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8
Weak lensing reconstruction of filaments

J. P. Dietrich, E. Romano-Dı́az, & P. Schneider.

W present a study based on weak lensing analysis, the Aperture multipole moments statistics,
to detect filaments connecting neighbouring galaxy clusters. Within the large scale structure of

the universe, filaments exist between highly clustered and aligned clusters. This should be notable
in the reconstructed surface mass distribution around pair of clusters with weak gravitational lensing.
Observationally, the characterization of filamentary patterns remains ill-defined by absence of a well
defined criterion for identification. The Aperture multipole moments technique is a promising method
to quantify observationally the presence of filaments. It is therefore necessary to establish the reliability
and confidence level of such method before applying it to real observations. In the present chapter
we have applied this technique to quantify the presence of a filament connecting two neighboring
clusters in carefully designed constrained N−body simulations. Results show that although the weak
lensing method employed is not the most ideal technique to detect filaments, there is indeed a small
yet detectable lensing signal that can already be observed using available instruments.
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8.1 Introduction

Within the Gravitational Instability paradigm the large scale structure in the universe of the distribu-
tion of galaxies is the result of initially small Gaussian random density fluctuations which have been
amplified by gravity. Objects such as galaxies evolved from “peaks” in the initial density field. This
structure of galaxies consists of rich and poor cluster of galaxies connected by filaments and sheets
and with large regions devoid of galaxies in between. This filamentary structure which resembles a
“cosmic foam”, has been observed since the earliest galaxy surveys (e.g. Joeveer & Einasto 1978; de
Lapparent et al. 1986; Giovanelli et al. 1986; Geller & Huchra 1989; Vogeley et al. 1994; Shectman
et al. 1996) and more recently at higher redshift by Möller & Fynbo (2001), Ebeling et al. (2004) and
Baugh et al. (2004); Doroshkevich et al. (2004) on the 2DF and SDSS galaxy surveys.

Zel’dovich (1970) was among the first to realize that shear plays an important role in the structure
formation process. The collapsing of density perturbations is not arbitrary but it follows specific direc-
tions determined by the axes of the deformation tensor (see also Doroshkevich 1970; Zel’dovich et al.
1982; Shandarin & Zeldovich 1989). Density perturbations collapse first along one direction giving
origin to planar pancakes, these drain into filaments (second collapse along the second direction), and
finally collapsing into clusters. The validity of the Zel’dovich approximation extends up to regions
where the density contrast is within the the linear regime, δ ≤ 1 (where δ = ρ/〈ρ〉 − 1 is the density
contrast, ρ is the local density and 〈ρ〉 is the average density of the universe), although it gives reason-
able results well beyond such limit. Several authors have worked along the Zel’dovich path in order to
extend such formalism into the quasi non-linear regime. An extensive review of the different methods
may be found in Sahni & Coles (1995). On the other hand, numerical simulations of the growth of
initial Gaussian density fluctuations into the non-linear regime have succeeded in reproducing such
filamentary structure of the universe (e.g. Klypin & Shandarin 1983; Davis et al. 1985; Bertschinger
& Gelb 1991; Evrard et al. 2002).

Bond, Kofman, & Pogosyan (1996) showed that the filamentary “web” that defines the final state
in the N−body simulations is present in the initial density fluctuations. In other words, the pattern of
the web is defined largely by the rare density peaks in the initial fluctuations, with the subsequent non-
linear evolution of the structures bringing the filamentary network into sharper relief. Furthermore, the
filamentary web is a consequence of the distribution and spatial coherence of the strain (shear) field in
the medium. They found that filaments exist between highly clustered and aligned clusters, and that
this should be especially notable in the mass distribution around systems of clusters reconstructed with
weak gravitational lensing techniques which uses the projected strain field.

Because of the greatly varying mass-to-light ratios between rich clusters and groups of galaxies
(Tully & Shaya 1999) it is very challenging to convert the measured galaxy densities without mak-
ing further assumptions. Dynamical and X-ray measurements of filaments will not yield to accurate
mass values, as filamentary structures are probably not virialized. Weak gravitational lensing, which
is based on the measurement of the shape and orientation parameters of faint background galaxies,
is a model-independent method to determine the surface mass density of clusters and filaments. This
method makes no assumption related to the dynamical state of such structures and the nature of the
deflecting matter. However, because of the random orientation of the unlensed faint background galax-
ies, every weak lensing mass reconstruction is unfortunately an inherently noisy process, and therefore
the expected surface mass density of a single filament is too low to be detected with current telescopes
(Jain et al. 2000).

Bond et al. (1996) showed that the surface mass density of a filament increases towards a cluster.
Therefore, filaments connecting neighboring clusters (bridges) should have surface mass densities high
enough in order to be detected by weak lensing analyses (Pogosyan et al. 1998). There have been some
reports that such filamentary structure have been detected through weak lensing studies (Kaiser et al.
1999; Gray et al. 2002; Clowe et al. 1998). Nevertheless, the possible detections remain somewhat
uncertain due to several aspects, foreground structures in front of filaments, edge and systematic effects
on the observational data, etc.

A significant detection of a bridge between galaxy clusters and the estimation of its surface mass
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density is of utmost importance in observational cosmology and would provide important constraints
for the theory of structure formation.

In this chapter we address the question of how to identify a bridge between two neighboring clusters
using weak gravitational lensing. Normal weak lensing mass reconstructions have strongly correlated
error bars and therefore make it difficult to assign a significance level to a limited part of a structure
(like a bridge between to clusters). Nevertheless, there is one method to avoid this problem, the
aperture mass statistic. Aperture masses are masses inside a circle minus the mass inside an annulus
around the circle. This method allows one to easily determine the SN ratio inside the region covered
by the weight function. The problem here lies in finding a suitable weight function.

The concept of aperture masses can be generalized to multipoles of the mass distribution inside
a circle (Schneider & Bartelmann 1997). In this study, we hope to find a suitable combination of
aperture masses and multipole moments to identify a bridge. Furthermore, we need to develop a
statistic to quantify the significance of a bridge (or no bridge). For these reasons, we have applied
this weak lensing technique to controlled N−body experiments of bridges between clusters, where
one could know in advance the main characteristics of such configuration. This can be done by using
the Constrained Realizations methodology [CR] for N−body simulations (Bertschinger 1987). This
technique has proved to be very useful for investigating in a very consistent and systematic way the
configuration and dynamical evolution of cosmic structures like clusters of galaxies and voids (e.g. van
de Weygaert & van Kampen 1993; van Haarlem & van de Weygaert 1993).

In this chapter we have developed a statistics based on weak gravitational lensing to quantify the
presence of a filament between two galaxy clusters by using N−body constrained realizations aimed to
mimic as close as possible the real configuration presented by two Abell clusters, Abell 222 and Abell
223. Observational evidence suggests the presence of a bridge connecting the two clusters (Proust
et al. 2000; Dietrich 2002). This configuration seems ideal to test the aperture mass statistic technique.

The chapter is structured as follows, we first review the Constrained Realizations algorithm. In
section 3 we present the constrained initial density fields for filaments. In section 4 we evolve the
initial fields into the non-linear regime using N−body simulations. In section 5 we performed lensing
simulations of the given system. The quantification of the clusters and connecting filament is pre-
sented in section 6. The application of the aperture multipole moments is presented in section 7 and
conclusions in section 8.

