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Chapter 3

Multiple Time Series
Analysis

3.1 Introduction

In marketing practice, it is not always known a priori whether the time path
of the “dependent” variable has affected the “independent” variable. An ex-
ample is performance feedback. Bass (1969) warned that advertising may be
influenced by current and past sales, and should not automatically be treated
as exogenous. This means that not only marketing activities may influence
sales, but (changes in) sales may also induce marketing activities. Marketing
managers may track, for example, own-brand market share or sales, and if they
observe a drop in either performance measure, they may tend to compensate
it with changes in marketing activities. In its most basic form, multiple TSA
treats all variables symmetrically without making reference to the issue of de-
pendence versus independence and permits causality testing of all variables
simultaneously. This is a major advantage of Multiple TSA (MTSA) models
compared to the multivariate time series models (Enders 1995, Franses 1998,
and Hanssens 1980).
Several studies that compare MTSA models to univariate or multiple TSA

models conclude the superiority of MTSA models. Moriarty and Salamon
(1980) conclude that their multiple TSA model provides substantial improve-
ment in parameter estimation efficiency and forecasting performance in compar-
ison with multivariate models. Takada and Bass (1998) find that their multiple
TSA models outperform multivariate TS models in goodness-of-fit measures as
well as in forecasting performance.
Another advantage of MTSA models results from the fundamental philos-

ophy of TSA in general, i.e. to let the data rather than the researcher specify
the model. The multiple TSA methodology applies iterative processes that
identify basic models, the lag structure, and relationships between variables,
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estimate the parameters, and check the estimated model. Because of this,
MTSA modeling has been labeled a-theoretical (Jacobs 1998, p. 31). In our
view, this is an exaggeration. Economic/marketing theory is essential in the
selection of sets of variables, in the identification, in the interpretation of e.g.,
impulse responses and Forecast E rror V ariance Decomposition (FEVD) re-
sults (see Section 3.11), as well as in Co-Integration (CI ) analysis (Section
3.12). Dekimpe and Hanssens (2000) make a similar claim, especially with
the CI analysis, namely, that MTSA also has confirmatory rather than only
explanatory value. They also emphasize the importance of Structural VAR
models to supplement sample-based information with marketing theory. All
in all, multiple TSA models have been shown (i) to be extremely flexible in
capturing the dynamic inter-relationships between a set of variables, (ii) to
be able to treat several variables endogenously, (iii) not to require firm prior
knowledge on the nature of the different relationships, (iv) to be able to capture
both short- and long-run inter-relationships, and (v) to outperform multivari-
ate TSA models in parameter efficiency, goodness-of-fit measures as well as in
forecasting performance. We summarize the marketing applications of MTSA
models in Table 3.1.
The remainder of this section is organized as follows. First, in Section 3.2

we introduce V ector AutoRegressive M oving Average (VARMA) models. In
Section 3.3, we shortly discuss the issue of exogeneity. We consider the system
with exogenous variables (VARMAX model) in Section 3.4. Next, the estima-
tion of such models is discussed in Section 3.5. Section 3.6 introduces Impulse
Response Analysis (IRA), which involves some identification issues that are
discussed in Section 3.7. Section 3.8 discusses Structural VAR (SVAR) mod-
els. We discuss multivariate persistence in Section 3.9. Dynamic multipliers
are introduced in Section 3.10 that measure marginal the impact of changes
in the exogenous variables. Forecast Error V ariance Decomposition (FEVD),
a useful tool in detecting the interrelationships between the endogenous vari-
ables of the model, is introduced in Section 3.11. We discuss cointegration in
Section 3.12. Finally, we provide a A framework for building and testing time
series models in Section 3.13. This chapter does not incorporate so extensive
marketing examples and applications as Chapter 2. Rather, Chapters 4 and 7
can be considered as a good empirical example for the application of the VARX
methodology.
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3.2 VARMA processes
Multiple time series models are natural extensions of the univariate ARMA
models in the sense that a vector of dependent variables replaces the dependent
variable yt. Such models are called V ector AutoRegressive M oving Average
(VARMA) processes. Takada and Bass (1998) build VARMAmodels to analyze
competitive marketing behavior and detect causality of marketing mix vari-
ables and sales. In marketing, the most commonly applied multiple time series
model is the V ector AutoRegressive (VAR) model1 (Dekimpe and Hanssens
1999, Srinivasan et al. 2000, Nijs et al. 2001 , Horváth et al. 2001, among
others). VAR models have mainly become popular in marketing in the anal-
ysis of competitive marketing systems, where the identification of competitive
structures combined with the need to capture various dynamic relationships
between marketing variables is a rather complex and difficult task (Aaker et
al. 1982, Bass and Pilon 1980, Hanssens 1980 , and Takada and Bass 1998). A
VAR model has the following structure:

A0yt =
J

j=1

Ajyt−j + εt, t = 1, ..., T, (3.1)

where yt−j are k-dimensional vectors of endogenous variables at time t − j,
A0, Aj are the k × k parameter matrices, εt is a vector of disturbances with
εt ∼ N(0,σ2I), and J is the order of the model.
Because multiplication of Equation (3.1) with any nonsingular k×k matrix

results in an equivalent representation of the process generating yt, we can
estimate the so-called reduced form of the model (Lütkepohl 1993, p. 325).
The reduced form of the system is obtained by pre-multiplying Equation (3.1)
with A−10 , which gives:

B(L)yt = ut, t = 1, ..., T, (3.2)

where B(L) is a matrix polynomial with lag operator L:

B(L) = I −B1L−B2L2 − ...−BPLP , t = 1, ..., T (3.3)

and BP = A−10 AP , j = 1, ..., P , ut = A
−1
0 εt, and ut ∼ N(0,Ω).

Since only lagged values of the endogenous variables appear on the right-
hand side of each equation, simultaneous effects are no longer directly visible.
Their presence can be obtained from Ω through an identification procedure (we
elaborate below in Section 3.7 on the directional issues involved). The optimal
lag length (P ) selection is usually based on some kind of information criterion,

1Sims (1980) states that a general VARMA model can be approximated by low order VAR
models.
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Table 3.1: Relevant multiple time series applications in marketing

Study Country
Entity
aggregation

Focus

Multiple time series model: yt
xt
= f yt−P

xt−P

Bronnenberg et al. (2000) USA
Market
share

Distribution and market
share relation

Bronnenberg et al. (2001) USA Sales Competition

Chowdhury (1994) UK
Macro-
variable

Advertising and
macroeconomic
indicators relationship

Dekimpe and Hanssens (1995a) - - Empirical generalizations

Dekimpe and Hanssens (1995b) USA
Industry
sales,
sales

Advertising sales
relationship

Dekimpe and Hanssens (1999) USA Sales
Sales and marketing mix
instruments

Dekimpe et al. (1999) USA
Industry
sales,
sales

Sales and price
promotions

Dekimpe et al. (2001) NL Sales Competition

Franses (1994) NL
Industry
sales

Forecasting

Franses et al. (1999) -
Market
share

Market share and
marketing mix

Franses et al. (2001) USA
Market
share

Identification of
dynamic patterns

Hanssens et al. (2001) USA Sales
Modeling market
hysteresis

Horváth et al. (2001) USA Sales Competition

Jung and Seldon (1995) USA
Macro-
variable

Advertising and
macroeconomic
indicators relationship
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Table 3.1 continued

Study Country
Entity
aggregation

Focus

Kornelis (2002) NL
Industry
sales

Advertising and
macroeconomic
indicators relationship
Market shake-ups

McCullough and Waldon (1998) USA
Macro-
variable

Substitutability

Moriarty and Salamon (1980) USA
Industry
sales

Forecasting

Nijs et al. (2001) NL
Industry
sales

Sales and price
promotions

O’Donovan et al. (2000) NL
Macro-
variable

Advertising and
macroeconomic
indicators relationship

Parsons et al. (1979) USA
Macro-
variable

Advertising and
macroeconomic
indicators relationship

Pauwels et al. (2002) USA
Industry
sales,
sales;

Sales and price
promotions

Seldon and Jung (1995) USA
Macro-
variable

Advertising and
macroeconomic
indicators relationship

Srinivasan and Bass (2000) USA
Market
share,
sales

Competition

Srinivasan et al. (2000) USA
Market
share

Market share
and price

Umashankar and Ledolter (1983) USA Sales Forecasting

Zanias (1994) USA Sales
Advertising-sales
relationship
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such as, the Akaike Information Criterion, the Schwartz’ criterion, the Hannan-
Quinn criterion, or the Final Prediction Error criterion. Alternative method is
to use the likelihood-ratio test. (Lütkepohl 1993, p. 128-135) provides extensive
description of the lag selection procedure.
For a two-variable model, that captures the relation between the evolving

advertising (xt) and sales (yt) variables, the reduced form VAR(P ) model is:

∆xt
∆yt

=
µ1
µ2

+
P

j=1

bj11 bj12
bj21 bj22

∆xt−j
∆yt−j

+
u1,t
u2,t

, t = 1, ..., T

(3.4)

This model includes brand- or firm- specific decision rules, performance
feedback effects, lagged effect of advertising activity, repurchase effect, and
internal decision j = 1, ..., P .
The VAR model can be extended with a M oving Average (MA) part simi-

larly to Section 2.2.3:

B(L)yt = µ+D(L)εt, t = 1, ..., T.

