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1
Introduction

Do we speak something truthful here, Giver of life?
We only dream, we only get up from the dream.
It is only like a dream...
Nobody speaks the truth here...
Aztec poem (fragment).

Probably from even before the dawn of civilization humans have been gazing at the starry nights and
wondered about the world in which they found themselves living. Questions that have occupied

humanity were ones like How did the universe begin? How had everything come into being? What
is the universe made of? Was there a beginning? Will there be an end?. Many explanations have
been given throughout the eons, as nearly every culture and society forwarded its own cosmogony
and understanding of the universe. This quest has been vigorously pursued up to the modern age.
Indeed, for the first time humanity appears to come close to an all-encompassing scientifically justified
answer to these age-old questions, on the basis of a vast body of scientific knowledge supported by an
ever-increasing and impressive amount of observational evidence.

Within the current cosmological model, it is assumed that the universe we inhabit came into being
13.7 billion years ago, born in a massive expanding fireball which we have named the Hot Big Bang
(Hoyle 1950). In this event space and time, as well as all the matter and energy that the universe
contains came into being. The pristine universe was extremely hot and dense, gradually cooling and
diluting as it expanded. Under the gravitational instability scenario of structure formation, the present
structure and motions in the universe are due to the growth of gravitational fluctuations from the
initially highly homogeneous background (Peebles 1980).

Although by now it seems we have a fairly good idea of how the universe came into being and its
dynamics at large scale (tens of Megaparsecs), this is not yet the case at smaller scales. Surveys of
galaxies have shown that the universe is rather structured. Stars, gas, dust, planets are not randomly
distributed in space but form larger gravitational-bound systems called galaxies. These in general
are also clustered: some in small groups, others in big clusters with hundreds of galaxies. Moreover
the clusters themselves are grouped in filamentary or sheet-like superclusters. Since the early galaxy
surveys this highly-structured cosmic web shape of the universe has been observed (e.g. Joeveer &
Einasto 1978; de Lapparent et al. 1986; Geller & Huchra 1989). The present galaxy surveys reaching
even deeper regions of the universe (e.g. PSCz, 2dF, SDSS, 2MASS, 6dF) have shown that indeed the
universe is well organized (see Figure 1.1).

Accompanying this foam-like pattern is the peculiar velocity field of galaxies. These migration
flows of cosmic matter are one of the major physical manifestations together with the emergence and
growth of structure out of the almost homogeneous primeval universe. The cosmic flows move out
matter toward regions where ever more matter accumulates, ultimately assembling the structures we
observe in the universe.

In order to understand the large-scale matter structures that form our universe and to have a com-
plete view of the structure formation process, it is necessary to know how the velocity and density
fields evolve and affect each other along the temporal and dynamical evolution of the universe.
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Figure 1.1 — Map of how galaxies are distributed in space as a function of distance from us according to the
2dFGR Survey. Notice how matter is clumped at some specific regions (clusters & superclusters of galaxies),
while there are also empty regions (voids). (credits: 2dF Galaxy Redshift Survey team).

1.1 Motivation

The main topic of this thesis is the study of the peculiar velocity field of galaxies, its influence over the
matter distribution and its reconstruction or modeling from the galaxy distribution.

Cosmic flows have the potential of determining the density of the universe by an estimation of
Ωm (the ratio of the observed density to the critical density), how galaxies trace mass, and to test
the Gravitational Instability paradigm by determining if the initial cosmic density fluctuations were
Gaussian. As an important characteristic, the velocity field is sensitive to all of the mass, including
any dark matter and baryons that did not end up in galaxies.

Major efforts from the observational side have been carried out in order to accurately measure the
distances and peculiar velocities of galaxies. Some systematic errors derived from the observational
techniques (e.g. Malmquist bias, redshift distortions) are understood and we have a fair idea of how to
correct for them. Still, effects due to the non-linearity of some systems and inhomogeneous sampling
cannot be properly corrected for.

From the theoretical point of view, linear theory and its high order perturbation extensions seem
to explain reasonable well the dynamics of structures up to the mildly non-linear regime, and in some
ideal cases up to the non-linear regime. On the computational side, with the advent of powerful com-
puters and smart numerical codes, cosmologists have been able to solve numerically the equations of
motion and to follow the evolution of structures until the non-linear regime. However, this approach
only works from one side to another in the arrow of time of the universe. This is, given an initial
smooth mass distribution, it is only possible to follow its evolution forward in time. The opposite
situation, i.e., to reconstruct the initial smooth mass distribution from the present clumpy mass distri-
bution, it is not always possible since the virialized characteristics of the systems have erased any trace
of their initial state.

Theoretical predictions of structure formation usually refer to continuous density and velocity
fields. However, matter as traced by the galaxy distribution is rather discrete. Thus, one has to re-
sort to artificial methods in order to construct continuous fields from the discrete observed fields, and
to interpolate information to regions devoid of data. A major problem is that the actual galaxy dis-
tribution and peculiar velocity surveys suffer from shot-noise effects. This is an important source of
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error mainly at large distances where sampling is rather poor. The present available interpolation tech-
niques cannot properly deal with all these sources of errors in order to estimate continuous density
and velocity fields, and to establish a fair comparison between theory and observations. Under such
circumstances, one usually needs to make use of other extra techniques like smoothing algorithms.
This results mainly in smearing out small scale features in the data, allowing only studies from the
linear point of view. Because the universe presents small and large scale features in both density and
velocity fields, it is highly desirable that such methods could keep the properties of such fields at both
regimes if one really wants to have a complete picture of the dynamical processes in the Universe.

The main questions to answer in this thesis could be summarized as follows:

• Can we properly model the velocity field from a given matter distribution? If so, up to
what scales? Can we reproduce its main characteristics?

• How important are the tidal effects in the reconstruction or modeling of the peculiar ve-
locity field in our cosmic neighborhood? Can we account for them?

• Is it possible to map continuous velocity fields from discrete peculiar velocities preserving
its characteristics at both large and small scales?