8.2 Constrained Realizations

Constrained Realizations [CR] were first explored by Bertschinger (1987) who developed a method
to construct a realization of a Gaussian random field which obeys various constraints based on the
path integral formalism from quantum field theory. To sample the fourier modes he resorted to Monte
Carlo numerical methods. This work extended the statistical treatment of Bardeen et al. (1986, BBKS)
of the peaks of Gaussian random fields by allowing one to construct samples of the field subject to
constraints. He demonstrated by means of the path integral description that the probability function of
the constrained field around a peak given by BBKS is the most likely one, in the sense of maximizing
the probability density. He found that a constrained field f , can be written as the sum of a mean field
f̄ , completely fixed by the values and forms of the constraints, and a residual field F. This residual
field, F, provides random noise which is added to the signal f̄ ,

f (r) = f̄ (r)+F(r) . (8.1)

However, this first implementation was rather elaborated and when the degrees of freedom and the
number of constraints increase to more than a few, the system converges so slowly that the algorithm
becomes prohibitively expensive and impractical.

Bertschinger’s method was extended by Binney & Quinn (1991) to a formalism in which the basis
functions are spherical harmonics, rather than plane waves. For a localized set of constraints, such as
the presence and shape of a peak at the centre of the simulating box, the problem can be described by
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a few spherical harmonics and the problem can be solved exactly and not iteratively. The drawback of
this technique is that it can be applied only in the case of quite localized constraints defined around an
obvious centre of symmetry.

Hoffman & Ribak (1991) made the crucial observation that the statistical properties of the ran-
dom field F are independent of the numerical values of the constraints themselves provided that the
constraints are linear functionals of the field f . In this way, the problem of generating a constrained
realizations of a Gaussian field can be solved exactly and has a simple and elegant solution without
involving iterations.

van de Weygaert & Bertschinger (1996) worked out the CR formalism along the lines of the
Hoffman-Ribak method for an arbitrary number of density, velocity and gravity field constraints by
means of a Fourier space description. With this implementation, a peak or dip in the density field
can be characterized by a set of 21 physical constraints, including its scale, position and orientation,
density, velocity and velocity gradient.

Appendix 3.A of Chapter 3 contains a description of the general formalism for constraining a
Gaussian field. In this chapter we will discuss a particular implementation of this formalism. Here
we will first describe the principal aspects and discuss the constraints involved in setting up a cluster-
bridge-cluster configuration.

8.2.1 The Hoffman-Ribak formalism

The construction of a constrained realization of the field f (r) subject to a set of M constraints:

Γ = {Ci ≡Ci[( f );r]|ri , i = 1, . . . ,M} , (8.2)

can be done in five stages (Hoffman & Ribak 1991; van de Weygaert & Bertschinger 1996). Equation
8.2 implies that the linear functionals Ci of the field f are imposed to have specific values ci at ri.

1. Create a random, unconstrained realization of the field f̃ , which is a homogeneous and isotropic
Gaussian random field whose statistics is determined solely by the power spectrum P(k).

2. Calculate for this particular realization f̃ , the values c̃ of the constraints {Ci(r)|ri , i = 1, . . . ,M}.
These variables can be looked upon as defining another set of constraints, Γ̃ = {c̃}. This a poste-
riori set of constraints is evaluated at the positions of the original constraints and has the values
of this specific realization.

3. Calculate for this “random” constrained set Γ̃ the corresponding mean field expected as if the set
was chosen initially,

¯̃f = 〈 f̃ | Γ̃〉 = ξi(r) ξ−1
i j c̃ j , (8.3)

where ξi j represents the constraints’ correlation matrix, ξi j = 〈CiC j〉, and ξi(r) is the cross-
correlation between the field and the ith constraint, ξi(r) = 〈 f (r) Ci〉.

4. Evaluate the residual field F̃ of the realization from the given particular realization and the
calculated mean field Γ̃ as

F̃(r) = f̃ (r)− ¯̃f (r) . (8.4)

The residual field F̃ thus generated is the residual field of a particular realization restricted to
the desired constraints, Γ.

5. Evaluate the desired mean field f̄ , according to f̄ (r) = 〈 f (r) | Γ〉 = ξi(r) ξ−1
i j c j, and add it to the

residual field F̃(r) to obtain a particular realization of the desired constrained Gaussian random
field f (r):

f (r) = f̃ (r)+ ξi(r) ξ−1
i j (c j− c̃ j) . (8.5)
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The constructed field f (r) obeys the imposed constraints and replaces the unconstrained field f̃ (r).
Note that there is a one-to-one correspondence between the trial field f̃ (r) and the constructed one
f (r). Furthermore, the ensemble of realizations produced by this algorithm properly samples the sub-
ensemble of all realizations constrained by Γ. The algorithm is exact and involves the creation of only
one random unconstrained realization and the calculation of the mean field under the given constraints.
There is not restriction over the number of constraints and these can be in a very large number, and they
can be imposed on the field itself or on any linear functional of it (see van de Weygaert & Bertschinger
1996).

8.2.2 The cluster-bridge-cluster configuration

Bond, Kofman, & Pogosyan (1996) realized the importance of the tidal field in shaping the overall
outline of the web-like pattern in a given region (see also van de Weygaert 2002). This relation may
be traced back to a simple configuration, that of a “global” quadrupolar matter distribution and the
resulting “local” tidal shear at its central site (see van de Weygaert & Bertschinger 1996). Such a
quadrupolar primordial matter distribution will almost by default evolve into a cluster-filament-cluster
configuration which appears so prominently in the cosmic foam. The non-local nature fo the tidal
shear constraint can be observed from the expression of the tidal tensor expressed in terms of the
density distribution,

Ti j(r, t) =
3ΩmH2

8π

∫
dr′ δ(r′, t)

{3(r′i − ri)(r′j− r j)− |r′− r|2δi j

r′− r|5
}
− 1

2
Ωm H2 δ(r, t)δi j , (8.6)

one can immediately observe that any local value of T i j has global repercussions for the generating
density field. In Eqn.8.6, H represents the Hubble constant in units of km s−1 Mpc−1, Ωm is the
cosmological matter density parameter, δ represents the density contrast, and δi j is the Levi-Civita
tensor. The strong correlation between the anisotropy in the cosmic force field, and the presence of
anisotropic features in the density field was extensively discussed by van de Weygaert (2002). It is one
of the primary agents behind the cosmic web structure.

There is a strong correlation between the compressional components of the tidal field and the
presence of a dense filamentary structure or, similarly less pronounced, wall-like patterns. Therefore,
the formation of the web pattern follows the directions outlined by the primordial tidal field, mainly
by its compressional components (van de Weygaert 2002). The primeval tidal field is a consequence
of the tiny matter density fluctuations in the primordial universe.

The presence of two nearby large mass concentrations resemble a quadrupolar mass distribution.
This configuration induces a shear pattern around its surroundings and therefore, a cluster-bridge-
cluster system is expected to form. It is then necessary to consider the tidal field when moulding such
a system.

8.3 Constrained initial density fields

8.3.1 Imposing CR constraints

The main equation of the Hoffman-Ribak algorithm for generating a constrained field realization is
given by Eqn. 8.5. We consider that all M constraints Ci[ f ;ri] imposed on the field f (r) are convolu-
tions of the field itself with a Gaussian kernel Hi(r;ri)

Ci[ f ;ri] =
∫

dr Hi(r;ri) f (r) = ci . (8.7)
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The Fourier transforms of the field f (r) and the kernel Hi(r;ri) are defined by

f (r) =

∫
dk

(2π)3
f̂ (k)e−ık·r ,

(8.8)

Hi(r;ri) =

∫
dk

(2π)3
Ĥ(k)e−ık·r .