This model is called the V ector AutoregRessiveM oving Average (VARMA)
model.

3.3 Exogeneity and causality

So far, we have assumed (in Section 3.2) that all variables of a system are de-
termined within the system. In other words, the VAR model describes a joint
generation process of all the observable variables of interest. These variables
that are called endogenous. In practice, however, the generation process of a
variable may be affected by other observable variables which are determined
outside the system of interest (exogenous variables). Valid exogeneity assump-
tions permit simpler modeling strategies, reduce computational expense, and
help to isolate invariants of economic mechanism. However, invalid exogene-
ity assumptions may lead to inefficient or inconsistent inferences and result in
misleading forecasts and policy simulations (Ericsson et al. 1998). Threfore,
the distinction between “exogenous” and “endogenous” variables in a model is
subtle and is a subject of a long debate in the literature2. As a result, several
exogeneity concepts, such as predeterminedness, strict, weak, strong, predic-
tive, and super exogeneity, have been distinguished, which extends the catego-
rization of variables of Hanssens et al. (2001) and Leeflang et al. (2000)3. The

2See, for example, Engle et al. (1983), Osiewalski and Steel (1996). Gourieroux, et al.
(1997, Chapter 10) who provide a clear distinction between the different exogeneity concepts.

3We do not discuss the different exogeneity concepts in detail here since they have not
yet been applied in marketing, but refer the reader to the references listed in the previous
footnote.
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relevant concept of exogeneity in marketing is so far strong exogeneity since the
main interest of marketing applications is in conditional forecasting involving
no changes in the conditional distribution of the data. This concept involves
Granger causality that has been introduced in Section 2.3.4.

3.4 VARMAX processes

Ideally all considered variables are treated as endogenous and exogeneity should
be tested during the model-building process4. However, this requires a start
from the most general VAR setting, which is often not feasible. The common
practice in marketing is to allow the most relevant variables to be endogenous
and to control for the effects of other variables by considering them exogenously
(Dekimpe and Hanssens 1999, Dekimpe et al. 1999 and 2001, Horváth et al.
2003, Nijs et al. 2001, Srinivasan and Bass 2001 , and Srinivasan et al. 2000).
This, i.e. the imposition of exogeneity, can imply a reduction of the number
of parameters and also an improved precision of forecasting. These models are
called VAR models with eXogenous variables (VARX models) and they can
be expressed in the following way:

B(L)yt = C(L)xt + ut, t = 1, ..., T, (3.5)

where xt is an h-dimensional vector of exogenous variables and C(L) is a matrix
polynomial with lag operator L: C(L) = C0 − C1L − C2L2 − ... − CSLS and
Ci are h× k coefficient matrices, i = 0, .., S.
The model is referred to as a VARX (P, S) process. If ut is an MA(Q)

process the model becomes a VARMAX (P, S,Q) process.

3.5 Estimation of VAR models

If the equations have identical right-hand-side variables (unrestricted VAR
model), and the order P is known, each equation in the system can be esti-
mated by Ordinary Least Squares (OLS)5. In that case, the OLS estimates are
consistent and asymptotically efficient even if the errors are correlated across
equations (Srivastava and Giles 1987, Chapter 2). However, restrictions on
parameters (based on, for example, economic theory, or some parameter reduc-
tion strategy) allow for more efficient estimation because the disturbances of
the reduced VAR system are, in general, contemporaneously correlated. Hence,
a system estimator is applicable if the right-hand-side variables differ across the

4Gourieroux et al. (1997, p. 391) provide nested hypothesis tests involving the different
exogeneity concepts.

5Henceforth in this session we devote our attention to VAR models. The issues we dis-
cuss can easily be extended and implemented for VARX models, too: see Lütkepohl (1993,
Chapter 10).
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equations. Zellner’s (1962) Seemingly Unrelated Regressions (SUR) estima-
tor can be used to gain efficiency from the cross-equation correlations of the
disturbances.