Answering completely these questions is beyond the scope of this work. This thesis is a theoretical
and computational effort carried out in order to help understanding the peculiar velocity field of our
nearby universe and the role that the different large scale structures play in moulding our universe
as we see it. We will mainly make use of computer-simulated data which resembles statistically,
morphologically and dynamically the cosmic neighborhood. The use of controlled and specifically
purpose designed numerical simulations will be of great help to test our methods and hypothesis under
controlled circumstances. The further application of these methods to real data will also be explored.
In particular, over the PSCz catalog whose characteristics such as full-sky coverage, effective deep and
homogeneous sampling make it a fair map of the matter distribution of our nearby cosmic environment.

We will asses how well currently available all-sky, flux limited redshift surveys of galaxies can
account for the major share of mass concentrations inducing the external tidal forces. We will focus
on reconstructing the peculiar velocity field from the galaxy distribution inferred from N−body sim-
ulations and real data with the characteristics that they will account for linear and mildly non-linear
motions. In particular, on the Local Supercluster region since this is the cosmic vicinity where the
quality, quantity and spatial coverage of the peculiar velocity field is the best available.

An important ingredient of this work will be the Delaunay Tessellation Field Estimator method for
peculiar velocities designed for computing volume-weighted peculiar velocity fields from a discrete
set of peculiar velocities. This method is based on the stochastic and geometrical properties of the
particle distribution itself, the Delaunay tessellations. We will show that this method will allow a
direct comparison with the theoretical predictions. This method guarantees reconstructed continuous
volume-covering velocity fields, suppressing shot-noise effects and preserving the large and small scale
characteristics of the discrete velocity field. We will make use of this technique to study the small scale
characteristics of the peculiar velocity field in the nearby cosmic vicinity.

Finally, we will investigate the necessary conditions that prevailed in the primitive density and
velocity fields in order to produce some of the cosmic structures we observe nowadays. We will assess
the statistical significance of the possible identification of such structures via their gravitational effects
over the light from the background matter distribution.

We assume along this thesis that the universe satisfies the standard homogeneous and isotropic Hot
Big Bang model. The framework of Gravitational Instability assumes that gravity is the only agent at
large scales responsible for the collapse and formation of structures dominated by dark matter. Before
proceeding with this thesis, we review only the basic facts and the theoretical background that will be
used along this work. For more complete and detailed formalism we refer the reader to the textbooks
Peebles (1980, 1993a); Padmanabhan (1993); Peacock (1999); Coles & Lucchin (2002); Liddle & Lyth
(2000).
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1.2 Cosmological Background: The homogeneous Universe

Understanding the large-scale structure of the universe is one of the main goals of cosmology. It is
well accepted that Gravitational Instability plays a central role in giving rise to the structures we see in
galaxy surveys.

The standard Hot Big Bang model relies on three basic assumptions: (1) The universe is homoge-
neous and isotropic (Cosmological principle). Thus, its geometrical and dynamical properties can be
described by the Robertson-Walker [RW] metric. (2) The evolution of the space-time can be described
by the General Relativity equations of motion. (3) On scales smaller than the horizon the universe can
be described by a perturbed RW model in which metric fluctuations are small.

The evolution of a homogeneous, isotropic expanding universe can be expressed in terms of its
metric, specifying the distance between two points in space-time. The Robertson-Walker metric is
given by:

ds2 = c2dt2−a2(t)
( dr2

1− k r2
+ r2 dΩ2

)
. (1.1)

Here spherical coordinates (r, θ,φ) are used to describe the spatial positions, and dΩ2 = dθ2+ sin2 θdφ2

is the square of the solid angle. The coordinates are comoving with the expansion of the universe,
whose spatial extent grows proportional to the expansion factor a(t). For convenience, at the present
time t0, a(t0) = 1. The curvature k parameterizes the global geometry of the universe, commonly
referred to as closed (k > 0), flat (k = 0) and open (k < 0).

The RW metric predicts that a monochromatic wave emitted by a receding object (e.g. galaxy,
quasar) is systematically Doppler-shifted toward larger frequencies, in other words red-shifted. The
redshift “z” of a source is given by

z =
λ0−λe

λe
, (1.2)

where λ0 is the wavelength of the radiation detected at t0 (observed), and λe is the wavelength emitted
from a distant source at the time te. This cosmological quantity can be directly measured from obser-
vations of object’s spectra. The relation between the redshift of light and the expansion factor at which
it was emitted is given by

1+ z =
a0

ae
. (1.3)

Thus, measuring the redshift of an object, we can determine the scale factor a at the moment when the
light was emitted, and then the cosmological time and finally infer its spatial distance.

Introducing the RW metric in the Einstein’s field equations and under the assumption that the uni-
verse can be described as an ideal fluid, one obtains the Friedmann [FRW] equations, which describe
the expansion and evolution of the universe:

ä
a
= −4πG

3

(
ρ+

3p

c2

)
+
Λ

3
, (1.4)

ȧ2

a2
=

8πGρ
3
− kc2

a2
+
Λ

3
. (1.5)

In these equations, G is the Newton’s gravitational constant, ρ is the mass density, p is the pressure and
Λ is the vacuum energy or cosmological constant. The Hubble parameter, or the rate of expansion, is
defined as

H(t) =
ȧ
a
. (1.6)

H0 refers to the expansion rate at the present, and is often expressed as H0 = 100 h km s−1Mpc, where
h is a dimensionless factor.

In order to solve the Friedmann equations, an equation of state for the cosmic fluid needs to be
specified. For substances of cosmological relevance, the equation of state has the form: p(ρ) = wρc2.
Here, w is a dimensionless constant which indicates the kind of matter component we are dealing with,
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and c represents the speed of light. There are three main components of the material content of the
universe: baryons (normal matter), non-baryonic dark matter (e.g. WIMPs, axions) and relativistic
matter (photons and neutrinos). In the early universe, the energy density is dominated by radiation and
relativistic particles (w= 1/3), then the equation of state is given by p= 1

3ρc2. However, as the universe
expands, the energy density decays as a−4, while that of non-relativistic matter, which is assumed to be
pressureless (w = 0), scales as a−3. Dark energy has p = −ρc2 with ρ constant in time and w = −1. This
energy causes an accelerating universe if w < − 1

3 . The cosmological constant Λ is usually identified
with this dark energy. It is possible to show that matter dominated over radiation for most of the history
of the universe. In this thesis we will only be concerned about the universe in this matter-dominated
phase.