The first major properties of a peak in a smooth density field are its position and scale. Further
characteristics of a peak may be described by up to 18 constraints of 2nd or lower order. Such con-
straints can be divided into two groups: the first group determines the density field in the immediate
vicinity around the peak and are related to the peak height, orientation and shape of the cluster (10
constraints). The second group determines the gravity field around the peak in terms of the smooth
peculiar velocity field and shear around the peak (8 constraints).

The peak constraints and the corresponding kernels Ĥ were filtered with a Gaussian kernel with
smoothing length RG

Ŵ(k) = e−k2R2
G/2 . (8.9)

Each one of the constraints then can be expressed in the following way (see also van de Weygaert
& Bertschinger 1996):

1. The peak height (1 constraint)

fG(rd) = νσ0(RG) , Ĥ(k) = Ŵ(k)eık·rd , (8.10)

expressed in terms of the variance of the smoothed field σ0(RG) = 〈 fg fg〉1/2. ν is the desired
height of the peak with respect to the variance.

2. Orientation and shape of the clusters (6 constraints)

∂2 fg
∂rir j

(rd) = −
3∑

k=1

λk Aki Ak j , Ĥ(k) = −ki k j Ŵ(k)eık·rd , (8.11)

where i, j = 1,2,3 and λ’s are the axis-magnitudes of the triaxial ellipsoid, which constraint the
shape of the overdensity. The orientation of the peak with respect to the general coordinate
system is described in terms of the Euler angles transformation matrix Ai j (Goldstein 1980).

3. The peculiar velocity field of the field vG(rd) (3 constraints),

gG,i(rd) = g̃iσg,pk(RG) , Ĥ(k) =
3
2
Ωm H2 ıki

k2
Ŵ(k)eık·rd , (8.12)

where σg,pk(RG) is the dispersion of the gravitational acceleration of the peak and gi the
i−component of g. The factor 3

2Ωm H2 is introduced via the Poisson equation between the grav-
ity field and the local density perturbation f (r).

4. The tidal shear components (5 constraints),

EG,i j(rd) = ε̃ σE(RG)
3∑

k=1

LTki Tk j , Ĥ(k) =
3
2
Ωm H2

(ki k j

k2
− 1

3

)
Ŵ(k)eık·rd , (8.13)

where Tki Tk j are the components of the various eigenvectors of the tidal tensor given by Eqn. 8.6.
For the particular case of peaks, there is a strong tendency of the tidal tensor to align itself along
the principal axes of the mass ellipsoid. Therefore, one needs to express the elements with
respect to the reference frame specified by these axes. The magnitude of the tidal field along the
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principal axes of the tidal tensor is given by its eigenvalues L and the tide scalar ε̃ (Bertschinger
& Jain 1994). Furthermore, because the tidal tensor is traceless, it is sufficient to specify only two
eigenvalues. We have expressed the eigenvalues in terms of the dispersion of the off-diagonal
elements (σE) of the tidal tensor,

σE(RG) =
3
2
Ωm H2σ0(RG)

√
1−γ2

15
with γ ≡

σ2
1

σ0σ2
, (8.14)

where σi((RG) are the spectral moments,

σ2
i (RG) ≡

∫
dk

(2π)3
P(k) Ĥ(k)k2i . (8.15)

8.3.2 The real system

The system that we want to model is the one given by two Abell clusters, Abell 222 and Abell 223.
They are a close pair of rich galaxy clusters, both having Abell richness class 3 (Abell 1958), sepa-
rated by 18′, which at the cluster redshift of ∼ 0.21 corresponds to 2.6 h−1Mpc. Several studies have
confirmed that these are massive clusters (e.g. Wang & Ulmer 1997; David et al. 1999). Proust et al.
(2000) observed 4 galaxies at the cluster redshift in the region between clusters, indicating a possible
connection between both clusters (bridge) (Dietrich 2002).

In moulding the observational data we have considered each one of the observational aspects and
cosmological characteristics of the system. We have performed a set of 10 realizations in a periodic
50 h−1Mpc box. The power spectrum of the random field fluctuations for all simulations was the
standard cold dark matter spectrum of BBKS with ΩΛ = 0, Ωm = 1, h = 0.5 and normalized such
that σ(8 h−1Mpc) = 1.0 at a = 1, the present epoch (Davis & Peebles 1983a). All constrains were
imposed over a cubic grid of 64 grid-cells per dimension, and all calculations have been carried out
in Fourier space. In the realizations, all constraints were defined on a Gaussian scale of 4 h−1Mpc for
both clusters, the “typical” scale that allows to study the properties of protoclusters (e.g. Doroshkevich
1970; Peacock & Heavens 1985; Bardeen et al. 1986; van Haarlem & van de Weygaert 1993). Because
we are dealing with rich clusters, we imposed a peak height fG = 3σ0. In all simulations two initial
cluster seeds were placed at the center of the simulation box, separated by a distance d (in h−1Mpc)
along the i−axis. Each simulation contained different combinations from the mentioned 18 constraints.

The first configuration involved spherical clusters at the center of the box with a separation of
3 h−1Mpc. None of the resulting density maps showed a clear filament presence. The next step was
to consider oblate clusters (2nd constraint) and separated by larger distances. We constructed both
clusters with axis ratios λ2/λ1 = 0.9 and λ3/λ1 = 0.8 (λ1 > λ2 > λ3) and both major axes aligned
with each other. The corresponding density fields indicated a weak presence of a bridge between
both structures. The next step was to constrain the gravity field around the system by imposing an
initial momentum (3 constraints) on both clusters approaching to each other with a relative velocity of
100 km s−1 separated at a distance of 12 h−1Mpc. Although this configuration was more successful in
reproducing the desired configuration, the bridge signature was not clear enough. The last constraint
imposed was the tidal field (5 constraint components). We have imposed a “weak” tidal field in order to
produce a realistic field around the clusters. The observed system does not show signatures of objects
falling at high velocities towards the potential well. The stretching mode of the tidal field was aligned
along the same direction given by the major cluster axes (x−axis). The compressional mode was set
perpendicular to the bridge axis. This constraint’s combination proved to be the most successful one
in reproducing (in the linear regime) the configuration presented by the Abell clusters.

Figure 8.1 illustrates the most successful cluster-bridge-cluster configuration. In order to show the
relevant characteristics of the field, we have filtered the initial density field with a Gaussian filter of
2 h−1Mpc scale. The low density regions (dark areas) are denoted by dashed lines, while the density
regions above the zero contour (bold line) are depicted by continuous lines (light regions). The top-
left panel is a slice cut through the central part of the z−axis, the top-right panel for the y−axis. The
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Figure 8.1 — Constrained initial density fields. The top panels present central slices along the z−axis (left) and
y−axis (right). Clearly visible are the two imposed clusters at the center of the box and connected by a filament.
The lower-left panel shows a surface plot indicating the strength of the clusters. The lower-right panel depicts the
3D configuration of the clusters and confirms the real presence of the bridge connecting them.

presence of the two clusters and a bridge connecting them is very clear in both projections. These
plots show that the bridge’s presence is not only a projection effect. This can also be noticed by the 3D
configuration at the right-bottom panel. The isosurface corresponds to structures at the 2× the mean
density level. The two imposed clusters and the bridge connecting them are clearly visible among
other unconstrained structures present in the field. The bottom-left panel indicates the strength of both
structures in comparison with the other unconstrained random structures along the same plane. The
surface plot is scaled with respect to the highest density on the plane. The dominance of both clusters
over the projected field is very clear.
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Figure 8.2 — Evolved density fields at z = 0.21. The top panel presents the particle distribution projected along
the z−axis for a central slice of 5 h−1Mpc thick. Clearly visible are the two imposed clusters at the center of the
box connected by a filament. The bottom panels show 3D zooms of the central region enclosing the clusters and
bridge from the particle distribution (left-panel), and density field (isosurface), smoothed with a Gaussian filter of
1 h−1Mpc size (right-panel).