3.6 Impulse Response Analysis

Traditionally, VAR studies do not report estimated parameters or standard
test statistics. Coefficients of estimated VAR systems are considered of little
use in themselves and also the high (i.e. P ×(k × k) autoregressive coefficients)
number of them does not invite for individual reporting. Instead, the approach
of Sims (1980) is often used to summarize the estimated VAR systems by
IRA. IRA traces out the effect of an exogenous shock or an innovation in an
endogenous variable on all the endogenous variables in the system over time,
to provide an answer to the following question: “What is the effect of a shock
of size δ in the system at time t on the state of the system at time t + τ , in
the absence of other shocks?” In marketing IRF s are often used to estimate
the effects of a marketing action on brand performance over time when indirect
effects (through for example feedbacks, competitive reactions, and firm-specific
decisions) are considered (Dekimpe and Hanssens 1999, Dekimpe et al. 1999 ,
Horváth et al. 2001 , Srinivasan and Bass 2000, and Takada and Bass 1998 ).
Promotions are operationalized as one-time, hence temporary, deviations from
the expected price level.
Assuming stationarity, Equation (3.2) can be transformed into a V ector

M oving Average (VMA) representation (Lütkepohl 1993, p. 13):

yt = Π(L)ut =
∞

j=0

Πjut−j , t = 1, ..., T, (3.6)

where Π(L) = B(L)−1 and Π0 = I. For this transformation, the model needs
to be stable6 . A sufficient condition is that the variables in the system are
stationary (Lütkepohl 1993, p. 12). From this representation, the response of
yi,t+τ to a one-time impulse in yj,t can easily be obtained:

∂yi,t+τ
∂uj,t

= πij,τ , t = 1, ..., T, (3.7)

where πij,τ is the row i, column j element of the k×k matrix of coefficients Πτ ,
the coefficient matrix of the τ -th lag of the VMA representation, τ = 0, ...,∞.
A plot of these values as a function of τ is called the graphical representation
of the impulse response function.

6For explanation about stability of a VAR system we refer to Lütkepohl (1993, p. 9-13).
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3.6.1 Long-run (overall) effects

Sometimes interest centers on the accumulated effect over several or more pe-
riods of a shock in one variable (for example, one might want to know the
overall effect of a price cut of one brand on the sales of another brand over
the dust-settling period). This effect may be determined by summing up the
MA coefficient matrices (Lütkepohl 1993, p. 338). For instance, the kth col-

umn of Υn =
n

j=0
Πj contains the accumulated responses over n periods to a

unit shock to the kth variable in the system. The total accumulated effects
for all future periods are obtained by summing up all MA coefficient matrices:

Υ∞ =
∞

j=0
Πj

7 . This expression is sometimes called the matrix of long-run

effects or total multipliers. See Chapter 7 for an application. In this chapter
total multiplier analysis is used for the estimation of overall effect of price cuts
on the sales of the competing brands on the tuna and shampoo markets.

3.7 Identification

The innovations of the reduced VAR model (Equation (3.2)) may be contempo-
raneously correlated, i.e. ut ∼ N(0,Ω), where Ω = σ2I. As a result, shocks may
affect multiple variables in the current period, which makes it impossible to the
causal relationship within the current period from the data. The usual treat-
ment of this identification problem is to impose some structure on the system
of equations, based on a priori information. The most widely used approach
suggested by Sims (1980) is assuming a causal ordering based on Cholesky
decomposition of the covariance matrix, which was adopted by Dekimpe and
Hanssens (1995b). This approach requires the ranking of variables from the
most pervasive (a shock to this variable affects all other variables in the cur-
rent period) to the least pervasive (a shock to this variable does not affect
any other variable in the current period). We note that it is extremely rare
for managers to appropriately order variables in a competitive marketing envi-
ronment. Especially in instances in which leader-follower roles are not obvious
(Dekimpe and Hanssens 1999), this ranking is almost impossible. Furthermore,
Cholesky decomposition a rather arbitrary method of attributing common ef-
fects, because a change in the order of the equations can dramatically change
the impulse responses. Generalized Impulse Response (GIR) analysis, pro-
posed by Pesaran and Smith (1998) and Pesaran and Shin (1998), overcomes
the problem of ordering. This approach, unlike the traditional IRF analysis,
does not require a priori information or orthogonalization of shocks, and is in-
variant to the ordering of variables in the model. It measures the effect on the
endogenous variables of a typical shock to the system, based on the estimated

7 In case of a stable system this equals to the sum of MA components over the dust-settling
period, since the MA coefficients are (approaching) zero afterwards.
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covariances between the reduced form shocks in the estimation period. The
generalized impulse response function, denoted ψj(m), to one unit standard
error shock to the jth equation on the expected values of x at time t+m is:

ψj(m) =
ΠmΩej√

σjj
, (3.8)

where ej is a k×1 vector with unity in its jth element and zeros elsewhere, σjj
the variance of the disturbances in equation j, Πm is a k× k coefficient matrix
of the VMA representation in Equation (3.6), and Ω is the variance-covariance
matrix of the disturbances.
This method overcomes the problem of ordering, although it is not based

on economic or marketing theory. (Marketing applications in the spirit of the
GIR approach are in Dekimpe and Hanssens 1999, and Nijs et al. 2001). The
approach that allows for direct use of economic/marketing theory is the SVAR
approach.