The matter content of the universe can be expressed in terms of the critical density

ρc =
3H2

0

8πG
. (1.7)

A universe with density above this critical value will be “spatially closed”, whereas a lower density
universe will be “spatially open”. This critical density allows the definition of the following density
parameters:

Ωm =
ρm

ρc
, Ωrad =

ρrel

ρc
, ΩΛ =

Λ

3H2
0

, Ωk = −
kc2

a2
0H2

0

, (1.8)

to refer to the density of ordinary matter, relativistic matter (radiation), vacuum energy and curvature.
Note that these quantities are evaluated at present time, t0. Dividing by H0 the Friedmann Eqn. 1.5 and
evaluating it at the present time becomes

Ωm+Ωk +ΩΛ = 1 , (1.9)

while Eqn. 1.4 takes the form

q0 =
1
2
Ωm−ΩΛ , (1.10)

where q0 is known as the deceleration parameter q0 = −(äa/ȧ2)|t0 , which can be used to parameterize
cosmological models.

With all these definitions, matter-dominated universes can be completely characterize by the cos-
mological parameters (H0,Ωm,ΩΛ) or (H0,Ωm,q0). Once this set of numbers is known, the evolution
of a cosmological model is given by

H(a) =
ȧ
a
= H0 E(a) , (1.11)

where E is the normalized Hubble function defined as

E2(a) = Ωma−3+Ωka−2+ΩΛ . (1.12)

There is a large range of possible FRW universe models. Over the decades many different ones
were forwarded, gained popularity and subsequently dropped out of the scene. Perhaps the simplest
solution is the Milne model with Ωm = ΩΛ = Ωk = 0 which describes an empty expanding universe.
One of the most popular models is the so-called Einstein-de-Sitter model characterized by Ωm = 1,
ΩΛ = Ωk = 0. For these scenarios Eqn. 1.11 has exact analytical solutions (also other models with
Ωm , 1). In the general case (Ωi , 0 with i = m,Λ,k), the equation has to be solved numerically.

A continuously rising flood of new cosmological observations, stemming from larger and larger
depths in the Universe, has lead to a converging consensus regarding the Universe we are living in.
With impressive accuracy a rather remarkable set of values for the crucial cosmological parameters
has emerged, now commonly known by the name of “Concordance Model”. Satellite experiments
such as COBE and WMAP, in conjunction with balloon-borne experiments such as Boomerang, have
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showed the validity of the Hot Big Bang model, and that the Universe is flat (Ωk = 0), with an age of
13.7 billion years. In combination with the ground-based mapping efforts of large redshift surveys of
galaxies (2dFGRS and SDSS), we have been able to track the (dark) matter content of the Universe
with Ωm = 0.27. Supernova SnIa surveys have showed evidence of the presence of the “Dark Energy”,
which represents 73% of the energy content of the Universe (ΩΛ = 0.73). Ever since it started to
dominate the dynamics of our Universe, only as recent as some 7 Gigayears after the Big Bang, it has
been propelling an acceleration of the expanding Universe.

The successes of the Hot Big Bang model are that it has been able of explaining:

1. Why the night sky at night is dark (Olbers’ paradox). Only in a Universe with a finite age and
with a finite velocity of light this may be understood.

2. The expansion of the universe. Hubble (1929) found that galaxies are receding from us with a
velocity proportional to their distance (v = Hr).

3. The abundances of light chemical elements (H, He, Li,...) shortly after the Big Bang (primordial
nucleosynthesis).

4. The Cosmic Microwave Background Radiation [CMB], which is the relic blackbody radiation
when the temperature of the universe dropped sufficiently (3000◦K) to allow protons and elec-
trons to combine to form Hydrogen atoms.

1.3 The inhomogeneous universe

So far we have discussed the dynamics of a homogeneous and isotropic universe. However, the ob-
served universe is far from homogeneous. Even the mere existence of galaxies is inhomogeneous.
There is a richness of structure ranging from dwarf galaxies, to groups and clusters of galaxies, and to
the huge superclusters of galaxies (see Fig. 1.1). This would imply that the cosmological principle is
violated at small scales. The standard model, however, will still be valid provided that the metric fluc-
tuations are small within the Hubble radius1, in other words, provided that the universe is a perturbed
FRW universe. At scales somewhat larger than hundreds of Mpc homogeneity is approached. If the
universe is smoothed on larger scales, it will appear homogeneous. Despite the small-scale clumpiness
of the universe, its global dynamics can still be described by the Friedmann models.

The canonic theory of structure formation in the universe assumes that structure grows due to
Gravitational Instability [GI]. Primordial fluctuations in the primeval homogeneous density field are
amplified through gravity (e.g. Peebles & Yu 1970; Weinberg 1972; Peebles 1980). Such gravity per-
turbations induce cosmic flows of matter. High-density regions start to contract and finally experience
collapse, amassing more and more matter from their surroundings. In the same way that there are mat-
ter surpluses in particular regions, there are regions characterized by densities lower than the average
density of the universe. They become emptier and expand with respect to the background, turning into
empty voids. Gradually, as matter is displaced, cosmic structures emerge to form the universe as we
see it today. Figure 1.2 illustrates the gravitational instability scenario and the emerging of structure.
The GI implements the Jeans instability theory in an expanding medium and considers isocurvature
and adiabatic longitudinal solutions to describe the growth of initially small density perturbations.
Under such conditions, structure formation theories are completely specified by their initial condi-
tions, i.e., by the form the of the initial power spectrum and the values of the cosmological parameters
(H0,Ωm,ΩΛ,Ωk).