8.4 N−body simulations

In order to make suitable the initial density fields for their evolution with an N−body code, particle
positions were displaced from a regular cubic grid and velocities assigned according to the Zel’dovich
formalism (Zel’dovich 1970).

The evolution of the linear Constrained density field into the non-linear regime was performed by
means of a standard P3M code (Bertschinger & Gelb 1991). The number of grid-cells used to evaluate
the particle-mesh force was 1283, with a particle mass resolution of 3.3× 1010 M�. We selected 15
time outputs in order to follow the simulation through the non-linear regime, with a time output at
redshift z = 0.21, to match the observed redshift cluster.

Figure 8.2 depicts the same initial density field presented in Fig. 8.1 evolved to redshift z = 0.21.
The top panel shows a wide view of the particle distribution projected along the z−axis, with a thick-
ness of 5 h−1Mpc. A clear peanut shape composed by the two clusters and bridge can be distinguished
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at the center of the plot. A zoom of the 3D particle distribution is presented at the bottom-left panel, in-
dicating the presence of a connecting bridge between the two structures. This situation is more clearly
noticeable at the bottom-right panel, where an isosurface of the same zoomed particle distribution
is presented. The surface level corresponds to an isosurface of 2× the mean density. At this output
redshift, the cluster are separated by ≈ 2.5 h−1Mpc, as required by the observations.

8.4.1 Quantifying Filaments

In order to quantify the presence of a filament and the significance of its detection three problems must
be solved. First, due to the correlation of error bars described in Appendix 8.A the significance of a
filament in a reconstructed mass map cannot be assessed directly from the reconstruction. Statistics like
the aperture mass and aperture multipole moments (Appendix 8.A) allow the calculation of signal-to-
noise ratios for a limited spatial region and are thus well suited to quantify the presence of a structure
in that region. Aperture statistics, however, integrate over the weighted surface mass density in an
aperture. Hence, to quantify the presence of a structure between two galaxy clusters, the aperture
has to be chosen such that it avoids the clusters and is limited to the filament candidate. This is the
second problem. The third and most fundamental question that has to be answered is, “What is a
filament?”. How for instance can we distinguish the overlapping halos of two close galaxy clusters
from a filament? While in some cases the question whether a structure between two cluster indeed
constitutes a filament is easy to answer intuitively, it can be difficult to quantify in many other cases.

Figure 8.3 — Zoom in on the central 10 ×
10 h−1Mpc of an N−body simulation. Displayed is
the projection of a slice of 2.5 h−1Mpc thickness.

Figure 8.4 — Smooth density distribution of the data
in the left panel from the adaptive kernel density esti-
mate. The contours are at κ = {0.03,0.05,0.1,0.5}.

To get density estimates we applied the adaptive kernel method only to an interesting subsample
of the simulation showing the galaxy clusters and the filament connecting them. Figures 8.3 and
8.4 show such a subsample and the corresponding smoothed density distribution. The subsample is
a 10× 10× 2.5( h−1Mpc)3 slice of the N−body simulation at a redshift z = 0.21. The surface mass
density in the right panel was not calculated from the mass of the particles but linearly scaled, such
that the surface mass density in the cluster center is just sub-critical.
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8.5 Lensing Simulations using N−body Data

In this section we will derive the lensing properties of the simulated mass distribution. The lensing for-
malism will be explained in detail in the Appendix 8.A, together with the main results of the Multipole
moments technique and the aperture multipole statistics.

While it is in principle possible to gain the deflection potential and from that the shear by finite
integration and differentiation via the dimensionless surface mass density and magnification matrix
(Eqs. A8-2 and A8-6), this is a cumbersome and time consuming method. It is much faster and
simpler to calculate the shear directly from the simulated surface mass density using its magnification
factor (Eqn. A8-9) and the convolution theorem. The Fourier transformation of the complex kernelD
(Eqn. A8-9) reads,

D̂(~k) = π
k2

1 − k2
2 +2ık1k2

|~k|2
(8.16)

and thus the Fourier transformed shear is given by

γ̂(~k) =
1
π
D̂(~k)κ̂(~k) , for ~k , 0 . (8.17)

The shear is then calculated via the inverse Fourier transformation and the magnification is easily
computed from the right hand side of Eqn. (A8-11).

The Fourier transformation is calculated with the Fast Fourier Transformation (FFT) algorithm
(Press et al. 1992b). An implementation that readily computes lensing quantities like the shear and
magnification on a grid from discrete κ-maps as outlined above is the kappa2stuff program from
Nick Kaiser’s IMCAT package 1. To account for the finite field size, FFT uses periodic boundary
conditions. The surface mass density at the edges of the simulated fields is small enough to not lead to
any artifacts due to the boundary conditions.

For the lensing simulation, catalogs of background galaxies were produced. Galaxies were ran-
domly placed within a predefined area until the specified number density was reached. To each galaxy
an intrinsic ellipticity was assigned from two Gaussian random deviates. Until noted otherwise all
simulations have 30 galaxies/arcmin2 and a one dimensional ellipticity dispersion of σε = 0.2.

Since the shear and magnification is only known on a grid, they were linearly interpolated between
the four grid points neighboring each galaxy to compute these quantities at the galaxy position. To
simplify the program, galaxies at the edges that have less than four neighboring grid points were
removed from the catalog. For each galaxy a uniformly distributed random deviate from the interval
[0;1) was drawn. If the random deviate was bigger than µ−0.5 the galaxy was deleted from the catalog.

Figure 8.5 shows a mass reconstruction of the simulated density map in Fig. 8.4 The lensing proper-
ties of the simulation were calculated as described above on a 2048×2048 points grid and the computed
shear and magnification were applied to a random catalog of background galaxies. The reconstruction
was performed on a 206×206 points grid with a 1′.3 smoothing scale.

The quality of the reconstruction is much higher than one would expect for real observational data
for a number of reasons.

1. All galaxies in the catalog are indeed background objects. In real data, the catalog of background
galaxies would inevitably be contaminated by stars and faint foreground galaxies (mainly dwarf
galaxies in the cluster one observes).

2. No effects like atmospheric smearing and distortions of the image by the telescope and/or camera
optics deteriorate the determination of the observed galaxy ellipticity.

3. The intrinsic ellipticity dispersion of the background galaxies is too low compared with real
data, which suggests σε = 0.3 or even higher.

1http://www.ifa.hawaii.edu/∼kaiser/imcat/
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Figure 8.5 — Reconstruction of the
mass distribution in Fig. 8.4 on a 206×
206 points grid. The scale of the axes
is given in arc minutes. The contours
mark an increase of κ in steps of 0.025
above the mean of the edge of the field.

4. Likewise, the assumed number density of background objects is at the high end of what one
typically can achieve with ground–based observations.

The few differences between the original mass distribution and the reconstruction thus indicate
systematic deviations due to the smoothing and not due to noise caused by the intrinsic ellipticities
of galaxies and their random distribution. Of course, some degree of noise is still present in the
reconstructed mass distribution but it is not the dominant feature of the reconstruction.

It is immediately obvious that many small scale features present in the simulation are not recovered
in the reconstruction. This is due to the smoothing done to the shear data. One can show that in the
absence of Poisson noise and under the assumption g = γ the smoothing of the shear data is equivalent
to a convolution of the mass distribution with the smoothing kernel (van Waerbeke 2000). This also
explains that the density peaks in the reconstruction are broader and not as high as in the original mass
map.