3.8 Structural VAR processes

Dekimpe and Hanssens (2000) recognize the importance of combining the data-
driven VAR technique with marketing theory, and they suggest the applica-
tion of Structural VAR (SVAR) models. The SVAR approach, proposed by
Bernanke (1986), and Sims (1986), involves employing additional information
based on economic theory or “conventional wisdom”.
The idea behind SVAR modeling is the following. The residuals, ut, ob-

tained from the reduced form, are related to the structural disturbances, εt,
according to ut = A−10 εt. The identification of A−10 requires the imposition of
restrictions on A−10 . So, if k equations are included in the model, full identifi-
cation of this matrix requires k2−k

2 restrictions8 (Hamilton 1994, p. 332). As
long as the parameters in A−10 are not identified, it is impossible to identify
structural shocks (εt) from reduced-form estimation. The effects of the jth
structural disturbance on subsequent values of the variables of the system are
(Giannini 1992, p. 44-51):

∂yt+τ
∂εjt

=
∂yt+τ
∂ut

· ∂ut
∂εjt

= Πτaj, t = 1, ..., T, (3.9)

where Πτ is the k × k matrix of coefficients for the τ -th lag of the VMA rep-
resentation (Equation (3.6) and aj is the jth column of A−10 . Cholesky de-
composition is a special case of SVAR modeling, as it sets the parameters of

8The variance-covariance matrix of the reduced VAR model (Ω) contains k2+k
2

distinct
elements since E(utut) = E(A0ututA0) = E(A0A0). Given that the diagonal elements of
A0 are all unity, it contains k2 − k unknown variables. Therefore, in order to identify the
structural VAR model it is necessary (but not sufficient) to impose (at least) k

2−k
2

restrictions
on the model. We demonstrate this in the empirical part of this paper.
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A−10 above the diagonal equal to zero, which imposes a triangular pattern on
A−10 . It is also possible that SVAR models contain eXogenous variables. These
models are referred to as SVARX models and have been applied in a marketing
context by, for instance, Horváth et al. (2001) and Chapters 4 and 7.
The parameters of A−10 can be estimated using Full InformationM aximum

Likelihood (FIML) estimation. As the likelihood function is quadratic in
A−10 , numerical methods are applied such as the method of Broyen, F lechter,
Goldfarb, and Scanno (usually referred to as the BFGS method), the simplex
method and the generic algorithm9.

3.9 Multivariate persistence

Dekimpe and Hanssens (1995b) introduce multivariate persistence modeling
into a marketing context. Multivariate persistence derives the total long-run
impact in a dependent variable (say, sales) of an unexpected change in an con-
trol variable (say advertising). Their approach strongly relies on the tools of
VAR modeling, especially on IRF analysis. In multivariate persistence mod-
eling, the (non)stationarity property of the performance and/or marketing in-
strument variables have important implications for marketers. The combina-
tion of stationary (nonstationary) sales responses to stationary (nonstation-
ary) marketing efforts leads to four possible situations. Dekimpe and Hanssens
(1999) label and discuss these four situations that may benefit strategic market-
ing decision making. Figure 3.2 displays the four strategic scenarios. According
to Figure 3.2, we classify the Crest advertising case as market hysteresis, i.e.,
for Crest temporary advertising actions cause sustained sales change.
Dekimpe and Hanssens (1999) and Hanssens and Ouyang (2001) discuss the

four situations extensively, provide illustrations from practice for each scenario,
and describe their positive and negative consequences for long-term profitabil-
ity.
Hanssens et al. (2001) investigate the case when temporary changes in the

marketing mix are associated with permanent movements in sales performance,
namely the case of hysteresis. They make distinction between full and partial
hysteresis and list couple of cases when hysteresis occurs and might occur.
They also derive and illustrate optimal long-run spending rules for firms whose
marketing efforts exhibit hysteresis.