The main force driving the dynamics and evolution of galaxies, and the large-scale structure for-
mation process in the universe is gravity. Although gas physics plays an important role in the galaxy
formation process, it only plays a minor role for the dynamics of the large-scale of the universe. Ob-
servational measurements indicate that there is a large fraction of “unseen” matter called dark matter,

1The Hubble radius is the radius of the observable universe. At actual time dH =
c

H0
≈ 3000 h−1Mpc.
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(x,t)Initial density field : δ

+

Matter displaced :  raise of structures Velocity field :  v(x,t)

Gravity field :  g(x,t)

=

Figure 1.2 — The Gravitational Instability scenario. An initial Gaussian smooth density field is gravitationally
perturbed, inducing cosmic flows of matter, ending up in the emergence of structure.

and it is believed that can only be detected by their gravitational effects on luminous matter. This
assumption implies that the dynamics of dark matter can be treated by using the laws of gravity alone.
Observational evidence seems to suggest that the energy content of the universe consist of 4% of its
total content by baryonic matter, 23% by non-baryonic dark matter and the rest (73%) is dominated by
the dark energy.

1.3.1 The Linear regime

The study of the growth of density perturbations is one of the major topics in cosmology. When
fluctuations are small, the equations of motion can be linearized by expanding around the homogeneous
solution. The resulting Linear theory together with its high-order perturbation extensions are among
the best methods to study the large-scale structure formation process.

Dark matter is assume to behave as a collisionless fluid for most of the time of the universe.
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At any given time t, we may distinguish between the regime in which the proper wavelength of the
perturbations modes λ(t) is much smaller than the Hubble radius dH(t) (horizon), and that in which
λ(t) & dH(t). In the former regime, the evolution of inhomogeneities can be analyzed with Newtonian
dynamics, whereas in the later case the full relativistic treatment is needed. Since we are interested
in scales much smaller than the horizon scale, the Newtonian approach can be applied. In order to
describe the perturbations of an ideal FRW-model, we scale out the uniform expansion by transforming
to a comoving frame. A particle moving with the (hypothetical) homogeneous background universe
is defined to have constant coordinates in such frame. The comoving position x is defined as r = a x
where a is the expansion factor, and r is the position in the static coordinate system. The physical
velocity ṙ of a particle can be written as ṙ = ȧx+aẋ, where the motion relative to the comoving frame,
v ≡ aẋ, is the peculiar velocity component, and ȧx = Hr is the Hubble flow. It is also convenient to
define the density fluctuation field δ(x):

δ(x) =
ρ(x)−ρb

ρb
. (1.13)

In a statistical sense, δ(x) is considered as a random field, i.e., as a set of random variables, one for
each point x. In this way, the universe is a random realization chosen from a statistical ensemble of
universes. In this framework, ρb represents an average over the ensemble (background density).

The equations of motion for the matter fluid are the continuity and Euler equations and the Poisson
equation. The first and second equations state the conservation of matter and momentum, respectively.
The third equation states that the density fluctuations originate by metric perturbations given the New-
tonian potential φ. These set of equations in an expanding universe in the comoving coordinate system
and ignoring relativistic effects are given by:

∂δ

∂t
+

1
a
∇ · (1+δv) = 0 ,

∂v
∂t
+

1
a

(v · ∇)v+
ȧ
a

v = −1
a
∇φ, (1.14)

∇2φ = 4πGρba2δ .

We have not considered terms depending on pressure because we assume them negligible. This is
because the last stages of fluctuations growth occur after z = 100, when the pressure is negligible. The
peculiar gravitational potential φ is related to the peculiar gravitational field g by:

g(x) = −∇φ
a
=G aρb

∫
δ(x′) (x′−x)

|x′ −x|3 dx′ (1.15)

This equation shows that density fluctuations are responsible for the motions in the Newtonian limit.
Combining the set of Eqns. 1.14, linearizing them and with some algebraic manipulation one ob-

tains a single equation for the density perturbation (Peebles 1980):

∂2δ

∂2t
+2

ȧ
a
∂δ

∂t
= 4πGρb δ . (1.16)

This equation is a linear second-order ordinary differential equation in δ and therefore, each mode is
decoupled and evolves independently from each other. The general solution consists of two modes,

δ(x, t) = A(x)D1(t)+B(x)D2(t) , (1.17)

where D1(t) and D2(t) are the two independent time solutions. They are called the growing and decay-
ing solutions, respectively. As the universe evolves the decaying mode damps away, so one can focus
only on the growing mode D1 , often called the linear growth factor. This is given by,

D1(z) = E(z)
∫ ∞

z

1+ z′

E3(z′)
dz′ , (1.18)
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where E(z) is the normalized Hubble function defined in Eqn. 1.12. Normally the values for D1

have to be found numerically. Although analytical expressions have been found for ΩΛ = 0 models
(Peebles 1993a; Sahni & Coles 1995). In an Einstein-de-Sitter universe, the growing mode is given by
D1(t) = t2/3. So the density field can be expressed as δ(x, t) = δ(x) t2/3. As we can see, the evolution
of δ is proportional to the scale factor. However, the structure formation growth stops when structures
become non-linear (voids and clusters of galaxies) at the redshift,

1+ z ≈ 1
Ωm
−1 , (1.19)

at which they decouple from the Hubble expansion. At this redshift, structures experience first con-
traction and collapse, followed by virialization to turn finally into genuine cosmic objects. For a flat
Universe with Ωm = 0.3, this happens at z ≈ 1.3 (a = 0.43).

This is the main problem of structure formation in the linear regime. In an expanding universe
density perturbations grow as a power law in time, while in an static universe they do exponentially.
One therefore needs substantial fluctuations in the early universe to produce the structures we see at
present. Guth (1981) proposed the idea that the universe experienced an inflationary epoch in which,
the universe went through a phase of exponential expansion. This model provides a way to generate
density fluctuations of the desired type and amplitude to act as the seeds of the structures we see
nowadays in the universe.

