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2. Theoretical background

This chapter consists of three sections. In the first section the kinematics
of proton-proton bremsstrahlung is outlined. The second section is devoted
to a brief description of existing ppγ models, namely, microscopic models
and soft-photon models (SPM). Finally, in the third section, the relevant
observables of the experiment of this thesis are introduced.

2.1 Kinematics

In this section the kinematics of the ppγ reaction, which is along the lines
of Ref. [6], will be discussed. The approach given here to solve for the
kinematics is exactly the same as the one taken to reconstruct events in
the data-analysis procedure. Some conventions, including the definition of
non-coplanarity, a unique way for labeling protons, and the definition of the
reaction plane will be explained.

2.1.1 Determining the kinematics

The ppγ system is a three-body one, with 9 associated variables. Due to en-
ergy and momentum conservation laws, the 9 variables are not independent.
Since in this experiment the coordinates of the protons and the photon are
measured with better resolution than the other kinematic variables, they
were chosen to specify the kinematics. In fact, by narrowing down the kine-
matics using the 4 constraints due to momentum and energy conservation
and the coordinates of the protons and the polar angle of the photon, two
physical solutions are obtained. In the end, the azimuthal angle of the pho-
ton is necessary to select a unique solution from the two.

The coordinate system, in the laboratory frame, is chosen such that the
ẑ- and ŷ-axis are along the direction of the momentum and the polarization
of the incoming beam, respectively. In such a system of coordinates the
momentum and energy of the target proton are (|~pt| = 0, Et = m), while

those of the incident proton may be written as (~pb, Eb =
√

p2
b +m2), with

m being the proton mass. Throughout this thesis, it is assumed that h̄ =
c = 1. In the exit channel, the protons (A and B) and the photon have

energy and momentum (~pA, EA =
√

p2
A +m2), (~pB , EB =

√

p2
B +m2), and

7



8 Chapter 2: Theoretical background

(~k,Ek = k), and they are observed at polar and azimuthal angles (θA, φA),
(θB , φB), and (θγ , φγ), respectively. Using the notation introduced above,
energy conservation takes the form

√

p2
A +m2 +

√

p2
B +m2 + k =

√

p2
b +m2 +m, (2.1)

and the momentum conservation equations along the x̂-, ŷ-, and ẑ-axis read

pA sin θA cosφA + pB sin θB cosφB + k sin θγ cosφγ = 0 (2.2)

pA sin θA sinφA + pB sin θB sinφB + k sin θγ sinφγ = 0 (2.3)

pA cos θA + pB cos θB + k cos θγ = pb. (2.4)

Solving Eq. 2.1 for the photon momentum, k, one obtains:

k =
√

p2
b +m2 +m−

√

p2
A +m2 −

√

p2
B +m2. (2.5)

Substituting the expression above for k in Eq. 2.4, it can be solved for pB:

pB =
q cos θB ±

√

q2 cos2 θγ −m2 cos2 θγ(cos2 θγ − cos2 θB)

cos2 θγ − cos2 θB
, (2.6)

where q is defined as:

q = pA cos θA +
(
√

p2
b +m2 +m−

√

p2
A +m2

)

cos θγ − pb. (2.7)

For the sake of simplicity, Eq. 2.6 can be rewritten as

pB = F (pA). (2.8)

Eliminating φγ from Eq. 2.2 and Eq. 2.3, one will get:

k =
√

(pA sin θA − pB sin θB)2 + 4pApB sin θA sin θB sin2 φnonco/ sin θγ , (2.9)

where φnonco is a measure of the non-coplanarity of the final protons and is
defined as:

φnonco =
π

2
+
φA − φB

2
. (2.10)

For the case of coplanar events where φnonco = 0, Eq. 2.9 takes a simpler
form:

k = |pA sin θA − pB sin θB|/ sin θγ . (2.11)
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One can substitute k from Eq. 2.5 in Eq. 2.9 and obtain a function of merely
pA and pB, say G(pA, pB) = 0. Now, all one needs to do is to obtain the
interception points of F , introduced in Eq. 2.8, and G. This has to be
done by means of numerical methods. For the phase space covered with
the detection system used in this measurement, there are usually 4 points
satisfying both F and G, two of which are non-physical in the sense that
they are associated with negative momenta. This way, there are at most
two physical solutions to the kinematics, which can only be distinguished by
bringing a sixth variable into the calculation. In the reconstruction process,
φγ was used to select the right solution.