3.10 Dynamic Multipliers

In a VARMAX model the marginal impact of changes in the exogenous vari-
ables can be investigated with the help of dynamic multiplier analysis. For
example, if the exogenous variables are marketing instruments, such as display
or feature variables, the consequences (of changes) in these instruments can be

9These methods are described in detail in Press et al. (1988)
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Table 3.2: Strategic scenarios resulting from temporary versus permanent effects

Change in variable I
Response of
variable II

Temporal Sustained

Temporal Business as usual

-0.03

-0.02

-0.01

0

0.01

0.02

0.03

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

Period

Im
pa

ct

Escalation

-0.01

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

Period

Im
pa

ct

Persistent Hysteresis

-0.015

-0.01

-0.005

0

0.005

0.01

0.015

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

Period

Im
pa

ct

Evolving business practise

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

Period

Im
pa

ct

where: · · · = variable I, — = variable II
Source: Dekimpe and Hanssens (1999)

analyzed (if they are endogenous we apply impulse response analysis). Dynamic
multiplier analysis can be used for policy simulation; a brand manager may,
for instance, desire to know about the expected consequences of an increase in
advertising expenditures of its brand over time. In other cases the effects of
changes in exogenous variables that are not under control of any decision maker
may be of interest. It may be, for example, desirable to study the future conse-
quences of (changes in) present weather conditions on the production (supply)
of an agricultural product. The dynamic effects of exogenous variables on the
endogenous variables is captured by the dynamic multipliers (Lütkepohl 1993,
p. 338):
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D(L) =
∞

i=0

DiL
i = B(L)−1C(L), (3.10)

where B(L) and C(L) are defined in Equation (3.5). From this representation,
the response of yi,t+τ to a unit change in xjt can easily be obtained:

∂yi,t+τ
∂xj,t

= dij,τ , t = 1, ..., T, (3.11)

where dij,τ is the row ith, column jth element of the h×k matrix of coefficients
Dτ , the coefficient matrix of the τ -th lag Equation (3.10), τ = 0, ...,∞.

3.11 Forecast Error Variance Decomposition

Another way of characterizing the dynamic behavior of a system is through
FEVD (see, e.g., Hamilton 1994, Franses 1998 , Chapter 9, and Lütkepohl
1993). While IRF s trace the effects of a shock in one variable on other vari-
ables in the VAR-system, the FEVD separates the variation in an endogenous
variable into component shocks to the system. If, for example, shocks to one
variable fail to explain the forecast error variances of another variable (at all
horizons), the second variable is said to be exogenous with respect to the first
one. The other extreme case is if the shocks to one variable explain all forecast
variances of the second variable at all horizons, so that the second variable is
entirely endogenous with respect to the first.
The FEVD can be derived from the VMA representation of the model

described in Equation (3.6) (Lütkepohl 1993, p. 56). The τ -period forecast
error is equal to:

yt+τ −Etyt+τ =
τ−1

i=0

Πiεt+τ−i, t = 1, ..., T, (3.12)

where Πi are the k × k parameter matrices of the VMA representation in
Equation (3.6), and Et denotes expectations formulated at time t, based on
the estimated VAR model. Focusing, for example, on y1,t, the first element of
vector yt, the forecast error can be written as:

y1,t+τ −Ety1,t+τ =
k

r=1

τ−1

i=0

π1r,iεr,t+τ−i, t = 1, ..., T, (3.13)

where π1r,ṫ is the element of the Πṫ matrix in the 1st row and rth column and
εr,t+τ−ṫ is the rth element of the εt+τ−ṫ vector. Since the variances of the
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disturbance terms are all equal to one, the τ-step ahead forecast error variance
of y1,t can be derived from the following expression:

σ2y1(τ) =
k

r=1

τ−1

i=0

π21r,i, t = 1, ..., T, (3.14)

where σ2y1(τ) denotes the forecast error variance of variable y1 at step τ . We
note that this expression is a summation of nonnegative terms, so that the fore-
cast error variance is nondecreasing with the forecast horizon τ . The forecast
error variance can be decomposed into contributions of each of the variables in
the system. The proportions of σ2y1(τ) that can be attributed to shocks in each
variable yr, r = 1, ..., k at step τ are:

τ−1

i=0
π21r,i

σ2y1(τ)
, t = 1, ..., T. (3.15)

The variance decomposition is subject to the same identification problem
inherent to the impulse response analysis. To overcome the identification prob-
lem the same approaches can be applied as in the case of IRA, such as Cholesky
decomposition, the method of GIR analysis, and SVAR modeling.