1.3.2 The velocity field

The equations of motion (Eqns. 1.14) also involve the velocity field. This field is very important in
cosmological studies since it is directly observable. This together with the density field, is one of the
most prominent physical manifestation of the dynamical growth of structure in the universe.

The linear peculiar velocity field in the linear perturbation approximation with zero pressure satis-
fies the equations (Peebles 1980):

∂v
∂t
+Hv =

1
a
∂(av)
∂t
= g , (1.20)

∇ ·v
a
+
∂δ

∂t
= 0 , (1.21)

with g the peculiar gravity field. The velocity field can be decomposed as the sum of a longitudinal
(non-rotational) field and a transverse (rotational) field v = vL + vT , with ∇× vL = 0 and ∇ · vT = 0.
Combining these results with the continuity equation we can immediately distinguish that only the
longitudinal component of the velocity field is able to generate matter displacements and hence gravi-
tational perturbations. Primordial rotational motions usually decay rapidly with time, and we therefore
will go along the usual assumption that the primordial velocity field is vorticity free. Therefore, and
according to the Kelvin’s circulation theorem2, the velocity field will remain curl-free as long as the
flow continues laminar.

Eqn. 1.21 is particularly important since it gives the δ(x) once the velocity field, v(x) is known.
Peebles (1980) introduced the dimensionless growth rate f ,

f =
d log D1

d loga
≈Ω0.6

m +
ΩΛ

70

(
1+
Ωm

2

)
, (1.22)

to express the time dependence in the continuity equation: δ(x) = −∇·v/(aH f ). The approximation in
Eqn. 1.22 shows that in the general case f depends weakly on the cosmological constant at actual time
(Lahav et al. 1991).

Since the peculiar velocity field is considered to be irrotational, it can be expressed as the gradient
of a scalar function ψv called the velocity potential, v = −∇ψv/a. Substituting this equation into the

2This theorem states that for isentropic flow the fluid circulation around a closed contour fixed in the fluid is conserved.
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continuity equation (Eqn. 1.21) gives ∇2ψv = H f a2δ, that compared with the Poisson equation, shows
that φ ∝ ψv and therefore v ∝ g:

v =
H0 f

4πGρb
g =

2 f
3H0Ωm

g , (1.23)

from which the evolution of v can be deduced. This equation indicates that in the linear regime the
peculiar velocity is proportional to the local gravitational acceleration.

1.3.3 The power spectrum

As we have seen, initially small perturbations grow by gravitational instability. It remains to character-
ize the spatial dependence of those initial perturbations. It is assumed that (and according to the central
limit theorem) such initial fluctuations are described by a Gaussian random field in agreement with the
Inflation predictions (e.g. Kolb & Turner 1990). There are other feasible mechanisms for generating
primordial fluctuations, for example cosmic defects such as cosmic strings or textures. However, their
initial fluctuations may not be necessarily Gaussian.

In this work we assume that Inflation is correct and therefore, the initial density field was Gaussian
(Bardeen et al. 1986). In general, it is convenient to represent the perturbations in terms of its Fourier
transform

δ(x) =
1

(2π)3

∫
dk δ̃(k) e−ik·x . (1.24)

Because of the isotropy assumed in the Cosmological principle (i.e. primordial fluctuations concern
to isotropic stochastic process of random spatial fluctuations), the statistical properties of δ̃(k) are
independent of the direction of k̂, and so we can define the power spectrum P(k) as:

〈δ̃(k) δ̃∗(k′)〉 = (2π)3 P(k) δD(k−k′) . (1.25)

Here, δD represents the Dirac delta function. Hence, specifying P(k) determines all the properties of
the Gaussian random field since this is fully characterized by its second order moment (Bardeen et al.
1986). In linear theory, the shape of the power spectrum is independent of time. The initial power
spectrum depends on the way the initial fluctuations were generated. The simplest inflationary models
predict the so-called scale-invariant power spectrum

P(k) ∝ k , (1.26)

i.e., the metric fluctuations in the early universe had the same amplitude on all scales. This is also
called the Harrison-Zel’dovich spectrum. This model was predicted well before inflation has been
suggested (Peebles & Yu 1970; Harrison 1970; Zel’dovich 1972). However, other models with tilted
power spectra (n, 1) are also consistent with Inflation. In this thesis we will only refer to the Harrison-
Zel’dovich one.

The adopted power spectrum is generic for universes in which the dark matter is non-relativistic,
i.e., cold. The initial power spectrum evolves as the universe expands and perturbations grow, hence
the processed linear power spectrum at late times will depend on the geometry of the universe and the
nature of the matter.

1.3.4 The mildly non-linear regime

The linear relations just described are only valid when δ� 1. This can lead to non-negligible errors if
they are used to describe the matter perturbations beyond this regime. At the mildly non-linear regime
(δ ≈ 1), before virialization takes place and erases all linear characteristics of the system, there are
still some very useful approximations that can help us to understand the general case that cannot be
solved exactly. Zel’dovich (1970) was among the first to explore analytically the non-linear regime.
He proposed an extrapolation of linear gravitational instability theory into the non-linear regime. This
approach is generally called the Zel’dovich approximation.
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1.3.5 The Zel’dovich approximation

This method is a purely kinematic approach of the formation of structure. The starting point of the
Zel’dovich approximation is the result from the linear theory for the growth of small perturbations.
The essence of this approximation scheme is a prescription for the displacement of a particle from its
initial (Lagrangian) comoving position q to an Eulerian comoving position x,

x(t) = q−D(t)∇ψ(q) . (1.27)

In this mapping, the time dependent function D(t) is the growth rate of linear density perturbations
(Eqn. 1.18). The time-independent spatial function ψ(q) is related to the linearly extrapolated gravi-
tational potential φ. The Zel’dovich approximation also implies that a particle’s peculiar velocity v is
proportional to its displacement,

x(t)−q = Ḋ(t)∇qψ(q) = a H f v , (1.28)

where f is the dimensionless growth factor. The corresponding evolution of the density field can be
obtained from considerations of mass conservation, which requires that the Eulerian and Lagrangian
density be equal, ρ(x, t)dx = ρ(q)dq. Hence