8.6 Fitting Elliptical Profiles to Galaxy Clusters

With all the tools needed to simulate the weak gravitational lens effect at hand, we can now concentrate
on the quantification of a filament. In a first attempt we try to represent the galaxy clusters by elliptical
mass profiles. We then define the filament as the part of the mass distribution which is in excess of the
mass fitted by the ellipses.

Two different approaches can be used when fitting elliptical profiles to the clusters. First, the
fitting can be done to the reconstructed mass distribution. Second, the fitting can be done adjusting the
elliptical profiles so that their shear matches the observed shear.

The first method has the advantage that the surface mass density is a much more intuitive quantity
than the shear. Problems in the fitting procedure are easier to understand when working with the
surface mass density. On the other hand, κ is not an observable. The only observable is the reduced
shear and the surface mass density has to be reconstructed from the shear first. As we have seen in
the previous section, even in the absence of strong observational noise, the reconstructed mass profile
deviates systematically from the true mass profile.
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Fitting directly to the shear avoids the additional intermediate step of mass reconstruction and is
thus not susceptible to the broadening of the core radius introduced by the smoothing of the shear data.
Directly using the shear as the quantity to which the elliptical profiles of the clusters are fitted also
has disadvantages. First, the shear at a given position is determined by the surface mass density on
the whole field. This makes it much harder to control the fitting process by choosing suitable weight
functions that guide the fitting process in the right direction. Second, the profiles for which the shear
can be computed analytically are very limited. While fitting to the surface mass density allows one
to have a flexible radial profile, one is limited to radial profiles for which analytic expressions for the
shear are known, when fitting directly to the shear.

Common to all fitting procedures is that they try to minimize a quantity

χ2 =

∫
d2θ

[
ftrue(~θ)− fsim(~θ)

]2
w(~θ) . (8.18)

For example if one fits to the reconstructed surface mass density, ftrue(~θ) is κ(~θ) from the recon-
struction, while fsim(~θ) is the surface mass density of the fitted ellipses. w(~θ) is a weight function that
can be chosen to guide the minimization procedure in the right direction.

Various methods for multidimensional minimization are available. All programs used for fitting
either used the Downhill Simplex or Powell’s Direction Set algorithms discussed in detail in Press
et al. (1992a). We could not find any systematic differences between the results of the two methods. In
general, their results agreed quite well if the same starting values were used.

Common to all algorithms for multidimensional minimization is the problem that they cannot guar-
antee to find the global minimum but only a local one. One has to choose the starting parameters so
that they are already close to the suspected global minimum to help the minimization procedure find
the right minimum.

8.6.1 Fitting Elliptical Profiles to the Simulated Surface Mass Density

As a first test to see how well clusters could be represented by elliptical profiles, we fitted two ellipses
with a King profile directly to the simulated data. The surface mass density of a circular King profile
is given by

Σ(θ) = Σ0

1+
(
θ

θc

)2
−1

, (8.19)

where Σ0 is the surface mass density in the center, θc is the core radius of the profile, and θ is the dis-
tance from the cluster center. There are 12 parameters that have to be determined in the minimization
procedure, 6 for each cluster. The parameters are position of the cluster center, Σ0, θc, axis ratio of the
ellipse, and orientation of the ellipse. As the position of the clusters in the simulation is well known,
the central position can be used as a starting value. This is necessary to avoid that the minimization
procedure puts both ellipses on one cluster or even on a small mass peak away from the clusters be-
cause this might very well be a local minimum in which we are not interested. It is sufficient to set the
starting values of the other parameters to values in the right order of magnitude to achieve reasonable
fits.

Figure 8.6 shows the fit of two elliptical King profiles to the simulated data displayed in Fig. 8.3. To
reduce the computer time needed for the minimization, which is dominated by the repeated calculation
of the integral (8.18), the data was smoothed on a 512× 512 points grid instead of the 2048× 2048
points grid which was used to calculate the lensing properties of the simulation. The weight function
was chosen to be unity on the whole field.

Fig. 8.7 shows the difference between the simulated data in Fig. 8.4 and the fit to the simulation
in Fig. 8.6. While the two clusters are not fitted perfectly – after all galaxy clusters are not perfect
ellipses – most of the cluster mass is removed in the difference image. An overdensity of the surface
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Figure 8.6 — Fit of two elliptical King profiles to
the simulation data in Fig. 8.4. The contours are at
the same levels as in Fig. 8.4.

Figure 8.7 — Difference image between the sim-
ulated data in Fig. 8.4 and the fit in the left panel.
The contours are at the same level as in Fig. 8.4.
Clearly visible is an excess in the surface mass den-
sity between the two clusters.

mass density is visible between the two clusters, which supports the definition of the filament being
the surface mass density that is in excess of the elliptical cluster profiles.

However, the main problem in all fitting procedures is already visible here. Both clusters in the
simulation have rather elliptical profiles. The orientation of the major axis of the left cluster is almost
parallel to the 1–axis, while the major axis of the right cluster runs from the upper left to the lower
right corner. Contrary to the simulation the fitted mass profiles are almost perfectly circular. Finding
the right ellipticity and orientation seems to be the crucial difficulty in all fitting procedures.

8.6.2 Fitting Elliptical Profiles to the Reconstructed Surface Mass Density

While the fitting described in the previous section can be used as proof of concept that filaments can
indeed be understood as mass that is in excess of elliptical profiles, the true surface mass density is not
accessible in the case of observational data. If one wants to use the surface mass density to fit elliptical
profiles, only the reconstruction is available.

Figures 8.8 and 8.9 show two such fits to the reconstruction displayed in Fig. 8.5. The only differ-
ence between both fits is the starting value for the orientation of the right cluster in the minimization
procedure. Again, the weight function was chosen to be unity. One can clearly see the dependence
of the orientation of the ellipses on the initial value. Even worse, although two completely different
starting values were used, none of them lead to an orientation that is close to the actual orientation of
the cluster.

We tried various weighting schemes in order to control this problem. e.g. only regions close to
the cluster center were taken into account to reduce the influence of the noise further away from the
clusters. None of this lead to more stable solutions. Also the attempt to use flexible radial profiles
instead of the King profiles did not lead to positive results.

8.6.3 Fitting Non–Singular Isothermal Ellipses to the Shear

Although fitting elliptical profiles to the surface mass density seemed promising when done directly
to the simulated data, it failed when reconstructed mass maps where used. Fitting directly to the



8.6. FITTING ELLIPTICAL PROFILES TO GALAXY CLUSTERS 245

Figure 8.8 — Fit of two elliptical King profiles to
the reconstruction shown in Fig. 8.5. The contours are
at the same level as in the reconstruction.

Figure 8.9 — Same as Fig. 8.8 but with different
starting value for the orientation of the right cluster.

ellipticities and avoiding the intermediate step of reconstructing the mass distribution may be a remedy
for the problems described in the previous section.