2.1.2 Non-coplanarity angle

To grasp the geometrical interpretation of the non-coplanarity, one may
rotate the coordinate system about the incident beam direction, ẑ-axis, so
that the final protons are emitted with azimuthal angles φ1 = φnonco, φ2 =
π − φnonco. φnonco is known as the non-coplanarity angle, and the plane
spanned by the incoming beam vector and the x̂′-axis is called coplanarity
plane. The projection of the final particle momenta in the x − y plane is
shown in Fig 2.1. In the figure, φevent, is the angle between y′ and y. Due to
cylindrical symmetry about the ẑ-axis for unpolarized beams, all observables
have to be independent of φevent. That is the reason why φevent and φnonco

are more preferred than φ1 and φ2.

2.1.3 Scattering plane

Setting a unique definition for the scattering plane is necessary to calculate
analyzing powers. In the reaction of interest, there are three independent
vectors in the final state. Using these vectors along with the incoming beam
vector, one can construct three independent vectors, for instance, ~pA × ~pb,
~pB × ~pb, and ~k × ~pb, each corresponding to a plane. A priori none of these
planes is preferred, and the choice of a proper plane is more a matter of
convention. For the coplanar case, the three planes coincide.

In the analysis of the data of this thesis, ~k × ~pb was used to define
the scattering plane. More specifically, n̂, the unit vector determining the
scattering plane was defined as

n̂ =
~k × ~pb

|~k × ~pb|
(2.12)

and the angle between n̂ and ŷ, polarization axis, is denoted by φn.
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Figure 2.1: Geometrical interpretation of the non-coplanarity angle φnonco and

φevent, the ẑ-axis is chosen such that the coordinate system is right-handed.

2.1.4 Labeling protons

As shown in Sec. 2.1.1, using 5 variables to specify the kinematics results in
two physical solutions, at most. There is a unique way of labeling the two
protons, i.e. by labeling the solutions. The labels A and B are arbitrarily
assigned to the protons, and may be swapped without affecting the end
result. The solution with the lowest value of pA is called solution I and the
other solution II; or equivalently, pI

A < pII
A . By adopting the convention
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Figure 2.2: Geometrical interpretation of proton labels for coplanar kinematics.

that A = 1 and B = 2 for the case of solution I and the other way around,
B = 1 A = 2, for solution II the protons are uniquely labeled. For the case
of coplanar kinematics, there is a simple geometrical interpretation for p1

and p2. As depicted in Fig. 2.2 , for solution I (II) the photon is emitted to
the same side of the beam as ~pA (~pB). In other words, the photon lies on
the same side of the beam as p1, regardless of the type of solution. However,
the labels do not carry a trivial interpretation for non-coplanar cases, but
the definitions of proton one and proton two are still unique.

2.2 Theoretical description of ppγ

There are generally two sorts of models for ppγ available: 1) microscopic
calculations which are mostly based on conventional meson-exchange models
for the NN -interaction; 2) soft-photon models in which the first two terms
of the scattering amplitude are constrained, via gauge invariance, by the
elastic-scattering cross sections. Therefore, these models are gauge invariant
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by construction; Imposing gauge invariance in the microscopic models is
rather difficult. In the following the ingredients entering the calculation of
microscopic models will be briefly explained. The soft-photon models will
be introduced in the second subsection.

2.2.1 Microscopic models

The common approach to the bremsstrahlung problem is to use the familiar
distorted-wave Born approximation (DWBA) to first order in the electro-
magnetic interaction and to all orders in the strong interaction [5, 6, 32].
The Hamiltonian of two protons may be taken as the starting point for
treating the bremsstrahlung problem with this DWBA methods:

H = H0 + V S (2.13)

with H0 being the Hamiltonian for free particles and V S the strong inter-
action potential. The Coulomb potential is not taken into account, as it is
overshadowed by the strong interaction potential except for some particular
kinematics [6]. For the incident beam energy of the experiment reported in
this thesis, 190 MeV, the Coulomb potential becomes significant for kine-
matics with opening angles less than 5◦ [33, 34], while our detection system
covers down to 10◦. The exact incoming and outgoing wave functions, |ψ(−)〉
and |ψ(+)〉, obey the Schrödinger equation

|ψ(±)〉 = |φ〉 +
1

E −H0 ± iε
V S |ψ(±)〉

= |φ〉 +G(±)V S |ψ(±)〉. (2.14)

Here, φ is the plane-wave solution of the free particles, and G is the Green’s

function, or energy denominator. Adding a perturbative term, like V em, as
the photon emission potential to Eq. 2.13, one obtains

