketing instruments than price are endogeneously included in
the model. This may require the application of a different type of models,
due to the fact that some of these variables are indicator variables (such as
feature, display, refund). Estimation of the competitive reaction functions of
binary variables in the system of equations could use the approach of Beck
et al. (1998) and Beck et al. (2001).
Fifth, complications may occur in the interpretation of RCM s of higher

order autoregressive processes if we assume normal distribution of the param-
eters over the cross-sections. Take an AR(2) process for simplicity. Suppose
the RC parameter for the AR(1) parameter is 1.2 with standard deviation 0.2,
and for the AR(2) parameter it is −0.4 with standard error 0.2. These two
RC s capture AR(2) models with parameters 1.0 and 0.0 (the unit roots case),
0.8 and −0.6, (very short cycles), and 1.2 with −0.1 (explosive data) and 1.2
−0.22 (very long cycles). Hence, these RCM s may summarize data that one
would not want to summarize in the first place. An approach to overcome this
problem would be to use a truncated distribution. This approach may require
some Bayesian method (Western 1998). Another solution may be to apply par-
tial pooling (Bemmaor et al. 1999) over the AR parameters. Although, when
applying this approach we have to investigate the heterogeneity (and hence,
the poolability) of the AR parameters in order to avoid the heterogeneity bias.
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An additional advantage of estimating VAR models using TSCS procedures
is that they do not face the incidental parameter problem that is associated with
PVAR models (Neyman and Scott 1948). Moreover, the estimation procedures
in a TSCS setting are simlper than the estimation procedures in a PVAR
setting.
It may be questionable whether the parameters of economic relationships

are stable across cross-sectional units, i.e. there may be heterogeneity in the
slope parameters. Hsiao (1986) and Hsiao and Sun (2000) point out that ne-
glecting parameter heterogeneity can be quite serious: “it could lead to incon-
sistent or meaningless estimates of interesting parameters”. (Hsiao 1986, p. 5).
Haque et al. (2000), Pesaran and Smith (1995), and Robertson and Symons
(1992) find that the negligence of slope heterogeneity is yet more serious in
dynamic panel data models. The problem arises because in these models the
regressors contain lagged endogenous variables. These variables are serially
correlated. Therefore, incorrectly ignoring coefficient heterogeneity induces se-
rial correlation in the disturbance term. This generates inconsistent estimates
even if T → ∞. In view of these findings, it is essential to use a model that
accommodates heterogeneity to a sufficient extent so that unbiased estimates
of the pooled parameters can be obtained. On the other hand, a model that
allows for an excessively high degree of heterogeneity requires the estimation of
extra parameters and hence, reduces efficiency compared to a model with ho-
mogenous parameters. We list and provide a brief discussion of several pooling
tests that facilitate the determination of the appropriate level of cross-sectional
heterogeneity. In view of the discussion above it is essential (especially in esti-
mating VAR models from TSCS data) to use a model that adequately captures
heterogeneity in order to obtain efficient and unbiased estimates of the mean
parameters.
In summary, the contributions of this chapter are:

• we extend the TSCS approach of Beck and Katz (1995 and 2001) and
Beck and Katz (2001) to a system of equations setting;

• we introduce and compare models that combine time series data for mul-
tiple units;

• we propose several pooled VAR models that accommodate different levels
of cross-sectional heterogeneity;

• we compare the four major approaches that provide estimates of the mean
parameters based on theoretical considerations;

• we compare the small sample behavior of the approaches through Monte
Carlo simulations in the case of heterogeneous slope coefficients;

• we emphasize the importance of using the model that adequately captures
heterogeneity and;
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Sixth, concerning the bias arising from ignoring heterogeneity in dynamic
models, there are several issues that still need to be addressed. The small
sample properties of the alternative approaches should be studied more com-
prehensively through further Monte Carlo studies. This concerns, for example,
the behavior of the approaches for (i) data sets with different dimensions, (ii)
data with different sources of heterogeneity, and (iii) different VAR models.
The small sample behavior of the tests for heterogeneity requires further ex-
amination, too.