An ellipsoidal density distribution for which the shear can be calculated analytically is that of
a softened, oblate isothermal ellipse. Consider an oblate spheroid with axis ratio q3. In projection
this becomes an ellipsoidal density distribution with axis ratio q = (q3 cos2 i+ sin2 i)1/2, i being the
inclination angle with i= 90◦ face–on and i= 0◦ edge–on. If s is the core radius and e= (1−q2

3)1/2 is the
eccentricity of the mass distribution, the density distribution for this model in cylindrical coordinates
is

ρ =
v2

c

4πGq3

e
arcsine

1

s2+R2+ z2/q2
3

, (8.20)

(Keeton & Kochanek 1998). In the limit of s = 0 and q3 = 1 this becomes the density distribution
of a singular isothermal sphere (SIS). With bI = (2πeDdsv2

c)/(Dsc2 arcsine) the dimensionless surface
mass density becomes

κ =
bI

2
√

q2(s2+ θ2
1)+ θ2

2

. (8.21)

Introducing the abbreviation Ψ2 = q2(s2+ θ2
1)+ θ2

2 the shear of this profile can be expressed as

γ1 = k1 cos2ϕ− k2 sin2ϕ , (8.22)

γ2 = k1 sin2ϕ+ k2 cos2ϕ , (8.23)

where ϕ is the angle of the major axis of the ellipse with respect to the 1–axis and

k1 =
bI

2Ψ
[θ2

2 − θ2
1 − (1−q2)s2]2 , (8.24)

k2 = −bi

Ψ
(θ1 cosϕ+ θ2 sinϕ)(θ2 cosϕ− θ1 sinϕ) . (8.25)

Unfortunately, it turned out that minimizing the quantity χ2 =
∑

i |εi−γ(~θi)|2 is extremely sensitive
to the noise introduced by the random orientation of the FBG. While simulations based on catalogs
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with circular background galaxies gave reasonable results, simulations based on the small value of
σε = 0.2 used here did not achieve reasonable fits and were extremely sensitive to the initial values.

Generally, a tendency to over-fit the filament region, so that the difference image had negative
surface mass density there, could be observed.

8.7 Using Aperture Multipole Moments to Quantify the Presence
of a Filament

Aperture multipole moments (AMM) quantify the weighted surface mass density distribution in a
circular aperture. If it is possible to find a characteristic mass distribution for filaments and express it
in terms of multipole moments, AMM can be used to quantify the presence of a filament.

+ +

−

−

Figure 8.10 — Simple toy model of two galaxy clus-
ters connected by a filament. A quadrupole moment is
present in the aperture centered on the filament.

+ +

−

−

Figure 8.11 — Toy model of two galaxy clusters
without a filament, illustrating why it is important to
choose the correct size of the aperture.

Fig. 8.10 illustrates with the help of a simple toy model of two galaxy clusters connected by a fila-
ment why one expects to find a quadrupole moment in an aperture centered on the filament. Fig. 8.11
illustrates that it is crucial not to choose the aperture too large. If the aperture also covers the clusters
a quadrupole moment will be measured even if no filament is present.

Figures 8.12– 8.15 show quadrupole moment |Q(2)| maps calculated from simulated lensing data
of the simulation shown in Fig. 8.4. The weight function was chosen to be

U(θ) =


1−

(
θ

θmax

)2
θ ≤ θmax ,

0 else .
(8.26)

While this weight function is clearly not ideal as it does not closely follow the mass profile of the
simulated data, it is sufficient to identify all relevant features. In the quadrupole maps θmax increases
from 2’ to 5’ . The maps were computed on 55×55 points grid, so that each grid point is 1′ ×1′ big.
Overlaid are the contours of the surface mass density of the reconstruction of Fig. 8.5.

One clearly sees that the quadrupole moment between the clusters increases as the size of the
apertures increases. This is of course due to the growing portion of the clusters in the aperture, that
with their large surface mass density dominate the mass distribution.

Most interesting for the quantification of filaments are the two maps in the top panel. The aperture
quadrupole moment centered on the middle of the line connecting both clusters does not overlap with
what one intuitively would call the galaxy clusters in these two maps. Noteworthy in Figs. 8.12 and
8.13 is also that they show a quadrupole moment on a ring–like structure around the cluster center. This
is indeed to be expected for all galaxy clusters because there is a non–vanishing quadrupole moment if
the aperture is not centered on the galaxy cluster, but somewhere on the slope of the mass distribution.
This now raises the question how we should distinguish the quadrupole moment present around any
cluster from that caused by a filamentary structure between the clusters.
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Figure 8.12 — Quadrupole Moment of the simula-
tion in Fig. 8.4 in a circle of 2’ radius.

Figure 8.13 — Same as Fig. 8.12 in a 3’ radius cir-
cle.

Figure 8.14 — Same as Fig. 8.12 in a 4’ radius cir-
cle.

Figure 8.15 — Same as Fig. 8.12 in a 5’ radius cir-
cle.

The most obvious answer, that the quadrupole moment between the clusters has to exceed the
quadrupole moment at the points having the same distance from the cluster center on the axis connect-
ing both clusters outside the filament fails, due to the particular geometry of this simulation. The two
small mass clumps to the left and the right of the clusters create a situation similar to that depicted
in Fig. 8.11 and thus increase the quadrupole moment to the point where it is roughly equal to that in
the filament center. Other simulations without this special geometry show no such behavior and the
applicability of this criterion will be discussed below.

However, even in this special case there is evidence that the quadrupole signal in the center is
caused by a filament and not by the clusters alone. This evidence is the asymmetry of the quadrupole
moment around the galaxy clusters. An almost closed ring, on which the quadrupole moment is lower,
is visible around the filament. This ring is easier is to spot in the maps generated from filter functions
with larger radii. All aperture statistics act as bandpass filters on structure comparable in size to the
filter radius. As the ring has a radius of ∼ 7′ it is better visible in the maps generated from larger filters.
Still, the asymmetry is well visible in Fig. 8.13 and less well visible but still present in Fig. 8.12. Thus,
the quadrupole maps clearly indicate that the measured quadrupoles on the filament are not caused by
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Figure 8.16 — Smoothed surface mass density dis-
tribution of a second simulation. The projection pa-
rameters are the same as in Fig. 8.3. An additional
contour line is drawn at κ = 0.02 because this filament
is weaker.

Figure 8.17 — Same as Fig. 8.5 for the simulation
in Fig. 8.16 with an additional contour at κ = 0.02.

a symmetric situation, that two galaxy clusters without filament would constitute.
The geometry of the simulation displayed in Fig. 8.16 is less peculiar than that of the previous

simulation but poses other challenges to the quadrupole statistics. As can be seen in the figure, the
surface mass density of the filament connecting both clusters is lower than that of the simulation in
Fig. 8.4. A continuous filament is only visible because an additional contour line at κ = 0.02 was added.
As a consequence only the small peak in the filament rising to κ ' 0.03 is visible in the reconstruction,
but only at the level of the noise fluctuation, as we can infer from the spurious peaks in the lower left
corner of Fig. 8.17.

Figure 8.18 shows a quadrupole map from simulated lens data for this simulation. The aperture
quadrupole moment was computed in a 3’ radius. Again the size of the aperture was chosen such that
the aperture in the middle between both clusters does not cover what one intuitively would identify as
part of the clusters. The two lowest contours, which are partly covered by the aperture in the filament
center, do not belong to the region that obviously belongs to the cluster.

Again we see a quadrupole moment on the filament and around the galaxy clusters. As there are
no small mass clumps on the connecting axis outside the clusters we can test the hypothesis that the
quadrupole moment in the filament region exceeds the quadrupole moment on the corresponding point
on the cluster slope. Fig. 8.19 shows the absolute value of the quadrupole moment in Fig. 8.18 along
a line running through both cluster centers from the left edge of the image to the right. Points which
are not exactly on a grid point were approximated by linear interpolation. The same was done for the
error bars, which were calculated from 1000 randomizations of the galaxy orientations. The points are
connected by straight lines.

Clearly visible is the broad central double peak on the filament bounded by the two minima of the
cluster centers. The quadrupole moment on the slope of the left, less massive cluster is well below that
of the filament. The center of the filament corresponds to the small minimum left of the little “bump”
in the middle of the broad double peak (at ∼ 27′ ). Although the maximum of the quadrupole moments
is on the outer slope of the massive right cluster, the quadrupole moment having the same distance
from the cluster center as the filament center is below the value in the filament center (at ∼ 43′ ).