H = H0 + V S + V em. (2.15)

Now the photon production amplitude T is given by

Tfi = 〈ψ(−)
f |V em|ψ(+)

i 〉. (2.16)

The transition potential, V em, can be generally split into convection, mag-
netization and exchange terms [35]. Since the exchange term does not con-
tribute to the ppγ reaction in leading order, the photon emission potential
takes the following form:

V em = V conv + V magn, (2.17)
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where V conv and V magn denote the contribution from the convection and
magnetization currents, respectively. In momentum space, V conv and V magn

take the forms (in the NN center-of-mass frame)

V conv(~p, ~p′) = −
√

2π/k
e

m

~ε · (~p+ ~p′)

2
[δ(~p− ~p′ − ~k/2) −

δ(~p− ~p′ + ~k/2)], (2.18)

V magn(~p, ~p′) = i
√

2π/k
eµ

m
[~σ1 · (~k × ~ε)δ(~p− ~p′ − ~k/2) +

~σ2 · (~k × ~ε)δ(~p − ~p′ + ~k/2)], (2.19)

where ~p and ~p′ denote the momenta of the interacting protons before and
after the action of the photon-emission potential, and m, e and µ are the
mass, the electric charge and the magnetic moments of the proton, respec-
tively. ~k is the momentum of the emitted photon and ~ε its polarization
vector. ~σ1 and ~σ2 are the Pauli matrices. Substituting |ψ(±)〉 from Eq. 2.14
in Eq. 2.16, one obtains

Tfi = [〈φf | + 〈ψ(−)
f |V SG(+)]V em[|φi〉 +G(+)V S|ψ(+)

i 〉]

= V em
fi +

∑

n

V em
fn G

(+)
n tni +

∑

n

t′fnG
(+)
n V

(em)
ni +

∑

m,n

t′fnGnV
em
nmGmtmi, (2.20)

where tni = 〈φn|V S |ψ(+)
i 〉 and t′fn = 〈ψ(−)

f |V S|φn〉 are the two-nucleon off-
shell amplitudes in the initial and final states, respectively. The first term,
V em

fi , represents the photon emission by non-interacting nucleons and, as
such, is not allowed by the kinematics. The transition matrix is thus reduced
to

Tfi =
∑

n

V em
fn G

(+)
n tni +

∑

n

t′fnG
(+)
n V em

ni +
∑

m,n

t′fnGnV
em
nmGmtmi. (2.21)

The terms of the above equation have been expressed diagrammatically in
Fig. 2.3. In this figure, ellipses represent the off-energy-shell two-nucleon
amplitudes, t and t′, while the explicit internal-proton lines represent the
energy denominator G. The first two terms in Eq. 2.21 for T , corresponding
to diagrams a) and b) in Fig. 2.3, are responsible for the single scattering,
or external emission. The last term, as depicted in diagram c) of Fig. 2.3,
is referred to as that due to internal emission, or double scattering or re-

scattering.
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Figure 2.3: The single-scattering a) and b), and double-scattering c) diagrams.

See the text for more details.

In addition to the diagrams shown in Fig. 2.3, there are so-called higher-
order diagrams which enter proton-proton bremsstrahlung calculations and
are due to two-body currents. In Fig. 2.4, the higher-order contributions,
namely meson-exchange currents (MEC), ∆-isobar [13, 14, 15, 16, 17] and
negative-energy states [17], have been depicted. In addition to the Born
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π,η

ρ,ω

π,η π,η

Figure 2.4: Higher-order contributions to the bremsstrahlung amplitude. Shown

are those due to meson-exchange currents (a), ∆-isobar (b) and negative-energy

states (c).

terms depicted in Fig. 2.4, there are single-scattering and double-scattering
contributions which may be taken into account. Generally, up to the single-
scattering terms are included in the calculation and the other terms are
neglected.

Magnetic meson-exchange, Fig. 2.4 (a), consists of an intermediate vector-
meson, like ρ and ω with quantum numbers Jπ = 1−, being transformed into
a pseudo-scalar meson, like π and η with quantum numbers J π = 0− through
the emission of a photon. This change of quantum numbers classifies the
transition as M1.