1+δ =
ρ(x, t)
ρb
=

∥∥∥∥∥
∂x
∂q

∥∥∥∥∥
−1

=
1

(1+Dλ1)(1+Dλ2)(1+Dλ3)
, (1.29)

where the vertical bars denote the Jacobian determinant. λ1,λ2,λ3 are the eigenvalues of the defor-
mation tensor (∂ψi/∂q j) along the three eigenvectors. These are called the contraction or expansion
coefficients. In the linear regime (small perturbations, D� 1), the amplitude of the density contrast
will be determined by the sum of the eigenvalues of the deformation tensor, (δ = −D(λ1 + λ2 + λ3)).
At later times, the amplitude will be given only by the most negative eigenvalue. Then, the density
contrast grows along the direction of this eigenvalue faster than in any other direction, δ ∼ (1−αD)−1,
and it reaches infinity when D = α. Thus, the Zel’dovich approximation predicts the collapse of matter
into planes (sheets) called pancakes. The further evolution of the density field will be dictated by the
second largest eigenvalue and its respective collapse along its eigenvector to form filaments. The third
collapse along the third eigenvalue will result in the formation of clusters. The Zel’dovich approxima-
tion is completely valid until the moment when shell-crossing occurs, well beyond the linear regime
(δ > 1). This approximation is widely used to describe large scale motions and for setting up initial
conditions for numerical modeling since it is only necessary to generate one scalar function ψ(q) to
calculate all the other needed initial fields. In this thesis, we will use this technique for both purposes.

1.3.6 The non-linear regime: Cosmological simulations

The equations of motions are non-linear. We have presented solutions so far in the limit of linear and
quasi-linear perturbations. The proper evolution of the density and velocity fields can be performed
by means of numerical models. There are two main ways of addressing the density field, as a fluid
(continuous field) or as a discrete field composed by particles. In principle, one could attempt to solve
the “fluid” equations of motion for a continuous matter field (e.g. Peebles 1987). The second approach
samples the density distribution in terms of a large number of particles, matter elements. Basically, a
Lagrangian approach where the evolution is simulated by following the trajectories of these particles
under their mutual gravity. This type of approach is called N−body simulations. In this thesis we will
make an extensive use of N−body simulations in order to address specific problems of the structure
formation scenario.

The purpose of cosmological simulations is to model the growth of structure in the universe. Nu-
merical N−body techniques offer an effective tool for investigating the non-linear gravitational evolu-
tion. Since the region of the universe modeled is much smaller than the horizon volume, Newtonian
equations of motions are adequate to describe the particle dynamics and evolution of structure. These
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Figure 1.3 — Representation of a portion of the
Universe created by a computer simulated model.

numerical methods can -in principle- simulate the evolution of dark and baryonic matter under a spe-
cific cosmological model. In the present thesis we will only focus in the evolution of dark matter. With
the current powerful computers it is common nowadays to follow the evolution of ∼ 106−7 particles in
large enough volumes which are a fair representation of the universe at large scales (see Figure 1.3).
The actual dynamic range in numerical simulations allows detailed studies of the structure formation
process and of the ultimate goal in cosmology, galaxy formation.

The N−body simulations considered in this thesis start shortly after the Hot Big Bang, usually at
z = 49 (a = 0.02), with a mass distribution that is close to be homogeneous. The initial Lagrangian par-
ticle positions are perturbed according to the fluctuation spectrum predicted by inflationary cosmology.
Three main models are being considered along this thesis: the old standard, flat, scale-invariant cold
dark matter model (SCDM); a flat tilted model (τCDM) and the flat low-density model with cosmolog-
ical constant (ΛCDM). As a major characteristic of the initial density and velocity fields used as input
for the N−body simulations will be the use of Constrained Random Field theory (Bertschinger 1987;
Hoffman & Ribak 1991; van de Weygaert & Bertschinger 1996). This allows to generate constrained
initial Gaussian random density and velocity fields. With this technique is possible to specify the pres-
ence and characteristics of one or more initial “seeds” that generated the large scale structures of the
universe. Such constrained fields, completely consistent with the imposed cosmological scenario, al-
low to study systematically and under controlled circumstances the dynamical evolution of structures
in the universe.

In universes dominated by cold dark matter, primordial fluctuations survive on small scales. Thus,
the first objects to form are the smaller ones. The larger ones form through the merging of smaller
ones that had already formed. This process of hierarchical structure formation seems indeed what
we observe: galaxies are much older than the more massive and more recently collapsed clusters
of galaxies. On an even larger scale, Superclusters have not even reached a collapse stage, at best
they started to contract. The way in which these hierarchically embedded structures have arranged
themselves in the Universe contains a wealth of information on the structure formation process. They
appear to be grouped in planar or filamentary partially contracted superclusters, interconnected into
a vast web-like configuration, interspersed by huge and empty void regions, stretching out along the
observable Universe (see Figures 1.1 and 1.3).
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1.3.7 Cosmic flows

Cosmic flows or Large-scale motions is a term used to describe the motions of galaxies, relative to the
overall expansion of the universe, that are coherent over size scales much larger than the typical sizes
of galaxy groups (∼ 2 h−1Mpc) in the form of bulk flows or streaming flows and shearing motions.
Under the gravitational instability scenario of structure formation, such motions are driven by gravity
and are the result of non-random motions imprinted at early epochs of the universe. The amplitude of
such coherent large-scale motions are therefore among the most sensitive probes of both the large-scale
structure of the universe and of the initial conditions of galaxy formation (Peebles 1980).