The double peak structure of the quadrupole moment on the filament is probably caused by the
small mass concentration in the filament. The quadrupole moment in aperture centered on this peak
will be lower than that of aperture which covers this peak and already part of the cluster and thus leads
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Figure 8.18 — Aperture quadrupole moment in a 3’
radius. Overlaid are the contours of Fig. 8.17.

Figure 8.19 — Absolute value of the aperture
quadrupole moment along a line running through the
centers of both clusters from the left edge to the right
edge of Fig. 8.18. The arrows mark the cluster center.

to a situation comparable to that of Fig. 8.11 with one cluster replaced by the small peak.
It is interesting to note that the quadrupole statistics gives a positive result if the reconstruction

fails to show a filament. In fact, until now we have ignored the possibility that the clusters could have
filamentary extensions that do not join.

+ +

−

−

Figure 8.20 — Quadrupole moment of filamentary extensions of cluster that do not join.

An observer not knowing the true mass distribution of Fig. 8.16 would conclude to observe the case
illustrated in Fig. 8.20. This example shows, that while the quadrupole moments can be used to quan-
tify the significance of a filament by computing the significance of the quadrupole moment, measuring
a quadrupole moment alone is not sufficient. Ideally, the filament is also visible (and significant) in a
map of the aperture mass with the same filter radius.

8.7.1 Defining Cluster and Filament Regions

While in the attempt to separate the clusters and filament by fitting elliptical profiles to the clusters,
the filament was defined as the surface mass density excess above the clusters. There is no criterion in
the AMM statistics that defines cluster and filament regions. Much of the discussion of the quadrupole
statistics in the last section was based upon “intuitive separation” of clusters and filament. In many
cases this can be a problem, as seen from Fig. 8.16. While the contours show a continuous connection
between the clusters, one could argue that the clusters in this simulation overlap. The right-hand
cluster has a mass extension to the right, whose maximum spatial extension from the cluster center is
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Figure 8.21 — Simple model of the
surface mass density distribution of an
elliptical cluster and a filamentary ex-
tension along the main axis of the sys-
tem. The axes are labeled in arbitrary
units.

comparable to the distance of the peak in the filament from the cluster center. The situation for the
left-hand cluster is approximately the same. This illustrates the need for a more objective criterion to
separate the clusters from a possible filament, which we try to develop in this section.

Fig. 8.21 shows a simple one–dimensional toy model of the mass distribution of a cluster with a
filamentary extension. The model consists of the following components: We assume a cluster with a
King profile. This is the solid line in Fig. 8.21. In all simulations we see that the clusters are not circular
but stretched and have their major axes oriented approximately towards each other. We attribute this
to tidal stretching and account for it in the model by stretching the right half of the King profile (long
dashed line) by a factor, which has to be determined. This factor will be called the “stretch factor”.
The contribution of the filament (dotted line) is added to the stretched King profile. The result is the
observed surface mass density profile on the right–hand side (short dashed).

We tried to define the “start” of the filament and the “end” of the cluster by the following procedure:
The unstretched King profile, observed on the left–hand side, is stretched by a factor, to model the
influence of tidal stretching. By this step we try to obtain the (unobservable) cluster profile on the right
side without the contribution of the filament. This stretched profile is then compared to the observed
profile containing the contribution of the filament by computing the goodness of fit

χ2 =

N∑

i=i0

(
κstretch(θi)− κtrue(θi)

σi

)2

, (8.27)

at sample points θi in the reconstruction along the main axis of the system. σi is the estimated error
in κ at the ith point and the summation is carried out from the i0th point to the Nth point. χ2 is
repeatedly computed for increasing values of N. Unless noted otherwise, i0 = 1. We can define the end
of the cluster and the start of the filament by the point N, where the probability that κstretch is a good
representation of κtrue falls below a predefined level (“cut–off confidence level”).

We now have to find a way to determine the stretch factor. We assume that the inner portion of the
observed profile on the right–hand side is a fair representation of the (unobservable) stretched profile.
The stretch factor can then be determined by fitting the unstretched profile to the inner portion of the
observed profile. This “stretch factor fit” was done using a χ2 minimization with linear interpolation
between the observed sample points. The size of the inner region to be used in the stretch factor fit
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was measured in units of the core radius of the unstretched profile. Its value is called the “cut–off
parameter”.

The cut-off parameter and the cut–off confidence level have to be determined from simulations.
Figure 8.22 shows the mass profiles to the left and right of the center of the cluster on the left in

the reconstruction displayed in Fig. 8.5 along the main axis of that system. For simplicity the error
bars were assumed to be equal to the standard deviation of a reconstructed mass map of a randomized
catalog of background galaxies.

Figure 8.22 — Sur-
face mass density
profiles of the cluster
on the left in the re-
construction displayed
Fig. 8.5 along the main
axis of the system. The
crosses mark the surface
mass density in the
filament part, the dashes
the surface mass density
on the left-hand side of
the cluster. The x–axis
denotes the distance
from the cluster center
in arc minutes.
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We determined several combinations of the cut–off parameter and confidence level that match the
visual impression of filament beginning and cluster end. However, if these were applied to other
clusters, the separation point between cluster and filament was placed at non–sensical positions.

We also modified the starting value i0 in the summation in eq. (8.27). First, we placed it at the point
closest to the cut–off parameter of the stretch factor fit in order to exclude the central region, which
by definition of this procedure has a small χ2. Second, we calculated χ2 in a moving window of fixed
size and set the separation point between cluster and filament to the start of the window for which χ2

fell below the cut–off confidence level. This was done for various window sizes and confidence levels.
Again, parameters that worked well for one cluster failed horribly for others.

8.8 Conclusions

In this chapter we have investigated two main aspects concerning to filaments. The first point was
to set up proper initial conditions for N−body simulations in order to create bridges between two
neighbouring clusters at a given redshift. By using the approach of Constrained Realizations, we have
been capable of producing controlled and carefully designed initial density fields in order to get the
desired configuration.

The aim was to recreate as close as possible the environment presented by the Abell clusters 222
and 223, with a connecting bridge between the two clusters. We have considered every observed
feature available in order to model the initial density fields. We found that in order to reproduce
successfully such configuration, a set of 18 conditions imposed over each cluster seed were needed.
Those constraints were position, distance, shape, orientation, peculiar velocity and tidal shear. The
shape was specified by the axis ratios of the triaxial density peaks. The clusters were aligned in such
way that their corresponding major axes will point out toward each other. An initial kick was given in
order to approach the system in a smoothly way avoiding violent interaction between the two clusters.
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The tidal field was constructed in such a way that its stretching mode was aligned along the same
main axis-system direction and a compressional mode perpendicular to this main axis. Under these
constrictions, the linear initial density fields showed the desired configuration.

The evolved density fields satisfyingly reproduced the main observed system features, showing
beyond doubt the effectiveness of the CR algorithm to study and reproduce cosmic observed features.
Without the use of the CR formalism, it would be very difficult to find in a N−body simulation the
right situation required for the weak lensing analysis.

The second part of the chapter consisted in quantify the presence of the bridge between the clusters.
For this, the use of weak lensing analysis was employed, in particular the circular aperture method.
The Aperture multipole moments [AMM] technique was used in order to quantify the weighted surface
mass density distribution from the circular aperture method.