Part b) of Fig. 2.4 depicts the contribution of the ∆ isobar. The ∆(1232)
isobar is an excited state of the three-quark system constituting the nucleon
with quantum numbers Jπ = 3

2

+
. As shown, there are two possible scenarios

for the ∆ contribution. Therefore, the photon which couples to the ∆ can
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Figure 2.5: Microscopic calculations for ppγ cross sections and analyzing pow-

ers for two coplanar kinematics. Solid (dotted) line represents calculations with

(without) higher-order terms.

be emitted either before or after the nucleons interact. Depending on the
kinematics, at 190 MeV incident proton beam, the ∆ contribution can give
rise to an enhancement of the cross section of up to 20%. The ∆ contribution
becomes more and more important at higher energies [17].

The last diagram in Fig. 2.4 c) represents the negative-energy state,
which is the result of the Lorentz covariance of the model. In this diagram a
photon and a proton anti-proton pair are created from the vacuum. Then,
the anti-proton is annihilated with the other proton. For the kinematics of
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this experiment, the negative-energy state hardly contributes to the ampli-
tude. As a matter of fact the contribution of this diagram is not significant
below the pion-production threshold. In Fig. 2.5 the predictions of micro-
scopic calculation by Martinus et al. [17, 30] for two coplanar kinematic
conditions are shown. The dotted curves are calculations including only nu-
cleonic terms, while the solid curves represent calculations with nucleonic
and higher-order terms.

2.2.2 Soft-photon theorem and soft-photon models

The soft-photon theorem1, first put forward by Low [7], states that the first
two terms in a series expansion of the bremsstrahlung amplitude in photon
momentum can be calculated exactly in terms of the corresponding elastic
amplitude and the electromagnetic constants of the participating particles.
More specifically, the theorem states that if an expansion of the bremsstra-
hlung amplitude is made in powers of the photon momentum, k,

Mµ =
Aµ

k
+Bµ +O(k). (2.22)

The first two coefficients, Aµ and Bµ, are uniquely determined by elastic
information, charge and magnetic moments. Deriving the cross section from
Eq. 2.22, one obtains

dσ ∼ k|M |2 =
A2

k
+ 2Re[A · B∗] +O(k). (2.23)

From the above equation, it is obvious that the cross section at kinemat-
ics where the photon energy is low is dominated by the model-independent
terms, A and B. This means that all bremsstrahlung models have to con-
verge to each other, in the soft-photon limit. Nyman was the first to extend
Low’s theorem, which was applied only for boson-boson and boson-fermion
scatterings, to spin 1

2 -spin1
2 cases [8].

To derive the theorem based upon Low’s original prescription, one may
use the following steps: (a) Obtain the external amplitude M ext

µ from the
four external emission diagrams, Fig. 2.6 a), b), c), and d):

Mµ = M ext
µ = TaSΓµ + ΓµSTb + TcSΓµ + ΓµSTd, (2.24)

where Γµ, S, and T are the photon vertex, the propagator, and the half-off-
shell T -matrix, respectively. To expand M ext

µ in powers of K, one chooses

1 In reference [11], this theorem is called low-energy theorem.
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a common on-shell point and expands Ta, Tb, Tc, and Td about this com-
mon on-shell point. (b) Impose the gauge-invariant condition, M int

µ Kµ =
−M ext

µ Kµ, to obtain the leading term (of order K0) of the internal am-
plitude, M int

µ . (c) Combine M ext
µ and M int

µ to obtain the amplitude Mµ =
M ext

µ +M int
µ which appears in Eq. 2.22. The first two terms in the expansion

of Mµ define a soft-photon amplitude, which is gauge invariant and defined
only in terms of on-shell quantities.

This sort of modeling of bremsstrahlung reactions, which is based on the
soft-photon approximation, leads to soft-photon models (SPMs). Since the
choice of the on-shell point at which the expansion of the T -matrix is per-
formed is somewhat arbitrary, there are different SPMs. Here, three SPMs,
tu, st, and Low along with their choice of the on-shell kinematical point will
be introduced. The on-shell T -matrix associated with the elastic reaction
shown in Fig. 2.6 f) can be written in terms of two independent variables,
T = T (s, t) or T = T (t, u), where, s, t, and u, called the Mandelstam
variables [9], are defined as

s = (qi + pi)
2 = (q̄f + p̄f )2, (2.25)

t = (p̄f − pi)
2 = (q̄f − qi)

2, (2.26)

u = (q̄f − pi)
2 = (p̄f − qi)

2, (2.27)

pi, qi, p̄f , and q̄f are the 4-vector momenta of the incoming and the outgoing
protons, as shown in Fig. 2.6 f). For the case of elastic scattering, these
variables are not independent as they satisfy the following on-shell condition:

s+ t+ u = 4m2, (2.28)

where m is the mass of proton. A half-off-shell T -matrix can be defined
using two Mandelstam variables associated with on-shell legs and the off-
shell mass of the off-shell leg. For instance, the T -matrix of the diagram
depicted in Fig. 2.6 a) can be written as