In order to measure peculiar velocities of galaxies, astronomers need to know the physical distance
of such galaxies. Hubble’s law tell us that the distances of galaxies are proportional to their observed
recession velocities (v = H0r). However, this is not exactly correct. galaxies have peculiar velocities
above and beyond the Hubble flow: v = H0r+ u. Generally, distance indicators relate two quantities:
one of them is distance dependent (e.g. galaxy luminosity), and the other is distance independent (e.g.
galaxy rotational velocity). Two well known relations have been widely used for these purposes, the
Tully & Fisher (1977) and Faber & Jackson (1976) relations applied to spiral and elliptical galaxies,
respectively. Other type of distance indicators have also been used to measure cosmological distances,
such as SN, Cepheids, surface brightness fluctuations, brightest cluster galaxies, PNe, etc.

While the confirmation of the gravitational instability scenario and determination of Ωm are prob-
ably the most important goals of peculiar velocity surveys, they are also very helpful in characteriz-
ing the mass distribution in large scales. The discrete and nonuniform characteristics of wide-angle
redshift surveys severely limitate them in order to measure density fluctuations at distances beyond
≈ 200 h−1Mpc. On the other hand, large amplitude coherent peculiar velocities (& 500 km s−1) on
large scales can be detected with relatively modest samples (e.g. Lauer & Postman 1994; Dekel 1994).
The reason for this is that the peculiar velocity field on a given scale is more sensitive to components
of the power spectrum on larger scales than is the density field, and thus is a useful probe of the large
scale power.

The first evidence of large-scale streaming was reported by Rubin et al. (1976a,b) who found a
bulk flow relative to the local group of 600 km s−1 in the direction of (l,b) = (160,−10)◦. Astronomers
were skeptic about this result since it was nearly orthogonal to the Local Group velocity vector (e.g.
Fall & Jones 1977). It was until Lilje et al. (1986) and Dressler et al. (1987) reported a bulk flow
of 600± 100 km s−1 relative to the CMB frame, in the direction of (l,b) = (312,6)◦ ± (12,10)◦ that
astronomers payed attention to large-scale cosmic flows. Lynden-Bell et al. (1988) analyzing the same
data from the previous studies found the apex of the apparent bulk flow. They interpreted this as due to
infall into an attracting point, which they modeled as a spherical density perturbation called the Great
Attractor [GA]. Also the local group has been found to display an infall motion of ∼ 230 km s−1 to the
center of the Local Supercluster (e.g. Schechter 1980; de Vaucouleurs & Peters 1981; Aaronson et al.
1982b), in particular towards the Virgo cluster. This motion is called the Virgocentric infall. Further
observational evidence has confirmed these two large-scale motions (e.g. Kraan-Korteweg et al. 1984).
There are indications that the GA is not the primary source of inducing large scale motions in our
cosmic neighborhood (e.g. Mathewson & Ford 1994), but there are other bigger structures located
beyond this region which could induce bulk flows at very large-scales. The Shapley supercluster, a
massive cluster-rich region located at ∼ 140 h−1Mpc, has been pointed out as one of the possible main
sources of the very large-scale motions (Raychaudhury 1989; Plionis & Valdarnini 1991). However,
large uncertainties are present in the distance measurements due to inhomogeneous Malmquist bias
and other effects.

While the Local Group of galaxies participate in a coherent flow of 600 km s−1 toward the Great
Attractor region, the galaxy velocity dispersion around our local vicinity (in a volume of 5 h−1Mpc)
is of ∼ 60 km s−1. Such “coldness” of the flow provides a challenging contrast to the expectations
from the current cosmological model and its explanation remains somewhat uncertain. Ostriker &
Suto (1990) characterized such coldness by defining the Cosmic Mach Number as the ratio of the flow
velocity to the small-scale velocity dispersion of galaxies. The estimate of such quantity, in particular
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of the small-scale galaxy velocity dispersion, is an indication of the true gravitational potential of the
matter responsible for such motions and of the shape of the power spectrum of density fluctuations
(Ostriker & Suto 1990). However, the computation of such quantity is severely affected by two-body
relaxation processes, together with the fact that its measurement is biased toward well sampled regions.
These effects have raised problems in the interpretation of the cosmic Mach number, mainly because
of the bias sampling. In this thesis, we will study the coldness of the flow by estimating it in a fair way,
independent of the matter distribution.

Because peculiar velocities enable a reconstruction of the large scale matter distribution indepen-
dent of galaxy surveys, one can compare the measured velocity field and the inferred velocities from the
matter distribution (velocity-velocity comparison), or the measured density field to the inferred density
from the peculiar velocity field (density-density comparison). In these comparisons, one makes the as-
sumption of a biasing model which specifies how galaxies trace the underlying total matter distribution.
The simplest model assumes a linear relation of the form:

δg = b δm , (1.30)

where δg is the observed galaxy density contrast and b is the linear bias parameter. However, reality
is more complicated than this and other (non-linear) models have been suggested. In this thesis we
will assume that such model is valid. In practice, one does not directly measure b, but rather the
combination

β =
f (Ωm,ΩΛ)

b
. (1.31)

Here f is the dimensionless growth factor defined in Eqn. 1.22. In the present thesis, we make the
assumption that the galaxy distribution follows the same behavior as the dark matter, i.e. b = 1 and
β ≈ 0.5 for a Λ dominated universe.

1.4 The Least Action Principle

A complete study of the large scale structure implies the knowledge of both density and velocity fields
at any epoch. However, one usually knows one of these fields and needs to infer the “missing” field by
any available method. The dynamical evolution of the universe represents a mixed boundary condition
problem, some of them are specified at the present epoch and some at early times. The problem of
mixed boundary conditions can be solved analytically in the linear regime, where a unique solution
exists for both density and velocity fields (Peebles 1976). However, the actual density contrast is
larger than unity, even when smoothed on scales of 10 h−1Mpc. The associated velocities therefore
need to be computed non-linearly. Unfortunately, the non-linear calculation of the growth of density
fluctuations of arbitrary geometries is not simple, and N−body methods are not very helpful since their
use is restricted to initial value problems. A further complication of the non-linear problem of mixed
boundary conditions is the multivalued nature of the solutions. Orbit crossing makes identification
of the correct orbits difficult, and impossible after virialization has erased the memory of the initial
conditions. Often, one is restricted to laminar flow in the quasi-linear regime where orbit crossing has
not erased yet the correspondence between the final and initial positions.