3.12 Cointegration between more than two vari-
ables

In Section 2.3.6, we introduced and discussed the concept of cointegration.
The number of possible cointegration relations increases with the number of
time series considered in the model, which implies an increasing ambiguity
in determining the empirical validity of Equation (2.44). The Johansen (1988)
FIML estimator is often applied in marketing to test for the presence of multiple
cointegrating vectors (Dekimpe and Hanssens 1999, Nijs et al. 2001). Consider
the VAR model in levels Equation (3.2) where yt is assumed to be a k × 1
vector of stochastic I(1) variables. This equation can be reformulated in a
V ector Error-Correction (VEC ) form (Lütkepohl 1993, p. 355):

∆yt = G1∆yt−1 + ...+GJ−1∆yt−J+1 +Hyt−P + et, t = 1, ..., T,
(3.16)

with parameter matrices G1, ..., GP−1 and H, where Gi = −(Ik − B1 − ... −
Bi), i = 1, ..., P−1, H = −(Ik−B1−...−BP ), and∆y0 is fixed. MatrixH is the
Error Correction term and contains information about long-run relationships
between the variables in the data vector. The Johansen procedure relies heavily
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on the relationship between the rank ofH and its characteristic roots. The rank
of H, denoted r, is called the cointegration rank. Johansen and Juselius (1990)
distinguish three cases:

1. Rank(H) = k, i.e., the matrix H has a full rank, indicating that the
vector process yt is stationary and that the VAR can be estimated in
levels;

2. Rank(H) = 0, Equation (3.16) reduces to a VAR model in first differ-
ences;

3. 0 < Rank(H) = r < k, implying that there are r cointegrating vectors.
In this case, H can be written as αβ with α and β k × r full rank
matrices. The columns of β give an estimate of the CI relations, while
the α parameters describe the speed of adjustment towards the long-run
equilibrium.

The third case is the most interesting one. Accordingly, the hypothesis
of cointegration can be formulated as H(r) : H = αβ for a positive rank
(0 < r < k). The term β yt is a vector of r cointegrating residuals, which can be
given a long-run equilibrium interpretation. The elements in α called the factor
loadings, are interpreted as the average speed of adjustment of each variable in
the direction of each of the long-run equilibrium relationships (Johansen 1991).
Estimates of Equation (3.16) can be found by maximum likelihood. The Jo-
hansen FIML cointegration testing method aims to test the rank of matrix H
using reduced rank regression technique based on canonical correlations10. The
interpretation in terms of long-run equilibribria is not straightforward as any
linear combination of the cointegration relationships will reserve the stationar-
ity property11. Hence, the long-run relationships must be identified. This can
easily be seen, since if H = αβ , then H = (αK)K−1β also holds for any K.
In order to ensure the uniqueness of α and β, conditions based on marketing
theory need to be imposed. Marketing researchers are just beginning to use
cointegration to study marketing interactions. Some, quite recent, applications
of cointegration in marketing are Baghestani (1991), Dekimpe et al. (1999),
Dekimpe and Hanssens (1999) Grewal et al. (2001), Kornelis (2002), Nijs et al.
(2001), and Zanias (1994).

10For details about the determination of the co-integrating rank, r, we refer the interested
reader to Lütkepohl (1993, p. 384-387), Enders (1995 p. 385-386), Franses (1998, p. 218-
233). Marketing aplications are Bronnenberg et al. (2000), Dekimpe and Hanssens (1999),
and Srinivasan et al. (2000).
11The software packages EViews and RATS (Holden 1995) have implemented the Johansen-

procedure for analysing multivariate cointegration models. RATS offers a procedure of five
basic steps: (i) model checking, (ii) determination of the cointegration rank, (iii) estimation
of the cointegration space, (iv) graphical analysis, and (v) tests of structural hypotheses in
the parameter space.
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3.13 A framework for building and testing time
series models