Ta = T (si, tp,∆a) (2.29)

or

Ta = T (u1, tp,∆a) (2.30)

where

si = (qi + pi)
2 (2.31)
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Figure 2.6: Feynman diagrams, a), b), c), and d) for external bremsstrahlung, e)

for internal diagrams, and f) for elastic scattering.

tp = (pf − pi)
2 (2.32)

u1 = (pf − qi)
2 (2.33)

∆a = (qf +K)2 (2.34)
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In the above equation, K is the momentum of the emitted photon. It is easy
to show that

si + tp + u1 = ∆a + 3m2. (2.35)

In the same way, the T -matrix of the diagram shown in Fig. 2.6 b) is

Tb = T (sf , tp,∆b) (2.36)

or

Tb = T (u2, tp,∆b), (2.37)

where

sf = (qf + pf )2, (2.38)

u2 = (qf − pi)
2, (2.39)

∆b = (qi −K)2, (2.40)

and

sf + tp + u2 = ∆b + 3m2, (2.41)

with tp defined in Eq. 2.32. Similarly, one can define two additional half-off-
shell t-matrices, Tc and Td, corresponding to photon emission from the pf

leg and the pi leg, shown in Figs. 2.6 c) and d), respectively:

Tc = T (si, tq,∆c) (2.42)

or

Tc = T (u2, tq,∆c), (2.43)

where

tq = (qf − qi)
2 (2.44)

∆c = (pf +K)2 (2.45)
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and

si + tq + u2 = ∆c + 3m2, (2.46)

with si and u2 defined in Eqs. 2.31 and 2.39, respectively. Similarly:

Td = T (sf , tq,∆d) (2.47)

or

Td = T (u1, tq,∆d), (2.48)

where

∆d = (pi −K)2 (2.49)

and

sf + tq + u1 = ∆d + 3m2. (2.50)

with u1, sf , and tq defined in Eqs. 2.33, 2.38, and 2.44 respectively. Eqs.
2.35, 2.41, 2.46, and 2.50 are the four off-shell kinematic conditions defining
the ppγ process. From these four off-shell conditions, one can define four
on-shell conditions:

s1p + u1 + tp = 4m2, (2.51)

s2p + u2 + tp = 4m2, (2.52)

s2q + u2 + tq = 4m2, (2.53)

s1q + u1 + tq = 4m2, (2.54)

if the following four new Mandelstam variables are introduced,

s1p = si − ∆a +m, (2.55)

s2p = sf − ∆b +m, (2.56)

s2q = si − ∆c +m, (2.57)

s1q = sf − ∆d +m. (2.58)

Based upon these four on-shell conditions, the tu-SPM can be constructed.
In other words, the tu-SPM depends upon T (u1, tp), T (u2, tp), T (u2, tq), and
T (u1, tq) (or upon T (s1p, tp), T (s2p, tp), T (s2q, tq), and T (s1q, tq)) [9, 10, 36].
The st-SPM is defined using s and t variables [9, 11]. There is another type
of SPM, attributed to Low, in which the half-off-shell T -matrix is replaced by
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an expansion of the on-shell matrix around a so-called average kinematics,
given by

s̄ = (si + sf )/2, (2.59)

t̄ = (tp + tq)/2, (2.60)

ū = (u1 + u2)/2. (2.61)

One can simply show that s̄+ t̄+ū = 4m2. In such an expansion, the leading
term gives the on-shell values T0 = T (s̄, t̄) = T (t̄, ū).

In chapter 5, where the results of this measurement are presented, the
data are compared with the predictions of the tu-model introduced in refer-
ence [11], and a second SPM called sk-SPM. This model is similar in struc-
ture to the tu-model described in reference [11], however a Taylor series
expansion is used for the T -matrix around the point of average kinematics,
and up to second derivatives of the T -matrix are kept. This expression for
the amplitude differs from Low’s SPM by terms proportional to the anoma-
lous magnetic moment multiplied by a derivative of the T -matrix.

2.3 The experimental observables

The main aim of the experiment is to gain insight into the transition ma-
trix, M , which contains the knowledge of the reaction dynamics. In fact,
what is measured is not the transition matrix, but the differential cross sec-
tion and analyzing power, which are derived from the transition matrix. To
understand, specifically, what kind of information the cross section and ana-
lyzing power carry in this experiment, the initial and final states should be
introduced, first.