The Zel’dovich approximation is a good first order approximation to deal with laminar flows, but
it fails at nonlinear regions. Peebles (1989, 1990, 1994) noticed that mixed boundary conditions led
to a natural application of Hamilton’s principle, the Least Action Principle [LAP], in which one seeks
stationary variations of an action, subject to fixed boundary conditions at both the initial and final time.

The principle can be stated as: the motion of a system from time t1 to a later time t2 is such that the
integral:

S =
∫ t2

t1

Ldt =
∫ t2

t1

dt
∑

i

[1
2

mi a2 v2−miφ(xi)
]
, (1.32)

where L is the Lagrangian of the system, has a stationary value for the correct path of the motion. mi

represents the mass of the ith particle, and S is referred as the action of the system. This principle
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Figure 1.4 — The Least Action Principle. From all possible trajectories for a particle to go from its position at
t0 to its position at tnow, LAP predicts that the correct path is along the action S is a minima (Left-hand panel).
Reconstruction of galaxy orbits by means of the LAP (Right-hand panel). The dots represents the actual galaxy
positions, while the stream lines their trajectories back in time.

implies that from all possible paths by which the system could travel from its position at time t1 to its
position at time t2, it will travel along the path for which the value of the integral is stationary (see
left-hand panel of Figure 1.4 for a schematic representation). In other words:

δS = δ
∫ t2

t1

Ldt = 0 . (1.33)

Solving this equation will lead then to find the peculiar velocity field given the actual mass distri-
bution in the system. The LAP describes the motion of a system for which all the forces are derivable
from scalar potentials, that may be function of the coordinates, velocities and time. The LAP tech-
nique can be numerically implemented as a non-linear Lagrangian method to reconstruct orbits of
objects from their present positions and therefore, to obtain a model of its velocity field (see right-
hand panel of Figure 1.4) or, when the distribution of objects is properly smoothed, to recover the
primordial density field from the observed one.

In the present thesis we will make use of a cosmological implementation of the LAP technique
in order to estimate (model) the peculiar velocity field from the corresponding actual positions of
objects in an expanding universe. Under such scenario the mixed boundary conditions are specified by
knowledge of the present-day location of galaxies and the value of their velocities at an initial time.

1.5 Continuous velocity fields: the DTFE velocity algorithm

Comparison of observed or simulated velocity fields with predictions from theoretical models is pos-
sible only if one makes the assumption that the observed fields faithfully trace the underlying velocity
field. In reality this is not the case. One only knows the peculiar velocities at the positions of observed
galaxies or simulation particles. Theoretical predictions are based on the assumption that the velocity
field is continuous and well defined within the considered volume. The resulting comparison with
theoretical predictions is therefore not always clearly defined. The compared fields may not really be
the same thing.

Fixed “Eulerian” grid-based methods have been commonly used to carry on such comparison.
These methods make use of rigid kernel sizes which in essence “average” the velocities of the particles
contained within the kernel (see Hockney & Eastwood 1988). The recovered information can be
extrapolated to regions within the size of the kernel at regions devoid of data at the cost of erasing
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?

Figure 1.5 — How to get a continuous volume-covering velocity field from a discrete set of peculiar velocities?
The use of the Delaunay Tessellation Field Estimator for peculiar velocities is a very promising technique to
reconstruct such fields.

any signal smaller than the kernel size. There is therefore, a compromise between the large scale and
the small scale signals and the kernel size of the employed interpolation method. In many cases the
interpolation procedure alone is not enough, mainly where the sampling is very poor. Hence, one is
forced to apply smoothing algorithms in order to obtain more coherent velocity fields and to minimize
shot-noise effects, at the cost of erasing the signal of structures smaller than the smoothing kernel.

Adaptive methods have also been implemented. In this “Lagrangian” approach, the locations of
the interpolation are confined to or defined by the point distribution itself. Of this type, of which
the “SPH-type” schemes are the best known in astronomy. The latter refers to the abundantly used
Smooth Particle Hydrodynamics technique (Lucy 1977; Gingold & Monaghan 1977) to follow the
hydrodynamical evolution of astrophysical systems. This approach is not restricted to a specific geom-
etry because it does not make use of a mesh, hence with an unlimited (ideally) spatial resolution. In
practice, this is not possible and one has to make use of a “softening length”. Although, this is usually
smaller than the cell size of an Eulerian scheme. Therefore the spatial resolution of the Lagrangian
technique can be significantly higher. However, the main difficulty of this technique is that it relies on
stochastic arguments which means that it yields only approximate solutions at a given spatial position.

Ideally, one would like to preserve the large and small scale regimes in order to allow consistent
studies of the peculiar velocity field. For example, the analysis of the small scale peculiar velocity
dispersion contains information on the total matter content and dynamical state within a given region.
When directly determined from the particle distribution itself it will lead to misleading conclusions
since the study will be biased toward well sampled regions. A far better approach, assigning equivalent
significance to the poorly sampled low density regions is to determine a continuous velocity field.

In this thesis, we work out an advanced tessellation interpolation scheme which adapts itself au-
tomatically to the geometry of the particle distribution, resolving both small and large scale velocity
fields. The method is based on the Delaunay Tessellation Field Estimator [DTFE] (see Schaap 2005)
technique. This approach for peculiar velocities has been demonstrated to have very reliable velocity
field statistics (Bernardeau & van de Weygaert 1996). The DTFE is based upon a triangular network,
known as Delaunay tessellation, which connects neighbouring points in a fully adaptive and objec-
tively defined fashion (see Okabe et al. 2000). Moreover, the intrinsic characteristics of the method
will allow us to perform studies of velocity-related quantities such as the expansion or contraction of
the velocity field, its rotation, stretching and compression, and the evolution of the structure formation
process in the universe.