In previous sections, we discussed the development in TSA from univariate
to multiple models. The problem empirical researchers face is the choice and
development of the suitable model and the usage of the proper tests. VAR or
VEC models can capture all previously mentioned concepts and are general
representations of dynamic markets. Hence, VAR/VEC models constitute the
central part in many recent studies (see for instance, Dekimpe and Hanssens
1999, Grewal et al. 2001 , Horváth et al. 2001, Horváth et al. 2002, Kornelis
2002, and Nijs et al. 2001, Pauwels et al. 2002, and Srinivasan et al. 2000 ).
Therefore, we focus on the model-building procedure of these general models.
Figure 3.1 displays a testing and model-selection scheme that is commonly used
in marketing (See, for example, Dekimpe and Hanssens 1999, Horváth et al.
2001, Kornelis 2002, or Nijs et al. 2001). We indicate the sections in which the
different approaches in the testing scheme are discussed.
The model building usually starts the selection of endogenous and exogenous

variables, based on theoretical considerations. and the possible transformation
of these variables (we, for example specify a log-log model in Chapters 4 and
7)12. Even though the basic philosophy of VAR modeling suggested by Sims
(1980) is to include first all variables endogenously into the model and to test
for exogeneity using this model, this is often not plausible due to, for example,
lack of sufficient number of observations, or due to special nature of the data.
The usual approach in empirical research is to treat some of the variables
exogenously in the model.
After the choice of endogenous and exogenous variables we must know

whether they are level stationary, trend stationary, or evolving. The most
frequently applied unit-root test in marketing is the ADF -test. See, for exam-
ple, Dekimpe and Hanssens (1995b), Dekimpe and Hanssens (1999), Franses
et al. (1999), Nijs et al. (2001), Srinivasan and Bass (2000), and Srinivasan
et al. (2000) for marketing applications. Omitting a potential market shake-up
may affect the outcomes of unit-root and cointegration tests. Therefore, we
should also apply tests that incorporate structural breaks. For more details
on a testing framework that allows for structural breaks see Kornelis (2002,
Chapter 3).
If a series contains a unit-root, we have to consider persistence. Whereas if

not, shocks in the system can only induce temporary changes in the variable.
In case of stationary (level or trend) for all variables, a VAR model should be
built in levels.
Are more than one variable found with a unit-root, we have to test for

the existence of long-run equilibrium relationship(s) among the non-stationary
variables. Engle and Granger (1987) developed a two step approach to test

12We do not present this step in Figure 3.1 but assume that the endogenous and exogenous
variables and their form had been chosen.
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Figure 3.1: Model building framework for MTSA models
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for cointegration. However, this approach only considers one cointegrating
relationship. A method that is capable of considering several cointegrating
variables and that also determines the number of cointegrating relationships is
Johansen’s (1988) approach. This methodology has been applied in marketing
by, for example, Chowdhury (1994) and Nijs et al. (2001), among others.
In case the series contain unit-root but are not cointegrated, we need to

build a VAR model in differences. If we find cointegrating series, we build a
VEC model. If stationary as well as non-stationary variables are considered
in the system, a mixed model should be considered. In this case, the Bayesian
approach to estimating VAR models is still valid (Holden 1995). This approach
does not require special account of non-stationarity.
After having found the appropriate model-type, we have to choose the opti-

mal lag structure of the model, we have to consider identification of the model
and finally, we have to apply some diagnostic checking to test whether the
assumptions of the model apply. Several criteria (e.g. Final Prediction cri-
terion, Akaike’s Information criterion, Hannan-Quinn criterion, and Schwartz’
criterion), tests (e.g. likelihood-ratio test) and strategies (e.g. top-down and
bottom-up) can be applied for the lag selection. For identification Cholesky
decomposition, GIR, or SVAR models can be applied. Examples of the appli-
cation of temporal ordering are Dekimpe and Hanssens (1995b), Pauwels et al.
(2002), and Srinivasan et al. (2000) while Dekimpe and Hanssens (1999) and
Nijs et al. (2001) use the GIR method. In this thesis the SVAR approach is
employed.
Diagnostic tests of model adequacy need to be performed (including, for ex-

ample, tests of the residuals, and tests for aggregation bias) before the ultimate
choice of the applied model.

3.14 Concluding remarks

In Chapters 2 and 3, we gave a brief overview of the most important time series
methods and provide illustrations from marketing applications. Our aim was to
introduce the basic concepts of TSA and their interpretations to marketing re-
searchers and to provide a reference from which they can further develop their
TSA skills. We pointed out references from marketing applications, econo-
metrics, and methodological sources, which may serve as a bibliography for
the interested reader. We believe that such a chapter can be very useful for
marketing researchers who plan to apply time series models.
As we have pointed out, time series modeling requires combining data-

driven techniques and marketing knowledge. With the growing availability of
data that consists of repeated observations over a(n) (increasing) time-span
(e.g., scanner data), development of user-friendly softwares, and with the in-
creasing interest in dynamic mechanisms of markets, time series modeling is
becoming more important for scholars and practitioners. We hope that the
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increasing tendency towards TSA will further develop the relationship between
dynamic marketing concepts and time series econometrics.