The lensing reconstruction results showed that while the quadrupole moments can be used to quan-
tify the significance of a filament by computing the significance of the quadrupole moment, measuring
a quadrupole moment alone is not sufficient. In an attempt to separate the clusters and filament by
fitting elliptical profiles to the clusters, the filament was defined as the surface mass density excess
above the clusters. However, such criterion failed with the AMM statistics since there is none criterion
to define cluster and filament regions with this technique. The aperture quadrupole moment statistics
in principle has the power to quantify the presence of a filament-shaped structure. To objectively apply
this technique, one needs to be able to separate clusters from filaments. We did not find an objective
way to do this and had to resort to subjectively defining the sizes of the apertures used.

We would like to stress that this is not a problem of the weak lensing technique but stems from the
fact that we were unable of giving an objective criterion to define a filament. The visual impression of
what a filament is, is often sufficient in simulations or redshift surveys where filaments stretching long
distances between clusters are seen. In the case of close pairs of clusters -where we can hope to see
filaments with today’s telescopes- a more objective criterion is important, but difficult to find.

8.A Aperture multipoles moments

8.A.1 Definitions

Let ~θ be the position angle of a lensed object and ~β its undeflected position, the two angles are related
to each other via the lens equation:

~β = ~θ− ~α(~θ) , (A8-1)

where ~α is the scaled deflection angle.
Depending on the surface mass density (Σ(Dd~θ), which is defined as the projection of the 3D

density distribution of the lens onto a plane perpendicular to the line of sight, eq. A8-1 can have
multiple ~θ for a given ~β. The dimensionless surface mass density κ(~θ) is defined as:

κ(~θ) =
Σ(Dd~θ)
Σcr

, (A8-2)

where Σcr is the critical surface mass density,

Σcr =
c2

4πG
Ds

DdDds
. (A8-3)

Dd denotes the angular-diameter distances between observer and deflector (lens), Ds between observer
and source, and Dds from the deflector to the source.

The value of κ in eq. A8-2 gives a qualitative description of the lens. If κ > 1 for a given region
in the lens plane, the lens is said to be strong and it can produce multiple images of the background
source. If κ� 1 the lens is called weak and cannot produce several images of the source.
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The scaled deflection angle can be written in terms of κ

~α(~θ) =
1
π

∫
d2θ′ κ(~θ′)

θ− θ′
|θ− θ′|2 .

From this equation is easy to see that the scaled deflection angle can be written as the gradient of a
two dimensional potential, ~α = ∇ψ

ψ(~θ) =
1
π

∫
d2θ′ κ(~θ′) ln |θ− θ′| , (A8-4)

following the analogy with Newtonian theory, ψ satisfies the Poisson equation:

∇2ψ(~θ) = 2κ(~θ) . (A8-5)

An important characteristic of Eq.A8-1 is its non-linearity. Therefore, a gravitational lens will
not only change the position of the source image, but also its shape. The local properties of the lens
mapping are described by its Jacobian matrix, or magnification matrix

A = ∂
~β

∂~θ
=

(
δi j−

∂2ψ(~θ)
∂θi∂θ j

)
=

(
1− κ−γ1 −γ2

−γ2 1− κ+γ1

)
. (A8-6)

The trace-free part ofA is defined as the shear,

γ = γ1+ ıγ2 = |γ|e2ıϕ , (A8-7)

and it is related to the deflection potential as

γ1 =
1
2

(ψ,11−ψ,22) , γ2 = (ψ,12) . (A8-8)

The magnification factor of an image is given by the inverse of the determinant of the Jacobian:

µ =
1

detA =
1

(1− κ)2− |γ|2 . (A8-9)

The tensor of the quadrupole moment of the two-dimensional mass distribution κ(~θ) with respect
to the point (~θ0) is defined as (Schneider & Bartelmann 1997),

Qi j =

∫
d2θκ(~θ+~θ0)w(|~θ|)θi θ j , (A8-10)

for i, j = 1,2, where w(|~θ|) is a radial weight function. The shape of an image can be quantify in terms
of the components of the tensor Qi j via the complex number:

ε =
Q11−Q22+2ıQ12

Q11+Q22+2(Q11Q22−Q2
12)1/2

, (A8-11)

which is called the complex ellipticity (Bonnet & Mellier 1995).

8.A.2 Multipole moment in terms of the shear

The trace-free and trace parts of eq. A8-10 can be written in a very general way for higher multipole
orders. Schneider & Bartelmann (1997) defined the complex nth-order multipole moment (trace-free)
by

Q(n) =

∫ ∞

0
dθθn+1w(θ)

∫ 2π

0
dϕenıϕκ(~θ0+~θ) , (A8-12)
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and the mass moments (trace),

M(n) =

∫ ∞

0
dθθn+1w(θ)

∫ 2π

0
dϕκ(~θ0+~θ) , (A8-13)

where w(θ) is a radially symmetric weight function.
Kaiser (1995) shown by suitably combining third-order derivatives of ϕ in eq. A8-5, that the gra-

dient of κ can be written in terms of the derivatives of the shear components:

∇κ =
(
γ1,1+γ2,2

γ2,1−γ1,2

)
. (A8-14)

This relation can now be used to express the multipole moments just defined in terms of the shear
γ. Since the shear is directly observable from the distortions of the images of faint background galaxies
(in the case of weak lensing, i.e. κ� 1), the multipole moments can be written directly in terms of
observables.

Schneider & Bartelmann (1997) defined the tangential shear γt(~θ;~θ0) and the radial shear γr(~θ;~θ0)
at positions ~θ = θeıϕ relative to position ~θ0 by

γt(~θ;~θ0) = −[γ1 cos(2ϕ)+γ2 sin(2ϕ)] = −<[γ (~θ+~θ0)e−2ıϕ] , (A8-15)

γr(~θ;~θ0) = −[γ2 cos(2ϕ)−γ2 sin(2ϕ)] = −=[γ (~θ+~θ0)e−2ıϕ] ,

where< and = denote the real and imaginary parts of the given complex quantity.
By integrating by parts eq. A8-12, transforming it into polar coordinates and by doing some partial

integrations and algebraic manipulation, it is possible to show that one can get a local estimation of the
aperture multipole moment in a circle of radius R from

Q(n) =

∫ R

0
dθθn+1w(θ)gt(θ)+

ı

n

∫ R

0
dθθn+1[nw(θ)+ θw′(θ)]gr(θ) , (A8-16)

here w′(θ) is the derivative of w(θ), and we have defined

gt(θ) =
∫ 2π

0
dϕenıϕ γt(~θ;~θ0) , gr(θ) =

∫ 2π

0
dϕenıϕ γr(~θ;~θ0) . (A8-17)

In the case of dealing with real data, the integral is replaced by a sum over individual galaxy
ellipticities to compute the aperture multipole statistics.

Q(n)(~θ0) =
1
ng

N∑

i=1

enıϕi

{
θn

i w(θi)εti+ ı
θn

i [nw(θi)+ θw′(θi)]

n
εri

}
, (A8-18)

where ng is the number density of galaxies in the circle, (θi,ϕi) are the polar coordinates of the ith
galaxy with respect to ~θ0, and

εti =<(εi e−2ıϕi) ; εri = −=(εi e−2ıϕi ) , (A8-19)

are the tangential and radial components of ellipticity of the ith galaxy with respect to the origin of the
coordinate system.

The significance of a multipole moment measurement can in the absence of lensing (expectation
value of Q(n) = 0) be computed from

σ(n) =
σε√
2ng


N∑

i=1


(
θn

i w(θi)
)2
+

(
θn

i [nw(θi)+ θw′(θi)]

n

)2



1/2

(A8-20)

where it has been used, in the absence of lensing,

〈εri εr j〉 =
σ2
ε

2
δi j and 〈εti εr j〉 = 0 , (A8-21)

and σε is the dispersion of the intrinsic source ellipticity.