In the experiment of interest, the initial state consists of two protons,
spin-1/2 fermions. The initial state can be, therefore, written as

|~pb, ~pt, λb, λt〉. (2.62)

All variables are introduced in the laboratory frame where the ẑ and ŷ axes
are defined respectively by the direction and the polarization of the beam.
~pb and ~pt are the momenta and λb and λt the spin projections on the ẑ-axis
of the protons of the beam and the protons of the target, respectively. In the
present experiment, a polarized proton beam of 190 MeV incident energy
was used. The unpolarized target is at rest in the laboratory frame. Thus,
the initial state can be reduced to

|~pb, λb, λt〉. (2.63)
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The two protons and the photon in the final state fulfill energy and momen-
tum conservation. Thus, the final state takes the form

|θ1, θ2, θγ , φnonco, φn, λf 〉, (2.64)

where λf represents the direction of the spins of the particles in the final
state, and the other variables were introduced in subsection 2.1.1. In this
experiment the spins of the particles in the final state were not measured,
leaving λf unknown. If the beam is unpolarized then, due to cylindrical
symmetry, the final state is independent of φn. More specifically, the final
state can be written as

Rz(φn)|θ1, θ2, θγ , φnonco, λf 〉. (2.65)

Rz(φn) denotes a rotation by φn about the ẑ-axis. Experimentally, the
following differential cross section was measured

dσλb

dΩ1dΩ2dθγ
=

#particles scattered into phase-space element ∆Ω

(#particles incident with λb)(#scattering centers)
, (2.66)

where ∆Ω = ∆Ω1∆Ω2∆θγ . This measurement reflects the probability that
a proton with spin λb hits the target and the scattering products end up in
the bin ∆Ω, regardless of the spin of the target proton and that of the final
state. In fact, in this measurement an average is taken over the spin of the
target and the final state. Theoretically this is given by

dσλb

dΩ1dΩ2dθγ
=

m3p′21 p
′2
2

pbE
′
1E

′
22(2π)5Na

1

2

∑

λtλf

|Mfi|2 (2.67)

where p′1 and E′
1 (p′2 and E′

2) are the momentum and energy of proton no.
1 (2) in the final state, pb is the momentum of incident proton beam and m
is the proton mass. In the above equation, Na is given by

Na =
p′1
E′

1

(sin θ2 cos θγ cosφ2 − cos θ2 sin θγ)

+
p′2
E′

2

(sin θγ cos θ1 − cos θγ sin θ1 cosφ1)

+(sin θ1 cos θ2 cosφ1 − cos θ1 sin θ2 cosφ2). (2.68)

The “
∑

”, in Eq. 2.67, explicitly shows the averaging over the unknown
spins. In reality, we deal with a large number of particles bombarding the
target and a large number of scattered particles are detected. The proper
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approach is, therefore, to express the system, before and after the scattering,
with ensembles density matrices. Since the sum is over the spin of the proton
target, the initial density matrix can be written only in terms of the spin of
the beam [37],

ρi =
1

2
(1 + pyσy). (2.69)

Using Eq. 2.65, the final density matrix is expressed as

ρf (φn) = Rz(φn)ρf (φn = 0)Rz(φn)† (2.70)

with φn defined in Sec. 2.1.3. Taking the trace of the final density matrix,
one obtains the differential cross section

dσλb

dΩ1dΩ2dθγ
= Trρf (φn) = TrRz(φn)ρfRz(φn)†. (2.71)

By definition, ρf ≡MρiM
†, therefore:

dσλb

dΩ1dΩ2dθγ
= TrRz(φn)MρiM

†Rz(φn)†. (2.72)

Given that M is invariant under rotation, after substituting for ρi in the
above equation its value from Eq. 2.69 and after some algebra, one arrives
at:

dσλb

dΩ1dΩ2dθγ
=

1

2
TrMM † +

1

2
TrMRz(φn)σyRz(φn)†M †

=
dσ0

dΩ1dΩ2dθγ
(1 + py cosφnA⊥ + py sinφnA‖), (2.73)

where A⊥ and A‖ are the components of the analyzing power of the reaction
perpendicular and parallel to the reaction plane. A⊥ and A‖ could easily be
transformed into two other observables, namely Ay and Ax, which are used
more often in the literature. It is easy to show that for the coplanar case,
where the reaction plane is the coplanar plane itself, A‖ and Ax vanish due
to parity conservation and A⊥ = Ay.




